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Letter  of  Transmittal 

To  the  Congress  of  the  United  States: 

In  compliance  with  the  provisions  of  the  Act  of  March  3,  1915,  as 
amended,  which  established  the  National  Advisory  Committee  for 
Aeronautics,  I transmit  herewith  the  Forty-fourth  and  Final  Annual 
Report  of  the  Committee  for  the  Fiscal  Year  1958.  This  report 
covers  the  activities  of  the  Committee  through  the  close  of  business 
September  30,  1958,  when  it  was  superseded  by  the  National  Aero- 
nautics and  Space  Administration. 

The  National  Advisory  Committee  for  Aeronautics  is  to  be  com- 
mended for  its  many  contributions  to  the  progress  of  aeronautical 
science  in  the  United  States  and  for  the  spirit  of  teamwork  in  aero- 
nautics it  has  inspired  among  leaders  in  science,  the  military  and 
industry.  I wish  also  to  acknowledge  at  this  time  the  excellent  work 
and  dedication  of  the  Committee’s  research  staff  who,  over  the  years, 
have  given  unstintingly  of  their  talents  in  a manner  which  reflects 
credit  upon  them  and  all  other  civil  service  persomiel  of  the  United 
States. 

Dwight  D.  Eisenhower. 

The  White  House, 

April  27, 1959. 
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National  Advisory  Committee  for  Aeronautics, 

Washington,  D.C.,  September  30,  1958 . 

Dear  Mr.  President: 

In  compliance  with  the  act  of  Congress  approved  March  3, 1915,  as 
amended  (U.S.C.  title  50,  sec.  151),  I submit  herewith  the  Forty- 
fourth  Annual  Report  of  the  National  Advisory  Committee  for 
Aeronautics  for  1958. 

At  the  close  of  business  on  this  date  the  National  Advisory  Commit- 
tee for  Aeronautics  goes  out  of  existence.  Under  the  terms  of  the 
National  Aeronautics  and  Space  Act  of  1958,  the  property,  facilities, 
and  personnel  (other  than  the  members  of  the  Committee)  are  ab- 
sorbed in  the  establishment  of  the  new  National  Aeronautics  and 
Space  Administration.  This  is,  therefore,  the  concluding  Annual 
Report  of  the  National  Advisory  Committee  for  Aeronautics. 
Respectfully  submitted. 

James  H.  Doolittle, 

CJudrrrum. 

The  President, 

The  White  House , Washington , D.C. 
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FORTY- FOURTH  ANNUAL  REPORT 
National  Advisory  Committee  for  Aeronautics 


Washington,  D.C.,  September  SO , 1958 . 
To  the  Congress  of  the  United  States: 

In  accordance  with  act  of  Congress,  approved 
March  3,  1915,  as  amended  (U.S.C.,  title  50,  sec.  151), 
which  established  the  National  Advisory  Committee  for 
Aeronautics,  the  Committee  submits  its  Forty-fourth 
Annual  Report  for  the  fiscal  year  1958.  This  is  the 
Committee’s  final  report  to  the  Congress. 

The  National  Aeronautics  and  Space  Act  of  1958 
(Public  Law  85-568)  provides  in  section  301  that  the 
NACA  “shall  cease  to  exist”  and  “all  functions,  pow- 
ers, duties,  and  obligations,  and  all  real  and  personal 
property,  personnel  (other  than  members  of  the  Com- 
mittee), funds,  and  records”  of  the  NACA  shall  be 
transferred  to  the  National  Aeronautics  and  Space  Ad- 
ministration. The  aforesaid  act  provides  that  “this 
section  shall  take  effect  90  days  after  the  date  of  the 
enactment  of  this  act,  or  on  any  earlier  date  on  which 
the  Administrator  shall  determine,  and  announce  by 
proclamation  published  in  the  Federal  Register,  that 
the  Administration  has  been  organized  and  is  prepared 
to  discharge  the  duties  and  exercise  the  powers  con- 
ferred upon  it  by  this  act.”  The  Administrator,  Hon. 
T.  Keith  Glennan,  has  advised  the  Committee  of  his 
intention  to  issue  such  proclamation,  effective  October 
1,  1958. 

During  the  43  years  that  the  NACA  was  charged 
with  responsibility  to  “supervise  and  direct  the  scien- 
tific study  of  the  problems  of  flight,  with  a view  to 
their  practical  solution,”  its  great  strength,  as  reflected 
in  the  advances  in  aeronautics  resulting  from  its  re- 
searches, has  been  the  high  caliber  of  its  scientists,  en- 


gineers, and  supporting  personnel.  The  gratitude  of 
the  entire  Nation  is  due  these  public  servants. 

There  is  another  reason — subordinate  only  to  that 
cited  above — why  the  NACA  was  so  successful  in  ac- 
complishing the  technological  progress  in  aeronautics 
that  enabled  the  United  States  to  achieve  and  main- 
tain superiority  in  the  air.  This  was  the  support  the 
Congress  gave  over  the  years,  appropriating  funds  for 
construction  of  highly  specialized  laboratory  facilities. 
These  were  provided  for  the  study  of  new  problems 
posed  by  the  steady  increases  in  aircraft  performance 
that  earlier  work  had  made  possible. 

On  following  pages,  there  appear  brief  accounts  of 
the  history  of  the  NACA,  covering  the  first  40  years 
by  Dr.  J.  C.  Hunsaker,  my  predecessor  as  Chairman, 
and  summarizing  activities  of  the  past  3 years,  by  the 
undersigned. 

The  extent  of  our  penetration  into  space  in  the  next 
few  years  will  depend  in  large  measure  upon  how  ef- 
fectively we  use  knowledge  in  hand,  and  upon  how  hard 
we  work  to  reach  the  distant  performance  goals  set 
for  instrumented  and  man-carrying  spacecraft.  I 
know  I can  speak  with  confidence  and  without  reser- 
vation on  behalf  of  the  8,000  dedicated  people  of  the 
NACA,  who  will  serve  as  the  nucleus  of  the  National 
Aeronautics  and  Space  Administration.  They  will 
continue  to  merit  the  confidence,  and  the  support,  of 
the  President,  the  Congress,  and  the  people  of  the 
United  States  as  they  perform  their  new  and  tre- 
mendously important  work. 

J.  H.  Doolittle, 

Chairman . 


526597-60- 
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Part  I— TECHNICAL  ACTIVITIES 
THE  NACA— WHAT  IT  IS  AND  HOW  IT  OPERATES 


During  the  43  years  since  the  Congress  founded  it  as 
an  independent  Federal  agency,  the  National  Advisory 
Committee  for  Aeronautics  has  sought  to  assess  the 
current  stage  of  development  of  aircraft,  both  civil  and 
military;  to  anticipate  the  research  needs  of  aeronau- 
tics; to  build  the  scientific  staff  and  unique  research 
facilities  required  for  these  research  needs;  and  to  ac- 
quire the  needed  new  knowledge  as  rapidly  as  the 
national  interest  requires. 

By  discharging  its  primary  responsibility — scientific 
laboratory  research  in  aeronautics — the  NACA  serves 
the  needs  of  all  departments  of  the  Government.  The 
President  appoints  the  17  unpaid  members  of  the  Com- 
mittee, who  report  directly  to  him.  They  establish 
policy  and  plan  the  research  to  be  carried  out  by  the 
7,900  scientists,  engineers,  and  other  persons  who  make 
up  the  staff  of  the  agency. 

The  NACA  research  programs  have  both  the  all- 
inclusive,  long-range  objective  of  acquiring  new  scien- 
tific knowledge  essential  to  assure  United  States  leader- 
ship in  aeronautics  and  space  and  the  immediate  goal  of 
solving,  as  quickly  as  possible,  the  most  pressing  prob- 
lems. In  this  way,  they  effectively  support  the  N ation’s 
current  aircraft  and  missile  construction  program. 

Most  of  the  problems  to  be  studied  are  assigned  to 
the  NACA’s  research  centers.  The  Langley  Aeronau- 
tical Laboratory  in  Virginia  works  on  structural,  gen- 
eral aerodynamic,  and  hydrodynamic  problems.  The 
Ames  Aeronautical  Laboratory  in  California  concen- 
trates on  high-speed  aerodynamics.  The  Lewis  Flight 
Propulsion  Laboratory  in  Ohio  is  a center  for  power- 
plant  studies.  At  the  High-Speed  Flight  Station  in 
California  special  fully  instrumented  research  aircraft 
probe  transonic  and  supersonic  problems  in  flight.  The 
Pilotless  Aircraft  Research  Station  at  Wallops  Island, 
Va.,  is  a branch  of  the  Langley  Laboratory  where 
rocket-powered  free-flight  models  are  used  to  attack 
aerodynamic  problems  in  the  transonic,  supersonic,  and 
hypersonic  speed  ranges. 

A major  task  of  the  NACA  since  its  beginning  in 
1915  has  been  coordinating  aeronautical  research  in  the 
United  States.  Through  the  members  of  the  Commit- 
tee and  its  27  technical  subcommittees,  the  NACA  links 
the  military  and  civil  government  agencies  concerned 
with  flight.  The  aviation  industry,  allied  industries, 
and  scientific  institutions  are  also  represented. 


Assisting  the  Committee  in  determining  and  coordi- 
nating research  programs  are  4 major  and  23  subordi- 
nate technical  committees  with  a total  membership  of 
nearly  500.  Members  are  chosen  because  of  technical 
ability,  experience,  and  recognized  leadership  in  a 
special  field.  They  also  serve  without  pay,  in  a per- 
sonal and  professional  capacity.  They  furnish  valu- 
able assistance  in  considering  problems  related  to  their 
technological  fields,  review  research  in  progress  at 
NACA  laboratories  and  in  other  establishments,  rec- 
ommend new  research  to  be  undertaken,  and  assist  in 
coordinating  research  programs. 

Members  of  the  technical  committees  and  subcom- 
mittees and  of  the  Industry  Consulting  Committee  are 
listed  in  Part  II  of  this  report,  beginning  on  page  83. 

Research  coordination  is  also  accomplished  through 
frequent  discussions  by  NACA  scientists  with  the  staffs 
of  research  organizations  of  the  aircraft  industry,  edu- 
cational and  scientific  institutions,  and  other  aeronau- 
tical and  space  agencies.  Through  a west  coast  office 
the  NACA  maintains  close  liaison  with  aeronautical  re- 
search and  engineering  staffs  in  that  important  avia- 
tion area. 

The  first  report  of  aeronautical  research  published  by 
the  NACA  covered  a study  conducted  at  the  Massa- 
chusetts Institute  of  Technology  under  a research  con- 
tract. Throughout  its  existence,  NACA  has  utilized  this 
means  of  obtaining  the  benefits  of  the  special  talents, 
unique  facilities,  and  fresh  points-of-view  of  scientists 
outside  its  own  laboratories.  The  resulting  inde- 
pendent thought  and  novel  attacks  upon  research  prob- 
lems are  a continuing  stimulus  to  NACA  scientists. 
They  produce  valuable  data  and  theoretical  analyses  to 
complement  internal  NACA  research.  Fifty-two  re- 
ports of  sponsored  research  were  published  during  the 
fiscal  year  1958.  During  this  period  the  following  in- 
stitutions participated  in  the  program : 

Polytechnic  Institute  of  Brooklyn 

California  Institute  of  Technology 

University  of  California 

Georgia  Institute  of  Technology 

University  of  Illinois 

Iowa  State  College 

Johns  Hopkins  University 

Lightning  & Transients  Research  Institute 

University  of  Maryland 
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Massachusetts  Institute  of  Technology 
University  of  Michigan 
University  of  Minnesota 
New  York  University 
Ohio  State  University 
Rensselaer  Polytechnic  Institute 
Southwest  Research  Institute 
Stanford  University 
Syracuse  University 
University  of  Washington 
Proposals  from  such  institutions  are  carefully 
weighed  to  assure  best  use  of  the  limited  funds  avail- 
able to  the  NACA  for  sponsoring  research  outside  its 
own  facilities.  Published  research  reports  of  the  use- 
ful results  of  this  part  of  the  NACA  program  are  dis- 
tributed as  widely  as  other  NACA  publications. 

Most  of  NACA’s  research  information  is  distributed 
by  means  of  its  publications.  Technical  Notes  and  Re- 


ports are  not  classified  for  military  security  reasons 
and  are  available  to  the  public  in  general.  Translations 
of  important  foreign  research  reports  appear  as  Tech- 
nical Memorandums.  The  NACA  also  prepares  re- 
search reports  containing  classified  information.  For 
reasons  of  national  security,  these  receive  carefully  con- 
trolled circulation.  When  such  information  can  be  de- 
classified, the  research  reports  may  be  given  wide>r  dis- 
tribution. Current  NACA  publications  are  announced 
in  the  NACA  Research  Abstracts. 

Every  year  the  NACA  holds  a number  of  technical 
conferences  with  representatives  of  the  aviation  in- 
dustry, the  universities,  and  the  military  services  pres- 
ent. Attendance  at  these  conferences  is  restricted 
because  classified  material  is  presented  and  the  subject 
matter  discussed  at  each  conference  is  focused  on  a 
specific  field  of  interest. 


Forty  Years  of  Aeronautical  Research 


By  J.  C.  Hunsaker 

Chairman,  National  Advisory  Committee  for  Aeronautics * 
Regent , Smithsonian  Institution 


FROM  THE  SMITHSONIAN  REPORT 
FOR  1955 


Before  the  Wrights’  airplane  flew,  all  the  elements 
of  the  airplane  were  known:  wings,  rudders,  engine, 
and  propeller.  The  Wrights  showed  how  to  combine 
a man’s  senses  and  reflexes  with  the  controls  of  a fly- 
ing machine  to  make  the  machine  both  controllable 
about  its  attitude  of  equilibrium  and  steerable  as  de- 
sired. The  secret  of  flight  was  manual  control,  in  a 
three-dimensional  fluid  medium,  in  accordance  with 
visual  signals  (the  pilot’s  view  of  the  ground  and 
observation  of  his  attitude  relative  to  it — fixed  axes 
of  references) , and  monitored  by  visual  observation  of 
the  .response  to  his  control  actions  (feedback).  The 
Wrights’  airplane  was,  however,  like  the  Wrights’  bi- 
cycles, inherently  unstable  and  was  controllable  only 
when  it  had  sufficient  forward  speed.  Controlled  by 
the  sight,  brain,  nerves,  and  muscles  of  man,  the 
Wrights’  unstable  vehicle  was  the  first  practical  flying 
machine  in  the  history  of  the  world ! 

The  Wright  airplane  was  quick  to  respond  to  con- 
trol action  because  it  had  no  righting  tendency  if 
disturbed.  The  pilot  was  expected  to  act  at  once  to 
recover  from  any  disturbance  of  equilibrium.  There 
was  no  fixed  tail  to  push  it  into  a safe  glide  if  the  en- 
gine stopped. 

The  early  pioneers  of  flight  worked  with  gliders  and 
with  self-propelled  models.  They  strove  for  inherent 
stability  and  conceived  the  ideal  to  be  an  inherently 
stable  flying  platform  on  which  the  pilot  need  do  no 
more  than  steer.  Penaud’s  model  gliders  of  the  1870’s, 
with  long  tails,  were  stable;  Lanchester  developed 
prior  to  1908  a theory  of  dynamical  stability  for  his 
model  “aerodromes”;.  Langley  flew  stable  steam- 
powered  models  in  1896,  and  Bryan  in  1903  published 
the  dynamical  equations  of  motion  for  a glider,  and 
criteria  for  inherent  stability.  In  all  cases,  stability 
was  found  to  require  a tail  and  slightly  elevated  wing- 
tips. 


As  might  be  expected  from  complete  and  constant 
dependence  on  one  man’s  sometimes  defective  judg- 
ments and  reactions,  the  Wright  airplane  could  be 
tricky  and  even  dangerous,  especially  in  rough  air. 
Furthermore,  the  gasoline  engines  of  the  day  were 
notoriously  unreliable.  As  a result  of  what  later  came 
to  be  known  as  the  stall,  Wright  airplanes  too  often 
dived  into  the  ground  out  of  control.  The  press  blamed 
it  on  an  “air  pocket”  or  “hole  in  the  air.” 

European  airplane  builders  were  prompt  to  copy  the 
Wright’s  system  of  control  but  soon  discovered  the 
dangers  of  instability.  They  abandoned  the  Wright’s 
form  of  structure  but  retained  their  system  of  controls 
on  airplanes  shaped  more  like  successful  gliders.  ■' 
The  world  was  astonished  in  1909  when  Louis  Bleriot 
flew  across  the  English  Channel  in  his  little  monoplane. 
It  had  a long  tail,  tractor  propeller,  and  wheel  landing 
gear.  It  was,  in  fact,  the  prototype  of  the  airplanes  of 
the  next  20  years. 

After  1910,  with  the  mounting  tension  of  approach- 
ing war,  aeronautical  development  in  Britain,  France, 
Germany,  Austria,  Russia,  and  Italy  was  intensively 
pushed.  Scientists,  engineers,  and  industrialists  were 
encouraged  by  their  governments  to  devote  their  skills 
and  resources  to  the  new  art.  European  progress  was 
rapid,  and  at  times  spectacular. 

While  development  of  the  airplane  in  the  United 
States  was  dependent  largely  upon  the  efforts  of  a host 
of  amateur  inventors,  there  was  in  Europe  a quick 
recognition  of  the  gains  to  be  had  from  aeronautical 
laboratories  staffed  by  competent  engineers. 

The  French  were  among  the  first  to  utilize  scientific 
techniques  in  aeronuatics.  The  army’s  aeronautical 
laboratory  at  Chalais-Meudon  and  Gustav  Eiffel’s  pri- 
vate wind  tunnel  clarified  some  of  the  principles  of 
powered  flight.  As  early  as  1904  Riabouchinski  had  an 
aeronautical  laboratory  in  Koutchino,  Russia,  and  the 
same  year  Ludwig  Prandtl  began  his  classic  aerody- 

3 


♦Elected  annually  and  served  as  chairman,  1941-56. 


4 


REPORT  NATIONAL  ADVISORY  COMMITTEE  FOR  AERONAUTICS 


namic  research  at  Gottingen  University,  Germany. 
After  1908,  German  aeronautical  work  was  rapidly  ex- 
panded, first  at  Gottingen  and  later  at  the  government 
establishment  at  Adlershof,  near  Berlin.  Italy  pro- 
vided an  aerodynamics  laboratory  for  her  Specialist 
Brigade  of  Engineers. 

Great  Britain  was  relatively  late  in  undertaking  a 
national  program  of  aeronautical  research.  However, 
Great  Britain  could  record  a full  century  of  experi- 
ment. In  the  first  half  of  the  nineteenth  century,  Sir 
George  Cayley  had  made  important  contributions,  and 
Stringfellow  and  Henson  had  succeeded,  as  early  as 
1848,  in  flying  a steam-powered  monoplane  model  a 
distance  of  120  feet  In  1866  the  Aeronautical  Society 
of  Great  Britain  was  formed;  it  served  to  stimulate 
research  and  experiment  by  individuals,  and  to  provide 
a forum  for  interchange  of  information.  Wenham 
(the  Society’s  first  president)  and  Phillips  were  the 
first  to  devise  and  use  wind  tunnels. 

After  the  public  demonstration  of  practical  human 
flight  by  Wilbur  Wright  on  his  1908  visit  to  France 
and  Bleriot’s  1909  cross-channel  flight,  the  British 
Prime  Minister  was  moved  to  appoint  an  Advisory 
Committee  for  Aeronautics  with  the  great  physicist 
Lord  Rayleigh  as  chairman. 

During  the  same  period  the  United  States  made  no 
special  effort.  The  Army  Signal  Corps  bought  a few 
airplanes  to  train  pilots  and  the  Navy  set  up  a flying 
school  equipped  with  Glenn  Curtiss  seaplanes.  When 
World  War  I erupted  in  1914  it  was  reported  that 
France  had  1,400  airplanes,  Germany  1,000,  Russia  800, 
Great  Britain,  400,  and  the  United  States  23 ! 

DRIVE  FOR  A NATIONAL  LABORATORY 

The  backward  position  of  the  United  States  in  the 
application  of  applied  science  to  this  new  art  was 
realized  by  a growing  list  of  prominent  Americans  who 
believed  the  situation  was  not  only  a national  disgrace, 
but  a possible  danger  to  our  security.  More  Ameri- 
cans, including  the  leaders  in  Congress,  were  strong 
for  neutrality,  and  felt  that  any  special  government 
concern  with  aeronautical  development  might  imply 
belligerent  intentions. 

Capt.  W.  I.  Chambers,  USN,  officer-in-charge  of 
naval-aviation  experiments,  proposed  in  1911  that  a 
national  aeronautical  research  laboratory  be  set  up 
under  the  Smithsonian  Institution.  Along  with  objec- 
tions by  both  the  War  and  Navy  Departments,  the  plan 
was  referred  to  President  Taft’s  Committee  on  Econ- 
omy and  Efficiency,  from  which  it  was  never  returned. 

Two  men  who  were  more  influential  in  the  drive  for  a 
national  aeronautical  laboratory  were  Alexander 
Graham  Bell  and  Charles  Doolittle  Walcott.  The 
former,  as  a regent  of  the  Smithsonian  Institution, 
had  been  a supporter  of  Langley  and  had  experimented 


with  the  lifting  capabilities  of  kites.  With  Mrs.  Bell  he 
formed  the  Aerial  Experiment  Association  in  1907  to 
support  the  airplane  experiments  of  Glenn  Curtiss, 
Lt.  T.  E.  Selfridge,  F.  W.  ("Casey”)  Baldwin,  and 
J.  A.  D.  McCurdy.  Their  efforts  resulted  in  the  de- 
velopment of  the  Curtiss  biplanes  and  the  use  of  ailer- 
ons to  replace  the  Wright’s  wing  warping  for  lateral 
control. 

Dr.  Walcott  was  no  aeronautical  scientist;  his  field 
was  geology.  But  Dr.  Walcott,  as  successor  to  Pro- 
fessor Langley  as  Secretary  of  the  Smithsonian,  was 
determined  that  the  Institution  should  resume  its  posi- 
tion as  a leader  of  aeronautical  science  in  America. 
How  better  than  to  have  the  new  aeronautical  labora- 
tory attached  to  the  Smithsonian ! 

The  establishment  of  a national  aeronautical  labora- 
tory was  pressed  by  members  of  the  National  Academy 
of  Sciences,  notably  by  Bell  and  Walcott.  The  Acad- 
emy had  been  created  by  Congress  during  the  Civil 
War  and  had  the  duty  of  giving  advice  to  the  Govern- 
ment, when  asked.  The  Academy,  as  a body,  was  not 
asked  for  advice  on  this  matter,  but  its  members  ap- 
pear to  have  been  influential  in  persuading  President 
Taft  to  appoint  on  December  19,  1912,  a 19-man  com- 
mission to  consider  such  a national  laboratory  and  its 
scope,  organization,  and  cost,  and  to  make  a recom- 
mendation to  the  Congress. 

The  President’s  Commission  was  headed  by  Dr.  R.  S. 
Woodward  of  the  National  Academy  of  Sciences  and 
the  Carnegie  Institution  of  Washington  and  included 
Dr.  Walcott.  The  Army,  Navy,  Weather  Bureau,  and 
Bureau  of  Standards  were  represented,  as  well  as  in- 
terested civilians.  The  Commission  recommended  that 
the  laboratory  be  established  in  Washington  and  ad- 
ministered by  the  regents  of  the  Smithsonian  Institu- 
tion. President  Maclaurin  of  the  Massachusetts  Insti- 
tute of  Technology  objected  to  the  location  at  Wash- 
ington, which  the  majority  report  favored  as  “con- 
veniently accessible  to  statesmen  of  the  National  Gov- 
ernment who  may  wish  to  witness  aeroplane  demon- 
strations.” 

Unfortunately,  the  President  had  appointed  the 
Commission  without  “the  advice  and  consent  of  the 
Senate.”  Authorizing  legislation  failed  to  get  unani- 
mous consent  and  the  Commission’s  report  was  buried 
in  the  archives. 

Probably  as  a result  of  his  service  with  the  Presi- 
dent’s Commission,  President  Maclaurin  in  May  1913 
persuaded  the  Corporation  of  M.LT.  to  authorize  a 
graduate  course  in  aeronautical  engineering  and  a wind 
tunnel  for  aerodynamic  research  in  the  Department  of 
Naval  Architecture.  He  requested  the  Secretary  of  the 
Navy  to  detail  an  officer  of  the  Construction  Corps  to 
take  charge.  The  writer  was  so  detailed  for  3 years. 

At  about  the  same  time,  the  Smithsonian  regents  de- 
cided to  reopen  Langley’s  old  laboratory,  with  Dr.  Al- 
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bert  F.  Zalun  in  charge.  It  was  arranged  by  Walcott 
and  Maclaurin  to  send  Zahm  and  Hunsaker  abroad, 
armed  with  personal  introductions  to  scientific  friends. 
Their  objective  was  to  visit  the  principal  aeronautical 
research  laboratories  and,  as  far  as  possible,  to  learn 
how  to  operate  the  special  facilities  and  equipment  in 
use  there  with  a view  to  duplicating  them  in  this 
country. 

Visits  were  made  to  the  Royal  Aircraft  Factory,  the 
National  Physical  Laboratory,  and  Cambridge  Univer- 
sity in  England ; to  the  St.  Cyr,  Chalais-Meudon,  and 
Eiffel  Laboratories  in  France;  and  to  the  Deutsche 
Versuchsanstalt  fur  Luftfahrt  and  Gottingen  Univer- 
sity in  Germany.  In  1913,  security  restrictions  did  not 
apply  to  scientific  and  engineering  work  and  the  visi- 
tors were  cordially  received.  In  fact,  the  Massachu- 
setts Institute  of  Technology  later  built  its  wind  tunnel 
from  drawings  supplied  by  Sr.  Richard  Glazebrook  of 
the  NPL  and  the  NPL  aerodynamic  balances  dupli- 
cated by  Sir  Horace  Darwin’s  Cambridge  scientific  in- 
strument shops. 

Dr.  Zahm’s  report,  published  by  the  Smithsonian  in 
1914,  made  clear  the  width  of  the  gap  between  Euro- 
pean and  American  positions  in  aeronautical  science. 
This  report  had  an  important  influence  on  the  deci- 
sion of  the  Smithsonian  regents  in  1915  to  memorialize 
the  Congress  once  again  on  the  subject  of  a national 
aeronautical  laboratory. 

Woodrow  Wilson  approved  the  Smithsonian  plan  of 
reopening  Langley’s  laboratory  with  representatives  of 
the  War,  Navy,  Agriculture,  and  Commerce  Depart- 
ments serving  on  an  Advisory  'Committee.  However, 
the  Comptroller  ruled  that,  under  an  act  of  1909,  such 
an  Advisory  Committee  could  not  serve  without  the 
authority  of  the  Congress. 

On  December  10,  1914,  the  Chancellor  of  the  Smith- 
sonian, Chief  Justice  White,  appointed  Dr.  Alexander 
Graham  Bell ; Senator  William  J.  Stone  of  Missouri ; 
Representative  Ernest  W.  Roberts  of  Massachusetts, 
and  John  B.  Henderson,  Jr.,  regents;  and  Dr.  Walcott, 
Secretary,  to  consider  once  again  “questions  relative  to 
the  Langley  Aerodynamical  Laboratory.”  On  Feb- 
ruary 1,  1915,  a “memorial  on  the  need  for  a National 
Advisory  Committee  for  Aeronautics”  was  delivered 
to  the  Speaker  of  the  House.  Pertinent  sentences  from 
the  memorial  follow: 

This  country  led  in  the  early  development  of  heavier-than-air 
machines.  Today  it  is  far  behind.  ...  A National  Advisory 
Committee  for  Aeronautics  cannot  fail  to  be  of  inestimable 
service  in  the  development  of  the  art  of  aviation  in  America. 
Such  a committee,  to  be  effective,  should  be  permanent  and 
attract  to  its  membership  the  most  highly  trained  men  in  the 
art  of  aviation.  . . . Through  the  agency  of  subcommittees,  the 
main  advisory  committee  could  avail  itself  of  the  advice  and 
suggestions  of  a large  number  of  technical  and  practical 
men.  . . . The  aeronautical  committee  should  advise  in  relation 
to  the  work  of  the  Government  in  aeronautics  and  the  coordina- 
tion of  the  activities  of  governmental  and  private  laboratories,  in 
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which  questions  concerned  with  the  study  of  the  problems  of 
aeronautics  can  be  experimentally  investigated. 

The  Navy  heartily  endorsed  the  idea  in  a letter  dated 
February  12  and  signed  by  Franklin  D.  Roosevelt  as 
Acting  Secretary. 

ESTABLISHMENT  OF  NACA 

The  joint  resolution  establishing  the  Advisory  Com- 
mittee and  authorizing  the  President  to  appoint  its  12 
members  was  given  final  form  in  February.  The  peo- 
ple of  the  United  States  were  at  the  time  generally 
anxious  to  avoid  involvement  in  what  was  then  called 
the  War  in  Europe.  President  Wilson  is  said  to  have 
felt  that  the  establishment  of  a new  aeronautical  enter- 
prise might  reflect  on  American  neutrality.  Such  rea- 
soning may  explain  why  the  resolution  was  attached 
to  the  naval  appropriation  bill ; perhaps  a more  likely 
reason  was  that  in  the  rush  to  clear  the  legislative 
“logjam55  by  March  4,  the  date  for  adjournment  of  the 
Congress,  Representative  Roberts,  Smithsonian  regent, 
had  found  it  simpler  to  effect  its  adoption  by  intro- 
ducing the  measure,  as  a rider  to  the  naval  appropria- 
tion bill,  in  the  Committee  on  Naval  Affairs,  of  which 
he  was  a member. 

Following  is  the  provision  in  the  Naval  Appropria- 
tions Act,  approved  March  3, 1915 : 

An  Advisory  Committee  for  Aeronautics  is  hereby  established, 
and  the  President  is  authorized  to  appoint  not  to  exceed  twelve 
members,  to  consist  of  two  members  from  the  War  Department, 
from  the  office  in  charge  of  military  aeronautics ; two  members 
from  the  Navy  Department,  from  the  office  in  charge  of  naval 
aeronautics ; a representative  each  of  the  Smithsonian  Institu- 
tion, of  the  United  States  Weather  Bureau,  and  of  the  United 
States  Bureau  of  Standards;  together  with  not  more  than  five 
additional  persons  who  shall  be  acquainted  with  the  needs  of 
aeronautical  science,  either  civil  or  military,  or  skilled  in  aero- 
nautical engineering  or  its  allied  sciences : Provided , That  the 
members  of  the  Advisory  Committee  for  Aeronautics,  as  such, 
shaU  serve  without  compensation:  Provided  further , That  it 
shall  be  the  duty  of  the  Advisory  Committee  for  Aeronautics  to 
supervise  and  direct  the  scientific  study  of  the  problems  of 
flight , with  a view  to  their  practical  solution , and  to  determine 
the  problems 1 which  should  be  experimentally  attacked,  and  to 
discuss  their  solution  and  their  application  to  practical  ques- 
tions. In  the  event  of  a laboratory  or  laboratories,  either  in 
whole  or  in  part,  being  placed  under  the  direction  of  the  com- 
mittee, the  committee  may  direct  and  conduct  research  and 
experiment  in  aeronautics  in  such  laboratory  or  laboratories: 
And  provided  further , That  rules  and  regulations  for  the  con- 
duct of  the  work  of  the  committee  shall  be  formulated  by  the 
committee  and  approved  by  the  President 

That  the  sum  of  $5,000  a year,  or  so  much  thereof  as  may  be 
necessary,  for  five  years  is  hereby  appropriated,  out  of  any 
money  in  the  Treasury  not  otherwise  appropriated,  to  be  im- 
mediately available,  for  experimental  work  and  investigations 
undertaken  by  the  committee,  clerical  expenses  and  supplies,  and 
necessary  expenses  of  members  of  the  committee  in  going  to, 
returning  from,  and  while  attending  meetings  of  the  committee : 

1 Italics  in  this  and  the  following  quotation  supplied  by  the  author 
for  emphasis. 
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Provided , That  an  annual  report  to  the  Congress  shall  be  sub- 
mitted through  the  President,  including  an  itemized  statement 
of  expenditures. 

This  language  establishing  the  NACA  closely  fol- 
lowed that  used  by  the  British  Prime  Minister  when  he 
announced  the  formation  of  a similar  committee  to  the 
House  of  Commons  on  May  5,  1909,  in  the  following 
words : 

It  is  no  part  of  the  general  duty  of  the  Advisory  Committee 
for  Aeronautics  either  to  construct  or  to  invent.  Its  function  is 
not  to  initiate  but  to  consider  what  is  initiated  elsewhere,  and 
is  referred  to  it  by  the  executive  offices  of  the  Navy  and  Army 
construction  departments.  The  problems  which  are  likely  to 
arise  in  this  way  for  solution  are  numerous,  and  it  will  be  the 
work  of  the  committee  to  advise  on  these  problems  and  to  seek 
their  solution  by  the  application  of  both  theoretical  and  experi- 
mental methods  of  research. 

The  work  desired  thus  falls  into  three  sections:  (1)  The 
scientific  study  of  the  problems  of  flight , with  a view  to  their 
practical  solution.  (2)  Research  and  experiment  into  these 
subjects  in  a properly  equipped  laboratory  with  a trained  staff. 
(3)  The  construction  and  use  of  dirigibles  and  aeroplanes,  hav- 
ing regard  mainly  to  their  employment  in  war. 

The  Advisory  Committee  are  to  deal  with  the  first  section, 
and  also  to  determine  the  problems  which  the  experimental 
branch  should  attack,  and  discuss  their  solutions  and  their 
application  to  practical  questions.  The  second  section  repre- 
sents the  work  referred  to  the  laboratory  (the  National  Physi- 
cal Laboratory),  while  the  duties  concerned  with  the  third  sec- 
tion remain  with  the  Admiralty  and  the  War  Office. 

On  April  2,  1915,  President  Woodrow  Wilson  ap- 
pointed to  the  new  Committee:  Prof.  Joseph  S.  Ames, 
of  the  Physics  Department  of  Johns  Hopkins  Univer- 
sity; Capt.  Mark  L.  Bristol,  USN,  Director  of  Naval 
Aeronautics,  Navy  Department;  Prof.  William  F. 
Durand,  of  the  Engineering  Department  of  Leland 
Stanford  University;  Prof.  John  F.  Hayford  of  the 
Engineering  Department  of  Northwestern  University ; 
Dr.  Charles  F.  Marvin,  Chief  of  the  U.S.  Weather 
Bureau;  Hon.  Byron  R.  Newton,  Assistant  Secretary 
of  the  Treasury ; Prof.  Michael  I.  Pupin  of  the  Physics 
Department  of  Columbia  University;  Lt.  Col.  Samuel 
Reber,  USA,  Officer-in-Charge,  Aviation  Section  of  the 
Signal  Corps,  War  Department;  Naval  Constructor 
Holden  C.  Richardson,  USN,  Department  of  Construc- 
tion and  Repair,  Washington  Navy  Yard;  Brig.  Gen. 
George  P.  Scriven,  USA,  Chief  Signal  Officer,  War 
Department;  Dr.  Samuel  W.  Stratton,  Director,  Na- 
tional Bureau  of  Standards;  and  Dr.  Charles  D.  Wal- 
cott, Secretary,  Smithsonian  Institution. 

Of  the  initial  12  members,  6 were  members  of  the 
National  Academy  of  Sciences  (within  the  period  of 
their  NACA  membership).  It  is  of  interest  to  note 
that  for  40  years  all  chairmen  of  the  NACA  except  the 
first,  General  Scriven,  have  been  members  of  the  Na- 
tional Academy.  In  1955,  there  are  5 Academy  mem- 
bers out  of  17  members  of  the  NACA.  This  statistic  is 
of  significance  in  view  of  the  increasing  impact  on  aero- 
nautics of  advances  in  many  fields  of  science:  for  ex- 


ample, physiology  and  psychology  of  pilots,  chemistry 
of  combustion,  physics  of  metals,  physics  of  the  atmos- 
phere, acoustics,  communications,  electronics.  The 
Committee  is  strengthened  by  the  special  knowledge  of 
its  individual  members. 

By  direction  of  the  President,  the  Secretary  of  War 
called  the  first  meeting.  The  date  was  April  23,  1915 ; 
the  place,  his  office.  Conforming  with  the  designation 
in  the  call  for  the  first  meeting,  the  word  “National” 
was  prefixed  to  the  title  “Advisory  Committee  for  Aero- 
nautics.” General  Scriven  was  elected  temporary 
chairman,  and  Naval  Constructor  Richardson  tempo- 
rary secretary.  With  formulation  of  rules  and  regula- 
tions, subsequently  approved  by  the  President,  the 
temporary  chairman  and  secretary  were  elected  for  one 
year. 

Perhaps  the  most  important  regulation  adopted  was 
for  an  executive  committee,  composed  of  7 of  the  12 
members  of  the  Advisory  Committee.  The  full  Com- 
mittee was  to  meet  only  semiannually.  The  executive 
committee  was  set  up  to  meet  regularly  throughout  the 
year  and  was  charged  with  the  administration  of  the 
affairs  of  the  Committee  and  “general  supervision  of  all 
arrangements  for  research.” 

Dr.  Walcott  was  the  first  chairman  of  the  executive 
committee.  The  other  members  were  Dr.  Ames,  Cap- 
tain Bristol,  Dr.  Marvin,  Dr.  Pupin,  Colonel  Reber,  and 
Dr.  Stratton,  with  Naval  Constructor  Richardson,  ex 
officio,  as  secretary.  Improvised  quarters  in  the  Army’s 
Aviation  Section  were  used  the  first  year. 

In  the  beginning  the  executive  committee  was  a work- 
ing group ; the  NACA  had  no  paid  personnel.  It  was 
not  until  June  23  that  the  first  employee  was  hired. 
He  was  John  F.  Victory ; 41  years  later  he  is  continuing 
his  faithful,  effective  service  to  the  Committee.  In 
1917  he  was  named  assistant  secretary  of  the  Commit- 
tee; 10  years  later  he  became  secretary,  and  in  1945,  ex- 
ecutive secretary. 

One  of  the  first  problems  was  to  examine  what  aero- 
nautical research  was  then  in  progress  in  the  United 
States — both  under  Government  auspices  and  by  pri- 
vate organizations — and  then  to  effect  rational  co- 
ordination to  assure  maximum  value  from  the  total 
effort.  Congressman  Roberts,  reporting  on  the  need 
for  the  NACA  on  February  19,  1915,  had  well  stated 
the  situation : 

Besides  these  governmental  agencies  [he  named  the  Bureau 
of  Standards,  the  Weather  Bureau  and  the  War  and  Navy 
Departments]  for  the  development  of  aviation,  individuals  in 
civil  life  have  devoted  time  and  expense  in  the  scientific  study 
and  practical  development  of  aeronautics.  At  the  present  time 
all  of  these  agencies,  both  governmental  and  private,  work  in- 
dependently without  any  coordination  of  activities. 

Ten  years  later  Dr.  Ames  gave  a prime  reason  for 
“the  great  success  of  the  Committee,  because  the  Com- 
mittee is  a success,”  the  coordination,  on  a rational  scale, 
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of  American  aeronautical  research.  His  comments  were 
made  before  hearings  of  the  President’s  Aircraft  Board 
(often  called  the  Morrow  Board).  He  spoke  as  chair- 
man of  the  executive  committee,  to  which  position  he 
had  been  elected  when  Dr.  Walcott  became  Committee 
chairman  in  1919. 

In  part,  Dr.  Ames  said : 

The  organization  has  an  Executive  Committee  which  appoints 
a number  of  technical  subcommittees  whose  function  it  is  to 
coordinate  the  research  work  throughout  the  country.  . . . 
The  various  problems  which  all  the  services  of  the  Government 
and  the  people  engaged  in  industry,  so  far  as  we  know,  have  in 
mind  are  brought  before  these  subcommittees.  The  importance 
of  each  problem  is  discussed,  and  a program  is  laid  out.  . . . 

Around  our  table  meet  . . . representatives  from  all  the  Gov- 
ernment services  involved.  . . . We  work  for  all  the  depart- 
ments of  the  Government. 

Furthermore,  there  are  discussions  going  on  at  our  table  be- 
tween the  Army  and  the  Navy  and  all  other  people  interested 
which  otherwise  would  not  take  place.  We  are  really,  a co- 
ordinating body  and  that  function  would  be  impossible  if  our 
organization  were  to  be  transferred  to  any  executive  department 
as  such,  because  if  our  Committee  were  to  be  a part  of  any 
department  it  would  necessarily  follow  that  the  aeronautical 
needs  of  that  department  would  be  primarily  served.  . . . 

We  think,  therefore,  that  in  our  independent  existence  we 
offer  a wonderful  opportunity  for  serving  all  the  departments. 

In  1915  one  of  the  first  projects  undertaken  by  the 
executive  committee  was  a survey  of  facilities  available 
“for  the  carrying  on  of  aeronautic  investigations.”  It 
was  determined  that  “a  number  of  institutions  have 
available  mechanical  laboratories  and  engineering 
courses  capable  of  application  to  aeronautics,  but  only 
the  Massachusetts  Institute  of  Technology  and  the 
University  of  Michigan  so  far  offer  regular  courses  of 
instruction  and  experimentation.”  Note  was  made  of 
the  experiments  with  full-scale  propellers  mounted  on  a 
whirling  table,  being  conducted  at  Worcester  Polytech- 
nic Institute. 

“It  appears  that  the  interest  of  colleges  is  more  one  of 
curiosity  than  that  of  considering  the  problem  as  a true 
engineering  one,  requiring  development  of  engineering 
resources  and,  therefore,  as  not  yet  of  sufficient  impor- 
tance to  engage  their  serious  attention,”  the  NACA 
commented  in  its  first  annual  report.  “Manufacturers 
are  principally  interested  in  the  development  of  types 
which  will  meet  Government  requirements  or  popular 
demand,  but  which  will  not  involve  too  radical  or  sud- 
den changes  from  their  assumed  standard  types.” 

The  Committee  recognized  that  “considerable  work 
had  already  been  accomplished  with  which  the  general 
public  is  not  acquainted.”  The  annual  report  said  of 
this  point:  “This  covers  lines  of  development  and  in- 
vestigation which  if  published  would  save  money  and 
effort  on  the  part  of  individual  investigators  and  in- 
ventors who  are  now  duplicating  investigations  already 
made  by  others.  . . . Some  of  this  information  is  al- 
ready embodied  in  reports  which  are  only  accessible  to 
a few  interested  parties  who  know  of  its  existence.” 


The  Smithsonian  Institution  had  published  a bibli- 
ography  of  aeronautics,  covering  the  period  through 
the  middle  of  1909.  Now  the  NACA  undertook  publi- 
cation of  later  bibliographies  compiled  by  Paul  Broc- 
kett  of  the  Smithsonian.  The  first  such  volume  covered 
the  period  1909-16;  as  soon  as  past  years  had  been 
“caught  up,”  the  bibliography  was  published  annually 
into  the  early  thirties. 

The  Committee  was  fully  aware  that  to  fulfill  its 
obligations  would  require  not  only  a well-equipped, 
suitably  staffed  laboratory,  but  also  a flight  test  center 
where  engineers  could  determine  “the  forces  acting  on 
full-sized  machines.”  It  was  felt,  however,  that  “since 
the  equipment  of  such  a laboratory  as  could  be  laid 
down  at  this  time  might  well  prove  unsuited  to  the 
needs  of  the  early  future,  it  is  believed  that  such  provi- 
sion should  be  the  result  of  gradual  development.” 

In  October  1916  the  Committee  recommended  that 
the  War  Department  (which  alone  had  funds  avail- 
able) purchase  land  about  4 miles  north  of  Hampton, 
Va.,  for  use  by  the  Army  and  Navy  as  an  aircraft 
proving  ground.  Named  Langley  Field,  this  site  be- 
came the  home  of  NACA’s  first  research  center.  The 
War  Department  used  it  for  pilot  training  during 
World  War  I.  Aircraft  development  work  of  both  the 
Army  and  Navy  was  centered  elsewhere. 

Lacking  its  own  facilities,  the  NACA  took  prompt 
steps  to  contract  for  research  to  be  performed  for  it  by 
others.  The  first  annual  report  included  seven  reports, 
as  follows : 

No.  1.  Report  on  behavior  of  aeroplanes  in  gusts,  by  the  Massa- 
chusetts Institute  of  Technology. 

Part  1.  Experimental  analysis  of  inherent  longitudinal 
stability  for  a typical  biplane,  by  J.  C.  Hunsaker. 

Part  2.  Theory  of  an  aeroplane  encountering  gusts,  by 
E.  B.  Wilson. 

No.  2.  Investigation  of  pitot  tubes,  by  the  United  States  Bureau 
of  Standards. 

Part  1.  The  pitot  tube  and  other  anemometers  for  aero- 
planes, by  W.  H.  Herschel. 

Part  2.  The  theory  of  the  pitot  and  venturi  tubes,  by  E. 
Buckingham. 

No.  3.  Report  on  investigations  of  aviation  wires  and  cables, 
their  fastenings  and  terminal  connections,  by  John  A.  Roeb- 
ling’s  Sons  Co. 

No.  4.  Preliminary  report  on  the  problem  of  the  atmosphere  in 
relation  to  aeronautics,  by  Prof.  Charles  F.  Marvin. 

No.  o.  Relative  worth  of  improvements  on  fabrics,  by  the  Good- 
year Tire  & Rubber  Co. 

No.  6.  Investigations  of  balloon  and  aeroplane  fabrics,  by  the 
United  States  Rubber  Co. 

Part  1.  Balloon  and  aeroplane  fabrics,  by  Willis  A.  Gib- 
bons and  Omar  II.  Smith. 

Part  2.  Skin  friction  of  various  surfaces  in  air,  by  Willis 
A.  Gibbons. 

No.  T.  Thermodynamic  efficiency  of  present  types  of  internal- 
combustion  engines  for  aircraft,  by  Columbia  University. 
Part  1.  Review  of  the  development  of  engines  suitable  for 
aeronautic  service,  by  Charles  E.  Lucke. 

Part  2.  Aero  engines  analyzed  with  reference  to  elements 
of  process  or  function,  by  Charles  E.  Lucke. 
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“What  has  already  been  accomplished  by  the  Com- 
mittee has  shown  that  although  its  members  have  de- 
voted as  much  personal  attention  as  practicable  to  its 
operations,  yet  in  order  to  do  all  that  should  be  done 
technical  assistance  should  be  provided  which  can  be 
continuously  employed,”  the  Committee  said  in  its  first 
Annual  Report. 

For  the  fiscal  year  1917  the  NACA  asked  for  and 
received  $85,000.  Of  the  funds  available,  $68,957.35 
(all  that  was  not  spent  otherwise)  went  toward  con- 
struction of  the  new  laboratory  at  Langley  Field.  Its 
total  cost  was  estimated  at  $80,000,  a figure  that  later 
was  revised  upward. 

The  war  was  over  before  the  “Committee’s  field  sta- 
tion” at  Langley  Field  could  be  said  to  be  in  useful 
operation.  The  annual  report  for  1919  noted  that  the 
Committee’s  first  wind  tunnel,  with  a 5-foot  test  section, 
was  completed  but  inoperative  for  lack  of  power.  The 
Army’s  power  plant  at  Langley  Field  was  incomplete, 
with  construction  stopped  for  lack  of  money. 

With  the  Army  planning  to  keep  its  experimental 
work  in  aeronautics  at  McCook  Field,  Dayton,  and 
with  the  Navy’s  experimental  aviation  work  centered 
at  Norfolk,  the  NACA  in  1919  felt  it  had  good  reasons 
for  moving  its  field  station  activities  to  Bolling  Field, 
just  across  the  Anacostia  River  from  the  Capital.  It 
asked  Congress  to  authorize  the  move : 

The  Committee  believes  it  uneconomical  and  unsatisfactory 
to  remain  at  Langley  Field.  The  same  work  can  be  carried 
on  more  efficiently,  more  promptly,  and  more  economically  at 
BoUing  Field,  where  the  work  can  be  closely  watched  by  all 
members  of  the  Committee,  and  where  the  members  of  the 
engineering  staff  in  charge  of  work  can  have  ready  access  to  the 
Committee,  to  large  libraries,  and  other  sources  of  information, 
constant  communication  with  the  Bureau  of  Standards,  a more 
satisfactory  market  for  labor  and  supplies  and  adequate  power 
supply,  and  relief  from  the  perplexing  question  of  securing 
quarters  at  Langley  Field  or  in  Hampton  or  other  nearby  towns. 

Congressional  approval  for  the  move  to  Bolling  Field 
did  not  come.  In  April  1920,  the  Committee,  perhaps 
with  a collective  sigh,  took  action  that  accepted  as  per- 
manent the  Langley  Field  site  for  the  “field  station.” 
It  sought  Presidential  approval  of  the  name,  “Langley 
Memorial  Aeronautical  Laboratory.”  President  Wil- 
son concurred,  and  dedicatory  exercises  were  conducted 
on  June  11.  Attendance  included  guests,  it  was  later 
reported,  “of  whom  a number  had  flown  to  the  field.” 

This  date,  June  11,  1920,  may  be  considered  the  real 
beginning  of  NACA’s  own  program  of  aeronautical  re- 
search, conducted  by  its  own  staff  in  its  own  facilities. 
The  previous  year  a start  had  been  made  in  obtaining 
full-scale  performance  data  from  flight  tests,  but  now 
the  availability  of  a wind  tunnel  made  possible  system- 
atic investigations  of  critical  aerodynamic  problems, 
such  as:  (1)  Comparison  between  the  stability  of 
airplanes  as  determined  from  full-flight  test  and  as 


determined  from  calculations  based  on  wind-tunnel 
measurements;  (2)  comparison  between  the  perform- 
ance of  full-scale  airplanes  and  the  calculations  based 
on  wind- tunnel  experiments,  and  (3)  airfoils,  including 
control  surfaces,  with  special  attention  to  thick  sections, 
plus  combinations  and  modification  of  such  sections. 

THE  COMMITTEE’S  ADVISORY  FUNCTIONS 

This  has  been  essentially  a chronological  account, 
first,  of  events  preceding  establishment  of  the  NACA, 
and  then  its  early  steps  to  undertake  its  responsibili- 
ties as  the  nation’s  aeronautical  research  establishment. 
At  this  point  it  is  in  order  to  glance  briefly  at  some 
early  activities  of  the  Committee  which  were  consonant 
with  the  “Advisory”  in  its  name. 

In  1916  the  executive  committee  invited  engine  manu- 
facturers to  attend  a meeting  on  June  8 in  Dr.  Wal- 
cott’s office  at  the  Smithsonian  Institution  to  discuss 
the  problem  of  obtaining  more  powerful  and  more  re- 
liable engines  and  to  bring  about  a better  understand- 
ing between  builders  and  users.  Representatives  of  the 
military  services  were  in  attendance,  and  although  it  is 
to  be  doubted  that  many  problems  were  solved,  un- 
questionable good  was  done  by  bringing  them  into  sharp 
focus.  Another  benefit  from  the  meeting  was  an  ar- 
rangement whereby  the  Society  of  Automotive  Engi- 
neers became  active  in  providing  assistance  in  the 
solution  of  aircraft  powerplant  problems. 

Also  in  1916  the  Committee  examined  the  problem 
of  the  carriage  of  mail  by  air.  The  Post  Office  De- 
partment had  failed  in  efforts  to  establish  a contract 
airmail  service  in  Alaska  and  from  New  Bedford  to 
Nantucket  Island.  Airmail  was  then  considered  to  be 
justified  only  over  almost  impossible  terrain.  “Con- 
ditions of  both  these  routes  were  so  severe  as  to  deter 
.responsible  bidders  from  undertaking  this  service,”  the 
Committee  decided.  It  felt,  nonetheless,  that  because 
of  the  great  progress  made  in  aviation,  the  Post  Office 
should  set  up  one  or  more  experimental  routes,  “with 
a view  to  determining  the  accuracy,  frequency,  and 
rapidity  of  transportation  which  may  reasonably  be 
expected  under  normal  and  favorable  conditions,  and 
therefrom  to  determine  the  desirability  of  extending 
this  service  wherever  the  conditions  are  such  as  to 
warrant  its  employment.” 

The  above-stated  opinion  was  transmitted  to  Con- 
gress in  1916  as  a recommendation.  In  1918,  when 
$100,000  was  appropriated  for  creation  of  an  experi- 
mental airmail  service,  the  NACA  invited  the  attention 
of  the  Secretary  of  War  to  the  following  facts:  “Prac- 
tically all  aircraft  manufacturing  facilities  in  the 
United  States  were  being  utilized  by  the  War  and 
Navy  Departments,  and  all  capable  aviators  were  in 
the  military  or  naval  air  services  . . . [and]  it  was 
exceedingly  desirable  that  Army  aviators  be  regularly 
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and  systematically  trained  in  long-distance  flying  . . . 
[and  that]  it  would  appear  to  be  to  the  advantage 
of  the  War  Department  and  of  the  Government  gen- 
erally that  military  airplanes  be  used  to  render  prac- 
tical and  effective  service”  in  carrying  mail  between 
Washington,  Philadelphia,  and  New  York.  In  its  1918 
annual  report  the  NACA  viewed  with  satisfaction  the 
manner  in  which  the  experimental  airmail  service  had 
been  established  along  the  lines  recommended,  and 
expressed  the  opinion  it  had  already  “been  sufficiently 
well  demonstrated  since  its  inauguration  to  justify  its 
extension  generally.” 

In  1921,  the  Committee  noted  in  a special  report  to 
the  President  that — 

There  are  several  causes  which  are  delaying  the  develop- 
ment of  civil  aviation,  such  as  the  lack  of  airways,  landing 
fields,  aerological  service,  and  aircraft  properly  designed  for 
commercial  uses.  The  Air  Mail  Service  stands  out  as  a pioneer 
agency,  overcoming  these  handicaps  and  blazing  the  way,  so 
to  speak,  for  the  practical  development  of  commercial  aviation. 
As  a permanent  proposition,  however,  the  Post  Office  Depart- 
ment, as  its  functions  are  now  conceived,  should  no  more 
operate  directly  a special  airmail  service  than  it  should  operate 
a special  railroad  mail  service;  but  until  such  time  as  the 
necessary  aids  to  commercial  aviation  have  heen  established 
it  will  be  next  to  impossible  for  any  private  corporation  to 
operate  under  contract  an  airmail  service  in  competition  with 
the  railroads. 

In  January  1917,  the  War  and  Navy  Departments 
complained  to  the  NACA  about  prohibitive  prices  for 
aircraft,  said  to  be  due  to  “the  extra  item  of  royalty 
added  by  each  firm  in  anticipation  of  infringement 
suits  by  owners  of  alleged  basic  aeronautic  patents 
who  were  then  threatening  all  other  airplane  and  sea- 
plane manufacturers  with  such  suits,  and  causing 
thereby  a general  demoralization  of  the  entire  in- 
dustry.” 

The  Committee  held  meetings  with  Government  offi- 
cials, owners  of  patents,  and  aircraft  manufacturers. 
It  then  recommended  organization  of  a Manufacturers 
Aircraft  Association  to  effect  the  cross  licensing  of 
aeronautic  patents  and  to  make  the  use  of  all  such 
patents  available  to  any  member  firm  at  the  relatively 
small  cost  of  $200  per  airplane.  This  happy  solution 
was  adopted,  and  resulted,  in  the  Committee’s  opin- 
ion, in  “the  prevention  of  the  virtual  deadlock  with 
danger  of  monopoly  existing  under  the  patent  situa- 
tion.” 

In  many  other  ways  the  Committee  gave  advisory 
service  on  such  varied  matters  as  provision  of  insur- 
ance for  aviators,  naming  of  flying  fields  “in  com- 
memoration of  individuals  who  had  rendered  conspicu- 
ous service,”  aerial  mapping  techniques,  and  selection 
of  a site  near  Washington  for  a “landing  field”  to  pro- 
vide “accommodation  of  transient  aviators.” 

A special  subcommittee  during  World  War  I ex- 
amined some  7,000  inventions  and  suggestions  in  the 


field  of  aeronautics.  Of  this  work  the  NACA  later 
said,  “The  great  majority  of  the  suggestions  received 
are  obviously  of  an  impractical  nature.  Several,  how- 
ever, have  seemed  worthy  of  further  consideration  and 
have  been  referred  to  military  or  naval  experts.”  In 
addition  to  this  arduous  task,  the  Committee  served  as 
arbitrator  in  the  settlement  of  disputes  involving  tech- 
nical questions  between  private  parties  and  the  mili- 
tary services. 

Perhaps  the  most  important  of  NACA’s  advisory 
services  was  the  leadership  which  the  Committee  gave 
to  the  efforts  for  legislation  necessary  to  the  orderly 
development  of  civil  aviation.  With  cessation  of  hos- 
tilities in  1918,  the  Committee  promptly  took  up  the 
basic  question  of  what  should  be  done  about  the  civil 
use  of  aircraft.  Although  it  would  be  nearly  8 years 
before  the  required  Federal  legislation  was  adopted 
(the  Air  Commerce  Act  of  1926) , the  recommendations 
made  by  the  Committee  in  1918  encompassed  what  was 
needed:  “Federal  legislation  . . . governing  the  navi- 
gation of  aircraft  in  the  United  States  and  including  the 
licensing  of  pilots,  inspection  of  machines,  uses  of  land- 
ing fields,  etc.  . . . designed  to  . . . encourage  the  de- 
velopment of-  aviation  . . . and  at  the  same  time  to 
guide  the  development  . . . along  such  lines  as  will 
render  immediate  and  effective  military  service  to  the 
Nation  in  time  of  war.” 

On  April  1,  1921,  President  Harding  directed  the 
Committee  to  meet  with  representatives  of  interested 
Government  departments  to  determine  what  could  be 
done  to  achieve  Federal  regulation  of  air  navigation 
without  legislative  action,  and  what  new  legislation 
was  needed.  April  9,  the  recommendations  were  for- 
mulated. The  Committee  was  brief:  “Federal  regula- 
tion of  air  navigation  cannot  be  accomplished  under 
existing  laws.  ...  It  is  recommended  that  a Bureau  of 
Aeronautics  be  established  in  the  Department  of  Com- 
merce.” 

There  were  other  NACA  proposals  in  1921 : That  the 
Post  Office  be  authorized  to  extend  its  airmail  routes 
across  the  continent,  and  that  naval  aviation  activities 
be  centered  in  a Bureau  of  Aeronautics  within  the  Navy 
Department. 

In  its  Annual  Report  for  1921,  the  NACA  noted  the 
principal  reason  for  delay  in  passing  the  recommended 
legislation : 

The  Committee  is  not  unmindful  of  the  legal  sentiment  that 
a constitutional  amendment  should  first  be  adopted  before  such 
legislation  is  enacted,  on  the  ground  that  effective  regulation 
of  air  navigation  as  proposed  would  otherwise  be  unconstitu- 
tional as  violating  the  rights  of  property  and  encroaching  upon 
the  rights  of  States.  To  postpone  such  legislation  until  a con- 
stitutional amendment  can  be  proposed  and  ratified  would  have 
the  effect  of  greatly  retarding  the  development  of  commercial 
aviation,  with  no  assurance  that  sufficient  popular  interest 
would  ever  be  aroused  to  accompUsh  such  an  amendment.  The 
Committee  is  of  the  opinion  that  the  most  effective  course  to  be 
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followed  for  tlie  development  of  aviation  would  be  first  to  enact 
the  legislation  deemed  necessary  for  the  Federal  regulation  of 
air  navigation  and  the  encouragement  of  the  development  of 
civil  aviation,  and  let  the  question  of  the  constitutionality  of 
such  legislation  be  tested  in  due  course.  In  the  meantime, 
there  would  be  development  in  civil  and  commercial  aviation, 
and  if  eventually  the  legislation  which  made  possible  such  de- 
velopment should  be  definitely  determined  to  be  unconstitutional 
there  would  then,  in  all  probability,  be  sufficient  public  interest 
in  the  subject  and  popular  demand  to  adopt  an  amendment  to 
the  Constitution. 

Years  of  perseverance  culminated,  in  April  1926,  in 
a careful  analysis  by  the  Committee  of  fundamental 
differences  of  opinion  respecting  certain  aspects  of  the 
basic  legislation  then  before  the  Congress.  The  solu- 
tions then  proposed  by  the  NACA  were  accepted  by 
the  joint  Senate-House  conferees,  and  the  Air  Com- 
merce Act  became  law  on  May  20, 1926. 

“This  act  provides  the  legislative  cornerstone  for  the 
development  of  commercial  aviation  in  America,”  the 
Committee  said.  It  “gives  an  important  measure  of 
stability  to  commercial  aviation  as  a business  proposi- 
tion and  in  its  direct  effects  will  go  far  toward  en- 
couraging the  development  of  civil  and  commercial 
aviation.” 

AERONAUTICAL  RESEARCH 

The  Air  Commerce  Act  made  the  Secretary  of  Com- 
merce responsible  for  the  regulation  of  civil  aviation, 
and  for  its  encouragement.  At  the  same  time,  this 
action  freed  the  NACA  from  an  “advisory”  burden  it 
had  carried  during  its  first  10  years.  From  now  on, 
the  Committee  could  concentrate  upon  its  chief  respon- 
sibility— the  conduct  of  aeronautical  research. 

During  the  first  10  years  of  the  Committee’s  existence 
demands  upon  the  time  of  NACA  members  were  very 
heavy.  From  1915  to  1919  the  Committee  had  three 
chairmen : General  Scriven,  1915 ; Dr.  Durand,  1916-18, 
and  Dr.  John  R.  Freeman,  1919.  Dr.  Freeman  was  sent 
on  a mission  to  China  and  was  succeeded  as  chairman 
in  1919  by  Dr.  Walcott,  who  had  served  as  chairman 
of  the  executive  committee  since  its  formation  in  1915. 

Dr.  Walcott  was  succeeded  as  chairman  of  the  execu- 
tive committee  by  Dr.  Ames,  who  effectively  supported 
Dr.  Walcott  until  the  latter’s  death  in  1927.  At  that 
time  Dr.  Ames  became  chairman  to  serve  until  his  re- 
tirement in  1939.  The  fact  that  he  was  located  in  Bal- 
timore, where  he  headed  the  physics  department  of 
Johns  Hopkins  University  until  he  became  president  of 
the  University  in  1929,  proved  no  handicap.  Dr.  Ames 
was  in  Washington  as  often  and  as  long  as  Committee 
business  required. 

With  the  development  of  laboratory  facilities  at 
Langley,  the  NACA  began  building  a competent  engi- 
neering staff.  The  Langley  Laboratory  attracted 
young  men  with  good  training,  who  could  grow  to  do 
work  of  increasing  importance.  The  independence  of 
the  NACA  was  one  of  the  attractions,  as  was  also  the 


opportunity  for  the  young  engineer  to  sign  the  pub- 
lished report  of  his  own  research.  So  was  the  avail- 
ability of  superior  research  and  test  equipment. 

In  1919  the  Committee  invited  Dr.  George  W.  Lewis, 
professor  of  mechanical  engineering  at  Swarthmore 
College,  to  become  its  executive  officer.  In  this  capac- 
ity, he  was  called  upon  to  guide  the  research  programs 
and  to  plan  and  build  the  research  tools  needed.  In 
1924  Dr.  Lewis’  title  was  changed  to  one  that  more 
closely  described  his  responsibilities,  director  of  aero- 
nautical research.  From  then  until  1945,  when  his 
health  failed  under  the  tremendous  burdens  he  insisted 
upon  carrying  during  World  War  II,  George  Lewis 
gave  devoted  and  effective  leadership  to  the  staff  of  the 
Committee. 

While  the  Committee  was  acquiring  the  equipment  at 
Langley  necessary  for  the  research  programs  envisioned, 
use  was  made  of  facilities  available  elsewhere  for  certain 
investigations.  Before  the  end  of  World  War  I,  Dr. 
Durand  was  conducting  most  valuable  research  on  air 
propellers  at  Leland  Stanford  University,  and  at  MIT 
the  availability  of  a wind  tunnel  and  staff  made  possible 
fundamental  aerodynamic  research  on  stability  and  con- 
trol and  on  the  characteristics  of  wing  sections. 

The  National  Bureau  of  Standards  worked  on  aero- 
nautical problems  at  the  request  of  the  NACA  and  with 
its  financial  support.  The  Bureau  developed  apparatus 
for  the  study  of  combustion  problems  under  simulated 
conditions  of  high  altitude  and  later  equipped  itself 
with  wind  tunnels  for  fundamental  research  on  turbu- 
lence and  boundary-layer  problems. 

The  aeronautical  experimentation  carried  on  at  the 
Navy  Yard  in  Washington  and  at  McCook  Field  in 
Dayton  was  correlated  with  a comprehensive  plan  which 
the  NACA  formulated  and  which  was  kept  up  to  date 
as  military  and  industry  needs  changed.  The  pioneering 
work  by  Naval  Constructor  Richardson  on  seaplane 
hulls,  and  the  later  researches  directed  by  Chief  Con- 
structor David  W.  Taylor,  contributed  significantly  to 
the  advancement  of  naval  aviation.  At  McCook  Field 
(later  moved  and  enlarged  to  become  Wright  Field)  the 
availability  of  a wind  tunnel  caused  the  NACA  to  detail 
one  of  its  first  technical  employees,  Dr.  George  de  Both- 
ezat  (best  known,  perhaps,  for  his  later  work  with  heli- 
copters) to  Dayton  to  assist  with  aeronautical  research 
there. 

In  1920  the  NACA’s  first  wind  tunnel  was  put  to  work. 
With  relatively  minor  exceptions,  this  first  major  piece 
of  equipment  was  patterned  after  one  at  the  British 
National  Physical  Laboratory.  The  work  that  could  be 
done  with  this  tunnel  was  essentially  no  different  from 
that  which  could  be  accomplished  at  the  Navy  Yard, 
McCook  Field,  MIT,  or  other  locations  where  conven- 
tional wind  tunnels  were  located. 

In  June  1921,  the  executive  committee  decided  to  build 
a new  kind  of  wind  tunnel.  Utilizing  compressed  air, 
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it  would  allow  for  “scale  effects55  in  aerodynamic  model 
experiments.  This  tunnel  represented  the  first  bold  step 
by  the  NACA  to  provide  its  research  personnel  with  the 
novel,  often  complicated,  and  usually  expensive  equip- 
ment necessary  to  press  forward  the  frontiers  of  aero- 
nautical science.  It  was  designed  by  Dr.  Max  Munk, 
formerly  of  Gottingen. 

The  value  of  the  new  tunnel  was  explained  in  1922  by 
Dr.  Ames : 

When  a new  design  of  airplane  ...  is  made,  it  is  customary 
to  construct  a model  of  it,  one-twentieth  the  size  or  less,  and  to 
experiment  upon  this.  The  method  now  in  universal  use  is  to 
suspend  the  model  from  suitable  balances  in  a stream  of 
air  ...  at  a velocity  of  60  mph.  . . . The  balances  register  the 
forces  and  moments  acting  on  the  model.  From  the  results  of 
such  measurements  one  decides  whether  the  original  design  is 
good  or  not.  But  is  one  justified  in  making  such  a decision? 
Why  should  the  same  laws  apply  to  a little  model  inside  the  wind 
tunnel,  as  it  is  called,  and  to  the  actual  airplane  flying  freely 
through  the  air?  Evidently  there  is  groyind  for  grave  uncer- 
tainty. The  Committee  has  perfected  a method  for  obviating 
this.  It  has  been  known  from  aerodynamic  theory  for  some 
time  that  the  change  in  scale,  from  airplane  to  its  model,  could 
be  compensated  by  compressing  the  air  from  ordinary  pressure 
to  20  or  25  atmospheres  : as  the  structure  moving  through  the  air 
is  reduced  in  size  from  50  feet  to  2 feet,  the  molecules  of  the  air 
are  brought,  by  comparison,  closer  and  closer  together^ tintU _ their 
distance  apart  is  one  twenty-fifth  of  what  it  was  originally.  The 
effect  of  scale  is  thus  fully  compensated  and  experiments  upon  a 
model  in  this  compressed  air  have  a real  meaning.  The  Commit- 
tee has  constructed  a large  steel  tank,  34  feet  long  and  15  feet 
in  diameter,  inside  which  is  placed  a wind  tunnel  with  its  bal- 
ances, etc.,  and  in  which  the  air  may  be  kept  in  a state  of  high 
compression.  The  information  to  be  obtained  from  the  appa- 
ratus will  be  the  most  important  ever  given  airplane  designers. 

Experience  with  simple  airplane  models  without  pro- 
pellers in  the  variable-density  tunnel  encouraged  the 
NACA,  in  June  1925,  to  construct  a wind  tunnel  large 
enough  to  test  full-scale  airplane  propellers  under 
conditions  of  flight.  This  was  a costly  decision,  but 
the  cost  was  repaid  manyfold  by  improved  airplane 
performance. 

The  propeller  research  tunnel  was  put  into  operation 
in  1927.  It  had  a circular  test  section  20  feet  in  diameter 
and  was  powered  by  two  Diesel  engines  rated  at  1,000 
hp.  each.  Its  air  speed  was  110  mph.  and,  at  the  time, 
it  was  the  largest  wind  tunnel  in  the  world.  Almost 
from  the  beginning  of  its  use,  the  PET  provided  infor- 
mation leading  to  design  changes  which  resulted  in 
dramatic  improvements  in  airplane  performance. 

The  first  and  most  spectacular  of  these  productive  re- 
searches brought  about  the  development  of  what  became 
known  as  the  NACA  cowling  for  air-cooled  radial  en- 
gines. In  its  1928  report,  the  Committee  said  that  “by 
the  application  of  the  results  of  this  study  to  a Curtiss 
AT-5A  Army  pursuit  training  plane,  the  maximum 
speed  was  increased  from  118  to  137  mph.  This  is  equiv- 
alent to  providing  approximately  83  additional  horse- 
power without  additional  weight  or  cost  of  engine,  fuel 
consumption,  or  weight  of  structure.  This  single  con- 
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tribution  will  -repay  the  cost  of  the  Propeller  Research 
Tunnel  many  times.55 

The  Collier  Trophy,  awarded  annually  “for  the  great- 
est achievement  in  aviation  in  America,  the  value  of 
which  has  been  thoroughly  demonstrated  by  actual  use 
during  the  preceding  year,55  went  to  the  NACA  for  the 
development  of  this  form  of  cowling.  President  Hoover 
made  the  presentation  on  January  3, 1930  (for  the  year 
1928),  and  after  the  reading  of  the  citation  Dr.  Ames 
responded  that  “a  scientist  receives  his  reward  from  his 
own  work  in  believing  that  he  has  added  to  human 
knowledge ; but  he  is  always  gratified  when  his  work  is 
recognized  as  good  by  those  competent  to  judge.55 

A second  important  benefit  accruing  from  work  in 
the  PRT  was  more  positive  information  about  the  best 
location  of  engine  nacelles.  The  engines  of  the  Ford 
Tri-motor,  and  similar  aircraft  of  the  twenties,  were 
hung  below  the  wing.  As  a consequence  of  research 
reported  confidentially  in  1930,  multiengine  aircraft  de- 
signed thereafter  had  their  engines  faired  into  the  lead- 
ing edge  of  the  wing  with  an  important  gain  in  speed. 

The  systematic  work  accomplished  in  the  PRT  led 
to  other  practical  design  changes.  For  example,  it  was 
possible  to  obtain  an  accurate  estimate  of  the  drag 
caused  by  such  apparently  insignificant  details  as  the 
location  of  a gasoline  filler  cap.  Similarly,  engineers 
studied  the  aerodynamic  interference  of  wings  and  fuse- 
lage, and  the  use  of  fillets  to  reduce  the  interference 
was  proposed.  (In  1928  the  NACA  published  its  first 
Technical  Note  on  this  subject,  by  Melvin  N.  Gough.) 

That  the  fixed  landing  gear  represented  a large 
amount  of  drag  had  long  been  appreciated,  but  it 
was  not  until  the  PRT  became  operative  that  the  drag 
penalties  of  fixed  landing  gear  could  be  determined  pre- 
cisely. The  higher  speeds  made  possible  by  use  of  the 
NACA  cowling,  the  wing  positioning  of  the  engine 
nacelles,  the  filleting  of  wing- fuselage  junctures,  and 
other  aerodynamic  refinements  now  made  attractive  the 
investment  of  added  cost  and  weight  implicit  in  re- 
tractable landing  gear. 

In  1933,  looking  at  the  gains  from  the  research  at 
its  Langley  Laboratory,  the  Committee  said:  “No 
money  estimate  can  be  placed  on  the  value  of  superior 
performance  of  aircraft  in  warfare  . . . nor  can  a 
money  estimate  be  placed  on  . . . improved  safety.  . . . 
The  value  in  dollars  and  cents  of  improved  efficiency  in 
aircraft  resulting  from  the  Committee’s  work  can,  how- 
ever, be  fairly  estimated.  For  example,  the  results 
of  . . . researches  completed  by  the  Committee  within 
the  last  few  years,  show  that  savings  in  money  alone  will 
be  made  possible  in  excess  annually  of  the  total  appro- 
priations for  the  Committee  since  its  establishment  in 
1915.55 

The  economic  depression  that  began  with  the  stock- 
market  crash  of  1929  was  not  an  unmixed  evil  for  the 
NACA.  Although  there  were  strong  pressures  to  re- 
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Dr.  William  F.  Durand,  member  National  Advisory 
Committee  for  Aeronautics  1915—313,  1911-15; 

Chairman,  1916-18. 


Dr.  Joseph  S.  Ames,  member  National  Advisory 
Committee  for  Aeronautics  1915-39;  Executive 
Committee,  1919—37;  Chairman,  1927-39. 


Dr.  Charles  Doolittle  Walcott,  Secretary  Smith- 
sonian Institution  1907-27;  member  National 
Advisory  Committee  for  Aeronautics  1915-27; 
Chairman,  Executive  Committee,  1915-19;  Chair- 
man, 1919-27. 


Dr.  Vannevar  Bush,  member  National  Advisory  Com- 
mittee for  Aeronautics  1938-18;  Vice  Chairman, 
1938-39;  Chairman,  Executive  Committee,  1938-41; 
Chairman,  1939— tl. 
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Jerome  C.  Hunsaker,  member  National  Advisory 
Committee  for  Aeronautics  1922-23, 1938-58;  Chair- 
man, 1941-56;  Chairman,  Executive  Committee, 
1941-56. 


James  II.  Doolittle,  member  National  Advisory  Com- 
mittee for  Aeronautics  1948-58;  Chairman,  1956-58; 
Chairman,  Executive  Committee,  1956-58. 


I)r.  George  W.  Lewis,  Director  of  Aeronautical 
Research,  National  Advisory  Committee  for  Aero- 
nautics, 1919—17. 
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Application  of  NACA  cowling  on  AT-5A  Army  pursuit  training  plane  increased  its  speed  from  118  to  137  m.p.h.  This  was  equiv- 
alent to  providing  83  additional  horsepower. 


The  NACA  Langley  Laboratory’s  low-drag  wing  was  first  used  on  the  P-51  Mustang  fighter,  making  it  the  fastest  propeller- 

driven  airplane  of  World  War  II. 
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An  engineer  in  NACA’s  towing  tank  at  Langley  Aeronautical 
Laboratory  prepares  a dynamic  model  equipped  with 
hydro-skis  for  a test  run. 


This  rocket-powered  model,  one  of  a series  tested  by  the 
NACA  to  investigate  the  flutter  characteristics  of  low  aspect 
ratio  wings,  shoots  skyward  toward  the  Atlantic  Ocean 
from  its  launching  ramp  at  the  NACA  Pilotless  Aircraft 
Research  Station,  Wallops  Island.  Va. 


The  11-foot  test  section  of  the  Ames  Unitary  Plan  wind  tunnel.  It  is  capable  of  operating  smoothly  from  subsonic  speeds 
through  the  speed  of  sound  to  low  supersonic  values,  a region  where  conventional  wind  tunnels  are  not  usable,  owing  to 
choking.  The  perforated  or  slotted  walls  of  the  tunnel  permit  flow  disturbances  to  pass  through  the  open  parts  while 
retaining  sufficient  solid  area  to  guide  the  air  uniformly  past  the  model.  Two  other  test  sections  operate  at  speeds  up 
to  Mach  No.  3.5. 
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The  NACA  Lewis  Laboratory’s  new  10-by-10-foot  supersonic  wind  tunnel  is  used  for  research  on  aircraft  power  plants.  This 

tunnel  is  designed  for  speeds  of  Mach  Nos.  2 to  3.5. 


Six  dummies,  seated  in  various  positions  and  in  several  types  of  seats,  rode  a service-weary  Lodestar  transport  plane  through 
a severe  crash,  one  of  a series  staged  by  a research  group  of  the  NACA  Lewis  Flight  Propulsion  Laboratory.  Objective  of 
the  crash  program  is  to  gather  data  on  passenger  and  pilot  survival  problems  in  aircraft  accidents. 
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Damage  was  heavy  but  fire  was  prevented  in  this  experimental  crash  because  of  a fire-inerting  system  devised  by  the  NACA 
Lewis  Flight  Propulsion  Laboratory.  A series  of  crashes  was  staged  with  worn-out  turbojet-  and  piston-powered  aircraft 
to  study  problems  of  fire  and  human  survival  in  crash  accidents.  The  white  cloud  in  the  picture  is  jet  fuel  issuing  from 
the  ripped  tank  in  the  right  wing. 


Caught  in  flight  by  shadowgraph  technique,  this  free-flight  research  model  shows  the  complicated  pattern  of  shock  waves 
and  vortexes  associated  with  high-speed  flight.  Vortexes  are  left  in  the  wake  of  the  model.  The  un symmetrical  shock- 
wave  pattern  shows  that  the  model  is  turning.  The  model  is  7 inches  long  and  has  just  been  fired  from  a 3-inch  smooth- 
bore Naval  gun  into  still  air.  Mach  number  at  the  instant  of  this  photograph  is  1.6. 
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Infrared  photograph  of  a laboratory  experiment  simulating  aerodynamic  heating.  At  2,000  miles  per  hour,  sustained  flight 
could  produce  temperatures  up  to  1,200°  F.  Much  additional  research  is  required  to  permit  successful  operation  under 
such  conditions. 


Flying  regularly  at  transonic  and  supersonic  speeds,  these  research  airplanes  are  exploring  new  fields  for  data  needed  to  design 
the  military  and  civil  airplanes  of  the  future.  In  the  center  is  the  Douglas  X-3;  at  lower  left,  the  Bell  X-1A  flown  late  in 
1953  at  a record  1,650  m.p.h.  or  2.5  times  the  speed  of  sound.  Continuing  clockwise  from  the  X-1A  are  the  Douglas  D-558-I 
“Skystreak”;  Convair  XF-92A;  Bell  X-5  with  variable  sweepback  wings;  Douglas  D— 558— II  “Skyrocket,”  first  piloted 
airplane  to  fly  at  twice  the  speed  of  sound;  and  the  Northrop  X-4.  The  National  Advisory  Committee  for  Aeronautics, 
the  Air  Force,  the  Navy,  and  the  aircraft  manufacturing  industry  are  joined  to  design,  build,  and  fly  these  and  other 
advanced  airplanes  in  a high-speed  flight  research  program. 
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Grumman  F11F-1.  Use  of  the  NACA-developed  “area  rule”  concept  for  decreasing  drag  rise  at  transonic  speeds  gave  this 
“Tiger”  fighter  plane  supersonic  performance.  The  “wasp-waisled”  Navy  carrier  plane  uses  one-third  less  thrust  than 
other  airplanes  of  equivalent  performance. 


West  Area,  Langley  Aeronautical  Laboratory,  Langley  Field,  Va. 
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Ames  Aeronautical  Laboratory,  Moffett  Field,  Calif. 


Lewis  Flight  Propulsion  Laboratory,  Cleveland,  Ohio. 
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duce  operating  expenditures,  these  were  successfully  re- 
sisted, in  the  main,  by  such  impressive  evidence  of  the 
money  value  of  the  Committee’s  work  as  that  just  cited. 
On  the  favorable  side  was  the  opportunity  for  the 
NACA  to  construct  at  depression  costs  new  research 
equipment  with  funds  already  appropriated,  and  the 
availability  of  engineers,  from  whom  many  of  its  future 
leaders  have  developed. 

The  30-  by  60-foot,  “full-scale”  wind  tunnel  and  the 
2,000-foot  towing  tank  (for  study  of  hydrodynamic 
characteristics  of  water-based  aircraft)  were  completed 
in  1931.  The  designer  of  the  $900,000  “full-scale”  wind 
tunnel  (then  the  world’s  largest)  was  Smith  J.  De- 
France,  who  became  director  of  the  Committee’s  sec- 
ond research  center,  at  Moffett  Field,  Calif.,  when  it 
was  established  in  1941. 

A somewhat  later  “depression  baby”  was  the  500- 
mph.,  8-foot  wind  tunnel.  For  some  time  after  its  com- 
pletion in  1936,  it  was  known,  somewhat  optimisti- 
cally, as  the  “full-speed  wind  tunnel.”  Other  novel 
research  equipment  constructed  at  Langley  in  these 
years  included  a free-spinning  wind  tunnel  and  a re- 
frigerated wind  tunnel  (for  study  of  icing  problems). 

In  this  depression  period  NACA  engineers  first  dis- 
closed the  ability  to  use  air  more  than  once.  Soon 
after  the  variable-density  tunnel  was  rebuilt  following 
a fire  in  1927,  it  was  suggested  that  some  use  should 
be  made  of  the  air  released  each  time  the  tunnel  was 
returned  to  atmospheric  pressure.  Why  not  discharge 
the  pressurized  air  through  an  appropriate  nozzle  and 
thus  obtain  a really  high-speed  airstream?  The  result 
was  a blowdown  device,  with  a 12-inch  test  section  in 
which  aerodynamic  phenomena  could  be  studied  at 
speeds  almost  that  of  sound  (about  760  mph.  at  60°  F.) . 

Thus  far,  the  discussion  of  research  by  the  NACA 
has  been  largely  concerned  with  aerodynamics  where 
the  greatest  effort  was  made.  Nevertheless  there  was 
fruitful  work  on  powerplants,  loads,  and  structures, 
which  will  be  noted  later.  In  retrospect,  one  marvels 
that  so  much  could  be  accomplished.  At  the  begin- 
ning of  1930,  for  example,  the  total  employment  at 
the  Langley  Laboratory  was  only  181. 

By  the  mid-thirties,  the  work  of  the  NACA  had  be- 
come internationally  known  and  respected.  Somewhat 
earlier  the  British  journal  Aircraft  Engineering  had 
commented  about  the  Committee : “They  were  the  first 
to  establish,  and  indeed  to  visualize,  a variable-density 
tunnel;  they  have  led  again  with  the  construction  of 
the  20-foot  propeller  research  tunnel ; and  . . . [with] 
a ‘full-scale’  tunnel  in  which  complete  aeroplanes  up 
to  35-foot  span  can  be  tested.  The  present-day  Amer- 
ican position  in  all  branches  of  aeronautical  knowledge 
can,  without  doubt,  be  attributed  mainly  to  this  far- 
seeing  policy  and  expenditure  on  up-to-date  laboratory 
equipment.” 


Somewhat  wryly,  A.  J.  Sutton  Pippard  of  the  Uni- 
versity of  London  observed  in  1953  “that  many  of  our. 
most  capable  design  staffs  prefer  to  base  their  technical 
work  upon  the  results  of  the  American  NACA.” 

An  important  effort  of  the  NACA  was  to  make  its 
research  findings  fully  available  for  use.  First,  there 
were  Reports,  comprehensive  presentations  expected  to 
have  lasting  value.  Then  there  were  Technical  Notes, 
preliminary  or  narrower  in  scope.  Technical  Memo- 
randums were  reprints,  or  translations,  from  the  aero- 
nautical literature  of  other  nations.  Aircraft  Circulars 
reported  information  about  foreign  aircraft  and  en- 
gines. In  later  years  Research  Memorandums  were 
added;  these  were  limited  in  distribution  for  reasons 
of  military  security  or  because  they  contained  pro- 
prietary information. 

Recognizing  the  importance  of  knowing  what  was 
available  in  the  aeronautical  literature  of  the  world, 
Dr.  Ames  had  been  instrumental  in  the  formation  of  an 
Office  of  Aeronautical  Intelligence  as  an  integral  part 
of  the  Committee’s  program,  and  for  years  he  served 
both  as  its  director  and  as  chairman  of  the  NACA’s  sub-' 
committee  on  publications  and  intelligence.  Beginning 
soon  after  World  War  I and  continuing  (except  for  a 
break  in  World  War  II)  until  1950,  the  Committee 
maintained  a technical  assistant  in  Europe.  From  1921 
the  post  was  held  by  John  Jay  Ide,  who  faithfully  and 
intelligently  served  the  NACA  both  as  European  re- 
porter and  in  a liaison  capacity  with  foreign  aeronauti- 
cal research  organizations.  It  was  decided  in  1950  to 
close  the  NACA’s  European  office  because  the  art  and 
science  of  aeronautics  had  become  too  complex  for  re- 
portage by  a one-man  bureau.  International  exchange 
of  information  is  now  handled  by  other  means. 

Beginning  in  1926,  the  Committee  sponsored  an  an- 
nual conference  at  the  Langley  Laboratory  with  repre- 
sentatives of  the  military  services  and  the  industry.  In 
addition  to  the  opportunity  to  see  what  the  NACA  was 
doing,  guests  had  an  occasion  to  criticize  and  to  suggest 
new  research  on  problems  they  felt  were  especially 
pressing.  In  the  first  years  of  the  conference,  “every- 
one” from  the  industry  and  the  military  services  at- 
tended; even  so,  the  guest  list  numbered  little  more 
than  200,  and  the  journey  to  and  from  Langley,  via 
Potomac  River  steamer,  resulted  in  many  unofficial  but 
profitable  sessions.  After  World  War  II,  it  became 
necessary  to  provide  two  types  of  meetings:  (1)  Tech- 
nical conferences  concerned  with  a specific  subject, 
usually  classified  for  security  reasons,  e.g.,  supersonic 
aerodynamics.  (2)  Inspections.  Held  annually,  on  a 
rotating  basis  at  each  laboratory,  the  NACA  inspections 
seek  to  give  the  industry  and  military  services  a com- 
prehensive view  of  technical  progress.  As  many  as 
1,500  attend  these  meetings,  which  are  not  classified. 

Also  of  importance  from  the  standpoint  of  communi- 
cation is  a steady  traffic  of  industry  and  military  visitors 
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to  NACA  research  centers.  Much  is  accomplished  by 
discussion  of  matters  of  specific  concern  to  those  in- 
volved. No  less  important  are  the  visits  by  NACA 
technical  personnel  to  specific  industry  plants. 

Beginning  in  the  mid-thirties,  the  NACA  reported 
annually  to  the  Congress  and  to  the  President  that  cer- 
tain European  nations  were  making  a determined  effort 
to  achieve  technical  and  quantitative  supremacy  in 
aeronautics.  Each  year  the  Committee’s  comments  on 
this  subject  were  stronger.  In  1937,  for  example,  Dr. 
Ames  reported : “The  greatly  increased  interest  of  the 
major  powers  in  fostering  aeronautical  research  and 
their  determined  efforts  to  excel  in  this  rapidly  ex- 
panding engineering  science  constitute  a scientific 
challenge  to  America’s  present  leadership.”  He 
explained : 

Up  to  1932  the  Committee  had  constructed  at  its  laboratories 
at  Langley  Field  . . . special  equipment  such  as  the  variable- 
density  tunnel,  the  propeller-research  tunnel,  the  full-scale  tun- 
nel, and  ...  a seaplane  towing  basin.  They  were  at  the  time  of 
construction  the  only  such  pieces  of  equipment  in  the  world. 
The  possession  of  such  equipment  was  one  of  the  chief  factors 
in  enabling  the  United  States  to  become  the  recognized  leader  in 
the  technical  development  of  aircraft.  Since  1932  this  research 
equipment  has  been  reproduced  by  foreign  countries  and  in  some 
cases  special  research  equipment  . . . abroad  ...  is  superior 
to  the  equipment  existing  at  Langley  Field. 

This  condition  has  impressed  the  Committee  with  the  advis- 
ability of  providing  additional  facilities  promptly  as  needed  for 
the  study  of  problems  that  are  necessary  to  be  solved,  in  order 
that  American  aircraft  development,  both  military  and  commer- 
cial, will  not  fall  behind. 

EXPANSION  OF  FACILITIES 

In  1938,  the  Committee  reported  that  its  laboratory 
employees  at  Langley  Field  were  “working  under  high 
pressure.”  It  warned  that  “the  recent  great  expansion 
of  research  facilities  by  other  nations  will  bring  to  an 
end  the  period  of  American  leadership  in  the  technical 
development  of  aircraft  unless  the  United  States  also 
constructs  additional  research  facilities.”  Dr.  Ames,  in 
October  1938,  appointed  a Special  Committee  on  Future 
Research  Facilities  to  make  recommendations. 

But  even  before  the  Special  Committee  met,  the 
NACA  was  making  a strong  recommendation  for 
special  facilities  for  research  on  aircraft  structures. 
“With  the  advance  in  size  and  speed  of  aircraft  . . . 
the  problems  involved  require  the  conduct  of  laboratory 
research  on  structures  on  an  increasing  scale,”  the  Com- 
mittee wrote  Congress.  “This  is  the  greatest  single  need 
for  additional  research  equipment  and  ...  in  the  in- 
terests of  safety  and  of  further  progress  in  aeronautics, 
it  should  be  provided  at  the  earliest  possible  date.” 

On  December  30, 1938,  the  Special  Committee  recom- 
mended immediate  establishment  of  a second  NACA 
research  center,  in  California,  to  relieve  what  the  late 
Maj.  Gen.  Oscar  Westover  (then  Chief  of  the  Army  Air 
Corps  and  a member  of  the  NACA)  called  “the  con- 


gested bottleneck  of  Langley  Field.”  Although  the 
recommendations  had  been  presented  as  emergency  in 
character,  it  was  not  until  midsummer — August  9, 
1939 — just  before  the  start  of  World  War  II,  that  the 
second  laboratory  was  authorized  by  Congress.  Hardly 
a month  later,  September  14,  ground  was  broken  at 
Moffett  Field,  some  40  miles  south  of  San  Francisco,  for 
what  became  the  Ames  Aeronautical  Laboratory. 

Earlier  that  year  an  expansion  of  Langley  facilities 
was  authorized  by  Congress.  S.  Paul  Johnston  (now 
managing  head  of  the  Institute  of  the  Aeronautical 
Sciences)  was  named  Coordinator  of  Research  to  assist 
Dr.  Lewis.  Further  intensification  of  research  effort 
obviously  was  needed  in  the  face  of  war  in  Europe,  and 
a second  Special  Committee,  headed  by  Charles  A.  Lind- 
bergh, was  appointed.  This  group  recommended,  Oc- 
tober 19,  1939,  that  a powerplant  research  center  be 
established  at  once. 

“There  is  a serious  lack  of  engine  research  facilities 
in  the  'United  States,”  Lindbergh’s  committee  stated. 
“The  reason  for  foreign  leadership  in  certain  impor- 
tant types  of  military  aircraft  is  due  in  part  to  the 
superiority  of  foreign  liquid-cooled  engines.  At  the 
present  time,  American  facilities  for  research  on  air- 
craft powerplants  are  inadequate  and  cannot  be  com- 
pared with  the  facilities  for  research  in  other  fields  of 
aviation.”  . It  was  June  26,  1940 — after  Belgium  and 
Holland  had  been  overrun — that  congressional  author- 
ization for  the  new  flight-propulsion  laboratory  was 
forthcoming. 

A site  was  made  available  by  the  city  of  Cleveland 
adjacent  to  its  municipal  airport.  Immediate  steps 
were  taken  by  Dr.  Lewis  to  plan  and  constract  a com- 
plex of  laboratories  equipped  with  facilities  for  the 
investigation  of  airplane  engines,  their  parts  and  ma- 
terials, fuels  and  lubricants,  ignition  and  combustion, 
heat  transfer  and  cooling,  intake  and  exhaust  aerody- 
namics, as  well  as  for  the  fundamental  physics,  chem- 
istry, and  metallurgy  of  power  generation.  In  addi- 
tion, facilities  were  provided  for  flight  testing  in 
laboratory-instrumented  airplanes — practical  flying 
laboratories  for  propulsion  research. 

There  is  no  doubt  that  this  flight-propulsion  center 
was  a large  step  in  advance  of  any  comparable  facility 
in  the  world.  It  has  cost  up  to  date  about  $110  million 
and  now  employs  about  2,800  people. 

After  the  death  of  Dr.  Lewis  in  1948,  the  Committee 
decided  on  the  name  “Lewis  Flight  Propulsion  Labora- 
tory,” as  a memorial  to  that  great  engineer’s  crowning 
achievement. 

Here  it  may  be  proper  to  explain  why  the  research 
effort  on  powerplants  and  on  structures  had  been  so 
much  less  than  that  devoted  to  aerodynamics.  In  the 
first  place,  it  must  be  remembered  that  between  World 
Wars  I and  II,  the  United  States  was  an  intensely 
peace-minded  nation.  In  addition,  the  thousands  of 
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miles  of  ocean  to  our  east  and  west  gave  a feeling  of 
safety  from  attack,  a complacent  sense  of  detachment. 
The  Congress  was  unwilling  to  expend  really  large 
sums  for  national  defense  or  on  research  to  improve  it. 

Until  the  eve  of  Pearl  Harbor,  the  annual  expendi- 
ture by  the  United  States  to  support  aeronautical  re- 
search was  indeed  modest.  * Even  as  late  as  the  sum- 
mer of  1939,  the  NACA’s  total  complement  was  523, 
including  only  278  technical  people. 

The  major  effort  by  the  NACA  over  the  years  had 
been  deliberately  concentrated  on  aerodynamic  prob- 
lems. Here,  for  a given  expenditure,  the  possible  gains 
to  be  achieved  were  very  large,  particularly  in  view  of 
the  relatively  few  engineers  who  could  be  assigned  to 
the  work. 

Powerplant  research  and  structural  research  are  ex- 
pensive, and  require  extensive  facilities  for  full-scale 
investigations.  Small  models  are  of  limited  utility  in 
powerplant  research.  Furthermore,  powerplants  and 
structures  are  the  immediate  concern  of  strong  and 
highly  competitive  industrial  firms.  The  Committee 
evidently  felt  that  under  its  fiscal  restrictions,  it  would 
do  better  to  concentrate  on  basic  aerodynamic  problems 
and  might,  hopefully,  leave  research  and  development 
of  powerplants  and  structures  to  the  industry  and  the 
military  services. 

However,  the  Lindbergh  committee  in  1939  said  that 
this  past  policy  was  wrong,  and  the  NACA  agreed. 
It  appeared  that  leaving  fundamental  research  to  the 
industry  meant,  in  effect,  that  such  research  would  be 
indefinitely  postponed. 

A competitive  engine  firm  must  concentrate  on 
what  its  customers  want.  The  firm  improves  its  en- 
gine with  small  changes  based  on  experience.  It  seeks 
the  minimum  risk  of  interruption  of  production.  The 
military  services,  its  principal  customers,  conduct  com- 
petitive trials  based  on  standard  performance  specifi- 
cations. After  quantity  orders  are  placed,  no  major 
changes  are  possible.  The  services,  of  course,  welcome 
small  changes  based  on  experience,  if  the  risk  of  trouble 
be  slight.  As  a result,  engine  development  tends  to 
adhere  to  a definite  pattern  and  progresses  slowly. 

An  engine  manufacturer  must  make  a relatively 
heavy  investment  in  plant  and  tooling  for  production 
of  a particular  engine.  The  manufacturer  is  naturally 
inclined  to  concentrate  on  improvements  in  this  engine 
to  prolong  its  commercial  life.  These  improvements 
are  essentially  proprietary  in  character. 

Similar  remarks  apply  to  the  airplane  industry. 
Every  effort  is  made  to  improve  a particular  airplane 
to  prolong  its  vogue  in  production.  This  development 
effort  is  restricted  to  conservative  changes  in  a basic 
design  acceptable  to  the  customer. 

In  this  country,  the  Navy  standardized  on  air-cooled 
radial  engines  that  met  Navy  requirements,  while  the 


Army  insisted  on  12-cylinder,  liquid-cooled  engines  to 
power  the  fighters  in  their  program. 

However,  there  were  important  fundamental  appli- 
cations of  science  to  engine  design  that  needed  investi- 
gation in  1940. 

From  the  beginning,  one  of  the  principal  technical 
committees  of  the  NACA  was  concerned  with  power- 
plants.  During  World  War  I,  a few  research  projects 
in  the  powerplant  field  were  carried  on  under  its 
auspices,  notably  in  the  altitude  facility  at  the  Bureau 
of  Standards,  where  engines  could  be  operated  under 
conditions  simulating  those  experienced  by  high-flying 
aircraft.  A program  of  systematic  tests  was  conducted 
there  for  the  NACA,  including  supercharging  with  a 
Roots-type  blower. 

At  Langley  the  small  but  expert  powerplant  staff 
made  some  important  contributions,  in  addition  to 
their  cooperation  with  the  wind-tunnel  people  in  de- 
veloping the  remarkable  NACA  cowling  for  air-cooled 
engines.  One  recalls  improved  finning  for  air-cooled 
engine  cylinders,  methods  to  decrease  the>  octane  re- 
quirements of  high-compression  engines,  and  work  on 
such  fundamental  matters  as  the  behavior  of  fuels— 
how  they  ignite,  how  they  burn,  and  how  this  burning 
corrodes  critical  parts  of  the  engine.  A principal  tool 
in  the  study  of  these  latter  questions  was  high-speed 
photography,  and  cameras  capable  of  taking  pictures 
at  the  rate  of  400,000  per  second  were  developed  by 
the  NACA. 

In  the  field  of  jet  propulsion  the  NACA  exhibited 
an  early  awareness  of  its  possible  advent  but  did  little 
about  it.  In  1923,  in  Report  No.  159,  “Jet  Propulsion 
for  Airplanes,”  Edgar  Buckingham  of  the  Bureau  of 
Standards,  reported  that : “The  relative  fuel  consump- 
tion and  weight  of  machinery  for  the  jet  decrease  as 
the  flying  speed  increases;  but  at  250  mph.  the  jet 
would  still  take  about  four  times  as  much  fuel  per 
thrust  horsepower-hour  as  the  air  screw,  and  the  power- 
plant  would  be  heavier  and  much  more  complicated. 
Propulsion  by  the  reaction  of  a simple  jet  cannot  com- 
pete, in  any  respect,  with  air  screw  propulsion  at  such 
flying  speeds  as  are  now  in  prospect.”  This  conclu- 
sion was  entirely  rational  on  the  basis  of  the  technology 
at  that  time. 

In  the  early  thirties,  the  NACA  was  asked  by  a repre- 
sentative of  the  airframe  industry  to  resurvey  jet- 
propulsion  prospects  and,  although  airplane  speeds  by 
then  had  passed  the  250-mph.  mark  which  Bucking- 
ham considered  a goal,  the  story  was  much  the  same. 
The  inefficiency  of  the  jet  engine  at  the  speeds  con- 
templated ruled  it  out  of  consideration. 

Near  the  end  of  the  1930’s,  some  preliminary  ex- 
perimental work  on  jet  propulsion  was  undertaken 
at  the  Langley  Laboratory.  These  experiments  indi- 
cated that  jet  engines  would  be  so  fuel  thirsty  as  to 
limit  their  useful  application  to  very  high-speed,  very 
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short-range  aircraft.  American  thinking,  perhaps  be- 
cause of  geography,  was  focused  on  long-range  per- 
formance where  fuel  economy  was  paramount.  This 
idea  served  to  discourage  any  real  jet-development  ef- 
fort in  the  United  States  until  intelligence  of  British 
and  German  experiments  reached  us. 

In  March  1941,  Dr.  Durand  was  recalled  from  re- 
tirement to  head  a special  NACA  Committee  on  Jet 
Propulsion.  The  fact  that  he  was  in  his  82d  year  was 
only  a matter  of  calendar  counting.  The  vigor  with 
which  he  and  his  committee  launched  a belated  devel- 
opment effort  would  have  done  credit  to  a man  less 
than  half  his  age.  Later  in  1941,  Gen.  H.  H.  Arnold 
secured  from  the  British  one  of  the  eaidiest  of  the 
Whittle  jet  engines  to  aid  the  development  program 
initiated  by  Dr.  Durand.  In  this  program,  the  Durand 
committee  was  handicapped  by  the  fact  that  the  coun- 
try had  just  been  plunged  into  a war  for  which  it  was 
ill  prepared  and  the  principal  airplane-engine  firms 
were  overloaded.  The  decision  came  “from  the  sum- 
mit” that  we  would  fight  with  the  weapons  'in  hand. 
First  priority  was  given  their  production  in  immense 
quantity.  Consequently,  the  Durand  committee  had 
to  arrange  with  non  aeronautical  firms  to  undertake  the 
development  of  turbojet  engines  for  possible  later  use 
to  power  fighter  airplanes. 

Over  some  20  years,  aerodynamic  and  powerplant  im- 
provement, much  of  it  based  on  application  of  research 
results,  permitted  the  top  speed  of  military  airplanes 
and  the  cruising  speed  of  commercial  airplanes  to  be 
doubled ; the  air  loads  imposed  on  the  faster  airplanes 
were  severely  increased,  especially  in  rough  air  and 
when  maneuvering. 

The  loads  research  group  at  the  Langley  Laboratory 
consisted  of  but  20  men  in  1939,  but  their  contribu- 
tion was  considerable,  notably  the  V-G  recorder  (V 
for  velocity,  G for  gravity)  by  R.  V.  Rhode  and  H.  J. 
E.  Reid.  It  was  devised  to  measure  continuously  the 
loads  experienced  by  an  airplane  flying  in  rough  air. 
This  was  but  one  of  many  novel  instruments  which 
NACA  engineers  have  devised  for  precise  measure- 
ments in  flight. 

The  research  problem  directly  related  to  loads  deals 
with  structures  to  carry  the  loads.  Here  again  the 
manpower  available  at  Langley  prior  to  World  War  II 
was  small;  as  late  as  October  1940,  only  10  men  were 
working  on  airplane  structures.  Their  work  was  con- 
cerned, principally,  with  fundamental  knowledge  about 
structures  from  which  a trustworthy  theory  could  be 
developed  for  design  application.  Delicate  experiments 
and  mathematical  analyses  dealing  with  the  behavior  of 
thin-walled  cylinders,  stiffened  panels,  and  other  struc- 
tural units  produced  useful  conclusions  that  were  used 
on  our  World  War  II  aircraft. 

On  October  7,  1939,  Dr.  Ames  resigned  from  the 
Committee  because  of  failing  health.  His  responsi- 


bilities as  chairman  of  the  Committee  were  given  to 
Dr.  Vannevar  Bush,  who  had  been  serving  both  as  vice 
chairman  and  as  chairman  of  the  executive  committee. 

Note  has  been  made  already  of  the  manner  in  which 
Dr.  Ames  had  provided  leadership  of  the  highest  qual- 
ity to  the  Committee  for  nearly  a quarter-century.  The 
letter  President  Roosevelt  wrote  upon  the  occasion  of 
his  retirement  contained  this  statement : 

Our  Republic  would  not  be  worthy  of  the  devoted  service  you 
have  rendered  for  over  24  years  without  compensation  if  it 
could  not  on  this  occasion  pause  to  pay  tribute  where  it  is  so 
justly  due.  . . . That  the  people  generally  have  not  known  of 
your  brilliant  and  patriotic  service  is  because  it  has  been 
overshadowed  by  your  passion  for  accomplishment  without 
publicity.  But  the  fact  remains,  and  I am  happy  to  give  you 
credit,  that  the  remarkable  progress  for  many  years  in  the 
improvement  of  the  performance,  efficiency,  and  safety  of 
American  aircraft,  both  military  and  commercial,  has  been  due 
largely  to  your  own  inspiring  leadership  in  the  development 
of  new  research  facilities  and  in  the  orderly  prosecution  of  com- 
prehensive research  programs. 

The  Committee  resolution,  tendered  to  Dr.  Ames  in 
Baltimore  by  a special  delegation,  said: 

When  aeronautical  science  was  struggling  to  discover  its 
fundamentals,  his  was  the  vision  that  saw  the  need  for  novel 
research  facilities  and  for  organized  and  sustained  prosecution 
of  scientific  laboratory  research.  His  was  the  professional 
courage  that  led  the  Committee  along  scientific  paths  to  im- 
portant discoveries  and  contributions  to  progress  that  have 
placed  the  United  States  in  the  forefront  of  progressive  nations 
in  the  development  of  aeronautics.  His  was  the  executive 
ability  and  far-sighted  policy  of  public  service  that,  without 
seeking  credit  for  himself  or  for  the  Committee,  developed  a 
research  organization  that  holds  the  confidence  of  the  govern- 
mental and  industrial  agencies  concerned,  and  commands  the 
respect  of  the  aeronautical  world.  Withal,  Dr.  Ames  was  an 
inspiring  leader  of  men  and  a man  beloved  by  all  his  colleagues 
because  of  his  rare  qualities. 

In  July  1941,  the  President  appointed  Dr.  Bush  di- 
rector of  the  newly  established  Office  of  Scientific  Re- 
search and  Development,  and  he  resigned  as  chairman 
of  the  NACA.  The  writer  was  elected  chairman,  an 
honor  he  has  been  privileged  since  to  hold. 

WORLD  WAR  II  AND  AFTER 

The  war  years  for  the  NACA  were  plagued  by  the 
necessity  for  rapid  expansion  of  the  civil  service  staff 
from  hardly  500  in  1939  to  more  than  6,800.  Trained 
engineering  personnel  were  unavailable.  Consequently, 
it  was  mandatory  that  professionals  be  spread  ever 
thinner,  while  loom  fixers,  toymakers,  mechanics,  black- 
smiths, and  women  schoolteachers  were  recruited  for 
jobs  they  could  do  or  for  which  quick  instruction  could 
be  given. 

Especially  in  the  matter  of  skilled  management  of 
research  programs,  the  NACA  might  have  been  ex- 
pected to  be  sorely  weak.  And  yet,  somehow,  with  each 
expansion  of  effort,  new  leaders  were  found  from  within 
the  permanent  NACA  staff.  No  sooner  did  Henry 
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J.  E.  Reid,  director  of  the  Langley  Laboratory,  see 
some  of  his  best  men  on  their  way  to  build  the  new 
laboratory  at  Moffet  Field— named  in  1944  in  honor 
of  Dr.  Ames — than  the  process  of  designating  the 
leaders  of  the  new  engine  laboratory — named  in  honor 
of  Dr.  Lewis  in  1948 — was  begun.  Smith  J.  DeFrance 
was  named  director  of  the  Ames  Aeronautical  Labora- 
tory, and  later  Edward  R.  Sharp  became  director  of 
the  Lewis  Flight  Propulsion  Laboratory.  Both  of  these 
men  were  senior  members  of  the  permanent  staff  at 
Langley. 

NACA’s  war  effort  was  of  necessity  devoted  very 
largely  to  applied  research,  the  business  of  finding 
“quick  fixes55  to  make  existing  aircraft  better  perform- 
ers, and  production  engines  more  powerful.  Fortu- 
nately, a considerable  backlog  of  design  data  was  avail- 
able for  application  to  such  subjects  as  low-drag  wings, 
high-speed  propellers,  stability  and  control,  and  im- 
proved systems  for  cowling  and  cooling  engines.  Be- 
tween December  1941  and  December  1944,  the  Commit- 
tee’s research  centers  worked  on  115  different  airplane 
types.  In  July  1944,  78  different  models  were  under 
simultaneous  investigation. 

Perhaps  the  best  comment  on  the  value  of  NACA’s 
World  War  II  work  is  to  quote  from  a statement  by  the 
late  Frank  Knox,  made  in  1943  when  he  was  Secretary 
of  the  Navy : 

New  ideas  are  weapons  of  immense  significance.  The  United 
States  Navy  was  the  first  to  develop  aircraft  capable  of  vertical 
dive  bombing;  this  was  made  possible  by  the  prosecution  of  a 
program  of  scientific  research  by  the  NACA.  The  Navy’s 
famous  fighters — the  Corsair,  Wildcat,  and  Hellcat — are  pos- 
sible only  because  they  were  based  on  fundamentals  developed 
by  the  NACA.  All  of  them  use  NACA  wing  sections,  NACA  cool- 
ing methods,  NACA  high-lift  devices.  The  great  sea  victories 
that  have  broken  Japan’s  expanding  grip  in  the  Pacific  would 
not  have  been  possible  without  the  contributions  of  the  NACA. 

The  end  of  World  War  II  marked  the  end  of  the  de- 
velopment of  the  airplane  as  conceived  by  Wilbur  and 
Orville  Wright.  The  power  available  in  the  newly  de- 
veloped turbojet  and  rocket  engines  for  the  first  time 
brought  within  man’s  reach  flight  through  and  beyond 
the  speed  of  sound. 

In  the  years  following  World  War  II  there  were 
changes,  too,  in  the  membership  of  the  Committee.  In 
1948,  the  death  of  Orville  Wright  closed  28  years  of  his 
membership  on  the  NACA.  Though  he  was  but  one 
among  many  strong  men  who  had  given  of  time  and 
talent  to  the  work  of  the.  Committee,  his  passing 
sharpened  the  realization  that  in  the  working  years  of 
one  man’s  life — between  December  17,  1903,  and  Janu- 
ary 30,  1948 — the  speed  of  the  airplane  had  been  in- 
creased from  hardly  30  mph.  to  almost  1,000  mph. 

In  1948  the  membership  of  the  Committee  was  in- 
creased to  17.  This  permitted  the  inclusion  of  a repre- 
sentative from  the  Department  of  Defense,  presently 
the  Assistant  Secretary  (Research  and  Development). 
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Since  the  war  the  Committee  has  included  one  Presi- 
dentially  appointed  member  from  the  airframe,  the 
engine,  and  the  air-transport  industries,  thus  insuring 
awareness  of  the  needs  of  those  major  segments  of 
American  airpower. 

In  1948  Dr.  Lewis  died.  In  1945,  his  health  broken 
by  the  war  effort,  he  had  been  forced  to  withdraw  from 
active  participation  in  the  work  of  the  Committee. 
Foi  almost  2 years,  John  W.  Crowley,  Jr.,  served  as 
acting  director  of  aeronautical  research.  With  the 
Committee  since  1921,  Crowley  had  been  chief  of  re- 
search at  Langley  for  a number  of  years.  He  provided 
vitally  needed  leadership  during  a critical  period. 

To  succeed  Dr.  Lewis,  the  Committee  in  1947  chose 
the  Associate  Director  of  the  National  Bureau  of  Stand- 
ards, Dr.  Hugh  L.  Dryden.  He  was  no  stranger  to  the 
NACA.  Trained  in  physics  and  mathematics  by  Dr. 
Ames  at  Johns  Hopkins  University,  he  had  gone  to  the 
Bureau  of  Standards  in  1917,  where  he  soon  earned  an 
international  reputation  by  his  aerodynamic  researches 
in  turbulence  and  boundary  layer.  His  new  task  at 
the  NACA  was  extremely  difficult,  yet  it  was  vital  to 
the  Nation  that  a “new  look”  at  the  postwar  situation 
be  taken,  and  new  objectives  defined  in  terms  of  super- 
sonic jet-propelled  vehicles  potentially  available  for 
the  worldwide  exercise  of  air  power  and,  eventually, 
for  civil  air  transportation. 

At  the  end  of  World  War  II,  the  most  urgently 
sought  goal  was  attainment  of  practical  flight  at  super- 
sonic speed.  It  was  realized  that  success  in  this  effort 
required  new  knowledge  which  could  be  obtained  only 
with  new  tools  and  new  techniques.  Even  before  the 
end  of  the  war  efforts  were  made  to  acquire  needed 
data.  Efforts  to  develop  useful  transonic  aerodynamic 
theory  had  failed  and  it  was  necessary  to  resort  to  di- 
rect experimentation  at  velocities  passing  through  the 
speed  of  sound.  The  fact  that  the  principal  tool  of 
aerodynamic  research,  the  wind  tunnel,  was  subject  to 
“choking”  phenomena  near  the  speed  of  sound  forbade 
its  use  for  the  critical  experimentation.  Entirely  new 
techniques  had  to  be  devised.  The  NACA’s  attack  was 
broadened  to  include  all  approaches  which  offered 
promise. 

The  earliest  attempt  used  especially  instrumented 
aerodynamic  bodies  dropped  from  a high  altitude,  but 
it  was  not  until  late  in  1943  that  advances  in  radar 
and  radiotelemetering  equipment  made  it  possible  to 
obtain  reliable  data  by  this  method.  Even  then,  the 
velocity  of  a free-falling  body  seldom  went  much  be- 
yond a Mach  number  of  1 (M=l  equals  the  speed  of 
sound) . 

Other  attempts  sought  to  use  the  acceleration  of  air- 
flow above  a curved  surface.  Small  model  wings  were 
mounted  near  the  leading  edge  of  the  wing  of  an  air- 
plane. In  this  way,  lift,  drag,  and  other  aerodynamic 
characteristics  of  tire  model  were  measured.  The  meth- 
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od  was  employed  also  to  study  stability  and  trim  of  air- 
plane shapes  in  the  transonic  speed  range.  The  same 
principle  of  accelerating  airflow  was  tried  with  small 
models  positioned  over  a “hump'5  in  the  test  section  of 
a subsonic  wind  tunnel,  but  scale  effects  complicated 
the  interpretation  of  test  results  for  use  in  design. 

Use  of  rocket-propelled  models  fired  from  the  ground 
followed  the  first  work  with  free-falling  bodies  by 
about  a year.  As  instrumentation  has  been  improved, 
this  technique  has  become  a valuable  tool  for  transonic 
research.  By  the  addition  of  powerful  booster  rockets, 
models  of  this  kind  are  being  used  to  study  aerody- 
namic problems  at  speeds  ranging  up  to  a Mach  number 
of  10  and  higher.  The  fact  that  very  high  speeds  are 
reached  at  low  altitude,  where  the  air  is  dense,  makes 
the  aerodynamic  data  readily  usable  for  plane  and 
missile  design.  In  1945,  the  NACA  established  a Pilot- 
less Aircraft  Research  Station  at  Wallops  Island  off 
the  Virginia  coast,  to  carry  on  this  work.  It  is  at- 
tached to  the  Langley  Laboratory. 

In  1943,  the  idea  was  advanced  of  using  specially  de- 
signed piloted  airplanes  to  explore  the  transonic  speed 
range.  Propelled  by  powerful  rocket  engines  and  pro- 
vided with  elaborate  data-recording  equipment,  the  re- 
search airplane  could  be  safely  flown  at  high  altitudes 
where  the  density  of  the  air,  and  hence  the  loads  im- 
posed on  the  structure,  would  be  low. 

The  spectacular  accomplishments  of  the  research  air- 
planes— the  supersonic  flight  of  the  Bell  X-l,  October 
14,  1947;  the  twice-the-speed-of-sound  flight  of  the 
Douglas  D-558-II,  November  20,  1953,  and  the  even 
faster  flights  of  the  Bell  X-l-A  which  followed  soon 
after — have  sometimes  obscured  the  fact  that  these  air- 
planes were  tools  for  research*.  These  flights  are  his- 
toric ; all  agreed  as  to  the  rightness  of  the  Collier  Tro- 
phy award  to  three  men  for  the  year  1947 : John  Stack, 
Langley  Laboratory,  for  conception  of  the  research  air- 
plane program ; Lawrence  D.  Bell,  for  design  and  con- 
struction of  the  X-l;  and  Capt.  Charles  E.  Yeager, 
USAF,  for  making  the  first  supersonic  flight. 

But  even  more  valuable  than  the  dispelling  of  the 
myth  about  the  sound  barrier  was  the  accumulation  of 
information  about  the  transonic  speed  region.  The 
shape  and  the  performance  of  tactical  military  aircraft 
which  have  been  designed  since  reflect  the  use  of  data 
obtained  by  the  research  airplane  program  centered  at 
the  NACA’s  High-Speed  Flight  Station  at  Edwards 
Air  Force  Base,  Calif. 

Despite  the  success  of  this  flight  program,  there 
remained  the  need  for  a technique  whereby  transonic 
experimentation  could  be  carried  on  under  the  closely 
controlled  conditions  possible  only  in  the  laboratory. 
Actually,  the  data  coming  from  the  research  airplanes 
accented  this  need,  because  they  pointed  up  the  funda- 


mental problems  of  fluid  mechanics  that  would  have  to 
be  studied  in  great  detail  for  the  design  of  useful  super- 
sonic aircraft. 

By  late  1950,  following  intensive  theoretical  work, 
there  was  put  into  operation  at  the  Langley  Laboratory 
a new  type  of  wind  tunnel.  Incorporating  a “slotted 
throat55  at  the  test  section,  it  was  free  from  choking 
near  the  speed  of  sound  and  truly  could  be  described 
as  a transonic  wind  tunnel.  Again,  the  Collier  Trophy 
was  awarded  to  John  Stack  and  his  Langley  associates 
for  the  conception,  design,  and  construction  of  this  most 
useful  research  tool. 

One  must  appreciate  the  very  great  difference  between 
airplane  design  in  the  past  and  today.  In  the  past, 
the  difference  between  the  best  design  and  the  second 
best,  assuming  the  same  power,  might  be  at  most  only 
a few  miles  an  hour.  Now  the  difference  may  be 
measured  in  hundreds  of  miles  an  hour.  The  art  is 
being  extended  so  rapidly  that  no  longer  is  there  a 
comfortable  time  margin  between  the  acquisition  of  re- 
search data  and  its  application. 

Hardly  had  the  first  of  the  NACA5s  transonic  wind 
tunnels  gone  into  full  operation,  in  1951,  when  Richard 
T.  Whitcomb,  a young  engineer  at  the  Langley  Labora- 
tory, began  the  experimental  verification  of  what  has 
since  become  known  as  the  “area  rule.55  In  essence, 
Whitcomb  worked  out  a rational  way  to  balance  the 
lengthwise  distribution  of  volume  of  fuselage  and  wings- 
to  produce  an  airplane  form  with  minimum  drag 
at  high  speeds.  Seemingly  slight  modifications  to 
the  shape  of  the  airplane  fuselage  greatly  improved 
performance. 

As  soon  as  the  new  design  principle  was  verified  in 
preliminary  form,  it  was  made  available  in  confidence 
to  the  designers  of  military  airplanes  and  the  new  in- 
formation was  promptly  applied. 

In  one  instance,  the  prototype  of  a new  fighter  air- 
craft was  unable  on  test  to  attain  supersonic  speeds. 
With  the  deceptively  subtle  modifications  dictated  by 
the  “area  rule,55  the  airplane  enjoyed  a performance 
gain  in  speed  of  as  much  as  25  percent. 

At  the  velocities  contemplated  for  our  future  missiles 
and  airplanes,  temperatures  measured  in  thousands  of 
degrees  Fahrenheit  will  be  encountered  owing  to  aero- 
dynamic heating — friction.  The  consequent  structural 
problems  are  little  short  of  fantastic  and,  with  presently 
available  materials  of  construction,  the  solution  is  not 
in  sight.  More  research  is  needed. 

The  performance  possible  from  the  harnessing  of  nu- 
clear energy  for  airplane  propulsion  would  be  nonstop 
flight  over  virtually  unlimited  range.  Again,  one  is 
faced  with  problems  of  enormous  complexity  and  diffi- 
culty, but  national  security  requires  that  research  and 
development  be  carried  forward  with  imagination  and 
vigor. 
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Millions  of  passengers  are  now  carried  by  air.  Air 
transportation  also  expedites  the  delivery  of  great 
volumes  of  mail  and  goods.  Airliners  regularly  span 
oceans  and  continents,  and  smaller  utility  planes  serve 
remote  regions  in  the  Arctic  and  tropical  j ungles.  There 
is  promise  of  helicopter  service  between  nearby  cities, 
with  no  need  for  large  outlying  airports. 

The  safety  record  of  civil  aeronautics  is  remarkably 
good,  but  it  is  never  good  enough.  We  still  read,  from 
time  to  time,  of  disasters  from  collision,  fire,  storm, 
human  error,  and,  rarely,  from  structural  or  mechanical 
failure  of  the  airplane  itself.  The  human  pilot  is  aided 
by  wonderful  instruments  and  by  radio,  radar,  gyros, 
etc.,  but  we  still  depend  on  his  judgment  and  skill.  He 
must  be  better  protected  against  noise  and  fatigue — 
subjects  for  research. 

Air  transportation  is  fast  and  can  be  faster.  But 
greater  flight  speed  is  illusory  if  it  requires  too  long  a 
climb  to  reach  the  high  altitude  necessary  for  economy. 
Furthermore,  higher  speed  airplanes  tend  to  require 
'longer  runways  and  bigger  airports.  This  could  mean 
a new  program  of  airport  building  at  colossal  expense, 
with  the  new  airports  even  farther  from  the  passengers’ 
ultimate  destination.  Getting  to  and  from  the  airport 
could  consume  more  time  than  is  saved  by  faster  flight. 
Research  continues  on  improving  landing  and  takeoff 
characteristics  of  airliners. 

It  may  be  that  airliners  of  the  future  will  be  de- 
signed to  the  limitations  of  the  airports  they  are  to 
serve,  just  as  transatlantic  steamers  are  designed  to 
enter  only  a few  major  seaports,  where  the  channel 
and  piers  have  adequate  depth  of  water. 


Civil  aeronautics  can  make  its  greatest  contribution 
to  trade  and  commerce  under  a favorable  international 
climate  of  free  interchange  of  people,  goods,  and  ideas. 
Greater  economy,  efficiency,  and  safety  are  prerequi- 
sites for  its  full  utilization.  Research  can  show  the 
way  to  advance  toward  these  goals. 

Through  the  years  the  NACA  has  been  provided  by 
Congress  with  the  most  modern  research  equipment  at 
a total  cost  of  approximately  $300  million,  and  the  pres- 
ent operating  staff  numbers  about  7,600  persons,  of 
whom  over  2,000  have  professional  degrees.  These 
resources,  in  the  present  hostile  and  threatening  inter- 
national climate,  are  directed  for  the  most  part  toward 
research  helpful  to  national  security.  Research  to  im- 
prove military  aircraft  is  ultimately  applied  to  civil 
aviation,  when  proved  to  be  thoroughly  practical  by 
experience,  but  there  are  differences  in  emphasis,  be- 
cause safety,  comfort,  and  economy  are  relatively  more 
important  in  civil  airplanes.  The  Committee  has 
numerous  investigations  in  progress  which  are  directed 
toward  the  immediate  problems  of  civil  aviation,  as  for 
example  the  work  on  noise,  icing,  fire  prevention,  atmos- 
pheric turbulence,  and  reduction  of  landing  speed. 

A more  favorable  international  climate  would  permit 
greater  emphasis  on  civil  aviation,  but  it  is  likely  that 
for  some  time  to  come  the  national  security  will  require 
a great  effort  to  penetrate  more  rapidly  into  the  vast 
region  of  the  unexplored  and  unknown.  The  Commit- 
tee feels  its  responsibility  for  guidance  of  the  overall 
research  effort  in  aeronautics,  and  it  is  hoped  that 
through  its  work  aeronautics  may  make  the  maximum 
possible  contribution  to  human  welfare. 


The  Following  Years 

1955-58 


By  James  H.  Doolittle 
Chairman  NACA , 1956-58 


The  latter  years  of  the  NACA  were  among  its  most 
productive.  It  was  almost  as  if  the  talented  scientists 
and  engineers  of  the  organization  during  the  years  of 
World  War  II  when  they  were  so  intensively  engaged 
in  efforts  to  improve  current  airplanes,  had  been 
saving  up  bold,  big  ideas  about  how  to  accomplish 
dramatic  improvements  in  aircraft  performance. 
Once  peace  was  restored,  even  though  it  was  soon  to 
prove  an  ephemeral  thing,  there  was  a steady  flow  from 
the  people  at  the  . Langley,  Ames,  and  Lewis  Labora- 
tories, of  new  information  about  the  laws  governing 
flight  that  the  designers  of  the  industry  could  incorpo- 
rate quickly  into  their  new  aircraft.  Much  of  what  I 
shall  describe  in  this  brief  summary  belongs,  really,  to 
the  40-year  period  covered  by  Dr.  J.  C.  Hunsaker’s 
preceding  account  of  the  NACA.  The  principal  reason 
he  could  not  include  this  information  was  security. 
There  is  much  more  I should  like  to  say  about  current 
work,  but  again,  some  of  the  story  must  await  a future 
occasion. 

One  of  the  most  important  aspects  of  NACA  research 
during  the  postwar  years  was  the  systematic  study  of 
such  problems  as  aircraft  and  rocket  fuels.  Any  high 
school  or  college  chemistry  student  can  look  at  the 
charts  and  determine  that  hydrogen  has  the  highest 
energy  content  per  pound  and  therefore  should  be  a 
principal  element  in  the  ideal  fuel,  the  one  that  will 
produce  the  most  thrust  per  pound.  The  goal  is  to  de- 
vise such  an  ideal  fuel  and  methods  of  practical  use 
in  the  face  of  such  obstacles  as  toxicity,  availability, 
cost,  etc.  Here,  there  is  no  easy  quick  path  to  accom- 
plishment; hard  work,  sustained  research  over  long 
periods,  is  the  only  sure  way  to  success. 

At  the  Lewis  Laboratory,  beginning  with  the  clos- 
ing days  of  the  war,  a program  to  develop  “super  fuels” 
was  begun  that,  even  in  mid-1958,  is  still  producing 
useful  information.  Progress,  long-range  progress,  has 
been  and  continues  to  be  made,  despite  a succession 
of  inevitable  disappointments.  One  promising  lead 
after  another  had  to  be  studied  and  discharged  until  it 
became  known  that  the  answers  were  to  be  found  else- 


where. Finally,  of  course,  this  systematic  effort 
pointed  toward  the  “best  answers.” 

For  example,  one  way  to  obtain  more  powerful,  more 
useful  fuels  was  to  burn  such  materials  as  aluminum  or 
magnesium.  The  problems  of  compounding  slurries  of 
these  metals  had  to  be  solved,  but  when  solutions  to 
these  problems  were  found,  the  realization  followed  that 
this  approach  was  not  useful,  for  reasons  that  need  not 
be  dealt  with  here.  Other  solutions  to  the  problem  had 
to  be  sought.  In  passing,  I should  like  to  emphasize 
that  in  the  business  of  learning  how  to  fly  faster,  higher, 
and  farther,  it  is  sometimes  very  important  to  lea <m 
xohat  won't  work.  With  this  essentially  negative  in- 
formation in  hand,  it  then  becomes  possible  to  work 
rapidly  and  surely  toward  goals  that  will  pay  off. 

Even  today,  the  subject  of  “exotic  fuels”  remains 
heavily  classified.  I may  state,  however,  that  basic 
produce  the  most  thrust  per  pound.  The  goal  is  to  de- 
work by  scientists  and  engineers  at  the  Lewis  Flight 
Propulsion  Laboratory  on  fuels  incorporating  boron 
compounds  has  been  so  successful  that  large  industrial 
plants  have  been  built  to  produce  these  new  fuels.  They 
will  be  used  to  send  our  new  bombers  and  interceptors 
to  speeds  approaching  or  exceeding  3 times  that  of. 
sound  (2,000  mph)  over  very  long  ranges. 

Before  turning  to  other  aspects  of  NACA  research,  iit 
is  appropriate  to  mention  the  work  being  done  to  find 
ways  and  means  of  providing  rocket  motors  having  the 
greater  thrust  needed  by  the  ballistic  missiles  of  today 
and  the  spacecraft  of  tomorrow.  These  efforts  include 
studies  of  such  basic  fuel  components  as  hydrogen  and 
fluorine.  Slightly  farther  away  on  the  time  scale  is 
the  development  of  engines  utilizing  nuclear  energy. 
Here,  the  NACA  people  have  been  in  closest  coopera- 
tion with  their  opposite  numbers  in  the  Atomic  Energy 
Commission.  Again  it  is  too  early  to  describe  in  detail 
the  progress  that  has  been  made;  we  must  be  content 
to  observe  that  substantial  progress  is  being  made. 
Also  some  time  in  the  future  will  come  exploitation  of 
“electric  propulsion,”  including  such  devices  as  ion  jets 
and  plasma  jets.  We  must  succeed  in  learning  how  to 
design  and  build  these  completely  new  engines  by  the 

29 


Preceding  Page  Blank 


30 


REPORT  NATIONAL  ADVISORY  COMMITTEE  FOR  AERONAUTICS 


day,  not  too  distant,  when  we  shall  bo  ready  to  launch 
voyages  of  discovery  to  Venus  and  Mars,  and  beyond. 
A good  start  has  been  made;  there  is  much  more  to  do. 

In  the  area  of  aerodynamic  loads  and  structures,  the 
goal  remains  much  the  same  as  in  the  earliest  days  of 
NACA,  to  learn  how  to  make  our  airplane  structure,  and 
more  recently,  our  missile  and  spacecraft  structures, 
strong  enough  to  withstand  the  greater  loads  imposed 
by  the  greater  speeds  we  are  attaining,  with,  of  course, 
the  continuing  stipulation  that  our  structures  contain 
not  1 ounce  of  unnecessary  weight.  The  total  structures 
problem  is  made  the  more  difficult  because  our  airplanes 
have  attained  speeds  where  aerodynamic  heating — air 
friction — imposes  new7  and  more  difficult  requirements. 
We  have  to  think  in  terms  of  materials  that  will  main- 
tain their  high-strength  characteristics  at  temperatures 
beyond  the  1,000°  F mark.  We  have  to  take  into  ac- 
count problems  of  thermal  stress  that,  by  themselves, 
are  complicated  and  hard  to  solve.  And,  all  the  time, 
we  have  to  remember  that  weight  must  be  kept  to  the 
absolute  minimum.  All  this  has  made  necessary  the 
calculation,  to  the  closest  numbers  possible,  of  the  struc- 
tural requirements  that  will  just  satisfy  our  needs. 

Difficult  as  is  this  problem  w7ith  respect  to  airplanes 
and  guided  missiles,  it  becomes  even  more  challenging 
in  the  cases  of  ballistic  missiles  and  space  vehicles.  The 
ballistic  missile  arches  high  into  space  on  its  way  to  the 
target.  Most  of  its  flight  is  at  speeds  measured  in  thou- 
sands of  miles  per  hour.  During  reentry  into  the  atmos- 
phere it  is  subjected  to  heating  problems  many  times 
more  severe  than  those  affecting  the  high-speed  air- 
planes mentioned  earlier.  Spacecraft,  as  they  return  to 
earth,  will  experience  not  only  very  serious  heating 
problems  but  difficult  deceleration  problems.  The  de- 
celerational  loads  imposed  on  structure,  instrumenta- 
tion, and  passengers  must  all  be  within  tolerable  limits. 
Spacecraft  requirements  also  are  so  weight  sensitive  as 
to  be  enormously  more  difficult  to  meet  than  is  the  case 
with  the  airplane. 

Research  in  this  area  has  made  necessary  the  design 
and  construction  of  novel  facilities  in  which  the  complex 
problem  can  be  broken  down  into  solvable  parts,  and 
studied  under  the  precisely  controlled  conditions  of  the 
laboratory.  The  NACA  has  been  a leader  in  this  area, 
and  its  new  facilities  are  already  producing  research 
information  that  is  immediately  useful. 

One  result  of  such  research  that  has  been  especially 
valuable  was  development  of  the  “waffle  grid”  concept 
of  construction.  Systematic  studies  demonstrated  the 
value,  both  structurally  and  as  a weight  saver,  of  plates 
that  were  strengthened  and  lightened  by  cutting  away 
metal,  either  mechanically  or  by  chemical  etching,  on  the 
inner  surface.  Today  the  design  of  virtually  all  bal- 
listic missiles  and  spacecraft  makes  extensive  use  of  the 
“waffle  grid”  concept,  and  its  use  is  hardly  less  extensive 
in  the  newest  airplane  designs. 


Not  unrelated  to  the  structural  heating  problem  is  the 
successful  development  of  H.  J ulian  Allen’s  “blunt  nose” 
concept.  Although  Allen’s  concept,  w7orked  out  at  the 
Ames  Aeronautical  Laboratory,  was  essentially  com- 
pleted in  1952,  it  was  not  until  1957  that  public  disclosure 
became  possible. 

In  essence,  Allen’s  concept  called  for  a complete  re- 
versal of  the  existing  practice  of  designing  ballistic 
missile  warheads  w7ith  a finely  pointed,  low  drag  shape. 
Instead,  he  proposed  a blunt-nose  shape  which  would 
create  a very  high-pressure  drag  during  the  reentry 
phase  of  flight,  where  aerodynamic  heating  was  so  crit- 
ical. In  this  way,  he  reasoned,  most  of  the  heat  would 
be  dissipated  in  the  region  of  the  shock  wave.  To  re- 
duce this  dramatic  story  to  its  barest  essentials,  Allen’s 
work  was  verified  in  special,  new  laboratory  apparatus, 
and  today,  every  U.S.  ballistic  missile  warhead  is  de- 
signed in  accordance  with  his  once  radical  precepts. 

The  X-15  is  the  most  recent  of  research  airplanes. 
It  is  a direct  result  of  research  studies  by  the  NACA 
that  were  begun  in  1952.  The  Air  Force  and  Navy 
agreed  on  the  need  for  such  a project  and  on  a plan 
of  joint  financing  by  contracting  with  North  Ameri- 
can Aviation  for  complete  design  and  construction. 
The  X-15  is  intended  to  be  used  to  provide  for  full- 
scale  scientific  investigations  in  flight  of  such  space 
flight  problems  as  weightlessness,  reentry  heating,  and 
control  at  altitudes  approaching  100  miles,  where 
aerodynamic  forces  are  no  longer  effective,  and  at 
speeds  exceeding  3,600  miles  per  hour.  The  X-15, 
however,  is  definitely  not  a spacecraft.  Rather,  it  is  a 
vehicle  that  will  permit  studying  problems  that  must 
be  solved  to  enable  space  flight.  It  is  a successor  to 
the  earlier  research  airplanes  of  the  “X  series,”  and, 
like  them,  is  a joint  venture,  with  the  military  services, 
the  aircraft  industry,  and  the  NACA  working 
smoothly  as  a team. 

Here  it  may  be  pertinent  to  note  that  for  the  past 
dozen  years  the  research  programs  of  the  NACA  have 
been  undergoing  a gradual  change  in  emphasis,  away 
from  airplane  problems  toward  missile  and  space 
problems.  To  be  sure,  many  of  the  problem  areas  were 
of  interest  and  concern  to  designers  of  airplanes  as 
well  as  of  missiles  and  spacecraft.  Nonetheless,  the 
reorientation  process  has  been  positive  and,  in  fact, 
accelerating.  By  the  end  of  the  fiscal  year,  June  30, 
1958,  approximately  50  percent  of  the  NACA  research 
effort  was  being  devoted  to  problems  affecting  missiles 
and  space  vehicles. 

But,  as  has  been  said  so  often  and  so  forcefully,  the 
military  airplane  is  not  yet  facing  extinction,  and 
NACA  research  in  recent  years  has  contributed  im- 
portantly to  the  continued  worth  of  manned  aircraft. 
The  Convair  B-58,  America’s  first  supersonic  bomber, 
makes  use  of  Whitcomb’s  area-rule  principle,  described 
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in  Dr.  Hunsaker’s  account,  and  of  the  conical  camber 
concept  developed  at  the  Ames  Laboratory.  The 
North  American  B-70,  often  described  in  the  news- 
papers as  the  “Mach  3 chemical  bomber,55  has  yet  to 
fly.  When  it  does,  it  will  incorporate  much  in  the  way 
of  NACA  research  information  that  still  has  high 
security  classification  and  cannot  be  mentioned.  In 
the  lower  speed  ranges,  Whitcomb’s  work  is  being  ap- 
plied to  commercial  turbojet  transport  design,  in  the 
case  of  the  Convair  600. 

Despite  the  seemingly  insatiable  demand  for  more 
speed,  in  both  military  and  commercial  categories,  the 
NACA  has  been  aware  of  the  need  for  continued  re- 
search in  the  areas  of  the  “low  and  the  slow.55  Aircraft 
with  the  capability  to  take  off  and  land,  either  verti- 
cally or  with  short  runs,  continue  to  be  of  interest,  and 
progress  has  been  made  in  solving  problems  peculiar 


to  this  type.  Similarly,  the  Nation’s  flight  research 
agency  has  done  important  work  on  such  special  matters 
as  aircraft  noise  and  operating  problems. 

Perhaps  the  most  accurate  assessment  of  the  effective- 
ness of  the  NACA  organization — its  8,000  technical  and 
supporting  personnel,  its  $300  million  of  laboratories, 
and  its  comprehensive  research  programs — came  on 
July  29,  1958,  when  President  Eisenhower  signed  the 
National  Aeronautics  and  Space  Act  of  1958  that 
created  the  National  Aeronautics  and  Space  Adminis- 
tration. That  act  provided  that  the  new  agency  be 
built  upon  the  NACA  as  its  nucleus.  In  this  way,  the 
lawmakers  made  sure  that  the  country  gained  a run- 
ning start  on  its  bold,  exciting  ventures  in  space  ex- 
ploration for  “peaceful  purposes  for  the  benefit  of  all 
mankind.55 


AERODYNAMIC  RESEARCH 


With  the  rapid  advent  of  satellite,  ballistic  missile, 
and  other  hypervelocity  vehicle  operation,  the  NACA 
has  intensified  its  aerodynamic  research  of  both  a basic 
and  applied  nature  on  problems  of  hypervelocity  flight. 
All  such  vehicles  have  severe  aerodynamic  problems 
during  operation  within  the  atmosphere.  Studies 
bearing  on  advanced  flight  concepts,  aerodynamic  heat- 
ing and  stability  of  reentry  and  hypersonic  boost-glide 
vehicles,  automatic  guidance  and  stability  and  control 
of  antiballistic  missiles  have  all  been  pursued  vigor- 
ously. Likewise  emphasis  has  been  placed  on  equally 
important  basic  gas  dynamics  research  dealing  with 
such  subjects  as  high-temperature  gas  flows,  dissocia- 
tion and  ionization  phenomena,  air  properties  at  high 
speeds  and  temperatures,  and  magnetogasdynamics 
principles.  Experimental  investigations  have  encom- 
passed temperatures  up  to  15,000°  F.  in  arc  jets,  25,000° 
F.  in  shock  tubes,  and  speeds  of  more  than  16,000  miles 
per  hour.  Such  studies  are  providing  new  knowledge 
imperative  for  the  success  of  launching  man  into  space, 
with  his  safe  return  to  earth  assured. 

The  need  for  improvements  in  the  efficiency  as  well 
as  the  speed,  stability,  control,  and  flying  qualities  of 
aircraft  and  conventional  missiles  has  continued  to 
merit  a major  part  of  the  NACA  x'esearch  effort.  The 
information  obtained  is  being  applied  rapidly  in  new 
aircraft  and  missile  designs.  Unfortunately,  aircraft 
for  more  efficient  operation  at  the  higher  speeds  have 
aggravated  landing  and  takeoff  problems.  An  impor- 
tant part  of  the  NACA’s  research  effort  is  being  directed 
toward  improving  the  low-speed  characteristics  and 
establishing  low-speed  piloting  techniques  of  both  high- 
speed and  VTOL/STOL-type  aircraft. 
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As  may  be  seen  from  the  following  pages,  aerody- 
namic research  encompasses  a speed  range  from  takeoff 
to  satellite  velocity. 

FLUID  MECHANICS 

Many  problems  in  fluid  mechanics,  still  very  incom- 
pletely imderstood,  are  generated  by  ballistic  missiles, 
hypersonic  gliders,  and  satellites  or  space  vehicles. 
Aerodynamic  heating  is  a major  factor  in  determining 
weight  and  propulsion  requirements  of  these  vehicles, 
and  reduction  in  heating  rates  and  heating  loads  pays 
large  dividends.  Thus,  it  is  of  the  utmost  urgency 
that  methods  of  minimizing  heat  transfer  and  optimiz- 
ing vehicle  configurations  be  found.  Progress  has  been 
made  both  along  the  lines  of  practical  solutions  to 
these  problems  and  increased  fundamental  understand- 
ing of  the  underlying  basic  fluid  flow  and  gas  dynamic 
phenomena.  In  spite  of  the  fact  that  at  the  high  gas 
temperatures  encountered  in  the  flow  about  hypersonic 
vehicles,  real-gas  effects  such  as  dissociation  and  ioni- 
zation play  an  important  role,  much  knowledge  has 
been  gained  by  considering  air  as  a perfect  gas.  How- 
ever, an  important  fact  is  that  the  ionized  gas  in  the 
flow  about  a hypersonic  vehicle  permits  electrical  and 
magnetic  fields  to  exert  forces  on  the  charged  particles 
themselves,  thus  introducing  the  whole  field  of  mag- 
netogasdynamics. Activity  has  increased  in  this  field 
of  research  having  potential  application  to  the  reduc- 
tion of  heat  transfer  to  the  surfaces  of  hypersonic  and 
space  vehicles  and  in  the  generation  of  magnetohydro- 
dynamic forces  for  vehicle  lift,  control,  and  propulsion. 
A brief  description  of  some  investigations  in  these  and 
other  areas  follows. 
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Boundary-Layer  Transition  and  Skin  Friction 

Basic  to  the  aerodynamic  heating  problem  is  an 
understanding  of  the  boundary  layer  flow  conditions 
inasmuch  as  turbulent  flow  produces  significantly 
higher  heating  rates  than  laminar  flow.  Skin  friction 
drag,  especially  important  in  airplane  design,  is  like- 
wise considerably  lower  for  laminar  than  turbulent 
flow.  Consequently,  several  important  investigations 
of  transition  have  been  undertaken. 

A study  has  been  concluded  concerned  with  the  funda- 
mental features  of  the  transition  process.  Turbulence 
frequently  begins  in  an  unsteady  fashion  with  an  iso- 
lated burst  of  turbulence.  Studies  using  a Mach- 
Zelmder  interferometer  were  made  of  the  shape,  growth 
rates,  and  velocities  of  movement  of  such  turbulent 
bursts  at  Mach  numbers  up  to  7.  Much  progress  has 
been  made  recently  in  wind-tunnel,  flight  and  free- 
flight  model  tests  in  obtaining  a better  understanding 
of  the  effects  of  roughness  on  transition.  Exploratory 
results  first  indicated  that  transition  in  most  cases  was 
caused  by  small  roughnesses  rather  than  inherent  in- 
stability of  the  boundary  layer.  The  limits,  or  condi- 
tions, in  terms  of  basic  boundary  layer  and  roughness 
parameters,  under  which  individual  grains  and  bits  of 
roughness  will  induce  transition,  have  been  clearly 
established  for  several  basic  shapes  over  an  extended 
range  of  Reynolds  and  Mach  numbers.  Some  of  the 
roughness  tests  were  made  on  blunt  bodies.  Both  two- 
dimensional  and  three-dimensional  roughness  elements 
have  been  tested.  If  the  roughness  is  below  a certain 
critical  height,  it  does  not  affect  the  skin  friction  drag 
perceptibly.  Several  investigations  have  been  made 
for  fully  turbulent  flow  to  study  skin  friction  over  a 
wide  range  of  Mach  and  Reynolds  numbers,  boundary 
layer  noise,  and  effects  of  high  accelerations  of  a body 
on  the  flow. 

It  has  been  well  established  by  tests  in  a number  of 
facilities,  including  rocket  model  tests,  that  the  effect 
of  blunting  the  otherwise  sharp  leading  edges  of  cones 
and  flat  plates  is  generally  to  move  transition  down- 
stream. This  effect  has  been  explored  up  to  Mach 
numbers  of  10  and  to  very  high  Reynolds  numbers.  It 
has  also  been  shown  in  recent  years  that  moderate 
amounts  of  cooling  tend  to  delay  transition,  although 
extreme  cooling  reverses  this  effect.  Several  research 
programs  have  yielded  additional  information  on  the 
phenomenon  of  “transition  reversal  due  to  overcooling’5 
as  may  result  when  a body  is  heated  rapidly  on  reenter- 
ing the  dense  atmosphere.  Perhaps  the  most  important 
new  result  is  that  bluntness  on  some  bodies  may  aggra- 
vate the  reversal  process,  thus  creating  an  interplay  in 
the  amount  of  nose  or  leading-edge  bluntness  to  be  in- 
corporated from  the  opposing  effects  of  reversal  and 
theoretical  transition  delay  due  to  bluntness. 


Wing  leading-edge  sweep  and  shock  interactions  are 
known  to  promote  early  transition.  Wind-tunnel  and 
free-flight  tests  at  Mach  numbers  up  to  10  are  continu- 
ing, including  configurations  appropriate  for  hyper- 
sonic boost-glide  vehicles.  One  study  has  been  directed 
at  obtaining  a better  understanding  of  the  flow  mecha- 
nism at  a sweptwing  leading  edge  using  an  X-ray 
densitometer.  Various  flow  visualization  techniques 
have  been  developed  for  general  transition  experiments 
in  both  flight  and  wind-tunnel  research. 

Heat  Transfer 

Experimental  studies  of  the  aerodynamic  heating  of 
various  shapes  of  blunt  bodies  applicable  to  reentering 
vehicles  such  as  ballistic  missile  noses,  hypersonic 
gliders,  and  satellites  have  been  extended  to  higher 
temperatures,  Reynolds  numbers  and  to  Mach  numbers 
above  16  in  some  cases  in  flight,  heated  jets,  wind  tun- 
nels, and  shock  tubes.  Parallel  theoretical  work  has 
finny  established  analytical  methods  for  calculating 
laminar  heat  transfer  to  basic  blunt  bodies,  and  both 
theory  and  experiments  have  shown  the  large  reductions 
in  heat  transfer  that  can  be  obtained  by  making  noses 


Shadowgraph  indicating  heat-protecting  shock  wave  generated 
at  hypersonic  speeds  around  gun-launched  model  of  a 
blunt-nosed,  flare-stabilized  body. 


flatter  or  less  convex.  One  series  of  tests  indicated  a 
slightly  curved  surface  to  have  the  lowest  maximum 
heat  rates  as  well  as  the  lowest  total  heating  rates  of  a 
number  of  bodies  tested.  Extension  of  the  nose-flatten- 
ing concept  to  concave  bodies  has  been  shown  to  have 
further  promise  if  the  flow  can  be  kept  steady.  Some 
aerodynamic  heating  investigations  have  also  been 
made  in  a high  temperature  jet  and  in  flight  at 
Mach  numbers  up  to  14  to  determine  the  effects  of 
erosion,  roughness,  and  depressions  as  might  be 
inflicted  on  body  noses  by  meteorites  and  flak.  Ex- 
ploratory studies  have  been  made  of  erosion  by  ion 
bombardment  using  an  ion  beam  apparatus. 
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Afterbody  heating  can  also  be  a serious  problem  on 
reentering  bodies.  A principal  controlling  variable  is 
the  local  air  pressure.  At  low  supersonic  speeds  the 
air  pressure  on  a boattail  afterbody  is  lower  than  free- 
stream  pressure.  However,  tests  at  Mach  numbers  up 
to  14  have  revealed  that  the  afterbody  pressure  in- 
creased systematically  with  increasing  Mach  number 
and  was  several  times  the  free-stream  pressure  at  the 
highest  speed.  Base  heat  transfer  measurements  have 
been  made  on  flared  cone  cjdinder  models  and  on  sur- 
faces submerged  in  the  wake  of  forebodies. 

Although  much  of  the  above  basic  body  heat  transfer 
research  is  pertinent  to  supersonic  aircraft,  hypersonic 
boost-glide,  and  other  hypervelocity  winged  vehicles, 
considerable  additional  research  has  been  accomplished 
on  other  heating  problems  of  such  vehicles.  The 
wings  of  such  vehicles  are  critical  from  a heating  stand- 
point and  most  configurations  have  regions  of  flow 
interaction  aggravating  heating.  Investigations  have 
been  made  of  the  beneficial  effect  of  wing  leading-edge 
sweep  in  alleviating  the  heating.  Some  of  the  investi- 
gations have  been  of  a fundamental  nature  using  yawed 
cylinders  at  speeds  up  to  6,500  feet  per  second  to  assist 
in  developing  new  compressibility  theories.  In  other 
tests,  complete  model  configurations  with  different 
amounts  of  leading-edge  sweep  have  been  investigated 
in  hot  jets,  hypersonic  wind  tunnels,  and  flight  at  Mach 
numbers  up  to  14.5.  In  one  basic  investigation  of  the 
heat  transfer  at  the  body-wing  juncture  of  hypersonic 
aircraft,  a small  heating  increase  was  shown  as  com- 
pared to  a flat  plate  reference  value;  in  other  cases 
large  effects  have  been  noted.  Intensive  studies  of 
" heat  transfer  to  basic  configurations  are  now  underway 
in  a number  of  facilities  where  juncture  effects,  together 
with  leading-edge  blunting,  transition,  and  shock  im- 
pingement effects  are  simultaneously  assessed.  New 
“thin  skinned55  model  construction  techniques  have  been 
developed  to  permit  thermocouple  installation  for  heat 
transfer  measurements  on  more  complicated  configura- 
tions. 

In  many  heat  transfer  investigations  considerably 
more  emphasis  is  now  being  placed  on  studying  the 
important  effects  of  angle  of  attack  or  yaw  and  pres- 
sure gradient.  In  one  rocket  model  experiment  rolling, 
the  model  was  observed  to  have  only  a secondary  effect 
on  heat  transfer.  Analyses  have  been  made  of  the  heat 
transfer  to  a high  Mach  number  ramjet  engine  and  to 
subsonic  and  supersonic  diffusers.  It  has  been  observed 
in  wind-tunnel  tests  that  a protuberance  increases  local 
heat  transfer  rates  on  the  side  of  a model  by  large 
amounts. 

Some  research  has  been  concerned  with  the  flow  of 
heat  through  separated  boundary  layers.  Theory  has 
predicted  that  the  heat  transfer  through  a separated 
laminar  boundary  layer  is  roughly  half  of  that  through 
an  attached  layer.  On  the  other  hand,  theory  suggested 


a greater  heat  transfer  through  a separated  turbulent 
boundary  layer  than  through  an  attached  layer.  Pre- 
liminary experiments  have  indicated  that  the  theoreti- 
cal prediction  is  correct  for  the  laminar  case  but  in- 
correct for  the  turbulent  case,  so  that  flow  separation 
may  have  promise  for  reducing  heat  transfer  in  both 
laminar  and  turbulent  flow. 

Cooling 

Many  types  of  advanced  reentry  vehicles  will  more 
than  likely  utilize  some  form  of  reenforced  cooling  in 
critical  areas  to  overcome  the  heating  problem.  A 
number  of  investigations  are  presently  underway  deal- 
ing with  transpiration,  film,  internal  and  ablation  cool- 
ing. The  transpiration  cooling  process  has  been  gen- 
erally investigated  in  hot  jets  and  wind  tunnels  with 
flat-plate  models  and  with  conical  and  flat- faced  nose 
shapes  as  well  as  a porous  cylindrical  leading  edge  using 
helium  primarily  as  a coolant.  The  effectiveness  of 
helium  transpiration  cooling  for  body  noses  is  also 
being  investigated  in  flight.  Film  cooling  by  upstream 
injection  of  gaseous  and  liquid  coolants  is  likewise 
being  investigated  in  the  same  manner  with  various 
shaped  bodies  having  conical,  hemispherical,  flat  faced, 
inverse  hemispherical,  and  other  blunt  noses. 

One  cooling  technique  for  reentry  vehicles  receiving 
attention  is  underskin  cooling  by  natural  convection  of 
liquids.  Both  theoretical  and  experimental  programs 
are  underway  to  determine  the  feasibility  of  such  heat 
sinks.  Models  of  double- walled  structures  are  being 
used  to  investigate  the  effectiveness  of  convection  cool- 
ing derived  from  the  circulation  of  gases  and  liquids 
within  the  walls.  The  effects  of  vehicle  rotation  on 
the  internal  flow  is  also  being  evaluated. 

Considerable  effort  has  recently  been  expended  in 
investigating  the  basic  theoretical  principles  of  abla- 
tion cool  ing.  As  a part  of  this  work  exploratory  meas- 
urements have  been  made  of  the  effective  heats  of 
ablation  of  a large  number  of  materials  and  com- 
binations of  new  materials  in  air  jets  at  moderate  to 
high  heating  rates.  The  ablation  program  includes 
flight  tests  of  several  models  at  Mach  numbers  above 
14.  Considerable  effort  has  been  expended  in  the  de- 
velopment of  suitable  ablation  rate  sensors  for  flight 
application. 

Air  Properties  at  Elevated  Temperatures 

Flight  at  extreme  hypersonic  velocities  and  the  ac- 
companying high  temperatures  make  it  necessary  ulti- 
mately to  consider  air  as  a real  gas  and  not  a perfect 
one.  Thermodynamic  and  transport  properties  of  air 
in  the  disturbed  flow  fields  about  hypervelocity  vehicles 
can  deviate  widely  from  ideal  gas  values  due  to  dis- 
sociation and  ionization.  As  temperature  increases,  air 
becomes  subject  first  to  molecular  vibration,  then  to 
dissociation  of  the  oxygen  molecules  to  form  atomic 


34 


REPORT  NATIONAL  ADVISORY  COMMITTEE  FOR  AERONAUTICS 


oxygen  and  then  to  a similar  dissociation  of  nitrogen 
molecules.  An  analytical  study  has  been  completed 
of  the  effect  of  oxygen  vibration  and  dissociation  in 
one-dimensional  channel  flow.  The  effects  of  the  rates 
of  the  chemical  and  physical  reactions  were  found  to 
be  appreciable.  Theories  for  rates  of  reaction  were 
found  to  be  in  serious  disagreement  indicating  the  need 
for  experiments.  A study  has  been  made  of  the  in- 
fluence of  the  equilibrium  chemical  reaction  in  the  air 
on  expansion  flows  past  corners  termed  Prandtl-Meyer 
flows.  This  type  of  flow  has  wide  application  in  ana- 
lyzing pressures  on  wings  and  bodies.  The  influence  of 
the  gas  reactions  was  found  to  be  subject  to  an  exact 
analysis  and  the  changes  in  flow  properties  were 
considerable. 

Theoretical  studies  of  air  at  extremely  high  tempera- 
tures have  yielded  approximate  analytical  expressions 
having  considerable  value  in  engineering  applications 
in  giving  thermodynamic  and  transport  properties  of 
air  that  agree  closely  with  those  obtained  by  lengthy 
iteration  methods. 

Magnetogasdynamics 

Ionization  of  air  at  high  temperatures  offers  the  pos- 
sibility that  airflow  and  hence  heat  transfer  can  be 
altered  by  application  of  magnetic  fields  about  a body. 
The  electrical  conductivity  of  the  high  temperature  gas 
at  the  nose  of  blunt  bodies  is  appreciable  during  critical 
reentry  conditions.  Also,  the  conductivity  may  be  in- 
creased by  seeding  the  flow  with  easily  ionizable  ma- 
terials such  as  the  alkali  metals.  Such  ideas  have  been 
theoretically  explored  and  methods  have  been  developed 
for  permitting  estimates  of  magnetohydrodynamic  ef- 
fects on  heat  transfer  and  skin  friction  to  be  made  for 
cases  hitherto  unsolved. 

Magnetogasdynamics  opens  a vitally  important  pos- 
sibility of  the  generation  and  acceleration  in  the  labora- 
tory of  high-velocity  plasma  flows  that  truly  simulate 
hypersonic  flight  conditions.  Considerable  theoretical 
and  experimental  work  is  being  accomplished  on  key 
problems,  including  electron  diffusion,  stability  of 
plasma  flows,  boundary-layer  flows  in  magnetic  fields, 
rates  of  recombination  of  ions,  and  methods  of  ioniza- 
tion and  electron  emission.  Arc  jets  and  low-pressure 
seeded  flows  have  been  developed  as  ion  sources. 

There  are  indications  that  the  conducting  gas  layer 
about  a hypersonic  vehicle  may  create  a serious  problem 
with  regard  to  radio  or  telemeter  transmission.  Theo- 
retical work  has  been  carried  out  suggesting  the  use  of 
magnetic  fields  to  improve  transmission.  Radio  trans- 
mission experiments  are  in  progress  using  a cyanogen- 
oxygen  flame  seeded  with  potassium  to  simulate  an 
ionized  sheath  about  a body. 


Body  and  Airfoil  Flow  Fields 

An  understanding  of  the  basic  flow  fields  around 
bodies  and  wings  is  fundamental  to  many  design  as- 
pects of  aircraft,  missiles,  and  spacecraft.  Several  in- 
vestigations of  such  nature  have  been  completed  or  are 
in  progress  at  all  NACA  laboratories  throughout  the 
speed  spectrum.  These  include  airfoil  pressure  distri- 
bution measurements,  refinements  in  means  of  deter- 
mining and  reducing  wave  drag  through  area  and  mo- 
ment-of-area  rule  principles,  generalized  theoretical 
studies  of  drag  due  to  lift,  generalized  theoretical  and 
experimental  studies  of  body  and  wing-body  flow  fields 
at  Mach  numbers  up  to  10,  and  improvement  of  nose 
probe  devices  for  measuring  flow  field  characteristics. 

Research  Facilities  and  Techniques 

An  important  part  of  the  NACA’s  effort  in  basic 
fluid  mechanics  is  continually  devoted  to  exploring  new 
techniques  and  apparatus  in  order  that  advanced  facil- 
ities can  be  provided  for  research  in  the  expanding 
frontiers  of  flight.  Along  these  lines  considerable  prog- 
ress has  been  made  in  the  use  of  helium  for  high  Mach 
number  flows  in  wind  tunnels.  Advances  have  been 
made  in  tunnel- wall  correction  techniques.  Work  has 
continued  in  improving  shock  tubes  to  provide  higher 
Mach  numbers  and  stronger  shocks.  New  shock  tube 
and  ultraviolet  absorption  techniques  are  being  em- 
ployed for  studying  air  dissociation  and  recombination 
rates.  Arc-powered  wind  tunnels  and  jets  are  likewise 
being  developed  to  push  the  limits  of  their  potentialities. 
Continued  effort  is  being  expended  in  improving  the 
performance  and  utility  of  rocket  free-flight  test 
vehicles. 

The  combustion  of  cyanogen  and  oxygen  yields  CO 
and  N2  at  a very  high  temperature  suggesting  a number 
of  possible  test  uses  which  are  being  explored,  for  ex- 
ample, (1)  heat  transfer  and  ablation  without  chemical 
reaction,  (2)  chemical  reaction  effects  and  ablation  by 
addition  of  contaminants  to  the  hot  flow,  and  (3)  mag- 
netohydrodynamics tests  by  seeding  the  flow  with  an 
alkali  metal  to  obtain  higher  electrical  conductivity. 
A low-velocity  burner  has  been  seeded  with  potassium 
and  a supersonic  jet  is  under  construction. 

A free-piston  compressor  has  been  put  into  operation 
in  conjunction  with  a M=11.2  nozzle.  The  feasibility 
of  using  the  thermal  decomposition  of  nitrous  oxide  in 
the  compressor  has  been  demonstrated  successfully. 
Nitrous  oxide  decomposes  Avith  the  release  of  heat  into 
nitrogen  and  oxygen  in  proportions  closely  simulating 
air.  Whereas  for  air  the  theoretical  final  temperature 
for  a typical  case  is  6,000°  F.,  the  nitrous  oxide  decom- 
position products  raise  the  temperature  to  about  13,500° 
F.  The  compressor  Avails  considerably  loAver  these  tem- 
peratures ; nevertheless,  indirect  measurements  have  in- 
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dicated  temperatures  greater  than  5,000°  F.  using 
nitrous  oxide. 

HIGH-SPEED  PERFORMANCE 

All  flight  vehicles,  whether  an  airplane,  a missile,  or 
a space  vehicle  that  is  to  be  recovered,  must  fly  through 
the  earth’s  atmosphere.  Many  aerodynamic  problems 
must  be  overcome  to  accomplish  this  flight  objective 
whether  the  vehicle  is  controlled  by  a human  pilot  or 
artificially.  The  aerodynamic  characteristics  of  reen- 
try vehicles  are  of  such  importance  that  the  penalty 
for  improper  aerodynamic  design  is  destruction.  The 
NACA  has  conducted  analytical  and  experimental 
studies  to  supply  the  information  required  for  the  so- 
lution of  problems  of  atmospheric  reentry.  At  the 
same  time,  work  has  continued  on  other  problems  of 
flight  within  the  atmosphere.  A very  brief  descrip- 
tion of  some  of  this  work  is  contained  in  the  following 
paragraphs. 

Ballistic  Missile,  Satellite,  and  Spacecraft  Configu- 
rations 

Broad  analyses  have  been  made  of  the  heat  trans- 
fei*,  atmosphere  entry  deceleration,  and  propulsion 
problems  of  vehicles  for  satellite,  lunar,  and  interplane- 
tary missions.  Simplified  equations  have  been  devel- 
oped by  which  a wide  range  of  flight  trajectories  can 
be  studied  and  important  parameters  varied  so  that 
designers  can  readily  visualize  trends,  such  as  the  effect 
of  entry  angle,  speed,  drag,  and  lift.  The  analyses  in- 
cluded numerical  calculation  of  the  trajectories  for 
round  trips  to  the  moon  and  the  near  planets  using 
ranges  of  thrust-to-weight  ratio  and  specific  impulse 
typical  of  chemical  rockets,  nuclear  rockets,  and  elec- 
tric propulsion  systems. 

Proposals  for  manned  satellites  have  been  based  on 
several  design  concepts  such  as  higli-drag  blunt  ballistic 
configurations,  low-drag  winged  configurations,  and 
combinations  of  the  two  utilizing  small  wings  or  body 
shaping  to  produce  lift  with  high  drag.  The  blunt 
wingless  vehicles  depend  on  a concept  developed  at  the 
Ames  Laboratory  for  the  dissipation  of  heat  due  to 
aerodynamic  heating.  This  is  the  concept  that  is  used 
for  the  nose  cones  of  present  ballistic  missiles.  The 
winged  vehicle  utilizes  lift  to  hold  itself  in  the  upper 
regions  of  the  atmosphere  while  its  speed  is  gradually 
reduced  by  drag  forces;  its  heat  is  dissipated  largely 
by  radiation.  The  winged  vehicle,  being  a glider  after 
it  enters  the  atmosphere,  possesses  the  potential  for 
some  degree  of  control,  thus  providing  a pilot  with 
a choice  of  landing  area.  Ballistic  high-drag  vehicles 
would  land  by  parachute,  and  a pilot  would  have  vir- 
tually no  control  over  the  landing  point  once  the  ve- 
hicle entered  the  atmosphere.  The  low-lift,  high-drag 
vehicle  with  small  wings  would  also  land  by  para- 


chute, although  some  aerodynamic  control  can  be  pro- 
vided to  permit  a pilot  to  make  limited  correction  for 
errors  in  reentry  angle  or  speed. 

Studies  of  the  many  problems  associated  with  these 
three  types  of  vehicles  are  continuing.  Research  on 
reentry  vehicles  has  been  devoted  to  both  blunt,  non- 
lifting bodies  of  revolution  applicable  to  ballistic 
missiles  as  well  as  reentering  satellites  and  to  body 
shapes  which  utilize  lift  in  attempts  to  alleviate  decel- 
eration and  aerodynamic  heating  problems.  The  high 
decelerations  that  are  imposed  on  an  occupant  during 
reentry  create  a serious  problem.  Basic  studies  on 
methods  of  controlling  decelerations  and  heat  transfer 
of  satellite  vehicles  and  of  predicting  with  reasonable 
accuracy  the  range  covered  during  the  return  of  the 
vehicle  into  the  earth’s  atmosphere  have  been  initiated. 
In  one  analytical  study  of  the  entry  of  a general  class 
of  high-drag  vehicles  having  low-aspect-ratio  wings, 
the  deceleration,  heating,  and  range  were  controlled  by 
programing  the  angle  of  attack  as  a function  of  sev- 
eral measurable  quantities  such  as  initial  flight-path 
angle  and  wing  loading.  Another  theoretical  and  ex- 
perimental study  has  been  made  of  the  stability  and 
heat  transfer  to  basic  bodies  of  revolution  shaped  for 
minimum  heat-transfer  rates  and  suitable  for  ballistic 
missile  or  satellite  use.  The  aerodynamic  and  heat- 
transfer  characteristics  of  bodies  employing  lift  dur- 
ing atmospheric  entry  are  being  studied,  and  a shape 
has  been  found  which  appears  promising  for  manned 
satellites  from  the  standpoint  of  aerodynamic  heating, 
reentry  deceleration,  stability,  and  control.  Some  ex- 
perimental investigations  of  the  longitudinal  character- 
istics of  blunt,  wingless  reentry  configurations  at  a 
Mach  number  of  7 have  indicated  that  simple  fins  or 
flaps  can  provide  satisfactory  trim  characteristics. 

Another  advanced  flight  concept  that  possesses  aero- 
dynamic problems  akin  to  those  of  the  winged  satellite 
vehicle  is  the  boost-glide  vehicle,  so  named  because  of  its 
mode  of  operation,  which  consists  of  rocket  boost  to  its 
cruising  speed  and  altitude  and  a powerless  glide  to  its 
destination.  Experimental  and  analytical  studies  have 
indicated  the  feasibility  of  the  boost-glide  flight  con- 
cept and  work  has  been  conducted  in  the  NACA  Lab- 
oratories to  provide  solutions  for  many  of  the  design 
problems. 

Three  main  problems  are  the  achievement  of  required 
lift-drag  ratios,  alleviation  of  the  severe  aerodynamic 
heating,  and  provision  of  satisfactory  stability.  Ex- 
perimental and  theoretical  work  is  being  conducted  at 
all  NACA  Laboratories  on  the  performance  and  stabil- 
ity of  a number  of  boost-glide  configurations.  Wind- 
tunnel  and  rocket-model  tests  are  being  conducted  to 
study  the  effects  of  body  and  wing  planform  geometry 
on  the  lift-drag  characteristics  at  supersonic  and  hyper- 
sonic speeds.  Aerodynamic  heating,  stability,  and  con- 
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Model  of  a hypersonic  boost  slide  vehicle  being  flight  tested 
in  a wind  tunnel  to  determine  low  speed  dynamic  stability 
characteristics  during  landing  approach.  Controls  of  the 
hydrogen-peroxide  powered  model  are  electrically  activated 
by  “pilots  outside  tunnel  through  slack  wires  shown. 

trol  are  also  being  studied  over  the  anticipated  opera- 
tional Mach  number  and  angle-of-attack  range. 

In  addition  to  the  reentry  and  glide  phase  of  flight  for 
these  advanced  flight  concepts,  there  is  the  problem  of 
launching  the  vehicles  to  the  required  speeds  and  alti- 
tudes. Some  studies  have  been  completed  and  others  are 
continuing  to  provide  information  on  booster  vehicle 
staging,  separation,  aerodynamic  loads,  and  stability. 

Airplane  Con  figurations 

Although  the  program  of  research  into  space  has  been 
intensified,  effort  also  has  continued  to  improve  the  ef- 
ficiency of  flight  within  the  atmosphere  to  the  point 
where  supersonic  flight  of  fighter  and  research  airplanes 
has  become  routine.  Aerodynamic  efficiency  is  improved 
by  shaping  the  airframe  to  generate  the  required  lift 
with  the  least  possible  drag.  Propulsive  efficiency  re- 
quires that  the  air-breathing  engine  together  with  its 
intake  and  exhaust  systems  yield  the  greatest  possible 
thrust  for  the  lowest  consumption  of  fuel.  Structural 
efficiency  seeks  the  lightest  weight  at  greatest  strength. 

High-speed  wind  tunnels  have  been  used  advanta- 
geously to  exploit  the  potential  drag  reductions  sug- 
gested by  supersonic  wing  theory.  The  benefits  of 
sweepback  have  been  systematically  analyzed  and  new 
studies  have  revealed  methods  of  accomplishing  an  ellip- 
tical distribution  of  lift  over  the  wing  surface  which,  in 
theory,  would  result  in  minimum  drag  due  to  lift.  The 
advantages  of  cambering  and  twisting  wings  have  been 
well  established,  and  several  supersonic  airplanes  now 
in  operational  use  or  in  development  incorporate  these 
principles.  However,  the  full  potential  of  this  approach 
as  predicted  by  theory  has  not  been  realized  in  experi- 
ments and  work  is  continuing  on  this  problem.  Fric- 
tion drag  is  a major  portion  of  the  drag  of  supersonic 
and  hypersonic  aircraft  as  well  as  the  source  of  aero- 


dynamic heating.  Research  in  this  area  has  been  pur- 
sued actively  at  all  NACA  research  facilities. 

New  studies  of  interference  pressure  fields  show  prom- 
ise in  supersonic  design  application.  By  properly  shap- 
ing an  airplane  the  pressure  fields  resulting  from  inter- 
ference between  various  airplane  components  can  be 
made  to  react  favorably  to  improve  flight  efficiency  and 
stability.  The  study  of  the  basic  components  of  a ve- 
hicle and  how  these  components  can  be  combined  is 
essential  to  understanding  the  problems  and  providing 
design  information.  Through  the  study  of  wings, 
bodies,  and  wing-body  combinations,  the  feasibility  of 
the  advanced  concepts  and  aircraft  configurations  de- 
scribed above  has  been  established.  Many  of  these  fun- 
damental studies  have  been  conducted  and  are  continu- 
ing. Considerable  work  has  also  been  conducted  on 
cockpit  canopies  with  regard  to  shape  and  location  on 
the  fuselage.  Improper  design  of  the  cockpit  canopy 
can  be  a source  of  severe  drag  penalties. 

Inlet  problems,  too,  are  of  great  importance  in  super- 
sonic aircraft.  Aside  from  the  requirement  of  efficient 
inlets,  it  is  necessary  that  the  inlets  be  located  so  as  to 
produce  the  lowest  overall  airplane  drag.  Research  re- 
sults have  indicated  that  inlets  can  be  located  to  alleviate 
interference  adversely  affecting  flight  efficiency. 

In  addition  to  the  aerodynamic  interference  between 
the  major  components  of  aircraft,  the  interference  of 
such  elements  as  external  stores,  missiles,  and  nacelles 
can  be  important  and  have  been  studied.  With  regard 
to  missile  interference  effects,  the  aircraft  flow  field  can 
affect  the  missile-launching  characteristics  to  the  extent 
in  some  severe  cases  that  the  missile  could  collide  with 
and  destroy  the  parent  aircraft.  Considerable  work  has 
been  done  on  the  launching  problem  for  both  externally 
and  internally  carried  stores  and  missiles. 

INTERNAL  FLOW 

The  performance  characteristics  of  supersonic  air- 
planes and  missiles  with  air-breathing  engines  are 
strongly  influenced  by  the  overall  efficiency  of  the  en- 
gine induction  and  exhaust  systems.  The  pressure  re- 
covery of  these  systems  must  be  high  to  obtain  both  a 
maximum  thrust  for  a given  weight  and  a low  rate  of 
fuel  consumption.  The  components  must  be  shortened 
wherever  possible  to  reduce  weight.  The  overall  drag 
must  be  kept  small  and  the  propulsion  system  must  be 
capable  of  satisfactory  operation  at  off-design  condi- 
tions. During  the  past  year  considerable  research  has 
been  conducted  to  determine  methods  for  improving  the 
performance  of  aircraft  and  missile  internal  flow  sys- 
tems. At  Mach  numbers  up  to  3,  the  research  has  been 
of  a detailed  nature,  whereas  at  higher  speeds  the  re- 
search is  of  a more  exploratory  nature  to  determine  the 
problems  which  must  be  solved. 


REPORT  NATIONAL  ADVISORY  COMMITTEE  FOR  AERONAUTICS 


Inlets 

Considerable  research  effort  has  been  expended  dur- 
ing the  past  year  on  inlet  designs  suitable  for  opera- 
tion at  high  supersonic  speeds.  These  tests  have  in- 
cluded all-internal  contraction,  external-internal  con- 
traction, and  all-external  contraction  inlets.  Methods 
investigated  for  improving  performance  over  the  oper- 
ating range  have  consisted  of  boundary-layer  control, 
variable  geometry,  airflow  bypass,  and  location  of  the 
inlet  in  favorable  airplane  pressure  fields.  In  addi- 
tion, methods  have  been  developed  for  maintaining 
high  performance  during  angle-of-attack  operation. 

Several  programs  have  been  conducted  in  the  area  of 
inlet  dynamics  and  the  experimental  results  of  an  inlet- 
engine  configuration  have  been  correlated  with  a simple 
theory.  Two  inlet  control  systems  were  also  evaluated 
and  found  to  be  effective  in  maintaining  high  inlet  per- 
formance with  varying  flight  and  engine  operating 
conditions. 

A theoretical  study  has  been  concerned  with  the  cal- 
culation of  the  external  pressures  on  inlet  cowls  and 
the  internal  pressures  in  internal  compression  inlets  de- 
signed to  have  isentropic  compression.  Comparison  of 
a number  of  theories  for  computing  the  external  pres- 
sure on  inlet  cowls  has  been  made  to  assess  their  ac- 
curacy. Analytical  studies  have  also  been  made  to  de- 
termine the  effect  of  surface  temperature  on  the  prop- 
erties of  the  boundary  layer  handled  by  an  inlet  scoop 
system.  These  results  permit  a prediction  of  bound- 
ary-layer-removal-system  performance  at  high  speeds. 

Exploratory  studies  have  been  conducted  on  a variety 
of  inlets  designed  for  flight  at  hypersonic  Mach  num- 
bers. These  investigations  permit  a comparison  of  the 
performance  of  the  basic  types  of  inlets  operating  in 
this  flight  regime  and  indicate  many  of  the  design 
parameters  which  must  be  considered  before  efficient 
hypersonic  flight  can  be  obtained.  Since  flight  at  hy- 
personic speeds  will  require  blunted  inlet  leading  edges 
to  reduce  heat  transfer  and  to  facilitate  cooling,  an  in- 
vestigation was  conducted  at  Mach  3 to  determine  the 
effects  of  such  blunting  on  off-design  performance. 

Inlet  designs  for  a number  of  specific  engines  and 
airplanes  have  been  investigated  and  methods  for  ob- 
taining improved  performance  from  these  designs  have 
been  found.  Flight  measurements  with  several  military 
aircraft  have  also  been  made  and  the  actual  inlet  operat- 
ing characteristics  determined. 

Ducts  and  Diffusers 

During  the  past  year  subsonic  diffuser  research  has 
been  concentrated  on  a study  of  the  effects  on  pressure 
recovery  and  flow  distortion  of  a diffuser  operating 
with  or  without  a normal  shock  near  the  throat. 
Boundary-layer  shock  interaction  effects  have  been 


37 

studied  and  the  effects  of  boundary-layer  control  in  a 
short  diffuser  are  being  determined. 

A basic  investigation  of  the  characteristics  of  a turbu- 
lent boundary  layer  in  a continuous  adverse  pressure 
gradient  is  also  in  progress  to  determine  a method  for 
minimizing  boundary-layer  effects  in  supersonic  inlets. 

Jet  Exits 

Several  studies  at  transonic  speeds  have  been  made  of 
the  effects  of  jet  exits  on  base  and  afterbody  drag 
characteristics.  A comprehensive  investigation  of 
clustered,  multiple  exits  was  included  in  this  program, 
and  the  performance  of  several  jet-exit  configurations 
was  determined.  In  addition,  a family  of  divergent 
ejector  nozzles  was  investigated  to  determine  the  off- 
design  thrust  levels  that  could  be  maintained,  and  a 
series  of  convergent- divergent  exhaust  nozzles  were  in- 
vestigated to  determine  the  separation  characteristics 
at  low-pressure  ratios. 

The  interaction  of  the  rocket  nozzle  flow  and  the 
external  airstream  in  the  base  region  of  several  ballistic 
missile  configurations  has  received  continued  attention. 
Conditions  for  base  burning  and  the  general  level  of 
base  temperature  to  be  expected  were  determined  for  a 
number  of  configuration  variables  as  well  as  for  the 
basic  prototypes. 

Investigation  of  a method  of  varying  the  effective 
flow  area  of  a convergent  exhaust  nozzle  by  aerody- 
namic means  was  conducted  on  an  unheated-flow  duct 
rig.  Effective  control  was  obtained  and  analytical  ex- 
pressions relating  the  performance  with  significant  de- 
sign and  operating  variables  were  developed. 

Several  model  jet  deflectors  were  investigated  to  de- 
termine the  effects  of  design  variables  on  their  perform- 
ance and  operating  characteristics.  Transonic  tests  of 
the  effects  of  a target-type  thrust  reverser  have  been 
conducted,  while  swiveled  nozzles,  auxiliary  nozzles, 
and  mechanical  and  aerodynamic  deflectors  which  were 
designed  to  be  adaptable  to  a wide  variety  of  turbojet 
exhaust  systems  have  been  investigated  in  quiescent  air. 
Analytical  expressions  relating  the  performance  of  each 
type  deflector  with  significant  design  variables  were 
also  determined. 

AERODYNAMIC  STABILITY  AND  CONTROL 
Stability 

During  the  past  year  continued  study  has  been  made 
of  factors  affecting  airplane  pitchup — a longitudinal 
instability  discomforting  to  the  pilot  and  often  danger- 
ous. Detailed  experimental  studies  were  made  to  in- 
vestigate methods  for  eliminating  of  alleviating  the 
pitchup  tendency ; information  was  obtained  on  the  ef- 
fects of  such  modifications  as  changing  the  location  of 
the  horizontal  tail  and  wing,  of  modifying  the  wing 
shape,  and  of  adding  auxiliary  horizontal  tails. 
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The  problem  of  providing  adequate  but  not  excessive 
longitudinal  stability  over  the  complete  speed  range  for 
high-performance  airplanes  has  also  received  additional 
attention ; this  problem  is  of  concern  inasmuch  as  a very 
stable  airplane  will  not  only  be  difficult  to  maneuver 
but  the  large  control  deflections  required  for  trim  and 
maneuvering  will  result,  especially  at  high  speeds,  in 
large  loads,  and  high  trim  drag.  Extensive  wind-tun- 
nel studies  have  been  made  to  determine  the  static 
aerodynamic  characteristics  of  canard  configurations 
which  have  been  found  to  have  some  advantages  over 
conventional,  tail-rearward  designs.  Analytical 
studies  have  been  made  to  study  the  flight  characteris- 
tics of  a canard  airplane  having  various  amounts  of 
longitudinal  stability,  and  to  investigate  the  need  for 
automatic  pitch-damping  devices. 

The  loss  of  directional  stability  with  increasing  speed 
and  angle  of  attack,  characteristic  of  most  supersonic 
airplanes,  continues  to  be  a design  problem.  Experi- 
mental model  studies  have  been  conducted  which  indi- 
cate the  important  influence  of  such  factors  as  vertical 
tail  and  ventral  fin  size ; wing  planform,  dihedral,  and 
location;  and  fuselage  nose  length  and  cross-sectional 
shape.  Guided  by  the  results  of  such  tests,  theoretical 
methods  have  been  developed  which  enable  accurate 
design  estimates  of  the  directional  stability  characteris- 
tics of  airplane  configurations. 

Accurate  prediction  of  the  dynamic  stability  char- 
acteristics of  high-performance  airplanes  has  also  be- 
come of  increasing  importance  to  designers.  Inasmuch 
as  questions  concerning  dynamic  stability  can  usually 
be  resolved  from  a study  of  the  rotary  derivatives  of  a 
particular  aircraft,  increased  attention  has  been  given 
to  obtaining  information  on  these  derivatives  for  a 
variety  of  configurations  over  a large  angle- of- attack 
range.  With  these  and  other  stability  derivatives  used 
as  inputs  into  ground  simulators,  studies  have  been 
made  of  the  ability  of  a pilot  to  control  various  air- 
plane configurations  under  different  flight  conditions. 
Particular  emphasis  has  been  given  to- approximating 
the  flight  characteristics  of  the  X-15  research  airplane 
as  fully  as  possible  before  its  actual  high-speed,  high- 
altitude  flights  are  initiated. 

Although  much  of  the  information  obtained  in  studies 
of  conventional  aircraft  provide  stability  and  control 
information  applicable  to  very  high-speed  airplane  and 
recoverable-satellite  vehicles  now  being  considered, 
additional  and  higher  speed  studies  are  required  to  de- 
termine the  effect  of  the  basic  differences  in  such  con- 
figurations on  the  aerodynamic  characteristics.  Ex- 
tensive studies  have  been  made  on  several  hypersonic 
boost-glide  designs  to  determine  their  stability  and  con- 
trol characteristics  over  large  speed  ranges.  Some  of 
the  models  have  been  studies  in  free  flight,  simulating 
their  characteristics  in  the  low-speed,  approach-to- 


landing  flight  condition,  and  providing  information  on 
the  adequacy  of  the  controls  as  well  as  on  the  possible 
need  for  artificial  damping  devices  at  these  speeds. 
Analytical  studies  of  the  flight  characteristics  of  such 
vehicles  have  also  been  made. 

Experimental  and  analytical  investigations  to  de- 
termine the  stability  and  motion  characteristics  of  con- 
figurations having  lower  lift-drag  ratios  considered 
more  suitable  for  manned  satellite  or  spacecraft  during 
flight  back  into  the  earth’s  atmosphere  have  been  ini- 
tiated ; the  effects  of  fuselage  nose  blunting,  stabilizing 
fins  and  flares,  afterbody  shape,  and  various  types  of 
controls  have  been  studied  experimentally.  In  addition 
to  high-speed  wind-tunnel  studies  to  determine  the 
basic  stability  and  control  characteristics  of  these  con- 
figurations, low-speed  information  required  to  predict 
landing  characteristics  have  been  obtained.  Analytical 
studies  have  been  carried  out  with  specific  reference  to 
the  dynamic  stability  of  a hypothetical  manned  vehicle 
which  enters  the  atmosphere  on  a “skip-type”  braking 
trajectory,  executing  an  upward  turn  to  eject  itself  from 
the  atmosphere  or  to  a less  dense  atmosphere  to  reenter 
at  reduced  speed.  A general  solution  describing  the 
dynamic  stability  and  oscillatory  characteristics  of  such 
vehicles  following  any  trajectory  has  been  developed. 

The  current  importance  of  producing  an  effective 
long-range  ballistic  missile  and  of  developing  methods 
for  combating  them  has  resulted  in  an  expansion  of 
stability  and  control  research  in  these  areas.  Experi- 
mental static  and  rotary  derivative  data  have  been  ob- 
tained on  a variety  of  configurations  suitable  for  the 
warhead  stage  of  the  ballistic  missile  as  well  as  for  the 
previously  mentioned  studies  of  spacecraft  entering  the 
atmosphere.  The  effects  of  configuration  changes,  such 
as  body -nose  bluntness  and  afterbody  shape,  have  been 
extensively  investigated.  These  data,  together  with 
other  calculated  information,  have  been  used  in  analyti- 
cal studies  to  estimate  the  trajectory,  stability,  and 
aerodynamic  heating  during  terminal  descent. 

Considerable  effort  has  been  devoted  to  the  investi- 
gation of  the  supersonic  aerodynamic  characteristics 
of  a series  of  missile  models  having  configurations  suit- 
able for  the  interception  of  ballistic  missile  warheads. 
Various  means  of  providing  stability  and  control  on 
tail-aft,  canard,  and  flared-body  models  have  been 
studied.  Studies  have  also  continued  of  the  character- 
istics of  more  conventional,  lower  performance  air-to- 
air,  ground-to-air,  ground-to-ground,  and  air-to-ground 
missiles. 

Controls 

The  increasing  variety  of  airplane  and  missi  le  config- 
urations being  designed  has  necessitated  a broader 
knowledge  of  the  characteristics  of  conventional  con- 
trols and  consideration  of  new  concepts  of  control. 
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Wind-tunnel  investigations  have  been  made  of  such  con- 
trols as  flap  and  spoiler-slot  deflectors,  differentially 
deflected  (rolling)  tails,  jet  spoilers,  and  lateral  blow- 
ing jets  to  determine  the  effects  of  various  wing  geo- 
metric parameters  on  the  control  characteristics.  The 
effectiveness  of  the  canard  control  surface,  previously 
mentioned  as  being  an  attractive  means  of  providing 
longitudinal  trim  for  high-performance  aircraft,  has 
also  been  extensively  studied. 

Research  has  increased  on  jet-reaction  controls  hav- 
ing application  to  flight  at  very  low  speeds  or  high 
altitudes  where  aerodynamic  controls  have  reduced 
effectiveness.  One  investigation  has  been  made  of  the 
performance  of  a number  of  reaction  control  devices 
having  possible  application  to  the  landing  of  VTOL 
aircraft  and  space  vehicles.  Analog  studies  have  also 
been  conducted  to  determine  the  effectiveness  of  re- 
action-jet controls  similar  to  those  to  be  used  in  flight 
tests  of  the  X-15  research  airplane. 

Aerodynamic  control  systems  intended  for  low  aspect- 
ratio  winged  missiles  have  been  studied  over  a range  of 
supersonic  Mach  numbers ; the  relative  effectiveness  of 
tail,  canard,  swivel  nose,  and  all-moving  wing  controls 
was  determined.  Other  studies  have  been  completed  of 
the  effectiveness  of  body-flap  controls  for  air-launched, 
wingless  missile  configurations ; such  missiles  require  a 
minimum  of  stowage  space  and  hence  a minimum  com- 
promise of  the  drag  characteristics  of  the  missile-carry- 
ing aircraft.  Body-flap  controls  have  also  been  studied 
on  missile  configurations  considered  suitable  for  hyper- 
sonic antimissile  use.  In  addition,  basic  studies  have 
been  made  of  vehicle  control  requirements  for  pro- 
graming decelerations  and  heat  transfer  of  vehicles  re- 
entering the  atmosphere. 


Model  of  a wingless  air-to-air  missile  utilizing  a retractable 
body  flap  as  a lift-producing  control  device. 


Flying  Qualities 

The  flying  qualities  of  airplanes  designed  to  have 
very  low  or  even  negative  static  longitudinal  stability 
at  supersonic  speed  (in  order  to  provide  low  trim  drag 
and  therefore  increased  range)  have  been  studied 
recently.  The  limit  of  negative  stability  that  can  be 
tolerated,  the  effect  of  artificial  pitch  damping,  and 
other  factors  affecting  controllability  were  investigated 
from  the  standpoint  of  pilot  opinion  and  measured  per- 
formance using  a pilot-controlled  analog  simulator. 


Several  projects  to  determine  the  acceptability  of  a 
side-located  controller  that  requires  an  up-and-down 
hand  motion  pivoting  at  the  wrist  for  longitudinal  con- 
trol and  a lateral  hand  or  forearm  motion  for  lateral 
control  have  been  undertaken.  With  this  type  of  con- 
troller it  is  easier  to  restrain  the  pilot’s  arm  so  that 
high-acceleration  levels  will  not  introduce  unwanted 
controller  motions.  Use  of  this  type  of  controller  also 
clears  the  center  cockpit  area  which  may  then  be  used 
to  good  advantage  for  navigational  instrument  displays. 
Another  fundamental  flight  research  project  was  under- 
taken to  determine  the  nature  of  such  factors  as  pilot 
reaction  time  delay  and  response  time  in  correcting  air- 
plane motions.  Results  of  this  research  will  aid  in 
designing  control  systems  to  take  best  advantage  of  pilot 
capabilities.  The  results  are  also  of  value  in  determin- 
ing the  validity  of  other  human-response  tests  conducted 
with  ground  simulators. 

Investigation  of  the  spin  characteristics  of  models  of 
many  specific  current  and  proposed  military  airplanes 
has  continued  utilizing  the  free-spinning  tunnel.  In 
some  cases  force  data  on  the  complete  model  or  the 
fuselage  nose  alone  have  been  required  before  proper 
interpretation  of  model  spin-tunnel  data  could  be  made 
in  terms  of  recovery  characteristics  for  the  correspond- 
ing airplane.  The  results  show  that  recovery  from  the 
spin  of  some  of  the  current-type  fighters  is  so  difficult 
that  it  would  be  very  desirable  to  avoid  entering  fully 
developed  spins.  This  can  best  be  accomplished  by  de- 
termining the  most  expeditious  way  of  recovery  from 
the  incipient  phase  of  the  spin.  Preliminary  tests  have 
therefore  been  made  to  study  methods  of  effecting  such 
recovery  on  a scale  model  representing  a current  fighter 
airplane.  A recently  developed  helicopter-launched, 
radio-controlled  model  technique  has  been  utilized. 

Flying  quality  research  studies  during  the  last  year 
have  also  given  additional  consideration  to  the  factors 
affecting  pilot  selection  of  landing-approach  speed, 
Dutch-roll  damping,  and  lateral-control  requirements 
of  several  current  fighter-type  airplanes. 

AUTOMATIC  CONTROL 

Missiles 

Studies  of  missile  stabilization  and  control  have  con- 
sidered improved  means  of  simplifying  and  analyzing 
complex  automatic  control  and  guidance  devices.  Al- 
though this  program  was  initiated  with  reference  to 
air-to-air  attack  missiles,  the  results  have  application 
to  other  classes  of  missiles,  including  ballistic  and  anti- 
ballistic,  as  well  as  to  automatically  controlled  and 
guided  airplanes.  Some  of  these  studies  are  discussed 
now. 

Changes  that  occur  in  missile  response  characteristics 
to  control  deflections  for  varying  flight  conditions  have 
led  to  complicated  methods  of  adjusting  automatic  con- 
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trol  parameters.  In  studying  a number  of  simplifying 
techniques,  consideration  has  been  given  to  a control 
actuator  whose  torque  output  is  proportional  to  the 
input  of  the  control  system.  Kesults  indicate  that  such 
actuators  can  simplify  the  control  system  and  resuit  in 
acceptable  target-miss  distances. 

A study  has  been  made  to  determine  the  relative  im- 
portance of  factors  that  place  limitations  on  the  mini- 
mum obtainable  miss  distance  for  a missile  navigation 
system  in  which  the  missile  follows  a radar  beam  that 
is  tracking  the  target.  The  factors  considered  were  the 
natural  motions,  and  steady-state  acceleration,  capa- 
bilities of  the  missile,  target  evasive  maneuvers,  and 
radar  angular  scintillation  noise.  Simple  correlation 
equations  expressing  minimum  miss  distance  in  terms 
of  these  factors  were  obtained.  Possibilities  for  system 
improvements  were  indicated.  Also  studied  were  the 
effects  on  the  average  target-miss  distance  of  limiting 
the  allowable  acceleration  of  a beam-rider  missile. 
Contrary  to  intuitive  thinking,  the  study  showed  that 
miss  distance  decreased  as  the  ratio  of  the  limiting  to 
the  design  acceleration  increased  when  the  guidance 
system  was  designed  for  best  performance  at  a given 
acceleration. 

The  determination  of  optimum  radar-noise  filtering 
characteristics  to  be  used  in  weapon  system  design  is 
generally  a long  and  tedious  process.  Studies  of  these 
complex  equations  have  been  successful  in  determining 
simplifications  and  approximations  to  enable  sufficiently 
accurate  explicit  solutions.  From  these  results  it  has 
been  possible  to  answer  in  a quantitative  manner  im- 
portant questions  regarding  the  effect  of  the  target 
maneuver  on  the  effectiveness  of  the  guidance  system. 

Other  work  on  improving  missile  systems  indicated 
the  need  for  enlarging  the  scope  of  filter  theory  to  in- 
clude nonlinear  considerations.  This  is  due  to  the  trend 
of  potential  targets  to  fly  at  higher  speeds  and  altitudes 
where  the  maneuverability  advantage  of  the  defensive 
missile  is  lost.  Under  these  circumstances  present 
theory  is  inadequate  because  the  problem  becomes  a 
nonlinear  one.  A study  was  undertaken  to  generalize 
previous  theory  by  exploiting  the  intentional  use  of 
nonlinearities  as  a means  of  minimizing  miss  distances. 

Present  theory  dealing  with  noise  contamination  is 
restricted  to  systems  whose  design  constants  do  not  vary 
with  time  of  flight.  However,  many  systems  have  time- 
varying  constants.  Studies  have  been  carried  out  to 
enlarge  the  scope  of  the  theory  so  as  to  be  applicable 
to  these  systems.  Factors  considered  were  target  eva- 
sive maneuver,  radar  glint  noise,  missile  maneuver- 
ability, and  the  inherent  time-varying  character  of  the 
missile  maneuvers.  The  results  of  this  and  the  pre- 
ceding filter  studies  are  applicable  to  many  aircraft 
interception  systems. 

The  problem  of  storing  air-to-air  missiles  on  parent 
airplanes  has  led  to  the  consideration  of  wingless  or 


very  low  aspect  ratio  missiles.  These  missiles  rely  on 
body-lift  capabilities  for  maneuvering  which  require 
large  pitch  and  yaw  angles.  The  effects  of  these  large 
angles  on  the  performance  of  a navigation  system  was 
investigated  analytically.  It  was  shown  that  a prob- 
lem requiring  careful  attention  is  space  stabilization 
of  the  radar  antenna  against  body  motions. 

Guidance  and  control  requirements  for  antiballistic 
missiles  haA^e  been  investigated,  considering  both  aero- 
dynamic and  reaction  controls.  Two  types  of  inter- 
ception were  considered;  one  in  which  the  relative- 
approach  speed  is  small  compared  with  the  target 
speed,  and  the  other  where  the  relative-approach  speeds 
are  extremely  large  as  would  be  associated  with  head-on 
interception.  As  part  of  this  study,  roll  stabilization 
of  hypersonic  vehicles  was  investigated.  Considered 
were  the  effects  of  large  fuel  expenditures  and  large 
dynamic  pressure  variations. 

Aircraft  and  Spacecraft 

Flight  control  studies  of  current  high-performance 
airplanes  and  advanced  airplane-design  concepts  have 
included  ways  and  means  of  providing  automatically 
stability  and  control  characteristics  acceptable  to  the 
human  pilot  for  specific  tasks  such  as  landing  and  tar- 
get tracking,  and  completely  automatic  flight-control 
where  improved  mission  performance  dictates. 

Slow  airplane  response  to  various  control  commands 
such  as  roll,  yaw,  and  throttle  adversely  affects  the 
pilot’s  ability  to  control  an  airplane  in  landing  ap- 
proaches. Flight  studies  conducted  in  smooth  and 
rough  air  with  an  airplane  modified  to  provide  artificial 
variation  of  roll  and  yaw  damping  have  provided 
boundaries  defining  acceptable  levels  of  damping  and 
control  response.  Flight  studies  have  also  shown 
automatic  throttle  control  to  be  a promising  way 
of  allowing  reduced  speeds  in  landing-approach 
maneuvers. 

In  many  high-performance  airplanes  it  is  possible 
for  the  pilot  to  exceed  inadvertently  the  design  loads 
in  accelerated  and/or  high  angle-of- attack  maneuvers. 
Analytical  and  ground  simulator  studies  of  an  elevator- 
motion  braking  device  actuated  by  normal  acceleration, 
pitching  acceleration,  and  pitching  velocity  signals 
were  extended  to  flight.  The  flight  studies  indicate 
that  inadvertent  accelerations  will  be  limited  to  toler- 
able levels. 

Other  studies  have  resulted  in  the  development  of  a 
method  of  predicting  the  relative  severity  of  pitchup 
and  the  effects  of  aerodynamic  modifications  and 
stability  augmentation  devices  on  several  supersonic 
airplanes  with  pitchup  problems.  An  automatic 
pitchup  control  system  incorporating  an  angle-of-at- 
tack  sensing  device  to  retrim  the  horizontal  stabilizer 
as  the  “pitchup  region”  is  approached  and  entered  has 
alleviated  the  pitchup  considerably  on  a test  airplane. 
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To  increase  the  utilization  of  computer  systems  car- 
ried on  aircraft,  it  has  been  thought  that  some  func- 
tions need  not  be  carried  as  continuous  processes  but 
could  be  handled  intermittently  on  a time-sharing  basis. 
Studies  of  yaw  and  pitch  stabilization  have  led  to  the 
belief  that  discontinuous  control  systems  could  reduce 
complexity  and  system  power  requirements  of  airplane 
automatic  control  systems.  A study  has  been  made 
of  the  application  of  sampled -data  theory  to  an  air- 
plane with  an  altitude  control  system.  A better  under- 
standing of  switching  criteria  has  been  obtained  and 
should  lead  to  useful  design  techniques. 

On  future  airplane  designs  it  may  be  necessary  to 
tolerate  marginal  levels  of  static  and/or  dynamic 
stability  for  reasons  of  performance  improvement  and 
to  obtain  desired  characteristics  by  stability  augmenta- 
tion. The  problem  of  marginal  flight  control  charac- 
teristics when  the  primary  stability  augmentation 
system  fails  has  been  studied  to  determine  whether  the 
pilot  can  cope  with  the  emergency  or  whether  secondary 
systems  must  be  provided. 

An  airplane  which  can  have  its  longitudinal  dynamic 
I'esponse  and  control  system  characteristics  varied  has 
been  utilized  in  a study  of  control  system  dynamics. 
Similar  studies  have  been  made  on  a ground-based  sim- 
ulator. Insight  has  been  gained  regarding  the  desired 
dynamics  of  longitudinal  control  systems  for  airplanes 
varying  from  transport  types  to  those  proposed  for 
atmospheric  entry  vehicles. 

Studies  of  airplane  control  systems  where  the  pilot 
controls  the  airplane  through  commands  to  an  auto- 
matic pilot  were  extended  to  take  into  consideration 
flight  in  rough  air  and  flight  at  negative  static  stability 
margins  as  may  be  encountered  at  subsonic  speeds  by 
hypersonic  designs.  The  systems  involving  angular- 
rate  command  and  normal-acceleration  command  ap- 
pear to  be  able  to  cope  with  small  degrees  of  longi- 
tudinal instability. 

The  use  of  information  derived  from  airborne  radar 
equipment  tracking  a target  at  the  end  of  a runway 
to  assist  in  making  an  automatically  controlled  ap- 
proach has  been  studied  analytically.  Such  systems 
would  eliminate  the  need  for  auxiliary  ground  equip- 
ment as  employed  in  present  landing  control  systems 
and  make  use  of  radar  equipment  already  carried  on 
many  airplanes  for  other  purposes.  A usable  airplane 
control  scheme  has  been  devised. 

Flight  and  analytical  research  has  continued  on 
tracking  control  problems  of  current  and  projected  in- 
terceptor airplanes.  Studies  included  consideration  of 
computer  and  radar  display  parameters  for  manual- 
mode  tracking  and  study  of  factors  that  affect  flight 
path  stability  and  aiming  accuracy  in  attacks  with  an 
automatically  controlled  interceptor,  including  con- 
sideration of  system  changes  to  improve  performance 


against  maneuvering  targets.  Studies  were  also  made 
of  the  effects  of  high  closing  rates  with  consideration 
of  the  effects  of  interceptor  maneuverability  on  guid- 
ance systems  designed  for  interception  in  collision 
course  attacks,  and  of  an  automatically  controlled  in- 
terceptor using  bank-angle-error  for  lateral-control 
commands. 

Piloting  problems  in  exit  and  entry  of  manned  flight 
from  the  atmosphere  of  the  earth  expose  the  pilot  to 
an  acceleration  environment  beyond  his  past  experience. 
A joint  N AC  A- contractor-military  service  program  in 
support  of  the  X-15  airplane  program  was  conducted 
in  a centrifuge  to  determine. the  effects  of  typical  exit 
and  entry  acceleration  time  histories  on  pilots’  ability 
to  control  the  airplane.  Specific  factors  considered 
were  airplane  stability  augmentation  and  flight  data 
presentation  to  the  pilot.  Other  studies  with  hyper- 
sonic airplane  type  configurations  have  involved  the 
use  of  a ground-based  flight  simulator  to  investigate 
damping  requirements  with  regard  to  longitudinal, 
lateral-directional,  and  roll  modes  of  motion. 

Prediction  of  the  dynamic  behavior  of  large  vehicles 
representative  of  ballistic  missiles,  hypersonic  aircraft, 
or  spacecraft  during  boost  is  complicated  by  the  char- 
acteristic lightweight,  flexible  structure,  and  the  large 
variable  internal  mass.  In  order  to  understand  the 
stability  and  control  problems  of  this  class  of  vehicle, 
studies  were  undertaken  considering  autopilot  and 
thrust  control  response,  aerodynamic  forces,  fuel 
sloshing,  and  structural  elasticity.  These  studies  have 
given  some  insight  to  the  problem  of  automatically 
stabilizing  complete  high-performance  vehicle  systems. 
Also  the  effects  of  reaction  controls  on  the  automatic 
stability  control  and  orientation  of  these  types  of  ve- 
hicles have  been  studied  in  the  flight  regimes  where 
low  air  density  makes  conventional  aerodynamic  con- 
trols ineffective. 

The  flight  dynamics  of  vehicles  reentering  the  earth’s 
atmosphere  must  be  such  that  the  vehicle  does  not 
exceed  limiting  attitude  angles  associated  with  aero- 
dynamic heating  and/or  other  structural  considerations. 
Studies  have  been  conducted  to  determine  the  degree 
of  inherent  aerodynamic  or  artificial  stability  required 
for  typical  bodies.  Studies  have  also  been  made  of  the 
possible  utilization  of  a man  aboard  a satellite  for 
piloting  purposes.  Considered  were  flight-data  instru- 
mentation as  well  as  vehicle  stabilization  and  control 
requirements. 

Preliminary  considerations  indicate  that  certain 
types  of  satellites  will  require  accurate  placement  in 
orbit  and  accurate  control  of  attitude.  In  a generalized 
investigation  of  satellite  stabilization  and  control,  con- 
sideration was  given  to  such  matters  as  the  earth’s  force 
fields,  internal  power  requirements  and  sources,  con- 
trol and  sensing  devices,  and  initial  placement  of  the 
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Electronic  Simulator  Explores  Piloting  Problems 


Cockpit  in  left  background  which  is  free  to  rotate  in  pitch  and 
roll,  coupled  with  electronic  equipment  in  foreground,  con- 
stitutes one  of  a number  of  flight  simulators  which  enable 
study  of  piloting  and  control  problems  of  high  speed  flight. 
In  view  of  the  safety  and  economy  of  simulators  their  use 
is  becoming  widespread. 

satellite  in  the  design  orbit.  The  matter  of  attitude 
control  was  given  special  consideration.  Control  sys- 
tems considered  include  hydrogen  peroxide  jets,  inertia 
wheels,  and  permanent  magnets  that  react  with  the 
magnetic  field  of  the  earth. 

LOW-SPEED  AERODYNAMICS 

VTOL  and  STOL  Aircraft 

Emphasis  in  the  field  of  VTOL  and  STOL  aircraft 
has  shifted  somewhat  from  basic  configuration  studies 
to  the  broader  problem  of  performance  and  stability 
of  complete  configurations.  Dynamic  models  of  two 
propeller-driven,  tilt-wing  experimental  aircraft  have 
been  tested  to  determine  the  behavior  of  the  aircraft 
during  the  transition  from  hovering  to  forward  flight. 
Jet-powered  models  of  the  tilting-engine  and  tilting- 
wing-and-engine  types  have  also  been  flown.  Full- 
scale  wind-tunnel  tests  of  an  unloaded  rotor-type  con- 
vertiplane  have  been  made  to  investigate  the  vibration 
characteristics  of  the  wing-pylon-rotor  combination. 
In  addition  to  free-flight  model  and  wind-tunnel  tests 
of  VTOL  and  STOL  aircraft,  the  NACA  is  becoming 
engaged  in  flight  tests  of  test-bed  VTOL/STOL  air- 
craft to  investigate  handling  qualities  as  well  as  sta- 
bility and  control  characteristics. 

Interest  continues  in  a wide  variety  of  VTOL/STOL 
applications  involving  both  propellers  and  jet  power 
plants.  Recent  investigations  of  a deflected  slip-stream 
model  showed  that  improved  hovering  efficiency  is  ob- 
tained when  the  number  of  propellers  along  the  wing- 
span is  increased,  even  when  some  overlapping  of  the 
propellers  becomes  necessary.  The  large  amount  of  in- 


formation now  available  on  deflected  slipstreams  has 
been  used  as  the  basis  for  a semiempirical  procedure  for 
predicting  lift  and  drag  in  transition  of  this  type  of 
vehicle. 

Shrouded-propeller  applications  in  the  form  of  a 
stand-on  aircraft  and  multiple-fan  “flying  jeeps”  are 
also  being  investigated  in  model  flight  tests.  These 
include  investigation  of  the  stability  and  control  char- 
acteristics of  two-  and  four-propeller  arrangements  in 
both  shrouded  and  unshrouded  configurations.  A sup- 
porting program  involves  force  tests  of  the  same 
models.  Initial  flight  tests  with  the  two-propeller 
model  showed  that  it  required  roll  stabilization  in 
hovering  flight.  As  forward  speed  increased,  increas- 
ing amounts  of  roll  stabilization  were  required.  The 
flight  tests  also  showed  that  a greater  angle  of  inclina- 
tion was  required  to  achieve  a given  forward  speed 
than  was  anticipated. 

Jet  Flaps 

Research  on  providing  greater  lift  in  order  to  im- 
prove the  landing  and  takeoff  performance  of  airplanes 
is  continuing,  with  a significant  portion  of  the  effort 
directed  toward  the  augmentation  of  lift  by  means  of 
the  jet-flap  principle.  Although  some  attention  is  still 
being  given  to  refinement  of  methods  of  providing  lift 
by  suitable  location  of  the  jet  exhaust  on  the  wing  pro- 
file and  to  the  effect  of  flap  span,  increased  emphasis 
is  being  placed  on  studies  of  the  stability  and  control 
characteristics  of  complete  configurations  and  on  noise 
suppression  possibilities  of  the  various  arrangements. 
In  addition  to  low-speed  wind-tunnel  studies,  free- 
flying  models  are  being  used  to  study  the  dynamic  sta- 
bility and  control  characteristics  of  jet-flap  arrange- 
ments flying  at  high-lift  coefficients.  In  these  studies 
various  methods  of  providing  longitudinal  trim  and 
control  are  being  used  including  downward-directed 
fuselage  nose  jets,  jet-augmented  flaps  on  canard  sur- 
faces, and  various  tail  sizes  and  locations.  Models  of 
conventional  jet-transport-type  configurations  with  jet 
flaps  have  been  flown  at  lift  coefficients  up  to  12,  using 
a nose  jet  for  trimming. 

Two  other  jet-flap  areas  receiving  attention  are  cruise 
performance  and  the  large  loss  of  lift  in  ground  effect. 
Research  on  the  ground  proximity  problem  is  con- 
tinuing in  static  wind-tunnel  studies  and  is  being  ex- 
tended to  include  takeoffs  and  landings  with  flying 
models.  High-speed  cruise  performance  studies  have 
shown  that  the  lift  can  be  increased  by  blowing  down- 
ward through  closely  spaced  holes  along  and  near  the 
trailing  edge. 

Propellers 

Among  the  several  means  of  achieving  VTOL  opera- 
tion of  airplanes  is  the  tilting  propeller  concept.  Pro- 
peller data  (performance  and  stress)  are  rather  lim- 
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ited  at  high  angles  of  attack.  To  attack  the  problem 
of  obtaining  full-scale  propeller  data  under  conditions 
typical  of  YTOL  operation,  a 3,000-horsepower  tilting 
dynamometer  has  been  put  in  operation,  enabling  the 
determination  of  isolated  propeller  characteristics  un- 
der full-scale  YTOL  conditions  in  a wind  tunnel.  This 
includes  operation  at  angles  of  attack  up  to  90°,  cor- 
responding to  hovering  and  low -speed  forward  flight, 
and  also  at  180°  corresponding  to  descending  flight. 
The  characteristics  measured  include  not  only  conven- 
tional propeller  coefficients  but  also  levels  of  blade 
stresses  encountered  during  the  unconventional  operat- 
ing conditions.  The  first  propeller  type  studied  had 
flapping  blades  designed  with  the  intention  of  allevi- 
ating the  1-P  stresses  encountered  during  high  angle- 
of-attack  operation  and  to  permit  a lighter  propeller, 
although  at  the  expense  of  a more  complicated  hub.  In 
descent  conditions  the  propeller  had  flapping  insta- 
bility introducing  unacceptably  large  stresses. 

Increasing  interest  in  shrouded  propellers  for  YTOL 
aircraft  has  prompted  questions  concerning  their  op- 
eration at  zero  forward  speed  and  low  forward  speeds 
at  high  angles  of  attack.  Performance,  efficiency,  and 
general  design  information  is  being  gathered  on  a series 
of  shrouded  propellers  from  zero  forward  speed  to  high 
subsonic  forward  speeds,  and  from  angles  of  attack 
from  0°  to  90°.  In  addition,  a systematic  investiga- 
tion has  been  started  to  determine  the  low-speed  and 
hovering  characteristics  of  shrouded  propellers  operat- 
ing in  the  presence  of  wings  and  in  the  chord  plane  of 
wings. 

An  investigation  of  the  aerodynamic  characteristics 
of  propellers  designed  for  transonic  forward  speeds  is 
essentially  complete,  utilizing  a propeller  research  air- 
plane. Three  propellers  were  tested  in  conjunction 
with  several  spinners.  Two  propellers  were  designed 
for  a forward  Mach  number  of  0.95  and  the  third  for 
a Mach  number  of  0.82.  The  first  was  a true  super- 
sonic propeller ; the  second  a modified  supersonic  pro- 
peller; and  the  third,  a transonic  propeller.  Efficien- 
cies as  high  as  80  percent  were  measured  at  a forward 
Mach  number  0.95  with  the  supersonic  propellers. 
Minimum  thickness-ratio  distribution  was  determined 
to  be  the  most  important  parameter  in  the  design  of 
propellers  for  transonic  forward  speed.  Although  all 
the  propellers  were  noisy,  the  investigation  indicated 
that  supersonic  propellers  provide  an  attractive  means 
of  propulsion  for  long-range  airplanes  in  which  econ- 
omy of  operation,  flexibility,  and  high  static  thrust  are 
important. 

SEAPLANES 

Hydrodynamic  research  of  both  a basic  and  applied 
nature  is  progressing  toward  improving  hydroski  and 
hydrofoil  development  as  well  as  seaplane  configura- 
tion development  having  improved  supersonic  perform- 


ance. At  the  same  time  a substantial  amount  of 
research  has  been  initiated  on  underwater-launched 
missiles  and  on  the  water  recovery  or  landing  of 
manned  spacecraft  and  hypersonic  boost-glide  vehicles. 

Hydroskis 

Fundamental  research  on  hydroskis  in  the  submerged 
and  planing  regimes  has  continued  with  the  derivation 
of  a unified  method  for  calculating  the  lift  of  a rec- 
tangular flat  plate  in  both  regimes.  Experimental  in- 
vestigations are  likewise  continuing  on  the  effects  of 
upper  surface  camber  on  a submerged  surface  and  of 
longitudinal  convexity  on  the  bottom  of  a planing  sur- 
face. Studies  have  been  made  of  the  characteristics 
of  a submerged  liydroski  having  a shape  easily  adapt- 
able to  practical  construction  methods,  suitable  means 
of  reducing  the  spray  of  such  elements  during  emer- 
gence and  planing,  and  the  influence  of  mutual  wakes 
in  multiple  liydroski  installations.  Applications  of 
the  ski  concept  have  been  investigated  on  models  of 
fighter  aircraft,  guided  missiles  as  a recovery  device, 
and  hull-type  seaplanes  as  a load-alleviating  device. 

Superactivating  Hydrofoils 

The  new  concept  of  using  supercavitating  hydrofoil 
sections  on  water-based  aircraft  elements  to  combat  the 
adverse  effects  of  high  water  speeds  has  been  vigorously 
pursued  both  theoretically  and  experimentally.  Ana- 
lytical methods  for  dealing  with  ventilated  as  well  as 
supercavitated  flows,  effects  of  aspect  ratio,  depth  of 
submersion,  and  development  of  optimum  sections  have 
been  derived  and  verified  by  model  tests.  Design  charts 
to  facilitate  routine  use  of  the  theory  have  been  devised. 
The  physical  process  of  ventilation  is  becoming  better 
understood  by  the  use  of  new  methods  to  visualize  the 
complex  flows  associated  with  this  phenomenon.  At- 
tention is  being  given  to  practical  application  by  in- 
vestigation of  structurally  sound,  surface- piercing 
arrangements  such  as  highly  tapered  monoplanes,  bi- 
planes, and  cascades  with  end  plates.  A specific  appli- 
cation of  two  supercavitating  hydrofoil  systems  is 
being  investigated  with  a model  of  a full-scale  test- 
bed airplane.  The  ability  to  accept  highly  cavitated 
flows  at  high  water  speeds  gained  in  the  research  on 
hydrofoils  has  also  led  to  investigation  of  supercavitat- 
ing principles  applied  to  underwater  missiles. 

Hull-Type  Seaplanes 

Research  on  hydrodynamic  configurations  and  evalu- 
ations of  advanced  water-based  aircraft  concepts  or 
preliminary  design  configurations  has  remained  a sub- 
stantial part  of  the  hydrodynamic  effort.  With  increas- 
ing interest  in  hydro-ski  and  hydrofoil  solutions,  the 
continued  usefulness  and  versatility  of  the  flying-boat 
hull  have  not  been  neglected.  Experimental  investiga- 
tions have  been  continued  in  this  area  over  a wide  range 
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of  requirements  from  the  very  low  landing  speeds  as- 
sociated with  antisubmarine  warfare  seaplanes  to  the 
very  high  landing  speeds  associated  with  supersonic 
attack  aircraft.  The  configurations  of  interest  have 
included  those  of  large  transonic  transport  aircraft, 
bomber  aircraft,  and  small  supersonic  interceptor  air- 
craft. In  one  series  of  tests  of  supersonic  attack 
bomber- type  configurations,  attention  has  centered 
on  means  of  obtaining  spray  clearance  for  air-breathing 
engine  intakes  and  various  hydrodynamic  features  for 
water  takeoffs  and  landings.  An  investigation  to  deter- 
mine the  comparative  rough-water  capabilities  of  hulls, 
skis,  and  hydrofoils  for  such  aircraft  is  also  in  progress. 

Recovery  of  Spacecraft  and  Hypersonic  Glide 
Vehicles 

New  horizons  in  the  evolution  of  water-based  aircraft 
have  appeared  in  the  form  of  manned  hypersonic  boost- 
glide  vehicles  and  spacecraft  which  must  be  safely 
“ditched”  or  recovered  after  flight  outside  the  atmos- 
phere. Hydrodynamic  investigations  have  accordingly 
been  initiated  of  the  water  landing  characteristics  of 
typical  satellite  vehicles,  including  both  liigh-drag 
winged  and  wingless  reentry  types.  It  is  antici- 
pated that  through  further  research,  the  decelera- 
tions associated  with  water  entiy  in  favorable  areas  on 
the  earth  can  be  kept  within  reasonable  human  and 
structural  tolerances. 

Hydrodynamic  Facilities 

Investigation  of  the  use  of  a small  high-speed  water 
jet  to  obtain  fundamental  hydrodynamic  data  has  been 
completed.  It  was  concluded  that  the  use  of  a simple 
slotted  boundary  for  such  a jet  reduced  the  boundary 
corrections  on  planing  lift  to  a point  where  direct  agree- 
ment with  towing  tank  data  could  be  obtained  at  high 
speeds  for  a wide  range  of  test  conditions.  An  im- 
proved towing  carriage  for  the  Langley  high-speed 
hydrodynamic  facility  is  being  provided  to  increase 
the  range  of  water  speeds  available  by  conventional 
tank  procedures. 

ROTARY  WING  AIRCRAFT 
Performance 

The  extension  of  basic  rotor  theory  in  accordance 
with  anticipated  state-of-the-art  changes  has  been  a 
continuing  process.  Current  efforts  relate  primarily  to 
clarification  of  rotor  force  and  blade-flapping  phe- 
nomena for  the  severe  flight  conditions  brought  about 
by  the  considerable  increases  in  installed  power  which 
are  evident  in  new  designs.  This  work  utilizes  pub- 
lished numerical  procedures,  in  conjunction  with  elec- 
tronic computers  and  full-scale  experimental  setups. 

Limitations  of  helicopter  speed  due  to  i*e treating 
blade  stall  have  been  largely  based  on  pilot  reactions 


to  roughness  caused  by  the  blade  stall.  A technique 
has  been  developed  whereby  the  beginning  of  this  blade 
stall  can  be  detected  readily  under  high  forward-speed 
conditions.  This  is  accomplished  by  monitoring  blade- 
pitching moments  and  power  input  so  that  blade  stall 
can  occur  to  a measurable  but  not  catastrophic  degree. 
As  a consequence,  it  has  been  possible  to  establish  the 
allowable  increase  in  forward  speed  for  a rotor  of  a 
tandem  helicopter  resulting  from  a change  in  blade 
section  from  a symmetrical  to  a cambered  section.  A 
20-  to  25-percent  increase  in  forward  speed  at  the  same 
weight  or  a 15-percent  increase  in  gross  weight  appears 
possible. 

Investigations  are  in  progress  to  determine  the  static 
aerodynamic  characteristics  of  helicopter  rotors  operat- 
ing at  tip  speeds  up  to  900  fps.  The  effects  of  centrifu- 
gal forces  on  the  rotor-blade  boundary  layer,  tip  flow 
field,  and  varying  stall  or  compressibility  areas  over  the 
rotor  in  forward  flight  are  also  being  studied.  Rotors 
having  a wide  range  of  blade-thickness  ratios,  thickness 
form,  and  leading-edge  radius  have  been  tested.  These 
investigations  have  resulted  in  successful  attempts  to 
“synthesize”  airfoil  data  from  rotating  rotor  tests. 
Such  data  are  expected  to  provide  greater  accuracy  in 
the  calculation  of  the  forward  flight  characteristics  of 
rotors  operating  at  high  tip  speeds. 

Vibration 

As  helicopters  have  become  larger  and  more  flexible, 
the  magnitude  of  the  vibrations  associated  with  them 
has  increased.  The  use  of  the  helicopter  for  longer 
military  missions  and  the  increasing  use  of  helicopters 
in  civil  applications  have  made  the  present  vibration 
levels  an  increasingly  serious  matter.  The  designer  is 
frequently  unable  to  predict  vibration  sources  and  to 
provide  methods  of  alleviation. 

As  a result  of  the  increasing  importance  of  this  prob- 
lem, a flight  investigation  was  made  to  measure  the 
vibration  encountered  by  a specially  equipped  tandem 
helicopter.  The  first  phase  of  the  project  involved  the 
development  of  a method  for  measuring  rotor  blade, 
fuselage-coupled  frequencies  in  flight.  The  technique 
involved  the  use  of  a mechanical  shaker  mounted  in  the 
helicopter.  The  results  indicated  that  the  method  de- 
veloped would  provide  a satisfactory  means  for  flight 
testing  of  prototype  helicopters  for  coupled  frequency 
effects. 

The  project  was  extended  to  include  the  measurement 
of  relative  aerodynamic  inputs  for  several  flight  con- 
ditions, of  vibration  effects  due  to  blade  out-of-track, 
and  flight  vibration  mode  shapes,  through  use  of  mag- 
netic tape  data  recording.  Vibration  was  only  slightly 
increased  when  the  blade  out-of-track  was  less  than  1 
inch.  However,  as  the  out-of-track  increased  to  slightly 
over  2 inches,  the  vibration  became  nearly  intolerable. 
These  efforts  have  not  resulted  in  a state  of  knowledge 
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which  will  permit  satisfactory  prediction  and  reduction 
of  helicopter  vibrations;  however,  use  of  the  research 
technique  holds  promise  for  the  attainment  of  this  goal. 

Stability  and  Control 

Stability  and  control  studies  utilizing  a variable- 
stability  helicopter  have  succeeded  in  determining  the 
degree  of  improvement  attainable  by  increased  damping 
and  control  power  during  instrument- flight  landing 
approaches. 

Low  airspeed  flights,  including  efforts  to  hover  over 
a ground  reference,  have  been  conducted  under  simu- 
lated instrument  conditions  with  a single-rotor  heli- 
copter having  electronic  autopilot- type  components 
which  permit  alteration  of  the  apparent  (to  the  pilot) 
stability  and  control  characteristics  of  the  helicopter. 
By  means  of  these  components,  systematic  variations  in 
such  parameters  as  control  power,  damping  in  roll,  yaw 
and  pitch,  stick  force  gradient  and  stabilization  about 
each  axis  can  be  evaluated  singly  or  in  combination. 
The  results  confirm  earlier  work  showing  that  improve- 
ments in  handling  qualities  result  with  increases  in 
damping.  Also  there  is  a large  range  of  damping  values 
within  which  desirable  control  powers  are  independent 
of  the  damping.  However,  as  the  damping  is  increased, 
the  allowable  maximum  control  power  tends  to  increase. 


A device  that  supplies  signals  to  the  pilot’s  instru- 
ments to  indicate  helicopter  position  and  rate  of  change 
of  position  with  respect  to  a ground  reference,  as  well 
as  helicopter  altitude  over  the  ground,  has  been  con- 
structed. The  purpose  of  the  device  is  to  permit  hover- 
ing on  instruments  so  that  handling  qualities  in  hovering 
may  be  investigated.  An  additional  device  is  also  being 
constructed  which  will  provide  position  and  rate  signals 
to  the  pilot  in  the  form  of  stick  forces. 

Current  efforts  to  assist  in  modernization  of  military 
flying  qualities  specifications  for  helicopters  serve  to 
emphasize  both  the  value  of  the  damping  and  control- 
power  work  completed  and  the  need  for  more  informa- 
tion ; for  example,  how  to  apply  the  results  established 
for  helicopters  of  typical  size  to  size  extremes  which  can 
range  from  250  to  100,000  pounds  gross  weight.  As 
one  step  in  learning  possible  effects  of  size,  and  also  the 
effects  of  gross  changes  in  the  ratio  of  rotor  inertia  to 
aircraft  inertia,  brief  tests  have  recently  been  com- 
pleted with  a tip-jet-driven  helicopter  of  far  smaller 
size  but  of  higher  relative  rotor  inertia  than  any  pre- 
viously tested.  Certain  beneficial  effects  related  to  high 
rotor  inertia  were  readily  apparent  and  led  to  additional 
comparative  tests  with  more  typical  designs.  Correla- 
tion of  these  results  with  those  obtained  with  other 
larger  helicopters  is  continuing. 


POWERPLANTS 


During  the  past  year,  the  NACA  increased  its  effort 
on  studies  of  those  powerplants  believed  to  have  po- 
tential as  space  propulsion  systems  and  secondary  power 
sources.  The  first  results  were  presented  at  the  NACA 
1957  Flight  Propulsion  Conference,  given  at  Cleveland 
in  November  1957,  1 month  after  Sputnik  I.  This  clas- 
sified conference  encompassed  analyses  of  space  mis- 
sions, chemical  propulsion  systems,  nuclear  propulsion 
systems,  electrical  propulsion  systems,  auxiliary  power 
systems,  and  propellants. 

The  conference  also  presented  an  NACA  survey  and 
assessment  of  air-breathing  engines  required  for  a “next 
generation”  of  airborne  vehicles.  Data,  technology,  re- 
search requirements  and  potential,  with  reference  to 
turbojet  and  ramjet  engines  for  flight  from  Mach  4 to 
Mach  18  were  discussed. 

SPACE  PROPULSION 

Analyses  of  satellite  space  vehicle  problems  and  in- 
terplanetary space  missions  have  been  made.  These 
analyses,  while  based  on  present  knowledge  and  there- 
fore very  preliminary,  have  led  to  certain  broad  con- 
clusions concerning  the  relative  merits  of  various  pro- 
pulsion and  auxiliary  power  systems  and  have  helped 
to  delineate  the  many  areas  of  propulsion  research  that 
will  be  of  increasing  importance  for  space  applications. 

Auxiliary  Electric  Power 

Systems  using  solar  energy  (solar  batteries  and  solar 
turboelectric  systems)  involve  the  least  weight  for  power 
requirements  up  to  a few  kilowatts,  provided  almost- 
continuous  operation  in  the  sun  is  possible.  If  only 
half  time  is  spent  in  the  sun,  a number  of  systems  are 
competitive,  including  radioisotope  hydrogen-oxygen 
cells  and  radioisotope  turboelectric  systems.  The  nu- 


Figure  1. — Weights  for  kilowatts  of  electrical  power. 


clear  turboelectric  system  without  shielding  is  also  com- 
petitive in  this  range  of  power,  but  shielding  require- 
ments, particularly  for  manned  vehicles,  may  rule  it 
out.  Chemical  batteries  are  competitive  weightwise 
only  for  durations  of  operations  of  the  order  of  a few 
days.  The  required  voltage  must  also  be  considered  in 
selecting  auxiliary  power  systems.  (Figs.  1 and  2.) 

Satellite  Sustainers  and  Orbit  Control 

For  periods  of  operation  of  the  order  of  100  to  200 
days  or  less,  a low-thrust  chemical  rocket  can  provide 
the  required  propulsive  energy  without  excessive  weight 
penalty  relative  to  electric  systems.  Particularly,  if 
rapid  orbit  changes  are  required,  the  chemical  rocket 
seems  to  be  the  only  feasible  propulsion  system.  For 
very  long  durations,  or  for  permanent  satellites,  electric 
propulsion  systems  using  solar  energy  or  nuclear  energy 
require  less  initial  weight  or  resupply  weight  than  chem- 
ical rockets. 

Lunar  and  Mars  Journeys 

Many  missions  involving  trips  to  the  Moon  and  Mars 
can  be  accomplished  without  excessive  weight  penalty 
with  high  performance  chemical  rockets.  These  mis- 
sions include  one-way  instrumented  journeys  to  the 
Moon  and  Mars,  and  manned  trips  to  the  Moon.  Elec- 
tric propulsion  systems  seem  undesirable  for  the  Moon 
trip  because  of  the  long  times  required  for  the  journey 
compared  with  those  required  for  high-thrust  rockets. 
For  manned  trips  to  Mars,  however,  electric  propulsion 
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Figure  2 . — Auxiliary  power  from  nuclear  turbo-electric 
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systems  require  only  moderately  more  time  for  the  com- 
plete journey  than  the  chemical  rocket,  and  their  ad- 
vantage in  initial  weight  becomes  greater  and  greater 
as  the  size  of  the  expedition  increases.  Of  the  electric 
systems  considered,  the  nuclear  turboelectric,  the  solar 
turboelectric,  and  possibly  the  fusion-powered  systems 
are  capable  of  supplying  the  required  electric  power 
with  sufficiently  low  weight.  Of  the  thrust  generators 
considered,  the  ion-electric  accelerator  appears  to  be 
most  promising  on  the  basis  of  current^  technology. 
(Fig.  3.) 
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Figure  3 . — Electric  spacecraft  for  round  trip  to  Mars. 


The  low-pressure,  high-specific- impulse  nuclear 
rocket  is  competitive  with  electric  systems  for  large- 
scale  Mars  expeditions  and  has  the  advantage  of  higher 
thrust- weight  ratio.  It  has  the  disadvantages  that 
much  higher  temperatures  are  required  than  in  the 
electric  systems  and  that  hydrogen  must  be  used  to 
attain  the  required  high  specific  impulse.  The  latter 
requirement  may  impose  severe  storage  difficulties  for 
long-duration  j ourneys. 

Another  advantage  of  the  electric  system  over  both 
the  nuclear  and  chemical  rockets  is  the  resupply  ad- 
vantage. Since  the  electric  system  has  the  higher 
specific  impulse,  its  propellant  replacement  weight  is 
much  less  than  that  of  the  chemical  and  nuclear  rockets. 


PROPELLANTS 

A continuing  need  exists  for  accurate  and  up-to-date 
theoretical  performance  data  for  a large  number  of 
rocket  propellant  combinations.  A program  for  auto- 
matic computing  equipment  to  permit  calculation  of 
the  theoretical  performance  of  any  rocket  or  ramjet 
propellant  has  been  set  up.  Calculations  of  the  theo- 
retical performance  of  many  propellant  combinations 
are  kept  up  to  date  by  a continual  revision  of  the  ther- 
modynamic data  necessary  as  various  research  organi- 
zations determine  that  data.  (Fig.  4.) 

Although  the  emphasis  on  rockets  has  grown  con- 
siderably, work  has  continued  on  fuels  for  air-breath- 
ing engines,  especially  on  the  problems  of  applying  the 
boron-hydride  fuels. 
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Figure  4. — High  energy  fuels  increase  range. 


COMBUSTION 

Combustion  research  has  been  directed  toward 
studies  of  the  vigorous  combustion  of  high-energy  fuel 
systems  and  rocket  propellant  combinations. 

The  value  of  gas  analysis  as  a diagnostic  tool  for 
turbojet  combustor  research  was  demonstrated.  It  ap- 
pears that  the  technique  may  also  be  of  advantage  in 
rocket  research.  In  the  turbojet  combustor,  estimates 
were  made  of  local,  rather  than  overall,  fuel-air  ratios, 
efficiencies,  and  heat  release  rates. 

With  the  trend  toward  higher  combustion  tempera- 
tures that  are  associated  with  high-flight  Mach  num- 
bers in  air-breathing  systems  and  with  the  use  of  rocket 
engines,  studies  of  the  physical  chemistry  of  the  burned 
gases  are  becoming  more  important.  The  rates  of  re- 
action and  recombination  in  the  burned  gases  are  of 
special  importance  and  are  being  studied.  The  effects 
of  chemical  reaction  on  heat  transfer  from  combustion 
and  other  high-temperature  gases  are  also  under 
investigation. 

Rocket  combustion  is  a complex  phenomenon  involv- 
ing many  simultaneous  physical  and  chemical  processes. 
The  rates  of  individual  processes  have  been  studied  in 
order  to  predict  overall  performance  in  terms  of  the 
slowest  rates.  Detailed  calculations  of  the  evaporation 
rates  of  various  rocket  propellants  have  shown  great 
promise  for  computing  rocket  performance,  and  a meth- 
od relating  the  performance  to  the  quantity  of  liquid 
propellant  vaporized  has  been  devised.  The  relation 
indicates  that  incomplete  vaporization  is  responsible 
for  combustor  inefficiency. 

COMPRESSORS 

Over  the  past  15  years  the  results  of  research  on 
compressors  for  turbojet  engines  have  been  reported  in 
numerous  publications.  In  the  majority  of  instances, 
each  of  these  reports  presents  only  an  incremental  bit 
of  information  which  taken  by  itself  may  appear  to 
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have  only  limited  value.  Taken  altogether  and  prop- 
erly correlated,  however,  this  information  represents 
significant  advances  in  the  design  of  axial  flow  com- 
pressors. The  NACA,  therefore,  has  compiled  and  as- 
similated into  one  report,  virtually  all  of  the  advanced 
axial  flow  compressor  technology. 

During  the  past  year,  primary  emphasis  in  com- 
pressor research  has  been  on  high-performance  tran- 
sonic and  supersonic  compressors  for  supersonic  air- 
craft gas  turbine  engines. 

A method  was  developed  for  the  prediction  of  the 
off-design  performance  of  axial-flow  compressors.  This 
method  is  consistent  with  a framework  of  equations 
and  blade-element  performance  correlations  commonly 
used  in  compressor  design,  and  represents  an  attempt 
to  provide  a more  general  off-design  performance  pre- 
diction procedure  than  “stage-stacking55  techniques 
which  use  assumed  stage  performance  data.  The  per- 
formance of  a rotating  blade  row  was  predicted,  using 
this  method,  and  compared  with  the  experimental  per- 
formance characteristics.  At  rotor- tip  speeds  that  re- 
sulted in  low  relative  inlet  Mach  numbers,  computed 
performance  was  in  good  agreement  with  the  experi- 
mental data.  For  high  speeds,  where  the  basic  cascade 
data  are  not  so  applicable,  a narrower  satisfactory  op- 
erating range  was  predicted  than  was  obtained  ex- 
perimentally. It  is  believed  that  the  discrepancies  can 
be  reduced  by  improvement  of  the  estimation  of  high 
Mach  number  effects  on  blade-element  performance. 

PUMPS 

A major  part  of  the  turbomachinery  research  effort 
has  been  directed  at  the  problems  of  liquid  pumps  for 
rocket  engine  application.  The  objectives  of  this  re- 
search are  to  increase  operating  limits  of  pumps,  to 
reduce  size  and  weight,  and  to  provide  pumps  capable  of 
operating  with  high-energy  propellants.  Initial  re- 
search in  this  area  involved  the  application  of  com- 
pressor design  techniques  to  rocket  pumps.  The  major 
problems  were  considered  to  fall  into  two  categories : 
(1)  cavitation,  and  (2)  allowable  loading  (or  velocity 
gradients)  on  pump  blading.  Fundamental  research 
on  the  phenomenon  of  cavitation  has  been  started,  with 
emphasis  on  cryogenic  fluids.  In  the  category  of  blade- 
loading research,  programs  have  been  started  on  both 
centrifugal  and  axial-flow  pumps,  to  establish  blade- 
loading limits. 

A study  of  flow-starting  transients  in  a rocket  was 
completed.  A configuration  consisting  of  a tank,  suc- 
tion line,  constant  speed  pump  (with  bypass),  variable 
flow-control  valve,  injector,  and  rocket  chamber  was 
analyzed  theoretically.  From  this  study,  it  was  found 
that  the  time  history  of  the  main  flow  control  has  a 
decisive  effect  on  the  inlet  pump  head. 

As  part  of  the  research  program  on  pumping  of 


cryogenics,  a study  was  made  of  the  conditions  existing 
in  a closed  cryogenic  container  that  typified  a rocket 
propellant  tank.  This  study  showed  that  surface 
temperature  controlled  the  pressure  in  a closed  cryo- 
genic container  and  verified  the  existence  of  temperature 
gradients  in  the  liquid. 

TURBINES 

One  phase  of  the  turbine  research  program  considered 
fundamental  aspects  of  turbine  design  and  performance. 
These  studies  are  applicable  to  turbines  for  air-breath- 
ing engines  as  well  as  to  turbodrives  for  rocket  engines. 
As  the  culmination  of  some  of  this  basic  turbine  re- 
search, an  analysis  (with  substantiating  experimental 
data)  was  made  to  establish  turbine  efficiency  in  terms 
of  basic  turbine  design  parameters  for  a range  of  tur- 
bine work  and  speed  requirements  and  for  various  types 
of  turbines. 

A large  part  of  the  turbine  research  effort  was  di- 
rected at  problems  of  turbodrives  for  rocket  applica- 
tions. These  applications  are  characterized  by  very 
high  work  per  pound  of  working  fluid.  The  basic  ob- 
jectives of  the  research  are  to  obtain  high  turbine  effi- 
ciency, to  reduce  turbine  size  and  weight,  and  to  evolve 
turbines  capable  of  operating  in  the  working  gases  of 
rocket  engines  using  advanced  high-energy  propellants. 
The  initial  phases  of  this  turbodrive  research  included 
certain  basic  studies  intended  to  establish  research  needs 
in  the  field.  Analyses  are  being  made  to  establish  the 
effects  of  turbine-inlet  temperature  and  turbine  exhaust- 
gas  thrust  recovery  on  missile  performance.  A method 
was  developed  for  determining  turbine  design  character- 
istics for  rocket  turbodrive  applications.  A facility  is 
being  built  to  determine  the  effect  on  turbine  perform- 
ance of  using  cryogenic  gases  as  the  working  fluid. 

TURBINE  COOLING 

Turbine- coooling  research  was  directed  toward  the 
study  of  air-cooled  turbine  blades  that  will  be  capable 
of  operating  at  gas-temperature  levels  of  500°  F.  or 
more  above  those  temperatures  currently  being  em- 
ployed in  aircraft  gas-turbine  engines. 

Research,  using  full-scale  turbojet  engines  as  test 
vehicles,  was  continued  on  shell-supported  blades  and 
strut-supported  blades.  The  shell-supported  blades 
offer  very  good  heat-transfer  characteristics  and  a rela- 
tively lightweight  blade.  Strut-supported  blades  offer 
very  good  heat-transfer  characteristics  but  are  heavier 
than  shell-supported  blades.  Blades  with  porous  shells 
for  transpiration  cooling  were  also  investigated;  such 
blades  will  theoretically  cool  more  efficiently  than  other 
types  of  blades,  but  control  of  porosity  and  the  obtain- 
ing of  sufficient  strength  in  the  porous  material  are 
major  problems.  (Fig.  5.) 
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Figure  5. — Transpiration  cooled  blade. 


Special  studies  of  the  cooling  problems  in  the  lead- 
ing-edge regions  of  cooled  turbine  blades  were  inaugu- 
rated by  investigating  the  cooling  of  small  airfoils  in 
a tunnel  capable  of  operating  at  gas  temperatures  up 
to  3,000°  F. 

A special  engine  incorporating  an  air-cooled  turbine 
stator  and  rotor  for  making  full-scale  engine  investi- 
gations under  actual  high-temperature  operating  con- 
ditions is  being  prepared  for  operation.  In  order  to 
provide  turbine  blades  for  this  engine,  it  was  necessary 
first  to  investigate  a number  of  problems  such  as  braz- 
ing techniques,  effect  of  brazing  on  material  strength, 
attachment  of  blade  shell  to  blade  base,  and  heat  treat- 
ment, that  are  associated  with  air-cooled  turbine  blades. 
These  problems  have  now  been  resolved,  and  a set  of 
cooled  blades  for  the  engine  has  been  fabricated  and  is 
now  being  instrumented  prior  to  installation  in  the 
engine  for  research  purposes. 

An  analysis  of  heat  transfer  and  flow  in  boundary 
layers  with  variable  fluid  properties  in  the  entrance 
region  of  smooth  tubes  and  flat  plates  was  completed. 
Also  completed  was  an  analysis  on  the  effect  of  variable 
fluid  properties  on  free  convection,  and  an  analytical 
and  experimental  study  of  laminar  heat  transfer  in  a 
vertical  circular  tube  under  combined  forced  and  free 
convection.  A new  method  for  measuring  residual 
stresses  in  disks  was  devised  and  analytically  confirmed. 


ENGINE  CONTROLS 

Emphasis  on  control  research  has  been  directed 
toward  rocket  engines,  together  with  initial  explora- 
tions of  nuclear  rocket  and  other  space  propulsion  sys- 
tems. Research  is  underway  on  rocket  fuel  systems 
with  respect  to  such  items  as  the  dynamic  characteris- 
tics of  long  hydraulic  lines,  dynamics  of  centrifugal 
pumps,  combustion  chamber  pressure  control,  and 
propellant  mixture  ratio  control.  A study  of  the  re- 
quirements of  rocket  engines  and  reaction  devices  for 
control  of  the  trajectory  of  missiles  has  been  initiated. 

A major  effort  is  being  expended  in  an  attempt  to 
correlate  analytical  expressions  for  the  dynamics  of 
rocket  components  and  for  rates  of  propellant  vapor- 
ization with  experimentally  observed  liquid  propellant 
rocket  motor  instability.  The  ultimate  goal  in  this 
work  is  to  permit  accurate  prediction  of  rocket  insta- 
bility and  to  determine  design  criteria  for  rocket  scaling 
and  for  development  of  variable  thrust  rocket  motors. 

An  analysis  of  control  requirements  for  nuclear  turbo- 
jet propulsion  systems  was  initiated.  System  com- 
ponents were  analyzed,  reactor  kinetics  were  simulated 
on  an  analog  computer,  and  nuclear  reactivity  was 
determined. 

The  dynamic  response  of  supersonic  diffusers  to  dis- 
turbances in  downstream  conditions  was  analyzed. 
The  analysis  included  the  shock  motion  in  the  diffuser 
as  a function  of  downstream  pressure  disturbances,  and 
the  response  of  subsonic  diffuser  pressures  to  disturb- 
ances in  fuel  flow  for  ramjet  engines.  The  analysis 
relates  the  various  dynamics  to  the  particular  operating 
conditions  and  to  the  physical  dimensions  of  the  system 
considered,  and  thereby  makes  possible  control  design 
prior  to  physical  testing  of  the  system. 

Turbojet  engine  performance  was  investigated  ex- 
perimentally with  several  configurations  of  interacting 
multiple  loop  controls  to  determine  the  mode  of  control 
required  for  obtaining  optimum  rotor  speed  and  turbine 
discharge  temperature  transient  response  character- 
istics during  (1)  thrust  increase  and  (2)  afterburner 
ignition,  with  manipulation  of  engine  fuel  flow  and 
exhaust  nozzle  area.  Good  engine  transient  perform- 
ance, near  the  design  point,  was  obtained  with  a control 
system  in  which  engine  speed  was  controlled  by  exhaust 
nozzle  area  and  the  turbine-discharge  temperature  was 
controlled  by  manipulation  of  the  engine  fuel  flow. 

POWERPLANT  MATERIALS 

High  Temperature  Alloys 

Despite  the  extensive  test  work  done  in  the  past  which 
has  established  good  correlations  between  stress-rupture 
data  in  the  laboratory  and  service  life  in  engines,  several 
questions  have  remained  unanswered.  One  concerns  the 
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effect  of  “overtemperature55  operation  on  the  life  of 
turbine  blades.  Since  the  stress-rupture  life  of  the 
material  may  be  shortened  by  overtemperature  in  a 
stress-rupture  test,  does  it  follow  that  engine  life  is 
affected  by  overtemperature  operation?  Does  reheat 
treating  the  blades  help? 

To  answer  these  questions,  a recent  study  was  made  of 
S-816  (a  cobalt-base  alloy)  blades  overtemperatured  in 
J-47  engines.  An  example  of  one  of  the  conditions  of 
overtemperature  encountered  was  engine  overspeed  by 
4 percent,  with  tailpipe  temperature  about  200°  F.  over 
normal,  for  an  unknown  period  of  time.  These  blades 
were  removed  from  service  and  tested  in  a laboratory 
J-47  engine  under  repeated  cycles  of  15  minutes  rated 
and  5 minutes  idle  speeds.  Stress-rupture  tests  and 
metallographic  examinations  were  made  in  an  attempt 
to  correlate  properties  and  microstructure  with  engine 
results. 

It  was  found  that  overtemperatured  buckets  did  not 
fracture  in  service  in  abnormally  short  operating  times. 
Cracking,  particularly  on  the  leading  edge,  was  the 
principle  mode  of  failure  of  buckets.  Although  cracks 
developed  after  short  operating  times,  they  did  not 
propagate  to  fracture  during  several  hundred  hours  of 
operation.  The  overtemperatured  buckets  failed  in 
stress-rupture  tests  in  shorter  periods  of  time  than 
buckets  directly  from  stock  and  also  failed  in  shorter 
periods  of  time  than  the  overtemperatured  buckets 
which  had  been  subsequently  heat  treated.  In  fact, 
full  reheat  treatment  of  overtemperatured  buckets, 
using  the  standard  heat  treatment,  increased  the  resist- 
ance of  the  blades  to  leading  edge  cracking  and  also 
improved  the  stress-rupture  life  of  the  material.  Such 
buckets  performed  both  in  the  engine  and  in  stress- 
rupture  tests  equivalently  to  new  standard  buckets. 

A laboratory  investigation  of  overheating  indicates 
the  complexity  of  the  high-temperature  alloy  studies. 
In  this  investigation,  periodic  overheats  were  conducted 
at  temperatures  to  2,000°  F.  both  with  no  stress  and  with 
stress  present.  (No  engine  tests  were  performed.)  The 
alloy  studied  was  a nickel-base  alloy,  M-252.  It  was 
found  that  periodic  2-minute  overheats  to  1,900°  or 
2,000°  F.  very  substantially  increased  the  rupture  time 
of  M-252  alloy  at  1,500°  F.,  provided  no  stress  was 
present  during  overheat.  Such  overheating  was  dam- 
aging only  if  a sufficient  high  stress  were  present  to  use 
up  a significant  proportion  of  total  rupture  life.  How- 
ever, when  M-252  alloy  is  repeatedly  overheated  to 
1,650°  and  1,800°  F.  in  the  absence  of  stress,  the  rupture 
life  at  1,500°  F.  is  reduced.  In  the  presence  of  stress, 
however,  the  damage  is  less  than  anticipated.  Con- 
sequently, if  stress  is  present  it  must  be  quite  high  to 
do  any  significant  damage. 


Physics  of  Solids 

The  aim  of  the  physics  of  solids  research  is  to  provide 
basic  knowledge  to  aid  in  the  development  of  materials 
for  use  at  very  high  temperatures  and  in  chemically 
active  atmospheres.  Among  the  problems  under  study 
are  the  chemical  reaction  of  materials  in  certain  en- 
vironments which  may  be  affected  by  nuclear  reactor 
design,  aerodynamic  heating,  and  flight  in  the  upper 
atmosphere. 

Platinum  has  long  been  known  as  an  inert  metal ; in 
fact,  it  has  been  the  standard  crucible  material  used  in 
chemical  analysis  bceause  of  its  resistance  to  oxidation 
and  direct  flames  and  its  resistance  to  attack  by  rather 
active  chemicals.  Previous  studies  of  the  rates  of  oxida- 
tion of  platinum  at  temperatures  to  1,400°  C.  in  molec- 
ular oxygen  have  indicated  a very  low  oxidation  rate. 
However,  recent  studies  conducted  at  these  temperatures 
and  at  pressures  below  0.1  millimeter  of  mercury  have 
indicated  a very  marked  increase  in  oxidation  rate  at 
low  pressures.  These  results  appear  contradictory  when 
one  considers  the  pressure  of  a gas  is  a measure  of  the 
concentration  of  the  gas.  However,  the  studies  have 
been  conclusive  and  indicate  that  previously  observed 
rates  under  relatively  static  conditions  may  be  in  error 
when  dynamic  conditions,  namely  free  motion  of  the 
gases,  is  present.  At  pressures  above  0.1  millimeter  of 
mercury,  oxidation  is  strongly  inhibited  by  back  reflec- 
tion from  the  gas. 

LUBRICATION  AND  WEAR 
Bearing  Research 

In  recent  years  the  statistical  design  of  experiments 
has  found  favor  as  a device  for  planning  experimental 
research.  Many  factors  which  affect  the  course  and 
results  of  an  experiment  can  be  varied  simultaneously 
and  their  effects  separately  and  concurrently  analyzed. 
However,  with  phenomena  such  as  the  fatigue  failure 
of  bearings,  which  are  so  complex  and  have  so  many 
factors  contributing  to  or  alleviating  failure,  statistical 
design  has  not  been  successful.  Therefore,  it  has  been 
necessary  to  return  to  the  classical  experimental  method 
of  studying  one  variable  at  a time  in  order  to  make  any 
progress  in  the  study  of  bearing  failure. 

Tests  are  performed  on  a rolling  contact  fatigue  spin 
rig  where  balls  are  rolled  around  the  inside  of  a cylinder 
by  the  action  of  compressed-air  jets.  Previous  studies 
of  the  rig  had  indicated  similar  patterns  of  failure  and 
fatigue  lives  on  the  balls  in  comparison  with  those  ob- 
tained in  actual  bearings.  In  addition,  the  number  of 
test  variables  is  reduced. 

One  research  area  which  appears  very  promising  is 
the  study  of  the  metallographic  structure  of  balls  and 
races  as  a clue  to  variable  bearing  life.  Balls  and  races 
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are  made  of  steel  which  has  been  forged  or  rolled  so  that 
it  has  a definite  crystal  orientation.  This  orientation 
shows  up  on  etching  a cross  section  and  is  usually  re- 
ferred to  as  fiber.  It  has  been  found  recently  that  if 
the  fibers  are  not  oriented  parallel  to  the  axis  of  the 
cylinder  (which  corresponds  to  the  outer  race  of  a bear- 
ing), the  fatigue  life  of  the  cylinder  is  drastically 
reduced. 

In  this  investigation,  cylinders  were  prepared  in  three 
groups  from  forged  stock.  In  the  first  group,  the 
cylinders  had  their  axes  parallel  to  the  fibers  of  the 
steel  stock.  In  another  group  the  fiber  was  arranged  so 
that  it  was  from  0°  to  45°  to  the  axis  of  the  cylinder, 
and  in  a third  group  the  axis  of  the  cylinder  was  at  0° 
to  90°  from  the  fiber  of  the  material.  When  comparing 
the  data  obtained  on  these  cylinders,  it  was  evident  that 
by  using  material  whose  fiber  was  parallel  to  the  surface 
of  the  cylinder,  a large  increase  in  life  of  the  cylinders 
was  obtained.  For  example,  in  this  series  of  tests  only 
10  percent  of  the  cylinders  with  surfaces  parallel  to  the 
fiber  of  the  material  had  failed  by  5 million  cycles.  By 
60  million  stress  cycles,  80  percent  of  the  cylinders  had 
failed.  However,  with  cylinders  oriented  from  81°  to 
90°  to  the  fiber,  10  percent  of  the  failures  has  been 
obtained  by  1*4  million  stress  cycles  and  80  percent  by 
3 million  stress  cycles.  We  thus  see  a profound  effect 
of  fiber  orientation  both  on  the  first  failures  and  on  all 


failures.  The  study  of  the  relation  of  failure  to  fiber 
orientation  in  balls  is  considerably  more  complex  since 
fiber  orientation  can  be  determined  only  after  the  balls 
have  been  tested.  However,  the  striking  relationship 
of  fiber  orientation  to  ball  failure  is  also  illustrated  by 
a polar  projection  of  failure  incidences  versus  fiber 
orientation.  (Fig.  6.) 

NUCLEAR  PROPULSION 

The  NACA  nuclear  research  program  has  been  di- 
rected toward  solving  the  problems  associated  with  the 
application  of  nuclear  power  to  the  propulsion  of  air- 
craft and  rockets.  Analytical  studies  have  been  and 
are  being  carried  out  on  nuclear  aircraft  propulsion 
systems,  nuclear  booster-rocket  systems,  nuclear  heat- 
transfer,  interplanetary  propulsion  systems,  and  nu- 
clear electric-generating  systems  for  space-travel  appli- 
cation. These  studies  have  been  specifically  directed 
toward  defining  the  research  problems  that  must  be 
solved  in  order  to  achieve  the  potential  indicated  for 
these  various  systems. 

The  construction  of  reactor  facilities  to  be  used  in 
conducting  experimental  nuclear  research  studies  is 
continuing.  The  construction  of  the  low-power,  solu- 
tion-type research  reactor  located  at  Lewis  has  been 
completed.  Work  is  continuing  on  the  Plum  Brook 
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figure  6.  Susceptibility  to  fatigue  failure  in  bearing  balls  as  influenced  by  forging  fiber  orientation. 
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Reactor  Facility.  Experiments  applicable  to  space- 
flight  systems  are  being  planned  and  designed  for  both 
of  these  facilities. 

Methods  have  been  devised  for  evaluating  weights  of 
shields  for  aircraft  and  rocket  systems.  Studies  of 
various  methods  of  shield  design,  including  the  statisti- 
cal methods,  are  continuing.  Equipment  is  being  fabri- 
cated to  study  the  attenuation  of  gamma  photons  in 
various  shield  materials  and  also  to  study  the  gamma 
ray  streaming  through  ducts  in  shields. 

The  effort  on  reactor  analysis  has  been  devoted  to 
studies  of  reactors  for  jet  engine  propulsion  systems 
and  various  rocket  systems  in  order  to  determine  effects 
of  core  size,  composition,  reflector  thickness  and  ma- 
terial, moderator  material,  and  fuel-element  material 
on  uranium  requirements,  and  flux  and  power  distri- 
butions. Analyses  and  experiments  are  being  con- 
ducted to  develop  methods  of  predicting  nuclear  charac- 
teristics of  reactors  of  unusual  or  complex  geometry 
for  space-flight  systems. 

A number  of  heat-transfer  and  flow  problems  asso- 
ciated with  nuclear  powerplants  are  being  studied. 
This  work  is  intended  to  provide  pertinent  informa- 
tion of  a fundamental  nature  that  will  be  of  general 
usefulness  in  the  development  of  various  types  of  nu- 
clear propulsion  systems. 

Sodium  hydroxide  is  in  many  ways  an  attractive 
choice  as  a high-temperature,  heat-transfer  fluid.  Un- 
fortunately, only  a few  materials  are  suitable  for  con- 
taining it  in  the  molten  condition  at  temperatures  of 
1,500°  to  1,700°  F.  Among  these  are  nickel,  copper, 
silver,  gold,  and  some  nickel-base  alloys.  Even  these 
materials  exhibit  a form  of  corrosion  termed  “thermal- 
gradient  mass  transfer.”  Thermal-gradient  mass 
transfer  is  the  phenomenon  by  which  the  container 
metal  is  removed  (either  chemically  or  physically) 
from  the  hotter  regions  of  a system  and  deposited  in 
colder  regions  by  the  heat  transfer  fluid.  With  the 
previously  listed  metals  the  deposit  is  in  the  form  of 
needlelike  crystals,  the  size  of  which  depend  upon  the 
experimental  conditions.  (Fig.  7.) 

In  order  to  find  ways  of  inhibiting  this  type  of  cor- 
rosion, an  investigation  was  conducted  concerning  the 
possible  mechanisms.  The  mechanisms  were  found  to 
depend  on  chemical  reactions  between  hot  and  cold 
zones  and  molecular  diffusion  within  each  zone. 

The  diffusion  of  the  molecular  species  in  the  melt  will 
allow  the  process  to  continue  indefinitely.  In  dynamic 
tests,  the  rate  of  transfer  is  controlled  by  the  rate  of  the 
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Figure  7. — Mass  transfer  of  structural  materials  by  a coolant. 


zone  reactions  and  thus  is  constant  with  time.  In  static 
tests,  the  rate  of  transfer  is  controlled  by  the  rate  of 
diffusion  and  increases  with  time. 

The  effects  of  additives  upon  the  rate  of  transfer 
were  also  explained.  Additives  which  effectively  in- 
creased the  sodium  oxide  concentration  increase  the 
rate  of  transfer;  those  which  decrease  this  concentra- 
tion decrease  the  rate  of  transfer.  Reducing  agents  de- 
crease the  rate  of  transfer  in  static  tests  and  have  no 
effect  in  dynamic  tests.  Oxidizing  agents  have  the 
opposite  effect  in  static  tests. 

Experiments  are  being  set  up  on  the  60-inch  cyclo- 
tron to  study  the  heat-transfer  characteristics  of  ionized 
gases  and  also  to  study  the  range  of  fission  fragments 
in  ionized  gases.  Such  studies  are  directly  applicable 
to  the  space  nuclear-propulsion  systems  now  being 
evaluated. 

A two-dimensional  diffusion  theory  has  been  de- 
veloped for  determination  of  reactivity  effects  of  a 
fuel-plate-removal  experiment.  This  and  other  diffu- 
sion theory  analyses  are  being  checked  experimentally 
by  duplicating  the  essential  neutron-diffusion  phenom- 
ena with  a point  source  of  fast  neutrons. 

Heat-transfer  characteristics  of  liquid  metals  flowing 
over  a flat  plate  were  analyzed  using  laminar  boundary- 
layer  equations.  Numerical  solutions  of  the  appro- 
priate differential  equations  were  carried  for  the  situa- 
tion of  uniform  wall  temperature  and  uniform  wall 
heat  flux. 

Laminar  free  convention  from  a vertical  flat  plate 
with  nonuniform  surface  temperature  was  analyzed. 
Analyses  of  transient  forced-convection  flow  and  heat 
transfer,  and  of  effects  of  internal  heat  sources  on 
forced  convection  in  ducts  were  completed. 


AIRCRAFT,  MISSILE,  AND  SPACECRAFT  CONSTRUCTION 


It  is  in  the  field  of  construction  that  the  designers’ 
ideas  are  translated  into  structure  or  “hardware”  which 
will  possess  the  serviceability  and  structural  integrity 
necessary  to  attain  the  desired  vehicle  mission. 

The  operation  of  hypersonic  aircraft  and  missiles 
and  the  venturing  into  space  raise  many  new  problems 
with  regard  to  structural  design,  materials,  and  influ- 
ences of  environment  for  which  solutions  are  actively 
being  sought.  A great  deal  of  attention  has  been  re- 
quired in  the  way  of  defining  new  problems  and  devel- 
oping new  facilities. 

STRUCTURES 

Structures  research  during  the  past  year  has  been 
directed  primarily  to  the  problems  of  aerodynamic 
heating,  with  particular  attention  being  focused  upon 
the  problems  associated  with  hypersonic  gliders  and 
various  types  of  reentry  vehicles.  Consideration  was 
also  given  to  the  structural  problems  of  space  vehicles, 
and  some  fundamental  structural  studies  were  reori- 
ented in  this  direction. 

The  types  of  structural  configurations  suitable  for 
hypersonic  boost-glide  aircraft  and  orbital  reentry  ve- 
hicles were  investigated.  Comparisons  were  made  of 
the  various  structural  approaches  such  as  the  use  of 
unprotected  structures,  heat  sink  structures,  insula- 
tion, cooling,  and  ablation.  The  successful  use  of  un- 
protected structures  is  dependent  on  development  and 
improvement  of  refractory  metals,  whereas  insulated 
and  cooled  structures  may  be  developed  using  existing 
materials.  Research  on  insulation  and  cooling  lias  in- 
cluded experimental  and  theoretical  studies  of  the  effec- 
tiveness of  gas  coolants  in  the  passages  of  corrugated 
core  sandwiches,  investigations  of  the  feasibility  of  us- 
ing built-up  ceramic  coatings  as  thermal  shields,  and 
simple  methods  of  providing  coolant  as  an  integral, 
noncirculating  part  of  sandwich  construction.  The 
optimum  combination  of  insulation  with  various  types 
of  structural  elements  has  been  studied  theoretically, 
and  structural  integrity  tests  have  been  made  on  several 
types  of  thermal  shields  and  insulating  panels. 

The  thermal  stresses  induced  in  structures  by  tran- 
sient aerodynamic  heating  can  have  adverse  effects  on 
their  strength  and  stiffness.  Theoretical  and  experi- 
mental studies  of  these  effects  have  been  conducted 
for  various  structural  configurations.  Experimental 
studies  of  the  effect  of  thermal  stress  on  the  buckling 
and  ultimate  strength  of  ring  stiffened  cylinders  and 
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multiweb  beams  have  continued.  Additional  data  have 
been  obtained  on  the  combination  of  compressive,  shear, 
and  thermal  stresses  that  cause  permanent  buckling  of 
plates.  An  analytical  determination  of  the  minimum 
weight  of  a multiweb  beam  subjected  to  combined  bend- 
ing and  thermal  stress  is  nearing  completion. 

A reasonably  accurate  knowledge  of  the  temperature 
distribution  in  a structure  is  a prerequisite  to  all  ele- 
vated-temperature structural  analyses.  The  relative 
importance  of  heat  transfer  by  conduction,  convection, 
and  radiation  in  sandwich  panels  was  studied  and  an 
approximate  procedure  for  estimating  radiation  effects 
was  devised. 

A program  for  the  development  of  several  basic  type 
insulating  structures  is  currently  in  progress.  The 
structures  as  conceived  are  applicable  to  hypersonic 
vehicles  and  manned  satellites,  and  are  capable  of  ex- 
tended operation  with  wall  temperatures  in  the  range 
from  1,500°  to  2,500°  F.  Conventional  metals  as  well 
as  materials  such  as  graphite  have  been  used  for  the 
outer  walls,  and  fibrous  materials  have  been  employed 
as  insulators.  Tests  of  some  specimens  have  been  con- 
ducted in  radiant  heater  and  hot- jet  facilities  with 
promising  results. 

Creep  of  structures  at  high  temperatures  can  lead  to 
large  deformations  and  premature  failures.  Data  have 
been  obtained  on  the  creep  behavior  of  stainless-steel 
plates  at  temperatures  from  700°  to  1,000°  F.,  and  on 
the  creep  behavior  of  built-up  structures  such  as  box 
beams  and  unstiffened  cylinders. 

If  all  of  the  complex  interactions  between  aerody- 
namic heating  and  loading  are  to  be  studied,  it  is  essen- 
tial that  some  structural  testing  be  done  in  an  aerody- 
namic environment.  Work  of  this  type  was  initiated 
several  years  ago,  using  small  facilities  and  has  con- 
tinued during  the  past  year.  A new  facility,  the  9-  by 
6-foot  Thermal  Structures  Tunnel,  was  put  into  opera- 
tion during  the  past  year.  This  facility  can  produce 
a Mach  3 airstream  with  a stagnation  pressure  of  200  psi 
and  a stagnation  temperature  of  660°  F.  This  facility 
affords  testing  of  structures  under  realistic  aerodynamic 
and  thermal  conditions. 

Accurate  methods  of  deflection  analysis  are  essential 
to  the  determination  of  the  response  of  structures  to 
dynamic  loads.  Studies  of  structural  dynamics  included 
the  vibration  characteristics  of  an  integrally  stiffened 
60°  delta  wing,  secondary  effects  in  the  vibration  of 
monocoque  beams,  and  a comparative  analysis  of  the 
accuracy  of  several  methods  for  calculating  transient 
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The  9-  by  6-foot  thermal  structures  tunnel. 


response.  A blast  simulator  apparatus  is  being  used  to 
study  the  failure  of  multiweb  beams  subjected  to  very 
short  time,  high-intensity  loadings. 

The  problem  of  designing  a structure  of  minimum 
weight  and  of  the  desired  strength  at  room  and  elevated 
temperatures  is  basic  to  all  aircraft  and  missile  designs, 
and  requires  continued  research  if  the  performance 
goals  of  future  vehicles  are  to  be  achieved.  Sandwich 
construction  is  the  most  probable  configuration  for 
efficient  utilization  of  high  density  and  refractory 
metals  in  high-speed  vehicles;  consequently,  research 
on  sandwich  construction  is  continuing  and  has  in- 
cluded analytical  studies  of  the  local  instability  of  the 
elements  of  truss-core  sandwiches,  tests  of  sandwich 
elements,  plates  and  beams  at  room  temperatures,  and 
crippling  tests  of  shell  sandwich  construction  at  tem- 
peratures up  to  1,200°  I . with  temperature  gradients 
through  the  thickness.  Investigations  of  sandwich 
materials  suitable  for  use  in  the  2,000°  to  2,500°  F. 
range  have  been  initiated. 

Cylindrical  and  conical  shell  structures  find  extensive 
use  in  long-range  missiles  and  space  vehicles,  but  many 
configurations  are  in  a range  where  theory  is  inade- 
quate and  data  are  scarce.  The  work  in  this  area  has 
been  intensified  to  determine  th  cause  of  the  deficien- 


cies of  present  theoretical  methods  and  to  formulate 
new  shell  theories.  Experimental  work  is  also  in  prog- 
ress to  determine  the  strength  of  longitudinally 
stiffened  curved  sheet  and  of  ring-stiffened  cylinders. 

Fatigue  problems  continue  to  be  a major  factor  in 
the  operation  of  many  civilian  and  military  aircraft. 
Recent  investigation  of  the  fatigue  of  structures  has 
been  principally  concerned  with  the  fail-safe  design 
approach.  Structures  designed  under  this  approach 
can  tolerate  appreciable  damage  by  fatigue  cracks  with- 
out suffering  catastrophic  failure.  During  the  past 
year  tests  have  been  continued  on  panels  and  box  beams 
to  better  understand  the  factors  affecting  fatigue  crack 
growth  and  the  reduction  in  static  strength  resulting 
from  cracks.  Tests  of  full-scale  airplane  wings  have 
been  continued  to  provide  information  on  their  re- 
sistance to  fatigue. 

LOADS 

The  effort  devoted  to  various  phases  of  loads  research 
continues  to  change  because  parameters  important  to 
structural  design  such  as  airspeed,  range,  structural 
flexibility,  ratio  of  payload  to  total  weight,  heat  trans- 
fer into  the  structure,  and  control  inputs  continue  to 
vary  over  wide  limits.  Accordingly,  increasing  em- 
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phasis  is  being  placed  on  the  theoretical  and  analytical 
methods  for  predicting  effects  of  these  variables  and  on 
methods  for  analyzing  experimental  data  so  as  to  per- 
mit generalization  of  results. 

Because  of  the  high  rate  of  fuel  consumption  and  the 
wide  range  in  altitude  that  is  rapidly  traversed  in  some 
aircraft  operations,  it  is  becoming  increasingly  im- 
portant to  account  for  fuel  consumption,  air  density, 
etc.,  as  function  of  time  rather  than  handling  these 
quantities  as  constant  for  short  time  periods.  Studies 
have  shown  that  it  is  practicable  to  extend  existing 
analytical  procedures  to  account  for  these  additional 
complexities. 

The  manner  in  which  the  newer  types  of  aircraft 
and  spacecraft  will  be  operated  is  expected  to  change  so 
radically  from  present-day  operation  that  philosophies 
of  structural  design  which  are  based  on  past  experience 
in  the  low-speed  range  will  be  outmoded ; as  a result, 
various  types  of  craft  having  differing  missions  are 
being  studied  to  determine  how  present  structural  load 
requirements  must  be  modified  to  place  the  design  of 
such  craft  on  a more  rational  basis. 

The  problems  concerned  with  the  effects  of  flexi- 
bility on  the  loads  and  structural  strains  experienced 
by  an  airplane  in  rough  air  are  becoming  increasingly 
important  because  of  the  higher  flight  speeds  and  the 
use  of  thin  sweptback  wings.  A flight  investigation  of 
structural  response  showed  large  amplifications  in  the 
structural  strains  and  wing  deformations.  The  strain 
amplification  factor  measured  during  rough  air  flights 
varied  from  10  to  20  percent  at  the  wing  root  to  values 
in  excess  of  100  percent  at  the  midspan  station.  The 
major  source  of  aerodynamic  forces  that  are  developed 
in  rough  air  are  due  to  wing  structural  deflection  and 
twisting,  particularly  at  frequencies  corresponding  to 
the  first  wing- bending  mode. 

In  order  to  obtain  turbulence  data  which  may  be 
used  in  synthesizing  the  gust  histories  for  a wide  va- 
riety of  operations,  the  airline  gust  data  collection  pro- 
grams have  been  supplemented  with  projects  aimed  at 
establishing  the  turbulence  characteristics  for  particu- 
lar flight  conditions.  Among  these  conditions  are  the 
very  low  altitudes  (below  1,000  feet) , high-speed  flight, 
and  the  more  severe  weather  disturbances  represented 
by  hurricanes  or  tornadoes.  The  very  low  altitude 
data  have  been  derived  primarily  from  tower  measure- 
ments, while  results  for  other  weather  conditions  are 
being  obtained  from  cooperative  flight  tests  with  the 
Air  Force,  Weather  Bureau,  and  Navy.  In  addition 
to  determining  the  intensity  of  the  turbulence  for  direct 
application  to  airplane  and  missile  operations,  effort 
is  also  being  made  to  establish  the  significant  meteoro- 
logical parameters  associated  with  the  turbulence. 

Rocket-propelled,  free-flight  models  are  used  to  ob- 
tain data  on  the  effect  of  high  Mach  number  flight  on 
the  airplane  response  to  gusts.  Because  autopilots  and 


yaw  dampers  add  artificial  damping  to  the  airplane 
motions,  the  effect  of  these  devices  on  wing  and  tail 
loads  in  rough  air  has  been  investigated  experimentally 
and  analytically,  and  for  one  airplane  showed  that  in- 
creased damping  of  the  lateral  mode  was  effective  in 
reducing  the  gust  loads  on  the  vertical  tail  by  about 
50  percent.  These  and  other  available  gust  data  and 
studies  have  been  applied  to  both  airplane  and  missile 
operations  to  developing  gust-load  design  criteria. 

For  several  years  landing  impact  loads  have  been 
studied  intensively;  consequently,  methods  have  been 
developed  for  calculating  these  loads  for  a given  land- 
ing  gear  with  a good  degree  of  accuracy  if  the  initial 
conditions  at  touchdown  are  known.  Vertical  velocity 
at  contact  is  the  most  important  single  parameter  con- 
nected with  impact  loads,  and  an  accurate  statistical 
determination  of  this  quantity  for  routine  operations 
will  make  it  possible  to  specify  more  precisely  the  value 
of  this  important  design  quantity.  A method  for  ob- 
taining statistical  data  on  airplane  vertical  velocity  at 
ground  contact  from  measurements  of  center-of -gravity 
acceleration  has  been  utilized  to  interpret  acceleration 
peaks  from  VGH  recorders  obtained  during  routine 
operational  landings.  Measurements  of  vertical  ve- 
locity for  over  600  separate  landings  representing  6 
different  airlines’  operations  were  also  obtained  at  mile- 
high  Denver  and  sea-level  San  Francisco  airports.  This 
new  information,  together  with  that  previously  avail- 
able, provides  a statistical  sample  of  sufficient  size  for 
reliable  analysis. 

Other  primary  problems  associated  with  landing  air- 
craft result  from  the  high  speed  of  landings,  character- 
istics of  tires,  and  the  friction  coefficient  between  the 
tire  and  runway.  Landing  requirements  for  future 
high-speed  aircraft  have  increased  the  desirability  of 
using  skid-type  landing  gear;  consequently,  a model 
with  skid  landing  gear  and  nose  wheel  was  investigated 
on  a treadmill-type  runway  and  it  was  found  that 
changes  which  reduced  the  side  loads  on  the  wheel  or 
moving  the  skid  aft  reduced  the  tendency  toward  a 
divergent  notion.  A comprehensive  summary  of  re- 
search on  the  elastic  and  mechanical  properties  of  tires 
has  been  prepared.  For  each  tire  characteristic  semi- 
empirical  equations  which  account  for  the  major  factors 
pertinent  to  the  characteristic  were  developed.  A 
significant  contribution  to  the  complete  understanding 
of  friction  coefficient  and  drag  loads  for  which  a land- 
ing gear  must  be  designed  was  obtained  from  realistic, 
closely  controlled  impact  tests  of  a modern  heavily 
loaded  aircraft  tire  conducted  on  the  Landing  Loads 
Track  for  many  conditions,  such  as  vertical  velocities 
up  to  9.3  fps,  forward  speeds  up  to  110  knots,  tire  pres- 
sure ranging  from  35  to  210  psi,  wet  and  dry  concrete 
surface,  and  wheels  partially  and  completely  locked. 

The  landing-impact  phenomena  is  now  well  under- 
stood, although  the  complete  determination  of  landing 
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conditions  remains  to  be  made ; in  fact,  may  never  be 
completed  because  of  changing  designs  and  operational 
procedures.  Not  so  well  understood,  however,  is  the 
subject  of  airplane  structural  response  to  taxiing  and 
ground  handling.  It  has  been  known  that  taxiing  and 
ground  handling  over  runways  and  taxiways,  which  are 
more  or  less  rough,  impose  loads  which  are  critical  for 
structural  design,  notably  in  the  attachment  of  wing- 
mounted,  large-mass  items.  As  a step  toward  solving 
the  taxiing  and  ground-handling  problems,  a compre- 
hensive collection  of  airport  profiles  for  the  United 
States,  Canada,  and  European  NATO  countries  has 
been  assembled  through  a cooperative  program  initiated 
by  the  Advisory  Group  for  Aeronautical  Research  and 
Development  of  the  North  Atlantic  Treaty  Organiza- 
tion. High-speed  analog  or  digital  computers  that 
permit  simulation  of  all  the  nonlinear  landing-gear 
and  tire  characteristics  are  being  used  to  investigate  the 
response  of  the  landing  gear,  its  associated  structure, 
and  supported  load  to  accelerations  and  motions  in- 
duced by  taxiing  over  representative  runway  profiles. 

Experimental  studies  of  fundamentals  of  hydro- 
dynamic  impact  loads  have  been  completed  at  the 
Langley  Impact  Basin.  These  studies  have  considered 
the  relation  of  airplane  design  and  construction  param- 
eters and  of  airplane  operating  parameters  to  impact 
loads.  Among  the  design  and  construction  parameters 
studied  are  hull  or  hydro-ski  configuration,  airplane 
weight,  and  structural  elasticity  and  mass  distribution 
of  the  airplane.  The  operational-parameter  studies  in- 
clude landing  approach  conditions  such  as  trim  angle, 
flight-path  angle,  velocity  and  aerodynamic  lift,  and 
seaway  conditions.  The  hull  and  hydro-ski  configura- 
tions studied  were  limited  to  basic  shapes  which  could 
be  incorporated  in  specific  designs. 

VIBRATION  AND  FLUTTER 

Flutter 

Flutter  is  a self -induced  vibration  of  an  aircraft  or 
missile  produced  by  the  interaction  of  the  air  forces 
and  structural  stiffness  and  inertia.  The  flag  or  leaf 
fluttering  in  the  breeze,  the  Venetian  blind  vibrating  in 
an  open  window,  are  more  common  examples  of  flutter. 
Flutter  of  an  aircraft  differs  from  these  examples  in 
that  it  is  relatively  more  violent  and  destructive;  con- 
sequently, aircraft  are  designed  to  be  free  from  flutter, 
not  to  withstand  it. 

A major  part  of  flutter  research  involves  the  determi- 
nation of  the  speed  at  which  flutter  occurs  and  the  mode 
of  vibration  of  wind-tunnel  models.  One  aspect  of 
this  research  is  the  establishment  of  the  effects  of  vari- 
ous parameters  by  tests  of  models  which  represent  a 
systematic  variation  of  particular  parameters.  An- 
other aspect  is  to  furnish  experimental  verification  of 
the  accuracy  of  theoretical  prediction  methods.  A third 


aspect,  and  one  which  has  become  increasingly  im- 
portant, is  the  determination  of  the  flutter  characteris- 
tics of  models  which  simulate  dynamically  a particular 
aircraft  design.  This  affords  a more  accurate  answer 
than  a theoretical  analysis.  This  is  particularly  true 
for  aircraft  whose  structure  and  weight  distribution  are 
such  as  to  produce  complicated  vibrational  patterns 
and  for  the  transonic  speed  range  in  which  separated 
flow  aerodynamics  may  prevail. 

One  of  the  more  troublesome  types  of  flutter  has  been 
that  involving  control  surfaces.  Control-surface  flut- 
ter, including  flutter  of  all-movable  tail  surfaces  as  well 
as  flap-type  controls,  has  been  studied.  The  kernel- 
function  method  is  being  used  to  predict  theoretical 
flutter  boundaries  for  a series  of  all-movable  horizon- 
tal stabilizers  and  these  theoretical  results  are  being 
compared  with  the  experimental  flutter  boundaries. 
The  widespread  use  of  hydraulic  boost  servos  to  op- 
erate controls  has  introduced  another  factor  which  has 
an  important  effect  on  the  dynamics  of  the  control 
system.  Experimental  wind-tunnel  flutter  studies  have 
been  carried  out,  using  models  with  miniature  hy- 
draulic components  which  simulate  full-scale  actuators. 

Emphasis  is  being  shifted  to  aeroelastic  problems  of 
very  high  speed  aircraft  and  missiles.  Considerable 
experimental  effort  has  been  directed  toward  aeroelastic 
. studies  of  components  of  the  X-15  and  other  hyper- 
sonic configurations.  Programs  to  study  fuel  sloshing, 
panel  flutter,  aeroelastic  characteristics  of  ICBM  con- 
figurations, structural  feedback  instabilities,  boost- 
glide  aeroelastic  characteristics,  and  other  dynamic  and 
static  aeroelastic  problems  induced  by  hypersonic  flight 
capabilities  are  receiving  a larger  proportion  of  re- 
search effort. 

It  has  been  established  that  aerodynamic  heating  in- 
creases the  tendency  of  structures  to  flutter  by  reducing 
the  effective  stiffness.  In  a continuing  study  of  this 
problem,  a series  of  multiweb-wing  structural  models 
have  been  designed  for  tests  in  the  9-  by  6-foot  Thermal 
Structures  Tunnel,  where  flutter  data  can  be  obtained 
under  aerodynamic  heating  conditions. 

Aerodynamic  Aspects  of  Flutter 

Improvements  in  theoretical  approaches  have  been 
aimed  at  providing  oscillatory  aerodynamic  forces  and 
moments  with  greater  accuracy.  As  noted  in  the  1957 
annual  report,  considerable  effort  has  gone  into  de- 
velopment of  methods  of  flutter  analysis  using  the 
kernel-function  method  to  obtain  the  aerodynamic 
forces.  Considerable  success  has  been  encountered  in 
developing  procedures  for  programing  the  kernel- 
function  method  for  high-speed  computing  machines. 

As  noted  previously,  flutter  of  flap-type  control  sur- 
faces has  been  an  increasingly  important  problem.  Par- 
ticular emphasis  has  been  placed  on  the  measurement 
at  transonic  speeds  of  aerodynamic  control  surface  de- 
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rivatives  pertinent  to  flutter.  This  study  has  included 
a variation  of  control  surface  contours.  Similar  meas- 
urement of  the  oscillatory  derivations  have  been  made 
on  all  movable  controls  and  on  T-tail  configurations. 

Panel  Flutter 

Panel  flutter  is  a term  used  to  describe  a type  of 
vibration  of  individual  panels  on  sections  of  skin  that 
can  occur  at  supersonic  speeds.  Susceptibility  of  panels 
to  this  type  of  flutter  is  greater  for  thinner  skins,  larger 
panels,  and  for  panels  having  buckles.  Thus  on  hyper- 
sonic vehicles  or  thin-skinned  rockets  in  which  buckling 
of  the  skin  has  occurred  because  of  loadings  or  heating, 
panel  flutter  is  a serious  problem. 

Previous  theoretical  work  has  produced  methods  of 
analyses  for  flat,  rectangular,  buckled  and  unbuckled 
panels,  and  for  infinitely  long,  thin  cylinders.  This 
work  is  being  extended  to  include  nonlinear  flutter 
analysis  of  buckled  rectangular  panels  for  both  large- 
deflection  and  small-deflection  flutter.  Another  exten- 
sion is  concerned  with  the  flutter  of  thin-walled  cylin- 
ders of  finite  length. 

Panel-flutter  tests  were  conducted  in  a supersonic 
jet  to  determine  if  heat  shields  proposed  for  a hyper- 
sonic aircraft  would  be  flutter  free.  Other  experi- 
mental programs  were  initiated  to  obtain  data  in  the 
9-  by  6-foot  Thermal  Structures  Tunnel  on  the  flutter 
of  thin- wall  cylinders  typical  of  ICBM  boosters  and  of 
blunt  conical  shells  such  as  would  be  used  for  a manned 
satellite  capsule. 

STRUCTURAL  MATERIALS 

Research  on  structural  materials  has  continued  to  be 
concerned  primarily  with  materials  for  high-speed  air- 
craft and  missiles,  although  considerable  work  was  also 
done  on  problems  of  fundamental  importance  to  all 
materials.  Consideration  was  also  given  to  the  ma- 
terials problems  created  by  the  environment  of  space, 
such  as  impact  on  spacecraft  of  cosmic  particles,  rang- 
ing from  ions  to  micrometeors.  It  is  to  be  expected 
that  surface  pitting  by  ions  striking  spacecraft  and 
satellites  may  constitute  operational  problems  in  these 
environments. 

Not  enough  is  known  about  the  properties  of  our 
constructional  materials  at  high  temperatures  to  permit 
the  designers  to  arrive  at  the  most  rational  and  efficient 
design  of  high-speed  aircraft.  The  accumulation  of 
data  on  the  mechanical  properties  of  materials  at  tem- 
peratures up  to  1,800°  F.  has  continued,  and  apparatus 
is  being  developed  to  extend  the  temperature  range  to 
5,000°  F.  In  the  past  year,  tensile  and  compression 
creep  data  were  obtained  for  2024-T3  and  7075-T6 
aluminum  alloys,  and  generalized  master  curves  for 
predicting  rupture,  minimum  creep  rate,  and  creep 
strain  were  derived.  Studies  of  the  effects  of  rapid 


heating  on  tensile  properties  were  continued,  with  spe- 
cial consideration  being  given  to  materials  of  interest 
for  structures  of  high-speed  aircraft.  Studies  of  the 
dynamic  and  static  modulus  of  materials  have  been  ex- 
tended to  include  the  determination  of  frequency  de- 
pendence and  temperature  dependence  of  the  shear  and 
elastic  moduli. 

As  has  always  been  the  case  in  the  past,  fatigue  is 
still  one  of  the  major  causes  of  failure  in  aircraft. 
Investigation  of  fatigue  phenomena  in  materials  in- 
cluded : A fundamental  study  of  the  role  of  dislocation 
and  vacancies  on  fatigue ; experimental  investigation  of 
effects  of  cumulative  damage,  based  on  gust- frequency 
spectrum;  and  the  determination  of  crack  propagation 
rates  in  sheet  material  of  conventional  alloys.  The  first 
series  of  tests  to  determine  the  effect  of  atmospheric 
corrosion  on  fatigue  of  aluminum  alloys  was  completed, 
and  showed  that  fatigue  life  of  specimens  tested  out  of 
doors  can  be  lower  by  a factor  of  3,  as  compared  with 
fatigue  life  as  determined  by  indoor  tests. 

Entry  into  the  earth's  atmosphere  by  ballistic  mis- 
siles or  satellites  impress  conditions  of  extreme  severity. 
Research  work  on  the  most  promising  method  of  pro- 
tecting reentry  bodies  that  will  experience  the  highest 
heat  flux  was  continued  and  accelerated.  Ablation  tests 
of  various  promising  materials  were  carried  out  at  heat- 
ing rates  up  to  2,000  Btu/ft  2/sec  and  at  stagnation  tem- 
peratures to  10,000°  F.  A program  for  investigating 
the  behavior  of  other  materials  for  use  at  lower  heating 
rates  was  continued,  and  a large  number  of  conven- 
tional metals,  as  well  as  refractory  metals  and  ceramics 
and  cermets,  were  tested  in  the  high-temperature 
Ceramic  Heated  Jet.  Determination  of  the  emissivity 
of  structural  materials,  at  temperatures  up  to  2,000°  F., 
was  continued,  and  apparatus  is  being  constructed  that 
will  allow  emissivity  measurements  up  to  6,000°  F. 

One  of  the  unknown  factors  in  the  operation  of  space 
vehicles  is  the  effect  of  strikes  by  micrometeoric  and 
larger  particles.  An  investigation  is  under  way  of  the 
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effects  of  various  projectiles  striking  targets  which 
simulate  full-scale  structures.  Spheres  of  various  ma- 
terials were  fired  into  targets  of  various  materials  at 


speeds  up  to  10,000  ft/sec.  A theoretical  correlation 
between  properties  of  the  projectile  and  target  ma- 
terials and  the  results  of  impact  was  established. 


The  apparatus  shown  is  being  used  to  explore  the  erosion  that  occurs  when  ionized  particles  strike  metal  surfaces  at  speeds 

of  15,000  m.p.h.  or  faster. 


OPERATING  PROBLEMS 


The  daily  operations  of  aircraft  and  missiles  pre- 
sent problems  which  require  solution  or  alleviation  for 
purposes  of  safety,  efficiency,  and  economy.  Research 
information  is  also  needed  by  the  designers  and  man- 
ufacturers as  well  as  the  operators.  For  many  years, 
therefore,  the  NACA  has  studied  various  aspects  of 
aircraft  operating  problems  such  as  atmospheric  tur- 
bulence, icing,  ditching,  aircraft  and  missile  noise,  crash 
fire  and  survival,  flight  instrumentation,  landing  and 
takeoff  operations,  and  aircraft  braking. 

The  NACA  has  been  aided  in  its  research  activities 
in  the  above  areas  by  the  deliberations  of  the  Commit- 
tee on  Operating  Problems,  the  Subcommittee  on  Me- 
teorological Problems,  the  Subcommittee  on  Aircraft 
Noise,  the  Subcommittee  on  Flight  Safety,  and,  until 
this  year,  the  Subcommittee  on  Icing  Problems.  Dur- 
ing this  year  NACA  icing  research  has  been  limited 
to  writing  reports  on  previous  investigations  and  to 
supervising  the  use  of  NACA  icing  research  facilities 
by  non-NACA  personnel  who  were  testing  aircraft 
components  under  simulated  icing  conditions. 

FLIGHT  SAFETY 

Flight  safety  research  encompasses  many  problem 
areas  associated  with  the  operation  of  aircraft.  Haz- 
ardous conditions  may  arise  at  any  time  from  sources 
such  as  the  runway,  the  weather,  the  engines,  the  in- 
struments, the  controls,  and  the  landing  gear.  NACA 
investigations  are  thus  aimed  at  specific  problems  to 
obtain  information  useful  to  the  manufacturer  and  the 
aircraft  crew  in  the  industrywide  effort  to  improve 
safety. 

Aircraft  Instrumentation 

The  angle  between  the  relative  wind  in  the  plane  of 
symmetry  and  the  longitudinal  axis  of  the  airplane  is 
the  angle  of  attack,  and  its  measurement  is  an  impor- 
tant requirement  for  stall  warning,  cruise  control,  and 
armament  considerations.  Three  types  of  angle-of- 
attack  sensing  devices  have  been  tested  in  a wind  tun- 
nel and  in  flight  to  determine  calibration  and  posi- 
tion error  data.  One  result  showed  that  the  best  sensor 
location  for  operation  throughout  the  subsonic,  tran- 
sonic, and  supersonic  speed  ranges  is  a position  ahead 
of  the  fuselage  nose. 

Accurate  measurement  of  airspeed  is  necessary  for 
safe  and  efficient  flight  operations.  An  investigation 
has  been  made  to  determine  the  external  interference 
effects  of  flow  through  the  orifices  of  an  airspeed  head 


such  as  would  occur  due  to  instrument  volume  at  high 
rates  of  ascent  or  descent  in  flight.  The  results  indi- 
cated that  the  static-pressure  error  increased  almost 
linearly  with  increase  in  mass  flow  through  the  orifices. 

A study  has  also  been  made  on  the  accuracy  with 
which  pressure  altitude  can  be  measured  with  current 
systems.  The  analysis  showed  that  the  accuracy  de- 
pends on  errors  in  the  measuring  systems,  errors  aris- 
ing from  operation  of  the  system,  and  variation  in  at- 
mospheric pressure.  In  another  study  a survey -was 
made  of  the  errors  associated  with  the  measurement  of 
static  pressure  on  aircraft.  The  errors  considered  were 
associated  with  the  static-pressure  tube  or  fuselage  vent 
and  the  location  of  the  sensor  in  the  flow  field  of  the 
airplane. 

Engine  Reliability 

Turbojet  engines  must  either  be  repaired  or  replaced 
after  specified  number  of  hours  of  operation.  For  rea- 
sons of  safety  and  economy,  it  is  necessary  to  know 
as  accurately  as  possible  when  engine  changes  are  to 
be  accomplished.  An  investigation  has  been  made  to  ob- 
tain information  on  the  effect  of  overtemperature  and 
heat  treatment  on  the  life  of  turbine  buckets.  Results 
indicated  that  overtemperatured  buckets  did  not  frac- 
ture in  abnormally  short  operating  times.  Cracking 
was  the  principal  mode  of  failure  of  buckets. 

In  another  study  a method  was  developed  to  help 
decide  whether  jet-engine  compi'essor  blades  that  have 
been  nicked  in  service  are  safe  from  fatigue  failure 
with  continued  engine  operation.  These  nicks  are  the 
result  of  foreign  objects  being  drawn  into  the  air  in- 
let. A procedure  has  been  worked  out  for  making 
limit  charts  that  indicate  whether  a blade  showing 
damage  should  be  accepted  or  rejected. 

Aircraft  Ditching 

For  years  the  NACA  has  conducted  scale-model 
ditching  investigations  of  aircraft  configurations  to 
furnish  designers  and  operators  with  information  on 
ditching  characteristics  and  behavior.  Models  of  fight- 
ers, bombers,  and  various  types  of  transports  have  been 
tested  by  utilizing  a catapult  and  water  tank  system. 
With  the  advent  of  turbojet  aircraft,  the  need  for  addi- 
tional ditching  data  on  new  configurations  has  been 
met  by  recent  tests.  In  addition,  ditching  aids  such  as 
hydro-skis  and  hydrofoils  attached  to  the  aircraft  fuse- 
lage bottom  have  been  under  study  to  determine  their 
effectiveness  in  helping  to  make  a water  landing  more 
successful. 
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In  recent  studies,  an  investigation  of  a 0.043-scale 
dynamic  model  of  a jet  transport  was  undertaken  to 
study  its  ditching  behavior  in  rough  water.  Test  re- 
sults have  indicated  that  hydro-skis  or  hydrofoils  may 
be  made  to  improve  the  ditching  performance  and  re- 
duce the  damage  to  the  fuselage  bottom.  Twin  hydro- 
skis with  a loading  of  about  2,500  lbs/square  foot  re- 
sulted in  smooth  runs  with  very  little  damage  to  the 
fuselage  bottom.  Smaller  hydro-skis  with  a loading  of 
4,400  psf,  or  twin  hydrofoils  with  a loading  of  7,500 
psf,  or  a single  hydrofoil  with  a loading  of  about  8,300 
psf,  all  resulted  in  ditching  runs  which  caused  mod- 
erate damage  to  the  aft  fuselage  of  the  model. 

In  tests  with  the  landing  gear  extended,  the  results 
indicated  that  the  nose  gear  will  fail  and  that  the 
main  gear  may  or  may  not  fail.  When  the  main  gear 
failed,  a deep  run  resulted  causing  moderate  dam- 
age throughout  the  length  of  the  fuselage  bottom. 
When  the  main  gear  did  not  fail,  a dive  resulted  and 
the  front  portion  of  the  fuselage  bottom  was  demol- 
ished, causing  severe  flooding  of  the  entire  fuselage. 

Flight  Operations 

Several  investigations  have  been  continued  in  an  ef- 
fort to  determine  more  accurately  pilot  and  aircraft 
characteristics  in  different  flight  areas.  Under  certain 
conditions,  a pilot’s  capability  to  control  his  airplane 
may  be  compromised.  The  effects  of  airplane  accel- 
eration on  the  pilot’s  arm  as  a result  of  maneuvers  or 
power  changes  have  been  studied  with  a small  side- 
located  controller  to  allow  arm  support  and  hand  mo- 
tions. Several  pilots  participated  in  ground  tests  to 
obtain  measurements  of  their  force  capabilities  with 
such  a device.  (See  photo.) 

Further  tests  have  been  made  to  determine  the  suit- 
ability of  a takeoff  indicator  to  detect  abnormal  air- 
plane acceleration  during  takeotf  such  as  occasioned  by 
loss  of  engine  power.  The  instrument  performed  satis- 
factorily in  a jet  bomber  and  other  tests  are  being  con- 
tinued in  a large,  jet-transport-type  airplane. 

A general  flight  study  of  jet  transport  aircraft  has 
been  conducted  to  obtain  operational  information  in 
the  approach,  landing,  and  cruise  regions.  Using  an 
airplane  similar  to  the  commercial  jet  transport,  pre- 
liminary data  were  obtained  on  sinking  speed  prior  to 
touchdown,  lift  and  drag  characteristics,  high-speed 
characteristics,  lateral  control  combinations,  and  yaw 
damping  augmentation. 

As  a first  step  in  a general  investigation  of  the  use 
in  flight  of  thrust  reversers  on  turbojet-powered  air- 
planes, the  effect  of  a target-type  thrust  reverser  on 
the  aerodynamic  characteristics  of  a full-scale  jet  air- 
plane has  been  measured  in  a wind  tunnel.  Changes 
in  the  aerodynamic  characteristics  of  the  airplane,  par- 
ticularly with  regard  to  the  pitching  moment,  were  de- 
termined for  various  amounts  of  thrust  reversal. 


Pilot’s  seat  with  control  stick. 


In  another  study,  a fully  modulating  target-type 
thrust  reverser  has  been  installed  and  tested  on  a jet- 
fighter  airplane  to  evaluate  the  effect  of  more  power- 
ful incremental  thrust  control  devices  on  the  landing- 
approach  characteristics  of  aircraft.  The  thrust  re- 
verser was  also  studied  to  determine  its  usefulness  for 
inflight  deceleration  from  high  speeds  and  as  a braking 
device  to  reduce  the  ground-roll  distance  in  landings. 

Runway  and  Landing-Gear  Research 

There  are  several  problems  associated  with  airport 
runways  which  can  lead  to  hazardous  aircraft  operat- 
ing conditions.  For  example,  tire  behavior  during 
landing  on  wet  runways  has  been  found  to  contribute 
to  a number  of  aircraft  accidents.  As  part  of  a gen- 
eral program,  the  NACA  has  investigated  the  effects 
of  water  depth,  tire  speed,  pressure  and  tread,  braking 
friction  forces,  and  cornering  forces  by  use  of  an  in- 
strumented tire  treadmill.  The  results  indicate  that 
the  maximum  and  the  full-skid  braking  friction  co- 
efficients decrease  rapidly  with  increasing  velocity  until 
all  braking  effectiveness  is  lost  and  a tire-planing  con- 
dition is  reached. 

Runway  lights  which  project  above  the  runway  sur- 
face are  a potential  hazard  to  aircraft  operations.  Ac- 
cordingly, an  investigation  was  made  to  obtain  data  on 
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the  landing-gear  loads  developed  during  landing  and 
taxiing  tests  over  various  types  of  runway  lights.  The 
test  results  indicated  that  vertical  loads  on  the  nose 
landing  gear  were  larger  for  landings  on  the  lights 
than  on  plain  concrete,  and  that  the  nose  gear  loads 
developed  while  taxiing  over  the  lights  were  relatively 
more  severe  than  those  developed  on  the  main  gear. 

A study  was  also  made  of  ground-reaction  forces 
measured  during  landing  impacts  of  a large  airplane. 
Results  of  the  analysis  of  the  data  showed  the  effect 
of  vertical  velocity  at  contact  on  the  vertical  force  and 
the  variations  of  coefficients  of  friction  with  slip  ratio 
during  spinup  on  wet  and  dry  concrete  surfaces. 

Crash  Survival  Research 

Several  fighter  airplanes  were  crashed  under  cir- 
cumstances approximating  those  observed  in  the  mili- 
tary service;  unflared  landings  at  various  angles,  a 
ground  cartwheel,  and  a ground  loop.  The  magnitude, 
duration,  and  direction  of  the  crash  accelerations  were 
measured  on  the  airplane  structure  and  on  an  anthro- 
pomorphic dummy  installed  in  the  cockpit.  The  ac- 
celerations measured  were  compared  with  existing  data 
on  human  tolerance  to  the  sudden  loads  that  occur  in 
crashes  to  see  whether  the  human  tolerances  had  been 
exceeded. 

AERONAUTICAL  METEOROLOGY 

To  achieve  the  goal  of  safe  and  efficient  all-weather 
flight,  aircraft  and  missile  designers  and  operators 
must  take  into  account  the  changes  in  weather  condi- 
tions and  the  effects  of  the  meteorological  elements  on 
the  vehicle.  Two  of  the  environmental  problems,  at- 
mospheric turbulence  and  icing,  have  been  under  study 
by  the  NACA  for  several  years,  while  other  factors 
have  only  been  under  investigation  from  time  to  time. 

Atmospheric  Turbulence 

Rough  air  flight  of  aircraft  brings  discomfort  to 
passengers  and  crew,  may  cause  structural  damage, 
may  decrease  the  fatigue  life  of  the  airframe,  and  can 
present  control  problems  to  the  pilot.  In  addition,  tur- 
bulent air  poses  problems  for  missile  takeoff  and  re- 
entry operations.  As  one  approach  to  the  gust-loads 
problem,  the  NACA  has  been  active  for  years  in  ob- 
taining information  on  the  extent,  frequency,  and  se- 
verity of  atmospheric  turbulence  in  clouds  and  free  air 
at  altitudes  up  to  60,000  feet.  Data  have  been  obtained 
by  specially  instrumented  aircraft,  parachute  assem- 
blies, and  rockets  over  several  areas  of  the  world. 

The  severest  turbulence  is  generally  found  in  the 
clouds  associated  with  storm  areas,  but  the  available 
gust  data  are  not  sufficient  for  study.  Accordingly,  a 
fighter-type  airplane  lias  been  specially  instrumented 
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for  probing  cumulus-type  clouds  to  obtain  gust 
measurements  useful  to  designers,  operators,  and 
meteorologists. 

The  characteristics  of  turbulent  air  below  1,000  feet 
are  not  too  well  known;  however,  such  information  is 
required  for  landing  and  takeoff  operations  as  well  as 
low-level  military  missions.  A study  of  gust  data  de- 
rived primarily  from  wind-tower  measurements  indi- 
cates that  turbulence  intensity  is  affected  by  windspeed, 
altitude,  temperature  lapse  rate,  and  the  ground 
roughness. 

At  the  higher  altitudes,  investigations  of  cloud  and 
clear-air  turbulence  have  continued  in  order  to  shed 
more  light  on  these  phenomena.  The  NACA  has  co- 
operated with  the  Navy,  Air  Force,  and  Weather  Bu- 
reau by  furnishing  VGH  (velocity,  acceleration,  alti- 
tude) recorders  and  by  analyzing  gust  data  for  several 
programs.  Instrumented  aircraft  have  probed  the  jet- 
stream  and  have  flown  in  and  near  hurricanes  to  obtain 
the  needed  data. 

As  part  of  the  NACA  analytical  investigation  of  the 
aircraft-gust  problem,  a method  has  been  developed  to 
calculate  the  statistical  forces  and  moments  exerted  on 
an  airplane  due  to  random  distributions  of  gusts.  A 
previous  report  covered  the  development  of  the  rolling 
and  yawing  moments  on  a wing  in  random  turbulence. 
Recent  calculations  have  been  made  of  the  complete 
lateral  response  of  an  airplane  while  flying  in  continu- 
ous isotropic  turbulence. 

Environmental  Data 

Besides  turbulence,  other  meteorological  elements  in 
and  beyond  our  atmosphere  affect  the  design  and  oper- 
ation of  aircraft  and  missiles.  From  time  to  time  in 
answer  to  requests  for  specific  information,  the  NACA 
has  been  able  to  obtain  and  analyze  data  useful  to 
manufacturers,  operators,  and  meteorologists. 

Knowledge  of  atmospheric  temperatures  is  of  im- 
portance to  designers  and  operators  of  aircraft  and  mis- 
siles. To  provide  this  information,  a study  has  been 
made  of  radiosonde  temperature  measurements  taken 
over  a 5-year  period  for  several  locations  in  the  North- 
ern Hemisphere.  Probability  distributions  of  temper- 
ature up  to  100,000  feet  have  been  determined  from 
data  provided,  sorted,  and  tabulated  by  the  U.S. 
Weather  Bureau. 

In  cooperation  with  the  Air  Weather  Service,  an 
NACA  flight  program  with  instrumented  U-2  aircraft 
is  continuing  to  collect  data  up  to  55,000  feet  on  such 
variables  as  water  vapor,  wind  shear,  clouds,  tempera- 
ture, the  jetstream,  clear-air  turbulence,  ozone,  and 
cosmic  rays.  Recent  data  on  atmospheric  turbulence 
over  the  western  part  of  the  United  States  have  been 
published. 
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The  Icing  Cloud 

For  efficient  design  of  icing  protection  systems  for 
aircraft  and  missiles,  detailed  and  statistical  knowledge 
is  required  of  worldwide  icing  conditions  in  which 
these  vehicles  may  operate.  The  NACA  has  sought  to 
obtain  information  on  the  extent,  frequency,  and  se- 
verity of  icing  conditions  by  installation  of  suitable 
instruments  in  research  commercial,  and  military  air- 
craft. Currently,  icing-rate  meters  are  on  loan  to  sev- 
eral aircraft  companies  and  Government  organizations. 

The  icing  problem  for  high- altitude,  intercepter  air- 
craft has  been  evaluated  and  the  results  published.  At 
two  Air  Defense  Command  airbases,  fighter-inter- 
ceptors equipped  with  NACA  icing-rate  meters  col- 
lected data  during  climb  and  descent  operations,  and 
information  was  obtained  on  the  frequency  and  severity 
of  icing  clouds  over  the  north-central  and  northwestern 
United  States. 

AIRCRAFT  ICING 

Because  of  the  state  of  the  art,  active  NACA  icing 
research  on  aircraft  and  engine  components  has  been 
diminishing  since  1956  and  was  terminated  in  the  fiscal 
year  1957.  NACA  icing  research  activities  conducted 
during  the  fiscal  year  1958  have  been  concerned  pri- 
marily with  completing  the  analyses  and  publication 
of  the  results  of  icing  programs  conducted  over  the 
preceding  24  months. 

The  Lewis  Flight  Propulsion  Laboratory  icing  tun- 
nel, because  of  its  unique  features,  is  continually  made 
available  to  the  aircraft  industry  and  Government  or- 
ganizations under  a plan  whereby  industry  representa- 
tives conduct  icing  tests  on  their  specific  models  with 
guidance  by  NACA  personnel.  The  raw  data  obtained 
from  such  development  studies  are  available  upon  re- 
quest to  interested  personnel.  Analysis  and  reporting 
of  the  data  are  being  made  by  each  company  or  organi- 
zation. Thus,  NACA  reports  on  these  projects  are 
usually  not  prepared  for  formal  publication. 

Water-Droplet  Impingement  and  Icing  Protection 

In  order  to  design  efficient  icing  protection  systems 
for  an  aircraft  engine  component  or  airframe  surface, 
detailed  information  is  required  as  to  the  area  and 
weight  of  ice  accumulation  under  various  icing  and 
operating  conditions.  To  determine  droplet  impinge- 
ment characteristics,  the  NACA  has  tested  both  models 
and  full-scale  components  in  the  Lewis  Laboratory 
icing  research  tunnel.  In  addition,  analytical  studies 
have  been  made  to  obtain  similar  data. 

An  experimental  investigation  has  been  conducted  to 
measure  the  amount  and  areas  of  cloud-droplet  im- 
pingement on  a ^4-scale  model  of  a fighter  airplane  en- 
gine inlet.  Angles  of  attack  from  2°  to  8°,  droplet 
diameters  from  7 to  23  microns,  and  ratios  of  inlet  to 


free-stream  velocity  from  0.4  to  1.5  were  studied.  Sig- 
nificant impingement  rates  and  areas  were  found  on  the 
curved  outboard  wall  of  the  inlet  duct  and  on  regions 
within  a few  inches  of  the  cowl  lips  and  leading  edges 
of  the  duct  splitter  vanes. 

Icing  tests  were  conducted  in  the  6-  by  9-foot  icing 
research  tunnel  to  evaluate  the  effect iveness  of  ice  pro- 
tection systems  for  a jet  transport.  The  proposed 
systems  utilized  hot  gas  to  anti-ice  the  leading  edge 
regions  of  the  wing  and  cyclic-electric  deicing  for  the 
tail  surfaces.  The  manufacturer’s  personnel  con- 
ducted the  tests  and  the  raw  data  are  available  foi 
study. 

As  part  of  a general  study  of  icing  and  icing  pro- 
tection for  bodies  of  revolution,  an  investigation  was 
conducted  to  determine  the  impingement  character- 
istics, heat  transfer,  and  icing-protection  requirements 
for  simple  bodies  of  revolution.  The' bodies  investi- 
gated included  spheres,  elliptical  forebodies,  and  a 
conical  forebody  of  30°  included  angle.  The  investi- 
gation covered  a wide  range  of  conditions  both  in  clear 
air  and  in  icing,  and  included  studies  at  angles  of  attack 
both  with  and  without  rotation. 

The  rate  and  the  area  of  cloud-droplet  impingement 
has  been  obtained  for  the  above  types  of  bodies.  Re- 
sults are  presented  in  the  form  of  dimensionless  param- 
eters, which  enable  the  icing  characteristics  of  bodies 
of  revolution  to  be  determined  over  a wide  range  of 
flight  and  atmospheric  conditions. 

Data  on  the  heat  transfer  in  clear  air  from  the  ellip- 
tical body  of  fineness  ratio  3.0  and  the  conical  fore- 
body have  also  been  obtained.  Information  required 
in  the  use  of  conventional  wet-air  analysis  for  the  de- 
sign of  anti-icing  systems  for  bodies  of  revolution  was 
determined  from  these  data. 

Penalties  Due  to  Icing 

Aerodynamic  effects  caused  by  ice  formations  on  an 
unheated  NACA  65A004  airfoil  were  determined  over 
a wide  range  of  icing  conditions  and  the  results  pub- 
lished. The  drag  changes  due  to  these  ice  formations 
were  correlated  with  the  various  icing  conditions,  as 
well  as  with  the  physical  dimensions  of  the  ice  accumu- 
lated and  with  the  measured  droplet-impingement 
rates.  The  correlation  resulted  in  an  empirical  equa- 
tion that  may  be  used  to  predict  changes  in  drag  co- 
efficients for  this  airfoil  based  on  meteorological, 
impingement,  and  flight  conditions.  The  correlation 
was  also  extended  to  include  aerodynamic  data  for  four 
other  airfoils. 

Noise  Research 

The  noise  produced  by  current  jet  engines  is  of  suf- 
ficient intensity  to  cause  damage  to  nearby  personnel 
and  aircraft  structures  and  serious  discomfort  or  an- 
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noyance  to  personnel  over  a considerable  distance  from 
the  engine.  Noise  annoyance  alone  is  a major  problem 
in  the  introduction  of  jet  transports  and  may  be  an 
important  factor  influencing  the  operation  of  such 
transports. 

The  NACA  has  been  conducting  at  its  Lewis  and 
Langley  Research  Centers  a broad  research  program 
to  determine  the  mechanisms  by  which  jet  noise  is  pro- 
duced and  to  find  means  for  reducing  jet  noise.  Con- 
clusive evidence  from  this  research  program  shows 
that  the  major  source  of  noise  from  a turbojet  or  rocket 
engine  is  the  exhaust  and  that  the  noise  from  this 
source  dominates  all  other  noise  during  full  power  op- 
erations. The  jet  exhaust  noise  is  caused  by  the  in- 
tense turbulence  produced  by  the  mixing  of  the  high 
speed  exhaust  stream  with  the  surrounding  air  as  well 
as  by  oscillating  shock  waves  within  the  jet  exhaust 
and  interaction  of  these  shock  waves  and  turbulence. 
The  major  NACA  research  effort  has  been  directed  to- 
ward reduction  of  noise  created  by  turbulence  since  this 
is  the  dominant  factor  in  the  production  of  noise  dur- 
ing take-off  and  climb  of  jet  aircraft  which  are  the 
operating  conditions  producing  the  noise  nuisance  in 
communities  near  airports.  Reducing  the  velocity  of 
the  jet  exhaust  will  reduce  the  noise ; however,  this  im- 
poses a penalty  on  the  efficiency  of  the  engine.  Since 
most  of  the  jet  noise  is  produced  within  ten  nozzle 
diameters  downstream  of  a conventional  circular  nozzle, 
it  has  been  determined  that  less  noise  would  be  pro- 
duced if  the  jet  exhaust  stream  could  be  slowed  down 
as  rapidly  as  possible  after  leaving  the  nozzle ; that  is 
in  less  distance  than  the  ten  diameters.  This  has  been 
accomplished  by  the  development  of  special  jet  exit 
nozzles  which  rapidly  mix  low  energy  surrounding  air 
into  the  jet  exhaust  stream  and  thereby  decrease  the 
overall  jet  velocity  and  noise.  Scores  of  nozzle  con- 
figurations have  been  investigated  to  determine  the 
basic  design  parameters  required  to  produce  the  best 
nozzles  for  given  conditions.  The  corrugated  multiple- 
tube  and  shrouded  nozzles  now  being  produced  for  jet 
transports  are  examples  of  nozzles  developed  from  this 
program.  Some  nozzles  are  designed  to  produce  sig- 
nificant reductions  in  overall  noise  output,  others  are 
designed  to  alter  the  mixing  process  in  such  a way  as  to 
change  the  amount  of  noise  in  certain  frequencies,  and 


still  others  are  designed  to  reduce  the  width  of  the  pat- 
tern of  noise  distribution  beneath  an  aircraft  so  as  to 
minimize  the  number  of  people  annoyed  by  take-offs. 
More  research  is  underway  to  increase  the  noise  sup- 
pression effectiveness  of  these  nozzles. 

Although  suppressors  do  reduce  the  noise  level,  they 
also  add  weight  to  the  aircraft,  slightly  decrease  engine 
performance,  and  increase  the  drag  of  the  airplane. 
The  amount  of  noise  suppression  desired  must  be  bal- 
anced against  the.  economic  and  performance  penalties 
imposed  by  the  use  of  these  suppressors.  As  a result 
of  extensive  NACA  wind  tunnel  tests  of  suppressor 
configurations,  the  aerodynamic  performance  of  sup- 
pressors has  been  evaluated  to  help  assess  a reasonable 
balance.  Much  additional  work  is  required  before  a 
satisfactory  solution  can  be  attained. 

With  the  advent  of  supersonic  aircraft  a new  prob- 
lem has  entered  into  flight  operations — the  sonic  boom. 
This  boom  is  the  shock  wave  produced  by  an  object 
traveling  through  the  air  at  supersonic  speeds  and  is 
similar  to  the  bow  wave  from  a boat.  This  boom  or 
wave  can  easily  be  of  sufficient  intensity  to  crack  plaster 
and  break  windows  in  buildings  beneath  the  path  of 
the  supersonic  aircraft.  The  NACA  has  investigated 
the  parameters  which  affect  the  strength  of  this  wave 
when  it  hits  the  ground  and  has  found  that  primary 
factors  are  the  altitude  of  the  aircraft,  the  climatic 
conditions,  and  the  size  of  the  aircraft.  The  speed  of 
the  aircraft  is  not  important  after  the  aircraft  is  well 
into  the  supersonic  regime.  Data  are  being  obtained 
which  will  allow  the  estimation  of  the  strength  of  sonic 
booms  for  various  flight  conditions,  and  more  work  is 
being  done  to  establish  flight  procedures  to  minimize 
the  boom  intensity.  Some  research  has  been  accom- 
plished on  aircraft  design  concepts  for  the  future  which 
may  reduce  the  magnitude  of  the  boom  problem,  and 
more  work  is  underway  along  such  lines. 

The  effects  of  sonic  boom  from  one  aircraft  on  other 
nearby  aircraft  also  have  been  investigated,  and  it  ap- 
pears that  if  the  aircraft  are  not  flying  at  the  same  speed 
so  that  one  aircraft  remains  in  the  shock  wave  from 
the  other  aircraft,  or  if  the  aircraft  are  separated  by 
distances  of  approximately  500  feet  or  more,  the  sonic 
boom  problem  appears  to  be  of  negligible  importance  to 
aircraft  in  flight. 
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Strength  of  Flat  Stiffened  Panels.  By  George  Gerard. 

3786.  Handbook  of  Structural  Stability.  Part  VI — Strength  of 

Stiffened  Curved  Plates  and  Shells.  By  Herbert 
Becker. 

3883.  Propellant  Vaporization  as  a Criterion  for  Rocket-Engine 
Design ; Calculations  of  a Chamber  Length  To  Vaporize 
Various  Propellants.  By  Richard  J.  Priem. 

3924.  Discharge  Coefficients  for  Combustor-Liner  Air-Entry 
Holes.  II — Flush  Rectangular  Holes,  Step  Louvers, 
and  Scoops.  By  Ralph  T.  Dittrich. 


1 The  missing  numbers  in  the  series  of  Technical  Notes  were  released 
before  or  after  the  period  covered  by  this  report. 


3985.  Propellant  Vaporization  as  a Criterion  for  Rocket  Engine 
Design;  Calculations  of  Chamber  Length  To  Vaporize 
a single  n-Heptane  Drop.  By  Richard  J.  Priem. 

3987.  Effect  of  Environments  of  Sodium  Hydroxide,  Air,  and 

Argon  on  the  Stress-Rupture  Properties  of  Nickel  at 
1,500®  F.  By  Howard  T.  McHenry  and  H.  B.  Probst. 

3988.  Experimental  and  Calculated  Histories  of  Vaporizing 

Fuel  Drops.  By  R.  J.  Priem,  G.  L.  Borman,  M.  M.  El 
Wakil,  O.  A.  Uyehara,  and  P.  S.  Myers. 

3989.  Strength  and  Ductility  of  Bainitic  Steels.  By  Donald 

H.  Desy,  J.  O.  Brittain,  and  M.  Gensamer. 

3990.  Effect  of  Crystal  Orientation  on  Fatigue-Crack  Initiation 

in  Polycrystalline  Aluminum  Alloys.  By  J.  G.  Wein- 
berg and  J.  A.  Bennett. 

3991.  Interface  Thermal  Conductance  of  Twenty-Seven  Riveted 

Aircraft  Joints.  By  Martin  E.  Barzelay  and  George 
F.  Holloway. 

3995.  An  Investigation  of  Flow  in  Circular  and  Annular  90° 
Bends  With  a Transition  in  Cross  Section.  By  Stafford 
W.  Wilbur. 

4005.  An  Experimental  Investigation  of  the  Effect  of  Various 
Parameters  Including  Tip  Mach  Number  on  the  Flutter 
of  Some  Model  Helicopter  Rotor  Blades.  By  George 
W.  Brooks  and  John  E.  Baker. 

4007.  An  Investigation  of  Discharge  and  Thrust  Character- 
istics of  Flapped  Outlets  for  Stream  Mach  Numbers 
From  0.40  to  1.30.  By  Allen  R.  Vick. 

4013.  Low-Speed  Experimental  Investigation  of  the  Magnus 

Effect  on  Various  Sections  of  a Body  of  Revolution 
With  and  Without  A Propeller.  By  M.  J.  Queijo  and 
Herman  S.  Fletcher. 

4014.  Recent  Research  on  the  Creep  of  Airframe  Components. 

By  Eldon  E.  Mathauser,  Avraham  Berkovits,  and 
Bland  A.  Stein. 

4016.  Some  Factors  Affecting  the  Variation  of  Pitching  Mo- 

ment With  Sideslip  of  Aircraft  Configurations.  By 
Edward  C.  Polhamus. 

4017.  Momentum  Transfer  for  Flow  Over  a Flat  Plate  With 

Blowing.  By  H.  S.  Mickley  and  R.  S.  Davis. 

4018.  Influence  of  Turbulence  on  Transfer  of  Heat  From 

Cylinders.  By  J.  Kestin  and  P.  F.  Maeder. 

4019.  Some  Observations  on  Stress-Corrosion  Cracking  of 

Single  Crystals  of  AZ61X  Magnesium  Alloy.  By  F. 
Meller  and  M.  Metzger. 

4020.  Investigation  of  Minimum  Drag  and  Maximum  Lift-Drag 

Ratios  of  Several  Wing-Body  Combinations  Including 
a Cambered  Triangular  Wing  at  Low  Reynolds  Num- 
bers and  at  Supersonic  Speeds.  By  Clinton  E.  Brown 
and  L.  K.  Hargrave. 

4026.  Effects  of  Thermal  Relaxation  and  Specific-Heat  Changes 

on  Measurements  With  a Pneumatic-Probe  Pyrometer. 
By  P.  W.  Kuhns. 

4027.  Application  of  Obliquely  Mounted  Strain  Gage  to  Meas- 

urement of  Residual  Stresses  in  Disks.  By  M.  H. 
Hirschberg,  R.  H.  Kemp,  and  S.  S.  Manson. 

4028.  Preliminary  Investigation  of  Propane  Combustion  in  a 

3-Inch-Diameter  Duct  at  Inlet-Air  Temperatures  of 

I, 400°  to  1,600°  F.  By  Erwin  A.  Lezberg. 

4029.  Turbulence  Measurements  in  Multiple  Interfering  Air 

Jets.  By  James  C.  Laurence  and  Jean  M.  Benninghoff. 

4030.  Experimental  Investigation  of  Cermet  Turbine  Blades  in 

an  Axial-Flow  Turbojet  Engine.  By  William  C.  Mor- 
gan and  George  C.  Deutsch. 

4031.  Stability  Limits  and  Burning  Velocities  for  Some 

Laminar  and  Turbulent  Propane  and  Hydrogen  Flames 
at  Reduced  Pressure.  By  Burton  Fine. 
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4032.  Reduction  of  Oxidized  Niclirome  V Powders  and  Sintering 

of  Nichrome  V Bodies.  By  Paul  Sikora  and  Philip 
Clarkin. 

4033.  Screen-Type  Noise  Reduction  Devices  for  Ground  Running 

of  Turbojet  Engines.  By  Willard  D.  Coles  and  Warren 
J.  North. 

4034.  Effect  of  Fluid-System  Parameters  on  Starting  Flow  in  a 

Liquid  Rocket.  By  Richard  P.  Krebs. 

4035.  Impingement  of  Cloud  Droplets  on  36.5-Percent-Thick 

JoukQwski  Airfoil  at  Zero  Angle  of  Attack  and  Discus- 
sion of  Use  as  Cloud  Measuring  Instrument  in  Dye- 
Tracer  Technique.  By  R.  J.  Brun  and  Dorothea  E.  Vogt. 

4036.  Creep  of  Aluminum-Copper  Alloys  During  Age  Hardening. 

By  E.  E.  Underwood,  L.  L.  Marsh,  and  G.  K.  Manning. 

4037.  Stability  of  Laminar  Boundary  Layer  Near  a Stagnation 

Point  Over  an  Impermeable  Wall  and  a Wall  Cooled  by 
Normal  Fluid  Injection.  By  Morris  Morduchow,  Rich- 
ard G.  Grape,  and  Richard  P.  Shaw. 

4039.  Investigation  of  the  Effects  of  Profile  Shape  on  the  Aero- 

dynamic and  Structural  Characteristics  of  Thin,  Two- 
Dimensional  Airfoils  at  Supersonic  Speeds.  By  Elliott 
D.  Katzen,  Donald  M.  Kuehn,  and  William  A.  Hill,  Jr. 

4040.  Estimation  of  Incremental  Pitching  Moments  Due  to  Trail- 

ing-Edge  Flaps  on  Swept  and  Triangular  Wings.  By 
Harry  A.  James  and  Lynn  W.  Hun  ton. 

4041.  The  Subsonic  Static  Aerodynamic  Characteristics  of  an 

Airplane  Model  Having  a Triangular  Wing  of  Aspect 
Ratio  3.  I — Effects  of  Horizontal-Tail  Location  and 
Size  on  the  Longitudinal  Characteristics.  By  Bruce  E. 
Tinling  and  Armando  E.  Lopez. 

4042.  The  Subsonic  Static  Aerodynamic  Characteristics  of  an 

Airplane  Model  Having  a Triangular  Wing  of  Aspect 
Ratio  3.  II — Lateral  and  Directional  Characteristics. 
By  Howard  F.  Savage  and  Bruce  E.  Tinling. 

4043.  The  Subsonic  Static  Aerodynamic  Characteristics  of  an 

Airplane  Model  Having  a Triangular  Wing  of  Aspect 
Ratio  3.  Ill — Effects  of  Trailing-Edge  Flaps.  By 
Bruce  E.  Tinling  and  A.  V.  Karpen. 

4044.  Ground  Effects  on  the  Longitudinal  Characteristics  of  Two 

Models  With  Wings  Having  Low  Aspect  Ratio  and 
Pointed  Tips.  By  Donald  A.  Buell  and  Bruce  E.  Tinling. 

4045.  Elliptic  Cones  Alone  and  With  Wings  at  Supersonic  Speeds. 

By  Leland  H.  Jorgensen. 

4046.  A Comparative  Analysis  of  the  Performance  of  Long-Range 

Hypervelocity  Vehicles.  By  Alfred  J.  Eggers,  Jr.,  H. 
Julian  Allen,  and  Stanford  E.  Neice. 

4047.  A Study  of  the  Motion  and  Aerodynamic  Heating  of  Mis- 

siles Entering  the  Earth’s  Atmosphere  at  High  Super- 
sonic Speeds.  By  H.  Julian  Allen  and  A.  J.  Eggers,  Jr. 

4048.  Motion  of  a Ballistic  Missile  Angularly  Misalined  With 

the  Flight  Path  Upon  Entering  the  Atmosphere  and  Its 
Effect  Upon  Aerodynamic  Heating,  Aerodynamic  Loads, 
and  Miss  Distance.  By  H.  Julian  Allen. 

4050.  Studies  of  Structural  Failure  Due  to  Acoustic  Loading. 
By  Robert  W.  Hess,  Robert  W.  Fralich,  and  Harvey  H. 
Hubbard. 

4055.  Effects  of  Airplane  Flexibility  on  Wing  Bending  Strains 
in  Rough  Air.  By  Thomas  L.  Coleman,  Harry  Press, 
and  C.  C.  Shufflebarger. 

4058.  Calculated  Effect  of  Some  Airplane  Handling  Techniques 

on  the  Ground-Run  Distance  in  Landing  on  Slippery 
Runways.  By  John  A.  Zalovcik. 

4059.  Noise  Survey  of  a Full-Scale  Supersonic  Turbine-Driven 

Propeller  Under  Static  Conditions.  By  Max  O.  Kurbjun. 


4061.  Flight  Measurements  of  Boundary-Layer  Temperature 

Profiles  on  a Body  of  Revolution  (NACA  RM-10)  at 
Mach  Numbers  From  1.2  to  3.5.  By  Andrew  G.  Swan- 
son, James  J.  Buglia,  and  Leo  T.  Chauvin. 

4062.  Effect  of  Sweep  on  Performance  of  Compressor  Blade  Sec- 

tions as  Indicated  by  Swept-Blade  Rotor,  Unswept-Blade 
Rotor,  and  Cascade  Tests.  By  William  R.  Godwin. 

4063.  Equations,  Tables,  and  Figures  for  Use  in  the  Analysis 

of  Helium  Flow  at  Supersonic  and  Hypersonic  Speeds. 
By  James  N.  Mueller. 

4064.  Review  and  Investigation  of  Unsatisfactory  Control  Char- 

acteristics Involving  Instability  of  Pilot-Airplane  Com- 
bination and  Methods  for  Predicting  These  Difficulties 
From  Ground  Tests.  By  William  H.  Phillips,  B.  Porter 
Brown,  and  James  T.  Matthews,  Jr. 

4065.  Tensile  Properties  of  Inconel  X Sheet  Under  Rapid-Heat- 

ing and  Constant-Temperature  Conditions.  By  Ivo  M. 
£urg. 

4066.  A Method  Utilizing  Data  on  the  Spiral,  Roll- Subsidence, 

and  Dutch  Roll  Modes  for  Determining  Lateral  Stability 
Derivatives  From  Flight  Measurements.  By  Bernard 
B.  Klawans  and  Jack  A.  White. 

4068.  Effects  of  Blade  Plan  Form  on  Free-Space  Oscillating 

Pressures  Near  Propellers  at  Flight  Mach  Numbers  to 
0.72.  By  Max  C.  Kurbjun. 

4069.  Effect  of  Angle  of  Attack  and  Thickness  on  Aerodynamic 

Coefficients  of  a Rigid  Wing  Oscillating  at  Very  Low 
Frequencies  in  Two-Dimensional  Supersonic  Flow.  By 
Frank  S.  Malvestuto,  Jr.,  and  Julia  M.  Goodwin. 

4070.  Flight-Test  Investigation  on  the  Langley  Control-Line 

Facility  of  a Model  of  a Propeller-Driven  Tail-Sitter- 
Type  Vertical-Take-Off  Airplane  With  Delta  Wing  Dur- 
ing Rapid  Transitions.  By  Robert  O.  Schade. 

4071.  A Correlation  of  Results  of  a Flight  Investigation  With 

Results  of  an  Analytical  Study  of  Effects  of  Wing 
Flexibility  on  Wing  Strains  Due  to  Gusts.  By  C.  C. 
Shufflebarger,  Chester  B.  Payne,  and  George  L.  Cahen. 

4072.  Experimental  Investigation  of  Attenuation  of  Strong 

Shock  Waves  in  a Shock  Tube  With  Hydrogen  and 
Helium  as  Driver  Gases.  By  Jim  J.  Jones. 

4073.  Tables  for  the  Numerical  Determination  of  the  Fourier 

Transform  of  a Function  of  Time  and  the  Inverse 
Fourier  Transform  of  a Function  of  Frequency,  With 
Some  Applications  to  Operational  Calculus  Methods. 
By  Carl  R.  Huss  and  James  J.  Donegan. 

4074.  Compressive  Stress-Strain  Properties  of  17-7  PH  and  AM 

350  Stainless-Steel  Sheet  at  Elevated  Temperatures. 
By  Bland  A.  Stein. 

4075.  Tensile  Stress-Strain  Properties  of  17-7  PH  and  AM  350 

Stainless-Steel  Sheet  at  Elevated  Temperatures.  By 
Ivo  M.  Kurg. 

4076.  Calculated  and  Measured  Stresses  in  Simple  Panels 

Subject  to  Intense  Random  Acoustic  Loading  Including 
the  Near  Noise  Field  of  a Turbojet  Engine.  By  Leslie 
W.  Lassiter  and  Robert  W.  Hess. 

4077.  Static  Longitudinal  and  Lateral  Stability  Characteristics 

at  Low  Speed  of  45°  Sweptback-Midwing  Models  Having 
Wings  With  an  Aspect  Ratio  of  2,  4,  or  6.  By  David 
F.  Thomas,  Jr.,  and  Walter  D.  Wolhart. 

4078.  A Discussion  of  Cone  and  Flat-Plate  Reynolds  Numbers 

for  Equal  Ratios  of  the  Laminar  Shear  to  the  Shear 
Caused  by  Small  Velocity  Fluctuations  in  a Laminar 
Boundary  Layer.  By  Neal  Tetervin. 

4079.  Wind-Tunnel  Investigation  of  External-Flow  Jet-Aug- 

mented Double  Slotted  Flaps  on  a Rectangular  Wing  at 
an  Angle  of  Attack  of  0°  to  High  Momentum  Coefficients. 
By  Edwin  E.  Davenport. 
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4050.  Some  Effects  of  Vanes  and  of  Turbulence  in  Two-Dimen- 

sional Wide-Angle  Subsonic  Diffusers.  By  Carl  A. 
Moore,  Jr.,  and  Stephen  J.  Kline. 

4051.  Effect  of  Overheating  on  Creep-Rupture  Properties  of 

S-816  Alloy  at  1,500°  F.  By  John  P.  Rowe  and  J.  W. 
Freeman. 

4052.  Abnormal  Grain  Growth  in  Nickel-Base  Heat-Resistant 

Alloys.  By  R.  F.  Decker,  A.  I.  Rush,  A.  G.  Dano,  and 
J.  W.  Freeman. 

4053.  Effect  of  Overheating  on  Creep-Rupture  Properties  of 

HS-31  Alloy  at  1,500°  F.  By  John  P.  Rowe  and  J.  W. 
Freeman. 

4084.  Abnormal  Grain  Growth  in  M-252  and  S-S16  Alloys.  By 
R.  F.  Decker,  A.  I.  Rush,  A.  G.  Dano,  and  J.  W.  Freeman. 
40S5.  Method  of  Split  Rigidities  and  Its  Application  to  Vari- 
ous Buckling  Problems.  By  P.  P.  Bijlaard. 

4086.  Discrete  Potential  Theory  for  Two-Dimensional  Laplace 

and  Poisson  Difference  Equations.  By  Charles  Saltzer. 

4087.  Drop-Size  Distribution  for  Crosscurrent  Breakup  of  Liquid 

Jets  in  Airstreams.  By  Robert  D.  Ingebo  and  Hampton 
H.  Foster. 

4088.  Practical  Solution  of  Plastic  Deformation  Problems  in 

Elastic-Plastic  Range.  By  A.  Mendelson  and  S.  S. 
Manson. 

4089.  The  Mechanism  of  Thermal-Gradient  Mass  Transfer  in 

the  Sodium  Hydroxide-Nickel  System.  By  Charles  E. 
May. 

4090.  Analysis  of  Shock  Motion  in  Ducts  During  Disturbances 

in  Downstream  Pressure.  By  Herbert  G.  Hurrell. 

4091.  Experimental  Investigation  of  Transpiration  Cooling  for 

a Turbulent  Boundary  Layer  in  Subsonic  Flow  Using 
Air  as  a Coolant.  By  William  E.  Brunk. 

4092.  Experimental  Droplet  Impingement  on  Four  Bodies  of 

Revolution.  By  James  P.  Lewis  and  Robert  S.  Ruggeri. 

4093.  Investigation  of  Heat  Transfer  From  a Stationary  and 

Rotating  Conical  Forebody.  By  Robert  S.  Ruggeri  and 
James  P.  Lewis. 

4094.  Effects  of  Extreme  Surface  Cooling  on  Boundary-Layer 

Transition.  By  John  R.  Jack,  Richard  J.  Wisniewski, 
and  N.  S.  Diaconis. 

4095.  An  Analysis  of  the  Effect  of  Several  Parameters  on  the 

Stability  of  an  Air-Lubricated  Hydrostatic  Thrust  Bear- 
ing. By  William  H.  Roudebush. 

4096.  Flow-Turning  Losses  Associated  With  Zero-Drag  Exter- 

nal-Compression Supersonic  Inlets.  By  Rudolph  C. 
Meyer. 

4097.  Investigation  of  Some  Mechanical  Properties  of  Tlier- 

menol  Compressor  Blades.  By  Donald  F.  Johnson. 

4098.  Propellant  Vaporization  as  a Criterion  for  Rocket-Engine 

Design;  Calculations  Using.  Various  Log-Probability 
Distributions  of  Heptane  Drops.  By  Richard  J.  Priem. 

4099.  Heat  Transfer  and  Boundary-Layer  Transition  on  Two 

Blunt  Bodies  at  Mach  Number  3.12.  By  N.  S.  Diaconis, 
Richard  J.  Wisniewski,  and  John  R.  Jack. 

4100.  Vibration  Survey  of  Four  Representative  Types  of  Air- 

Cooled  Turbine  Blades.  By  Howard  F.  Calvert  and 
Gordon  T.  Smith. 

4101.  Effect  of  Lubricant  Viscosity  on  Rolling-Contact  Fatigue 

Life.  By  Thomas  L.  Carter. 

4102.  Velocity  and  Friction  Characteristics  of  Laminar  Viscous 

Boundary-Layer  and  Channel  Flow  Over  Surfaces  With 
Ejection  or  Suction.  By  E.  R.  G.  Eckert,  Patrick  L. 
Donoughe,  and  Betty  Jo  Moore. 

4103.  Impact-Loads  Investigation  of  Chine-Immersed  Model 

Having  a Circular- Arc  Transverse  Shape.  By  Philip  M. 
Edge,  Jr. 


4104.  The  Use  of  Pure  Twist  for  Drag  Reduction  on  Arrow 

Wings  With  Subsonic  Leading  Edges.  By  Frederick  C. 
Grant. 

4105.  A Method  of  Computing  the  Transient  Temperature  of 

Thick  Walls  From  Arbitrary  Variation  of  Adiabatic- 
Wall  Temperature  and  Heat-Transfer  Coefficient.  By 
P.  R.  Hill. 

4106.  Impact-Loads  Investigation  of  a Chine-Immersed  Model 

Having  a Longitudinally  Curved  Bow  and  a V-Bottom 
With  a Dead-Rise  Angle  of  30°.  By  Philip  M.  Edge,  Jr., 
and  John  S.  Mixon. 

4107.  Effects  of  Airplane  Flexibility  on  Wing  Strains  in  Rough 

Air  at  5,000  Feet  as  Determined  by  Flight  Tests  of  a 
Large  Swept-Wing  Airplane.  By  Richard  H.  Rhyne 
and  Harold  N.  Murrow. 

4108.  A Thermal  System  for  Continuous  Monitoring  of  Laminar 

and  Turbulent  Boundary-Layer  Flows  During  Routine 
Flight.  By  Norman  R.  Richardson  and  Elmer  A. 
Horton. 

4109.  Low-Speed  Yawed-Rolling  Characteristics  and  Other 

Elastic  Properties  of  a Pair  of  40-Inch-Diameter,  14-Ply- 
Rating,  Type  VII  Aircraft  Tires.  By  Walter  B.  Horne 
and  Robert  F.  Smiley. 

4110.  Mechanical  Properties  of  Pneumatic  Tires  With  Special 

Reference  to  Modern  Aircraft  Tires.  By  Robert  F. 
Smiley  and  Walter  B.  Horne. 

4111.  Investigation  of  the  Compressive  Strength  and  Creep  of 

7075-T6  Aluminum-Alloy  Plates  at  Elevated  Tempera- 
tures. By  William  D.  Deveikis. 

4112.  Generalized  Master  Curves  for  Creep  and  Rupture.  By 

George  J.  Heimerl  and  Arthur  J.  McEvily,  Jr. 

4113.  Study  of  Pressure  Distributions  on  Simple  Sharp-Nosed 

Models  at  Mach  Numbers  From  16  to  18  in  Helium 
Flow.  By  Wayne  D.  Erickson. 

4114.  Weight-Strength  Studies  of  Structures  Representative  of 

Fuselage  Construction.  By  James  P.  Peterson. 

4115.  Theory  of  Aircraft  Structural  Models  Subject  to  Aero- 

dynamic Heating  and  External  Loads.  By  William  J. 
O'Sullivan,  Jr. 

4116.  Wind-Tunnel  Investigation  at  Low  Speeds  To  Determine 

Flow-Field  Characteristics  and  Ground  Influence  on  a 
Model  With  Jet- Augmented  Flaps.  By  Raymond  D. 
Vogler  and  Thomas  R.  Turner. 

4117.  Experimental  Investigation  of  Lift,  Drag,  and  Pitching 

Moment  of  Five  Annular  Airfoils.  By  Herman  S. 
Fletcher. 

4118.  Low-Temperature,  Vapor-Phase  Oxidation  of  Fuel-Rich 

Hydrocarbon  Mixtures.  By  William  T.  House  and 
Milton  Orchin. 

4119.  Wind-Tunnel  Investigation  of  Effects  of  Ground  Proximity 

and  of  Split  Flaps  on  the  Lateral  Stability  Derivatives 
of  a 60°  Delta-Wing  Model  Oscillating  in  Yaw.  By 
Byron  M.  Jaquet. 

4120.  Theoretical  Calculations  of  Supersonic  Wave  Drag  at  Zero 

Lift  for  a Particular  Store  Arrangement.  By  Kenneth 
Margolis,  Frank  S.  Malvestuto,  Jr.,  and  Peter  J. 
Maxie,  Jr. 

4121.  Theory  and  Apparatus  for  Measurement  of  Emissivity 

for  Radioactive  Cooling  of  Hypersonic  Aircraft  With 
Data  for  Inconel  and  Inconel  X.  By  William  J.  O’Sul- 
livan, Jr.,  and  William  R.  Wade. 

4122.  External  Interference  Effects  of  Flow  Through  Static- 

Pressure  Orifices  of  an  NACA  Airspeed  Head  at  a 
Mach  Number  of  3.  By  Norman  S.  Silsby. 

4123.  Rough- AVater  Impact-Load  Investigation  of  a Chine-Im- 

mersed V-Bottom  Model  Having  a Dead-Rise  Angle  of 
10°.  By  Melvin  F.  Markey  and  Thomas  D.  Carpini. 
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4124.  Effect  of  Ground  Proximity  on  the  Aerodynamic  Charac- 

teristics of  a Four-Engine  Vertical-Take-Off-and-Land- 
ing  Transport-Airplane  Model  With  Tilting  Wing  and 
Propellers.  By  William  A.  Newsom,  Jr. 

4125.  Heat  Transfer  and  Recovery  Temperatures  on  a Sphere 

With  Laminar,  Transitional,  and  Turbulent  Boundary 
Layers  at  Mach  Numbers  of  2.00  and  4.15.  By  Ivan  E. 
Beckwith  and  James  J.  Gallagher. 

4126.  Experimental  Investigation  of  the  Effects  of  Some  Shroud 

Design  Variables  on  the  Static  Thrust  Characteristics 
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Roll  and  Application  to  the  Flutter  of  an  All-Movable 
Control  Surface.  By  H.  J.  Cunningham. 

4190.  Experimental  Investigation  of  the  Lateral  Trim  of  a 

Wing-Propeller  Combination  at  Angles  of  Attack  up  to 
90°  With  All  Propellers  Turning  in  the  Same  Direction. 
By  William  A.  Newsom,  Jr. 

4191.  Analysis  of  Horizontal-Tail  Loads  in  Pitching  Maneuvers 

on  a Flexible  Swept-Wing  Jet  Bomber.  By  William 
S.  Aiken,  Jr. 

4192.  Three-Degree-of-Freedom  Evaluation  of  the  Longitudinal 

Transfer  Functions  of  a Supersonic  Canard  Missile 
Configuration  Including  Changes  in  Forward  Speed. 
By  Ernest  C.  Seaberg. 

4193.  Subsonic  Flight  Investigation  of  Methods  To  Improve  the 

Damping  of  Lateral  Oscillations  by  Means  of  a Vis- 
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4195.  Shape  of  Initial  Portion  of  Boundary  of  Supersonic  Axi- 

symmetric  Free  Jets  at  Large  Jet  Pressure  Ratios.  By 
Eugene  S.  Love  and  Louise  P.  Lee. 

4196.  A Method  for  the  Calculation  of  the  Lateral  Response  of 

Airplanes  to  Random  Turbulence.  By  John  M.  Eggle- 
ston and  William  H.  Phillips. 

4197.  Summary  of  Flutter  Experiences  as  a Guide  to  the  Pre- 
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Part  II- COMMITTEE  ORGANIZATION  AND  MEMBERSHIP 


The  National  Advisory  Committee  for  Aeronautics 
was  established  by  act  of  Congress  approved  March  3, 
1915  (U.S.  Code,  title  50,  sec.  151).  The  organic  act 
as  amended  provided  that  the  Committee  be  composed 
of  17  members  appointed  by  the  President,  including 
two  representatives  each  of  the  Department  of  the  Air 
Force,  the  Department  of  the  Navy,  and  the  Civil  Aero- 
nautics Authority ; one  representative  each  of  the 
Smithsonian  Institution,  the  U.S.  Weather  Bureau,  and 
the  National  Bureau  of  Standards;  and  “one  Depart- 
ment of  Defense  representative  who  is  acquainted  with 
the  needs  of  aeronautical  research  and  development.55 
The  law  further  provided  that  the  membership  include 
seven  members  appointed  for  five-year  terms  from  per- 
sons “acquainted  with  the  needs  of  aeronautical  science, 
either  civil  or  military,  or  skilled  in  aeronautical  en- 
gineering or  its  allied  sciences.55  The  representatives  of 
the  Government  organizations  were  appointed  without 
definite  terms,  and  all  members  served  as  such  without 
compensation. 

In  accordance  with  the  regulations  of  the  Committee 
as  approved  by  the  President,  the  chairman  and  vice 
chairman  and  the  chairman  and  vice  chairman  of  the 
Executive  Committee  Avere  elected  annually.  The  offi- 
cers now  serving,  reelected  at  the  annual  meeting  of  the 
Committee  October  10,  1957,  are:  Dr.  James  PI.  Doo- 
little, Chairman  of  the  NACA  and  Chairman  of  the 
Executive  Committee;  Dr.  Leonard  Carmichael,  Vice 
Chairman  of  the  NACA;  and  Dr.  Detlev  W.  Bronk, 
Vice  Chairman  of  the  Executive  Committee. 

The  following  changes  in  membership  have  taken 
place  during  the  past  year : 

On  October  22,  1957,  President  Eisenhower  ap- 
pointed Hon.  Paul  D.  Foote,  Assistant  Secretary  of 
Defense  (Research  and  Engineering),  as  the  Depart- 
ment of  Defense  representative  on  the  Committee  au- 
thorized in  the  law.  He  succeeded  Hon.  Clifford  C. 
Furnas,  whose  membership  on  NACA  was  terminated 
February  15,  1957,  as  a result  of  his  resignation  as 
Assistant  Secretary  of  Defense  (Research  and  Devel- 
opment) . 

The  NACA  membership  of  Lt.  Gen.  Donald  L.  Putt, 
who  had  been  serving  as  Deputy  Chief  of  Staff,  Devel- 
opment, of  the  Air  Force,  was  automatically  termi- 
nated June  30,  1958,  on  his  retirement  from  the  Air 
Force.  He  had  been  a member  of  NACA  more  than 
nine  years,  having  been  appointed  March  22, 1949.  Be- 
cause of  the  legislation  then  pending  in  the  Congress 
which  would  result  in  the  termination  of  the  existence 
of  the  NACA,  the  President  did  not  appoint  a succes- 


sor to  General  Putt  on  the  Committee.  In  the  interim, 
Lt.  Gen.  Roscoe  C.  Wilson,  USAF,  General  Putt’s  suc- 
cessor as  Deputy  Chief  of  Staff,  Development,  served 
as  acting  member  of  NACA. 

Because  of  his  detachment  as  Deputy  Chief  of  Naval 
Operations  (Air)  and  transfer  to  duty  with  the  At- 
lantic Fleet,  the  membership  of  Vice  Adm.  William  V. 
Davis,  USN,  on  the  NACA  was  terminated  May  22, 
1958.  As  in  the  case  of  General  Putt,  the  President 
did  not  appoint  a successor  on  the  Committee,  and  in 
the  meantime  Vice  Adm.  Robert  B.  Pirie,  USN,  Ad- 
miral Davis5  successor  in  his  Navy  post,  served  as  act- 
ing NACA  member. 

Reference  was  made  in  the  opening  statement  of  this 
report  to  the  National  Aeronautics  and  Space  Act  of 
1958  (Public  Law  85-568),  approved  July  29,  1958. 
In  accordance  with  that  act,  and  by  proclamation  of 
the  Administrator  of  the  National  Aeronautics  and 
Space  Administration  which  he  has  indicated  he  will 
publish  in  the  Federal  Register  of  September  30,  1958, 
the  National  Advisory  Committee  for  Aeronautics  will 
cease  to  exist  at  the  close  of  business  September  30, 
1958.  At  that  time  all  its  functions,  powers,  duties, 
and  obligations,  and  all  real  and  personal  property, 
personnel  (other  than  members  of  the  Committee), 
funds,  and  records  will  be  transferred  to  the  National 
Aeronautics  and  Space  Administration.  All  member- 
ships on  the  NACA  will  then  be  terminated. 

The  members  of  the  National  Advisory  Committee 
for  Aeronautics  at  the  end  of  its  existence,  September 
30, 1958,  are  as  follows : 

James  H.  Doolittle,  Sc.  D.,  Vice  President,  Shell  Oil  Co., 
Chairman. 

Leonard  Carmichael,  Ph.  D.,  Secretary,  Smithsonian  Institu- 
tion, Vice  Chairman. 

Allen  V.  Astin,  Ph.  D.,  Director,  National  Bureau  of  Standards. 
Preston  R.  Bassett,  D.  Sc. 

Detlev  W.  Bronk,  Ph.  D.,  President,  Rockefeller  Institute  for 
‘Medical  Research. 

Frederick  C.  Crawford,  Sc.  D.,  Chairman  of  the  Board,  Thomp- 
son Products,  Inc. 

Paul  D.  Foote,  Ph.  D.,  Assistant  Secretary  of  Defense  (Re- 
search and  Engineering). 

Wellington  T.  Hines,  Rear  Admiral,  U.S.  Navy,  Deputy  and 
Assistant  Chief  of  the  Bureau  of  Aeronautics. 

Jerome  C.  Hunsaker,  Sc.  D.,  Massachusetts  Institute  of  Tech- 
nology. 

Charles  J.  McCarthy,  S.B.,  Chairman  of  the  Board,  Chance 
V ought  Aircraft,  Inc. 

James  T.  Pyle,  A.B.,  Administrator  of  Civil  Aeronautics. 
Francis  W.  Reichelderfer,  Sc.  D.,  Chief,  U.S.  Weather  Bureau. 
Edward  V.  Rickenbacker,  Sc.  D.,  Chairman  of  the  Board,  East- 
ern Air  Lines,  Inc. 
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Louis  S.  Rothschild,  Ph.  B.,  Under  Secretary  of  Commerce  for 

Transportation. 

Thomas  D.  White,  General,  U.S.  Air  Force,  Chief  of  Staff. 

In  its  coordination  of  aeronautical  research  and  the 
formulation  of  its  research  programs,  the  NACA  has 
been  assisted  for  a number  of  years  by  four  main  tech- 
nical committees.  Under  each  of  these  committees, 
subcommittees  have  been  organized  varying  in  number 
from  three  to  eight,  the  total  number  in  1958  being  23. 
On  February  26, 1958,  the  names  of  the  four  main  tech- 
nical committees,  as  well  as  those  of  certain  subcom- 
mittees, were  changed  to  indicate  more  definitely  their 
cognizance  of  problems  applicable  to  missiles  and  space- 
craft as  well  as  aircraft.  The  four  main  technical 
committees  now  are:  Committee  on  Aircraft,  Missile, 
and  Spacecraft  Aerodynamics  (formerly  Committee  on 
Aerodynamics)  ; Committee  on  Aircraft,  Missile,  and 
Spacecraft  Propulsion  (formerly  Committee  on  Power 
Plants  for  Aircraft) ; Committee  on  Aircraft,  Missile, 
and  Spacecraft  Construction  (formerly  Committee  on 
Aircraft  Construction) ; and  Committee  on  Aircraft 
Operating  Problems  (formerly  Committee  on  Oper- 
ating Problems).  Effective  January  1,  1958,  the  Sub- 
committee on  Icing  Problems,  formerly  organized 
under  the  Committee  on  Operating  Problems,  was  dis- 
continued, since  it  was  the  opinion  of  the  NACA  that 
the  demands  for  research  in  this  field  had  decreased  to 
such  an  extent  that  the  maintenance  of  a separate  sub- 
committee was  not  justified,  and  such  research  as  was 
needed  in  this  field  could  be  conducted  under  the  cog- 
nizance of  the  Subcommittee  on  Flight  Safety  and  the 
Subcommittee  on  Meteorological  Problems. 

The  NACA  at  its  meeting  on  November  21,  1957, 
authorized  the  establishment  of  a Special  Committee  on 
Space  Technolog}7,  to  be  composed  of  experts  especially 
qualified  in  the  field,  to  survey  the  whole  problem  of 
space  technology  from  the  point  of  view  of  needed  re- 
search and  development,  and  to  make  recommendations 
to  the  NACA.  It  was  pointed  out  that,  while  the 
NACA  already  had  a substantial  effort  on  problems  of 
flight  beyond  the  earth’s  atmosphere,  as  exemplified  by 
the  X-15  research  airplane  being  constructed  by  North 
American  Aviation,  Inc.,  as  a joint  Air  Force-Navy- 
NACA  project,  and  by  its  research  program  on  ballis- 
tic missile  problems,  there  was  need  for  a review  of  the 
whole  problem  of  space  technology.  The  Special  Com- 
mittee on  Space  Technology  was  organized  in  January 
1958  under  the  chairmanship  of  Dr.  H.  Guyf ord  Stever, 
Associate  Dean  of  Engineering  of  the  Massachusetts 
Institute  of  Technology,  and  has  been  engaged  in  a 
survey  of  the  entire  field,  with  the  aid  of  seven  working 
groups  established  for  study  of  the  following  areas: 
Space  Research  Objectives;  Vehicular  Program;  Re- 
entry; Range,  Launch,  and  Tracking  Facilities;  In- 
strumentation; Space  Surveillance;  and  Human 
Factors  and  Training.  The  report  of  the  Special 


Committee  on  Space  Technology  will  be  completed  in 
the  near  future. 

The  NACA  has  also  been  assisted  since  1945  by  an 
Industry  Consulting  Committee,  whose  function  has 
been  to  advise  the  NACA  as  to  general  research  policy 
and  programs,  especially  with  regard  to  the  needs  of 
industry. 

At  the  final  meeting  of  the  National  Advisory  Com- 
mittee for  Aeronautics  on  August  21, 1958,  the  members 
of  the  Committee  expressed  the  firm  opinion  that  the 
advice  and  cooperation  of  NACA  committees  and  sub- 
committees have  been  a highly  significant  factor  in  the 
effective  discharge  of  the  duties  of  NACA. 

The  Administrator  of  the  National  Aeronautics  and 
Space  Administration,  Hon.  T.  Keith  Glennan,  has 
indicated  that  the  proclamation  which  he  will  issue  for 
publication  in  the  Federal  Register  of  September  30 
will  include  a provision  that  the  committees  and  sub- 
committees of  the  NACA  are  being  reconstituted  ad- 
visory committees  to  the  NASA  for  the  purpose  of 
bringing  their  current  work  to  orderly  completion. 

The  membership  of  the  committees  and  their  sub- 
committees and  working  groups  is  as  follows : 

COMMITTEE  ON  AIRCRAFT,  MISSILE,  AND 
SPACECRAFT  AERODYNAMICS 

Mr.  Preston  R.  Bassett,  Chairman. 

Dr.  Theodore  P.  Wright,  Vice  President  for  Research,  Cornell 
University,  Vice  Chairman. 

Maj.  Gen.  Ralph  P.  Swofford,  Jr.,  USAF,  Assistant  Deputy  Chief 
of  Staff,  Development,  U.S.  Air  Force. 

Col.  Randall  D.  Keator,  USAF,  Chief,  Aircraft  Laboratory, 
Wright  Air  Development  Center. 

Rear  Adm.  L.  D.  Coates,  USN,  Assistant  Chief  of  the  Bureau 
of  Aeronautics  for  Research  and  Development,  Department 
of  the  Navy. 

Mr.  Abraham  Hyatt,  Bureau  of  Aeronautics,  Department  of  the 
Navy. 

Capt.  Robert  L.  Townsend,  USN,  Assistant  Director,  Research 
and  Development  Division,  Bureau  of  Ordnance,  Department 
of  the  Navy. 

Maj.  Gen.  H.  N.  Toftoy,  USA,  Commanding  General,  Aberdeen 
Proving  Ground. 

Col.  George  P.  Seneff,  Jr.,  USA,  Office  of  the  Chief  of  Research 
and  Development,  Department  of  the  Army. 

Mr.  Harold  D.  Hoekstra,  Civil  Aeronautics  Administration. 
Dr.  Hugh  L.  Dryden  (ex  officio). 

Mr.  Floyd  L.  Thompson,  NACA  Langley  Aeronautical  Labora- 
tory. 

Mr.  Russell  G.  Robinson,  NACA  Ames  Aeronautical  Laboratory. 
Dr.  Milton  U.  Clauser,  Director,  Aeronautical  Research  Labora- 
tory, The  Ramo-Wooldridge  Corp. 

Capt.  W.  S.  Diehl,  USN  (Ret.). 

Mr.  Clarence  L.  Johnson,  Vice  President,  Research  and  De- 
velopment, Lockheed  Aircraft  Corp. 

Dr.  A.  Kartveli,  Vice  President,  Research  and  Development, 
Republic  Aviation  Corp. 

Mr.  Schuyler  Kleinhans,  Assistant  Chief  Engineer,  Santa  Monica 
Division,  Douglas  Aircraft  Co.,  Inc. 

Dr.  Clark  B.  Millikan,  Director,  Daniel  Guggenheim  Aeronauti- 
cal Laboratory,  California  Institute  of  Technology. 
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Mr.  Kendall  Perkins,  Vice  President,  Engineering,  McDonnell 
Aircraft  Corp. 

Mr.  George  S.  Schairer,  Director  of  Research,  Seattle  Division, 
Boeing  Airplane  Co. 

Prof.  William  R.  Sears,  Cornell  University. 

Mr.  R.  C.  Sebold,  Vice  President,  Engineering,  Convair,  Divi- 
sion of  General  Dynamics  Corp. 

Mr.  H.  A.  Storms,  Jr.,  Chief  Engineer,  Los  Angeles  Division, 
North  American  Aviation,  Inc. 

Mr.  George  S.  Trimble  Jr.,  Vice  President-Chief  Engineer,  The 
Martin  Co. 

Mr.  Milton  B.  Ames,  Jr.,  Secretary 

Subcommittee  on  Fluid  Mechanics 

Prof.  William  R.  Sears,  Cornell  University,  Chairman. 

Lt.  Col.  B.  W.  Marschner,  USAF,  Air  Force  Missile  Develop- 
ment Center. 

Mr.  E.  Haynes,  Air  Force  Office  of  Scientific  Research. 

Dr.  Frederick  S.  Sherman,  Office  of  Naval  Research,  Depart- 
ment of  the  Navy. 

Mr.  John  D.  Nicolaides,  Bureau  of  Ordnance,  Department  of 
the  Navy. 

Dr.  Joseph  Sternberg,  Ballistic  Research  Laboratories,  Aber- 
deen Proving  Ground. 

Dr.  G.  B.  Schubauer,  Chief,  Fluid  Mechanics  Section,  National 
Bureau  of  Standards. 

Dr.  Adolf  Busemann,  NACA  Langley  Aeronautical  Laboratory. 

Mr.  Clinton  E.  Brown,  NACA  Langley  Aeronautical  Laboratory. 

Dr.  D.  R.  Chapman,  NACA  Ames  Aeronautical  Laboratory. 

Mr.  Robert  T.  Jones,  NACA  Ames  Aeronautical  Laboratory. 

Dr.  John  C.  Evvard,  NACA  Lewis  Flight  Propulsion  Laboratory. 

Dr.  J.  V.  Charyk,  Aeronutronic  Systems,  Inc. 

Prof.  Wallace  D.  Hayes,  Princeton  University. 

Prof.  Otto  Laporte,  University  of  Michigan. 

Prof.  Lester  Lees,  California  Institute  of  Technology. 

Prof.  Hans  W.  Liepmann,  California  Institute  of  Technology. 

Prof.  C.  C.  Lin,  Massachusetts  Institute  of  Technology. 

Prof.  E.  L.  Resler,  Jr.,  Cornell  University. 

Mr.  Ernest  O.  Pearson,  Jr.,  Secretary 

Subcommittee  on  High-Speed  Aerodynamics 

Dr.  Clark  B.  Millikan,  Director,  Daniel  Guggenheim  Aero- 
nautical Laboratory,  California  Institute  of  Technology, 
Chairman. 

Mr.  Robert  F.  Robinson,  Air  Research  and  Development 
Command. 

Mr.  Oscar  Seidman,  Bureau  of  Aeronautics,  Department  of  the 
Navy. 

Dr.  H.  H.  Kurzweg,  Associate  Technical  Director  for  Aero- 
ballistic  Research,  Naval  Ordnance  Laboratory. 

Mr.  C.  L.  Poor,  Chief,  Exterior  Ballistics  Laboratory,  Ballistic 
Research  Laboratories,  Aberdeen  Proving  Ground. 

Mr.  John  Stack,  NACA  Langley  Aeronautical  Laboratory. 

Mr.  H.  Julian  Allen,  NACA  Ames  Aeronautical  Laboratory. 

Dr.  Abe  Silverstein,  NACA  Lewis  Flight  Propulsion  Laboratory. 

Mr.  Walter  C.  Williams,  NACA  High-Speed  Flight  Station. 

Mr.  John  R.  Clark,  Assistant  Chief  Engineer,  Chance  Vought 
Aircraft,  Inc. 

Mr.  Alexander  H.  Flax,  Vice  President  and  Assistant  Director, 
Technical,  Cornell  Aeronautical  Laboratory,  Inc. 

Mr.  L.  P.  Greene,  Chief  Aerodynamicist,  North  American  Avia- 
tion, Inc. 

Mr.  R.  P.  Jackson,  General  Manager,  Tactical  Weapon  Systems 
Division,  Aeronutronic  Systems,  Inc. 
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Mr.  C.  J.  Koch,  Chief  of  Staff,  Advanced  Design,  The  Martin 
Co. 

Mr.  John  G.  Lee,  Director  of  Research,  United  Aircraft  Corp. 

Dr.  Albert  E.  Lombard,  Jr.,  Director  of  Research,  McDonnell 
Aircraft  Corp.  . 

Mr.  Harlowe  J.  Longfelder,  Systems  Engineering  Director, 
Boeing  Airplane  Co. 

Prof.  John  R.  Markham,  Professor  of  Aeronautical  Engineering, 
Massachusetts  Institute  of  Technology. 

Mr.  W.  F.  Radcliffe,  Chief  of  Aerophysics,  Convair,  Division  of 
General  Dynamics  Corp. 

Mr.  Ronald  Smelt,  Director,  New  Design  Office,  Missile  Systems 
Division,  Lockheed  Aircraft  Corp. 

Mr.  Albert  J.  Evans,  Secretary 

Subcommittee  on  Aerodynamic  Stability  and  Control 

Capt.  W.  S.  Diehl,  USN  (Ret.),  Chairman. 

Mr.  Melvin  Shorr,  Wright  Air  Development  Center. 

Mr.  Jerome  Teplitz,  Bureau  of  Aeronautics,  Department  of  the 
Navy. 

Mr.  Joseph  E.  Long,  Bureau  of  Ordnance,  Department  of  the 
Navy. 

Mr.  J.  G.  McHugh,  Transportation  Research  and  Engineering 
Command. 

Mr.  D.  L.  Baker,  Civil  Aeronautics  Administration. 

Mr.  Charles  J.  Donlan,  NACA  Langley  Aeronautical  Labora- 
tory. 

Mr.  Charles  F.  Hall,  NACA  Ames  Aeronautical  Laboratory. 

Mr.  Hubert  M.  Drake,  NACA  High-Speed  Flight  Station. 

Mr.  E.  A.  Bonney,  Applied  Physics  Laboratory,  The  Johns  Hop- 
kins University. 

Mr.  W.  O.  Breuhaus,  Cornell  Aeronautical  Laboratory,  Inc. 

Mr.  Paul  C.  Emmons,  Manager,  Development  Analysis,  Bell 
Aircraft  Corp. 

Mr.  J.  E.  Goode,  Jr.,  Convair,  Division  of  General  Dynamics 
Corp.,  Fort  Worth. 

Mr.  William  T.  Hamilton,  Chief  Aerodynamics  Engineer,  Boe- 
ing Airplane  Co. 

Mr.  Maxwell  W.  Hunter,  Chief  Missiles  Design  Engineer,  Doug- 
las Aircraft  Co.,  Inc. 

Mr.  R.  B.  Katkov,  Northrop  Aircraft,  Inc. 

Prof.  E.  E.  Larrabee,  Massachusetts  Institute  of  Technology. 

Mr.  Conrad  A.  Lau,  Chance  Vought  Aircraft,  Inc. 

Mr.  Jack  D.  Brewer,  Secretary 

Subcommittee  on  Automatic  Stabilization  and  Control 

Mr.  Warren  E.  Swanson,  North  American  Aviation,  Inc.,  Chair- 
man. 

Mr.  George  L.  Yingling,  Wright  Air  Development  Center. 

Dr.  Gerhard  W.  Braun,  Air  Force  Missile  Development  Center. 

Mr.  William  Koven,  Bureau  of  Aeronautics,  Department  of 
the  Navy. 

Mr.  J.  M.  Lee,  Bureau  of  Ordnance,  Department  of  the  Navy. 

Mr.  Karl  L.  Kocmanek,  Signal  Corps  Engineering  Laboratories. 

Mr.  Charles  W.  Mathews,  NACA  Langley  Aeronautical  Labora- 
tory. 

Mr.  Harry  J.  Goett,  NACA  Ames  Aeronautical  Laboratory. 

Mr.  A.  S.  Boksenbom,  NACA  Lewis  Flight  Propulsion  Labora- 
tory. 

Mr.  Joseph  Weil,  NACA  High-Speed  Flight  Station. 

Mr.  Frank  Andrix,  Director  of  Engineering,  Avionics  Division, 
Bell  Aircraft  Corp. 

Mr.  Frank  A.  Gaynor,  Aeronautical  and  Ordnance  Systems  Di- 
vision, General  Electric  Co. 
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Prof.  DaleR.  Corson,  Cornell  University. 

Mr.  J.  R.  Dempsey,  Manager,  Convair,  Astronautics,  Division 
of  General  Dynamics  Corp. 

Mr.  S.  K.  Hoffman,  General  Manager,  Roeketdyne  Division, 
North  American  Aviation,  Inc. 

Dr.  W.  Randolph  Lovelace  II,  Lovelace  Foundation  for  Med- 
ical Education  and  Research. 

Dr.  W.  H.  Pickering,  Director,  Jet  Propulsion  Laboratory,  Cali- 
fornia Institute  of  Technology. 

Dr.  Louis  N.  Ridenour,  Assistant  General  Manager,  Research 
and  Development,  Missile  Systems  Divisibn,  Lockheed  Air- 
craft Corp. 

Dr.  J.  A.  Yan  Allen,  State  University  of  Iowa. 

Mr.  Carl  B.  Palmer,  Secretary 

Working  Group  on  Space  Research  Objectives 

Dr.  J.  A.  Yan  Allen,  State  University  of  Iowa,  Chairman. 

Prof.  Dale  R.  Corson,  Cornell  University,  Vice  Chairman. 

Col.  Norman  C.  Appold,  USAF,  Air  Research  and  Development 
Command. 

Mr.  Robert  Cornog,  The  Ramo-Wooldridge  Corp. 

Mr.  Robert  P.  Haviland,  Systems  Planning  Engineer,  General 
Electric  Co. 

Dr.  J.  R.  Pierce,  Director  of  Research,  Electrical  Communica- 
tions, Murray  Hill  Laboratory,  Beil  Telephone  Laboratories, 
Inc. 

Prof.  Lyman  Spitzer,  Jr.,  Princeton  University  Observatory. 

Mr.  E.  O.  Pearson,  Secretary 

Working  Group  on  Vehicular  Program 

Dr.  Wernher  von  Braun,  Director,  Development  Operations  Di- 
vision, Army  Ballistic  Missile  Agency,  Chairman. 

Mr.  S.  K.  Hoffman,  General  Manager,  Roeketdyne  Division, 
North  American  Aviation,  Inc.,  Vice  Chairman. 

Col.  Norman  C.  Appold,  USAF,  Air  Research  and  Development 
Command. 

Mr.  Abraham  Hyatt,  Bureau  of  Aeronautics,  Department  of  the 
Navy. 


Dr.  Louis  N.  Ridenour,  Assistant  General  Manager,  Research 
and  Development,  Missile  Systems  Division,  Lockheed  Air- 
craft Corp. 

Dr.  Abe  Silverstein,  NACA  Lewis  Flight  Propulsion  Laboratory. 

Dr.  Krafft  A.  Ehricke,  Convair,  Astronautics,  Division  of  Gen- 
eral Dynamics  Corp. 

Mr.  M.  W.  Hunter,  Chief  Missiles  Design  Engineer.  Douglas 
Aircraft  Co.,  Inc. 

Mr.  C.  C.  Ross,  Vice  President,  Engineering,  Aerojet-General 
Corp. 

Dr.  Homer  J.  Stewart,  Jet  Propulsion  Laboratory,  California 
Institute  of  Technology. 

Mr.  George  S.  Trimble,  Jr.,  Vice  President,  Engineering,  The 
Martin  Co. 

Mr,  William  H.  Woodward,  Secretary 

Working  Group  on  Reentry 

Dr.  Milton  U.  Clauser,  Director,  Aeronautical  Research  Labora- 
tory, The  Ramo-Wooldridge  Corp.,  Chairman. 

Mr.  H.  Julian  Allen,  NACA  Ames  Aeronautical  Laboratory, 
Vice  Chairman. 

Dr.  Mac  C.  Adams,  Deputy  Director,  Avco  Research  Laboratory, 
Avco  Manufacturing  Corp. 

Dr.  Alfred  J.  Eggers,  Jr.,  NACA  Ames  Aeronautical  Laboratory. 

Mr.  Maxime  A.  Faget,  NACA  Langley  Aeronautical  Laboratory. 

Dr.  A.  H.  Flax,  Arice  President  and  Assistant  Director,  Tech- 
nical, Cornell  Aeronautical  Laboratory,  Inc. 

Prof.  Lester  Lees,  Guggenheim  Aeronautical  Laboratory,  Cali- 
fornia Institute  of  Technology. 

Mr.  Harlowe  J.  Longfelder,  Systems  Engineering  Director, 
Boeing  Airplane  Co. 

Dr.  J.  C.  McDonald,  Missile  Systems  Division,  Lockheed  Air- 
craft Corp. 

Prof.  S.  A.  Schaaf,  University  of  California. 

Col.  John  P.  Stapp,  USAF,  Chief,  Aero  Medical  Laboratory, 
Wright  Air  Development  Center. 

Mr.  R.  Fabian  Goranson,  Secretary 

Working  Group  on  Range,  Launch,  and  Tracking  Facilities 

Mr.  J.  R.  Dempsey,  Manager,  Convair,  Astronautics,  Division 
of  General  Dynamics  Corp.,  Chairman. 

Mr.  Robert  R.  Gilruth,  NACA  Langley  Aeronautical  Labora- 
tory, Vice  Chairman. 

Col.  Paul  T.  Cooper,  USAF,  Deputy  Commander,  Range,  Air 
Force  Missile  Test  Center. 

Mr.  L.  G.  deBey,  Chief,  Electronic  Measurements  Branch,  Bal- 
listic Research  Laboratories,  Aberdeen  Proving  Ground. 

Mr.  Carl  Ernest  Duckett,  Army  Ballistic  Missile  Agency. 

Comdr.  Robert  F.  Freitag,  USN,  Naval  Air  Missile  Test  Center. 

Prof.  J.  Allen  Hynek,  Astrophysical  Observatory,  Smithsonian 
Institution. 

Mr.  John  T.  Mengel,  Naval  Research  Laboratory. 

Mr.  Grayson  Merrill,  General  Manager,  Fairchild  Guided  Mis- 
siles Division,  Fairchild  Engine  & Airplane  Corp. 

Mr.  Carl  B.  Palmer,  Secretary 

Working  Group  on  Instrumentation 

Dr.  W.  H.  Pickering,  Director,  Jet  Propulsion  Laboratory,  Cali- 
fornia Institute  of  Technology,  Chairman. 

Dr.  Louis  N.  Ridenour,  Assistant  General  Manager,  Research 
and  Development,  Missile  Systems  Division,  Lockheed  Air- 
craft Corp.,  Vice  Chairman. 

Dr.  Henrik  AV.  Bode,  Vice  President,  Bell  Telephone  Labora- 
tories, Inc. 
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Mr.  Robert  W.  Buchheim,  The  Rand  Corp. 

Mr.  Harry  J.  Goett,  NACA  Ames  Aeronautical  Laboratory. 

Dr.  Albert  C.  Hall,  Director  of  Engineering,  Denver  Division, 
The  Martin  Co. 

Mr.  Eberhardt  Rechtin,  Jet  Propulsion  Laboratory,  California 
Institute  of  Technology. 

Dr.  William  T.  Russell,  Space  Technology  Laboratories,  Inc. 

Dr.  Robert  C.  Seamans,  Jr.,  RCA  Airborne  Systems  Laboratory. 

Mr.  Bernard  Maggin,  Secretary 

Working  Group  on  Space  Surveillance 

Dr.  Hendrik  W.  Bode,  Vice  President,  Bell  Telephone  Laborato- 
ries, Inc.,  Chairman. 

Dr.  W.  H.  Pickering,  Director,  Jet  Propulsion  Laboratory,  Cali- 
fornia Institute  of  Technology,  Vice  Chairman. 

Mr.  Wilbur  B.  Davenport,  Jr.,  Head,  Communications  and  Com- 
ponents Division,  Lincoln  Laboratory,  Massachusetts  Insti- 
tute of  Technology. 

Mr.  W.  B.  Hebenstreit,  Director,  Special  Programs,  Space  Tech- 
nology Laboratories,  Inc. 

Mr.  Richard  S.  Leghorn,  ITEK  Corp. 

Mr.  K.  G.  Macleish,  Assistant  Director,  Research  and  Develop- 
ment Department,  Apparatus  and  Optical  Division,  Eastman 
Kodak  Co. 


Dr.  William  B.  McLean,  Technical  Director,  U.S.  Naval  Ord- 
nance Test  Station. 

Mr.  A.  H.  Shapley,  Boulder  Laboratories,  National  Bureau  of 
Standards. 

Dr.  Fred  L.  Whipple,  Director,  Astrophysical  Observatory, 
Smithsonian  Institution. 

Mr.  Carl  B.  Palmer,  Secretary 

Working  Group  on  Human  Factors  and  Training 

Dr.  W.  Randolph  Lovelace  II,  Lovelace  Foundation  for  Medi- 
cal Education  and  Research,  Chairman. 

Mr.  A.  Scott  Crossfield,  North  American  Aviation,  Inc. 

Mr.  Hubert  M.  Drake,  NACA  High-Speed  Flight  Station. 

Brig,  Gen.  Donald  D.  Flickinger,  USAF  (MC),  Director  of 
Human  Factors  and  Staff  Surgeon,  Air  Research  and  Devel- 
opment Command. 

Col.  Edward  B.  Giller,  USAF,  Deputy  Commander  for  Special 
Projects,  Air  Force  Special  Weapons  Center. 

Dr.  James  D.  Hardy,  Medical  Laboratory,  U.S.  Naval  Air  De- 
velopment Center. 

Mr.  Wright  Haskell  Langham,  Los  Alamos  Scientific  Labora- 
tory, University  of  California. 

Dr.  Ulrich  C.  Luft,  Head,  Physiology  Department,  Lovelace 
Foundation  for  Medical  Education  and  Research. 

Mr.  Boyd  C.  Myers  II,  Secretary 


Part  III— FINANCIAL  REPORT 


Funds  appropriated  for  the  Committee  for  the  fiscal  years  1958  and  1959  and  obligations  against  the  fiscal  year  1958  appro- 
priations are  as  follows: 


Fiscal  year  1958 

F iscal  year  1959 

Allotments 

Obligations 

Allotments 

SALARIES  AND  EXPENSES  APPROPRIATION 

NACA  Headquarters  .. _ ___ 

81,  971,  000 
28,  947,  150 
15,  194,  49S 
25,  221,  525 
2,  584,  527 
1,  750,  310 
40,  797 
19,  000 
410,  000 
90,  000 
(1,  508,  807) 
-152,  598 

81,958,  201 
28,  897,  306 
15,  149,  417 
25,  192,  055 
2,  565,  353 
1,  743,  025 
39,  170 
18,  782 
410,  000 
90,  000 
(1,  488,719) 
12,  900 

82,  083,  650 
30,  368,  000 
16,  380,  350 
27,  538,  000 
2,  833,  100 
1,  179,  920 
49,  605 
21,375 
850,  000 
150,  000 
(3,  354,  000) 

Langley  Aeronautical  Laboratory _ _ . i 

Ames  Aeronautical  Laboratory. I _ _ __  _ 

Lewis  Flight  Propulsion  Laboratory . 

High-Speed  Flight  Station.  _ __  __ 

Pilotless  Aircraft  Station 

Western  Coordination  Office.. _ _.  

Wright-Patterson  Liaison  Office _ 

Research  contracts  with  educational  institutions ...  

Research  contracts  with  Government  agencies  

Cost  of  Federal  Employees  Salary  Increase  Act  of  1958  included  above 

Unobligated  balance _ _ _ 

Total _ 

1 76,  076,  209 

76,  076,  209 

2 81,  454,  000 

CONSTRUCTION  AND  EQUIPMENT  APPROPRIATION 

Langley  Aeronautical  Laboratory _ _ 

11,  879,  000 
11,  355,  000 
16,  406,  000 
1,  560,  000 

3,  877,  606 
5,  162,  672 
5,  269,  793 
580,  440 
4 26,  309,  489 

11,  350,  000 
3,  720,  000 
7,  800,  000 
130,  000 

Ames  Aeronautical  Laboratory.  ...  

Lewis  Flight  Propulsion  Laboratory.  _ 

Pilotless  A ircraf t Station _ 

Unobligated  balance 

Total. ..  ...I 

3 41,  200,  000 

41,  200,  000 

j 5 23,  000,  000 

1 Appropriated  in  the  Independent  Offices  Appropriation  Act,  1958,  approved 
June  29,  1957;  the  Second  Supplemental  Appropriation  Act,  1958,  approved  Mar.  28, 
1958;  and  Public  Law  85-472,  approved  June  30,  1958. 

2 $78,100,000  appropriated  in  the  Independent  Offices  Appropriation  Act,  1959, 
approved  Aug.  28, 1958;  includes  $3,454,000  to  be  submitted  in  a Supplemental  appro- 
priation request  to  cover  the  fiscal  year  1959  cost  of  the  Federal  Employees  Salary 
Increase  Act,  1958. 


3 Appropriated  in  the  Independent  Offices  Appropriation  Act,  1958,  approved 
June  29,  1957;  and  the  Second  Supplemental  Appropriation  Act,  1958,  approved 
Mar.  28, 1958. 

* This  balance  remains  available  until  expended. 

5 Appropriated  in  the  Independent  Offices  Appropriation  Act,  1959,  approved 
Aug.  28,  1958. 

\ 


Funds  appropriated  in  the  Supplemental  Appropriation  Act,  1959,  approved  August  27,  1958,  for  the  National  Aeronautics 
and  Space  Administration  for  the  fiscal  year  1959  are  set  forth  below.  Under  authority  of  the  National  Aeronautics  and  Space  Act 
of  1958,  approved  July  29,  1958,  all  balances  of  National  Advisory  Committee  for  Aeronautics  funds  were  transferred  to  National 
Aeronautics  and  Space  Administration  accounts  at  the  close  of  business  September  30,  1958. 


Fiscal  year  1959 

Salaries  and  Expenses  appropriation . 

Research  and  Development  appropriation. 
Construction  and  Equipment  appropriation 

85,  000,  000 
i 167,  000,  000 
25,  000,  000 

1 Includes  funds  in  the  amount  of  $117  million  transferred  from  the  Department  of 
Defense. 
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Part  IV— FINAL  MEETING  OF  NACA 


The  final  meeting  of  the  National  Advisory  Com- 
mittee for  Aeronautics  was  held  at  2 pan.,  August  21, 
1958,  at  its  headquarters,  1512  II  Street  NW.,  Wash- 
ington, D.C.  Present  at  this  meeting  were: 

James  H.  Doolittle,  Sc.  D.,  Vice  President,  Shell  Oil  Co.,  Chair- 
man. 

Leonard  Carmichael,  Ph.  D.,  Secretary,  Smithsonian  Institu- 
tion, Vice  Chairman. 

Allen  V.  Astin,  Ph.  D.,  Director,  National  Bureau  of  Standards. 
Preston  R.  Bassett,  Sc.  D.,  retired. 

Frederick  C.  Crawford,  Sc.  D.f  Chairman  of  the  Board,  Thomp- 
son Products  Co.,  Inc. 

Paul  D.  Foote,  Ph.  D.,  Assistant  Secretary  of  Defense,  Re- 
search and  Engineering. 

Wellington  T.  Hines,  Rear  Admiral,  USN,  Assistant  Chief  for 
Procurement,  Bureau  of  Aeronautics,  Navy. 

Charles  J.  McCarthy,  B.S.,  Chairman  of  the  Board,  Chance 
Vought  Aircraft,  Inc. 

James  T.  Pyle,  A.B.,  Administrator  of  Civil  Aeronautics. 
Francis  W.  Reichelderfer,  Sc.  D.,  Chief,  U.S.  AVeather  Bureau. 
Louis  S.  Rothschild,  Ph.  B.,  Undersecretary  of  Commerce  for 
Transportation. 

Thomas  D.  White,  General,  U.S.  Air  Force,  Chief  of  Staff. 
And  on  invitation: 

Vice  Adm.  Robert  B.  Pirie,  USN,  acting  member. 

Maj.  Gen.  Marvin  C.  Demler,  USAF,  representing  Lt.  Gen. 
Roscoe  C.  Wilson,  acting  member. 

And: 

Hugh  L.  Dry  den,  Director. 

John  F.  Victory,  Executive  Secretary. 

John  W.  Crowley,  Jr.,  Associate  Director  for  Research. 

Also  present  on  invitation  of  Chairman  Doolittle 
was  Dr.  T.  Keith  Glen  nan,  newly  appointed  Admin- 
istrator of  the  National  Aeronautics  and  Space  Ad- 
ministration (NASA).  The  Chairman  announced  that 
Dr.  Glennan  and  Dr.  Hugh  Dryden,  Director  of 
NACA,  had  been  confirmed  by  the  Senate  and  had 
taken  their  respective  oaths  of  office  as  Administrator 
and  Deputy  Administrator  of  NASA  at  the  White 
House  in  the  presence  of  President  Eisenhower  on 
August  19. 

The  Chairman  welcomed  Dr.  Glennan  and  expressed 
the  best  wishes  of  the  NACA  for  complete  success  in 
his  new  duties. 

Dr.  Glennan  said  he  recognized  in  some  degree  the 
kind  of  task  he  was  undertaking,  and  that  he  thought 
it  quite  wonderful  to  have  the  NACA  staff  and  or- 
ganization as  a base  on  which  to  build.  He  then  ex- 
hibited and  explained  a draft  chart  of  proposed 
organization  based  on  plans  developed  by  the  NACA 
Headquarters  staff,  with  some  modifications.  Espe- 
cially important,  he  said,  would  be  an  Office  of  Pro- 


gram Planning  and  Evaluation,  reporting  to  the 
Administrator  and  the  Deputy  Administrator,  and 
cooperating  with  the  National  Aeronautics  and  Space 
Council  in  the  development  of  national  programs  of 
aeronautical  and  space  activities.  Dr.  Glennan  said 
he  would  welcome  the  advice  of  members  of  NACA  at 
any  time. 

Chairman  Doolittle  extended  to  Dr.  Glennan  the 
thanks,  congratulations,  and  best  wishes  of  the  members 
of  NACA.  Dr.  Glennan  expressed  his  appreciation  of 
the  privilege  of  appearing  before  the  Committee,  and, 
with  the  applause  of  the  members,  withdrew. 


National  Aeronautics  and  Space  Act  of  1958 

The  Chairman  reported  that  the  National  Aero- 
nautics and  Space  Act  of  1958  (Public  Law  85-568), 
approved  by  the  President  July  29,  1958,  established 
the  National  Aeronautics  and  Space  Administration, 
headed  by  an  Administrator  appointed  from  civilian 
life  by  the  President  by  and  with  the  advice  and  con- 
sent of  the  Senate,  with  a Deputy  Administrator  ap- 
pointed in  the  same  manner. 

The  functions  of  the  Administration  provided  by 
the  act  are — 

1.  To  plan,  direct,  and  conduct  aeronautical  and 
space  activities,  except  activities  peculiar  to  or 
primarily  associated  with  the  development  of 
weapons  systems,  military  operations,  or  the  de- 
fense of  the  United  States,  which  will  be  the 
responsibility  of  the  Department  of  Defense. 

2.  To  arrange  for  participation  by  the  scientific 
community  in  planning  scientific  measurements 
and  observations  to  be  made  through  use  of  aero- 
nautical and  space  vehicles,  and  conduct  or  arrange 
for  the  conduct  of  such  measurements  and 
observations. 

8.  To  provide  for  the  widest  practicable  and  ap- 
propriate dissemination  of  information  concerning 
its  activities  and  the  results  thereof. 

In  Section  801  of  the  act,  it  is  provided : 

The  National  Advisory  Committee  for  Aeronautics,  on  the 
effective  date  of  this  section,  shall  cease  to  exist.  On  such  date 
all  functions,  powers,  duties,  and  obligations,  and  all  real  and 
personal  property,  personnel  (other  than  members  of  the  Com- 
-mittee),  funds,  and  records  of  that  organization,  shall  be 
transferred  to  the  Administration. 

This  section  shall  take  effect  90  days  after  the  date  of  the 
enactment  of  this  act,  or  on  any  earlier  date  on  which  the 
Administrator  shall  determine,  and  announce  by  proclamation 
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published  in  the  Federal  Register,  that  the  Administration  has 
been  organized  and  is  prepared  to  discharge  the  duties  and 
exercise  the  powers  conferred  upon  it  by  this  act. 

(In  accordance  with  the  proclamation  issued  in  accordance 
with  the  foregoing  authority,  the  National  Aeronautics  and 
Space  Administration  became  the  legal  successor  to  the  National 
Advisory  Committee  for  Aeronautics,  effective  as  at  the  close 
of  business  September  30, 1958.) 

Further  provisions  of  the  act  include— 

A declaration  that  it  is  the  policy  of  the  United 
States  that  activities  in  space  should  be  devoted  to 
peaceful  purposes  for  the  benefit  of  all  mankind. 

The  establishment  of  a nine- member  National 
Aeronautics  and  Space  Council,  to  include  the 
President,  the  Secretary  of  State,  the  Secretary  of 
Defense,  the  Administrator  of  NASA,  the  Chair- 
man of  the  Atomic  Energy  Commission,  one  addi- 
tional member  to  be  appointed  by  the  President 
from  Federal  Agencies,  and  three  other  members 
to  be  appointed  by  the  President  from  among  indi- 
viduals in  private  life  who  are  eminent  in  science, 
engineering,  technology,  education,  administration, 
or  public  affairs ; the  functions  of  the  Council  being 
to  advise  the  President  regarding  policies,  plans, 
programs,  and  accomplishments  of  United  States 
agencies  engaged  in  aeronautical  and  space  activi- 
ties, and  the  development  of  a comprehensive 
program. 

Note. — The  President  on  September  4 appointed 
as  members  of  the  Council:  James  H.  Doolittle, 
Detlev  W.  Bronk,  W.  A.  M.  Burden,  and  Alan  T. 
Waterman. 

Provision  for  a Civilian-Military  Liaison  Com- 
mittee, headed  by  a chairman  to  be  appointed  by 
the  President,  and  including  representatives  of 
the  Department  of  Defense  and  the  Departments 
of  the  Army,  Navy,  and  Air  Force,  and  of  the 
NASA. 

Statement  by  the  President,  July  29, 1958 

I have  today  signed  H.R.  12575,  the  National  Aeronautics 
and  Space  Act  of  1958. 

The  enactment  of  this  legislation  is  a historic  step,  further 
equipping  the  United  States  for  leadership  in  the  space  age. 
I wish  to  commend  the  Congress  for  the  promptness  with  which 
it  has  created  the  organization  and  provided  the  authority 
needed  for  an  effective  national  effort  in  the  fields  of  aeronautics 
and  space  exploration. 

The  new  act  contains  one  provision  that  requires  comment. 
Section  205  authorizes  cooperation  with  other  nations  and 
groups  of  nations  in  work  done  pursuant  to  the  act  and  in  the 
peaceful  application  of  the  results  of  such  work,  pursuant  to 
international  agreements  entered  into  by  the  President  with 
the  advice  and  consent  of  the  Senate.  I regard  this  section 
merely  as  recognizing  that  international  treaties  may  be  made 
in  this  field,  and  as  not  precluding,  in  appropriate  cases,  less 
formal  arrangements  for  cooperation.  To  construe  the  section 
otherwise  would  raise  substantial  constitutional  questions. 


The  present  National  Advisory  Committee  for  Aeronautics 
(NACA),  with  its  large  and  competent  staff  and  well-equipped 
laboratories,  will  provide  the  nucleus  for  the  NASA.  The 
NACA  has  an  established  record  of  research  performance  and 
of  cooperation  with  the  armed  services.  The  combination  of 
space  exploration  responsibilities  with  the  NACA’s  traditional 
aeronautical  research  functions  is  a natural  evolution. 

The  enactment  of  the  law  establishing  the  NACA  in  1915 
proved  a decisive  step  in  the  advancement  of  our  civil  and 
military  aviation.  The  Aeronautics  and  Space  Act  of  1958 
should  have  an  even  greater  impact  on  our  future. 


After  the  Committee  disposed  of  all  business  before 
it,  including  approval  of  its  final  statement  to  the  Con- 
gress of  the  United  States,  submitting  its  44th  annual 
report,  the  following  statements  were  made : 

Undersecretary  of  Commerce  Rothschild  said 
that  his  4 years  of  service  as  a member  of  the 
NACA  had  been  a wonderful  and  illuminating  ex- 
perience and  that  it  had  been  a great  pleasure  to 
serve  with  men  of  the  caliber  of  NACA. 

Gen.  Thomas  D.  White,  Chief  of  Staff,  USAF, 
said  that  he  would  write  a letter  to  the  Chairman 
thanking  the  NACA  for  its  support,  cooperation, 
and  assistance,  virtually  since  the  beginning  of 
military  aviation. 

Vice  Adm.  Robert  B.  Pirie,  DCNO  (Air),  ex- 
pressed the  same  sentiments  regarding  the  services 
rendered  by  the  NACA  to  the  Navy  throughout 
the  past  43  years. 

Dr.  Leonard  Carmichael,  Secretary,  Smithsonian 
Institution,  said  that  he  was  proud  of  the  fact 
that  the  Smithsonian  Institution,  through  its  for- 
mer Secretary,  Dr.  Charles  D.  Walcott,  had  been 
instrumental  in  the  establishment  of  NACA  and 
that  all  Secretaries  of  the  Smithsonian  since  that 
time  have  served  as  members  of  NACA. 

Note. — Dr.  Walcott  was  the  father  of  NACA,  the  first 
Chairman  of  its  Executive  Committee,  1915-19,  and  from 
1919  until  his  death  in  1927,  chairman  of  the  main  com- 
mittee. 

Dr.  Doolittle  said  it  had  been  a great  pleasure 
for  him  to  serve  with  the  other  members  for  the 
past  10  years  and  thanked  them  for  their  coopera- 
tion and  assistance  during  his  chairmanship. 

Dr.  Victory  said  that  the  nameplate  now  on  the 
back  of  each  member’s  chair  would  be  removed, 
suitably  mounted,  and  transmitted  to  each  member 
as  a souvenir  of  his  service  with  NACA. 

At  the  conclusion  of  the  brief  meeting  of  the  Commit- 
tee held  at  the  Ames  Aeronautical  Laboratory,  Moffett 
Field,  Calif.,  in  connection  with  the  triennial  inspection 
of  that  Laboratory,  July  14,  1958,  the  Executive  Sec- 
retary, Dr.  Victory,  made  a statement  on  behalf  of  the 
NACA  staff,  expressing  appreciation  of  the  leadership 
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of  the  members  of  NACA  throughout  its  history.  He 
was  instructed  to  record  that  statement.  It  follows: 

This  may  be  the  last  meeting  of  the  National  Advisory  Com- 
mittee for  Aeronautics  which  was  established  by  law  in  1915 
to  supervise  and  direct  the  scientific  study  of  the  problems  of 
flight  with  a view  to  their  practical  solution.  The  great  record 
of  outstanding  contributions  to  the  progress  of  aeronautics 
made  by  the  Committee,  the  members  can  always  remember 
with  pride  and  satisfaction. 

On  behalf  of  the  entire  staff  of  the  organization,  numbering 
about  7,800,  I wish  to  express  to  the  members  of  the  Com- 
mittee our  profound  sense  of  gratitude  for  the  privilege  and 
the  honor  that  has  been  ours  in  working  under  the  inspiring 
leadership  of  the  members  of  the  Committee  and  their  illus- 
trious chairmen  throughout  the  life  of  the  Committee.  From 
their  fine  example  and  patriotic  devotion  to  the  cause  of  Amer- 


ican supremacy  in  the  air,  from  their  vision  and  success  in 
providing  novel  research  facilities  and  ideal  working  conditions, 
we  have  drawn  the  inspiration  and  determination  to  do  our 
best  for  the  utmost  advancement  of  aeronautical  science  in 
America. 

We  share  the  pride  that  is  justly  yours  in  the  accomplish- 
ments of  the  era  that  is  closing,  and  whatever  the  future  may 
hold,  it  will  ever  be  our  high  resolve  to  continue  to  render  to 
our  country  loyal  and  devoted  service.5* 


Following  are  the  letters  to  the  Chairman,  NACA, 
which  General  White,  Admiral  Pirie,  and  Secretary 
Rothschild  offered  to  prepare  on  behalf  of  the  Air 
Force,  Navy,  and  Department  of  Commerce. 
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DEPARTMENT  OF  THE  AIR  FORCE 
Office  of  the  Chief  of  Staff 
United  States  Air  Force 

WASHINGTON.  D.  C. 

26  August  1958 


Dr*  James  H.  Doolittle 
Chairman 

National  Advisory  Committee 
for  Aeronautics 
1512  H Street*  Northwest 
Washington  25  > D*  C. 

Dear  Dr.  Doolittle: 

It  was  with  mixed  feelings  that  I attended  the  last  meeting  of 
the  National  Advisory  Committee  for  Aeronautics  on  21  August  1958. 

There  was  regret  at  the  passing  of  an  agency  that  for  U3  years 
has  set  the  world*s  standard  in  aeronautical  research.  The  United 
States  as  a nation,  and  the  Air  Force  in  particular,  are  deeply 
indebted  to  the  NACA.  In  war  and  peace  NACA  has  led  the  way;  and 
there  has  always  been,  for  us  in  the  Air  Force,  the  knowledge  that 
NACA  was  ready  to  help  in  any  aerodynamic  trouble. 

I hope  that  the  new  National  Aeronautics  and  Space  Agency,  which 
will  encompass  many  of  the  people  of  the  old  NACA,  will  go  forward 
with  the  same  coupe tence  and  spirit  of  cooperation  to  reach  new 
levels  of  accomplishment  in  the  enlarged  field. 

Let  me,  on  behalf  of  the  Air  Force,  express  sincerest  thanks 
for  all  that  the  NACA  has  done  for  us  over  the  years,  and  ask  that 
you  transmit  my  thanks  to  all  the  people  of  NACA  who  have  served  so 
long  and  so  well. 


THOMAS  D.  WHITE 
Chief  of  Staff 
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NATIONAL  ADVISORY  COMMITTEE  FOR  AERONAUTICS 

1512  H STREET  NORTHWEST 

Washington  25,  D.  C. 


Telephone ; liberty  5-6700 
TWX : WA  755 


JAMES  H.  DOOLITTLE,  SC  d:.  Chau  man 
LEONARD  CARMICHAEL  PM.  D..  VICE  CHAIIMAH 


ALLEN  V.  AS  TIN,  PR  D. 

PRESTON  R.  BASSETT.  D.  SC 
DETUV  W.  BRONK.  PH.  D. 

FREDERICK  C.  CRAWFORD.  SC  D. 

VICE  ADM.  WILLIAM  V.  DAVIS,  JR..  U.  S.  N. 
PAUL  D.  FOOTE.  PM.  D. 

FEAR  ADM.  WELLINGTON  T.  HINES.  U.  S.  N. 
JEROME  C.  HUNSAKER.  Sc.  D. 


CHARLES  J.  MCCARTHY.  S.  B. 

LT.  GEN.  DONALD  L PUTT.  U.  S.  A.  F. 
JAMES  T.  PYLE.  A.  B. 

FRANCIS  W.  REICHELDERFER.  $C.  D. 
EDWARD  V.  RfCKENBACKER.  SC.  D. 
LOUIS  S.  ROTHSCHILD.  PH.  B. 

GEN.  THOMAS  D.  WHITE.  U.  S.A.  F. 


September  10,  1958 


LANGLEY  AERONAUTICAL  LABORATORY 
Langley  Field,  Va. 

Amo  aeronautical  Laroratort 
Moffett  Field,  calif. 

lewis  Flight  propulsion  Laboratory 
21000  BtOOKPARK  RQAD.CLEvnAKDII.OlOO 


General  Thomas  D.  White,  USAF 
Chief  of  Staff 
Department  of  the  Air  Force 
Washington  25,  D.  C. 

Dear  General  White: 

Your  letter  of  August  26  is  deeply  appreciated  by  me  personally. 

I am  taking  the  liberty  of  bringing  it  to  the  attention  of  the  nearly  8, 000 
employes  of  the  National  Advisory  Committee  for  Aeronautics. 

The  great  skill  with  which  these  devoted  people  have  performed 
their  researches  over  the  years  has  been  the  prime  reason  for  the  con- 
tributions made  by  the  NACA  as  a partner,  together  with  the  Military 
Services  and  the  industry,  on  the  air  power  team. 

I know  I can  assure  you,  on  behalf  of  these  dedicated  workers, 
that  they  will  continue  to  merit  the  confidence,  and  the  support,  of  the 
American  people  as  they  take  up  new  and  tremendously  important  work 
as  the  nucleus  of  the  National  Aeronautics  and  Space  Administration. 
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The  Assistant  Secretary  of  the  Navy  for  Air 

WASHINGTON 


17  SEP  1958 


Dear  Jimmy: 

Upon  the  occasion  of  the  disestablishment  of  the .National 
Advisory  Committee  for  Aeronautics,  I would  like  to  express 
the  sincere  appreciation  of  the  United  States  Navy  for  the 
many  achievements  made  by  the  NACA  in  the  advancement  of 
American  aviation.  Through  the  years,  from  the  birth  of 
the  National  Advisory  Committee  for  Aeronautics  by  Congres- 
sional Act  in  1915,  when  aircraft  speeds  of  100  knots  were 
the  marvel  of  the  day,  research  by  the  NACA  has  been  re- 
sponsible for  world  leadership  in  aviation  by  the  United 
States.  During  World  War  II,  when  American  aviation  manu- 
facturing reached  fantastic  proportions,  the  superiority  of 
design  of  American  aircraft  was  in  no  small  measure  a com- 
pliment to  the  vision  of  the  laboratories  of  the  NACA  in 
probing  the  unknown. 

The  well  known  fighters  of  the  Navy,  the  Corsair,  the 
Wildcat,  and  the  Hellcat,  which  maintained  control  of  the 
air  in  the  Pacific  and  did  so  much  to  make  the  eventual 
naval  victories  possible,  were  all  products  of  the  appli- 
cation of  research  done  by  the  NACA.  Development  in  NACA 
laboratories  of  high  lift  devices,  low  drag  wings,  high 
speed  propellers,  improved  engine  cooling  systems,  and  im- 
proved aircraft  structural  systems  allowed  the  Navy's 
carrier  task  forces  to  strike  the  enemy  where  and  when  we 
chose. 

Korea  found  the  Navy  operating  jet  aircraft  from 
carriers  in  combat  for  the  first  time,  and  the  distinct 
success  of  these  operations  was  in  no  small  measure  proof 
of  the  validity  of  basic  research  conducted  by  the  NACA. 

Today,  as  speeds  of  manned  aircraft  near  the  hyper- 
sonic range,  and  with  missile  velocities  transiting  the 
hypersonic  areas,  the  Free  World  owes  a debt  of  gratitude 
to  the  comprehensive  fundamental  research  in  the  problems 
of  flight  conducted  by  the  NACA.  The  wealth  of  knowledge 
acquired  by  the  NACA  in. its  thirty-three  years  is  a broad 
foundation  upon  which  the  Nation  can  build  as  the  Jet  Age 
gives  way  to  the  Age  of  Space. 
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Again,  Jimmy,  I would  like  to  express  the  sincere 
appreciation  of  the  Navy  for  the  outstanding  contributions 
to  naval  aviation  made  by  the  National  Advisory  Committee 
for  Aeronautics.  The  National  Aeronautics  and  Space  Admin 
istration  has  a rich  heritage  indeed,  and  we  of  the  Navy 
rejoice  in  the  good  news  of  your  appointment  as  a member 
of  the  Board. 

Sincerely, 

‘f-—, 

GARRISON  NORTON 

James  H.  Doolittle,  Sc.D., 

Chairman 

National  Advisory  Committee  for  Aeronautics 
1512  H Street  NW 
Washington  25,  D.C. 
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THE  SECRETARY  OF  COMMERCE 
WASHINGTON  25 


September  15 1958 


Dear  General  Doolittle: 

On  behalf  of  the  Department  of  Commerce  and  its  representa- 
tives who  serve  as  members  of  the  National  Advisory  Committee  for 
Aeronautics,  it  is  a pleasure  to  express  appreciation  for  the 
outstanding  achievements  of  the  NACA  during  its  43  years  of 
activity.  American  leadership  in  aeronautics  is  due  in  no  small 
measure  to  the  research  carried  forward  in  NACA  laboratories  and 
to  developments  fostered  by  the  Committee  over  the  years  in  co- 
operation with  industry  and  government  agencies  concerned  with 
aviation.  Many  studies  and  discoveries  that  have  led  to  revolu- 
tionary advancements  in  aeronautics  have  come  directly  from  the 
laboratories  of  the  organization.  Forthcoming  expansion  of 
operations  to  explore  outer  space  and  develop  the  possibilities  of 
interplanetary  vehicles  will  bring  an  important  transition  which 
the  United  States  will  accomplish  by  building  on  experience  and 
knowledge  to  which  the  NACA  has  contributed  very  materially. 

From  the  beginning  of  the  NACA  in  1915,  the  Department  of 
Commerce  has  always  had  one  or  more  representatives  in  the  member- 
ship of  the  Committee.  The  Director  of  the  National  Bureau  of 
Standards  was  ex  officio  one  of  the  original  members.  After 
passage  of  the  Air  Commerce  Act  of  1926  the  Assistant  Secretary  of 
Commerce  for  Air  also  was  a member,  succeeded  later  on  the  Committee 
by  the  Administrator  of  Civil  Aeronautics.  In  1940  when  the  Weather 
Bureau  was  transferred  to  the  Department  of  Commerce,  the  Chief  of 
that  Bureau,  whose  office  had  been  among  the  original  ex  officio 
members,  became  another  from  this  Department  to  serve  on  the 
Committee.  In  recent  years  the  Under  Secretary  of  Commerce  for 
Transportation,  Mr.  Louis  S.  Rothschild,  has  made  a fourth  member 
from  the  Department  of  Commerce. 

I express  the  feelings  of  these  representatives  as  well  as  my 
own  when  I say  that  it  has  been  a real  privilege  to  have  had  an 
active  part  in  the  work  of  the  Committee.  It  is  indeed  gratifying 
to  see  how  successfully  this  unique  group  has  functioned  as  an 
advisory  and  executive  body.  Although  the  organization  and  its 
advisory  group  will  change  with  inauguration  of  the  National 
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Aeronautics  and  Space  Agency,  the  interest  of  the  Department  of 
Commerce  in  future  progress  in  these  highly  important  fields  will 
continue  undiminished,  and  I look  forward  to  continued  cooperation 
and  participation  by  the  Department  and  its  representatives  in  the 
advancement  of  aeronautics  and  space  exploration. 


Sincerely, 


Secretary  of  Commerce 


General  James  H.  Doolittle 
Chairman,  National  Advisory 
Committee  for  Aeronautics 
1512  H Street,  N.W. 
Washington  25,  D.C. 


APPENDIX 


Public  Law  85-568 
85th  Congress,  H.R.  12575 
July  29,  1958 

AN  ACT  To  provide  for  research  into  problems  of  flight  within  and  outside  the 
earth’s  atmosphere,  and  for  other  purposes. 

Be  it  enacted  by  the  Senate  and  House  of  Representatives  of  the  United 
States  of  America  in  Congress  assembled , 

TITLE  I— SHORT  TITLE,  DECLARATION  OF  POLICY  AND 
DEFINITIONS 

SHORT  TITLE 

Sec.  101.  This  Act  may  be  cited  as  the  “National  Aeronautics  and  Space 
Act  of  1958”. 

DECLARATION  OF  POLICY  AND  PURPOSE 

Sec.  102.  (a)  The  Congress  hereby  declares  that  it  is  the  policy  of  the 
United  States  that  activities  in  space  should  be  devoted  to  peaceful  purposes 
for  the  benefit  of  all  mankind. 

(b)  The  Congress  declares  that  the  general  welfare  and  security  of  the 
United  States  require  that  adequate  provision  be  made  for  aeronautical  and 
space  activities.  The  Congress  further  declares  that  such  activities  shall 
be  the  responsibility  of,  and  shall  be  directed  by,  a civilian  agency  exer- 
cising control  over  aeronautical  and  space  activities  sponsored  by  the 
United  States,  except  that  activities  peculiar  to  or  primarily  associated 
with  the  development  of  weapons  systems,  military  operations,  or  the 
defense  of  the  United  States  (including  the  research  and  development 
necessary  to  make  effective  provision  for  the  defense  of  the  United  States) 
shall  be  the  responsibility  of,  and  shall  be  directed  by,  the  Department  of 
Defense ; and  that  determination  as  to  which  such  agency  has  responsibility 
for  and  direction  of  any  such  activity  shall  be  made  by  the  President  in 
conformity  with  section  201(e). 

(c)  The  aeronautical  and  space  activities  of  the  United  States  shall  be 
conducted  so  as  to  contribute  materially  to  one  or  more  of  the  following 
objectives : 

(1)  The  expansion  of  human  knowledge  of  phenomena  in  the  atmos- 
phere and  space ; 

(2)  The  improvement  of  the  usefulness,  performance,  speed,  safety, 
and  efficiency  of  aeronautical  and  space  vehicles ; 

(3)  The  development  and  operation  of  vehicles  capable  of  carrying 
instruments,  equipment,  supplies,  and  living  organisms  through  space; 

(4)  The  establishment  of  long-range  studies  of  the  potential  benefits 
to  be  gained  from,  the  opportunities  for,  and  the  problems  involved  in 
the  utilization  of  aeronautical  and  space  activities  for  peaceful  and 
scientific  purposes ; 

(5)  The  preservation  of  the  role  of  the  United  States  as  a leader 
in  aeronautical  and  space  science  and  technology  and  in  the  applica- 
tion thereof  to  the  conduct  of  peaceful  activities  within  and  outside 
the  atmosphere ; 

(6)  The  making  available  to  agencies  directly  concerned  with  na- 
tional defense  of  discoveries  that  have  military  value  or  significance, 
and  the  furnishing  by  such  agencies,  to  the  civilian  agency  established 
to  direct  and  control  nonmilitary  aeronautical  and  space  activities,  of 
information  as  to  discoveries  which  have  value  or  significance  to  that 
agency ; 

(7)  Cooperation  by  the  United  States  with  other  nations  and  groups 
of  nations  in  work  done  pursuant  to  this  Act  and  in  the  peaceful  appli- 
cation of  the  results  thereof ; and 

(8)  The  most  effective  utilization  of  the  scientific  and  engineering 
resources  of  the  United  States,  with  close  cooperation  among  all  inter- 
ested agencies  of  the  United  States  in  order  to  avoid  unnecessary 
duplication  of  effort,  facilities,  and  equipment. 

(d)  It  is  the  purpose  of  this  Act  to  carry  out  and  effectuate  the  policies 
declared  in  subsections  (a),  (b),and  (c). 
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Establishment. 


72  Stat.  427. 
72  Stat.  428. 


Alternate. 


Duties  of 
President. 


Employees. 

Compensation. 


DEFINITIONS 

Sec.  103.  As  used  in  this  Act — 

(1)  the  term  "aeronautical  and  space  activities”  means  (A)  re- 
search into,  and  the  solution  of,  problems  of  flight  within  and  outside 
the  earth’s  atmosphere,  (B)  the  development,  construction,  testing,  and 
operation  for  research  purposes  of  aeronautical  and  space  vehicles,  and 
(C)  such  other  activities  as  may  be  required  for  the  exploration  of 
space ; and 

(2)  the  term  “aeronautical  and  space  vehicles”  means  aircraft,  mis- 
siles, satellites,  and  other  space  vehicles,  manned  and  unmanned,  to- 
gether with  related  equipment,  devices,  components,  and  parts. 

TITLE  II— COORDINATION  OF  AERONAUTICAL  AND  SPACE 
ACTIVITIES 

NATIONAL  AEEONAUTICS  AND  SPACE  COUNCIL 

Sec.  201.  (a)  There  is  hereby  established  the  National  Aeronautics  and 
Space  Council  (hereinafter  called  the  “Council”)  which  shall  be  composed 
of — 

(1)  the  President  (who  shall  preside  over  the  meetings  of  the 
Council)  ; 

(2)  the  Secretary  of  State; 

(3)  the  Secretary  of  Defense ; 

(4)  the  Administrator  of  the  National  Aeronautics  and  Space 
Administration ; 

(5)  the  Chairman  of  the  Atomic  Energy  Commission  ; 

(6)  not  more  than  one  additional  member  appointed  by  the  President 
from  the  departments  and  agencies  of  the  Federal  Government;  and 

(7)  not  more  than  three  other  members  appointed  by  the  President, 
solely  on  the  basis  of  established  records  of  distinguished  achievement, 
from  among  individuals  in  private  life  who  are  eminent  in  science, 
engineering,  technology,  education,  administration,  or  public  affairs. 

(b)  Each  member  of  the  Council  from  a department  or  agency  of  the 
Federal  Government  may  designate  another  officer  of  his  department  or 
agency  to  serve  on  the  Council  as  his  alternate  in  his  unavoidable  absence. 

(c)  Each  member  of  the  Council  appointed  or  designated  under  para- 
graphs (6)  and  (7)  of  subsection  (a),  and  each  alternate  member  desig- 
nated under  subsection  (b),  shall  be  appointed  or  designated  to  serve  as 
such  by  and  with  the  advice  and  consent  of  the  Senate,  unless  at  the  time 
of  such  appointment  or  designation  he  holds  an  office  in  the  Federal  Gov- 
ernment to  which  he  was  appointed  by  and  with  the  advice  and  consent  of 
the  Senate. 

(d)  It  shall  be  the  function  of  the  Council  to  advise  the  President  with 
respect  to  the  performance  of  the  duties  prescribed  in  subsection  (e)  of 
this  section. 

(e)  In  conformity  with  the  provisions  of  section  102  of  this  Act,  it  shall 
be  the  duty  of  the  President  to — 

(1)  survey  all  significant  aeronautical  and  space  activities,  including 
the  policies,  plans,  programs,  and  accomplishments  of  all  agencies  of 
the  United  States  engaged  in  such  activities; 

(2)  develop  a comprehensive  program  of  aeronautical  and  space 
activities  to  be  conducted  by  agencies  of  the  United  States ; 

(3)  designate  and  fix  responsibility  for  the  direction  of  major  aero- 
nautical and  space  activities ; 

(4)  provide  for  effective  cooperation  between  the  National  Aero- 
nautics and  Space  Administration  and  the  Department  of  Defense  in 
all  such  activities,  and  specify  which  of  such  activities  may  be  carried 
on  concurrently  by  both  such  agencies  notwithstanding  the  assignment 
of  primary  responsibility  therefor  to  one  or  the  other  of  such  agencies ; 
and 

(5)  resolve  differences  arising  among  departments  and  agencies  of 
the  United  States  with  respect  to  aeronautical  and  space  activities 
under  this  Act,  including  differences  as  to  whether  a particular  project 
is  an  aeronautical  and  space  activity. 

(f ) The  Council  may  employ  a staff  to  be  headed  by  a civilian  executive 
secretary  who  shall  be  appointed  by  the  President  by  and  with  the  advice 
and  consent  of  the  Senate  and  shall  receive  compensation  at  the  rate  of 
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$20,000  a year.  The  executive  secretary,  subject  to  the  direction  of  the 
Council,  is  authorized  to  appoint  and  fix  the  compensation  of  such  personnel, 
including  not  more  than  three  persons  who  may  be  appointed  without  re- 
gard to  the  civil  service  laws  or  the  Classification  Act  of  1949  and  com- 
pensated at  the  rate  of  not  more  than  $19,000  a year,  as  may  be  necessary 
to  perform  such  duties  as  may  be  prescribed  by  the  Council  in  connection 
with  the  performance  of  its  functions.  Each  appointment  under  this  sub- 
section shall  be  subject  to  the  same  security  requirements  as  those  estab- 
lished for  personnel  of  the  National  Aeronautics  and  Space  Administration 
appointed  under  section  203(b)(2)  of  this  Act. 

(g)  Members  of  the  Council  appointed  from  private  life  under  subsection 
(a)  (7)  may  be  compensated  at  a rate  not  to  exceed  $100  per  diem,  and  may 
be  paid  travel  expenses  and  per  diem  in  lieu  of  subsistence  in  accordance 
with  the  provisions  of  section  5 of  the  Administrative  Expenses  Act  of  1946 
(5  U.S.C.  73b-2)  relating  to  persons  serving  without  compensation. 

NATIONAL  AERONAUTICS  AND  SPACE  ADMINISTRATION 

Sec.  202.  (a)  There  is  hereby  established  the  National  Aeronautics  and 
Space  Administration  (hereinafter  called  the  “Administration”).  The 
Administration  shall  be  headed  by  an  Administrator,  who  shall  be  appointed 
from  civilian  life  by  the  President  by  and  with  the  advice  and  consent  of 
the  Senate,  and  shall  receive  compensation  at  the  rate  of  $22,500  per  annum. 
Under  the  supervision  and  direction  of  the  President,  the  Administrator  shall 
be  responsible  for  the  exercise  of  all  powers  and  the  discharge  of  all  duties 
of  the  Administration,  and  shall  have  authority  and  control  over  all 
personnel  and  activities  thereof. 

(b)  There  shall  be  in  the  Administration  a Deputy  Administrator,  who 
shall  be  appointed  from  civilian  life  by  the  President  by  and  with  the 
advice  and  consent  of  the  Senate,  shall  receive  compensation  at  the  rate 
of  $21,500  per  annum,  and  shall  perform  such  duties  and  exercise  such 
powers  as  the  Administrator  may  prescribe.  The  Deputy  Administrator 
shall  act  for,  and  exercise  the  powers  of,  the  Administrator  during  his 
absence  or  disability. 

(c)  The  Administrator  and  the  Deputy  Administrator  shall  not  engage 
ip  any  other  business,  vocation,  or  employment  while  serving  as  such. 

FUNCTIONS  OF  THE  ADMINISTRATION 

Sec.  203.  (a)  The  Administration,  in  order  to  carry  out  the  purpose  of  this 
Act,  shall — 

(1)  plan,  direct,  and  conduct  aeronautical  and  space  activities; 

(2)  arrange  for  participation  by  the  scientific  community  in  planning 
scientific  measurements  and  observations  to  be  made  through  use  of 
aeronautical  and  space  vehicles,  and  conduct  or  arrange  for  the  con- 
duct of  such  measurements  and  observations ; and 

(3)  provide  for  the  widest  practicable  and  appropriate  dissemination 
of  information  concerning  its  activities  and  the  results  thereof. 

(b)  In  the  performance  of  its  functions  the  Administration  is  authorized — 

(1)  to  make,  promulgate,  issue,  rescind,  and  amend  rules  and  regu- 
lations governing  the  manner  of  its  operations  and  the  exercise  of  the 
powers  vested  in  it  by  law ; 

(2)  to  appoint  and  fix  the  compensation  of  such  officers  and  employees 
as  may  be  necessary  to  carry  out  such  functions.  Such  officers  and 
employees  shall  be  appointed  in  accordance  with  the  civil-service  laws 
and  their  compensation  fixed  in  accordance  with  the  Classification  Act 
of  1949,  except  that  (A)  to  the  extent  the  Administrator  deems  such 
action  necessary  to  the  discharge  of  his  responsibilities,  he  may  appoint 
and  fix  the  compensation  (up  to  a limit  of  $19,000  a year,  or  up  to  a 
limit  of  $21,000  a year  for  a maximum  of  ten  positions)  of  not  more 
than  two  hundred  and  sixty  of  the  scientific,  engineering,  and  admin- 
istrative personnel  of  the  Administration  without  regard  to  such  laws, 
and  (B)  to  the  extent  the  Administrator  deems  such  action  necessary 
to  recruit  specially  qualified  scientific  and  engineering  talent,  he  may 
establish  the  entrance  grade  for  scientific  and  engineering  personnel 
without  previous  service  in  the  Federal  Government  at  a level  up  to 
two  grades  higher  than  the  grade  provided  for  such  personnel  under 
the  General  Schedule  established  by  the  Classification  Act  of  1949,  and 
fix  their  compensation  accordingly; 
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(3)  to  acquire  (by  purchase,  lease,  condemnation,  or  otherwise),  con- 
struct, improve,  repair,  operate,  and  maintain  laboratories,  research  and 
testing  sites  and  facilities,  aeronautical  and  space  vehicles,  quarters  and 
related  accommodations  for  employees  and  dependents  of  employees 
of  the  Administration,  and  such  other  real  and  personal  property  (in- 
cluding patents),  or  any  interest  therein,  as  the  Administration  deems 
necessary  within  and  outside  the  continental  United  States;  to  lease 
to  others  such  real  and  personal  property ; to  sell  and  otherwise  dispose 
of  real  and  personal  property  (including  patents  and  rights  thereunder) 
in  accordance  with  the  provisions  of  the  Federal  Property  and  Admin- 
istrative Services  Act  of  1949,  as  amended  (40  U.S.C.  471  et  seq.)  ; and 
to  provide  by  contract  or  otherwise  for  cafeterias  and  other  necessary 
facilities  for  the  welfare  of  employees  of  the  Administration  at  its  in- 
stallations and  purchase  and  maintain  equipment  therefor ; 

(4)  to  accept  unconditional  gifts  or  donations  of  services,  money, 
or  property,  real,  personal,  or  mixed,  tangible  or  intangible; 

(5)  without  regard  to  section  364S  of  the  Revised  Statutes,  as 
amended  (31  U.S.C.  529),  to  enter  into  and  perform  such  contracts, 
leases,  cooperative  agreements,  or  other  transactions  as  may  be  neces- 
sary in  the  conduct  of  its  work  and  on  such  terms  as  it  may  deem  ap- 
propriate, with  any  agency  or  instrumentality  of  the  United  States,  or 
with  any  State,  Territory,  or  possession,  or  with  any  political  subdivision 
thereof,  or  with  any  person,  firm,  association,  corporation,  or  educational 
institution.  To  the  maximum  extent  practicable  and  consistent  with 
the  accomplishment  of  the  purpose  of  this  Act,  such  contracts,  leases, 
agreements,  and  other  transactions  shall  be  allocated  by  the  Adminis- 
trator in  a manner  which  will  enable  small-business  concerns  to  partici- 
pate equitably  and  proportionately  in  the  conduct  of  the  work  of  the 
Administration ; 

(0)  to  use,  with  their  consent,  the  services,  equipment,  personnel, 
and  facilities  of  Federal  and  other  agencies  with  or  without  reim- 
bursement, and  on  a similar  basis  to  cooperate  with  other  public 
and  private  agencies  and  instrumentalities  in  the  use  of  services, 
equipment,  and  facilities.  Each  department  and  agency  of  the  Fed- 
eral Government  shall  cooperate  fully  with  the  Administration  in 
making  its  services,  equipment,  personnel,  and  facilities  available  to 
the  Administration,  and  any  such  department  or  agency  is  authorized 
notwithstanding  any  other  provision  of  law,  to  transfer  to  or  receive 
from  the  Administration,  without  reimbursement,  aeronautical  and 
space  vehicles,  and  supplies  and  equipment  other  than  administrative 
supplies  or  equipment ; 

(7)  to  appoint  such  advisory  committees  as  may  be  appropriate  for 
purposes  of  consultation  and  advice  to  the  Administration  in  the  per- 
formance of  its  functions ; 

(8)  to  establish  within  the  Administration  such  offices  and  pro- 
cedures as  may  be  appropriate  to  provide  for  the  greatest  possible 
coordination  of  its  activities  under  this  Act  with  related  scientific  and 
other  activities  being  carried  on  by  other  public  and  private  agencies 
and  organizations ; 

(9)  to  obtain  services  as  authorized  by  section  15  of  the  Act  of 
August  2,  1946  (5  U.S.C.  55a),  at  rates  not  to  exceed  $100  per  diem 
for  individuals ; 

(10)  when  determined  by  the  Administrator  to  be  necessary,  and 
subject  to  such  security  investigations  as  he  may  determine  to  be  ap- 
propriate, to  employ  aliens  without  regard  to  statutory  provisions  pro- 
hibiting payment  of  compensation  to  aliens ; 

(11)  to  employ  retired  commissioned  officers  of  the  armed  forces 
of  the  United  States  and  compensate  them  at  the  rate  established  for 
the  positions  occupied  by  them  within  the  Administration,  subject  only 
to  the  limitations  in  pay  set  forth  in  section  212  of  the  Act  of  June  30, 
1932,  as  amended  (5  U.S.C.  59a)  ; 

(12)  with  the  approval  of  the  President,  to  enter  into  cooperative 
agreements  under  which  members  of  the  Army,  Navy,  Air  Force,  and 
Marine  Corps  may  be  detailed  by  the  appropriate  Secretary  for  services 
in  the  performance  of  functions  under  this  Act  to  the  same  extent 
as  that  to  which  they  might  be  lawfully  assigned  in  the  Department 
of  Defense ; and 
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(13)  (A)  to  consider,  ascertain,  adjust,  determine,  settle,  and  pay, 

on  behalf  of  the  United  States,  in  full  satisfaction  thereof,  any  claim  for 
$5,000  or  less  against  the  United  States  for  bodily  injury,  death,  or  dam- 
age to  or  loss  of  real  or  personal  property  resulting  from  the  conduct 
of  the  Administration’s  functions  as  specified  in  subsection  (a)  of  this 
section,  where  such  claim  is  presented  to  the  Administration  in  writing 
within  two  years  after  the  accident  or  incident  out  of  which  the  claim 
arises ; and 

(B)  if  the  Administration  considers  that  a claim  in  excess  of  $5,000 
is  meritorious  and  would  otherwise  be  covered  by  this  paragraph,  to 
report  the  facts  and  circumstances  thereof  to  the  Congress  for  its 
consideration. 


Claims. 


Report  to 
Congress. 


CIVILIAN-MILITARY  LIAISON  COMMITTEE 


Sec.  204.  (a)  There  shall  be  a Civilian-Military  Liaison  Committee  con- 
sisting of — 

(1)  a Chairman,  who  shall  be  the  head  thereof  and  who  shall  be  ap- 
pointed by  the  President,  shall  serve  at  the  pleasure  of  the  President, 
and  shall  receive  compensation  (in  the  manner  provided  in  subsection 
(d) ) at  the  rate  of  $20,000  per  annum ; 

(2)  one  or  more  representatives  from  the  Department  of  Defense, 
and  one  or  more  representatives  from  each  of  the  Departments  of  the 
Army,  Navy,  and  Air  Force,  to  be  assigned  by  the  Secretary  of  Defense 
to  serve  on  the  Committee  without  additional  compensation ; and 

(3)  representatives  from  the  Administration,  to  be  assigned  by  the 
Administrator  to  serve  on  the  Committee  without  additional  compen- 
sation, equal  in  number  to  the  number  of  representatives  assigned  to 
serve  on  the  Committee  under  paragraph  (2). 

(b)  The  Administration  and  the  Department  of  Defense,  through  the 
Liaison  Committee,  shall  advise  and  consult  with  each  other  on  all  matters 
within  their  respective  jurisdictions  relating  to  aeronautical  and  space 
activities  and  shall  keep  each  other  fully  and  currently  informed  with 
respect  to  such  activities. 

(c)  If  the  Secretary  of  Defense  concludes  that  any  request,  action,  pro- 
posed action,  or  failure  to  act  on  the  part  of  the  Administrator  is  adverse 
to  the  responsibilities  of  the  Department  of  Defense,  or  the  Administrator 
concludes  that  any  request,  action,  proposed  action,  or  failure  to  act  on  the 
part  of  the  Department  of  Defense  is  adverse  to  the  responsibilities  of  the 
Administration,  and  the  Administrator  and  the  Secretary  of  Defense  are 
unable  to  reach  an  agreement  with  respect  thereto,  either  the  Administrator 
or  the  Secretary  of  Defense  may  refer  the  matter  to  the  President  for  his 
decision  (which  shall  be  final)  as  provided  in  section  201(e). 

(d)  Notwithstanding  the  provisions  of  any  other  law,  any  active  or  re- 
tired otficer  of  the  Army,  Navy,  or  Air  Force  may  serve  as  Chairman  of  the 
Liaison  Committee  without  prejudice  to  his  active  or  retired  status  as  such 
officer.  The  compensation  received  by  any  such  officer  for  his  service  as 
Chairman  of  the  Liaison  Committee  shall  be  equal  to  the  amount  (if  any) 
by  which  the  compensation  fixed  by  subsection  (a)(1)  for  such  Chairman 
exceeds  his  pay  and  allowances  (including  special  and  incentive  pays)  as 
an  active  officer,  or  his  retired  pay. 


72  Stat.  431. 
72  Stat.  432. 


Chairman. 


INTERNATIONAL  COOPERATION 

Sec.  205.  The  Administration,  under  the  foreign  policy  guidance  of  the 
President,  may  engage  in  a program  of  international  cooperation  in  work 
done  pursuant  to  this  Act,  and  in  the  peaceful  application  of  the  results 
thereof,  pursuant  to  agreements  made  by  the  President  with  the  advice  and 
consent  of  the  Senate. 

REPORTS  TO  THE  CONGRESS 

Sec.  206.  (a)  The  Administration  shall  submit  to  the  President  for  trans- 
mittal to  the  Congress,  semiannually  and  at  such  other  times  as  it  deems 
desirable,  a report  of  its  activities  and  accomplishments. 

(b)  The  President  shall  transmit  to  the  Congress  in  January  of  each 
year  a report,  which  shall  include  (1)  a comprehensive  description  of  the 
programed  activities  and  the  acomplishments  of  all  agencies  of  the  United 
States  in  the  field  of  aeronautics  and  space  activities  during  the  preceding 
calendar  year,  and  (2)  an  evaluation  of  such  activities  and  acomplishments 
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in  terms  of  the  attainment  of  or  the  failure  to  attain,  the  objectives  de- 
scribed in  section  102(c)  of  this  Act. 

(c)  Any  report  made  under  this  section  shall  contain  such  recommenda- 
tions for  additional  legislation  as  the  Administrator  or  the  President  may 
consider  necessary  or  desirable  for  the  attainment  of  the  objectives  de- 
scribed in  section  102(c)  of  this  Act. 

(d)  No  information  which  has  been  classified  for  reasons  of  national 
security  shall  be  included  in  any  report  made  under  this  section,  unless 
such  information  has  been  declassified  by,  or  pursuant  to  authorization  given 
by,  the  President. 

TITLE  III— MISCELLANEOUS 

NATIONAL.  ADVISORY  COMMITTEE  FOR  AERONAUTICS 

Sec.  301.  (a)  The  National  Advisory  Committee  for  Aeronautics,  on  the 
effective  date  of  this  section,  shall  cease  to  exist.  On  such  date  all  functions, 
powers,  duties,  and  obligations,  and  all  real  and  personal  property,  personnel 
(other  than  members  of  the  Committee),  funds,  and  records  of  that  organiza- 
tion, shall  be  transferred  to  the  Administration. 

(b)  Section  2302  of  title  10  of  the  United  States  Code  is  amended  by 
striking  out  “or  the  Executive  Secretary  of  the  National  Advisory  Commit- 
tee for  Aeronautics.”  and  inserting  in  lieu  thereof  “or  the  Administrator  of 
the  National  Aeronautics  and  Space  Administration.” ; and  section  2303  of 
such  title  10  is  amended  by  striking  out  “The  National  Advisory  Committee 
for  Aeronautics.”  and  inserting  in  lieu  thereof  “The  National  Aeronautics 
and  Space  Administration.” 

(c)  The  first  section  of  the  Act  of  August  26,  1950  (5  U.S.C.  22-1),  is 
amended  by  striking  out  “the  Director,  National  Advisory  Committee  for 
Aeronautics”  and  inserting  in  lieu  thereof  “the  Administrator  of  the  Na- 
tional Aeronautics  and  Space  Administration”,  and  by  striking  out  “or 
National  Advisory  Committee  for  Aeronautics”  and  inserting  in  lieu  there- 
of “or  National  Aeronautics  and  Space  Administration”. 

(d)  The  Unitary  Wind  Tunnel  Plan  Act  of  1949  (50  U.S.C.  511-5151 
is  amended  (1)  by  striking  out  “The  National  Advisory  Committee  for 
Aeronautics  (hereinafter  referred  to  as  the  ‘Committee’)”  and  inserting  in 
lieu  thereof  “The  Administrator  of  the  National  Aeronautics  and  Space 
Administration  (hereinafter  referred  to  as  the  ‘Administrator’)”;  (2)  by 
striking  out  “Committee”  or  “Committee’s”  wherever  they  appear  and 
inserting  in  lieu  thereof  “Administrator”  and  “Administrator’s”,  respec- 
tively; and  (3)  by  striking  out  “its”  wherever  it  appears  and  inserting  in 
lieu  thereof  “his”. 

(e)  This  section  shall  take  effect  ninety  days  after  the  date  of  the  en- 
actment of  this  Act,  or  on  any  earlier  date  on  which  the  Administrator  shall 
determine,  and  announce  by  proclamation  published  in  the  Federal  Register, 
that  the  Administration  has  been  organized  and  is  prepared  to  discharge 
the  duties  and  exercise  the  powers  conferred  upon  it  by  this  Act. 

TRANSFER  OF  RELATED  FUNCTIONS 

Sec.  302.  (a)  Subject  to  the  provisions  of  this  section,  the  President,  for 
a period  of  four  years  after  the  date  of  enactment  of  this  Act,  may  transfer 
to  the  Administration  any  functions  (including  powers,  duties,  activities, 
facilities,  and  parts  of  functions)  of  any  other  department  or  agency  of  the 
United  States,  or  of  any  officer  or  organizational  entity  thereof,  which  relate 
primarily  to  the  functions,  powers,  and  duties  of  the  Administration  as  pre- 
scribed by  section  203  of  this  Act.  In  connection  with  any  such  transfer, 
the  President  may,  under  this  section  or  other  applicable  authority,  provide 
for  appropriate  transfers  of  records,  property,  civilian  personnel,  and  funds. 

(b)  Whenever  any  such  transfer  is  made  before  January  1,  1959,  the 
President  shall  transmit  to  the  Speaker  of  the  House  of  Representatives  and 
the  President  pro  tempore  of  the  Senate  a full  and  complete  report  con- 
cerning the  nature  and  effect  of  such  transfer. 

(c)  After  December  31,  1958,  no  transfer  shall  be  made  under  this  section 
until  (1)  a full  and  complete  report  concerning  the  nature  and  effect  of 
such  proposed  transfer  has  been  transmitted  by  the  President  to  the  Con- 
gress, and  (2)  the  first  period  of  sixty  calendar  days  of  regular  session  of 
the  Congress  following  the  date  of  receipt  of  such  report  by  the  Congress 
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has  expired  without  the  adoption  by  the  Congress  of  a concurrent  resolution 
stating  that  the  Congress  does  not  favor  such  transfer. 


ACCESS  TO  INFORMATION 

Sec.  303.  Information  obtained  or  developed  by  the  Administrator  in  the 
performance  of  his  functions  under  this  Act  shall  be  made  available  for 
public  inspection,  except  (A)  information  authorized  or  required  by  Fed- 
eral statute  to  be  withheld,  and  (B)  information  classified  to  protect  the 
national  security : Provided , That  nothing  in  this  Act  shall  authorize  the 
withholding  of  information  by  the  Administrator  from  the  duly  authorized 
committees  of  the  Congress. 

SECURITY 


Sec.  304.  (a)  The  Administrator  shall  establish  such  security  require- 
ments, restrictions,  and  safeguards  as  he  deems  necessary  in  the  interest 
of  the  national  security.  The  Administrator  may  arrange  with  the  Civil 
Service  Commission  for  the  conduct  of  such  security  or  other  personnel 
investigations  of  the  Administration’s  officers,  employees,  and  consultants, 
and  its  contractors  and  subcontractors  and  their  officers  and  employees, 
actual  or  prospective,  as  he  deems  appropriate;  and  if  any  such  investiga- 
tion develops  any  data  reflecting  that  the  individual  who  is  the  subject 
thereof  is  of  questionable  loyalty  the  matter  shall  be  referred  to  the  Federal 
Bureau  of  Investigation  for  the  conduct  of  a full  field  investigation,  the 
results  of  which  shall  be  furnished  to  the  Administrator. 

(b)  The  Atomic  Energy  Commission  may  authorize  any  of  its  employees, 
or  employees  of  any  contractor,  prospective  contractor,  licensee,  or  prospec- 
tive licensee  of  the  Atomic  Energy  Commission  or  any  other  jjerson  au- 
thorized to  have  access  to  Restricted  Data  by  the  Atomic  Energy  Commis- 
sion under  subsection  145  b.  of  the  Atomic  Energy  Act  of  1954  (42  U.S.C. 
2165(b) ),  to  permit  any  member,  officer,  or  employee  of  the  Council,  or  the 
Administrator,  or  any  officer,  employee,  member  of  an  advisory  committee, 
contractor,  subcontractor,  or  officer  or  employee  of  a contractor  or  subcon- 
tractor of  the  Administration,  to  have  access  to  Restricted  Data  relating  to 
aeronautical  and  space  activities  which  is  required  in  the  performance  of 
his  duties  and  so  certified  by  the  Council  or  the  Administrator,  as  the  case 
may  be,  but  only  if  (1)  the  Council  or  Administrator  or  designee  thereof 
has  determined,  in  accordance  with  the  established  personnel  security  pro- 
cedures and  standards  of  the  Council  or  Administration,  that  permitting 
such  individual  to  have  access  to  such  Restricted  Data  will  not  endanger 
the  common  defense  and  security,  and  (2)  the  Council  or  Administrator  or 
designee  thereof  finds  that  the  established  personnel  and  other  security 
procedures  and  standards  of  the  Council  or  Administration  are.  adequate 
and  in  reasonable  conformity  to  the  standards  established  by  the  Atomic 
Energy  Commission  under  section  145  of  the  Atomic  Energy  Act  of  1954 
(42  U.S.C.  2165).  Any  individual  granted  access  to  such  Restricted  Data 
pursuant  to  this  subsection  may  exchange  such  Data  with  any  individual 
who  (A)  is  an  officer  or  employee  of  the  Department  of  Defense,  or  any  de- 
partment or  agency  thereof,  or  a member  of  the  armed  forces,  or  a contractor 
or  subcontractor  of  any  such  department,  agency,  or  armed  force,  or  an 
officer  or  employee  of  any  such  contractor  or  subcontractor,  and  (B)  has  been 
authorized  to  have  access  to  Restricted  Data  under  the  provisions  of  section 
143  of  the  Atomic  Energy  Act  of  1954  (42  U.S.O.  2163). 

(c)  Chapter  37  of  title  18  of  the  United  States  Code  (entitled  Espionage 
and  Censorship)  is  amended  by — 

(1)  adding  at  the  end  thereof  the  following  new  section  : 

“§  799.  Violation  of  regulations  of  National  Aeronautics  and  Space  Admin- 
istration 


Requirements. 


72  Stat.  433. 
72  Stat.  434. 


Referral  to  F.B.I. 


Access  to  AEC 
restricted  data. 


68  Stat.  942. 


68  Stat.  942. 


Espionage  and 
Censorship. 

62  Stat.  736-738  : 
65  Stat.  719. 

18  USC  791-798. 
Violation. 


“Whoever  willfully  shall  violate,  attempt  to  violate,  or  conspire  to  violate 
any  regulation  or  order  promulgated  by  the  Administrator  of  the  National 
Aeronautics  and  Space  Administration  for  the  protection  or  security  of  any 
laboratory,  station,  base  or  other  facility,  or  part  thereof,  or  any  aircraft, 
missile,  spacecraft,  or  similar  vehicle,  or  part  thereof,  or  other  property  or 
equipment  in  the  custody  of  the  Administration,  or  any  real  or  personal 
property  or  equipment  in  the  custody  of  any  contractor  under  any  contract 
with  the  Administration  or  any  subcontractor  of  any  such  contractor,  shall 
be  fined  not  more  than  $5,000,  or  imprisoned  not  more  than  one  year,  or  both.”  Penalty. 
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72  Stat.  434. 
72  Stat.  435. 


Protection  of 
U.S.  officers 
and  employees. 
62  Stat.  756. 


Permission  to 
use  firearms. 


(2)  adding  at  the  end  of  the  sectional  analysis  thereof  the  following 
new  item : 

“799.  Violation  of  regulations  of  National  Aeronautics  and  Space  Adminis- 
tration.” 

(d)  Section  1114  of  title  18  of  the  United  States  Code  is  amended  by  in- 
serting immediately  before  “while  engaged  in  the  performance  of  his  offi- 
cial duties”  the  following : “or  any  officer  or  employee  of  the  National  Aero- 
nautics and  Space  Administration  directed  to  guard  and  protect  property 
of  the  United  States  under  the  administration  and  control  of  the  National 
Aeronautics  and  Space  Administration,”. 

(e)  The  Administrator  may  direct  such  of  the  officers  and  employees 
of  the  Administration  as  he  deems  necessary  in  the  public  interest  to  carry 
firearms  while  in  the  conduct  of  their  official  duties.  The  Administrator  may 
also  authorize  such  of  those  employees  of  the  contractors  and  subcontractors 
of  the  Administration  engaged  in  the  protection  of  property  owned  by  the 
United  States  and  located  at  facilities  owned  by  or  contracted  to  the  United 
States  as  he  deems  necessary  in  the  public  interest,  to  carry  firearms  while 
in  the  conduct  of  their  official  duties. 


Contract 

provision. 


Patent 

application. 


72  Stat.  435. 

72  Stat.  436. 

Board  of  Patent 
Interferences. 


PROPERTY  RIGHTS  IN  INVENTIONS 

Sec.  305.  (a)  Whenever  any  invention  is  made  in  the  performance  of 
any  work  under-  any  contract  of  the  Administration,  and  the  Administrator 
determines  that — 

(1)  the  person  who  made  the  invention  was  employed  or  assigned 
to  perform  research,  development,  or  exploration  work  and  the  invention 
is  related  to  the  work  he  was  employed  or  assigned  to  perform,  or 
that  it  was  within  the  scope  of  his  employment  duties,  whether  or  not 
it  was  made  during  working  hours,  or  with  a contribution  by  the 
Government  of  the  use  of  Government  facilities,  equipment,  materials, 
allocated  funds,  information  proprietary  to  the  Government,  or  services 
of  Government  employees  during  working  hours ; or 

(2)  the  person  who  made  the  invention  was  not  employed  or  assigned 
to  perform  research,  development,  or  exploration  work,  but  the  invention 
is  nevertheless  related  to  the  contract,  or  to  the  work  or  duties  he  was 
employed  or  assigned  to  perform,  and  was  made  during  working  hours, 
or  with  a contribution  from  the  Government  of  the  sort  referred  to 
in  clause  (1), 

such  invention  shall  be  the  exclusive  property  of  the  United  States,  and  if 
such  invention  is  patentable  a patent  therefor  shall  be  issued  to  the  United 
States  upon  application  made  by  the  Administrator,  unless  the  Adminis- 
trator waives  all  or  any  part  of  the  rights  of  the  United  States  to  such 
invention  in  conformity  with  the  provisions  of  subsection  (f ) of  this  section. 

(b)  Each  contract  entered  into  by  the  Administrator  with  any  party  for 
the  performance  of  any  work  shall  contain  effective  provisions  under  which 
such  party  shall  furnish  promptly  to  the  Administrator  a written  report 
containing  full  and  complete  technical  information  concerning  any  invention, 
discovery,  improvement,  or  innovation  which  may  be  made  in  the  per- 
formance of  any  such  work. 

(c)  No  patent  may  be  issued  to  any  applicant  other  than  the  Adminis- 
trator for  any  invention  which  appears  to  the  Commissioner  of  Patents  to 
have  significant  utility  in  the  conduct  of  aeronautical  and  space  activities 
unless  the  applicant  files  with  the  Commissioner,  with  the  application  or 
within  thirty  days  after  request  therefor  by  the  Commissioner,  a written 
statement  executed  under  oath  setting  forth  the  full  facts  concerning  the 
circumstances  under  which  such  invention  was  made  and  stating  the  rela- 
tionship (if  any)  of  such  invention  to  the  performance  of  any  work  under 
any  contract  of  the  Administration.  Copies  of  each  such  statement  and  the 
application  to  which  it  relates  shall  be  transmitted  forthwith  by  the  Com- 
missioner to  the  Administrator. 

(d)  Upon  any  application  as  to  which  any  such  statement  has  been  trans- 
mitted to  the  Administrator,  the  Commissioner  may,  if  the  invention  is 
patentable,  issue  a patent  to  the  applicant  unless  the  Administrator,  within 
ninety  days  after  receipt  of  such  application  and  statement,  requests  that 
such  patent  be  issued  to  him  on  behalf  of  the  United  States.  If,  within 
such  time,  the  Administrator  files  such  a request  with  the  Commissioner,  the 
Commissioner  shall  transmit  notice  thereof  to  the  applicant,  and  shall  issue 
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such  patent  to  the  Administrator  unless  the  applicant  within  thirty  days 
after  receipt  of  such  notice  requests  a hearing  before  a Board  of  Patent 
Interferences  on  the  question  whether  the  Administrator  is  entitled  under 
this  section  to  receive  such  patent.  The  Board  may  hear  and  determine,  in 
accordance  with  rules  and  procedures  established  for  interference  cases,  the 
question  So  presented,  and  its  determination  shall  be  subject  to  appeal  by 
the  applicant  or  by  the  Administrator  to  the  Court  of  Customs  and  Patent 
Appeals  in  accordance  with  procedures  governing  appeals  from  decisions 
of  the  Board  of  Patent  Interferences  in  other  proceedings. 

(e)  Whenever  any  patent  has  been  issued  to  any  applicant  in  conformity 
with  subsection  (d),  and  the  Administrator  thereafter  has  reason  to  be- 
lieve that  the  statement  filed  by  the  applicant  in  connection  therewith  con- 
tained any  false  representation  of  any  material  fact,  the  Administrator  with- 
in five  years  after  the  date  or  issuance  of  such  patent  may  file  with  the 
Commissioner  a request  for  the  transfer  to  the  Administrator  of  title  to 
such  patent  on  the  records  of  the  Commission.  Notice  of  any  such  request 
shall  be  transmitted  by  the  Commissioner  to  the  owner  of  record  of  such 
patent,  and  title  to  such  patent  shall  be  so  transferred  to  the  Administrator 
unless  within  thirty  days  after  receipt  of  such  notice  such  owner  of  record 
requests  a hearing  before  a Board  of  Patent  Interferences  on  the  question 
whether  any  such  false  representation  was  contained  in  such  statement. 
Such  question  shall  be  heard  and  determined,  and  determination  thereof 
shall  be  subject  to  review,  in  the  manner  prescribed  by  subsection  (d)  for 
questions  arising  thereunder.  No  request  made  by  the  Administrator  under 
this  subsection  for  the  transfer  of  title  to  any  patent,  and  no  prosecution 
for  the  violation  of  any  criminal  statute,  shall  be  barred  by  any  failure  of  the 
Administrator  to  make  a request  under  subsection  (d)  for  the  issuance  of 
such  patent  to  him,  or  by  any  notice  previously  given  by  the  Administrator 
stating  that  he  had  no  objection  to  the  issuance  of  such  patent  to  the 
applicant  therefor. 

(f)  Under  such  regulations  in  conformity  with  this  subsection  as  the 
Administrator  shall  prescribe,  he  may  waive  all  or  any  part  of  the  rights  of 
the  United  States  under  this  section  with  respect  to  any  invention  or  class 
of  inventions  made  or  which  may  be  made  by  any  person  or  class 
of  persons  in  the  performance  of  any  work  required  by  any  contract 
of  the  Administration  if  the  Administrator  determines  that  the  interests 
of  the  United  States  will  be  served  thereby.  Any  such  waiver  may  be 
made  upon  such  terms  and  under  such  conditions  as  the  Administrator 
shall  determine  to  be  required  for  the  protection  of  the  interests  of  the 
United  States.  Each  such  waiver  made  with  respect  to  any  invention  shall 
be  subject  to  the  reservation  by  the  Administrator  of  an  irrevocable,  non- 
exclusive, nontransferrable,  royalty-free  license  for  the  practice  of  such 
Invention  throughout  the  world  by  or  on  behalf  of  the  United  States  or  any 
foreign  government  pursuant  to  any  treaty  or  agreement  with  the  United 
States.  Each  proposal  for  any  waiver  under  this  subsection  shall  be 
referred  to  an  Inventions  and  Contributions  Board  which  shall  be  estab- 
lished by  the  Administrator  within  the  Administration.  Such  Board  shall 
accord  to  each  interested  party  an  opportunity  for  hearing,  and  shall 
transmit  to  the  Administrator  its  findings  of  fact  with  respect  to  such 
proposal  and  its  recommendations  for  action  to  be  taken  with  respect  thereto. 

(g)  The  Administrator  shall  determine,  and  promulgate  regulations 
specifying,  the  terms  and  conditions  upon  which  licenses  will  be  granted  by 
the  Administration  for  the  practice  by  any  person  (other  than  an  agency 
of  the  United  States)  of  any  invention  for  which  the  Administrator  holds 
a patent  on  behalf  of  the  United  States. 

(h)  The  Administrator  is  authorized  to  take  all  suitable  and  necessary 
steps  to  protect  any  invention  or  discovery  to  which  he  has  title,  and  to 
require  that  contractors  or  persons  who  retain  title  to  inventions  or  dis- 
coveries under  this  section  protect  the  inventions  or  discoveries  to  which 
the  Administration  has  or  may  acquire  a license  of  use. 

(i)  The  Administration  shall  be  considered  a defense  agency  of  the 
United  States  for  the  purpose  of  chapter  17  of  title  35  of  the  United  States 
Code. 

( j ) As  used  in  this  section — 

(1)  the  term  “person”  means  any  .individual,  partnership,  corpora- 
tion, association,  institution,  or  other  entity; 


Waiver. 


Inventions  and 

Contributions 

Board. 


License 

regulations. 

72  Stat.  436. 
72  Stat.  437. 


Protection 
of  title. 


Defense  agency. 
66  Stat.  805-808. 


Definitions. 
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72  Stat.  437. 
72  Stat.  438. 


72  Stat.  438. 


(2)  the  term  “contract”  means  any  actual  or  proposed  contract, 
agreement,  understanding,  or  other  arrangement,  and  includes  any 
assignment,  substitution  of  parties,  or  subcontract  executed  or  entered 
into  thereunder ; and 

(3)  the  term  “made”,  when  used  in  relation  to  any  invention,  means 
the  conception  or  first  actual  reduction  to  practice  of  such  invention. 

CONTRIBUTIONS  AWARDS 

Sec.  306.  (a)  Subject  to  the  provisions  of  this  section,  the  Administrator 
is  authorized,  upon  his  own  initiative  or  upon  application  of  any  person,  to 
make  a monetary  award,  in  such  amount  and  upon  such  terms  as  he  shall 
determine  to  be  warranted,  to  any  person  (as  defined  by  section  305)  for 
any  scientific  or  technical  contribution  to  the  Administration  which  is 
determined  by  the  Administrator  to  have  significant  value  in  the  conduct  of 
aeronautical  and  space  activities.  Each  application  made  for  any  such 
award  shall  be  referred  to  the  Inventions  and  Contributions  Board  estab- 
lished under  section  305  of  this  Act.  Such  Board  shall  accord  to  each  such 
applicant  an  opportunity  for  hearing  upon  such  application,  and  shall 
transmit  to  the  Administrator  its  recommendation  as  to  the  terms  of  the 
award,  if  any,  to  be  made  to  such  applicant  for  such  contribution.  In  deter- 
mining the  terms  and  conditions  of  any  award  the  Administrator  shall 
take  into  account — 

(1)  the  value  of  the  contribution  to  the  United  States ; 

(2)  the  aggregate  amount  of  any  sums  which  have  been  expended 
by  the  applicant  for  the  development  of  such  contribution ; 

(3)  the  amount  of  any  compensation  (other  than  salary  received 
for  services  rendered  as  an  officer  or  employee  of  the  Government) 
previously  received  by  the  applicant  for  or  on  account  of  the  use  of  such 
contribution  by  the  United  States  ; and 

(4)  such  other  factors  as  the  Administrator  shall  determine  to  be 
material. 

(b)  If  more  than  one  applicant  under  subsection  (a)  claims  an  interest 
in  the  same  contribution,  the  Administrator  shall  ascertain  and  determine 
the  respective  interests  of  such  applicants,  and  shall  apportion  any  award 
to  be  made  with  respect  to  such  contribution  among  such  applicants  in  such 
proportions  as  he  shall  determine  to  be  equitable.  No  award  may  be  made 
under  subsection  (a)  with  respect  to  any  contribution — 

(1)  unless  the  applicant  surrenders,  by  such  means  as  the  Adminis- 
trator shall  determine  to  be  effective,  all  claims  which  such  applicant 
may  have  to  receive  any  compensation  (other  than  the  award  made 
under  this  section)  for  the  use  of  such  contribution  or  any  element  ' 
thereof  at  any  time  by  or  on  behalf  of  the  United  States,  or  by  or  on 
behalf  of  any  foreign  government  pursuant  to  any  treaty  or  agreement 
with  the  United  States,  within  the  United  States  or  at  any  other  place; 

(2)  in  any  amount  exceeding  $100,000,  unless  the  Administrator  has 
transmitted  to  the  appropriate  committees  of  the  Congress  a full  and 
complete  report  concerning  the  amount  and  terms  of,  and  the  basis  for, 
such  proposed  award,  and  thirty  calendar  days  of  regular  session  of 
the  Congress  have  expired  after  receipt  of  such  report  by  such 
committees. 

appropriations 

Sec.  307.  (a)  There  are  hereby  authorized  to  be  appropriated  such  sums 
as  may  be  necessary  to  carry  out  this  Act,  except  that  nothing  in  this  Act 
shall  authorize  the  appropriation  of  any  amount  for  (1)  the  acquisition 
or  condemnation  of  any  real  property,  or  (2)  any  other  item  of  a capital 
nature  (such  as  plant  or  facility  acquisition,  construction,  or  expansion) 
which  exceeds  $250,000.  Sums  appropriated  pursuant  to  this  subsection  for 
the  construction  of  facilities,  or  for  research  and  development  activities, 
shall  remain  available  until  expended. 

(b)  Any  funds  appropriated  for  the  construction  of  facilities  may  be  used 
for  emergency  repairs  of  existing  facilities  when  such  existing  facilities 
are  made  inoperative  by  major  breakdown,  accident,  or  other  circumstances 
and  such  repairs  are  deemed  by  the  Administrator  to  be  of  greater  urgency 
than  the  construction  of  new  facilities. 

Approved  July  21).  11)58. 
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NATIONAL  AERONAUTICS  AND  SPACE  ADMINISTRATION 
Washington,  D.  C. 


A PROCLAMATION 


1.  By  virtue  of  the  authority  vested  in  me  by  the  National  Aero- 
nautics and  Space  Act  of  1958  (Public  Law  85-568,  approved  July  29,  1958, 
72  Stat.  426,  433)  I hereby  proclaim  that  as  of  the  close  of  business 
September  30,  1958,  the  National  Aeronautics  and  Space  Administration 
has  been  organized  and  is  prepared  to  discharge  the  duties  and  exercise 
the  powers  conferred  upon  it  by  said  law 

2.  In  accordance  with  the  provisions  of  the  Act,  all  functions, 
powers,  duties,  and  obligations,  and  all  real  and  personal  property, 
personnel  (other  than  members  of  the  Committee),  funds,  and  records 
of  the  National  Advisory  Committee  for  Aeronautics  are  hereby  trans- 
ferred to  the  National  Aeronautics  and  Space  Administration. 

3.  The  existing  National  Advisory  Committee  for  Aeronautics 
Committees  on  Aircraft,  Missile  and  Spacecraft  Aerodynamics;  Air- 
craft, Missile  and  Spacecraft  Propulsion;  Aircraft,  Missile  and  Space- 
craft Construction;  Aircraft  Operating  Problems;  the  Industry  Consulting 
Committee;  and  the  Special  Committee  on  Space  Technology  and  their 
subcommittees  are  hereby  reconstituted  advisory  committees  to  the 
Administration  through  December  31,  1958,  for  the  purpose  of  bringing 
their  current  work  to  an  orderly  completion. 

4.  Existing  policies,  regulations,  authorities,  and  procedural 
instructions  governing  the  activities  of  the  National  Advisory  Committee 
for  Aeronautics,  not  inconsistent  with  law,  and  which  are  applicable  to 
the  activities  of  the  National  Aeronautics  and  Space  Administration, 
shall  be  continued  in  effect  until  superseded  or  revoked. 

5.  The  Langley  Aeronautical  Laboratory,  the  Ames  Aeronautical 
Laboratory,  and  the  Lewis  Flight  Propulsion  Laboratory  are  hereby  re- 
named the  Langley  Research  Center,  the  Ames  Research  Center,  and 
the  Lewis  Research  Center,  respectively. 

DONE  at  the  City  of  Washington,  District  of  Columbia  this  25th 
day  of  September  in  the  year  Nineteen  Hundred  and  Fifty- Eighty 

T.  Keim'Wennan 
Administrator 
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By  J.  Lyell  Sanders,  Jrm  Harvey  G.  McComb,  Jr.,  and  Floyd  R.  Schlechte 


SUMMARY 

A variational  theorem  is  presented  for  a body  undergoing 
creep . Solutions  to  problems  of  the  creep  behavior  of  plates , 
columns , beams , and  shells  can  be  obtained  by  means  of  the 
direct  methods  of  the  calculus  of  variations  in  conjunction  with 
the  stated  theorem.  The  application  of  the  theorem  is  illus- 
trated for  plates  and  columns  by  the  solution  of  two  sample 
problems. 

INTRODUCTION 

Interest  in  the  various  effects  of  creep  in  metals  has 
intensified  in  recent  years  in  the  aeronautical  field  because 
of  actual  or  envisaged  operation  of  aircraft  in  an  elevated- 
temperature  environment.  Much  experimental  work  has 
been  done  to  determine  the  creep  stress-strain  relations  of 
various  metal:  at  elevated  temperatures,  and  much  data 
have  been  accumulated  on  the  creep  collapse  of  columns  and 
plates.  Analytically,  creep  problems  for  beams,  columns, 
and  plates  are  more  difficult  than  the  corresponding  elastic 
problems,  because  the  creep  stress-strain  relations  (which 
generally  include  the  possibility  of  elastic  and  plastic  strains) 
are  nonlinear.  One  consequence  of  this  nonlinearity  is  that 
the  distribution  of  the  stresses  through  the  thickness  of  the 
beam,  plate,  or  column  is  not  nearly  so  simple  as  in  the 
elastic  case.  Mathematical  analyses  of  these  structural 
components  have  often  been  restricted  to  simplified  models 
(H-section  columns,  for  example)  to  avoid  this  difficulty. 

No  known  systematic  procedures  have  been  devised  for 
reducing  a given  creep  problem  to  a set  of  differential 
equations,  although  some  efforts  have  been  made  to  develop 
variational  methods  for  use  in  attacking  these  problems 
mathematically.  Hoff  (refs.  1 and  2)  has  suggested  the  use 
of  a minimum-complementary-energy  principle  based  on  an 
analog  between  the  creep-strain  rates  and  the  elastic  strains 
in  a nonlinearly  elastic  body;  however,  elastic  and  plastic 
strains  are  neglected  and  the  method  does  not  apply  readily 
to  plate  and  column  problems.  Wang  and  Prager  (ref.  3) 
have  given  two  general  extremum  principles  (for  a body 
with  elastic,  plastic,  thermal,  and  creep  strains)  analogous 
to  the  minimum-complementary -energy  and  minimum- 
potential-energy  principles  in  elasticity.  In  the  present 
report,  an  analog  of  Reissner’s  variational  theorem  in 
elasticity  (refs.  4 and  5)  is  formulated  (for  a body  with 
elastic,  plastic,  and  creep  strains),  and  special  forms  of  it 

i Supersedes  NAOA  Technical  Note  4003  by  J.  Lyell  Sanders,  Jr.,  Harvey  G.  McComb,  Jr 


are  found  to  be  convenient  for  handling  creep  problems  of 
plates,  columns,  beams,  and  shells.  The  use  of  the  vari- 
ational theorem  presented  herein  is  illustrated  by  applica- 
tions to  two  creep  problems:  creep  collapse  of  columns  and 
plate  bending. 

SYMBOLS 


E 

I 

h ,/2,/a 

J2 

Mr,Mt 

p 
Pc 
S . 

s, 

sd 

If 

Ti 

U 


Uo 


V 

w 


Wo, w, 


R 

b 

h 

l 

m 

ni 


V 

<1 

r 


Young’s  modulus 
integral  to  be  varied  (see  eq.  (7)) 
integrals  defined  by  equations  (46) 
second  invariant  of  stress-deviator  tensor 
radial  and  tangential  bending  moments, 
respectively,  per  unit  length 
radial  and  tangential  bending-moment 
coefficients  defined  by  equations  (44) 
compressive  load 
buckling  load  for  column 
surface  of  a body 

part  of  surface  where  stresses  are  pre- 
scribed 

part  of  surface  where  displacements  are 
prescribed 
surface  traction 

prescribed  surface  traction  on  Ss 
displacement  of  neutral  surface  in  ^-di- 
rection 

displacement  coefficient  in  x-direction 
(see  eqs.  (28)) 

displacement  of  neutral  surface  in  y-di- 
rection;  also  used  as  volume  integral 
deflection  of  neutral  surface  in  2-direc- 
tion 

•deflection  coefficients  (see  eqs.  (28)  or 
(44)) 

radius  of  circular  plate 
width  of  column 
thickness  of  column  or  plate 
length  of  column 
empirical  constant  in  creep  law 
unit  external  normal  to  surface  of  un- 
deformed body 

empirical  constant  in  creep  law 
lateral  load  .intensity  on  circular  plate 
radial  coordinate 


and  Floyd  R.  Schlechte,  1957. 
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Sij 

t 

u 

Ut 

Ui 

V 

w 

x,y,z 

y zzfl  yz)y  xy 


A 

it, 

€ 

*U 

, 

*ij 

*i3 

er,*t 


*x,*y,*z 


e 

x 


p 

p—r/R 


stress-deviator  tensor 
time 

displacement  in  ar-direction 
displacement  vector 
prescribed  displacement  vector  on  Sd 
displacement  in  ^/-direction 
displacement  in  2-direction 
coordinates 

shear  strains  in  xz-}  yz-}  and  ^-direc- 
tions, respectively 

amplitude  of  initial  bow  of  column  di- 
vided by  column  thickness 
Kronecker  delta 
strain,  positive  in  tension 
strain  tensor 

noncreep  portion  of  strain  tensor 
creep  strain  tensor 

radial  and  tangential  strains,  respec- 
tively 

strain  in  x-}  y-}  and  ^-directions,  respec- 
tively 

angular  coordinate 
empirical  constant  in  creep  law 
Poisson’s  ratio 


stress,  positive  in  tension 
stress  tensor 

stresses  defined  in  equation  (27) 
stress  coefficients  in  equations  (28) 
radial  and  tangential  stresses,  respec- 
tively 

Dots  over  quantities  denote  differentiation  with  respect 
to  time,  a single  prime  denotes  the  elastic-plastic  part  of  the 
strain,  and  a double  prime  denotes  the  creep  part  of  the  strain. 


XXij 

•<r0  ,<u 


FORMULATION  OF  GENERAL  VARIATIONAL  THEOREM 

For  a body  subject  to  creep,  the  equilibrium  equations 
:and  strain-displacement  relations  are  the  same  as  those  for 
an  elastic  body;  the  only  difference  in  the  mathematical 
formulation  of  a creep  problem  is  in  the  stress-strain  relation. 
In  the  present  development,  the  nonlinear  strain-displace- 
ment relations  and  equilibrium  equations  are  used  because 
of  the  intended  application  of  the  variational  theorem  to 
collapse  problems  of  columns  and  plates.  However,  the 
strains  are  still  assumed  to  be  small,  and  the  stress-strain  re- 
lations are  written  as  for  infinitesimal  strains.  The  total 
strain  rate  is  separated  into  a creep  part  and  a part  which  in- 
cludes elastic  and  plastic  effects.  The  creep  part  of  the  strain 
rate  is  allowed  to  depend  on  time  and  on  the  stress  deviator 
but  not  on  the  stress  rate  or  the  first  invariant  of  stress.  In 
this  report,  the  temperature  of  the  body  is  assumed  to  be  uni- 
form and  constant  in  time. 

In  tensor  notation,  a simple  example  of  the  creep  law 
assumed  is 

(1) 

where  s ^ is  the  stress  deviator  and  J2  is  the  second  invariant 


tion  on  the  stress-strain  relation  for  the  elastic-plastic  part 


of  the  strain  is  that  the  following  relation  hold  (see  ref.  6) : 

Gijdeij^kfjdcrij  (2) 

The  equation  for  the  components  of  finite  strain  is 

*i3=\  (Vi.  }+ujti+uK  tukt  j)  (3) 

or,  in  differentiated  form, 

The  equilibrium  equation  is 

[(dik-\-Uiik)(Tjk]j~0  (5) 

The  equation  giving  the  surface  traction  Tx  in  terms  of 
stresses  and  displacements  on  the  boundary  is 

Ti=a  jknj{hikJruit  k ) (6) 

where  nj  is  the  unit  external  normal  to  the  surface  of  the 

undeformed  body. 

The  components  of  the  tensor  etJ  are  not  true  strains,  and 
neither  are  the  components  of  the  tensor  ai}  true  stresses. 
However,  the  specific  virtual  work  due  to  a virtual  displace- 
ment bui  is  given  by 

dW==0’ij8€ij 


Therefore,  the  tensor  <rt-;  may  be  considered  to  be  the  gener- 
alized force  conjugate  to  the  generalized  displacement 
eij.  In  reference  7,  this  tensor  is  called  and  in  reference 
8 it  is  called  cr-y 

As  in  many  of  the  variational  theorems  of  the  mathemati- 
cal theory  of  plasticity  (see  ref.  6),  the  variational  theorem 
to  be  stated  here  is  for  stress  rates  and  strain  rates;  that  is, 
if  the  states  of  stress  and  strain  throughout  the  body  are 
known  at  a given  instant,  then  application  of  the  variational 
theorem  singles  out  the  stress  rates  or  strain  rates  that 
actually  occiu*  from  those  rates  of  stress  or  strain  considered 
in  the  enunciation  of  the  theorem.  Thus,  the  operator  5 
in  the  formal  process  of  taking  the  variations  is  applied  only 
to  time  derivatives  of  quantities  and  not  to  the  quantities 
themselves.  Because  of  this,  for  example,  <5e",  = 0 because 
e'tj  depends  upon  the  state  of  stress  but  not  upon  the  stress 
rate.  (See  eq.  (1).) 

The  quantity  to  be  varied  was  constructed  by  an  inverse 
process  guided  by  the  form  of  Reissner’s  theorem  and  the 
first  theorem  of  Wang  and  Prager.  By  trial  and  error,  the 
terms  necessary  to  obtain  the  desired  result  were  found  for 

the  integral  to  be  varied.  Let  Ti  = Ti  be  prescribed  on  the 
part  Ss  of  the  bounding  surface  S of  a body  and  let  iii—u 
be  prescribed  on  the  remaining  part  Sd  of  the  boundary. 
The  variational  theorem  to  be  proved  is  51=0  where 

I—  j 2 ^ 

f %uidS-[  (iii—ui)Ti  dS  (7) 

J ss  J sd 

In  the  first  term  of  the  volume  integral,  is  understood  to 
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be  written  in  terms  of  displacements  and  velocities  (eq. 
(4)).  In  the  third  term  of  the  volume  integral,  is  under- 
stood to  be  written  in  terms  of  stresses  and  stress  rates, 
whereas  eftj  is  written  in  terms  of  stresses. 

The  variation  of  I is  given  by 

5/=  buk,j — 

\ *«««--|  (i«+2*y  dV- 

F TibUidS — [ [('lit — Ui)bT ibu^dS  (8) 

JSM  J$d 

where  be^=0  as  previously  noted.  The  second  term  in  the 
volume  integral  may  be  transformed  by  an  integration  by 
parts.  The  following  formula  applies: 

J &{iSiirfV=J  difij{bik+uKi)buKdS— 

j bUtdV  (9) 

The  third  term  may  also  be  integrated  by  parts;  thus, 

Jv  i 5uk,  idV=fa <TitnjUk, , tujs-  l (<TijUit,i),J8ukrlV  (10) 
By  using  equations  (9),  (10),  and  (2),  equation  (8)  becomes 
°1=^v  (<rt/u*,t),,8uk— 

[d  i ) + <Tt  jUjUfc,  i]8ukdS— 

| TibUidS  | [(ti,- — Ui)bTx^TibUi[dS  (11) 

J Sa  J Sd 


or 


8l=Jv^(k~eij~^j)5ai}~5uk~[(Su+Uk,()aij]jydV+ 

( Ti  Tt)dUidS — ( Ut — Ui)dtidS  (12) 

The  coefficient  of  each  of  the  variations  vanishes  by  virtue 
of  the  stress- strain  relations,  equilibrium  equations,  stress 
boundary  conditions,  and  displacement  boundary  conditions, 
respectively.  Thus,  it  is  proved  that  bl=  0 for  the  stress 
rates  and  strain  rates  that  actually  occur. 

A term  may  be  added  to  the  volume  integral  to  include  the 
effects  of  body  forces  if  necessary.  In  some  special  cases, 
the  boundary  integrals  should  be  modified  if  boundary  condi- 
tions other  than  those  on  Tt  or  ut  are  imposed. 

In  the  next  section,  a form  for  I appropriate  for  application 
to  thin- plate  and  column  problems  is  developed. 

THEORETICAL  APPLICATION  OF  VARIATIONAL  THEOREM 
TO  PLATE  AND  COLUMN  PROBLEMS 

The  variational  theorem  proved  in  the  preceding  section 
provides  a powerful  means  for  deriving  an  appropriate  two- 
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dimensional  theory  for  thin  plates  subject  to  creep  (or  one- 
dimensional theory  for  beams  and  columns)  analogous  to  the 
two-dimensional  theory  for  thin  elastic  plates.  If  certain 
simplifying  assumptions  are  made  about  the  dependence  of 
the  various  displacements  and  stresses  on  the  ^-coordinate 
(measured  normal  to  the  middle  surface),  the  integrations 
with  respect  to  z in  the  integral  I may  then  be  carried  out. 
The  equations  resulting  from  5/=0  then  involve  only  x,  y1 
and  t as  independent  variables. 

In  this  report,  the  same  simplifying  assumptions  with 
regard  to  displacements  are  made  that  were  made  in  the 
elastic  case.  In  particular,  the  Bernoulli-Euler  hypothesis 
is  retained.  This  hypothesis  can  be  regarded  as  a conse- 
quence of  the  equilibrium  equations  and  the  strain-displace- 
ment equations  as  applied  to  a thin  plate.  The  transverse 
shear  stresses  vanish  on  the  surface  of  the  plate  and  are 
thus  expected  to  be  negligible  (compared  with  inplane 
stresses)  throughout  the  thickness.  By  any  of  the  common 
stress-strain  relations  (elastic,  plastic,  or  creep),  it  follows 
that  the  transverse  shear  strains  are  negligible.  If  w is 
assumed  to  be  approximately  independent  of  2,  then  from 


it  follows  that 


“ dx+dz  ° 

(13) 

V!  dy'dsU 

(14) 

n *>W 

u=U—z 

ox 

(15) 

11 

1 

Oi 

(16) 

w=W 

(17) 

where  U,  V,  and  W can  now  be  identified  as  the  displace- 
ments of  the  middle  surface.  Equations  (15),  (16),  and  (17) 
express  the  Bernoulli-Euler  hypothesis. 

A more  rigorous  treatment,  in  which  the  dependence  of 
the  various  quantities  on  the  ^-coordinate  is  deduced  by 
expanding  them  in  powers  of  a thickness  parameter,  might 
be  possible.  In  some  derivations  of  plate  equations,  U,  V, 
and  W are  interpreted  as  weighted  averages  of  u , v,  and  w . 
(See  refs.  4 and  9,  for  example.)  However,  the  consequences 
of  assuming  equations  (15),  (16),  and  (17)  to  be  true  are 
expected  to  lead  to  accurate  results  for  thin  plates. 

Equation  (3)  for  the  finite  strains  in  terms  of  displacements 
is  simplified  by  dropping  all  nonlinear  terms  except  those 
containing  powers  or  products  of  slopes.  This  simplification 
leads  to  the  Von  Karman  equations  for  an  elastic  plate. 
The  resulting  equations  for  the  strains  are 


bU_ 

dW . 1 , 

fbW' 

\2 

(18) 

bx 

2 d^'+2  1 

V dx , 

) 

bV_ 

aw  1 

^dlp 

\2 

(19) 

by 

by2  +2  ' 

Vdy , 

) 

dF_  aw 

dTFdW' 

(20) 

dx  bxbij 

’ dy 
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€,=T„=7w= 0 (21) 

In  order  to  be  consistent  with  these  approximations,  only 
terms  containing  powers  or  products  of  rates  of  slope  are 
retained  in  the  second  term  of  the  volume  integral  in  I. 
(See  eq.  (7).) 

Before  the  integration  with  respect  to  2 can  be  carried  out 
in  the  expression  for  /,  the  dependence  of  the  stresses  upon  2 
must  be  assumed.  Unlike  the  elastic  case,  the  stresses  do 
not  vary  linearly  through  the  thickness,  even  though  the 
strains  do  vary  linearly.  The  particular  advantage  of  the 
generalized  form  of  Reissner’s  variational  theorem  for  use  in 
the  present  problem  is  that  approximations  for  the  stresses 
and  strains  can  be  made  independently.  Thus,  there  is  no 
necessity  to  invert  the  stress-strain  relations  in  order  to 
determine  appropriate  approximations  for  the  stresses;  in 
fact,-  to  invert  the  stress-strain  relations  would  generally 
be  impossible. 

Many  possibilities  exist  for  assuming  the  form  of  the 
stresses  as  functions  of  £,  and  each  possibility  leads  to  a 
different  set  of  plate  equations;  thus,  no  particular  system 
of  equations  can  be  set  up  which  can  be  called  the  creep 
equations  for  a plate,  column,  or  beam.  Generally,  it  is 
advantageous  to  assume  the  form  of  the  stresses  and  dis- 
placements as  functions  of  x and  y also,  in  which  case  all 
the  integrations  in  I may  be  performed.  Setting  the  variation 
of  the  resulting  expression  equal  to  zero  leads  to  a set  of 
ordinary  differential  equations  in  which  the  independent 
variable  is  the  time.  Further  details  of  the  application  of  the 
variational  theorem  to  creep-collapse  and  creep-bending 
problems  of  columns  and  plates  can  best  be  communicated 
by  means  of  examples,  two  of  which  are  given  in  the  following 
sections. 

EXAMPLE  OF  APPLICATION  OF  VARIATIONAL  THEOREM 
TO  CREEP  COLLAPSE  OF  COLUMNS 

A simplified  treatment  of  the  problem  of  creep  collapse  of 
the  uniform,  pin-ended,  rectangular-section  column  shown 
in  figure  1 is  given  as  the  first  example.  The  plastic  part  of 
the  strain  is  omitted,  and  the  stress-strain  relation  is  assumed 
to  be 

(22) 


where  the  second  term  on  the  right  includes  the  effects  of 
primary  and  secondary  creep.  The  axial  displacement  u is 
assumed  to  be  given  b}r 


and  the  axial  strain  e by 


=dU_  b2W  1 fbW\2 
€ bx  Z bx2  2\bxJ 


In  the  present  case,  the  following  terms  enter  into  the 
expression  for  I: 


. . fbU  , bWbW  dWN 
<Tij€ij  \dz  bx  bx  Z bx2  j 

1 . . 1 /bW\2 

2 aijUKiUk’j~2a\te  ) 


2 (*«+ 


f TiuidS=--PU(l)t)  = 0 (P  is  constant) 

Js„ 


where  U(0t  t)—0.  The  special  form  of  I for  the  column  is 
then 


f r.  dW\  , 

Jr[_  bx  bx  Z bx2  J 

1 /bW\2  a2  , ..  1 JTr 

2c\dx)  2E  *pt  a(T  J dV  ( 2 6') 


For  simplicity,  the  variation  of  a in  the  ^-direction  is 
assumed  to  be  linear;  thus, 


+jr  <rf 


The  variation  of  displacements  and  stresses  in  the  ^-direction 
is  assumed  as  follows : 


W—hWa  sin 


U=U0x 


a°~bh  a° 


°'1  =bh  °'1  smT 


where  h is  the  thickness  of  the  column,  b is  the  width,  and 
l is  the  length.  The  dimensionless  quantities  on  the  right- 
hand  sides  of  equations  (28)  are  functions  of  time  alone. 
The  integrations  in  / may  be  carried  out,  and  the  result  is 
(for  ra=  3) 


r=5  \T  (6^W+i  iiWo+3*oWo*)~  *,2)+ 

^ a0U0-\pt^E(^J  (Vao+ 

I o-o^i^o+l  (VWi+giQ  ffi3<ri)J  (29) 


Figure  1. — Pin-ended  rectangular-section  column. 


where  Pc  is  the  buckling  load  of  the  column.  The  system  of 
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differential  equations  to  which  the  present  approximate 
analysis  leads  is  obtained  by  equating  to  zero  the  partial 
derivatives  of  / with  respect  to  each  of  the  dotted  quantities; 
thus,  the  result  is 


(T0=0 


1 . 


6<to117o+2  <b+6<r0IFo=0 


6^  W0W0- 

l f w°-m  ^’-'E(u)Xb^+m " •)=° 


-(30) 


The  solution  of  this  set  of  equations  depends  on  the  initial 
conditions  assigned.  Suppose  that  the  column  has  an  initial 
-bow  in  the  form  of  a half  sine  wave  before  the  load  P is 
applied.  If  the  load  is  assumed  to  be  applied  rapidly,  but 
not  rapidly  enough  to  introduce  inertia  effects,  then  the 
initial  conditions  for  the  creep  problem  are  those  existing 
immediately  after  the  load  is  applied.  If  the  initial  bow  is 
given  by 

7 A • 7TX 

fiA  sm-^- 


the  initial  conditions  for  the  dimensionless  quantities  are 

A 


Wo(0)- 


1-7 


Pc 

°o(0)  — 1 

12A 


<u(0)  = 


1-7 


(31) 


The  problem  can  now  be  reduced  to  solving  the  following 
equation  for  W0: 

(jX- 1)  Wo — 3\pt  p~lE  (^)2  (W»+f  Wv)=0  (32) 

Except  for  differences  in  notation,  this  equation  is  similar  to 
one  given  by  Kempner  (eq.  (27)  of  ref.  10)  for  an  idealized 
two-element  column  problem  solved  by  a collocation  method, 
except  that  the  constant  2%  is  replaced  by  % and  p is  replaced 
by  1.  Equation  (32)  is  easily  integrated  to  give 


tp= 


^-1 

P 


6 \E 


log 


/py‘”6 

w _ 


l+^TEo2 

5 


i+f  W(0)' 

IEo2(0) 


(33) 


The  collapse  time  tc  is  found  by  taking  the  limit  as  Wo->  oo  ; 
thus, 


r — 1 


' <-0 
i_l — v — £ cjl 

^ 27A2 


1 y/p 


(34) 


The  foregoing  analysis  is  intended  merely  as  an  example; 
more  elaborate  assumptions  as  to  the  stress  variation  through 
the  thickness  and  the  variation  of  the  several  unknowns 
along  the  length  of  the  column  lead  to  systems  of  nonlinear 
differential  equations  which  ma}-  be  solved  by  some  numer- 
ical method. 

EXAMPLE  OF  APPLICATION  OF  VARIATIONAL  THEOREM  TO  CREEP 
BENDING  OF  PLATES 

For  a second  example,  the  bending  of  a simply  supported 
circular  plate  irnder  a constant  uniform  load  is  considered. 
(See  fig.  2.)  For  simplicity,  the  analysis  is  restricted  to  the 
time  during  which  the  deflections  are  small  so  that  the  linear 
strain-displacement  relations  can  apply.  The  general  form 
for  I in  this  case  is 

(^+2^)v,Tf  (35) 

Here,  again,  the  effects  of  plasticity  are  neglected.  The  creep 
law  is  that  given  by  equation  (1).  The  various  terms  in  the 
integrand  must  be  specialized  to  apply  to  the  present  plate 
problem.  In  polar  coordinates  the  shear  stress  and  shear 
strain  are  zero  from  symmetry,  and  the  remaining  stresses 


Figure  2. — Simply  supported  circular  plate  with  lateral  load. 
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and  strains  give 
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Cij&iJ — l 


(36) 


If  a linear  strain  distribution  through  the  thickness  is 
assumed, 

d2l  i'T  . 3 dll7  . 


3 d?>2  <Tf  - dr  <r, 


(37) 


For  the  elastic  part  of  the  second  term  in  equation  (35) 


(38) 


For  the  creep  part  of  the  second  term, 

(39) 

Further,  it  is  assumed  that  the  form  of  j is  such  that 

J2  (40) 


In  this  example,  the  exponent  m is  taken  to  be  unity;  this 
assumption  corresponds  to  the  cubic  law  in  the  uniaxial  stress 
case.  Then, 


M°>2+<^2— ^rff0[o'r(2o’r--O'()  + O-,(2o'l“-O’r)]  (41) 


The  variation  of  the  stresses  tlirough  the  thickness  is 
assumed  to  be  linear;  thus, 


<rr= 


12M, 


*<  = 


h? 

12  Mtz 


n 


h? 


(42) 


Doubtless,  after  creep  is  well  established,  the  stress  distribu- 
tion cannot  actually  be  linear  in  the  thickness  direction, 
but,  for  purposes  of  this  example,  such  an  approximation  is 
sufficient.  When  integration  in  the  2-direction  is  carried 
out, 


Equations  (44)  are  substituted  into  equation  (43)  and  the 
integrations  carried  out.  Then,  on  equating  to  zero  the 
partial  derivatives  with  respect  to  the  dotted  quantities,  the 
following  equations  are  obtained : 


£ £MtW"+M,W'+^  (M,2+M,2— 

2 MMrM.)  ^(Mr2+M,2-MrM,) [Mr(2M- 

M,)  +M,(2M,-Mr)]  y<lpde  (43) 


where  B is  the  radius  of  the  plate,  p— r/7?,  and  the  primes 
denote  differentiation  with  respect  to  p.  The  following 
expressions,  based  on  the  elastic  solution  for  this  problem, 
are  assumed  for  the  displacements  and  moments: 


W=A(l-p2)(W0+pWI)' 
Mr = Eh*M r.  o ( 1 — p2) 
M,=a2(M,0+pJM<tl) 


(44) 


i=0 


W0+W,-2  (0[2Mr.o-M(3M,,o+^«. .)] 


=2 


144X.E3/ R\2 


W*‘ 


Wo-3  (0(2M,O+M(,  1-MMr>0)=^f^(|)2  ] 


3Wo+^i-6  (jJ(3Mt,a+2Mul-pMr,0) 

144X£‘(?)V*  J 


=6 


(45) 


where 


(M*)»/,= (2  Mr-Mt)  (M2-MTMl+M*)dp' | 
{Eh?Yh= £P (2M,  -Mr)  (MT2—MTMt  +M2)dp 
(Ehi)3Ii=£p3(2Mt-Mr)(M2-MrMt+Mli)dp 


y (46) 


Equations  (45)  can  be  solved  for  the  five  dotted  quantities 
to  give 


[!  <Jr,_z3+Jr>)+ 

3(1+m)  07,-7,-/,)] 


8 


Mr, o=M,0=-|  (373-7,-72) 


y (47) 


where  the  expressions  for  Iu  I2,  and  /3  are 


1 


(3M,03-3Mm2Mm-3M,>0Mm2-Mm3) 


/2=^q  (5M(to3+9i¥/to2Mt)  l-\-7Mtf0Mlti2~\~2Mtt  i3) 


/3=^q  (14M(t03-f  32Mo02M,il+27M,t0MM2+8ihf*>i3) 


y (48) 


Equations  (47)  are  a system  of  first-order  nonlinear  differ- 
ential equations  with  time  as  the  independent  variable.  The 
initial  conditions  required  to  determine  the  solution  are  given 
by  the  elastic  solution  to  the  loaded  plate.  (See  ref.  11.) 
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Thus, 


Mr.o(O)=M(.o(O)=|(0 


16 

\ 3+m 

16 


Mm(  0) 


q(Ry  1 + 3m 


E’VAy  i6 


(49) 


Since  MTtQ=Mtt0  and  Mr,0(0)=M,iO(0),  it  follows  that 
MTto=MttQ.  Equations  (47)  with  initial  conditions  of  equa- 
tions (49)  can  be  integrated  numerically  by  the  modified 
Euler  method  (ref.  12).  Numerical  calculations  were  made 
for  a plate  having  a ratio  of  radius  to  thickness  of  50.  The 
value  of  E used  was  7.4  X 106  psi  and  the  value  of  \EZ  used 
was  2.72  X 106  per  hour.  These  values  together  with  the 
cubic  uniaxial  creep  law  correspond  approximately  to  char- 
acteristics of  2024-T3  aluminum  alloy  at  a temperature  of 
600°  F.  (See  ref.  2.)  Results  showing  the  tune  history  of 
the  maximum  deflection  of  a circular  plate  under  lateral  load 
are  presented  in  figure  3. 


Figure  3. — Time  history  of  maximum  deflection  of  simply  supported 
circular. plate  under  lateral  load.  ^=50;  material,  2024-T3  alumi- 
num alloy  at  600°  F. 


CONCLUDING  REMARKS 

A variational  theorem  for  creep  has  been  formulated  which 
is  an  extension  of  a variational  theorem  developed  by  Reiss- 
ner.  Various  systems  of  equations  leading  to  approximate 
solutions  to  problems  of  the  creep  behavior  of  plates,  columns, 
beams,  and  shells  may  be  obtained  by  using  direct  methods  of 
the  calculus  of  variations  in  conjunction  with  the  stated 
theorem.  The  application  of  the  theorem  is  illustrated  for 
plates  and  columns  by  the  solution  of  two  sample  problems. 


Langley  Aeronautical  Laboratory, 

National  Advisory  Committee  for  Aeronautics, 
Langley  Field,  Va.,  March  5.  1957. 
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A PHENOMENOLOGICAL  RELATION  BETWEEN  STRESS,  STRAIN  RATE,  AND  TEMPERATURE 

FOR  METALS  AT  ELEVATED  TEMPERATURES  1 

By  Elbridge  Z.  Stowell, 


SUMMARY 

A 'phenomenological  relation  between  stress,  strain  rate , and 
temperature  is  suggested  to  account  for  the  behavior  of  poly  crys- 
talline metals  above  the  equicohesive  temperature . The  prop- 
erties of  the  metal  included  in  the  relation  are  elasticity , linear 
thermal  expansion,  and  viscosity.  The  relation  may  be  in- 
tegrated under  various  conditions  to  provide  information  on 
creep  rates,  creep  rupture,  stress-strain  curves,  and  rapid-heating 
curves . It  is  shown  that  for  one  material — 7075-T6  aluminum- 
alloy  sheet — the  information  yielded  by  the  relation  for  these 
four  applications  agrees  reasonably  well  with  test  data. 

INTRODUCTION 

The  behavior  of  metals  at  elevated  temperatures  is  con- 
stantly becoming  a more  important  problem.  Not  only 
must  information  be  at  hand  concerning  creep  at  these  tem- 
peratures, but  information  must  also  be  available  concerning 
when  rupture  might  be  expected  if  the  creep  were  allowed 
to  continue,  what  the  stress-strain  curve  is  likely  to  be  at 
some  particular  temperature  and  strain  rate,  and  how  the 
material  will  behave  when  rapidly  heated  to  a high  tempera- 
ture. It  would  be  a useful  achievement  if  some  fundamental- 
law  characteristic  of  the  material  could  be  found,  such  that 
these  and  other  apparently  distinct  problems  could  be  shown 
to  be  simply  different  aspects  of  the  application  of  one  law. 

In  studies  of  the  creep  of  metals,  it  has  become  apparent 
that  the  creep  behavior  at  elevated  temperatures  is  different 
from  that  at  low  temperatures.  For  relatively  pure  metals, 
the  line  of  demarcation  for  temperature  occurs  at  about  one- 
half  the  melting  point  and  may  be  tentatively  identified 
with  the  equicohesive  temperature.  In  the  high-tempera- 
ture region,  certain  laws  have  been  found  and  explicitly 
stated  (ref.  1) . These  laws  appear  to  give  some  promise  that 
the  behavior  of  metals  in  this  region  may  be  predicted  for 
effects  other  than  creep. 

Creep  is  characterized  bv  an  initial  transient  or  primary 
region  which  is  followed  by  a steady  or  secondary  region  in 
which  viscous  flow  occurs  and  finally  by  an  accelerating  or 
tertiary  region  which  leads  to  rupture.  A theory  based  on 
rate-process  considerations  is  already  available  and  accounts 
in  a qualitative  manner  for  the  main  effects  shown  by  the 


stead}7  creep  in  the  high-temperature  region  (ref.  2).  For 
stable  metals,  this  theory  requires  a knowledge  of  only  three 
constants  to  specify  the  creep  behavior:  one  constant  is 
roughly  predictable  from  the  melting  point,  and  the  other 
two  must  be  determined  from  tests. 

In  this  report,  a phenomenological  relation  between  stress, 
strain  rate,  and  temperature  is  suggested  for  this  region,  and 
this  relation  utilizes  the  existing  rate-process  theory  for 
steady  creep.  The  relation  is  not  an  equation  of  state  of 
the  type  proposed  by  Hollomon  (ref.  3)  but  is  an  equation  of 
“rate  of  change  of  state.”  Since  different  integrals  of  this 
relation  exist  under  different  conditions,  there  is  no  single 
“equation  of  state”  in  this  case.  These  integrals  are  applied 
to  creep,  creep  rupture,  stress-strain  curves,  and  rapid-heat- 
ing curves,  and  comparisons  of  these  numerical  results  are 
made  with  experimental  results  for  7075-T6  aluminum-alloy 
sheet. 

SYMBOLS 


6 

t 

e 


&T=  f0t 


strain 
time,  hr 

strain  rate,  per  hr 

strain  rate  used  in  obtaining  stress -strain  curves, 
per  hr 
stress,  ksi 
constant,  ksi 
limiting  stress,  ksi 
Young's  modulus,  ksi 
linear  expansion  coefficient,  per  °Iv 
temperature,  °K  unless  otherwise  indicated 
rate  of  temperature  change,  °K  per  hr  unless 
otherwise  indicated 


A II  activation  energy,  cal  per  mole 

R gas  constant,  taken  as  2 cal  per  mole  per  °K 

s constant,  per  hr  per  °K 


j m e 


2 sT' 


M== 


yi+/32  Et 


2/3 


Subscript : 

r conditions  at  rupture 


1 Supersedes  NACA  Technical  Note  4000  by  Elbridge  Z.  Stowell,  1957.  (Subsequent  to  publication  of  TN  4000,  a new  and  simpler  solution  for  the  rapid-heating  case  has  been  derived  by 
the  author  and  published  as  follows:  “The  Properties  of  Metals  Under  Rapid  Heating  Conditions,”  .Four.  Aero.  Sci.  (Readers’  Forum),  vol.  24,  no.  12,  Dec.  1957,  pp.  922-923.) 

Preceding  Page  Blank 


125 


126 


REPORT  1343 — NATIONAL  ADVISORY  COMMITTEE  FOR  AERONAUTICS 


STATEMENT  OF  PHENOMENOLOGICAL  RELATION 


A metal  undoubtedly  retains  a certain  elasticity  at  ele- 
vated temperatures,  even  though  the  elastic  range  is  reduced 
from  that  prevailing  at  lower  temperatures.  The  elasticity 
resides  in  the  crystalline  grains  and  is  a measure  of  the  re- 
sistance of  the  crystal  lattice  to  distortion  by  stress.  In 
addition  to  the  elasticity,  a polycrystalline  metal  also  pos- 
sesses a quasi-viscosity  in  the  high-temperature  region;  in 
this  region  the  application  of  a constant  stress  will  result  in  a 
constant  strain  rate.  Also,  thermal  expansion  (or  contrac- 
tion) due  to  temperature  change  will  create  an  apparent 
strain  which  can  contribute  to  the  total  strain. 

The  suggested  phenomenological  relation  which  includes 
all  these  properties  and  which  takes  into  account  possible 
temperature  changes  may  be  stated  as  follows : 


de 

(It 


d_ 
c It 


(IT  AH  rr 

+a  ~+2sTe~ ™ sinh  — 
at  <jn 


(i) 


In  this  relation  the  first  term  on  the  right  supplies  the  contri- 
bution to  the  strain  rate  due  to  elasticity;  the  middle  term, 
the  contribution  due  to  possible  thermal  expansion;  and  the 
final  term,  the  contribution  due  to  viscosity.  A relation 
somewhat  similar  to  this  but  without  the  middle  term  has 
been  proposed  for  plastics.  (See  ref.  4.) 

The  form  of  the  viscous  term  is  taken  from  reference  2 and 
is  now  well  established.  The  exponential  term  describes  the 
principal  effect  of  temperature.  The  hyperbolic  sine  term 
describes  the  effect  of  stress.  Kauzmann  in  reference  2 gave 

this  term  as  sinh  where  m is  a constant,  but  it  has  been 

demonstrated  repeatedly  by  tests  that  the  argument  of  the 

term  is  independent  of  temperature  and  is  of  the  form  — > 

where  cr0  is  a constant.  The  remainder  of  the  expression, 
which  consists  of  a number  of  individual  constants  multiplied 
by  the  temperature  T as  given  in  reference  2,  is  replaced  here 
by  2 sT)  the  factor  2 is  retained  for  convenience. 

The  quantities  E and  a are  values  which  are  usually  known 
as  functions  of  the  temperature.  The  quantities  s,  AH/R , 
and  a0  are  found  from  measurements  of  the  steady  creep  of 
the  metal  under  constant  stress  and  temperature.  A range 
of  temperature  in  the  liigh-temperature  region  and  also  a 
range  of  stress  are  required  to  establish  AH/R  and  a0 , 
respectively. 

APPLICATIONS 

With  different  conditions  imposed  upon  the  metal,  the 
suggested  relation  should  generate  in  turn  the  laws  governing 
such  phenomena  as  steady  creep,  creep  rupture,  stress- 
strain  characteristics,  and  behavior  under  rapid-heating 
conditions.  These  laws  are  derived  from  equation  (1). 

STEADY  CREEP 

If  stress  <r  and  temperature  T are  constant,  equation  (1) 
reduces  to 

A H 

e — 2sTe  RT  sinh  — (2) 


AH  <r_ 

e=sTe  RTe°o 


(<r»0 


(2a) 


which  indicates  steady  creep.  Equation  (2a)  may  also  be 
written  as 


i=tf+log‘  loge  sT 


(3) 


in  which  loge  sT  is  substantially  constant  over  a limited 
temperature  range.  Stress  plotted  against  log*  k should, 
therefore,  yield  straight  lines  with  slope  <r0  which  are  dis- 
placed from  one  another  at  different  temperatures  by 


AH 


amounts  depending  mainly  on  the  value  of  Stress  is 


AH 


sometimes  plotted  against  the  parameter  o7f,+loge  k (ref.  5) 

to  demonstrate  that  data  taken  at  different  temperatures 
will  fall  on  a single  curve. 

CREEP  RUPTURE 


’ At  constant  stress  and  temperature,  the  strain  at  a time 
t after  the  application  of  stress  is 


e=et 


since  the  creep  is  stead}7  under  these  conditions. 

Reference  6 discloses  as  an  experimental  fact  that  if  tT  is 
the  time  to  rupture  under  conditions  of  creep,  then 


etr « Constant = eT 


Thus, 


eT 

€ tr 


and  equation  (3)  may  be  rewritten  as 


<Tr  A H n , . 1 €f 

70~rt~  oge  <r+loge  It 


(3  a) 


Since  the  last  term  is  substantially  constant,  the  rupture 

AH 

stress  o>  plotted  against  the  parameter  loge  ^ should 

K 1 

yield  a single  straight  line  with  slope  <r0.  Such  a parameter 
has  been  employed  in  the  correlation  of  creep-rupture  tests 
(ref.  7). 

STRESS-STRAIN  CURVES 


At  constant  temperature,  equation  (1)  becomes 


AH 


€=-i^+2sTe  *rsinh  — 
Ijj  at 


(4) 


Obviously,  if  the  stress  is  applied  very  rapidly,  the  effect 
of  the  final  viscous  term  may  be  negligible  compared  with 

the  term  thus,  the  material  may  appear  to  be  elastic. 

If  an  attempt  is  made  to  hold  the  strain  rate  constant,  as 
is  sometimes  done  with  conventional  testing  machines,  by 
setting  the  strain  rate  equal  to  the  testing  rate  e0,  a differ- 
ential equation  in  a results,  and  the  solution  which  is  a 
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family  of  theoretical  stress-strain  curves  is  given  as  follows: 


where 


jr_l nfr  Vl+ft2+(l+fi)  tanhM 
g‘Vl+jP+(l-0)  tanhM 


AH 

RT 


(5) 


V 1 ~b/32  Ee 

" 2j8  a~ 


e=e0t 


Replacement  of  tanh  M by  exponentials  gives 

£=lrt€,  (a/1+^+1+^+V1+/32-1-^ 
°Se  (A/r+^+l-^)e2M+Vl+<32-l+/3 


and  since  ordinarily  /33>1,  the  expression  for  the  stress- 
strain  curves  becomes 


(2/3+l)e2,’/— 1 
em+2p—l 


(6) 


At  the  lower  end  of  the  curves  where  the  strain  is  small,  M 
is  small,  e2M^l-\-2 M,  and 


2/3+2M+4M/3_, 
2/3+2 M ~L°ge 


RAPID-HEATING  CURVES 


The  material  composing  the  skin  of  a high-speed  airplane 
or  missile  may  be  subjected  to  rapid  increases  in  temperature 
as  a result  of  aerodynamic  heating  during  flight.  It  is 
important  to  know  what  to  expect  from  the  material  under 
such  conditions. 


dT 

In  equation  (1),  let  -^=T0  in  which  T0  is  a constant. 
Then,  for  a constant  stress  cr^>o-0, 


e 


<r  AH 

j d Q^+af0t+se7°J  Te~Wrdt 


(8)' 


in  which  allowance  should  be  made  for  the  variation  of  E 
and  a with  temperature.  Equation  (8)  may  be  written  in 
terms  of  finite  increments  as  follows: 

a AH 

e=jjA-a  A T+se'r°y~',Te  RT  At  (9) 

where 

AT  = T0t 


The  initial  term  gives  the  contribution  to  the  total  strain 

Jcj 

of  the  application  of  stress,  the  second  term  gives  the  con- 
tribution due  to  thermal  expansion,  and  the  last  term  gives 
the  contribution  due  to  viscosity. 


COMPARISON  OF  THEORY  AND  EXPERIMENT 


which  shows  that  the  initial  portion  of  the  curves  is  elastic. 
At  the  upper  end  of  the  curves  where  the  strains  are  large, 
M is  large,  and  from  equation  (6) , 

^=log«  (2/3+1)  «loge  2/3  (7) 

Co 

where  alim  is  the  limiting  stress  which  can  be  developed  at 
that  temperature  and  strain  rate. 

As  a corollary,  note  that  the  following  equation  results 
when  the  value  of  20  is  substituted  into  equation  (7): 

AH  clim 

k0=sTe  RTe*° 

which  is  of  the  same  form  as  equation  (2a)  for  steady  creep. 
Thus,  the  limiting  stress  vHm  obtainable  bears  the  same  rela- 
tion to  the  testing  rate  k0  that  any  creep  stress  <r  bears  to  its 
corresponding  creep  rate  e.  This  correlation  has  been  noted 
experimentally  by  Sherby  and  Dorn  in  reference  5 where  the 
ultimate  strength  in  tension  is  used  for  <xUm. 


A comparison  of  the  laws  generated  by  the  assumed 
relation  of  equation  (1)  with  experiments  performed  on  one 
materia],  7075-T6  aluminum-alloy  sheet,  is  given  in  this 
section. 

The  alloy  is  in  the  solution  heat  treated  and  aged  condi- 
tion. Further  exposure  to  elevated  temperature  results  in 
overaging.  The  material  becomes  unstable  and  suffers  a 
marked  reduction  in  strength  with  time  when  subsequently 
heated  in  the  range  from  300°  to  600°  F.  In  addition,  dif- 
ferent batches  of  the  material  may  vary  somewhat  among 
themselves  in  properties.  In  view  of  this  variability  in  the 
material,  the  constants  in  the  viscous  term  were  adjusted  in 
each  case  to  give  a reasonable  fit  to  the  data.  Table  I 
shows  the  constants  used  in  the  calculations. 

The  temperature  which  separates  the  high  and  the  low 
regions  is  about  300°  F for  this  alloy.  Tests  performed  at 
temperatures  below  300°  F should  not  be  expected  to  show 
any  agreement  with  calculations.  In  most  cases,  the  results 
of  such  tests  have  been  included  to  show  the  extent  of  the 
disagreement. 


TABLE  I 

VALUES  OF  THE  CONSTANTS  USED  IN  THE  APPLICATIONS 


Figure 

Application 

Reference 
for  exper- 
imental 
data 

Equations 
used  in 
calculations 

Constants  used  in  viscous  term 

AH,  cal  per 
mole 

(t0,  ksi 

s,  per  hr  per 
°K 

1(a) 

Steady  creep 

8 

(3) 

35,800 

4.3 

1.62X10* 

1(b) 

Steady  creep 

8 

(3) 

35,800 

4.3 

1.62 

2 

Creep  rupture 

8 

(3a) 

35,  800 

4.3 

1.  62 

3 

Stress-strain  curves 

9 

(6) 

34,  700 

4.3 

1.50 

4 

Rapid-heating  curves  

9 

(9) 

34,  700 

4.3 

3.60 

526597—60 10 
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STEADY  CREEP 

Figure  1 (a)  shows  steacty-creep  data  for  7075-T6  alumi- 
num-alloy sheet.  These  data  are  obtained  from  reference  8 
(solid  curves)  and  from  preliminary  unpublished  NACA 
data  (points).  The  dashed  lines  were  computed  from 
equation  (3)  by  using  the  appropriate  constants  in  table  I. 
The  dashed  lines  show  a good  fit  to  the  data  from  reference  8 
at  300°  F and  375°  F;  the  disagreement  at  211°  F is  plainly 
evident.  The  dashed  lines  computed  for  450°  F and  500°  F 
go  through  the  points  obtained  at  the  higher  stresses  in  each 
case;  whereas,  the  lower  stresses  give  somewhat  less  creep 
than  would  be  expected  from  equation  (3).  This  peculiarity 
at  low  stresses  has  been  observed  previously  by  Dorn  and 
Shepard  (ref.  1). 

Figure  1 (b)  shows  the  same  data  plotted  against  the 


Figure  1. — Steady  creep  rates  for  7075-T6  aluminum -alloy  sheet. 


Figure  1. — Concluded. 


parameter  -^y+lo ge  k.  All  the  data  fit  reasonably  well 

with  the  calculated  curve  (eq.  (3))  with  the  exception  of  the 
points  obtained  at  211°  F. 

CREEP  RUPTURE 

Figure  2 shows  the  creep-rupture  data,  taken  from  refer- 
ence 8 and  from  preliminary  unpublished  NACA  data, 

ah 

plotted  against  the  parameter  -^—log,,  tr,  where  tT  is  the 

rupture  time  at  the  stress  <jt  and  the  temperature  T.  Data 
show  that  a reasonable  value  for  the  constant  eT  is  0.0077; 
the  straight  line  computed  from  equation  (3a),  which  uses 
this  value  and  the  values  given  in  table  I,  goes  through  the 
line  of  points,  with  the  exception  as  noted  before  of  the  very 
lowest  stresses  and  of  the  points  at  212°  F. 

STRESS-STRAIN  CURVES 

Several  investigators  in  the  past  have  pointed  out  rela- 
tions between  creep  and  stress-strain  data;  for  example, 
Hollomon  (ref.  3)  suggested  a graphical  procedure  for  passing 
from  one  to  the  other.  In  the  present  report,  the  passage  is 
accomplished  analytically  through  equation  (6). 

Figure  3 shows  stress-strain  curves  for  the  7075-T6 
aluminum-alloy  sheet,  as  given  in  reference  9,  for  three 
temperatures.  The  strain  rate  was  0.12  per  hr.  The 
theoretical  curves  obtained  by  computation  from  equation 
(6)  (see  table  I)  fit  the  data  well  at  the  higher  temperatures 
but  overshoot  the  200°  F curve  by  a considerable  amount. 

RAPID-HEATING  CURVES 

Figure  4 shows  the  rapid-heating  curves  for  the  7075-T6 
aluminum  alloy,  taken  from  reference  9,  for  three  stresses 
and  for  widely  different  temperature  rates.  The  calculated 
curves  represent  a severe  test  of  the  assumed  relation  given 
in  equation  (1)  not  only  because  the  cooperation  of  all  four 
terms  is  required  in  equation  (9),  which  is  used  for  compu- 
tation, but  also  because  the  temperatures  reached  may  be 
considerably  higher  and  the  strain  rates  considerably  larger 
than  those  encountered  in  other  t}ypes  of  tests.  Near  the 


Figure  2. — Correlation  of  stress  with  rupture  time  for  creep  rupture  of 
7075-T6  aluminum-alloy  sheet. 
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Figure  3. — Tensile  stress-strain  curves  for  7075-T6  aluminum-alloy 

sheet. 


Temperature,  °F 

Figure  4. — Rapid-heating  curves  for  7075-TG  aluminum-alloy  sheet 
for  three  stresses. 

upper  ends  of  the  curves,  calculations  were  made  at  suffi- 
ciently close  intervals  of  temperature,  usually  5°  to  10°  K, 
to  establish  better  the  points.  The  shape  and  the  separa- 
tion of  the  curves  with  heating  rate  are  given  reasonably 
well  by  the  theoretical  curves  except  near  300°  F,  and  then 
the  predicted  final  rapid  increases  in  strain  occur  at  a some- 
what higher  temperature  than  that  actually  observed.  The 


agreement  at  the  lower  temperature  rate  on  the  curve  for 
17.2  ksi  is  not  as  good  as  the  others. 

DISCUSSION 

It  would  appear  from  tire  tests  reported  here  that  the 
validity  of  the  relation  suggested  in  equation  (1)  is  borne 
out  for  the  7075-T6  aluminum  alloy.  The  relation  has 
shown  itself  capable  of  accounting  for  the  steady  creep,  the 
creep-rupture  data,  the  stress-strain  curves,  and  the  rapid- 
heating curves  for  this  alloy. 

A more  satisfactory  test  of  the  validity  of  the  relation 
would  be  with  a more  stable  material  such  as  pure  aluminum. 
The  alloy  selected  in  this  report  is  not  such  a material  but 
was  used  because  of  the  existence  of  the  different  types  of 
data  available.  The  elevated-temperature  phenomena  are 
reasonably  well  accounted  for,  however,  in  spite  of  this 
handicap. 

The  constants  in  the  viscous  term  vary  to  different  degrees. 
The  activation  energy  AH  of  the  three  constants  is  most 
nearly  constant  and  is  structurally  insensitive,  being  inde- 
pendent of  stress,  temperature,  grain  size,  and  minor  alloy 
additions,  and  has  been  tentatively  identified  with  the  acti- 
vation energy  for  self -diffusion  (ref.  1).  The  magnitude  of 
AH  is  roughly  proportional  to  the  melting  point  of  the  metal. 
The  quantity  <re,  on  the  other  hand,  is  structurally  sensitive; 
for  pure  aluminum,  it  has  a magnitude  of  about  0.2  ksi, 
whereas  for  the  7075-T6  alloy  it  has  a magnitude  of  4.3  ksi. 
For  stable  materials,  it  is  independent  of  stress,  temperature, 
and  grain  size.  The  quantity  s was  found  to  be  a constant 
that  is  independent  of  stress  and  temperature  and  is  subject 
to  the  same  degree  of  uncertainty  as  the  strain  rate.  Re- 
peated steady-creep  tests  on  the  same  material  under 
identical  conditions  will  yield  creep  rates  within  a range  of 
perhaps  2:1.  This  uncertainty  in  the  creep  rate  is  reflected 
in  a similar  uncertainty  in  the  quantity  s.  It  is,  therefore, 
not  surprising  to  find  a similar  variation  in  s in  the  different 
applications.  (See  table  I.) 

For  materials  which  are  unstable  in  the  sense  that  the 
constants  in  the  viscous  term  are  mainly  functions  of  the 
temperature,  one  might  expect  equation  (1)  to  be  still 
usable  if  such  variations  in  the  constants  are  allowed  for  in 
the  computations.  If  the  materials  are  unstable  in  the  sense 
that  the  constants  in  the  viscous  term  are  mainly  functions 
of  the  time,  however,  then  equation  (1)  is  probably  not 
usable. 

Equation  (1)  is  evidently  valid  for  values  of  stress  and 
temperature  which  are  changing  smoothly  in  one  direction, 
even  though  these  changes  may  be  fairly  rapid.  For  sudden 
or  discontinuous  changes  in  stress  or  temperature,  transients 
are  known  to  occur  which  will  not  be  given  by  equation  (1). 
Some  modification  of  this  relation,  perhaps  by  an  additional 
term,  will  be  required  to  account  properly  for  such  transients. 
Such  a modification  would  have  to  account  for  transient 
creep  as  well  as  for  other  conditions;  the  nature  of  the 
modification  is  obscure  at  the  present  time. 

Certain  parameters  have  appeared  as  a result  of  this 
relation  and  may  prove  useful  in  comparing  data  at  different 
temperatures  above  the  equicohesive  temperature.  For  ex- 
ample,  if  steady-creep  data  are  available  at  different  stresses 
and  temperatures,  stress  plotted  against  the  parameter 
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ah 

jjrjrbloge  e should  yield  a straight  line  with  slope  equal  to  <r0. 
For  the  stress-strain  curves,  the  parameter  which  determines 

AH 

the  separation  of  the  curves  with  temperature  is  2p=~~eRT> 

since  the  maximum  height  of  the  curves  is  <r0  loge  2/3.  For 
rupture  resulting  from  creep,  rupture  stress  plotted  against 
AH 

^7^“loge  tr  should  yield  a single  straight  line  with  slope  equal 
HI 

to  a0.  If  the  rupture  stress  were  plotted  against  the  parame- 
ter ^y+loge  the  straight  line  shoidd  pass  through 

the  origin. 

CONCLUDING  REMARKS 


The  application  of  the  suggested  phenomenological  rate 
relation  to  the  determination  of  steady  creep  rates,  creep- 
rupture  time,  stress-strain  curves,  and  rapid-heating  curves 
for  7075-T6  aluminum-alloy  sheet  has  shown  that  such  a 
relation  can  be  used  to  cover  a wide  variety  of  applications. 
The  possibility  of  predicting  the  behavior  of  materials  under 
widely  different  load  and  temperature  conditions  is  indicated 
for  temperatures  above  the  equicohesive  temperature  for  the 
material.  Additional  verification  of  the  validity  of  the  rela- 
tion would  be  desirable  as  suitable  data  over  a sufficiently 
wide  range  of  test  conditions  become  available. 

Langley  Aeronautical  Laboratory, 

National  Advisory  Committee  for  Aeronautics, 
Langley  Field,  Va.,  February  18,  1957 . 
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A SIMPLIFIED  METHOD  FOR  APPROXIMATING  THE  TRANSIENT  MOTION  IN  ANGLES  OF 
ATTACK  AND  SIDESLIP  DURING  A CONSTANT  ROLLING  MANEUVER1 

By  Leonard  Sternfield 


SUMMARY 

The  transient  motion  in  angles  of  attack  and  sideslip  during  a 
constant  rolling  maneuver  has  been  analyzed.  Simplified  ex- 
pressions are  presented  for  the  determination  of  the  pertinent 
modes  of  motion  as  well  as  the  modal  coefficient  corresponding 
to  each  mode . 

Calculations  made  with  and  without  the  derivatives  CY$  ( side 
force  due  to  sideslip)  and  CLa  (lift-curve  slope)  indicate  that 
although  these  derivatives  increase  the  total  damping  of  the  system 
they  do  not  markedly  affect  the  transient  motion.  * 

INTRODUCTION 

Recent  flight  tests  of  airplanes  designed  with  their  mass 
concentrated  primarily  in  the  fuselage  have  indicated  that 
during  a rolling  maneuver  the  airplane  experiences  large 
uncontrollable  motions  in  angles  of  attack  and  sideslip. 
A fundamental  analysis  of  this  pitch-yaw  divergence  prob- 
lem, in  which  the  rolling  velocity  of  the  airplane  is  assumed 
constant,  is  presented  in  reference  1.  This  analysis,  con- 
cerned primarily  with  the  stability  of  the  system,  makes 
possible  the  calculation  of  the  divergence  boundaries  and  the 
prediction  of  the  range  of  rolling  velocities  for  which  the 
airplane  motions  will  diverge.  Analog  studies  made  at  the 
National  Advisory  Committee  for  Aeronautics  for  several 
research  airplanes  have  indicated  that  reference  1 is  a helpful 
guide  in  a roll-coupling  investigation,  but  detailed-motion 
studies  based  on  five  degrees  of  freedom  and  with  pilot  inputs 
taken  into  account  are  essential  to  the  analysis.  Also, 
calculated  time  histories  of  the  airplane  motion  indicate  that 
large  angles  of  attack  and  sideslip  which  are  objectionable  to 
a pilot  and  which  may  induce  severe  loads  on  the  airplane 
may  be  encountered  for  constant  rolling  velocities  outside 
the  critical  range. 

The  purpose  of  this  paper  is  to  extend  the  analysis  of 
reference  1 by  analyzing  the  transient  motion  in  angles  of 
attack  and  sideslip.  Simplified  expressions  are  presented 
which  permit  an  accurate  and  rapid  estimate  of  the  maximum 
angles  of  attack  and  sideslip  for  an  airplane  rolling  at  a 
constant  velocity  which  should  apply  to  the  case  of  an  air- 
plane entering  a rolling  maneuver  up  to  the  point  of  recovery 
from  the  maneuver.  The  airplane  is  assumed  to  be  initially 
disturbed  by  an  input  in  the  side-force  equation  equal  to  the 
product  of  the  rolling  velocity  and  trim  angle  of  attack.  A 
comparison  is  made  of  the  time  histories  obtained  by  using 


the  simplified  and  exact  expressions  (obtained  from  the  four 
degrees  of  freedom  assuming  constant  rolling  velocity)  for 
a currently  designed  swept-wing  fighter  flying  at  a Mach 
number  of  0.7  at  an  altitude  of  32,000  feet. 

SYMBOLS 


Ox 

cm 

Cn 

Cy 

lx 


wing  span,  ft 

wing  mean  aerodynamic  chord,  ft 
lift  coefficient, 

qS 

. Rolling  moment 
rolling-moment  coefficient, 

. . i • , — . , Pitching  moment 

pitching-moment  coefficient, 

. , Yawing  moment 

yawing-moment  coefficient,  


side-force  coefficient, 


Side  force 
qS 


Mx 

m 

P 

V 
Vo 
(l 

r 

S 

t 

Ty* 

T2 

V 

a0 

Aa 
a 

0 

X 

a^zixo 

Xi,X2 


moment  of  inertia  of  airplane  about  principal 
Y-axis,  slug-ft2 

moment  of  inertia  of  airplane  about  principal 
F-axis,  slug-ft2 

moment  of  inertia  of  airplane  about  principal 
Z-axis,  slug-ft2 
rolling  moment,  ft-lb 
airplane  mass,  slugs 
period,  sec 

rolling  velocity,  radians/sec 
steady  rolling  velocity,  radians/sec 
pitching  velocity,  radians/sec;  dynamic  pressure, 
lb/sq  ft 

yawing  velocity,  radians/sec 
wing  area,  sq  ft 
time,  sec 

time  to  damp  to  one-half  amplitude,  sec 
time  to  double  amplitude,  sec 
airplane  velocity,  ft/sec 

initial  angle  of  attack  of  airplane  principal  axis, 
radians 

incremental  change  in  angle  of  attack,  radians 


a0  + A<* 


angle  of  sideslip,  radians 
root  of  characteristic  equation 
complex  roots  of  characteristic  equation 
real  roots  of  characteristic  equation 


* Supersede  recently  declassified  NTACA  Research  Memorandum  L56F04  by  Leonard  Sternfield ,1956 
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CnflSb 
hp o2 


Aa=  (Aa)0ext  are  used  in  the  equations  written  in  determinant 
form,  X must  be  a root  of  the  stability  equation 


2 ^ 
IyV q2 


P 


Mm 

da 


r 

o,,0~  d/3 


_dCL 

JLa  da 


CL=- 


o, 


bCi 

” d^- 

° 2V 


r dC” 

d-2i 

° 2V 


C, 


dCn 


52F 
n dCy 

Cye~W 

La=q_SCLa 

Ma—qScGma 

M C 

Np=gSbCnfi 

N ^ c 

7 2V  n * 

Tfi=tSCy, 


EQUATIONS  OF  MOTION 


In  this  analysis,  on  the  assumption  of  constant  forward 
velocity  and  constant  rolling  velocity,  the  following  linearized 
equations  of  motion  of  an  airplane  referred  to  the  principal 
axes  were  used : 

Pitching: 


M„q  , Ma  , 

W~~j-\ — f2  Aa 
Iy  lr 


(la) 


Yawing: 


Side  force: 


Ya 

P+r—po  Aa=—y  p+p0a0 


(lb) 

(lc) 


Normal  force: 


a—q+PoP=—^.Aa 


(Id) 


When  the  substitutions  2=9'oeX(,  r=r0eM,  /3=/30ex‘,  and 


^X4+5X3+6^2+DX+£=0  (2) 

where 

A=1 

7)  Ml Mg  Yp  | La 

Iz  Iy  mV^mV 


i fix  Iy\flz  I.x\  , Ma  Ng,  MCN,,  , 

~+Tz+t:tz+w 


+ 


II  Mr+ AlM_  Ml  M:_.Ml  M?_Ml  Ys_ 

mVIz^mVIy  mV  Iz  mV  IY  mV  mV 


n_ / Mr_|_MA r,  2 M?  UuM-  ^ r M 1 Xl  _l 

\4  + /JPo  Iy  Iz+ Iy  Iz  77XmP+ 

Ms  Mi  XsL  I M?  Ml  I M?  Ms  . Lg  Nr, 

Iy  Iz  mV'  Iz  mV'  IY  mV^mVmV X+ 

fl  Ms  | rjj  / /jr  iy\  / /z — 7jt\  _ , 

mVmVIy^mV\  Tz  )\~17~)Po~ 


L 

m 


and 


M?  / iizzIX\  n 2 1 Ms  Mi  „ 2_M?  M?_M*  M^ 

Iz\  Iy  J ° Iy  Iz  ° Iy  Iz  Iy  Iz  mV 

Ma  N Ys__M,  Nr  Y, 

Iy  Iz  mV  IY  Iz  mV  mV' 

La_  Yp_  / IX  — Iy\  f Iz—  Ix\  2 

mFmFV  /z  A /r  A0 


In  reference  1,  Cia  and  CYj3  were  assumed  to  be  equal  to 
zero;  this  assumption  is  representative  of  the  condition  in 
which  the  center  of  gravity  is  moving  in  a straight  line.  In 
this  anatysis  the  case  where  CLa=CY0=O  (referred  to  as  case 
(a))  is  considered,  as  well  as  the  case  where  the  values  of 
CL<x  and  CY&  are  finite  (referred  to  as  case  (b)). 

ANALYSIS  AND  DISCUSSION 

DIVERGENCE  BOUNDARIES 

The  conditions  necessaiy  for  the  system  described  by 
equations  (1)  to  be  stable  are  that  the  coefficients  of  the 
characteristic  equation  (eq.  (2))  must  be  positive  and  that 
South's  discriminant,  BCD—AD2—B2E , must  be  greater 
than  zero.  From  an  examination  of  the  characteristic  equa- 
tion of  this  system,  it  can  be  shown  that,  for  aircraft  designed 
with  positive  static  stability  and  for  conditions  where  each 
of  the  damping  derivatives  <7„f,  Cmq,  CL<x , and  0Yfi  adds  damp- 
ing to  the  system,  the  oscillatory  modes  will  be  stable  for  all 
values  of  the  steady  rolling  velocity.  Thus,  the  only  type  of 
instability  that  could  be  encountered  is  an  aperiodic  mode 
which  occurs  when  the  constant  term  of  the  characteristic 
equation,  the  E coefficient,  is  negative.  As  shown  in  ref- 
erence 1,  divergence  boundaries,  obtained  by  setting  E=  0, 
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can  be  plotted  as  a function  of  the  squares  of  the  natural 
frequencies  in  pitch  and  yaw  nondimensionalized  to  the 
square  of  the  rolling  velocity,  coe2  and  o^2,  respectively. 
These  divergence  boundaries  are  shown  in  figure  1 for  cases 
(a)  and  (b)  for  an  airplane  whose  mass  and  aerodynamic 
characteristics  are  presented  in  table  I.  The  nondimensional 
pitch  and  yaw  frequencies  of  the  airplane  described  in 
table  I fall  along  the  straight  line,  with  the  slope  equal 

to  - n -p  -7)  shown  in  figure  1.  Each  point  on  this  line 

Cn/3  1y  0 

corresponds  to  a particular  value  of  p0  and,  as  increases, 
the  point  moves  along  the  line  toward  the  origin.  For  case 
(a),  the  airplane  line  intersects  the  divergence  boundaries 
at  two  points  and  thus  defines  the  critical  range  of  roll- 
ing velocities  where  a divergent  mode  exists,  namely, 
1.86<|po|<C2.33.  For  case  (b)  the  airplane  line  lies  in  the 


TABLE  I 

MASS  AND  AERODYNAMIC  CHARACTERISTICS  OF 
AIRPLANE 


m,  slugs 745 

Ix,  slug- ft2 10,  976 

yy,  siug-ft3 _• 57,  ioo 

I z,  slug-ft2 64,  975 

Cnr,  per  radian —0.  095 

Cm  q,  per  radian - — — 3.  5 

Cma,  per  radian —0.  36 

C„0,  per  radian 0.  057 

Cy^j  per  radian —0.  28 

CLa,  per  radian 3.  85 

Ci  , per  radian —0.  255 

Y,  ft/sec 691 

S}  sq  ft 377 

c,  ft 1L3 

b,  ft 36.  6 

q,  lb/sq  ft 197 


Figure  1. — Boundaries  in  the  aig2,  av2  plane  which  define  regions  of 
aperiodic  divergence  for  example  airplane. 

stable  region  and  the  motion  is  therefore  stable  for  all 
values  of  t>0. 

CHARACTERISTIC  MODES 

The  roots  of  the  characteristic  stability  equation  cor- 
responding to  the  absolute  values  of  p0  shown  in  figure  1 are 
presented  in  tables  II  (a)  and  II  (b)  for  cases  (a)  and  (b), 


TABLE  II 

ROOTS  OF  THE  CHARACTERISTIC  EQUATION  FOR  VALUES  OF  p0  SHOWN  IN  FIGURE  1 

(a)  Roots  for  case  (a) 


Po 

Exact 

Approximate 

0 

— 0.  210  ±2.  29i 

-0.  0526  ±1.  54/ 

-1.  0 

-0.  156  ±2.  90i 

-0.  107  ±0.  922/ 

-0.  152  + 3.  06/ 

-0.  111  + 0.  874/ 

-1.  5 

-0.  143  ±3.  34/ 

-0.  12  ±0.  464i 

-0.  144  + 3.  39/ 

-0.  119  ±0.  457i 

-1.  86 

-0.  137  ±3.  66 i 

-0.  251  0 

-0.  133  + 3.  67/ 

-0.  25  0 

-2.  0 

-0.  135  ±3.  79 i 

-0.  355  + 0.  0996 

-0.  136  + 3.  79 

-0.  354  + 0.  0997 

-2.  33 

-0.  131  + 4.  09/ 

-0.  256  0 

-0.  132  + 4.  10/ 

-0.  252  0 

-2.  5 

-0.  129  ±4.  24/ 

-0.  134  + 0.  267/ 

-0.  130  + 4.  26/ 

-0.  133  + 0.  294/ 

-3.  0 

-0.  124  ±4.  70/ 

-0.  139  + 0.  768/ 

-0.  125  + 4.  77/ 

-0.  138  + 0.  756/ 

(b)  Roots  for  case  (b) 


Po 

Exact 

Approximate 

0 

-1.0 

-0.  488  + 2.  30/ 
-0.  362  + 2.  89/ 

-0.  0729  + 1.  54/ 
-0.199  ±0.942/ 

-0.  352  + 3.  10/ 

-0.  209  + 0.  876/ 

-1.  5 

-0.  337  + 3.  33/ 

-0.224  +0.483/ 

-0.  340  + 3.  42/ 

-0.  221  ±0.  469i 

-1.  86 

-0.  327  + 3.  66/ 

-0.  322  -0.  145 

-0.  332  ±3.  7 1* 

-0.  311-0.  146 

-2.  0 

-0.  324  + 3.  79/ 

-0.  453  -0.  020 

-0.  329  + 3.  83/ 

-0.  444-0.  020 

-2.  33 

-0.  318  + 4.  08/ 

-0.  374  -0.  Ill 

-0.  322  + 4.  13/ 

-0.  363-0.  113 

— 2.  5 

-0.  316  + 4.  24/ 

-0.245  ±0.258/ 

-0.  320  + 4.  29/ 

-0.  241  + 0.  255/ 

-3.  0 

-0.  311  + 4.  70/ 

-0.250  ±0.760/ 

-0.  312  + 4.  80/ 

-0.  248  + 0.  743/ 
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respectively.  A method  of  approximating  the  roots  of  the 
characteristic  equation  is  presented  in  the  appendix.  The 
roots  for  ^0=0  which  correspond  to  the  condition  where  no 
coupling  exists  between  the  lateral  and  longitudinal  modes 
are  also  given  in  the  table.  If  the  roots  are  complex, 

\=a±iu >,  P=— > and  Tu= — whereas,  for  a real  root 
o a 


x ™ —0.693  ^ 0.693 

X,,  IvA= — -- — or  T2=-y— 

The  roots  for  2?o=0,  for  both  cases  (a)  and  (b),  indicate  that 
the  motion  consists  of  two  independent  oscillatory  modes,  a 
longitudinal  and  lateral  oscillation  with  periods  of  2.74 
seconds  and  4.08  seconds,  respectively.  The  damping  of  the 
oscillation  for  case  (b)  is  greater  than  that  for  case  (a)  because 
the  damping  derivatives  CY  and  CL  were  assumed  equal  to 


zero  in  case  (a).  The  values  of  T#  in  seconds  are  given  in 
the  following  table: 


7 

Case 

Longitudinal 

Lateral 

oscillation 

oscillation 

(a) 

3.  3 

13.  2 

(b) 

1.  4 

9.  5 

For  values  of  |p0|  other  than  zero,  the  lateral  variables  j8 
and  r are  coupled  with  the  longitudinal  variables  a and  q 
and  the  system  now  has  the  characteristic  modes  shown  in 
table  II  for  each  of  the  variables  /3,  r,  a , and  q . It  should  be 
noted  that  as  |2J>0|  increases,  the  frequency  of  the  high  fre- 
quency mode  continues  to  increase  and  the  damping  de- 
creases. However,  the  frequency  of  the  other  oscillation 
decreases  until  |^>0|  reaches  approximately  1.86  when  the 
oscillation  breaks  down  into  two  aperiodic  modes.  In  case 
(a)  at  this  value  of  |p0|,  a zero  root  is  obtained  and  the  un- 
stable region  begins.  The  system  remains  unstable,  with 
one  aperiodic  divergent  mode,  until  |p0|  becomes  equal  to 
2.33.  In  case  (b),  the  system  is  stable  although  two  aperiodic 
modes  occur  for  1.86<|p0|<C2.33.  For  |p0|^>2.33,  the  oscilla- 
tion reappears  in  cases  (a)  and  (b)  and  the  frequency  and 
damping  increase  as  |p0|  increases. 

From  the  contour  lines  of  constant  oscillation  frequencies 
presented  in  reference  1,  it  appears  that,  in  general,  the 
frequenc}^  of  one  of  the  oscillatory  modes  will  always  decrease 
and  probably  break  down  into  two  aperiodic  modes  as  |p0| 
increases. 


MOTIONS  IN  0(£)  AND  Aa(£) 

Time  histories  were  calculated  b}^  the  method  of  Laplace 
transform  (ref.  2)  of  the  motions  in  and  Aa  for  the  several 
values  of  p0  shown  in  figure  1.  The  disturbance  acting  on 
the  airplane  is  represented  by  the  term  p0a 0 in  the  side-force 
equation  while  the  airplane  is  rolling  in  a negative  direction. 

The  motions  in  and  — — are  presented  in  figures  2 and 
CXq  oto 

3 for  cases  (a)  and  (b),  respectively.  A comparison  of  figures 
2 and  3 shows  that  the  inclusion  of  CLa  and  OY0  modifies 


/,  sec 

(b)  p0=-1.5. 

Figure  2. — Time  histories  of  j8/a0  and  Aot/ao  for  case  (a). 


the  motions  slightly.  Additional  time  histories  were  made 
and  are  presented  in  figure  4 for  the  same  airplane  but 
with  the  following  assumed  values  of  the  derivatives: 
Oma=—  0.09,  (7*0=0.114,  and  Cy$=CLa= 0.  Forp0=  — 1.0, 
the  airplane  would  be  located  in  figure  1 at  the  point 
a)02=  1 .32  and  cu*2=4.77. 

Although  the  modes  of  motion  involved  in  the  transient 
behavior  of  the  airplane  will  be  stable  for  points  along 
the  airplane  line  located  in  the  stable  region,  that  is, 
2.33<C|po|<0-86  in  case  (a)  and  for  all  values  of  |p0|  in  case  (b), 
the  magnitudes  of  Ac*  and  j3  developed  during  the  tran- 
sient motion  nuiy  be  large  enough  to  cause  severe  loads  on 
the  airplane.  For  example,  in  the  particular  flight  condition 
for  which  the  motions  were  calculated,  where  c*o=5°,  the 
airplane  develops  a sideslip  angle  of  about  —8°  at  p0=  — 1.5 
and  Aa  is  about  —20°  at  po~  — 3.0.  These  values  are 
reached  in  about  3 seconds. 

In  all  the  motions  the  high-frequency  mode  is  clearly  evi- 
dent, although  the  amplitude  of  this  mode  is  relatively  small. 
Hence,  the  high-frequency  mode  modifies  the  shape  of  the 
motion  only  slightly.  Thus,  for  p0=  — 1.0,  —1.5,  —2.5, 
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(e)  po=  —2.33. 

Figure  2. — Continued. 

and  —3.0,  the  low-frequency  mode  is  of  primary  impor- 
tance in  the  motions,  whereas  for  po=~  1.86,  —2.0,  and 

— 2.33,  the  aperiodic  modes  are  of  primary  importance. 
In  addition,  the  analytical  expressions  for  the  motions 
would  also  contain  a constant  term  which  represents  the 
stead3r-state  value  of  0 and  Aa  if  the  system  is  stable.  A 
good  approximation  to  the  time  history  could  therefore  be 
expressed  in  general  form  for  po=  — 1.0,  —1.5,  —2.5,  and 

— 3.0  as 

M or  ^£=K0+Klea‘  sin  M+e)  (3) 

«0  OL 0 

For  case  (b)  when  2^0=  — 1.86,  —2.0,  and  —2.33  and  for 
case  (a)  when  p0——2.0}  the  following  equation  is  obtained: 

Bit)  ^ A a(t) 

or  — - — 

«0 


(d)  p0=-2.0. 
Figure  2. — Continued. 


«o 


Ko+K^'+K^' 


(4) 
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• Approximate  expression 
Exact  expression 


Approximate  expression 


Exact  expression 


Approximate  expression 
Exact  expression 
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Figure  2 
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/,sec 

p0=  — 3.0. 
i. — Concluded 

5 6 

Approximate  expression 

-TTm-- : Exact  expression 


-LI  I I 


I 2 3 4 5 6 

/,  sec 

(c)  Vo—  ~ 1.86. 

Figure  3. — Time  histories  of  j8/ao  and  Aaja0  for  case  (b). 
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(d)  po=-2.0. 

Figure  3. — Continued. 

and  for  case  (a)  when  po—  — 1.86  and  —2.33, 
M or  ^£=Kit+K6(e'‘- 1) 

a. o ol  o 


(5) 


(e)  po — 2.33. 

Figure  3. — Continued. 


Since  the  high-frequency'  mode  is  omitted  from  expressions 
(3),  (4),  and  (5),  the  values  of  and  will  not  satisfy 

<xq  a0 

the  initial  condition  of  being  zero  at  £=0. 

By  differentiating  expressions  (3),  (4),  and  (5)  and  setting 
them  equal  to  zero,  the  maximum  values  of  (3  and  A a and  the  time  at  which  they  occur  could  be  easily  determined.  In  these 
calculations,  /3  and  Aa  occurred  at  about  % and  }{  of  the  period,  respectively. 

APPROXIMATION  OF  THE  AMPLITUDE  COEFFICIENTS  AND  PHASE  ANGLE 

The  amplitude  coefficients  K0,  Kh  K2}  Kz,  and  K-0  and  the  phase  angle  e in  expressions  (3),  (4),  and  (5)  can  be  calcu- 
lated directly  by  using  the  Heaviside  expansion  formula  given  on  page  45  of  reference  2.  A detailed  examination  of  the 
exact  expressions  for  the  amplitude  coefficients  and  phase  angle  indicated  that  many  of  the  terms  appearing  in  the  expressions 
had  a negligible  effect  on  the  resultant  magnitudes.  Thus  the  following  simplified  expressions  were  derived  which  result  in 
good  agreement  with  the  exact  values. 

In  the  expressions  for 


*•-!  {f  f+Mf 


AV 


_MaN,_  / , Nr  MA  La  / Iy  Ix\  / Iz  Ix\ 

,i  iy  h V ZLAlkl  h A iy  )_ 


. La  / Iy  j 

'mV  \ Iz 


:)(^M 


2h 


/,  sec 


2a— po2 


CO  (C—  2co2) 


The  (7,  D,  and  E appearing  in  the  preceding  expressions 
are  the  coefficients  of  the  characteristic  equation.  A com- 
parison of  the  motions  obtained  by  using  the  exact  and 
approximate  coefficients  is  shown  in  figures  2 to  4 to  be  very 
good. 

EFFECT  OF  ASSUMING  po  CONSTANT  AT  tM) 

In  general,  the  rolling  velocity  builds  up  exponentially  in 
response  to  an  aileron  input  instead  of  being  constant  at 
t— 0 as  assumed  in  this  analysis.  In  order  to  determine  the 
effect  of  the  assumption  on  the  motions  in  j3  and  Aa,  an 
analog  stud}7  was  conducted  with  the  assumption  that  the 
rolling  velocity  reaches  its  steady-state  value  exponentially. 
The  resultant  motions  in  and  A a were  compared  with  the 


/,  sec 


(f)  p0=-2.5. 
Figure  3. — Continued. 


(g)  Po~  — 3.0. 
Figure  3. — Concluded. 
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Figure  4. — Time  histories  of  /3/«o  and  Aa/ao  for  C„,a— — 0.09, 
Cn0=  0.114,  po-  —1.0,  and  CYfi—CLop=  0. 


P 


motions  in  /3  and  Aa  obtained  on  the  assumption  that  p0  is 
constant  at  t~  0.  Equations  (1)  were  used  in  the  analog 
study  and,  in  addition,  a simplified  roll  equation 

- Ci  p^y^  was  introduced.  This  equation  states  that 
2 Vlx  v lx 

p reaches  its  steady-state  value,  p0,  according  to  the  expression 
p=2)0(eKt—~l).  In  general,  the  resultant  motions  obtained 
in  the  analog  study  were  very  similar  to  the  motions  shown 
in  figures  2 and  3.  The  only  significant  difference  noted 

was  that  different  peak  values  of — and  — were  encountered. 

0=0 

Table  III  presents  a comparison  between  the  maximum 


values  of  — and  — obtained  from  the  analog  stud}7  and 

0=0  OLq 

from  figures  2 and  3 for  p0  = —1.0,  —1.5,  and  —3.0.  It  is 
seen  from  the  values  presented  in  table  III  that  higher 
maximum  values  occur  for  pQ  = —1.0  and  —1.5  for  the  con- 


dition of  constant  p0  at  £=0  whereas  the  opposite  is  true  for 
p0  = —3.0,  These  results  can  be  explained  by  the  fact  that, 
during  the  first  several  seconds  of  the  transient  motion,  the 
average  value  of  p0  in  the  analog  study  is  smaller  than  under 
the  assumption  of  constant  pQ.  Hence  in  the  analog  study 
ior  pQ  = — 1.0  and  —1.5  the  airplane  may  be  considered  to 
be  located  farther  awa}7  from  the  stability  boundary,  but 
for^o  = —3.0  the  airplane  is  located  closer  to  the  stability 
boundary. 

CALCULATIONS  OF  MOTIONS  FOR  AN  AIRPLANE  PERFORMING  A 
360°  ROLL 

The  analysis  presented  thus  far  is  applicable  to  the  con- 
dition of  the  airplane  performing  a continuous  rolling  motion. 
Of  particular  interest  are  the  motions  of  the  airplane  when 
the  pilot  performs  a 360°  roll.  These  motions  can  be 
approximated  by  first  determining  the  values  of  /3,  r,  a , and 
g at  the  time  the  airplane  has  rolled  through  360°,  that  is, 

at  t=— ■ At  this  value  of  t}  the  constant  rolling  velocity 
Po 

is  returned  to  p0=0  and  the  motion  originally  described 
by  four  degrees  of  freedom  is  now  separable  into  its  lateral 
and  longitudinal  values,  the  former  represented  by  the 
yawing  and  sideslipping  equations  and  the  latter  repre- 
sented by  the  pitching-moment  and  normal-force  equations. 

2?r 

Thus,  the  values  of  /3,  r,  a , and  q at  t=~  are  the  initial 

conditions  required  to  calculate  the  motions  subsequent  to 

t=— . The  values  of  8 and  a can  be  determined  from 
Po 

equation  (3),  (4),  or  (5).  From  equations  (lc)  and  (Id), 
the  following  equations  are  obtained: 

r=^p-P+Po«o+Po  kac—p  (6) 

and 

+ a (7) 

mV 


2t r 

A good  approximation  of  r and  q at  is  obtained  by 


t i rin*  forme  R a n rl 


i.1 /o\ ] fn\ 


following  table  compares  the  values  of  r and  q at  t= — for 

Po 

p0— — 1.5,  —1.7,  and  —3.0  when  0 and  a are  included  in 


TABLE  III 

COMPARISON  OF  MAXIMUM  VALUES  OF  AND  — 


Vo 

C'a’  Crd 

(£ 

\*o 

^ m ax 

(-) 

\ «0 / max 

po  constant  at  (= 0 

p = Po  (ext— 1) 

po  constant  at  2=0 

p=Vo  (eXi-l) 

-1.  0 

0 

-0.  64 

-0.48 

0.  5 

0.  4 

-1.0 

Finite 

6 

-.  48 

. 4 

. 3 

— 1.  5 

0 

-1.  64 

-1.  27 

1.  0 

. 9 

— 1.  5 

Finite 

-1.  48 

-1.  12 

. 68 

. 6 

— 3.  0 

0 

-1.  75 

-1.  91 

-3.  92 

— 4.  15 

-3.  0 

Finite 

-1.  90 

-2.  1 

-3.  25 

-3.  3 

J 40 
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equations  (6)  and  (7)  and  then  deleted  from  equations  (6) 
and  (7) : 


Po 

0 and  a included 

0 and  a deleted 

V 

r 

Q 

-1.  5 

-0.  20 

0.  20 

-0.  19 

0.  19 

-1.  7 

12 

. 33 

14 

. 32 

-3.  0 

. 25 

. 30 

. 29 

. 40 

EFFECT  OF  GRAVITY  TERMS  ON  THE  0 AND  A«  MOTIONS 


The  effect  of  the  gravity  components  which  would  appear 
in  the  side  force  (eq.  (lc))  and  normal  force  (eq.  (Id))  equa- 
tions have  been  neglected  in  this  analysis.  In  order  to  de- 
termine the  effect  of  the  gravity  terms  on  the  0 and  Aa 
motions,  an  analog  study  was  conducted  using  equations 
(lc)  and  (Id)  with  the  gravity  terms  included  and  then 
deleted  from  the  equations.  The  airplane  was  assumed  to 
be  performing  a 360°  roll  for  rolling  velocities  of  p0=  — 1.5} 

— 1.7,  and  —3.0.  A comparison  of  the  maximum  values  of 

— and  — obtained  with  and  without  the  gravitv  terms  is 

a0  a0  & j 


presented  in  table  IV.  The  two  values  given  for  — > that 

<*0 


is, 


and  — 2;  correspond  to  the  maximum  values  of  — 
«o  <*o  a0 


obtained  during  the  initial  part  of  the  transient  motion 
(jpo=z  constant)  and  during  the  recovery  part  of  the  motion 
(Po=0),  respectively.  The  comparison  shows  that  with  the 
gravity  terms  included  the  maximum  values  of  0 are  about 
2°  greater  and  the  maximum  values  of  Aa  increase  by  about 
1°  for  an  initial  a0  of  5°. 


TABLE  IV 


COMPARISON  OF  MAXIMUM  VALUES  OF  £ AND  — 

CtQ 


Po 

Gravity  terms  included 

Gravity  terms  deleted 

(-) 
\a0/  max 

(— ) 

\ a0  / max 

/Wv 

\ a0  / max 

(£) 
\a0/  max 

(— ) 

\ «0  / max 

/AaA 

\ / max 

-1.  5 

-I.  8 

-0.  50 

0.90 

-1.  4 

-0.  30 

0.  90 

-1.  7 

-2.  5 

-.  60 

1.  3 

-2.  1 

40 

1.  2 

-3.  0 

-3.  0 

-2.  4 

1.  5 

-2.  7 

-2.  2 

1.  6 

CONCLUDING  REMARKS 

From  the  analysis  presented  in  this  paper  it  appears  that 
the  transient  motion  in  angles  of  attack  and  sideslip  during  a 
constant  rolling  maneuver  consists  chiefly  of  either  an  oscilla- 
tory mode  or  two  aperiodic  modes.  Approximate  expressions 
are  derived  for  the  determination  of  these  modes  as  well  as 
the  modal  coefficient  corresponding  to  each  mode.  Inclusion 
of  the  derivatives  CY?  (side  force  due  to  sideslip)  and  CL 
(lift-curve  slope)  increases  the  total  damping  of  the  system 
but  does  not  marked^  affect  the  transient  motions. 

The  sole  input  considered  in  this  paper  is  the  term  p0a 0 
(the  product  of  rolling  velocity  and  trim  angle  of  attack)  in 
the  side-force  equation. 


Langley  Aeronautical  Laboratory, 

National  Advisory  Committee  for  Aeronautics, 
Langley  Field,  Va.,  May  22 , 1956. 


APPENDIX 

METHOD  OF  APPROXIMATING  THE  ROOTS  OF  THE  CHARACTERISTIC  EQUATION 


The  fourth-degree  characteristic  equation 


0=bx 


A\*+B\*+C\*+D\+E=0 


D — d2bx 


may  be  factored  as  follows: 


E=bxb2 


where 


(X1 2~f"  |—  fcj)  (X2+02^+62)  = 0 


A=1 


B=dx+a2 


C—  bx  -f-  b‘2  "I-  dxd2 


D—d2bx+dxb2 


The.  solution  of  these  equations  yields 

BC-D 

ai~  c 

by  = C 
_D 

a2~C 


E~bib2 

An  examination  of  the  quadratic  equations  from  which  the 
exact  roots  presented  in  tables  II  (a)  and  II  (b)  were  obtained 
indicated  that  b{^>b2  and  that  dx  and  d2  are  of  the  same  order 
of  magnitude  and  much  smaller  than  bx.  Thus,  one  may 
write 

A=  1 


B = ax  -f-  a2 


The  roots  of  \2-\-dl\-\-bx=0  approximate  the  high-fre- 
quency mode  whereas  the  roots  of  X2+a2X  + 62=0  approxi- 
mate the  remaining  two  roots  of  primary  importance  in  the 
motion  calculations  presented  herein.  A comparison  between 
the  exact  roots  and  the  approximate  roots  presented  in  tables 
II  (a)  and  II  (b)  indicates  that  the  agreement  is  excellent. 
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THE  RESPONSE  OF  AN  AIRPLANE  TO  RANDOM  ATMOSPHERIC  DISTURBANCES1 

By  Franklin  W.  Diederich 


SUMMARY 

The  statistical  approach  to  the  gust-load  problem  which  con- 
sists in  considering  flight  through  turbulent  air  to  be  a stationary 
random  process  is  extended  by  including  the  effect  of  lateral 
variation  of  the  instantaneous  gust  intensity  on  the  aerodynamic 
forces.  The  forces  obtained  in  this  manner  are  used  in  dynamic 
analyses  of  rigid  and  flexible  airplanes  free  to  move  vertically , 
in  pitch , and  in  roll . The  eflect  of  the  interaction  of  longi- 
tudinal, normal,  and  lateral  gusts  on  the  wing  stresses  is  also 
considered . 

The  method  of  analyzing  the  rigid-body  motions  is  similar 
to  that  used  for  analyses  of  the  dynamic  stability  of  airplanes , 
in  that  the  equations  of  motion  are  referred  to  stability  axes 
and  expressed  in  terms  of  conventional  stability  derivatives. 
The  method  of  analyzing  the  dynamic  effects  of  structural 
flexibility  consists  in  an  extension  of  a numerical-integration 
approach  to  the  static  aeroelastic  problem  and  is  in  a form 
which  offers  the  possibility  of  calculating  divergence  and  flutter 
speeds  with  relatively  little  additional  effort . 

The  mean-square  values , correlation  functions,  and  power 
spectra  of  some  of  the  aerodynamic  forces  required  in  this  type 
of  analysis  are  calculated  for  one  special  correlation  function 
of  the  atmospheric  turbulence.  It  is  shown , for  instance , that 
if  the  span  is  relatively  large  compared  with  the  integral  scale 
of  turbulence , the  mean-square  lift  and  root  bending  moment 
directly  due  to  the  gust  are  substantially  reduced  when  the 
differences  in  instantaneous  intensity  of  the  turbulence  along 
the  span  are  taken  into  account.  However , if  the  motions  of 
the  airplane  are  taken  into  account  the  mean-square  root  bend- 
ing moment  may  be  increased  as  a result  of  these  differences. 
Also , the  mean-square  pitching  moment  is  shown  to  be  sub- 
stantially increased  if  the  tail  length  is  relatively  large  compared 
with  the  scale  of  turbulence.  Finally,  the  wing  stresses  due  to 
longitudinal,  normal,  and  lateral  gusts  are  shown  to  be  statis- 
tically independent  under  certain  conditions. 

INTRODUCTION 

The  local  velocity  fluctuations  acting  on  an  airplane  flying 
through  atmospheric  turbulence  are  functions  of  time  defined 
only  in  a statistical  sense  and,  hence,  constitute  a stochastic 
or  random  process.  Consequently,  the  responses  of  the 
airplane,  whether  they  are  motions  (linear  or  angular  dis- 
placement, velocities,  or  accelerations),  forces  (lift,  pitching 
moment,  bending  moment,  and  so  on),  stresses,  or  any  other 


phenomena  determined  by  the  turbulence,  can  also  be  known 
as  functions  of  time  in  only  a statistical  sense. 

This  report  is  concerned  with  the  statistical  characteristics 
of  those  responses  which  have  a bearing  on  the  loads  and 
stresses  experienced  by  the  airplane;  although  other  prob- 
lems such  as  those  relating  to  passenger  comfort  or  to  the 
stability  of  the  airplane  as  a gun  platform  can  be  treated  in 
the  same  manner,  they  will  not  be  considered  here. 

The  first  approaches  to  the  gust-load  problem  which  use  the 
statistical  techniques  developed  for  stationary  random  proc- 
esses appear  to  be  those  of  references  1,2,  and  3.  (An  earlier 
investigation  concerned  with  the  motions  of  an  airplane  in 
turbulent  air  is  reported  in  ref.  4.)  The  fundamentals  of 
these  approaches  are  discussed  in  some  detail  in  reference  1, 
and  mention  is  made  therein  of  investigations  in  other  fields 
of  engineering  and  physics  that  have  dealt  with  the  problem 
of  deducing  the  statistical  characteristics  of  the  output  or 
response  of  a dynamic  system  from  those  of  its  input.  The 
mean-square  normal  acceleration  of  a rigid  airplane  free  to 
move  in  one  degree  of  freedom,  namely,  vertical  motion,  is 
calculated  in  reference  2.  In  addition  to  being  rigid,  the 
airplane  is  implicitly  assumed  to  be  small  enough  for  all  its 
components  to  experience  the  same  gust  velocity  at  any 
instant  of  time.  This  means  that  the  span  of  the  airplane 
must  be  small  compared  with  the  integral  scale  of  atmos- 
pheric turbulence,  which  on  the  basis  of  the  available 
knowledge  concerning  the  properties  of  the  atmosphere 
(ref.  4,  for  instance)  appears  to  be  in  the  order  of  several 
hundred  to  1,000  or  2,000  feet;  that  is,  the  span  of  the  airplane 
must  be  less  than  about  100  feet. 

The  purpose  of  the  present  report  is  to  extend  this  approach 
to  large  flexible  airplanes  free  to  move  in  all  directions.  As 
used  herein,  the  terms  “small”  and  “large”  airplane  refer 
to  airplanes  which  are  very  small  and  not  very  small,  re- 
spectively, compared  with  the  integral  scale  of  turbulence; 
thus,  an  airplane  flying  in  a wide  variety  of  atmospheric 
conditions  may  be  “small”  under  certain  conditions  and 
“large”  under  others.  Similarly,  the  terms  “rigid”  airplane 
and  “flexible”  airplane  are  used  to  designate  airplanes  flying, 
respectively,  at  speeds  far  below  those  at  which  dynamic 
and  aeroelastic  effects  become  important,  and  at  speeds  at 
which  these  effects  have  to  be  taken  into  account;  the  same 
airplane  can  thus  be  “rigid”  under  some  conditions  and 
“flexible”  under  others. 


i supersedes  NACA  Technical  Note  3910  by  Franklin  W.  Diederich,  1957.  This  report  represents,  except  for  some  minor  changes,  a thesis  submitted  in  May  1954  In  partial  fulfillment 
of  the  requirements  for  the  decree  of  Doctor  of  Philosophy  at  the  California  Institute  of  Technology,  Pasadena,  Calif. 


144 


REPORT  1345 — NATIONAL  ADVISORY  COMMITTEE  FOR  AERONAUTICS 


Several  fundamental  assumptions  are  inherent  in  the 
analysis  contained  in  this  report.  In  the  first  place,  all 
atmospheric  disturbances,  motions,  and  structural  deforma- 
tions are  assumed  to  be  small  enough  to  produce  forces  that 
are  linear  and,  hence,  superposable.  Also,  the  turbulent 
“input”  to  the  airplane  is  assumed  to  be  stationary  in  a 
statistical  sense;  that  is,  the  turbulence  in  the  plane  of  the 
flight  path  is  homogeneous.  For  the  large  airplane,  the 
additional  assumption  is  made  that  the  turbulence  is  axi- 
symmetric  with  respect  to  vertical  axes,  a condition  less 
severe  than  complete  isotropy.  The  statistical  character- 
istics of  the  turbulence  are  thus  assumed  to  be  invariant 
under  a translation  of  the  space  origin  within  the  horizontal 
plane  and  under  a rotation  of  the  coordinates  about  the 
vertical  axis.  Finally,  Taylor's  hypothesis  to  the  effect 
that  time  displacements  are  equivalent  to  longitudinal  space 
displacements  is  assumed  to  be  valid. 

The  aerodynamic  forces  directly  due  to  atmospheric 
turbulence,  which  constitute  the  input  forces  for  the  dynamic 
system  represented  by  the  airplane,  are  calculated  in  the 
first  part  of  this  report  for  the  large  airplane,  that  is,  for  the 
case  where  the  spanwise  distribution  of  the  intensity  of 
turbulence  has  to  be  taken  into  account.  (The  effect  of 
spanwise  variation  of  gust  intensity  on  the  lift  has  been 
treated  by  a slightly  different  method  in  ref.  5.) 

The  dynamics  of  the  rigid  airplane  are  considered  in  the 
second  part.  The  dynamic  system  is  now  represented  by  a 
set  of  three  simultaneous  ordinary  differential  equations, 
rather  than  one  as  in  reference  2;  nonetheless,  the  problem 
of  calculating  the  required  transfer  functions  is  still  one  of 
simple  algebra. 

The  next  part  is  concerned  with  the  small  flexible  airplane 
and  thus  has  direct  application  to  fighter-type  airplanes  and 
guided  missiles  operating  at  relatively  high  speeds,  in  addi- 
tion to  serving  as  a preliminary  to  the  last  part  of  the  report. 
The  dynamic  system  is  now  represented  by  a partial  differ- 
ential equation,  and  the  calculation  of  the  transfer  functions 
requires  the  solution  of  ordinary  differential  equations. 
Once  these  functions  are  calculated,  however,  the  statistical 
techniques  are  the  same  as  before,  as  a result  of  the  fact  that 
the  lateral  variation  in  gust  intensity  is  ignored.  Either 
modal  or  numerical-integration  approaches  may  be  used  to 
analyze  the  dynamics  of  a swept-wing  airplane  with  arbitrary 
stiffness  and  mass  distribution.  Although  modal  approaches 
have  usually  been  preferred  in  the  past  for  similar  problems, 
it  was  believed  that,  in  view  of  the  highly  complex  nature  of 
modern  aircraft  structures  and  the  advanced  type  of  com- 
puting machinery  required  and  generally  available  for  their 
analysis,  the  numerical-integration  approach  would  be 
preferable  and  it  has,  therefore,  been  used. 

The  last  part  contains  the  analysis  of  the  large  flexible 
airplane.  The  statistical  problem  is  now  that  of  a system 
which  is  characterized  by  a partial  differential  equation 
with  time  and  a space  coordinate  as  independent  variables 
and  which  is  subjected  to  a random  input  that  varies  in  time 
and  space,  so  that  more  is  required  than  the  transfer  func- 
tions from  the  gust  intensity  at  one  point  on  the  wing  to 
the  stresses  at  another.  The  particular  statistical  problem 


presented  by  this  case  is  considered  in  some  detail,  and  the 
appropriate  transfer  functions  are  then  obtained  by  using 
the  numerical-integration  approach  presented  in  the  preced- 
ing part  to  solve,  in  effect,  the  ordinary  differential  equations 
which  describe  the  wing  deformations  at  any  given  fre- 
quency. 

SYMBOLS 

A aspect  ratio 

b span 

C{k)  Theodorsen  function 

CL  lift  coefficient,  L/qS 

CLq  lift-curve  slope 

Ci  rolling-moment  coefficient,  Lf  jqSb 

Ci  coefficient  of  damping  in  roll,  defined  as  positive 

for  positive  damping 
Cm^  damping-in-pitch  derivative 

Cm.a  static  pitching  derivative 

c chord,  parallel  to  plane  of  symmetry 

c average  chord,  S/b 

Ci  section  lift  coefficient  at  station  y , l/qc 

El  bending  stiffness 

et  distance  from  section  aerodynamic  center  to  shear 

center,  fraction  of  chord 

e2  distance  from  shear  center  to  section  center  of 

gravity,  fraction  of  chord 

e3  distance  from  shear  center  to  the  midchord  point, 

fraction  of  chord 

e4  distance  from  shear  center  to  the  %-chord  point, 

fraction  of  chord 

G(y,  7])  dimensionless  lift-influence  function  (Green's  func- 
tion for  the  spanwise  lift  distribution) 

CJ  torsional  stiffness 

g acceleration  due  to  gravity 

H(a>)  response  to  sinusoidal  oscillation,  Fourier  trans- 
form of  h(t) 

hit)  indicial-response  function 

Ix  mass  moment  of  inertia  about  X-axis 

Iy  mass  moment  of  inertia  about  F-axis 

J0,Ji  Bessel  functions  of  the  first  kind,  order  0 and  1 
K0)Ki  modified  Bessel  functions  of  the  second  land,  order 
0 and  1 

Ki0  integral  of  K0 

k reduced  frequency,  wc/2  U 

k ' dimensionless  frequency,  c oL*jU 

L lift 

U rolling  moment 

Z*  integral  scale  of  turbulence 

l distributed  lift  per  unit  distance  along  the  span 

M pitching  moment 

Mb  bending  moment 

Mt  twisting  moment 

m mass  (of  airplane,  unless  designated  otherwise  by 

subscripts) 

m distributed  mass  per  unit  distance  along  the  span 

mT  distributed  twisting  moment  (about  axes  perpen- 

dicular to  the  plane  of  symmetry)  per  unit 
distance  along  the  span 
q dynamic  pressure 
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r 


S 

s 


radius  of  gyration  about  center  of  gravity;  longi- 
tudinal displacement  corresponding  to  time 
displacement  r 
wing  area 


Z* 

scale  parameter, 


t time 

U mean  flying  speed 

u longitudinal  component  of  gust  velocity 

up  horizontal  component  of  disturbed  motion 

v lateral  component  of  gust  velocity 

W weight  of  airplane 

v)  vertical  component  of  gust  velocity 

wP  vertical  component  of  disturbed  motion 

x coordinate  along  mean  flight  path 

distance  from  intersection  of  elastic  axis  and  root 
chord  to  airplane  center  of  gravity 
xt  tail  length,  distance  from  airplane  center  of 

gravity  to  aerodynamic  center  of  tail 
x/  modified  tail  length,  distance  from  intersection 

of  elastic  axis  and  root  chord  to  aerodynamic 
center  of  tail 

y coordinate  perpendicular  to  plane  of  symmetry 

z coordinate  in  plane  of  symmetry  perpendicular  to 

mean  flight  path;  vertical  deflection 
a inclination  of  chord  to  X-axis 

P span  ratio,  6/Z* 

r(iy)  autoconvolution  function  for  7 (y) 

7 (y)  dimensionless  lift  distribution,  cCi/cCL 

7 '(y)  dimensionless  lift  distribution  in  roll,  cc i[cOlp 

7)  variable  of  integration  corresponding  to  y 

6 angle  of  pitch 

A angle  of  sweepbaek 

p mass  density  of  the  ah' 

r time  displacement,  argument  of  time-correlation 

function 

<£  the  power  spectrum  $ in  the  case  of  axi symmetry 

<1  two-dimensional  power  spectrum  (double  Fourier 

transform  of  \p) 

cj>(k)  Sears  function  (unsteady-lift  function  for  gust 
penetration) 

<0  one-dimensional  or  point  power  spectrum 

£ two-dimensional  power  spectrum  (single  Fourier 

transform  of  $) 

£ one-dimensional  or  point  correlation  function 

\jp  two-dimensional  correlation  function 

co  frequency  of  oscillation 

Subscripts: 

e,e  effective 

/ fuselage 

r wing  root 

t tail 

u horizontal  component  of  turbulence 

w wing;  vertical  component  of  turbulence 

Matrix  notation: 

[ ] square  or  rectangular  matrix 

l ] diagonal  matrix 

l J row  matrix 

{ } column  matrix 


Dots  over  symbols  indicate  derivatives  with  respect  to 
time. 

AERODYNAMIC  FORCES  RESULTING  DIRECTLY  FROM 
ATMOSPHERIC  TURBULENCE 

The  motions  of  a rigid  airplane  depend  on  the  overall 
forces  and  moments,  whereas  the  stresses  of  a rigid  airplane 
and  the  motions  and  stresses  of  a flexible  airplane  depend  on 
the  distribution  of  these  forces,  as  well.  This  part  of  the 
report  is  concerned  with  the  calculation  of  the  integrated 
and  distributed  forces  and  moments  directly  due  to  atmos- 
pheric turbulence  when  the  spanwise  variation  of  gust 
intensity  has  to  be  taken  into  accoimt.  (The  forces  and 
moments  caused  by  the  motions  which  result  from  the  forces 
treated  in  this  part  can  be  calculated  by  conventional 
methods  and  will  not  be  considered  here,  although  the  com- 
bined forces  will  be  considered  in  the  following  parts.) 
Thus,  this  part  serves  as  a basis  for  all  the  material  presented 
in  the  later  parts  pertaining  to  the  large  airplane,  and,  hence, 
the  fundamental  notions  required  for  an  analysis  of  the  large 
airplane  are  introduced  here  and  discussed  in  some  detail. 

The  basic  approach  is  as  follows:  First,  the  instantaneous 
value  of  the  quantity  of  interest,  such  as  the  lift,  is  expressed 
in  terms  of  the  instantaneous  gust  intensity  at  a point  and  a 
suitable  influence  function.  For  the  lift  this  influence  func- 
tion can  and  will  be  identified  with  a certain  lift  distribution 
on  the  given  wing  in  reverse  flow;  the  same  procedure  may 
and,  in  the  case  of  the  rolling  moment,  will  be  followed  for 
other  integrated  forces.  On  the  other  hand,  for  the  local  lift 
the  influence  function  is  the  Green's  function  for  the  three- 
dimensional  unsteady-lift  problem  and  cannot  be  identified 
with  an  easily  calculated  lift  distribution  on  the  wing  in 
reverse  flow.  Inasmuch  as  no  knowledge  concerning  this 
function  appears  to  be  available,  a method  of  calculating  an 
approximate  Green's  function  for  this  problem  is  outlined 
herein.  The  required  influence  functions  for  integrated 
effects  can  be  synthesized  from  this  function,  and  if  the 
associated  lift  distribution  in  reverse  flow  cannot  be  calculated 
conveniently  this  approach  may  be  preferable.  This  tech- 
nique is  illustrated  here  by  means  of  the  bending  moment. 

The  next  step  consists  in  using  the  expression  for  the 
instantaneous  value  of  the  given  quantity  to  calculate  a 
correlation  function  for  this  quantity  in  terms  of  a correla- 
tion function  of  the  normal  component  of  the  atmospheric 
turbulence.  The  power  spectrum  for  the  given  quantity 
can  then  be  obtained  by  taking  the  Fourier  transform  of 
its  correlation  function.  This  power  spectrum  is  considered 
herein  to  be  the  desired  end  result,  because  the  mean- 
square  values  of  the  quantity  and  its  derivatives  can  be 
obtained  from  it,  and  other  statistical  parameters  of  interest 
can  be  obtained  from  these  mean-square  values.  Several  alter- 
native approaches  for  calculating  the  aforementioned  spec- 
trum, either  from  the  correlation  function  or  directly  from 
the  spectrum  of  atmospheric  turbulence,  are  given  in  con- 
nection with  the  lift  and  are  directly  applicable  to  other 
quantities  as  well. 

In  this  part  of  the  report  the  assumption  is  made  that  the 
influence  functions  of  concern  can  be  written  as  products 
of  a function  of  time  alone  and  a function  of  distance  along 
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the  span  alone,  and  advantage  is  taken  of  this  simplification 
in  calculating  the  desired  spectra.  This  restriction  is 
removed  in  the  last  part  of  the  report,  where  the  influence 
functions  considered  cannot  be  separated  into  space- 
dependent  and  time-dependent  constituents,  and  so  the 
approaches  outlined  there  are  generalizations  of  those 
presented  in  this  part;  they  may  also  be  used  for  the  calcula- 
tion of  the  spectra  of  the  quantities  considered  in  this  part 
if  the  assumption  concerning  the  influence  functions  is 
not  valid. 

DEFINITIONS  OF  STATISTICAL  PARAMETERS 

As  pointed  out  in  the  introduction,  the  intensity  of  the 
vertical  component  of 'turbulence  w(t)  is  a random  process, 
so  that  the  resulting  forces  can  also  be  known  only  in  a 
statistical  sense.  The  purpose  of  this  part  is  to  calculate 
certain  statistical  properties  of  these  forces,  namely,  their 
mean-square  values,  their  correlation  functions,  and  their 
- power  spectra.  The  fundamental  principles  involved  in 
statistical  analyses  of  the  type  considered  herein  are  ex- 
pounded in  some  detail,  and  citations  of  the  literature  on 
the  subject  are  given  in  references  1 and  2.  These  funda- 
mentals will  therefore  not  be  repeated  here.  However, 
both  for  the  sake  of  ready  reference  and  inasmuch  as  the 
statistical  terms  are  not  always  defined  in  the  same  manner, 
the  forms  that  are  used  herein  are  indicated  in  the  succeeding 
paragraphs. 

The  time  average  of  a time-dependent  quantity  is  design- 
ated by  a bar  placed  over  the  symbol,2  and  is  defined  as 
follows : 

1=  lim  A f $(t)dt 

T~>  OO  J-T 

The  assumption  will  always  be  made  that  this  limit  exists 
and  is  invariant  under  a translation  of  the  origin  of  time. 
This  assumption  implies  that  the  processes  considered  here 
are  stationary  in  a statistical  sense. 

The  mean  of  a random  process  f(t)  is  defined  as  its  time 
average,  and  is  always  assumed  to  be  zero.  In  dealing 
with  processes  with  nonzero  mean  this  analysis  is  thus 
pertinent  only  to  the  process  which  consists  of  the  difference 
between  the  original  process  and  its  mean  value.  Similarly, 
the  mean-square  value  of  a random  process  f(t)  is  defined 
as  the  time  average  of  the  square  of  the  process,  so  that 


transform  of  the  correlation  function : 


The  second  form  is  the  more  convenient  one  when  1/7  repre- 
sents more  nearly  a space  correlation  than  a time  correlation, 
so  that  it  depends  directly  on  a space  displacement  r=LTr 
rather  than  on  a time  displacement  r.  For  the  purposes  of 
the  analysis  presented  herein,  the  gust  or  input  correlation 
functions  have  this  property,  so  that,  for  instance,  \j/w  may 
be  defined  as 


ypw(r)=w(t)w(t-{ 

By  virtue  of  the  reciprocal  properties  of  Fourier  trans- 
forms and  the  symmetry  of  ^y(r),  which  is  a direct  conse- 
quence of  the  assumed  stationarity  of  f(t),  f 2 may  be  ex- 
pressed in  terms  of  the  spectrum  of  / as 

f2==J0  Vr(o)dw  (1) 

If  f(t)  is  the  input  of  a linear  system,  the  power  spectrum 
of  the  response  x(t)  of  the  system  is  related  to  the  power 
spectrum  of  /(£)  by 


<Pz(u)=\H(o>)\2<pf((x>)  * (2) 

where  H( o>)  is  the  transfer  function  of  the  system,  that  is, 
the  complex  amplitude  of  the  response  of  the  system  to  unit 
sinusoidal  input.  Hence,  H(u>)  is  also  the  Fourier  transform 
of  the  indicial  response  h(t)  of  the  system,  which  is  defined 
herein  as  the  response  of  the  system  to  a unit  impulsive 
input: 

i?(co)=  f e~i<J>ih{t)dt  (3) 

j —a> 

where  the  lower  limit  could  be  taken  as  zero,  since  h(t)  is 
zero  for  0.^  Conversely,  h{t)  can  be  obtained  from  H(u>) 
by  means  of  the  inverse  of  equation  (3) : 


P=  f 

r->co  11  J - 


fit)  (It 


w-sj* 


eitaH(u)da 


(3a) 


The  time-correlation  function  of  fit)  is  defined  as 


MT)=J(t)f(t+T) 

so  that 


The  mean-square  value  of  the  response  can  then  be  ob- 
tained by  integrating  its  spectrum.  Similarly,  the  mean- 
square  values  of  the  nth  time  derivative  of  the  response  can 
be  obtained  from  the  (2n)th  moment  of  the  output  spectrum. 
For  instance, 


f=M  0) 

and  the  power  spectrum  of  /(/.)  is  defined  as  the  Fourier 

2 When  no  possibility  of  confusion  exists,  a bar  is  also  used  to  designate  a space  average, 
as  in  the  case  of  c and  y.  Also,  for  the  components  of  turbulence  the  correlation  functions 
depend  primarily  on  space  displacements  and  can  be  defined  by  space  averages.  For  the 
s ake  of  consistency,  however,  they  are  considered  to  be  defined  by  time  averages. 


<px( co)  co2C?co 


From  the  mean-square  values  of  these  derivatives  other 
statistical  quantities  of  interest,  such  as  the  expected  number 
of  peaks  of  the  response  per  unit  time,  can  then  be  calculated 
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LIFT-INFLUENCE  FUNCTIONS  IN  UNSTEADY  FLOW 

At  any  time  the  lift  on  a wing  which  results  directly  from 
atmospheric  disturbances  can  be  expressed  for  an  unswept 
wing  as 

Jco  rbj2 

dh  h(tuy)v}(U(t—ti),y)dy  (4) 
-C»  J-b/2 

where  h(t,y)dy  is  a lift-influence  function  which  represents 
the  lift  caused  by  an  impulsive  vertical  gust  of  width  dy 
which  at  time  /=0  impinges  on  the  wing  at  station  y. 

The  influence  functions  required  in  equation  (4)  are  diffi- 
cult to  calculate  directly;  methods  for  obtaining  lift  distri- 
butions on  wings  of  finite  span  in  unsteady  flow  usually 
require  numerical  solutions  which  do  not  lend  themselves 
readily  to  the  analysis  of  angle-of-attack  distributions  repre- 
sented b}7  delta  functions.  However,  by  virtue  of  the  reci- 
procity theorems  of  linearized  lifting-surface  theory  (ref.  6, 
for  instance)  the  lift  influence  function  for  a twisted  wing  in 
indicial  motion  is  equal  to  the  lift  distribution  on  that  wing 
during  indicial  motion  in  the  reverse  direction  with  uniform 
unit  angle  of  attack.  The  lift  distribution  in  indicial  motion 
with  uniform  angle  of  attack  can  be  calculated  relatively 
easily. 

For  the  few  cases  for  which  calculations  have  been  made 
(namely,  some  unswept  wings),  this  lift  distribution  tends  to 
be  substantially  invariant  in  time,  except  for  overall  magni- 
tude. For  instance,  the  calculations  of  reference  7 indicate 
that  the  lift  distribution  of  an  oscillating  rectangular  or 
elliptic  wing  in  incompressible  flow  is  substantially  inde- 
pendent of  frequency,  so  that  in  indicial  motion  it  is  sub- 
stantially independent  of  time.  This  simplification  may  not 
be  valid  for  swept  wings. 

The  lift  influence  function  can  then  be  written  as 

Kt,y)=ihL(t)  y(y)  (5) 

where  y (y)  defines  the  steady-state  lift  distribution  for 
uniform  unit  angle  of  attack: 


7(1/)- 


CCi 

cCL 


and  where  hL{t)  describes  the  variation  of  the  overall  magni- 
tude of  the  lift  as  a function  of  time  after  entry  into  a sharp- 
edge  gust  and  may  be  written  as 


^z,(£) 


d 

u dt 


In  turn,  k2  is  the  lift  response  to  a unit  sharp-edge  gust 


normalized  to  a steady-state  value  of  unity  and  is,  as  in  the 
preceding  equation,  usually  expressed  in  terms  of  semichord 


lengths  traveled  The  time  derivative  is  taken  here  be- 
c I 2 

cause  the  response  wanted  is  the  one  to  a unit  impidsive 
gust  rather  than  a sharp-edge  gust. 

The  Fourier  transform  HL{ co)  of  this  function  hL(t)  is 
proportional  to  a function  <£(&),  which  may  be  termed  the 
generalized  Sears  function  because  for  two-dimensional  in- 
compressible flow  it  is  the  Sears  function: 


CLqS  \ 

HL(u)=-^4>(k)  (6) 

where 

l= j*[ 
fC~2U 


The  function  HL(<x>)  represents  the  complex  amplitude  of  the 
lift  due  to  sinusoidal  gusts  of  unit  amplitude  and  is  thus  the 
transfer  function  from  the  gust  to  the  lift. 

Actually,  only  the  absolute  square  of  4>(k)  will  be  required. 
For  two-dimensional  incompressible  flow  the  following 
approximation  is  given  in  reference  1 : 

i**>r-i+Ls  <7) 


This  expression  has  the  advantage  of  simplicity,  although  it 
is  somewhat  in  error  compared  with  the  absolute  square  of 
the  Sears  function  at  very  low  frequencies,  a fact  which  could 
be  remedied  by  using  the  approximation 

l^)  lJ~  l+afc(l+27rfc) 

where  a is  about  15  for  a good  overall  fit  to  the  exact  expres- 
sion. However,  the  behavior  of  the  Sears  function  itself  at 
very  high  frequencies  is  unrealistic,  because  its  absolute 
square  goes  to  zero  as  l/Jc,  whereas  for  any  nonzero  Mach 
number  and  any  finite  span  the  absolute  square  of  the  gen- 
eralized Sears  function  can  be  shown  to  tend  to  zero  at  least 
as  rapidly  as  1 j¥.  As  a result  of  these  discrepancies,  the 
approximation  given  by  equation  (7)  and,  for  the  same  reason, 
the  absolute  square  of  the  exact  Sears  function,  cannot  be 
used  to  obtain  moments  of  the  lift  spectrum,  that  is,  values 
of  the  mean-square  derivatives  of  the  lift,  although  they  may 
be  adequate  for  calculating  the  mean-square  value  of  the. 
lift  itself  in  many  cases,  particularly  when  absolute  accuracy 
is  not  required.  Whenever  possible  the  values  of  |</>(fc)|2 
given  in  reference  8 for  the  plan  form  and  Mach  number  of 
interest  should  be  used. 


MEAN-SQUARE  LIFT  AND  ITS  SPECTRAL  RESOLUTION  FOR  THE  UNSWEPT  WING 


Basic  equations. — The  correlation  function  of  the  lift  can  be  expressed,  by  virtue  of  equation  (4),  as 


/■co  ra=  rb/2  rb/2  

&,(t)=  h{tuyl)h{ti)y2)w{U(t-U),yl)w{U{t+T—t2),yi)dy4y^tidti 

J — CO  J — CO  J —b/ 2 J-b/2 


(8) 


where  the  averaged  product  on  the  right  side  represents  a velocity  correlation  function.  This  function  depends  in  general 
on  both  space  and  time  displacements.  However,  if  Taylor’s  hypothesis  is  made,  the  time  displacements  are  equivalent  to 
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longitudinal  space  displacements.  The  velocity  correlation  functions  are  then  functions  only  of  longitudinal  and  lateral 
space  displacements.  Thus,  for  homogeneous  turbulence, 

w(x+Ut,y)w(x+Z+U(t  + T),y+T))=$w(£+UT,ri)  (9) 

In  addition  to  Taylor’s  hypothesis  and  the  assumption  of  homogeneity,  the  turbulence  is  assumed  to  be  axisymmetric 
with  respect  to  vertical  axes,  so  that  ^,(£,77)  is  a function  only  of  VF+V-  This  function  is  the  ordinary  space-correlation 
function  \pW)  so  that 

^w(Ut  + £,  7?)  = \PM(Ut  + £) 2 + 7}2) 

and,  hence, 


fe(r)=  f f f f h(tuydh{t2,y2)^w^U2{T+tl  — t2)2+(y2—yi)2)dy4y4tidt2 

J —CD  J — 00  J — &/2  J -b/ 2 


If  the  assumption  implicit  in  equation  (5)  is  now  made, 
the  preceding  equation  can  be  written  as 

\Wr)— J"  J"  hL(ti)  hL(t2)  'l'we(U(T-\-ti  — t2))  dt\  dt2  (10) 

where 

'Pwe(Ur)=-ni  'f'uQUW+iyt— i/i)2)t(j/i)  l(y2)  (ly1  dy2 

0 J-&/2J-6/2 

tv>UU2T2+r?)  dr]  (11) 

where,  in  turn,  T(rj)  is  an  autoconvolution  of  y(y)  defined  by 

—_n 

r (v)  =T  [ y(y)  7 (y+  7 7)  dy  (12) 

OJ  —6/2 

The  validity  of  equation  (11)  can  be  demonstrated  by 
performing  the  integration  in  the  yhy2  plane  as  indicated  in 
the  following  sketch: 


That  is,  integration  is  performed  first  over  yu  with  a variable 
rj=y2~yi  held  constant.  For  this  integration  \}/w  is  constant, 
so  that  only  7(1/1)  and  7(2/1+17)  are  involved,  and  the  result 
is  a function  of  7 7 which  is  one-half  of  the  function  r(7j)  de- 
fined by  equation  (12).  The  second  integration  is  then  per- 
formed over  77,  yielding  equation  (11)  except  for  a factor  of 


In  this  process,  only  the  part  of  the  square  above  the  line 
y2~y\  is  covered.  However,  by  a similar  process,  the  part 
of  the  integral  corresponding  to  the  part  of  the  plane  below 
this  line  can  be  evaluated  and  shown  to  be  equal  to  the  first 
part,  so  that  by  defining  Y as  in  equation  (12),  both  parts 
are  taken  into  account  simultaneously  in  equation  (11). 

The  quantity 

^e2  = ^we(  0) 

Jo  r<^  ^ 

may  be  considered  an  averaged  mean-square  vertical  com- 
ponent of  turbulence;  \l/We(Ur)  is  then  the  corresponding  cor- 
relation function,  and  the  Fourier  transform  of  the  latter, 

^(a,)=+J_/~,IJ(t7r)  ^Ut)  d(UT)  (13) 

is  the  corresponding  power  spectrum. 

Once  (pWe(co)  has  been  obtained,  the  power  spectrum  of  the 
lift  can  be  obtained  by  taking  the  Fourier  transforms  of  both 
sides  of  equation  (10).  The  result  is 

<Pl  0 w) = I Hl  («)  | VWg  («)  ( 14) 

where  HL( «)  is  the  transfer  function  defined  in  the  preceding 
section.  The  mean  square  of  the  lift  can  then  be  obtained 
by  integrating  its  spectrum,  as  indicated  in  equation  (1). 

Equation  (14)  has  the  same  form  as  the  corresponding 
equation  for  the  case  where  spanwise  averaging  of  the  effects 
of  turbulence  is  not  taken  into  account  (see  eq.  (2)  and  ref. 
1),  except  that  <pw(o>)  is  now  replaced  by  <pWe( cu).  Thus,  the 
spectrum  of  the  averaged  turbulence  must  approach  that  of 
the  unaveraged  turbulence  when  the  span  approaches  zero, 
as  may  be  seen  to  be  the  case  from  equation  (11)  and  the 
definitions  of  7 (y)  and  T(rj). 

Two  alternative  approaches. — The  defining  relations  for 
<PweMt  equations  (11)  and  (13),  do  not  necessarily  represent 
the  best  method  of  calculating  it  in  any  given  case.  A slightly 
different  expression  appears  to  be  more  convenient  in  general. 
It  consists  in  substituting  equation  (11)  into  equation  (13) 
and  inverting  the  order  of  integration  to  yield 

1 f6 

P»e(«)=]j  I r(v)^(w,i7)rfv 


(15) 
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where 

*.(»,  v)  f°w  e~^Ur)  I'JtlU'T'+ifidqjr)  (16) 

so  that 

£»(«,  0)  = 99K7(co) 

A third  approach,  which  has  certain  advantages  over  the  others,  is  similar  to  the  one  that  has  been  used  in  reference  5. 
In  this  approach  the  assumption  of  axisymmetry  is  not  made  initially,  and  use  is  made  of  the  spectrum 

5»(Xi,X2)=^J_  f dtdr,  (17a) 

The  correlation  function  i/v; (l It)  can  then  be  written  as 


4'«>r(Ui 


'_a  r r 
J — 6/2  J - 


b/2  i r co  r co 

y(yi)  y(lh)  dyi  dy2 

6/2  ^ J J -o 


ei[xlt/r+x2o/2- i/pi  iw(XuX2)  dXi  t?X2 


Substitution  of  this  expression  into  equation  (13)  and  then 
interchanging  the  order  of  integration  yields: 

=2^7 ^(g,X2)|f(X2)Nx2 

where 

~ i r*>n 
r(X)=r  7 (y) 

°J-b/2 

and  is,  as  a result  of  the  symmetry  of  y(y),  real  and  sym- 
metric in  X. 

Now,  if  the  turbulence  is  axisymmetric,  <£„  depends  only 
on  X=VXi2+X22,  that  is, 

5»(Xi,X2)=^w(VXi2+X22)  (17b) 


so  that  the  expression  for  <pWe{ <o)  becomes 

^>)=zj/0  $K(V(s)2+x2)?2(x)f/x  (is) 

where  4>W(X)  is  related  to  by 

<MX)  =-  I r Jo(Xr)  ^w(r)  dr 

Although  the  spectra  used  in  the  last  two  approaches  have, 
been  defined  by  expressions  involving  the  point  correlation 
function  ^(r),  they  can  be  expressed  equally  well  in  terms 
of  the  point  spectrum  <pw{ co),  so  that  if,  say,  an  experi- 
mentally obtained  point  spectrum  is  to  be  used,  it  need  not 
be  transformed  into  a correlation  function  before  it  can  be 
used  in  these  calculations.  The  required  relations  are 


<Pw(w,v) 


«i  t /hJVcoi2 — co2\ 

V5?=V  1 V U ) 


dw\ 


(19) 


and 


where  the  notation  [~  is  used  to  specify  that  the  finite  part 
of  the  integral  is  to  be  taken,  an  operation  which  may  be 
performed  by  integrating  by  parts  and  ignoring  the  infinite 
part,  so  that,  in  terms  of  a proper  integral, 

M 2U2  fi°°  d<pw(<a)  do) 

W)  7T  Jx„  do> 

Also,  the  function  $„(X)  can  be  obtained  from  £„(«, » 7)  by 
means  of  either  of  the  relations 


JQ  <PwQ3J trj)dv 


Results  of  calculations. — In  order  to  illustrate  the  magni- 
tude of  the  effects  under  consideration,  calculations  have 
been  made  for  a uniform  loading  y(y)  = 1 and  a point  correla- 
tion function  which  has  been  used  in  references  1 and  2 and 
appears  to  fit  experimental  data  (ref.  4)  fairly  well  over  a 
large  portion  of  the  significant  frequency  range,  namely, 

lAw(r)  =w2(l— J^L)e_lrl/i* 
so  that  * 


, x _w2L * 1+3&'2 

^(co)_  M (l+*'2)2 

where  L*  is  the  integral  scale  of  turbulence,  which  is  here 
defined  as 

L*=ir+a(r)dr 

wv  0 

and  where 


k'  = 


uL* 

U 


$«>(X)  = — 


2C/2 

7 r 


co 

(t o2-X2£/2)* 


d co 


(20) 


This  correlation  function  has  the  drawback  that  the  mo- 
ments of  the  spectrum  associated  with  it  are  infinite,  so, that 
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it  implies  a process  with  infinite  mean-square  derivatives, 
but  it  is  quite  useful  if  only  the  mean-square  value  of  the 
process  itself  is  of  interest. 

For  uniform  loading, 


and 


. \b 

smY 

✓ 

2 


and  for  the  given  correlation  function, 

- , x &L*Vy  1+3 k'*  K(y  /rrpiV 

^(«.y)=-sr[z5 Q+j?^K'\L*ll+k  ) 

where  K0  and  K\  are  modified  Bessel  functions  of  the  second 
kind,  and 

3vFL*2  k'2 

irf/2  (!+*'*)» 

The  mean-square  average  gust  intensity  for  this  case  is 
given  by 

— ^ -5  1— e-" 


wP2—w2 


P 


where  P = b/L*,  and  is  shown  in  figure  1 (a).  The  correlation 
function  fWe  is  given  by 


sinli link  'fj+ 

%r- 


/ 2 2 
■e“v»  +f 


)] 


where  csr/L*,  and  where  Ku{cf.9)  and  Ki(o  ;0)  are  incomplete 
modified  Bessel  functions  of  the  second  kind  defined  by 


K 


cosh  n&  cosh  6 d§ 


The  spectrum  ^(w)  is  given  by 

frll+T^K^ITWi)}  + (1  • -3fc'2)  [2- 

2^ll+FlKl  (dVT+F2)  -/3*(1 +k'2)K0(pylTW1)}) 

where  Ki0(x)  is  the  integral  of  K0(x) : 


Kia{x)=j^  K0(xi)dxi 


The  functions  i„e  and  <pWe  (normalized  with  the  averaged 
mean-square  turbulent  velocity)  are  shown  in  figures  2 and 


A,  deg 

(a)  Unswept  wings. 

b 

(b)  Swept-  wings,  — -=0.5. 

L*  cos  A 

Figure  1 . — The  mean-square  averaged  vertical  component  of 
turbulence. 


3,  respectively.  The  effect  of  the  span  ratio  on  the  normalized 
correlation  function  of  the  averaged  turbulence  may  be  seen 
to  be  relatively  small,  so  that  the. effect  on  the  unnormalized 
correlation  function  is  primarily  the  decrease  in  overall 
level  given  by  the  ratio  of  w2  to  w2.  A similar  statement 
may  be  made  for  the  power  spectrum.  If  the  power  spectrum 
were  not  normalized  the  averaging  effect  of  the  span  would 
tend  to  reduce  the  intensity  of  the  spectrum  at  all  fre- 
quencies, but  the  high  frequencies  would  be  attenuated 
much  more  than  the  low  ones,  as  might  be  expected.  In 
fact,  although  the  unaveraged  spectrum  decreases  as  a>“2  at 
high  frequencies,  the  averaged  spectrum  decreases  as  w“3. 

The  asyunptotic  values  for  &/£*—>«>  are  shown  in  figures 
2 and  3 in  order  to  indicate  the  nature  of  the  functions 
considered  here  when  the  scale  of  turbulence  is  small  com- 
pared with  the  span,  as  may  be  the  case  for  a wind-tunnel 
model  responding  to  natural  or  artificial  tunnel  turbulence, 
or  for  a buffeting  wing  or  tail  surface,  although  this  condition 
is  not  of  practical  concern  for  the  gust-load  problem. 

The  power  spectrum  of  the  lift  is  equal  to  the  product  of 
the  powder  spectrum  <Pwe(o>)  and  the  absolute  square  of  the 
transfer  function  HL( «),  as  indicated  in  equation  (14). 
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Figure  2. — The  correlation  function  of  the  averaged  vertical 
component  of  turbulence. 


integrating  the  spectrum.  Thus,  for  instance,  the  approxi- 
mate expression  for  |0(&)|2  given  by  equation  (7)  and  the 
spectrum  <pw( co)  used  for  the  preceding  calculation  yields 
the  mean-square  lift: 


Figure  3. — The  power  spectrum  of  the  averaged  vertical  component  of 

turbulence. 


Inasmuch  as  this  lift  is  not  an  end  in  itself  but  only  one 
of  the  parameters  that  enter  into  the  calculations  of  the 
motion  of  the  airplane,  its  mean-square  intensity  is  of  little 
practical  significance;  its  spectrum  is  the  quantity  needed 
in  further  calculations.  However,  if  the  mean-square 
intensity  is  wanted  for  any  reason  it  can  be  obtained  by 


and,  in  view  of  the  observation  that  much  of  the  turbulent 
energy  is  contained  in  a region  for  which  the  span  has  a very 
small  effect  on  the  (normalized)  spectrum,  this  equation 
should  serve  to  furnish  an  approximation  to  the  mean- 
square  lift  for  nonvanishing  span,  provided  w/  is  used 
instead  of  w2.  However,  the  mean-square  values  of  the 
derivatives  of  the  lift  cannot  be  calculated  in  this  simple 
manner,  because  the  deviation  of  the  normalized  averaged 
spectrum  from  the  point  spectrum  at  high  frequencies  cannot 
be  ignored  in  calculating  the  moments  of  the  lift  spectrum. 

MEAN-SQUARE  LIFT  OF  THE  SWEPT  WING 

For  the  yawed  or  sideslipping  unswept  wing,  equations 
(10)  and  (14)  for  the  lift-correlation  function  and  spectrum 
are  still  valid  if  an  appropriate  lift-influence  function  is  used, 
and  if  the  correlation  function  for  the  averaged  turbulence 
is  defined  by 

i rb  cos  A __ 

iwe(UT)=^  cog  - r(,)  fwUfPr+y  tan  A)2+ij2)  di) 

where  T(ij)  now  pertains  to  a lift-distribution  function 
7 (y)  which  is  appropriate  for  yawed  motion  and  is  defined  for 

— cos  A ^ y ^ — cos  A.  The  mean-square  averaged  intensity 

of  the  vertical  component  of  turbulence  is  then 


^=r-L r r A 

b cos  A Jo  \cos  A/ 

Jo  r^/cos  ^ 


where  rj'  = Thus,  this  mean-square  intensity  is  un- 

affected by  the  yawing  process,  except  for  the  slight  change 
which  results  from  the  change  in  r(r?),  although  the  spectral 
resolution  of  the  averaged  intensity  changes  in  the  process. 


For  the  swept  wing  both  y2— Vi  and  |y2|—  \yt\  occur  in  the  integral,  so  that  the  reduction  of  the  double  integral  for 
Pwe(Ur)  to  a single  integral  (see  eq.  (11))  cannot  be  affected  so  simply.  The  double  integral  for  the  swept  wing  is 

\M£/r)  = -0  7(2/1)  7(2/2)  **(V[UT+(|jfe'-ly,!)  tan  A]2+(y2-y,)2)  dy2  (21) 

e 0 J - 5/2J  -6/2 


52G597 — 00 11 
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From  this  integral,  by  using  rectangular  lift  distributions 
and  the  aforementioned  point  correlation  function,  the  mean 
square  of  the  averaged  turbulence  as  well  as  the  corresponding 
correlation  function  and  power  spectrum  have  been  calculated 
by  numerical  integration  for  various  sweep  angles  A,  the 


ratio 


P 

cos  A 


being  maintained  at  0.5. 


(The  decision  to  hold 


rather  than  constant  was  reached  as  a result  of  the 

cos  A 

foregoing  analysis  of  the  yawed  unswept  wing,  which  indi- 
cated that  the  effects  of  sweep  should  be  minimized  in  this 
manner.)  The  results  for  we 2 are  shown  in  figure  1,  and 
the  effect  of  sweep  on  w€2  is  seen  to  be  small  for  this  com- 
parison. The  calculated  correlation  functions  and  spectra 
(normalized  with  respect  to  we2)  are  not  shown  because  they 
agreed  with  those  for  A— 0 within  less  than  1 percent  for 
most  values  of  Ur  and  kf,  respectively. 


MEAN-SQUARE  ROLLING  MOMENT 

In  the  preceding  sections  the  averaging  effect  of  the  span 
has  been  shown  to  consist,  essentially,  in  reducing  the 
effective  intensity  of  the  turbulence  sensed  by  the  wing;  thus, 
it  only  modifies  the  forces  present  on  a wing  of  small  span. 
If  the  analysis  is  extended  to  the  rolling  moment,  however,  a 
new  phenomenon  appears.  When  a wing  is  so  small  relative 
to  the  scale  of  turbulence  that  at  any  instant  all  of  its  points 
experience  the  same  turbulent  velocity,  the  wing  experiences 
no  rolling  moment  as  the  result  of  the  direct  action  of 
turbulence  (although  it  may  experience  a rolling  moment 
indirectly  as  a result  of  the  rolling  and  yawing  motion  caused 
by  the  lateral  component  of  the  turbulence).  On  the  other 
hand,  on  a large  wing  the  different  intensities  of  the  turbu- 
lence at  different  points  on  the  span  give  rise  directly  to  a 
net  rolling  moment,  which  then  results  in  rolling  motion. 
In  this  section  the  mean-square  value  of  this  moment  is 
calculated. 

At  any  instant  t the  rolling  moment  L'{t)  can  be  written 
in  the  same  form  as  the  lift  L(t)  in  equation  (4) ; however, 
according  to  the  previously  mentioned  reciprocity  theorem, 
the  lift-influence  function  h(t,y)  is  now  the  lift  distribution 
for  an  indicial  roll  with  unit  helix  angle  at  the  wing  tip.  If 
the  assumption  of  invariance  of  this  distribution  with  time 
is  made,  as  for  the  symmetric  case  (see  eq.  (5)),  then  the 
required  lift-influence  function  can  be  written  as 


where 


h'{t)  = 


Clp(t)qSb 
2U  9 


and  where  the  steady-state  lift 


distribution  y'(y ) =^77  now  pertains  to  a unit  linear  anti- 

CL/i 

symmetric  angle  of  attack. 

The  correlation  function  for  the  moment  can  then  be 
written  as 


ft'(T) 


h'  (t2)'l'we'(U(T-)-tl~  t2))(ltldt2 


(22) 


where 

1 rt>f 2 r 6/2  . , 

*..'(Pt)=±  7'  (y.)  7'  (y?)tMUh*+  (y2~yl)i)dylcly2 

0 J-&/2J-6/2 

X*  r'  00*.  (23) 

where,  in  turn,  in  analogy  with  equation  (12), 

O rib/  2)-„ 

r'0?)=T  y'(y)y'(y+v)dy 

0 J-b/2 


Hence,  the  second  and  third  approaches  indicated  in  the 
section  concerned  with  the  mean-square  lift  (see  eqs.  (15) 
and  (16))  can  be  used  to  obtain 


1 Cb 

r'O?) £«(<■>, 


n)dn 


(24) 


and 


*“(VG0  +x2)|f 


'(\)\2d\ 


where 


«,  i rb/ 2 

r'(X)=r  y'(y)e~avdy 
0 J-b/2 


and 


(«)  =(^f^)W)  I V».'  M (25) 


so  that  the  mean-square  rolling  moment  can  be  obtained  by 
integrating  this  spectrum. 

A qualitative  indication  of  the  effect  of  span  on  the  mean- 
square  rolling  moment  sensed  by  an  airplane  may  be  obtained 
from  the  quantity  ^*v(0),  which  represents  the  integral  ol 

the  spectrum  <Pwe'.  For  a linear  loading,  Y/  = 6^-  and 


f /(X)=6i 


Hence,  using  the  aforementioned  expression  for  the  poinl 
correlation  function  yields 


<Pw, 


/(co) 


WvTFr  {[-32+2<3,2+  (i6/r2+<3'4)g0(/m 

(32^'  + 6)3,3)iiC1(/3,)]+*,2[32-6/3,2-16)3,2ii:0(l8')- 

(32^'  + 2^'3)K1(^,)+^3iiCio(/3')] } 


where 
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and 


^e'(0)=^[|-6+e-^6+6/3+3^+|/33)] 

This  spectrum  and  its  integral  approach  zero  linearly  as  j8 
tends  to  zero. 


from  elementary  definitions  and  from  the  aforementioned 
reciprocity  theorem: 


. n 1 Cbn  cci  , 
q rb/2 

=—  ■YfiCy)  a(y)  dy 
0 J-bf  2 


GENERALIZED  AERODYNAMIC  INFLUENCE  FUNCTIONS  IN 
UNSTEADY  FLOW 

The  aerodynamic  influence  functions  used  in  the  preceding 
sections  define  the  contribution  of  a given  station  of  a wing 
to  the  total  lift  and  rolling  moment.  In  the  analysis  of  a 
flexible  wing,  and  even  in  the  calculation  of  certain  properties 
of  a rigid  wing,  generalized  aerodynamic  influence  functions 
are  required,  which  define  the  contribution  of  one  station  on 
the  wing  to  the  lift  at  another  station  and  thus  represent  a 
Green’s  function  for  the  unsteady  span  wise  lift  distribution. 
No  work  appears  to  have  been  done  on  such  functions.  For 
steady  flow,  apart  from  some  calculations  for  supersonic 
speeds  which  are  based  on  the  subdivision  of  a given  wing 
into  a number  of  squares,  the  only  available  results  appear 
to  be  those  given  in  references  9 and  10. 

The  anal}7 sis  in  this  section  is  based  on  reference  8 and 
consists  in  a generalization  of  the  method  presented  therein 
to  unsteady  flow.  This  method  constitutes  an  attempt  to 
predict  the  lift  distribution  for  any  given  twist  on  the  basis 
of  knowledge  concerning  a few  definite  angle-of-attack  dis- 
tributions, and  may  therefore  be  termed  a function-interpo- 
lation method.  For  the  present  purpose,  the  presumably 
known  lift  distributions  are  the  ones  for  uniform  angle  of 
attack  in  direct  and  reverse  flow  in  a dimensionless  form, 
namely,  ccJcOL)  they  will  be  referred  to  as  yD(y)  and  y R(y), 
respectively.  (The  function  y(y)  used  previously  is  the  one 
now  designated  by  y R(y).)  Also  required  is  the  coefficient 
of  damping  in  roll  C%  . (The  lift-curve  slope  and  the  coeffi- 
cient of  damping  in  roll  are  the  same  in  direct  and  reverse 
flow  by  virtue  of  the  reciprocity  theorem,  so  that  no  distinc- 
tion will  be  made.) 

The  approach  of  reference  9 then  yields  the  following 
approximate  expression  for  the  lift  distribution  due  to  any 
angle-of-attack  distribution: 

f =CLa{a  yD{y)  + K[a(y)-a]  lR(y) } (26) 


l f 0/2  l rb/2 

T yo(y)  dy=T  y R(y)  dy=] 

°J-bf  2 VJ-bf  2 


Ci  r 
” &2J-6/2  \ C 


V 

'bi  2 


y dy 


With  the  aid  of  these  relations  the  lift  distributions  given 
by  equation  (26)  may  readily  be  seen  to  have  the  correct 
lift  and  rolling  moment  for  all  angle-of-attack  distributions, 
and  to  reduce  to  the  exact  lift  distributions  for  angle-of- 
attack  distributions  which  vary  linearly  along  the  span.  A 
lift  distribution  which  possesses  these  properties  could  readily 
be  obtained  by  approximating  any  given  angle-of-attack 
distribution  by  a suitably  chosen  linear  one.  However,  this 
procedure  would  yield  poorer  approximations  than  the  ones 
furnished  by  equation  (26);  for  a parabolic  angle-of-attack 
distribution  on  a wing  of  very  small  aspect  ratio,  for  instance, 
this  procedure  would  yield  the  lift  distribution 

^=4  I]  ( y Y 

« 2 V vw 

with  a bending  moment  too  low  by  17  percent  compared 
with  the  one  of  the  exact  lift  distribution, 

whereas  equation  (26)  yields 

with  a bending  moment  8 percent  too  high.  For  very  large 
aspect  ratios,  yD  and  yR  both  tend  to  the  chord  distribution 
c/c,  so  that  the  lift  distributions  given  by  equation  (26)  tend 
to  the  correct  limiting  value, 


where 


- 1 Cbn 


Vit(y)  a(y ) dy 


C, 


b3 

rb/2 

a4Jo  7R^y2(ly 


(27) 


Values  of  K may  be  obtained  from  the  information  given  in 
references  9 and  10.  As  the  aspect  ratio  tends  to  zero,  K 
approaches  % whereas  for  aspect  ratios  approaching  in- 
finity, K tends  to  1.  The  following  relations  can  be  obtained 


(fL.=ft4“  <28) 

Therefore  the  accuracy  of  the  results  furnished  by  equation 
(26)  may  be  expected  to  increase  as  the  aspect  ratio  increases, 
whereas  the  accuracy  of  the  other  approximation  is  inde- 
pendent of  aspect  ratio. 

In  this  connection,  it  may  be  mentioned  that  “strip  theory” 
consists  in  using  equation  (28)  for  all  aspect  ratios  and,  hence, 
is  not  very  satisfactory  for  wings  with  medium  and  low  aspect 
ratios.  For  instance,  for  the  case  discussed  in  the  preceding 
paragraph,  it  furnishes  a bending  moment  which  is  too  low 
by  25  percent  for  a delta  wing,  and  too  high  by  25  to  100 
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percent  for  tapered  wings.  (The  two  figures  pertain  to  taper 
ratios  of  ){  and  1,  respectively.) 

Substituting  the  value  for  « from  equation  (27)  into  equa- 
tion (26)  gives  the  following  expression  for  cct/c: 

{ [yD(y)-KyR(y)+bK8(y-v)]  y*(v)  }«(„)  dr, 

c o J-b/2 

The  expression  in  braces  in  the  integrand  is  the  deshed  gen- 
eralized aerodynamic  influence  function  and  will  be  desig- 
nated by  G(y,ri),  so  that 

G(y,rj)==[7D(y)—K  V R(y)+bK  5(y—T})]  yR(v)  (29) 

and 

CL  r*/2 

G(y}rj)  ot(rj)  dy)  (30) 

C 0 *7—6/2 

In  the  limiting  cases  of  wings  of  very  low  or  very  high 
aspect  ratio,  yD  and  yR  approach  a common  value,  say  y . 
Thus,  for  wings  of  very  low  aspect  ratio, 

5(y — »7)]  ,v(»;)  (31a) 

where  5 is  the  Dirac  delta  (unit-impulse)  function,  and  for 
wings  of  very  highaspect  ratio, 

■ G{y,ri)=b  b(y—  y)  7(g) (31b) 


which  is  the  Green's  function  associated  with  strip  theory. 
Thus,  on  wings  of  very  high  aspect  ratio  all  the  lift  produced 
by  the  local  angle  of  attack  at  a given  station  is  carried  in  the 
immediate  vicinity  of  that  station,  whereas  on  wings  of  very 
low  aspect  ratio  much  of  the  lift  is  carried  elsewhere.  This 
tendency  for  a given  station  to  affect  a greater  portion  of  the 
wing  as  the  span  decreases  is,  of  course,  to  be  expected. 

The  preceding  analysis  can  be  applied  to  the  oscillatory 
case  at  a given  reduced  frequency  k , as  well  as  to  the  steady 
case.  If  the  assumption  of  invariance  of  normalized  distri- 
butions with  time  or  frequency  is  made,  as  before,  then 
y D(y),  y n(y),  and  K are  independent  of  frequency,  so  that 
equation  (30)  can  be  written  as 

CL  Ck)qS  Chl 2 

Ky,k)= — — J yG(y>v)<x(v)<lv  (32a) 

where  G(y,ri),  defined  as  before,  is  independent  of  k.  By 
applying  a Fourier  transformation  to  both  sides  of  this  equa- 
tion the  following  relation  is  then  obtained  for  flight  through 
continuously  varying  turbulence  (cf.  eq.  (4)),  as  modified  by 
the  assumption  stated  in  equation  (5) : 

i Cm  l Cb/2 

^6(y,Ti)w(U(t—ti),rt)dr}  (32b) 

where  l(y,t)  is  the  lift  per  unit  span  at  station  y and  time  t} 
and  where  the  function  hL(t)  is  the  one  used  previously. 


The  correlation  function  for  this  lift  can  then  be  written  as 

J*  hL(ti)hL(t2)dtldt2-^  j ^ j ^G(y}rji)G(yfT]2)^wWU2(T+ti—t2)2+(v2^Vi)tl)dvxdrj2 

=-^J'  j hL(tl)hL(t2)dtxdt2\l>u,'(U(T+t.,—t2),y)  (33a) 


where  the  function 

Vi)2)dvidv2 


represents  an  effective  correlation  function,  which  when  trans- 
formed into  the  equivalent  power  spectrum  <pWt  (u,y)  can  be 
used  to  obtain  the  power  spectrum  for  l(y,t)  and  hence  its 
mean-square  value.  Thus 

*«„(«)=£  (33b) 

Before  the  calculation  of  <pte€(<a,y)  is  discussed,  the  function 
\pWt(UT,y)  will  be  defined  in  a somewhat  more  general  form 
than  in  the  preceding  paragraph  in  order  to  anticipate  future 
needs,  namely 

'l'wt(UT,yx,y2) 

= ~ f ( G{yuv\)  G(y2,r)2)  ^w(-\(U2T2+(v2—Vi)2)dvi  d v2 

0 J-  6/2,7  -6/2 

If  the  assumption  is  now  made  tha't  yR(y)  and  y D(y)  are  the 


same,  as  is  the  case  for  all  unswept  wings  and  for  wings  of 
very  low  or  very  high  aspect  ratio,  they  can  both  be  identi- 
fied with  the  function  y(y)  used  previously,  so  that 

£(3M)  = [(  1—K)  y(y)+bKd(y—vi)]  y(v)  (34) 

and 

\ Pw(  (Ur,yuy2)=  { (l—K)24'w/0\)+K(l—K)[^We*(UT)yl)  + 

ifv  (PT>V*)] +#Vi*(V?7V+  (y2—yi)*) } 7(^) 

where  We(Ur ) is  the  correlation  function  calculated  pre- 
viously for  the  averaged  vertical  component  of  turbulence, 
and  where 

i rbft  

(C/’T,y)  = jJ  y(v)  'PwWUV+iy—ri)2)  dr] 
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Similarly,  then, 

^we*(^y2)]+K2^(o)}y2—yi)  }y(yi)y(y2)  (35) 
where  <Pu>e*(o),y)  is  the  Fourier  transform  of  'l'we*(Ur,y))  so  that 


equation  (35)  by  setting  y2=yl=y  in  the  latter,  to  yield 

v?w€(w)  = [(l—  K)2ipWe{o})  +2K(1  — K)<pWe*(u,y)-{- 

K><pw{<*)]y\y)  (37) 

MEAN-SQUARE  BENDING  AND  PITCHING  MOMENTS 


1 Cbn 

<pu,e* (u,y) = j J _ y(v)<Pw (u, \y— v I )dy 


(36) 


and  thus  represents  an  averaged  form  of  the  spectrum  <pw 
introduced  previously.  (See  eqs.  (16)  and  (19).)  For  uni- 
form spanwise  loading  and  the  point  correlation  function 
used  previously,  this  function  is 


<Pw*(o),y)-- 


where 


L*w2  1 


1 


{ 3k/2[Ki0(ai)  +Ki0(a2)  — 


ttU  p (1 +k'2)* 

aiK0(ai)—a2Ko(a2)]  + [a^K^  (a\)+a22Kx  (a2)] } 


2 ±y 

aua2=~jj-^fl+Ic'2 

and  is  shown  in  figure  4 for  several  values  of  j 

The  more  restricted  form  of  (pWt  required  in  equation  (33b) 
can  now  be  obtained  from  the  more  general  form  given  in 


When  the  variation  of  the  gust  intensity  along  the  span  is 
taken  into  account,  the  mean-square  lift  L 2 is  not  an  ade- 
quate index  of  the  stresses  in  the  wing,  nor  can  the  stresses 
be  obtained  from  the  mean-square  lift  distribution  l2(y)- 
Instead,  the  mean-square  bending  and  twisting  moments,  as 
well  as  the  mean-square  vertical  shear,  must  be  calculated 
directly. 

In  a manner  analogous  to  that  employed  for  the  lift  and 
rolling  moment,  each  of  these  quantities  can  be  expressed  in 
terms  of  a certain  influence  function  which,  by  means  of 
the  reciprocity  theorem,  can  be  related  to  a lift  distribution 
on  the  wing  in  reverse  flow.  For  instance,  for  the  root 
bending  moment  the  desired  lift  distribution  is  the  one  for 
an  angle  of  attack  which  is  zero  on  one  wing  and  proportional 
to  y on  the  other,  as  may  be  seen  from  the  fact  that  the  bend- 
ing moment  can  be  expressed  as 

J’6/2 
-6/2 


where 

%)  = 0 (?/<0) 

f(y)=y  (2/^0) 

so  that,  according  to  the  reciprocity  theory  for  unswept 
wings  in  steady  or  indicial  flow, 

Jo/  2 

U(y)b(vMy)dy 

-6/2 

Similarly,  for  the  root  shear  the  required  lift  distribution 
corresponds  to  an  angle  of  attack  which  is  zero  on  one  wing 
and  uniform  on  the  other. 

Such  lift  distributions  can  be  calculated  readily.  For 
instance,  for  subsonic  flow  and  unswept  wings  they  can  be 
obtained  from  those  given  in  reference  10;  the  lift  distribu- 
tion for  the  root  bending  moment  is  one-half  the  sum  of  a 
linear  symmetric  and  linear  antisymmetric  lift  distribution, 
and  the  lift  distribution  for  the  root  shear  is  one-half  the 
sum  of  a lift  distribution  due  to  a uniform  angle  of  attack 
and  a lift  distribution  due  to  deflection  of  a full-span  aileron. 

However,  in  some  cases  such  calculations  may  be  time- 
consuming,  and  an  alternative  approach  may  be  desirable. 
One  such  approach  consists  in  synthesizing  the  desired  influ- 
ence function  from  the  generalized  lift-influence  (Green’s) 
function  discussed  in  the  preceding  section.  In  order  to 
illustrate  the  use  of  this  approach,  it  is  adopted  in  this  section. 

The  bending  moment  at  any  station  and  at 
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any  time  t can  be  obtained  from  the  lift  distribution  considered  in  the  preceding  section  as 


rm 

MB(y,t)=J * ( y'-y)l(y',t)dy ' 

i ran  r «.  i rm 

~bj  W~y)dy'j  ^G(i/,ri)w(U(t—ti),ii)dv 

=6j  M(yfri)w(U(t—ti)9ri)dri  (38) 

where  the  influence  function  for  the  bending  moment  is 

J (: y'-y)G(y',y)dy ' (39a) 

so  that,  upon  introducing  the  previously  used  function  for  G(y}r)) 

= [(1 — jfiO  Af!  (y)  +-K2Wf2(y,n)]  T(n)  (39b) 

where 

1 f 6/2 

M,  (?/)  =£  J (y'—y)y(y')  dy’ 

M2(y,y)=y—y  (y>y) 

Mo(y,ri)=0  (v^y) 

and,  lienee,  for  the  root  bending  moment, 

i r»n 

M,(0)=jj^  y'y(y')dy' 

M2(  Q,v)  = v (>j>0) 

Mt(0,n)=0  (u^O) 

Hence,  the  correlation  function  for  the  root  bending  moment  is 

i r6/ 2 r&/2 

^/b(T)=J^J  J ^J(l“i^02M12(?/)+^(l“^)Mi(O)[M2(O,??i)  + 

M2(0,7?2)]+i^2M2(0;?71)M2(0)772)}7(^t)7(?72)^(V^2(^  + ^i  — ^2)2+(»72“’7i)2)^i^2  (40) 

The  approach  used  in  the  preceding  sections  can  now  be  used 
to  obtain  the  power  spectrum  of  the  root  bending  moment 
by  evaluating  the  inner  pair  of  integrals  of  equation  (40), 
taking  the  Fourier  transform  of  the  result  with  respect  to 
t,  and  multiplying  the  power  spectrum  obtained  in  this 

(C  oS\ 2 

j ]<£(&)  |2  or  by  using  one  of  the  alternative 

approaches  indicated  for  the  lift. 

The  spectrum  corresponding  to  the  inner  pair  of  integrals 
is,,  for  K—  1 and  uniform  loading, 

^"("):=7rt//34(1+*'2)4{[(_G4+2/3,2)+8/5'2^o(|-)+ 

8p'2K0  (|)-  (32/3' -(3'3)K<  (£)]  | 
where  P' ^P^Jl+k'2,  as  before. 


(32/3' +/3 (y)]+*'2  [/3'3A%(|)+ (64-6/3+ 


The  integral  of  this  spectrum  is 

(0)  =^4  [(-24+£)+«-*«(24+ 12/3+  3/32)] 

Examination  of  $We"( 0)  indicates  that,  although  the  mean- 
square  bending  moment  tends  to  decrease  as  the  span  in- 
creases, it  decreases  less  rapidly  than  the  mean-square  lift, 
with  the  result  that  the  effective  lateral  center  of  pressure 
moves  outboard.  Quantitatively,  the  distance  from  the 
plane  of  symmetry  to  the  effective  lateral  center  of  pressure 
can  be  defined  as  the  square  root  of  the  ratio  of  the  mean- 
square  root  bending  moment  to  the  mean  square  of  the  lift 
on  one  wing,  that  is,  of  the  root  shear.  Although  these  mean 
squares  have  not  been  calculated,  the  square  root  of  the 
ratio  of  ^"(O)  to  the  corresponding  value  for  the  root  shear 
increases  by  15.5  percent  as  j8  increases  from  0 to  infinity, 
with  much  of  the  increase  realized  at  fairly  small  values  of  /3. 

For  a swept  wing  the  variation  of  the  gust  intensity  along 
the  span  results  in  a pitching  moment  which  must  be  taken 
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into  account  in  calculations  of  the  dynamic  response  of  the 
airplane  to  continuous  turbulence.  This  pitching  moment 
can  be  obtained  in  substantially  the  same  manner  as  the 
bending  moment.  Thus,  if  y is  the  station  of  the  mean  aero- 
dynamic chord, 

J6/2  _ 

(y— \y\)i(y,t)dy 

-6/2 

1 f 00  rb/2 

= tanAjJ  hL(t{)dtij  Mz(rj)w(U(t—ti)jv)dv  (41) 
where 

i rt>/2 

M3(i?)=t  (y—\y\)G(y,y)dy 

0J-D/2 

so  that,  with  the  previously  used  approximation  to  the 
Green’s  function, 

M3  (,)  = { (1  -K)  [y— 2Mi(0)]  +K{y- \v\)  bO?) 

The  correlation  function,  spectrum,  and  mean-square  value 
of  the  pitching  moment  can  then  be  obtained  in  the  manner 
used  in  the  preceding  sections. 

WING-TAIL  CORRELATION  EFFECTS 

The  tail  strikes  a given  gust  some  time  after  the  wing  does; 
as  a result,  a pitching  moment  arises  which  does  not  exist  in 
steady  or  quasi-steady  motion,  nor  if  the  airplane  is  veiy 
small,  because  then  the  time  lag  is  insignificant.  This  pitch- 
ing moment  can,  for  the  purpose  of  the  present  paper,  be 
analyzed  either  in  terms  of  the  correlation  between  the  gusts 
at  the  wing  and  those  at  the  tail  or,  if  a time-lag  term  is 
included  in  the  indicial-response  function  of  the  tail,  in  terms 
of  the  correlation  between  the  wing  and  tail  response  func- 
tions. The  first  point  of  view  serves  to  exhibit  the  effect 
under  consideration  more  clearly  and  is  adopted  first;  the 
second  is  more  convenient  and  is  adopted  in  the  subsequent 
parts  of  this  report. 

In  the  somewhat  artificial  case  of  a small  wing  and  tail 
separated  by  a relatively  large  distance,  only  the  distribution 
of  turbulence  along  a line  (the  flight  path)  rather  than  in  a 
portion  of  a plane  is  needed.  The  pitching  moment  due  to 
the  vertical  component  of  atmospheric  turbulence  can  then 
be  written  as 

M(t)  = f ha(ti)v>(U(t--ti))dtl+  ( ht(ti)w(xt+U(t— 

J — » J - 00 

where  xt  is  the  tail  length,  and  where  hw(t)  and  ht(t)  are  the 
pitching-moment  responses  to  indicial  gusts  hitting  the 
wing  and  tail,  respectively,  at  0;  both  may  include  un- 
steady-lift effects,  and,  if  downwasli  effects  are  to  be  con- 
sidered, hw(t)  should  include  the  contribution  to  the  pitching 
moment  of  the  tail  lift  caused  by  the  downwash  at  the  tail 
associated  with  the  lift  on  the  wing  which  results  from  the 
indicial  gust. 

The  spectrum  of  this  moment  can  then  be  written  as 

*„(«)  =[|ff.(«) +H,(<o)|2-2r{(i 


where  the  symbols  R{ } and  * designate,  respectively,  the  real 
part  and  the  complex  conjugate  of  a complex  number. 
Obviously,  when  xt  approaches  0 the  second  term  in  the 
bracket  in  this  equation  vanishes,  so  that  the  first  term  repre- 
sents the  perfect-correlation  effect,  and  the  second  represents 
the  correction  for  imperfect  correlation. 

In  order  to  furnish  an  estimate  of  the  magnitude  of  the 
effects  under  consideration,  some  calculations  have  been 
made  on  the  basis  of  the  assumption  that  a real  coefficient  p 
exists  such  that 


Hu,(o>)=txHl(cS) 

which  implies  that  the  attenuation  with  frequency  of  the 
contributions  of  the  wing  lift  and  tail  lift,  respectively,  to 
the  pitching  moment  is  the  same.  The  ratio  /x  is  — 1 for 
neutral  stability,  and  — 1 for  stable  flight;  it  is  positive 
when  the  aerodynamic-center  location  (tail  off)  is  behind 
the  center  of  gravity,  so  that  positive  values  of  /x  are  not 
likely  to  be  incurred  with  normal  configurations  and  flight 
conditions. 

For  this  case, 

**(«)  = |2  [(1+m)2-2m(i-  cos  ^)] *„(«) 


and 


M- 


(M2) 


{tail  alone ) 


=(i+m)2 


Mr--!) 


where 


J#V«(«)|V»(«)(l-COs|tya 

|H|(w)|Vio(w)dw 


The  function  \I>  has  been  calculated  for  several  values  of  its 
arguments  by  means  of  the  lift-attenuation  function  given 
in  equation  (7)  and  the  point  spectrum  used  in  the  pre- 
ceding sections,  and  is  shown  in  figure  5.  Also  shown  is  the 
ratio  of  the  mean-square  moments  as  a function  of  the 
factor  p which  in  figure  5 is  referred  to  as  Mw/Mt.  The  effect 
of  imperfect  correlation  is  seen  to  be  very  large  as  the  con- 
dition of  neutral  stability  is  approached;  the  entire  pitching 
moment  is  then  the  result  of  instantaneous  differences  in 
gust  intensities  at  the  wing  and  tail. 

In  general,  however,  the  tail  length  and  the  span  are  of  the 
same  order  of  magnitude,  so  that  an  analysis  of  the  effect  of 
imperfect  correlation  between  the  wing  and  tail  must  take 
into  account  the  averaging  effect  of  the  wing  span.  The 
pitching  moment  at  any  instant  is  then 


i p rbjz 

M(0=jJ  hw(ti)dti  j 7(y)  w(U(t— ti),y)dy+ 

J (42a) 
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Figure  5. — Effect  of  tail  length  xt  on  the  mean-square  pitching 
moment. 


Hence,  the  power  spectrum  of  this  moment  is 

aJ<^(w)i7w*(w)^^e*(co,0)  (42b) 

where  ^tte(w)  is  the  averaged  spectrum  of  equations  (11) 
and  (13),  and  ^e*(o>, 0)  is  the  spectrum  of  equation  (36)  for 
y= 0.  (It  should  be  noted  that  ht(f)  is  the  response  to  an 
judicial  response  which  strikes  the  tail  at  ^=0;  if  it  were  the 
indicial  response  to  a gust  which  strikes  the  wing  at  tf=0, 

i~xt 

the  factor  e u ‘ in  the  preceding  equation  would  not  be 
required.) 

DYNAMICS  OF  THE  RIGID  AIRPLANE 

In  this  part  of  the  report  the  motions  of  a rigid  airplane 
subjected  to  atmospheric  disturbances  are  considered.  This 
part  thus  applies  directly  to  those  airplanes  which  fly  at 
relatively  low  speeds  and  do  not  experience  any  significant 
structural  deformations,  and  also  serves  as  a preliminary  to 
the  treatment  of  the  flexible  airplane  in  the  later  parts. 

The  assumption  is  made  that  the  motions  are  small  enough 
to  permit  the  use  of  linear  approximations  to  the  resulting 


aerodynamic  forces  and  to  permit  the  linear  superposition 
of  these  forces.  The  longitudinal  degrees  of  freedom 
(pitching,  vertical,  and  horizontal  motion)  and  the  lateral 
degrees  of  freedom  tyaw,  sideslip,  and  roll)  can  therefore 
be  considered  separately.  The  first  two  sections  of  this 
part  are  concerned  with  the  longitudinal  motions  of  a small 
airplane.  The  material  presented  here  is  thus  a generaliza- 
tion of  the  single-degree-of-freedom  analysis  presented  in 
reference  2.  Mathematically,  the  dynamic  system  is  now 
described  by  a set  of  simultaneous  ordinary  differential 
equations  rather  than  a single  one,  but  the  problem  of  calcu- 
lating the  pertinent  transfer  functions  is  still  one  of  simple 
algebra.  The  extension  of  these  results  to  the  large  airplane 
is  effected  in  the  third  section,  using  the  techniques  developed 
in  the  first  part  of  this  report.  The  lateral  motions  of  a 
large  airplane  are  considered  briefly  in  the  fourth  section, 
and  the  combination  of  the  stresses  due  to  longitudinal 
and  lateral  motion  of  a large  airplane  is  discussed  in  the 
fifth  section. 

EQUATIONS  OF  LONGITUDINAL  MOTION 

The  equations  of  motion  of  an  airplane  can  be  expressed 
in  several  coordinate  systems.  The  system  which  is  gen- 
erally the  most  convenient  one  for  analyses  of  airplane 
stability  and  is  generally  referred  to  as  stability  axes,  con- 
sists of  body-centered  axes  which  are  normal  and  parallel 
to  the  relative  air  velocity  and  rotate  with  the  airplane  as  it 
pitches  or  yaws.  (See  ref.  11,  for  instance.)  The  aero- 
dynamic forces  related  to  this  axis  system  can  be  measured 
more  readily  in  wind  tunnels  than  those  related  to  other 
axis  systems.  In  view  of  the  very  close  relation  of  a stability 
analysis  to  the  problem  considered  here,  these  axes  will  be 
used  in  this  part  of  the  paper,  but  in  the  analysis  of  the  flexible 
airplane  in  the  subsequent  parts  of  the  report  space-centered 
axes  will  be  used,  because  they  are  slightly  more  convenient 
for  that  purpose. 

The  ahplane  will  be  considered  to  be  in  steady  level  flight 
prior  to  disturbance.  The  motions  studied  will  be  the  de- 
viations from  their  mean  values;  for  instance,  the  angle  0 con- 
sidered here  will  be  the  difference  between  the  disturbed  and 
the  initial  value  of  the  angle  of  pitch.  Hence,  the  motions 
and  forces  calculated  by  the  method  indicated  here  must  be 
added  to  then-  mean  values  to  obtain  the  total  motions  and 
forces. 

Inasmuch  as,  for  the  purpose  of  a statistical  analysis,  the 
djmamic  characteristics  of  the  airplane  are  represented  most 
conveniently  by  its  transfer  functions,  attention  will  be 
confined  in  this  section  to  sinusoidal  gusts  and  motions. 

For  this  case  the  linearized  equations  of  longitudinal 
motion  can  be  written  as  follows  (see  eqs.  11-193  of  ref.  11, 
for  instance) : 
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The  stability  derivatives  which  appear  in  these  equations 
are  defined  in  table  1 in  terms  of  conventional  aerodynamic 
coefficients,  and  the  numerical  values  are  given  for  the  ex- 
ample used  in  reference  11.  (The  value  of  the  mean  chord 
is  not  given  in  ref.  11  but  it  is  assumed  herein  to  be  10  feet 
on  the  basis  of  other  information  given  in  ref.  11.) 

In  analyses  of  the  stability  of  a rigid  airplane  the  quasi- 
steady approximation  to  unsteady-lift  effects  is  usually  made, 
in  which,  in  effect,  the  forces  corresponding  to  a steady 
attitude,  to  constant  disturbance  velocities,  and  to  constant 
accelerations  are  considered.  This  approximation  is  justified 
because  the  motions  of  concern  are  generally  sufficient^7 
slow.  For  the  same  reason  this  approximation  can  also  be 
made  in  analyzing  the  response  of  an  airplane  to  atmospheric 
turbulence. 

However,  in  this  problem  another  type  of  unsteady-lift 
effect  occurs,  namely,  that  related  to  the  forces  directly 
attributable  to  the  turbulence.  This  effect  is  here  taken 
into  account  by  multiplying  the  quasi-steady  values  of  the 
forces  due  to  gusts  on  the  right  side  of  equation  (43)  by  the 
attenuation  function  <t>(k).  This  procedure  implies  the 
assumption  that  the  airplane  is  small  relative  to  the  scale 
of  turbulence,  inasmuch  as  no  averaging  effects  have  been 
taken  into  account;  these  effects  will  be  discussed  presently. 
Also,  this  attenuation  function  is  strictly  applicable  only  to 
the  normal  forces. 

The  unstead}7  effects  on  the  drag  are  not  known  because 
of  the  relatively  complicated  nature  of  the  mechanism  which 
gives  rise  to  drag.  If,  however,  the  assumption  is  made  that 
upon  entry  into  a sharp-edge  gust  the  drag  rises  linearly  and 
attains  its  steady-state  value  in  the  time  required  to  travel 


TABLE  1.— DEFINITIONS  AND  NUMERICAL  VALUES  OF 
STABILITY  DERIVATIVES 


Derivative 

Definition 

Numerical  value  for 
the  example 

-£kc,-«+Co) 

-1.  430 

-0.  0955 
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~jj(C<-Cr,a) 

0.  0016 

A'u 

_l^(Co»+Ct>) 
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Mu, 

gSc  n 
[ Tj™0 

1 vvu 
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Mi 

qSc1  c 
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Mu 
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2 lyylJ 

-1.  920 

W,  lb_ 30,500 
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c,  ft 10 
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A7  chord  lengths,  the  drag  equivalent  of  \<j>(k)\2  is  the  function 

1—  cos  2JV& 

2N2k2 

which,  for  A7  equal  to  about  5 or  6,  agrees  fairly  well  with 
\m\2  in  the  region  of  main  interest  (k^>  1). 

The  unsteady  moment  is  also  difficult  to  predict  because  of 
the  paucity  of  knowledge  concerning  unsteady  downwash 
effects  for  wings  of  finite  span.  However,  inasmuch  as  the 
wing  lift  contributes  part  of  the  moment  and,  through  the 
mechanism  of  downwash,  determines  to  a large  extent  the 
moment  contributed  by  the  tail,  the  use  of  the  lift  attenua- 
tion function  for  the  moment  appears  reasonable  for  a first 
approximation,  and  the  use  of  the  same  function  for  the  lift, 
drag,  and  moment  facilitates  the  analysis. 

For  a more  refined  analysis,  the  time  lag  between  the 
instants  at  which  the  gust  hits  the  wing  and  the  tail  must  be 
taken  into  account,  not  only  for  large  airplanes,  but  even  for 
small  airplanes  if  phusroid  motions  are  important.  (See  ref. 
12.)  Also,  the  lag  in  downwash  should  be  taken  into 
account  for  large  airplanes  and  possibly  also  for  small  air- 
planes in  some  cases.  One  way  of  achieving  this  result  is 
indicated  in  the  next  part  of  the  present  paper;  another  is 
discussed  in  reference  12. 

In  equation  (43)  the  unknown  quantities  wp  and  up  are 
the  normal  and  axial  components  of  the  disturbance  velocities 
of  the  airplane  relative  to  the  free  stream.  Inasmuch  as  the 
coordinate  axes  rotate  during  the  motion,  the  time  deriva- 
tives of  these  quantities  do  not  represent  the  actual  airplane 
accelerations,  which  are  required  in  analyses  of  the  loads 
experienced  by  the  airplane  and  the  degree  of  passenger 
discomfort.  If  the  deviations  from  a mean  flight  path  are 
assumed  to  be  small,  the  accelerations  normal  and  parallel 
to  the  chord  or  longitudinal  axis  of  the  airplane  are  sub- 
stantially the  same  as  the  absolute  vertical  and  horizontal 
accelerations  z and  x,  which  can  be  obtained  from  the 
relations 

z — — wp -f-  U6 
x=  —up—gd 

The  transfer  functions  for  these  quantities  can  then  be  ob- 
tained by  introducing  these  relations  into  equation  (43). 

In  studies  of  the  longitudinal  stability  of  airplanes,  equa- 
tion (43)  is  rarely  solved  in  the  form  given  here.  It  is 
usually  reduced  to  two  equations  with  two  unknowns, 
either  uv  and  6 (the  phugoid  case)  or  wp  and  6 (the  short- 
period  case),  the  short-period  case  being  usually  the  one  of 
primary  interest.  The  part  of  the  turbulent  energy  con- 
tained in  the  frequency  range  near  the  phugoid  frequency  is 
relatively  small,  so  that  the  phugoid  case  has  no  significance 
for  the  analysis  of  loads  and  accelerations  resulting  from 
atmospheric  turbulence.  Hence,  the  short-period  case, 
which  ignores  the  phugoid  oscillations,  furnishes  an  ex- 
cellent approximation  ..to  the  loads  and  accelerations  asso- 
ciated with  the  longitudinal  motions  of  an  airplane  in  turbu- 
lent air.  However,  another  two-degree-of-freedom  case, 
the  one  involving  wp  and  uP)  is  useful  in  certain  studies  of 
the  effects  related  to  the  interaction  of  horizontal  and  vertical 
components  of  turbulence. 
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Both  of  these  two-degree  cases  can  be  reduced  to  the  single- 
degree-of-freedom  case  involving  only  z (or  wP).  For  air- 
planes which  have  a large  moment  of  inertia  in  pitch  this 
simple  case  furnishes  a good  approximation.  It  has  been 
studied  in  reference  2,  where  substantially  the  same  approxi- 
mations to  the  unsteady-lift  effects  were  made  as  are  made 
here,  except  that  in  reference  2 apparent-mass  effects  were 
included.  (These  effects  are  not  included  in  the  stabilit}^ 
derivatives  used  in  equation  (43)  because  they  are  usually 
small — less  than  1 percent  of  the  mass  of  the  airplane — and 
are  different  for  each  degree  of  freedom.  However,  if 
desired,  the  apparent  mass  pertaining  to  a given  degree  of 
freedom  can  easily  be  added  to  the  airplane  mass  in  calcu- 
lating the  stability  derivatives.)  However,  this  approxima- 
tion is  more  nearly  valid  for  calculating  peak  loads  pursuant 
to  an  entry  into  a sharp-edge  gust  than  for  calculating  the 
response  due  to  random  turbulence.  Consequently,  in  the 
following  sections,  attention  will  be  confined  to  the  short- 
period  case,  although  the  analysis  is  equally  applicable  to 
the  other  case  and  easily  extended  to  the  case  of  three  degrees 
of  freedom. 


SOLUTION  OF  THE  EQUATIONS  OF  LONGITUDINAL  MOTION 

Transfer  functions. — If  the  degree  of  freedom  pertaining 
to  x (or  uP)  is  ignored,  the  solution  of  equation  (43)  can  be 
written  as 


\ej 


(44) 


where  the  transfer  function  H^(co)  is  defined  by 


-A^+B^w+Cg 

— Co 


(45) 


where,  in  turn,  the  coefficients  are  defined  in  terms  of  the 
stability  derivatives  (see  table  1)  by 


except  that  ZW)  ZJ , Mw,  and  MJ  are  replaced  by  Z„,  Z„' , 
Mu,  and  Mu\ 

With  these  transfer  functions  the  mean-square  values  of 
z and  0 can  be  calculated  from  the  spectra  of  w and  u by 
using  equation  (1),  provided  that  the  simultaneous  action 
of  w and  w is  taken  into  account.  In  order  to  analyze  this 
effect  the  vertical  acceleration  z will  be  considered,  but  the 
analysis  will  be  applicable  to  0 or  any  other  characteristic  of 
the  airplane  which  responds  to  w and  u.  Furthermore,  the 
transfer  functions  need  not  be  those  considered  in  equation 
(44),  but  can  be  those  calculated  for  the  three-degree-of- 
freedom  system  or  for  a flexible  airplane. 

Normal-acceleration  spectrum  and  mean-square  value. — 
For  the  present  purpose  the  indicial-response  functions 
h”(t)  and  h“(t),  which  are  the  Fourier  transforms  of  the 
transfer  functions  (see  eq.  (3a)),  are  more  convenient.  In 
terms  of  these  indicial-response  functions, 

z(t)=  f h'!(t1)w(U(t—t1))  dt i+  f h“(ti)  u(U(t  — ti))  dti 

%)  — CO  U — CO 

Then,  if  w(t)  and  u(t)  are  stationary  in  a statistical  sense,  the 
correlation  function  for  z(t)  can  be  mitten  as 

\)  — ■ co  ' oo 


hz(ti)  hz(tz)  iAu(?7(t+£i— £2))  + 
h‘z'(ti)  ^fo«(C/(T+^  — tf2))  + 

hw;(t2)  yptou(U (—r  + ^—Ja))]  dtx  (lt2 

(46) 

where  ^wu(Ut)  is  a cross  correlation  of  w and  u defined  b\~ 
^wu(Ut)~w(x+  Ut)  u(x-\-U(t+r)) 


Ao—l 

Bq~  — {Zw~bMq-\-UM^) 

Co==MqZU} — UMW 

The  transfer  function  fl^(w) 
terms  of  the  coefficients 


A*=  -ZJ 
BWi=ZjqjM-w+Mq) 
C%——U  (MJZW—MJZJ) 
can  be  defined  similarly  in 


Now,  if  the  turbulence  is  isotropic,  the  mutually  perpen- 
dicular velocity  components  u and  w at  points  in  the  XY- 
plane  are  statistically  independent,  and  their  cross  correlation 
is  zero.  Therefore,  the  two  terms  in  equation  (46)  involving 
\ Pwu(Ut ) vanish,  and  the  power  spectrum  of  z is 

« («)Hfl?(«)  | V-(«)+ |fl?(«)  1 W«)  (47) 


A^MJ+ZJM^ 

B^=  — (Mn'Zu—MJZJ) 

Cwe=0 

In  these  equations  a distinction  has  been  made  between  the 
values  of  Zw  and  Mw  which  occur  on  the  right  side  of  equation 
(43)  and  are  here  designated  by  a prime  mark,  and  those  on 
the  left  side  of  that  equation.  The  primed  derivatives 
pertain  to  the  lift  and  moment  directly  due  to  gusts,  whereas 
the  unprimed  derivatives  pertain  to  the  lift  and  moment  due 
to  airplane  motion;  the  reason  for  this  distinction  is  discussed 
in  a later  section.  Furthermore,  the  coefficients  A%}  B%,  C“, 
A#,  Bf,  and  Cg  are  the  same  as  the  coefficients  A“,  B ”,  . . . 


so  that,  generally  speaking,  the  power  spectrum  of  a response 
which  depends  on  both  the  horizontal  and  the  vertical  com- 
ponent of  turbulence  is  simply  the  sum  of  the  power  spectra 
of  the  two  contributions,  provided  the  turbulence  is  isotropic. 
(This  statement  can  be  shown  to  be  true  even  if  the  distribu- 
tion of  the  gusts  over  the  span  is  taken  into  account.) 

For  the  short-period  two-degree-of-freedom  case,  then,  the 
contribution  due  to  w is 


V-[2A?C?-(£?)V+(<7?) 

w4-(2(7o--Bo2)cos+C'o2 


2 


and  the  contribution  due  to  u can  be  obtained  from  the  same 
expression,  but  with  the  subscript  and  superscript  w replaced 
by  u.  However,  the  ratio  of  the  two  contributions  is  in  the 
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order  of  4a2,  where  a is  the  trim  angle  of  attack  in  radians, 
measured  from  the  zero-lift  conditions.  Consequently,  ex- 
cept at  very  high  lift  coefficients,  such  as  those  used  in  land- 
ing, the  contribution  due  to  u is  usually  negligible  compared 
with  the  one  due  to  w and  is  disregarded  in  subsequent 
sections. 

By  means  of  the  lift-attenuation  function  given  in  equa- 
tion (7)  and  the  point  spectrum  used  in  the  first  part  of  the 
report,  the  integral  for  z2  has  been  evaluated  (by  using  the 
technique  of  partial  fractions  for  the  integrand)  for  the  ex- 
ample of  reference  11.  (The  lift-attenuation  function  of 
equation  (7)  has  been  used  despite  its  shortcomings  in  order 
to  facilitate  the  analytic  integration  of  the  spectra.)  The 
results  are  shown  in  figure  6,  as  are  the  results  calculated 
similarly  for  the  three-degree-of-freedom  case,  the  other 
two-degree-of-freedom  case  (horizontal  and  vertical  motion; 
referred  to  in  the  figure  as  the  zero-pitch  approximation), 
and  the  single-degree-of-freedom  case  (vertical  motion).  An  examination  of  this  figure  indicates  that,  at  least  for  this  air- 
plane, inclusion  of  horizontal  motions  does  not  affect  the  mean-square  normal-acceleration  response  to  any  significant 
extent.  These  calculations  pertain  to  a “small”  airplane,  and  no  distinction  has  been  made  between  the  primed  and  unprimed 
values  of  Zw  and  Mw. 

The  preceding  treatment  of  the  short-period  case  has  the  advantage  of  using  readily  available  information  concerning 
the  characteristics  of  any  given  airplane.  For  the  purpose  of  trend  studies  a dimensionless  form  of  the  transfer  func- 
tions is  preferable.  The  preceding  equation  for  z 2 can  be  written  in  dimensionless  form  (the  contribution  of  horizontal 
gusts  again  being  neglected)  as 


Figure  6.- 


L * feet 

-Effect  of  scale  of  turbulence  on  the  mean-square 
acceleration  of  the  example  airplane. 


% 2 / U2  Y w2  4 f“  ^4+4  ^ ^k 

J2=(gcft)  c ki-2(k0i-Pi)ki+  (k2 + !>2) 2 L*w2 
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and,  similarly, 


e 2 / U2  V^IY  2V  , , ,7  - h- 

(2 g/c)2  \<jciyu2 LY  J +k°  J Jo  ^ ki-2(k02~l>2)k2+(k02+v2)2  L*w 2 


(48a) 


(48b) 


where  k is  the  mass  parameter 

8m 

K = CLaPSc 

v is  the  dimensionless  damping  coefficient 

_ C loge  2 
V 2C7  Th 

Ttf  is  the  time  to  damp  to  one-half  amplitude,  which  is 
given  by 


so  that 


1 /\  1 me2  Cmq+ 

~a1-27 7~s^r) 

and  k0  is  the  dimensionless  frequency  of  the  short-period 
oscillations, 


with 


so  that 


= ^M,ZW-TJMW- 1 (zw+M,+UM^ 


mc2Gmq^Cm’a^j 


UpC 

2U 


Thus,  for  this  two-degree-of-freedom  case  the  dimension- 
less mean-square  responses  are  functions  of  only  two  addi- 
tional parameters,  which  are  dimensionless  forms  of  the  main 
characteristics  of  the  short-period  case  (the  short-period  fre- 
quency and  the  time  to  damp  to  one-half  amplitude),  beyond 
those  encountered  in  the  single-degree-of-freedom  case, 
namely,  the  mass  parameter  k and  the  scale  parameter 
_Z* 

S~c/2 

Bending-moment  spectrum  and  mean-square  value. — For 

a small  airplane  the  instantaneous  bending  moments  at  vari- 
ous points  on  the  span  are  proportional  to  the  instantaneous 
normal  acceleration.  For  instance,  the  root  bending  moment 
can  be  written  as 


MIj  w — » ^ to  — ■ 


(49a) 
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where  L „ and  mw  are,  respectively,  the  lift  on  and  the  mass 
of  the  wing,  and  where  y and  y are  the  lateral  distances  to 
the  center  of  pressure  of  the  lift  on  one  wing  and  the  center 
of  gravity  of  the  mass  of  one  wing.  However,  Lw  is  propor- 
tional to  the  lift  L on  the  entire  airplane,  which  in  turn  is 
proportional  to  the  normal  acceleration,  so  that 

ZL  u) 

tc=="X"ms 

and 

(49i» 

Hence,  the  spectrum  and  mean -square  value  of  MB  are  pro- 
portional to  the  spectrum  and  mean-square  value  of  z}  re- 
spectively, the  constant  of  proportionality  being  the  square 
of  the  quantity  in  the  brackets  of  equation  (49b) . 

SPECIAL  PROBLEMS  RELATED  TO  THE  LONGITUDINAL  MOTION  OF  LARGE 

AIRPLANES 

Single-degree-of-freedom  case. — In  the  preceding  sec- 
tions the  airplane  has  been  assumed  to  be  small  in  the  sense 
of  this  report,  and  neither  the  instantaneous  lateral  variation 
of  the  intensity  of  turbulence  nor  the  difference  between 
instantaneous  intensities  at  the  wing  and  the  tail  has  been 
taken  into  account.  In  this  section  this  restriction  is 
removed  by  introducing  the  aerodynamic  forces  calculated 
in  the  first  part  of  this  report  into  the  dynamic  analysis  of. 
the  preceding  sections.  The  arguments  advanced  in  the 
preceding  section  for  ignoring  horizontal  gusts  and  horizontal 
motions  are  equally  valid  for  the  large  airplane;  therefore 
these  gusts  and  motions  will  not  be  considered  here. 

For  the  single-degree-of-freedom  case  involving  only 
vertical  motion  the  required  modification  for  the  normal 
acceleration  is  very  simple.  For  this  case  the  transfer 
function  is 

H'M— <50> 


where  Zw',  attenuated  by  <£(&),  is  the  stability  derivative 
for  vertical  gusts  and,  hence,  represents  the  lift  per  unit 
gust  intensity.  Therefore,  if  the  result  for  the  lift  calculated 
in  the  first  part  of  this  report  is  used,  the  mean-square 
normal  acceleration  becomes 


(The>  function  <pWe(u>)  is  defined  in  the  first  part  of  this 
report.)  This  expression  differs  from  the  result  obtained 
in  reference  2 only  in  that  <pw{ w)  is  here  replaced  by  ^(a>). 

However,  even  for  the  single-degree  case  the  calculation 
of  the  bending  moment  now  becomes  a considerably  more 
complicated  problem,  because  the  lateral  centers  of  pressure 
of  the  lifts  clue  to  the  motion  of  the  airplane  and  directly 
due  to  turbulence  no  longer  coincide.  Equation  (49a)  now 
becomes 


y L„  ClJlS 
2 1 U 


z_ 

V 


1 

b 


f hL(ti)dti  f ‘lM{y)w{U{t—ti),y)dy  (51) 

J -tB  J —bf2 


where  CLa  is  the  lift-curve  slope  for  the  entire  airplane, 
hL(t)  is  the  response  function  used  in  equation  (38),  and 
7 M(y)  is  the  function  M(y}T))  used  in  equation  (38),  with  y=0. 
In  the  first  two  terms  on  the  right  side  of  equation  (51), 
£ and  z can  be  related  to  w by  means  of  h”  (the  Fourier 
transform  of  the  function  H”  presented  in  eq.  (50))  and  the 
lift  directly  due  to  turbulence  obtained  in  the  first  part  of 
this  report,  so  that  these  two  terms  can  be  written  in  the 
form 

i r 00  C W 

T y{y)w{U{t—U),y)(ly 

0 J -*>  J-b! 2 

and,  hence,  equation  (51)  becomes 

i r oo  rbi 2 

M*(0=j  J ^ dti  J [hL(U)yM(y)  + 

hM(ti)y(y)]wm-ti),y)dy  (52) 

The  required  influence  function  for  the  bending  moment 
is,  thus, 

^siy,  t)  [hL(t)  7 At(y)+hM(t)v(y)]  (53) 

Although  the  two  terms  of  this  function  are  products  of  a 
time-dependent  and  a space-dependent  constituent,  as  in 
equation  (5),  their  sum  cannot  be  split  up  in  this  manner. 
Hence,  the  techniques  used  in  the  first  part  of  this  paper 
are  not  directly  applicable.  The  general  treatment  of  pnfl> 
lents  involving  influence  functions  for  which  the  assumption 
of  equation  (5)  is  not  valid  will  be  considered  in  the  last- 
part  of  this  paper.  However,  in  this  section  a special 
technique  will  be  used  that  applies  to  cases  for  which  the 
influence  function  can  be  expressed  as  a sum  of  several  terms 
(two  in  this  case),  each  of  which  can  be  expressed,  as  a 
product  of  two  functions,  which  depend,  respectively,  on 
time  alone  and  distance  along  the  span  alone.  (See  also 
ref.  13.)  This  approach  is  more  convenient  than  the  general 
approach  of  the  last  part  of  this  report  when  the  number  of 
terms  is  two  or,  possibly,  three.  (Although  in  this  section 
only  two  terms  will  be  considered,  the  generalization  to 
three  or  more  terms  is  straightforward.)  When  the  number 
of  terms  is  greater  than  three,  the  general  approach  becomes 
more  covenient. 

If  the  value  of  MB  given  by  equation  (52)  for  t+r  is 
multiplied  by  the  value  for  t and  the  result  is  averaged,  and 
if  the  Fourier  transform  of  the  resultant  correlation  function 
is  then  taken,  the  following  expression  is  obtained  for  the 
spectrum  of  the  bending  moment: 

<PMb(o>)  = I Hl(u)  \2<pWf,2(o>)  + 1 1 2<Pwe(u)  + 

2R{fl’L(«)ffJf>)}^i(«)  (54) 

where  the  symbols  R{  } and  * designate,  respectively, 
the  real  part  and  the  complex  conjugate  of  a complex  num- 
ber. In  this  equation  HM(a>)  and  HL(a ;)  are  the  Fourier 
transforms  of  hM(t)  and  hL(t ),  <pw  (cS)  is  the  previously  defined 
averaged  spectrum  for  the  lift,  and  <pw ^ and  <pw ^ are  averaged 
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spectra  obtained  in  a similar  manner  but  with  the  value  of 
T given  by  equation  (12)  replaced  by 


9 f(M 2)-v  , , . , 

r,(>j)=T  y(y)yus(y+  ri)  dy 

0 J -bl 2 

r2(ij)=4  r n[yM,(y)yu,(y+n)+yMa(y)yMa(y+v)]dy 

0 J —bf 2 


r (55) 


where  the  subscripts  s and  a refer  to  the  symmetric  and  anti- 
symmetric parts  of  yM,  respectively. 

The  contribution  of  the  antisymmetric  part  of  yM  to  r2 
and,  hence,  to  the  spectrum  for  the  bending  moment  stems 
basically  from  the  asymmetry  of  the  instantaneous  distribu- 
tion of  gust  intensity  over  the  span.  This  asymmetry  gives 
rise  to  a rolling  moment  (which  was  considered  in  the  first 
part  of  this  report)  and,  hence,  to  rolling  motions,  which 
contribute  additional  bending  moments  due  to  the  aero- 
dynamic and  inertia  loads  associated  with  these  motions. 
If,  for  the  purpose  of  calculating  the  bending  moment  due 
to  symmetric  flight  through  turbulent  air  alone,  these  mo- 
tions are  disregarded,  then  the  contribution  of  yM  to  r2 
should  be  disregarded  as  well.  The  problem  of  combined 
symmetric  and  antisymmetric  motion  will  be  considered 
presently. 

As  pointed  out  in  reference  13,  the  mean-square  bending 
moment  calculated  in  this  manner  may  be  smaller  or  greater 
than  the  value  calculated  by  ignoring  spanwise  variations 
in  gust  intensitj7.  If  the  mass  of  the  airplane  is  almost 
entirely  contained  in  the  fuselage,  the  decrease  in  the  lift 
which  results  from  taking  these  variations  into  account 
causes  a decrease  in  bending  moment.  However,  if  most 
of  the  mass  is  in  the  wing,  the  net  bending  moments  (aero- 
dynamic less  inertia)  for  a uniform  spanwise  gust  are  very 
small,  and  the  effect  of  taking  spanwise  variations  of  gust 
intensity  into  account  is  to  increase  the  mean-square  bending 
moments. 

Two-degree-of-freedom  case. — For  the  two-degree-of- 
freedom  (short-period)  case  the  analysis  given  for  the  normal 
acceleration  in  the  preceding  section  can  be  extended  as 
follows:  As  indicated  in  equation  (44)  the  transfer  function 
for  z is  now 


□—J 

L Iv  — < 


m-zw)  -j 
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IyMjm 


(56) 


(The  following  analysis  can  be  applied  equally  well  to  6 by 
using  flf  («)  instead  of  Hf  («) .) 

If  the  expressions  inside  the  brackets  of  equation  (56)  are 
designated,  respectively,  by  Hi(w)  and  H2(u),  and  their 
Fourier  transforms  by  hy(t)  and  h2(t),  then,  as  a result  of  the 
definitions  of  ZJ  and  Mw' , 


£(£)=J"  Lit — t\)  dt\  + J h2(ti)  M (t  h)  dty  (57) 


turbulence,  which  have  been  obtained  in  the  first  part  of 
this  report.  The  calculation  of  & («)  or  of  z2  thus  requires 
not  only  the  spectra  of  L and  M,  the  calculation  of  which 
has  been  discussed,  but  also  the  cross  spectrum  of  L and  M, 
which  has  to  be  calculated  directly  from  equations  (4) 
and  (42a) . The  result  is 

& («) = Iff,  («)  I2 1 ff  («)  I2  *„» + 1 ffsH  |2  [iff » 1 2 + 

|ff>)|2«a")+2R-[^'ff<(co)  ff„»  | *.>,<>)]+ 

2 [R{ff,(«)  ff(co)  Hw*( «)  }*„»  + 

R { ff, («)  fl2»  ff («)  ff ,*(«) } <pWe.  (w,  0)  ] (58) 

where  the  first  two  terms  represent  the  contributions  of  the 
spectra  of  L and  M,  respectively  (see  eqs.  (14)  and  (42b)), 
and  the  third  represents  the  contribution  of  the  cross  spec- 
trum of  L and  M.  For  the  present  purpose  the  functions 
H(«),  H.(  co) , and  Ht(cS)  can  be  expi  essed  as 

H(w)=m(— Zw) 

Hw(o))—m  Ax a (~ZW) 

. Ht(u)  = [IyyMw—m  Ax a (— Zw)\  4>ik) 

where  Axa  is  the  distance  from  the  aerodynamic  center  (tail 
off)  to  the  airplane  center  of  gravity.  This  definition  of  the 
contributions  of  the  wing  and  tail  to  the  pitching  moment  is 
based  on  the  considerations  that  the  direct  contribution 
of  the  wing  can  be  estimated  with  good  accuracy  and  the 
total  pitching  moment  is  likely  to  be  known  from  experi- 
ments, so  that  the  contribution  of  the  tail  (which  includes 
the  effect  of  the  wing  lift  on  the  downwash  at  the  tail)  can 
be  determined  as  the  difference  of  the  two.  The  functions 
<pWe( cj)  and  <pWe*(o)fi)  have  been  defined  in  the  first  part  of 
this  report.  In  view  of  the  fact  that  the  function  <£(&)  con- 
tained in  some  of  the  terms  of  equation  (58)  always  appears 
in  terms  multiplied  by  others  which  contain  </>*(£),  only  the 
absolute  square  of  this  function  is  required,  as  before. 

SPECIAL  PROBLEMS  RELATED  TO  THE  LATERAL  MOTION  OF  LARGE 

AIRPLANES 

The  equations  of  motion  in  the  lateral  degrees  of  freedom 
(roll,  yaw,  sideslip)  have  the  same  form  and  can  be  solved 
in  the  same  way  as  the  equations  for  the  longitudinal  motion. 
(See  pp.  III-53  to  III— 67  of  ref.  11.)  Again  it  is  convenient 
to  cast  the  problem  in  the  form  used  in  a stability  analysis 
in  order  to  take  advantage  of  the  results  of  such  an  analysis. 
For  a small  airplane  it  is  necessary  only  to  replace  the  terms 
due  to  rudder  deflection  by  corresponding  terms  involving 
side  gusts,  namely, 

YlR8R  by  Yvfy'(k) 
by  $' $) 


where  L(t ) and  M(t)  are  the  instantaneous  lift  and  pitching 
moment  due  to  the  vertical  component  of  atmospheric 
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where  <t>r(k)  is  a suitable  side-force  attenuation  function  for 
side  gusts  and  the  notation  of  reference  11  is  used  for  the 
other  terms.  The  terms  corresponding  to  aileron  deflection 
can  be  disregarded  for  the  small  airplane.  In  the  lateral 
degrees  of  freedom  the  small  airplane  thus  reacts  only  to 
side  gusts.  On  the  other  hand,  the  large  airplane  also  reacts 
in  the  lateral  degrees  of  freedom  to  vertical  gusts  through 
the  rolling  moment  calculated  in  the  first  part  of  the  present 
report.  If  this  rolling  moment  is  to  be  included,  it  replaces 
the  term  L^A  dA  used  in  reference  1 1 . 

Instead  of  treating  all  three  degrees  of  freedom  simul- 
taneously, in  stability  analyses  two  one-degree-of-freedom 
cases  are  often  considered,  namely,  the  one  of  sideslip  alone, 
with  angle  of  yaw  equal  and  opposite  to  angle  of  sideslip 
(the  Dutch  roll  case),  and  the  one  of  rolling  alone. 

The  Dutch  roll  case  may  be  used  for  gust-load  purposes 
in  connection  with  yawing  and  sideslipping  motion  due  to 
lateral  gusts,  provided  the  phase  of  the  motion  is  not  im- 
portant. (As  may  be  noted  from  the  preceding  sections, 
the  phase  of  a transfer  function  is  important  only  in  terms 
involving  cross  spectra.)  Also,  the  Dutch  roll  case  may 
prove  useful  in  calculating  the  vertical- tail  loads  resulting 
from  flight  through  turbulent  air,  particularly  if  the  human 
or  automatic  pilot  holds  the  wings  substantially  level  by 
means  of  the  ailerons.  However,  in  general  it  does  not  ap- 
pear to  be  as  satisfactory  an  approximation  as  the  one- 
and  two-degree-of-frecdom  approximations  for  longitudinal 
motion. 

For  rolling  motions  due  to  rolling  moments,  the  single- 
degree case  of  rolling  alone  appears  to  furnish  a very  good 
approximation.  Although  the  rolling  motion  causes  yawing 
and  sideslipping  motions,  these  motions  do  not  appear  to 
reflect  on  the  rolling  motion.  Thus,  the  rolling  motion 
which  results  from  the  rolling  moment  can  probably  be 
calculated  fairly  accurately7  without  regard  to  the  other 
lateral  degrees  of  freedom.  F urthermore,  within  the  assump- 
tion of  small  motions,  the  stresses  associated  with  these 
other  lateral  degrees  of  freedom  do  not  generally  contribute 
appreciably  to  those  associated  with  the  longitudinal  degrees 
of  freedom  in  the  parts  of  the  structure  for  which  the  latter 
are  critical,  such  as  the  wing  (although  they  may  be  critical 
for  other  parts  of  the  structure,  such  as  the  vertical  tail). 
Therefore  these  degrees  of  freedom  (yaw  and  sideslip)  will 
be  ignored  in  the  treatment  of  the  large  flexible  airplane  in 
the  last  part  of  this  paper.  However,  if  chordwise  bending 
effects  (deformations  parallel  to  the  chord)  are  important, 
as  they  may  be  in  some  cases  at  speeds  close  to  the  flutter 
speed,  these  other  lateral  degrees  of  freedom  may  have  to  be 
included  in  the  analysis. 

For  the  large  airplane,  which  responds  in  the  lateral 
degrees  of  freedom  both  to  vertical  gusts  and  to  side  gusts, 
the  superposition  of  the  resulting  responses,  such  as  stresses, 
may  be  effected  in  the  way  indicated  for  the  interaction  of 
horizontal  and  vertical  gusts.  If  the  turbulence  is  isotropic, 
the  vertical  and  lateral  gusts  are  statistically  independent 
for  points  in  the  .AF-plane,  so  that  the  spectrum  of  a given 
response  is  equal  to  the  sum  of  the  spectrum  of  that  part  of 
the  given  response  which  is  due  to  vertical  gusts  and  the 


spectrum  of  that  part  of  the  response  which  is  due  to  lateral 
gusts. 

COMBINATION  OF  THE  RESULTS  OBTAINED  FROM  ANALYSES  OF  THE 
LONGITUDINAL  AND  LATERAL  DEGREES  OF  FREEDOM 

The  instantaneous  wing  stresses  depend  both  on  the 
motions  in  the  longitudinal  degrees  of  freedom  (primarily 
vertical  motion  and  pitching)  and  on  those  in  the  lateral 
degrees  of  freedom  (primarily  rolling).  The  purpose  of  this 
section  is  to  indicate  how  the  stresses  associated  with 
vertical  motion  and  pitching  can  be  combined  with  those 
associated  with  rolling  due  to  vertical  gusts,  particularly  in 
the  case  of  a large  rigid  airplane.  (A  small  airplane,  flexible 
or  rigid,  does  not  roll  as  a result  of  the  action  of  vertical 
gusts,  and  for  the  large  flexible  airplane  it  is  more  convenient 
to  consider  rolling  motion  simultaneously  with  the  other 
motions,  so  that  the  superposition  is  effected  automatically 
in  the  process  of  obtaining  the  required  transfer  functions.) 
For  all  airplanes  the  effect  of  side  gusts  can  then  be  taken 
into  account,  if  isotropy  is  assumed,  by  adding  the  stress 
spectra  directly. 

In  this  section  the  instantaneous  stress  at  a given  part  of 
the  wing  will  be  assumed  to  be  proportional  to  the  instan- 
taneous bending  moment  at  that  section  of  the  wing,  so  that 
consideration  can  be  confined  to  this  bending  moment;  also, 
the  airplane  will  be  considered  to  be  free  to  move  in  only 
two  degrees  of  freedom,  namely,  vertical  motion  and  rolling. 
The  extension  of  the  following  arguments  to  stresses  which 
depend  on  the  vertical  shear  and  the  torque  as  well,  and  the 
inclusion  of  pitching  as  an  additional  degree  of  freedom,  can 
be  effected  readily  and  will  not  alter  the  conclusion  reached 
here. 

When  rolling  motions  of  the  airplane  are  taken  into 
account,  the  bending  moment  due  to  the  aerodynamic  forces 
associated  with  rate  of  roll  and  to  the  inertia  load  associated 
with  rolling  acceleration  can  be  expressed  in  terms  of  the 
rolling  moment  by  a superposition  integral.  In  turn,  the 
rolling  moment  can  be  expressed  in  terms  of  a superposition 
integral  involving  the  instantaneous  gust  intensities  along 
the  span,  the  influence  function  y'(y)  used  in  the  first  part 
of  the  report,  and  an  associated  response  function 
Hence,  equation  (52)  is  modified  by  the  inclusion  of  a third 
term  and  becomes 

J®  /*  b/2 

dt i I [hL (ti) yM (y)  -j- hM(t i)y (y)  + 

-co  J -b/2 

(y)]w(U  (t—ti),y)dy 

If  the  spectrum  for  MB  is  now  calculated  in  the  manner 
used  previously,  the  following  result  is  obtained: 

<Pmb(  «)  = \HL(<a)\  V»fla(w)  + \Hm(o)  \2<pWe(<*>)  + 

2R  { } <Pwe^  (co)  + \H'm{o>)  I (co)  + 

2R  { IiL (co ) H'm* (co)  }^(co)  (59) 

where  H'M(u)  is  the  Fourier  transform  of  and  where 
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<pw  (o>)  and  <pw  («)  can  be  obtained  from  equation  (12)  with 

e3  ^4 

the  following  values  of  r3  and  F4,  respective!}7: 

9 rw 2)  — ij 

r3fa)=T  'V'(y)T'(l/+r?)^ 

r4(*?)  == _ W2  ?%)%va(l/+ 1?)  dy 

(The  function  r3(ij)  is  four  times  the  function  T'(ij)  con- 
sidered previously  in  connection  with  the  rolling  moment. 
This  factor  of  four  must  be  taken  into  account  in  h'M(t )•) 

The  spectrum  <pmb  may  be  considered  to  consist  of  two 
parts:  The  first  three  terms  listed  in  equation  (59),  but 
excluding  the  contribution  of  yMa  to  <pWe  (see  eq.  (55)), 

represent  the  contribution  of  the  symmetric  parts  of 
the  instantaneous  gust  distributions  or  the  contribution 
associated  with  symmetric  motion;  the  last  two  terms 
and  the  contribution  of  yMa  to  <pWe  represent  the  contribution 

of  the  antisymmetric  parts  of  the  instantaneous  gust  distri- 
butions or  the  contribution  associated  with  rolling  motion. 
Therefore,  the  power  spectrum  of  the  stress  due  to  gusts 
and  combined  symmetric  and  rolling  motion  resulting  from 
the  gusts  is  the  sum  of  the  two  power  spectra  (that  for  the 
gusts  and  symmetric  motion  alone  and  that  for  the  gusts 
and  rolling  motion  alone),  provided  the  direct  contribution 
of  the  gusts  is  split  up  into  a symmetric  and  antisymmetric 
part  and  each  is  taken  into  account  only  once,  in  connection 
with  the  appropriate  type  of  motion.  The  cross-correlation 
terms  between  the  symmetric  and  antisymmetric  contri- 
butions to  the  stress  can  be  shown  to  involve  integrals  which 
contain  products  of  symmetric  and  antisymmetric  influence 
functions  and,  hence,  vanish,  so  that  the  cross  correlations 
are  zero;  lienee,  the  two  parts  of  the  combined  spectrum  are 
statistically  independent  and,  therefore,  directly  additive. 

DYNAMICS  OF  THE.  SMALL  FLEXIBLE  AIRPLANE 


the  “rigid-bod}7”  degrees  of  freedom  (vertical  and  pitching 
motion  of  the  airplane  as  a whole  and  structural  deformations 
of  the  tail)  are  now  taken  into  account. 

The  result  is  a set  of  linear  algebraic  equations  (which  serve 
as  an  approximation  to  the  ordinary  differential  equations 
that  characterize  the  problem)  for  the  airplane  motions  and 
deformations  in  terms  of  the  applied  aerodynamic  forces  di- 
rectly due  to  gusts.  The  desired  transfer  functions  can  then 
be  obtained  from  solutions  of  these  equations  at  various  fre- 
quencies, and  the  power  spectra  of  the  stresses  are  given  by 
the  product  of  the  absolute  square  of  these  transfer  functions 
and  the  point  power  spectrum  of  the  vertical  component  of 
turbulence.  The  same  equations  may  be  used  to  calculate 
with  little  additional  effort  certain  aeroelastic  effects,  such  as 
the  static  aeroelastic  deformations  and  the  flutter  speed, 
which  are  usually  obtained  in  separate  analyses. 

LOADS  APPLIED  TO  THE  WING 

The  loads  applied  to  the  wing  stem  from  three  sources: 
The  aerodynamic  loads  directly  due  to  the  action  of  the 
gusts,  the  aerodynamic  loads  due  to  the  motions  of  the  air- 
plane, and  the  inertia  loads. 

The  lift  and  pitching  moment  (about  the  elastic  axis)  per 
unit  span  on  a two-dimensional  airfoil  undergoing  sinusoidal 
angle-of-attack  changes  and  vertical  motions  in  incom- 
pressible flow'  are  (see  ref.  15) 


a=2wgc^C(k)^(l+2eiik)a—ik^^+  j 

0=2irgc2  £(l+2e4ii)a— 


(60) 


The  purpose  of  this  part  of  the  report  is  to  consider  the 
transfer  functions  relating  the  stresses  at  various  points  of  a 
small  flexible  airplane  to  the  vertical  gusts  which  cause  them. 
The  longitudinal  and  lateral  degrees  of  freedom  are  still  sepa- 
rable, and  only  the  longitudinal  degrees  will  be  considered; 
the  lateral  degrees,  which  are  involved  in  analysis  of  the  re- 
sponse to  side  gusts  acting  on  the  vertical  tail,  can  be  analyzed 
in  the  same  way.  Therefore,  for  this  case  only  one-half  of 
the  wing  need  be  considered  as  a result  of  the  symmetry  (or 
antisymmetry,  in  the  case  of  the  lateral  degrees  of  freedom) 
of  the  problem. 

The  method  which  is  outlined  in  this  part  consists  in  an 
extension  of  the  numerical-integration  method  of  aeroelastic 
analysis  described  in  reference  14  to  sinusoidal  motions  of  the 
airplane.  This  extension  takes  into  account  the  facts  that 
the  aerodynamic  forces  now  have  out-of-phase  as  well  as  in- 
phase  parts  and  that  vertical  deflections  must  now  be  calcu- 
lated separately  because  the  structural  deformations  can  no 
longer  be  characterized  by  angle-of-attack  changes.  Also, 


The  terms  multiplied  by  C(k)  are  referred  to  as  the  circulatory 
terms  because  they  are  calculated  from  the  bound  and  shed 
vorticity,  and  the  others  are  referred  to  as  the  potential  terms. 
The  potential  terms  are  in  the  nature  of  additional-apparent- 
mass  effects,  and  all  those  that  involve  k 2 are  usually  treated 
together  with  the  inertia  forces  rather  than  with  the  aero- 
dynamic forces.  For  compressible  flow,  however,  the  forces 
are  calculated  in  a different  manner,  and  the  division  of  the 
forces  into  circulatory  and  potential  parts  then  has  little 
meaning.  Consequently,  in  order  to  facilitate  the  extension 
of  this  analysis  to  compressible  flow7,  this  distinction  will  not 
be  made  herein. 

The  aerodynamic  forces  are  therefore  written  as 


a=2irqc  j^<7i(&)a+cUfc) 
a=2irqc2  [C3(k)a+C<(k) 


(61) 
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so  that  for  incompressible  flow 


C\(k)  = (1+2  e<ik)C(k) 

w 

C2(k)  = -ikC'(k)+~ 

C3(k)  = (1+2 eiik)eiC(k) ik+(±+eA  k* 
Ci(k)=-ikelC{k)-e^k* 

A 

In  order  to  calculate  the  lift  at  a given  point  of  a wing  of 
finite  span  an  appropriate  Green’s  function  is  required.  An 
approximation  to  this  function  based  on  a reciprocity  theorem 
of  linearized  lifting-surface  theory,  is  given  in  the  first  part 
of  this  report;  as  used  for  the  computations  of  that  part,  this 
function  implies  the  assumptions  that  the  spanwise  distri- 
bution of  the  lift  for  oscillations  of  the  wing  as  a whole  is 
substantially  invariant  with  frequency  and  that  this  distri- 
bution is  the  same  in  direct  as  in  reverse  flow.  Neither  of 
these  assumptions  is  essential  to  the  analysis  but  both,  and 
particularly  the  first,  simplify  it  considerably.  With  these 
assumptions,  the  desired  lift  distribution  is  then  given  by 
expressions  of  the  form  of  equations  (32a)  and  (34). 

For  the  present  purpose,  however,  a set  of  aerodynamic 
influence  coefficients  is  required,  rather  than  influence 
functions.  Such  a set  of  coefficients,  based  on  the  same 
ideas,  can  be  obtained  readily  by  the  techniques  used  in 
references  9 and  10.  The  result  may  be  expressed  as  follows: 

{ 1} a=  CLacq { C, (k)  [Q]  { a } + C2(k)  [Q]  { p}  } (62a) 

where  the  aerodynamic-influence-coefficient  matrix  [Q]  is 
defined  by 


an  appropriate  Green’s  function  could  be  estimated  if  the 
lift  distribution  for  wings  with  parabolic  camber  were  known ; 
however,  such  lift  distributions  do  not  appear  to  have  been 
calculated  for  wings  of  finite  span  in  unsteady  flow.  In  fact, 
relatively  little  is  known  about  moment  distributions  even 
in  steady  flow.  However,  the  available  information  in- 
dicates that  the  local  center  of  pressure  does  not  appear  to 
be  very  sensitive  to  the  lift  distribution.  (See  ref.  9,  for 
instance.)  It  will  be  assumed  that  this  is  also  true  in  un- 
steady flow  at  a given  frequency,  and  that,  furthermore, 
these  centers  of  pressure  are  given  by  two-dimensional 
theory.  With  this  assumption  the  moment  c&n  be  written 
as 


{ mT }„=  CLacg_  | C3(k)[c]  [<2]  { « } + C\(k)  M IQ\  { } } (62b) 

The  lift  and  moment  distribution  due  to  the  gust  can  be 
calculated  in  a similar  manner.  In  the  following  analysis, 
the  magnitude  of  the  gust  intensity  is  considered  to  be 
unity,  and  the  longitudinal  reference  point  is  the  intersection 
of  the  elastic  axis  and  the  wing  root,  so  that  the  instantaneous 
gust  intensity  at  any  station  y is 


w~e 


—ik~  tan  A 
<72 


(63) 


With  this  function  w, 


CLacq<t>(k) 

' U 


[Q]{w] 


. Cl  cq<t>(k) , 

{mr}g=  [e,c\[Q]{w} 


where  <f>(k)  is  the  Sears  function,  as  before. 


(64) 


[Q]  = (l-K)[y]  { 1 } |/j  [y]+K[i\ 


Finally,  the  inertia  loads  are 


where,  in  turn,  {l}  is  a unit  column  matrix,  and  l/J  is  a row  of 
integrating  coefficients  suitable  for  integrating  a continuous 
function  for  a range  of  its  argument  from  0 to  1.  Thus, 
for  instance,  if  n equidistant  points  on  the  semispan  are 
considered,  and  n is  odd,  then  according  to  Simpson’s  rule 


li=—mz+7ne2ca 
m T=  — (r2+  (e2c) 2)  mix + me2cz 


l/J 


1 

n~\ 


b 


14  2 4 
3,3J3,3J 


Very  little  information  is  available  concerning  the  span- 
wise  distributions  of  the  pitching  moment  on  wings  of  finite 
span  in  unsteady  flow.  By  means  of  the  reciprocity  theorems 


{l  }<=  --4^^\.me2c\{a)  +-A+2  z] 

1(0  KO 


{ TYIt  } i~ 


1(0 


k2[r2-\- (e2c)2][m]  {a}  - 
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wing  can  thus  be 
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LOADS  APPLIED  TO  THE  TAIL 


(66) 


The  loads  applied  to  the  tail  are  similar  in  nature  to  those  applied  to  the  wing,  but  the  tail  experiences  additional  loads  as 
a result  of  the  downwash  produced  by  the  lift  on  the  wing.  Again,  little  is  known  about  the  downwask  in  unsteady  flow,  and 
even  in  steady  flow  the  downwash  cannot  be  predicted  accurately  because  of  boundary-layer  effects  on  the  fuselage  and  the 
wing  root.  Consequently,  even  in  steady-flow  analyses  experimental  results  are  usually  relied  upon. 

In  the  following  analysis,  the  assumption  is  therefore  made  that  experimental  results  are  available  for  steady  flow,  in  the 
form  of  the  downwash  derivative  de/da.  In  order  to  determine  the  attenuation  of  this  value  with  frequency,  the  results  of 
the  analysis  of  reference  16  will  be  used.  These  results  indicate  that  the  time  variation  of  the  tail  lift  due  to  the  downwash 
caused  by  the  wing  lift  which  results  from  a unit  jump  in  the  wing  angle  of  attack  can  be  approximated  by  an  immediate  jump 
in  the  tail  lift  of  — 0.16  of  the  steady-state  value  and  another  jump  to  the  steady-state  value  after  the  time  required  to  travel 
the  distance  from  the  45-percent-chord  point  of  the  wing  to  the  quarter-chord  point  of  the  tail  plus  another  eighth  of  the 
chord  length.  Hence,  for  sinusoidal  angle-of -attack  changes  the  tail  lift  due  to  downwash  is 


( 1 + 2 e&k)  aT — ik  =~  J 


(67) 


where  x/  is  the  distance  from  the  intersection  of  the  elastic  axis  and  the  wing  root  (assumed  for  this  purpose  to  be  at  the  45 
percent  point  on  the  root  chord)  to  the  aerodynamic  center  of  the  tail.  As  pointed  out  in  reference  16,  this  approximation  is 
valid  only  for  &<0.35;  however,  this  range  is  adequate  for  the  present  purpose. 

Similarly,  the  downwash  associated  with  the  wing  lift  due  to  sinusoidal  gusts  gives  rise  to  a tail  lift  which,  within  this 
approximation,  is 


^r-o 

XJ  £wL 


16+1. 16e 


-0.6 ik  ^ 
CWT 


(68) 


(The  additional  lag  represents  the  time  required  to  travel 
the  0.6  root  semichords  from  the  45-percent-chord  point  of 
the  root,  which  is  the  reference  point  for  the  gusts,  to  the 
75-percent-chord  point  of  the  wing  root,  which  is  assumed 
to  be  the  point  governing  the  lift  at  the  wing  root,  inasmuch 
as  it  is  the  centroid  of  the  influence  function  for  the  chordwise 
pressure  distribution.) 

The  other  aerodynamic  forces  are  those  due  to  the  motions 
of  the  airplane,  those  due  to  the  tail  deformations,  and  those 
directly  due  to  the  gusts.  On  the  basis  of  the  assumptions 
made  in  the  preceding  section,  these  forces  are 

L,=CLaqtSt  [&(*)«>+(/,(*)  ^+C7(k)Aa+C6(k)=~'j  (69) 


where 


&(*)= 


k2 


Ct{k)  = -ikc(U  fc)+i|fc2 

C7(k)=(l+2ik  g-f ) C(%  k)+l  | *-*,  (|)2  *■ 


and  aT  and  zT  are  the  angle  of  attack  and  vertical  displacement 
of  the  airplane  at  the  wing  root. 

The  inertia  load  on  the  tail  is 


or 


Lti=  — mt(zT+ As  — Xt'ocr) 

Lu=— 7^2  (zt+Az— x/ar) 

1(1 ) 


(71) 
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Here  the  center  of  gravity  of  the  tail  has  been  assumed  to 
coincide  with  its  aerodynamic  center;  in  order  to  remove  this 
assumption  it  is  necessaiy  only  to  add  (or  subtract)  the 
distance  between  the  two  to  x/  in  equation  (71). 

The  normal  forces  on  the  tail  can  then  be  summarized  as 
follows : 


Ll—q[Fl(k)zr-\-F2(k)aT-\-F3(k)Aa-\~F4(k)Az  T Fb(k)wt]  (72) 
where 
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The  pitching  moments  corresponding  to  these  normal 
forces  can  be  obtained  in  the  manner  emplo3Ted  for  the  wing. 
However,  inasmuch  as  the  tail  chord  is  usually  small  com- 
pared with  the  fuselage  length,  the  travel  of  the  center  of 
pressure  of  the  tail  is  small  compared  with  the  length  xt'. 
Hence,  the  center  of  pressure  will  be  assumed  to  remain  at  the 
aerodynamic  center  of  the  tail,  and  the  pitching  moments 
are  then  —x{  times  the  corresponding  forces,  so  that 


M t=  — qxtf[Fx(k)  zT+F2(k)ar+Fz(k)AoL+FA(k)Az+F5(k)wt] 

(73) 

WING  AND  TAIL  DEFORMATIONS 

The  wing  deformations  may  be  calculated  either  from 
structural  influence  coefficients  or  from  the  bending  and 
torsion  stiffnesses  of  the  wing  used  in  conjunction  with 
simple  beam  theory.  The  latter  approach  will  be  followed 
here,  based  on  the  method  of  reference  12. 

The  bending  and  torsion  moments  on  the  wing  structure 
may  be  obtained  by  integrating  the  applied  loads.  If  numer- 
ical methods  are  employed  to  perform  these  integrations  the 
results  may  be  written  as  follows: 


r(4/2);  mi 
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Similarly,  the  deformations  are 
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where  the  integrating  matrices  (see  ref.  12)  perforin  the  following  operations: 

[iH/}oJV(+w 

P"]{/}<>  JVcrw 

(H"]{/}of£ 

Jo  Jo 


THE  RESPONSE  OF  AN  AIRPLANE  TO  RANDOM  ATMOSPHERIC  DISTURBANCES 


169 


These  integrating  matrices  may  be  based  on  the  trapezoidal 
rule,  Simpson’s  rule,  or  any  other  numerical  method;  the 
intervals  chosen  for  £ (0^£^1)  need  not  be  of  constant 
width  unless  a specific  rule  demands  a uniform  spacing. 

The  structural  deformations  of  the  wing  may  then  be 
written  in  terms  of  the  applied  loads  as 


mobile  (ar=zr=  0),  they  would  be  sufficient  to  calculate  all 
unknown  quantities.  However,  if  the  fuselage  is  free  to 
move,  two  additional  equations  are  required  to  obtain  the 
two  additional  unknown  quantities  aT  and  zr.  These  addi- 
tional equations  are  those  expressing  the  dynamic  equilibrium 
of  the  forces  on  the  fuselage,  namely, 


Lw+Lt—mf  (zr—Ax  aT)  = 0 
Mw—xtLt—(rf2-\-(Ax)2)  m,ar+  Ax  mfzr= 0_ 


(80) 


where  the  submatrices  [®],  [©],  [©],  [(f)],  [©],  and  [©] 
designate,  respectively,  the  four  quadrants  and  two  halves 
of  the  matrices,  obtained  by  postmultiplying  the  square 
matrix  of  equation  (75)  by  the  square  and  the  rectangular 
matrix  of  equation  (66),  respectively. 

For  the  purpose  of  the  present  analysis,  which  is  concerned 
primarily  with  the  wing  stresses,  the  tail  deformations  are 
treated  by  including  only  the  vertical  displacement  and 
angle-of-attack  change  of  the  tail  as  a whole  due  to  the  tail 
load.  These  quantities  may  be  obtained  from  a static  test 
which  consists  in  applying  a concentrated  normal  load  at 
the  aerodynamic  center  of  the  tail  and  measuring  these 
deformations.  They  may  also  be  obtained  from  a vibration 
test  in  which  the  deflection  curve  of  the  rear  part  of  the 
fuselage  in  the  lowest  vertical-bending  mode  is  measured; 
in  this  case  the  desired  spring  constants  can  be  deduced  from 
the  frequency  relation  of  a simple  mass  oscillator  in  terms 
of  the  measured  frequency  and  of  the  mass  of  the  empennage 
(including  the  part  of  the  fuselage  which  may  be  considered 
to  move  with  the  empennage).  In  the  absence  of  such  tests 
these  constants  may  be  calculated  in  an  analogous  manner. 

The  tail  deformations  may  then  be  written  as 


so  that,  also, 


Aa= -KJ.A 

A z=K2Lt  f 


Aa 


(77) 


(78) 


Inasmuch  as  these  deformations  are  not  independent  of  each 
other,  only  one  need  be  retained  in  the  analysis.  Therefore, 
if  A z is  eliminated  by  means  of  equation  (78),  Aa  can  then 
be  obtained  in  a form  similar  to  that  used  for  the  wing 
deformations  in  equation  (76): 

A«  = - qK,  | F1(k)zr+F2(k)arX_F 3® - 

~ -qK,Fb{k)wt  (79) 

EQUATIONS  OF  MOTION 


where  the  wing  lift  and  pitching  moment  can  be  expressed  in 
terms  of  the  lift  and  moment  distributions  l and  m as 


or 


iw=<zi©j  +<zi©]{w} 


<j 


Mw=q  1<§)J  ^2^+gl@J{w} 


(82) 


where  [@J,  [@J,  [@J,  and  [@J  are  the  rows  obtained  by  post- 
multiplying  the  rows  of  equation  (81)  by  the  square  and 
rectangular  matrices  of  equation  (66).  In  equation  (80)  the 
fuselage  lift  and  moment  have  been  neglected;  they  can 
easily  be  expressed  in  terms  of  aT  and  zT  and  included,  if 
desired. 

The  equations  for  the  tail  deformation  A a and  those  for 
the  overall  normal  force  and  pitching  moment  can  be  com- 
bined with  equation  (76)  as  follows:  For  the  sake  of  definite- 
ness it  will  be  assumed  that  n stations  on  the  wing  are 
considered,  including  the  one  at  the  root,  so  that  there  are 
2n+l  unknown  quantities,  and  that  in  the  column  matrices 
defining  applied  loads,  deformations,  and  so  on,  the  values 
at  the  root  of  the  wing  are  written  at  the  top: 


r 


<*nv 

l J 


Equations  (76)  and  (79)  are  equations  of  motion  inasmuch 
as  they  describe  balances  of  aerodynamic,  structural,  and 
inertia  forces.  In  fact,  if  the  airplane  fuselage  were  im- 


The  first  and  (n+l)tli  equations  of  the  system  defined  by 
equation  (76)  express  only  the  trivial  fact  that  the  structural 
deformation  at  the  wing  root  is  zero.  They  are  replaced  by 
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equations  (82)  and  (79),  which  are  adjoined  to  the  system,  to  yield  the  combined  equation  of  motion 


0 

-1  1 
-1  0 1 
-10  0 1 


0 

-1  1 
-10  1 
-10  0 1 


0 


ilj  U«J 


If  the  square  matrix  on  the  right  side  of  this  equation  is 
designated  by  [A],  the  rectangular  matrix  by  [5],  and  the 
quasi-unit  matrix  on  the  left  side  of  the  equation  by  [1'],  the 
equation  can  also  be  written  as 


(83b) 


The  matrices  [(F)]  to  [(0]  are  the  same  as  the  matrices 
[®]  to  [©]  of  equation  (76),  except  that  the  first  rows  of 
the  latter,  which  are  all  zero,  are  replaced  as  follows: 


First  row 
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Also,  the  elements  of  the  last  rows  and  columns  of  the  mat- 
rices [A]  and  [B]  are  zero,  except  for  the  following: 


K, 


sU,2n  + \~Fz(k)  — jjrFt(k) 
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(83a) 


Au+l.2n+1=-Kl[F3(k)-j*Fi(k)'] 

B 1,  n + l — F 

Bn  + 1,  n+l~ — %tF{ 5 (fa) 

^2»  + l.  n + l=  —K\Ff>(k) 


SOLUTION  OF  THE  EQUATIONS  OF  MOTION 


For  the  purpose  of  calculating  the  desired  transfer  func- 
tions, equation  (83b)  may  be  solved  directly  for  a given 
value  of  q as  a set  of  linear  algebraic  equations  with  coeffi- 
cients given  by  the  matrix  [I']  — (/[A]  and  with  “knowns” 


given  by  the  column  matrix  q[B]  {:.}(  where  [A],  [7>] , and 

{W  y are  functions  of  k ).  The  result  is  a column  matrix  of 
wtJ  ) 


the  unknown  amplitudes  of  the  motions  of  the  airplane.  If 
this  column  is  calculated  for  several  values  of  k in  the  range 
of  interest,  these  amplitudes,  considered  as  functions  of  k , 
are  transfer  functions  from  the  gust  to  the  motions. 

This  column  matrix  can  be  substituted  into  equation  (66) 

and  the  resulting  column  matrix  m substituted  into  equa- 
tion (74),  to  yield  a column  matrix  of  bending  and  twisting 
moments  which  again,  considered  as  a function  of  k,  repre- 
sents transfer  functions  from  the  gust  to  these  moments. 
A set  of  transfer  functions  for  the  vertical  shear  could  be 
calculated  similarly  from  the  relation 


The  stress  at  any  point  of  the  structure  can  be  assumed 
to  be  given  by  a linear  superposition  of  the  bending  moment, 
twisting  moment,  and  vertical  shear  at  the  given  station,  if 
elementary  beam  theory  is  used.  If  elementary  beam  theory 
cannot  be  used  because  of  the  interaction  of  bending  and 
torsion  stresses  or  because  of  shear  lag,  the  stress  at  a given 
point  can  be  expressed  as  a linear  superposition  of  moments 
and  shears  at  other  stations  as  well  as  the  given  station.  In 
either  case,  the  transfer  function  for  the  given  stress  is  then 
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produced  by  the  same  linear  superposition  of  the  transfer 
functions  for  the  corresponding  moments  and  shears. 

It  may  be  noted  that,  at  zero  frequency,  solution  of  equa- 
tion (83b)  yields  the  static  aeroelastic  deformations  and  thus 
permits  the  calculation  of  the  changes  in  the  lift  distribution 
and  the  shift  of  the  aerodynamic  center  that  result  from 
static  aeroelastic  action.  Also,  inasmuch  as  this  equation 
completely  describes  the  dynamic  behavior  of  the  airplane, 
the  speeds  at  which  aeroelastic  instability  phenomena  occur 
can  be  calculated  from  it,  although  such  calculations  are 
beyond  the  scope  ot  this  report.  Suffice  it  to  point  out  that 
for  such  a calculation  the  degrees  of  freedom  of  the  body 
must  be  eliminated  first,  as  a result  of  the  way  in  which 
the  problem  has  been  set  up.  This  elimination  can  be 
effected  readily  by  considering  the  first  and  (n-f-l)th  rows 
of  [A],  but  with  An,  AUn+u  AnHtU  and  An+ i.n+i  replaced  by 
0.  If  these  rows  are  premultiplied  by 


An 

A 


+1.1 


iW  T1 

An. j_i  . n+1  J 


and  used  as  the  first  and  (ra-}-l)th  rows  of  a matrix  which 
is  otherwise  a unit  matrix,  and  if  this  resulting  matrix  is 
referred  to  as  [1"],  then  equation  (83b)  can  be  written  for 
this  homogeneous  case  as 


[[!']  in-<L[A}{l"]] 


= {0} 


The  products  [l'j  [1"]  and  [A]  [1"]  will  now  have  two  null 
rows  and  columns  each,  which  correspond  to  zT  and  ar.  If 
these  rows  and  columns  are  deleted  and  zT  and  ar  are  deleted 


yielding  a column 


the  remaining  mat- 


rices are  nonsingular,  so  that  they  can  be  inverted  and  the 
preceding  equation  can  be  written  as 


l[E\-g[D(k)]] 


(84) 


where  [E]  is  the  identity  matrix,  and 

[*>(*)]  in] 


The  horizontal  braces  designate  the  fact  that  the  null  rows 
and  columns  have  been  deleted. 

Equation  (84)  is  in  the  canonical  form  for  the  calculation 
of  eigenvalues.  If  Jc  is  set  equal  to  zero  and  the  eigenvalues 
of  [D(0)]  are  calculated  by  iteration,  expansion  of  the  de- 
terminant, or  any  other  suitable  method,  the  lowest  real 
and  positive  one  represents  the  value  of  the  dynamic  pres- 
sure at  divergence.  For  swept  wings  the  value  lowest  in 
absolute  magnitude  is  usually  negative  and  is  therefore  of 
no  practical  significance,  although  it  is  often  used  as  an 
index  of  the  aeroelastic  behavior  of  the  airplane.  ’ 

This  calculation  can  be  repeated  for  various  positive  values 


of  Jc,  the  fii^s t few  eigenvalues  being  obtained  for  each.  The 
results,  which  will  generally  be  complex,  can  be  plotted 
against  Jc.  When  any  of  the  eigenvalues  becomes  purely 
real,  it  represents  a dynamic  pressure  at  flutter,  and  the 
corresponding  value  of  Jc  represents  the  reduced  frequency 
at  flutter.  (This  statement  is  true  only  if  the  structural 
damping  is  zero ; such  damping  effects  can  easily  be  included, 
but  the  details  of  the  process  are  bejrnnd  the  scope  of  this 
report.) 

DYNAMICS  OF  THE  LARGE  FLEXIBLE  AIRPLANE 

For  the  large  flexible  airplane  the  fundamental  proposition 
of  power  spectral  analysis,  that  the  output  power  spectrum 
of  a system  is  the  product  of  the  absolute  square  of  the 
transfer  function  and  the  input  power  spectrum,  is  no  longer 
valid  if  the  input  is  considered  to  be  the  gust  intensity  at  a 
point.  Nor  can  the  output  power  spectrum  be  expressed 
directly  in  terms  of  an  effective  input  spectrum,  as  in  the 
case  of  the  rigid  airplane,  where  this  simplification  resulted 
from  the  assumption  that  the  indicial-response  function  was 
expressible  as  the  product  of  a function  of  time  alone  and  a 
function  of  distance  along  the  span  alone. 

In  the  first  section  of  this  part  of  the  report  the  statistical 
problems  involved  in  an  analysis  of  the  response  of  a large 
flexible  airplane  are  considered.  The  nature  of  the  general- 
ized transfer  functions  required  for  this  purpose  is  described, 
and  the  means  whereby  they  are  combined  with  the  input 
spectrum  are  indicated. 

The  second  section  is  concerned  with  an  extension  of  the 
method  outlined  in  the  preceding  part  to  the  case  of  the  large 
airplane.  Although  fundamentally  the  dynamic  aspects 
of  the  problem  are  unchanged,  and  although  the  longitudinal 
and  lateral  degrees  of  freedom  can  still  be  separated,  a direct 
application  of  the  approaches  outlined  in  the  preceding  parts 
of  the  report  to  the  large  airplane  requires  consideration  of 
the  entire  wing,  rather  than  only  one  half  of  the  wing. 
Little  additional  computing  time  is  then  required  to  treat 
the  lateral  and  longitudinal  degrees  of  freedom  simul- 
taneously, and  the  necessity  of  combining  the  results  of  two 
separate  analyses  is  obviated.  However,  attention  can 
still  be  confined  to  one  half  of  the  wing  by  using  the  technique 
outlined  in  the  discussion  following  equation  (55)  and  in  the 
section  headed  ‘‘Combination  of  the  Results  Obtained  From 
Analyses  of  the  Longitudinal  and  Lateral  Degrees  of  Free- 
dom.” Basically  this  technique  consists  in  splitting  the 
influence  functions  of  concern  into  symmetric  and  anti- 
symmetric parts  and  using  one  part  for  an  analysis  involving 
the  longitudinal  degrees,  and  the  other  in  an  analysis  in- 
volving the  lateral  degrees.  If  this  approach  is  adopted, 
separate  analysis  of  longitudinal  and  lateral  degrees  of 
freedom  is  still  preferable. 

EXTENSION  OF  THE  STATISTICAL  APPROACH 

The  power  spectrum  and,  hence,  the  mean-square  values 
of  the  responses  such  as  the  stress  at  a given  point  on  the 
wing  of  a large  flexible  airplane  due  to  flight  through  turbu- 
lent air  can  be  calculated  in  several  ways.  Perhaps  the  most 
direct  of  these  consists  in  using  the  basic  approach  outlined 
in  the  first  part  of  this  paper  and  starting  with  an  expression 
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for  the  instantaneous  value  of  the  stress  in  terms  of  a suitable 
indioial-response  influence  function,  namely, 

J»  Pbl  2 

K(t\,y)w(JJ(t—ti),y)dydti  (85) 

-CO  J -bf 2 

The  function  h”(t,y)  is,  as  before,  an  indicial-response 
influence  function  or  Green’s  function  for  the  partial  differen- 
tial equation.  It  relates  the  stress  as  a function  of  space 
and  time  coordinates  to  the  applied  loads,  which  are  also 
functions  of  space  and  time  coordinates.  The  essential 


difference  between  the  problem  considered  in  this  section 
and  those  treated  in  the  first  two  parts  of  the  report  is  that 
this  function  can  no  longer  be  expressed  as  a product  of  a 
function  of  t alone  and  y alone.  In  some  cases — in  a modal 
approach,  for  instance — it  may  be  expressible  as  a sum  of 
several  such  functions,  and  then  the  approach  used  previously 
for  the  bending  moment  of  a large  rigid  airplane  free  to  move 
vertically  may  be  adopted,  as  has  been  done  in  reference  13. 
However,  in  this  section  the  case  is  considered  in  which 
I even  this  simplification  cannot  be  made. 


it  is 


The  correlation  function  for  a can  be  calculated  directly  from  equation  (85),  and  for  the  case  of  axisymmetric  turbulence 


f f f f K(thyi)b%{t2iyJ)  if w UU2(T+ti~t2)2+(y2—yi)2)  dyidy2  dtxdu 

J - oo  J - co  J -6/2  J -6/2 


(86) 


Hence,  the  power  spectrum  of  a can  be  obtained  by  calculating  the  Fourier  transform  of  this  function  and  is 

J6/2  rb/2 

Hf(u,yt)H?(<a,y2)vu(<a,  |j/2“2/i|)  dyx  dy2  (87) 

-fr/2  J —6/2 

where  $w(o),ri)  is  the  two-dimensional  spectrum  considered  previously,  TT^(^,y)  is  the  Fourier  transform  of  K(t,y)  with  respect 
to  time,  and  the  asterisk  designates  a complex  conjugate,  as  before.  Thus,  the  function  H^(co,y)  is  a transfer  function  from 
sinusoidal  vertical  gusts  (of  width  cly)  impinging  on  the  wing  at  a given  station  y on  the  wing  to  the  stress  cr,  or  a Green’s  func- 
tion for  the  ordinary  differential  equation  (with  the  quantity  co  as  a parameter)  that  relates  the  stress  amplitude  as  a function 
of  the  space  coordinate  y to  the  amplitude  of  the  applied  sinusoidal  gusts. 

The  term  i7^*(co,i/i)  H^(co,y2)  in  equation  (87)  is  complex;  however,  the  imaginary  part  can  be  ignored  because  it  contributes 
nothing  to  the  integral  as  a result  of  the  fact  that  <pw  depends  only  on  |t/2 — 2/1 1 . 

In  a manner  analogous  to  the  one  employed  in  the  first  part  of  this  report,  the  double  integral  in  equation  (87)  can  be 
evaluated  by  introducing  the  function  H^(w,7j)  which  takes  the  place  of  the  function  T(rj)  used  previously  and  is  defined  by  an 
autoconvolution  of  Z?£(w, 77): 

~ rbi  2 

Hwa(a>,r{)= 2 R { Hf  (w,  y)H”(w}y+r))}  dy 

J~bl2 

where  R{  } designates  the  real  part.  Hence, 


*,(«)=/  v )<Pw(o),  v)  dr) 


(88) 


Another  approach  consists  in  using  the  double  Fourier  transform  <J>W(X)  of  the  axisymmetric  input  correlation  defined  in 
the  first  part  of  this  report.  In  terms  of  this  function  the  correlation  function  ^(r)  can  be  written  as 

1 /*co  /»oo  /»&/2  /*&/ 2 f*  «>  f*co 

J eix*^|i?“(X1;X2)|2$„(VXi2+X22)  dXidXj 


where  the  function 

m(K \2)=  f rnhW,y)e-'W*Mdydt 

J-00J-6/2 

represents  the  Fourier  transform  (with  respect  to  y)  of  the  function  H^(u,y),  that  is, 


U\ 


^(X„X2)=J_ 


&/2 
bf  2 


e-iX!  »Hut(\iU,y)  dy 


(89) 
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Hence, 


#,(«)=•  f f eix,u'e~iuT 


(90) 


With  the  approach  outlined  in  the  next  section,  the  function  H^(co}y)  can  be  calculated  either  directly  or  indirectly,  by 
first  calculating  the  transfer  function  from  the  gust  to  the  lift  distribution  and  then  the  transfer  function  from  the  lift  distri- 
bution to  the  stress.  For  the  indirect  method, 


J6/2 

G(7],y)dr} 

-6/2 


where  the  function  S’® (w)  G(Tj}y ) is  the  influence  function  for  the  local  lift  or  the  Green’s  function  for  the  aerodynamic 
problem  involving  sinusoidal  gusts  considered  in  the  first  part  of  this  report;  the  symbols  rj  and  y in  6?(  ??,?/)  are  inter- 
changed, however,  so  that  the  function  now  defines  the  contribution  of  a gust  at  station  y to  the  lift  at  station  ij. 
The  transfer  function  Hlc(o)}rj)  relates  the  (sinusoidal)  stress  at  the  given  point  to  a unit  concentrated  (sinusoidal)  normal 
force  acting  at  station  77. 

With  this  indirect  method,  the  power  spectrum  for  the  stress  at  a given  point  can  be  calculated  by  starting  with  the 
power  spectrum  for  the  lift  distribution  calculated  in  the  first  part  of  the  report.  For  this  approach  <r(t)  may  be 
written  as 


so  that 


and 


where 


f*b/2 

K(ti,y)l(t—ti,y)dydti 

- co  J -6/2 

Jco  /too  />6/2  f*  6/2 

K(tuyM(t2,y2)'J'i(T+t1—t2,yi,y2)dyidytfltidt2 

-ooJ-coJ-6/2j-6/2 

J6/2  r 6/2 

flV  («,2/i)  HI  (<0,1/2)  <PI  (w,2/i  ,y2)dyx  dy2 

- 6/ 2c/  — 6/2 


(91) 


'h  (t,  2/1, 2/2)  = l (t,yi)l  ( T+t,y2 ) 

The  Fourier  transform  of  this  correlation  function  is,  then, 

vi  (u,yi,y  2) = \H  ? («)  | Vw,  (w) 

(See  the  section  heaclecl  “Generalized  Aerodynamic  Influence  Functions  in  Unsteady  Flow.”)  Hence, 

J6/2  r 6/2 

I HV (u,y\)Hl(w,y^tpw (w)dJyidy2  . \ . 

-b/2j  -6/  2 


(92) 


(93) 


If  <Pu>t(o))  is  given  by  equation  (35),  the  double  integral  can  be  expressed  in  terms  of  single  integrals  as  follows: 

^(co)  = |Hf(o,)|2[(l-2i:)2|^(co)|VWe(a,)+2^(l-Z)R{G!(a,)(?'*(co)}+^Jo'G'”(co,),)^(co^)d1,]  (94) 

where 

J&/2 

ttl(w,y)y{y)dy 

-6/2 

J&/2 

Hlc{w,y)<pwt-  (u,y)y(y)dy 

-6/2 

(6/2)  -i) 

G"(w,v)  =2  [R{Hi(co,y)  }R{Hi(co,y+7?) } +I{U‘(w,y)  }l{Hla(cc,y+rj)  }]y(yh(y+v)dy 

J-b/2 
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as  before,  R{ } designates  the  real  part,  and  l{ } designates  the 
imaginary  part. 

Equations  (88),  (90),  and  (93)  thus  represent  three 
methods  of  obtaining  the  power  spectrum  of  the  given  stress. 
One  requires  a transfer  function  from  the  local  gust  intensities 
directly  to  the  stress,  an  autoconvolution  of  this  transfer 
function,  and  the  spectrum  of  turbulence  defined  by  equation 
(16);  the  second  requires  a two-dimensional  spectrum  of  the 
turbulence  defined  by  equations  (17a)  and  (17b)  and  a 
Fourier  transform  of  the  aforementioned  transfer  function 
with  respect  to  y ; the  third  utilizes  an  autoconvolution  of 
the  transfer  functions  from  local  concentrated  loads  to  the 
stress  and  the  spectrum  for  local  lifts  due  to  vertical  gusts 
calculated  in  the  first  part  of  the  report.  The  choice  of 
approach  depends  to  some  extent  on  the  information  avail- 
able, but  is  largely  a matter  of  individual  preference. 

The  analysis  in  this  section  has  been  based  on  the  premise 
that  both  halves  of  the  wing  would  be  treated  simultaneously. 
Attention  can  be  confined  to  one  wing  by  using  only  the 
symmetric  parts  of  the  influence  functions  in  an  analysis 
involving  the  longitudinal  degrees  of  freedom,  and  only  the 
antisymmetric  parts  in  an  Analysis  involving  the  lateral 
degrees  of  freedom.  The  symmetric  part  of  an  influence 
function  for  a unit  concentrated  load  or  gust  acting  at  sta- 
tion y is  the  response  function  for  two  loads  or  gusts  of  }{  unit 
intensity  acting  at  stations  y and  —y,  respectively.  Simi- 
larly, the  antisymmetric  part  is  the  response  for  a load  or 
gust  of  K unit  intensity  acting  at  station  y and  an  equal  and 
opposite  load  or  gust  acting  at  station  — y.  If  this  approach 
is  chosen,  some  of  the  integral  expressions  given  in  this 
section  assume  slightly  simpler  forms.  For  instance,  equa- 
tion (89)  can  then  be  written  for  the  symmetric  part  as 

a run 

/J?(\1,X2)  = 2j  cos  \2yH”(\iU,y)dy 
and  for  the  antisymmetric  part  as 

A /*&/2 

H” (X,,X2)  = — 2iJ^  sin  {\JJ,y)dy 

CALCULATION  OF  THE  REQUIRED  TRANSFER  FUNCTIONS 

Depending  on  which  of  the  methods  outlined  in  the  pre- 
ceding section  is  used,  one  of  two  types  of  transfer  functions 
is  required — either  the  one  from  local  gusts  to  the  stress  of 
interest,  or  the  one  from  the  local  lift  to  that  stress.  Both 
of  these  functions  differ  in  several  respects  from  those  con- 
sidered in  the  preceding  part  of  this  report. 

For  either  type  of  transfer  function  the  structural  de- 
formations of  the  wing  under  concentrated  loads  as  well  as 
under  distributed  loads  will  be  required,  so  that  the  numeri- 
cal-integration schemes  used  in  the  preceding  part  have  to  be 
modified  to  some  extent.  Also,  it  may  now  be  preferable  to 
consider  the  entire  wing  (rather  than  the  one  semispan  con- 
sidered in  the  case  of  the  small  flexible  airplane),  so  that  the 
various  transfer  functions  are  asymmetric.  With  the  degrees 
of  freedom  considered  in  the  analysis  thus  doubled,  it  becomes 


preferable  to  include  one  additional  degree  of  freedom,  roll, 
rather  than  to  perform  two  separate  analyses  for  symmetric 
and  antisymmetric  motions  with,  respectively,  one  and  two 
less  degrees  of  freedom,  and  then  to  combine  the  results. 
However,  if  the  alternative  approach  of  splitting  up  the 
influence  functions  into  symmetric  and  antisymmetric  parts 
for  use  in  two  separate  analyses  is  adopted,  only  one  semispan 
need  be  considered,  and  the  results  presented  in  this  section 
can  then  be  simplified  to  a large  extent. 

Before  discussing  the  modifications  required  to  extend  the 
dynamic  analysis  outlined  in  the  preceding  part  of  the  report 
to  the  large  airplane,  it  might  be  pointed  out  that  chordwise 
deformations  (deformations  parallel  to  the  chord)  will  again 
be  ignored.  Again,  they  can  readily  be  included  by  a 
straightforward  extension  of  the  approach  used  here  if  it  is 
felt  that  they  may  be  significant  in  any  given  case.  If  they 
are  included,  however,  yawing  and  possibly  also  sideslipping 
motions  can  probably  no  longer  be  ignored,  because  they 
may  give  rise  to  large  forces  in  the  chordwise  direction.  If 
the  entire  wing  is  treated,  these  two  additional  degrees  of 
freedom  can  readily  be  included,  and  all  longitudinal  and 
lateral  degrees  of  freedom  are  then  treated  simultaneously; 
if  two  separate  analyses  are  performed  for  the  longitudinal 
and  lateral  degrees  of  freedom,  the  symmetric  and  anti- 
symmetric parts  of  the  influence  functions  being  used  and 
only  one  semispan  being  treated,  these  additional  degrees  of 
freedom  enter  only  into  the  lateral  analysis. 

The  structural  deformation  due  to  local  (concentrated) 
loads  can  be  obtained  in  several  ways.  If  measured  influence 
coefficients  are  used,  they  pertain  precisely  to  such  loads  and, 
in  fact,  must  be  modified  before  they  can  be  used  for  dis- 
tributed loads  (see  ref.  12)  so  that  it  is  necessary  only  to  use 
the  unmodified  coefficients. 

If  the  deformations  are  to  be  calculated  in  a manner 
similar  to  that  emploj^ed  in  the  preceding  part,  the  inte- 
grating matrices  must  be  replaced  as  follows: 

| [I]  by  | [I!'] 

where 

L*'=l  (2>2>) 

IP/=J  (2  = P) 

IM'=0  (<L<p) 

and 

d)'[n]  by  ‘ [in 

where 

II  M=yt—yp  (2  ^ p) 

Hw=0  (a<p) 
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The  factor  of  % for  IPP  constitutes  an  approximation  which 
implies  fairing  through  a discontinuity.  If  this  approxi- 
mation is  to  be  avoided,  the  deflections  due  to  unit  concen- 
trated loads  (the  structural  influence  coefficients)  can  be 
calculated  directly  from  simple  beam  theory,  in  which 
case  the  limits  of  integration  take  care  of  the  discontinu- 
ities. Thus,  for  instance,  for  an  unswept  wing,  the  normal 
deflection  and  twist  at  yv  due  to  a unit  concentrated  load 
and  torque,  respective!}7,  at  yq  are 


z 


PQ 


y*-y 

El(y ) 


dydy' 


(: Vv  ^ Vq) 


loads.  When  combined  linearly  as  required  for  the  desired 
stress,  these  moments  and  shears  yield  the  desired  transfer 
functions  i?l(co,  y). 

If  the  transfer  function  directly  from  the  local  gusts  to 
the  desired  stress  is  to  be  determined,  the  response  of  the 
airplane  to  the  lift  distribution  induced  by  a sinusoidal  gust 
of  width  dy  acting  at  station  y must  be  calculated.  This 
lift  distribution  is  the  Green’s  function  considered  previously. 
If  it  is  represented  by  the  relation  H*t( co)  G(y,ri)}  with  G(y,rj) 
defined  by  the  approximation  given  in  equation  (34),  the 
concentrated  loads  arise  from  the  delta  function  in  that  ex- 
pression. The  right  side  of  equation  (95)  becomes,  in  that  case, 


2p(,==j0  J„  W(idycIy'+{yp~yQ)L  my)(ly 

“P9=Jo  VW)dy 

"Wo  GJiy)dy 


(: Vp>V< ) 


(: Vv  ^ Vo) 


iVo  < Vv) 


The  concentrated  loads  under  consideration  arise  as 
follows:  For  the  transfer  functions  relating  local  lifts  to 
the  desired  stress,  the  local  lifts  may  be  considered  to  be 
concentrated  loads  of  unit  magnitude,  associated  with 
concentrated  torques  of  magnitude  e\C.  Equation  (83b) 
can  then  be  written  as  (see  also  eq.  (76)) 


[H-aH]  « =[«'] 

J LAaJ  L 


Uic)  H 


(95) 


where  |w]  is  a diagonal  matrix  of  the  values  of  w defined  by 
equation  (63),  and  where  the  matrix  [Rf]  represents  either 
the  four  influence-coefficient  matrices  for  z and  a due  to 
concentrated  loads  and  torques,  or  the  square  matrix  of 
equation  (75)  with  modified  integrating  matrices,  as  dis- 
cussed in  the  preceding  paragraphs. 

It  may  be  noted  that  equation  (95)  now  represents  not 
one  set  of  simultaneous  equations  but  several,  all  having 
the  same  coefficients  but  different  sets  of  knowns  (as  defined 
by  the  columns  of  the  matrix  on  the  right  side)  and, 

hence,  different  sets  of  unknowns  [the  columns  of  the 


matrix 


z 

a 

|_AaJ 


This  situation  is  due  to  the  fact  that  the 


functions  under  consideration  are,  in  effect,  the  responses  of 
the  airplane  as  a whole  to  sinusoidally  varying  concentrated 
loads  and  are  different  for  each  location  of  the  applied  load. 

Once  this  equation  has  been  modified  to  take  into  account 
the  overall  body  motions  and  tail  deflections  (as  explained 
in  the  preceding  part)  as  well  as  the  rolling  motions  (as 
explained  in  the  following  paragraphs),  it  can  be  solved  to 


yield  the  unknown  values  of 


m. 

LAaJ 


From  these  values  the 


bending  and  twisting  moments,  as  well  as  the  vertical  shears, 
can  be  calculated  and  added  to  those  due  to  the  concentrated 


to-®arM[«i[K5f^3Jw+ 

where  [R]  represents  the  square  matrix  of  equation  (75), 
and  [/?']  the  one  discussed  in  connection  with  equation  (95). 
Again,  several  sets  of  simultaneous  equations  are  implied. 
Their  solution  (after  modification  for  overall  motions  and 
tail  deflections)  yields  values  of  2 and  a from  which  the 
transfer  functions  H^(co}y)  can  be  calculated. 

The  extension  of  the  method  of  the  preceding  part  to  the 
calculation  of  the  deformations  on  both  wings  is  straight- 
forward. Essentially,  distributed  lifts  and  torques  now  have 
to  be  calculated  for  both  wings  and  integrated  with  matrices 
which  can  be  assembled  from  those  used  for  one  wing  alone. 
No  new  problems  arise  in  this  process,  so  that  it  need  not 
be  discussed  further. 

The  inclusion  of  rolling  motion,  however,  is  not  so  straight- 
forward. One  method  consists  in  replacing  all  values  of  z 
in  equation  (83a)  or  its  equivalent  by  z-\-Qy  and  then 
reducing  the  columns  involving  this  quantity  by  the  following 
relation  (which  assumes  that  the  new  unknown  quantity, 
the  roll  angle  0,  is  listed  at  the  end  of  the  column): 


1 

1 

1 

z-\-9y 

1 

0 

0 

y 

1 

’ 

1 

1 

a 

0 

1 

0 

Aa 

0 

0 

1 

0 

1 
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An  additional  equation  must  then  be  joined  to  the  set, 
namely,  the  equation  of  equilibrium  in  roll 

6/2 

l(y)ydy—IxQ—MDte= 0 (96) 

where  Tx  is  the  inertia  in  roll  of  the  fuselage  and  empennage 
alone  inasmuch  as  the  inertia  effects  of  the  wing  are  included 
in  l(y),  and  MDt  is  the  coefficient  of  damping  in  roll  for  the 
empennage.  For  most  cases  both  of  these  contributions  are 
negligible.  If  they  are  ignored,  equation  (96)  can  be  written 
in  matrix  notation  as 

liiJW=o 

where  [IIJ  is  now  a matrix  which  serves  to  perform  the  inte- 
gration required  in  equation  (96).  This  condition  can  then 
be  adjoined  to  the  other  equations  of  the  set  in  the  same 
manner  as  equations  (82)  were  adjoined  to  the  set  in  the 
preceding  part. 

The  result,  again,  is  a set  of  simultaneous  equations  for  z) 
a,  A a,  and  0 from  the  solution  of  which  the  desired  transfer 
functions  can  be  obtained  as  outlined  in  the  preceding  para- 
graphs. Also,  as  before,  once  the  unknowns  zr,  ar,  and  0 are 
eliminated  from  the  set,  the  divergence  and  flutter  speeds 
can  be  calculated  by  conventional  matrix  operations;  these 
speeds  will  then  pertain  to  an  airplane  free  to  move  verti- 
cally as  well  as  in  pitch  and  roll  and,  hence,  will  include 
divergence  and  flutter  speeds  in  antisymmetric  as  well  as 
symmetric  modes. 

DISCUSSION 

SOME  IMPLICATIONS  OF  THE  ASSUMPTIONS  CONCERNING  THE  NATURE 
OF  ATMOSPHERIC  TURBULENCE 

The  turbulence  was  assumed  to  be  homogeneous  in  order 
to  make  the  problem  stationary  in  the  statistical  sense  and 
thus  permit  the  use  of  the  mathematical  techniques  developed 
for  such  problems.  In  a practical  sense,  turbulence  can  be 
homogeneous  only  in  a limited  body  of  air.  The  assump- 
tion thus  implies  that  the  dimension  of  this  body  of  air 
along  the  flight  path  is  large  compared  with  the  distance 
traversed  in  the  reaction  time  of  the  airplane,  which  in  the 
case  of  load  studies  is  of  the  order  of  the  time  to  damp  to 
one-half  amplitude,  but  in  the  case  of  motion  studies  may 
be  much  larger.  Obviously,  the  greater  the  body  of  air, 
the  greater  the  reliability  with  which  the  loads  and  motions 
can  be  predicted  (in  a statistical  sense)  for  one  run  through  it. 
In  general,  turbulence  at  very  low  altitudes,  which  may  be 
influenced  significantly  by  the  configuration  of  the  ground, 
and  turbulence  in  thunderstorms  may  not  be  sufficiently 
homogeneous  for  the  purpose  of  this  type  of  analysis,  but 
other  types  of  turbulence  are  likely  to  be  substantially 
homogeneous  over  sufficiently  large  distances. 

Isotropy  was  assumed  in  order  to  permit  the  required  two- 
dimensional  correlation  functions  to  be  expressed  simply  in 
terms  of  the  one-dimensional  correlation  functions.  For 
sufficiently  short  wave  lengths  all  turbulence  is  isotropic,  but 
for  long  wave  lengths  it  can  be  isotropic  only  if  it  is  homo- 
geneous (both  in  the  plane  of  the  flight  path  and  perpendicu- 
lar to  it).  The  condition  of  axisymmetry,  which  is  sufficient 


for  most  of  the  results  presented  herein,  is  less  restrictive  than 
isotropy  inasmuch  as  it  does  not  specify  the  variation  of  the 
characteristics  of  the  turbulence  in  the  vertical  direction. 
In  practical  problems,  if  the  turbulence  may  be  assumed  to 
be  homogeneous,  the  conditions  of  axisymmetry  and  iso- 
tropy are  likely  to  be  satisfied  to  a sufficient  extent  to  permit 
the  use  of  the  approach  presented  herein  for  all  but  very 
long  wave  lengths.  The  wave  length  at  which  it  ceases  to 
be  valid  depends  on  the  size  of  the  body  of  air  under  con- 
sideration, being  larger  for  a large  bod}7. 

Taylor’s  hypothesis  (to  the  effect  that  a space  displace- 
ment Ax  along  the  flight  path  may  be  identified  wdth  a time 
displacement  t=Ax/U  in  the  gust  correlation  functions)  im- 
plies that  the  variation  in  gust  intensity  that  prevails  along 
the  flight  path  at  any  instant  will  remain  substantially  the 
same  until  the  airplane  has  traversed  the  given  body  of  air. 
The  required  correlation  functions  for  atmospheric  turbulence 
are  thus  in  the  nature  of  space  correlation  functions  (rather 
than  time  correlation  functions)  and  have  been  considered 
as  such.  The  statistical  characteristics  of  the  turbulence 
are  then  independent  of  the  speed  at  which  it  is  traversed. 
Clearly,  whether  or  not  this  hypothesis  is  valid  depends  on 
the  flying  speed  of  the  airplane.  On  the  basis  of  present 
knowledge  no  definite  lower  limiting  speed  can  be  quoted. 
However,  indications  are  that  the  hypothesis  is  valid  for 
flying  speeds  greater  than  about  100  or  200  feet  per  second. 
The  effect,  of  finite  flying  speed  on  the  gust  correlation  func- 
tion can  be  expected  to  be  most  pronounced  for  large  dis- 
tances, where  the  correlation  is  weak,  so  that  the  effect  on 
the  various  spectra  is  likely  to  be  small  and  to  occur  at  the 
longest  wave  lengths,  where,  as  previously  mentioned,  the 
spectrum  is  somewhat  uncertain  for  other  reasons  as  well; 
this  effect  is  thus  more  likely  to  be  significant  for  large  than 
for  small  airplanes. 

The  particular  correlation  function  used  herein  for  the  cal- 
culations of  the  “averaged”  correlation  functions  and  spectra 
has  certain  theoretical  shortcomings — primarily  that  the 
associated  spectrum  does  not  decrease  rapidly  enough  for 
very  short  w7ave  lengths.  However,  it  does  appear  to  be 
adequate  to  represent  the  available  information  concerning 
the  spectra  of  atmospheric  turbulence  (see  ref.  17,  for  in- 
stance) because  the  behavior  at  very  short  wave  lengths  is 
relatively  unimportant,  inasmuch  as  airplanes  cannot  re- 
spond to  them,  and  the  behavior  at  very  long  wave  lengths 
is  usually  in  doubt  by  reason  of  the  nonhomogeneity  of  actual 
turbulence.  In  the  intermediate  range  of  wave  lengths,  this 
correlation  function  appears  to  be  quite  satisfactory. 

The  parameter  £*  (the  integral  scale  of  turbulence)  used 
herein  is,  for  practical  purposes,  a largely  fictitious  quantity, 
inasmuch  as  it  is  proportional  to  the  values  of  the  gust 
spectrum  for  infinite  wave  lengths,  which,  in  view  of  the 
uncertainties  in  the  values  of  the  spectra  at  large  wave 
lengths,  have  little  physical  significance.  Therefore,  at 
present,  insufficient  information  is  available  to  give  a value 
for  L*  to  be  used  in  connection  with  the  numerical  results 
calculated  herein,  although  a value  of  1,000  to  2,000  feet 
appears  to  be  appropriate.  As  more  information  concern- 
ing the  spectrum  of  atmospheric  turbulence  becomes  avail- 
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able,  more  definite  values  can  be  deduced  by  fitting  an 
analytical  expression  of  the  type  used  here  to  measured 
results  in  the  range  of  frequencies  of  primary  interest,  and 
then  using  this  expression  as  a means  of  obtaining  a value 
of  L*  by  extrapolation  of  the  measured  results  to  infinite 
wave  lengths  (zero  frequency). 

CONSIDERATIONS  PERTINENT  TO  THE  APPLICATION  OF  STATIONARY- 
RANDOM-PROCESS  TECHNIQUES  TO  GUST-LOAD  PROBLEMS 

The  purpose  of  this  section  is  to  point  out  how,  in  principle, 
the  results  of  analyses  of  the  type  outlined  herein  may  be 
used  in  overall  load  analysis  and,  hence,  in  the  design  of  an 
airplane. 

Consideration  is  confined  in  this  paper  primarily  to  the 
power  spectra  of  the  motions  and  stresses  of  interest.  As 
pointed  out  in  references  1,  2,  3,  and  11,  for  instance,  a great 
deal  of  statistical  information  of  direct  interest  can  be 
obtained  from  the  power  spectrum.  For  instance,  if  the 
random  process  of  concern  (say,  the  given  stress  as  a func- 
tion of  time)  has  a Gaussian  probability  distribution,  the 
expected  number  of  peaks  at  or  beyond  a given  level  in  a 
given  period  of  time  can  be  calculated  very  simply*  from  the 
integral  of  the  spectrum  and  its  second  and  fourth  moments. 

The  results  obtained  in  this  manner  pertain  to  continued 
flight  in  a given  body  of  turbulent  air.  They  have  to  be 
generalized  by  determining  the  likelihood  of  flying  through 
turbulence  of  the  given  characteristics.  (See  ref.  18.)  The 
probability  of  exceeding  a given  stress  level  during  the  ex- 
pected life  of  the  airplane  while  flying  through  atmospheric 
turbulence  can  thus  be  calculated  in  straightforward  fashion. 
To  this  probability  must  then  be  added  the  probability  of 
exceeding  this  level  in  maneuvers,  landings,  and,  possibly, 
also  in  turbulence  due  to  thunderstorms,  because  in  view  of 
the  possibly  nonhomogeneous  character  of  turbulence  in 
thunderstorms  and  the  possibly  nonlinear  nature  of  the 
aerodynamic  forces  incurred  while  flying  through  them,  the 
techniques  used  herein  may  not  be  applicable  to  flight 
through  thunderstorms,  and  a separate  analysis  may  have 
to  be  performed. 

Although  the  available  information  concerning  atmos- 
pheric turbulence  is  inadequate  to  permit  of  any  definite 
conclusion,  the  results  obtainable  with  the  approach  outlined 
herein  may  turn  out  to  be  most  significant  for  the  prediction 
of  the  low-  and  medium-amplitude  stress  cycles  which  are 
important  to  fatigue  studies;  their  validity  for  or  contribu- 
tion to  the  prediction  of  very  severe  loads  remains  to  be  seen. 

CONCLUDING  REMARKS 

The  statistical  approach  to  the  problem  of  calculating  the 
dynamic  responses  and  the  stresses  of  an  airplane  subjected 
to  continuous  random  atmospheric  turbulence  has  been 
extended  in  several  respects;  basically,  only  the  assumptions 
of  linearity,  that  is,  of  small  motions  and  deformations,  as 
well  as  homogeneity  and  axisymmetry  of  the  turbulence  are 
retained. 

The  first  problem  considered  was  the  effect  of  spanwise 
variations  of  the  instantaneous  turbulent  velocities  on  the 
lift  and  moments  due  to  turbulence.  The  mean-square  lift 
has  been  shown  to  be  reduced  considerably  if  the  span  of  the 


airplane  is  relatively  large  compared  with  the  integral  scale 
of  turbulence.  The  shape  of  the  spectrum  of  this  lift  is 
affected  relatively  little  by  spanwise  variations  of  gust 
intensity,  except  at  very  high  frequencies,  if  the  decrease  in 
the  effective  mean-square  intensity  is  taken  into  account. 
The  effect  of  sweep  on  the  mean-square  lift  and  its  spectrum 
has  been  shown  to  be  small  for  wings  with  a given  distance 
from  root  to  tip. 

If  the  variation  of  the  instantaneous  velocities  is  taken 
into  account,  the  rolling  moment  to  which  the  airplane  is 
subjected  can  be  calculated.  The  mean-square  rolling 
moment  has  been  shown  to  be  proportional  to  the  ratio  of 
the  wing  span  to  the  integral  scale  of  turbulence  for  small 
values  of  that  ratio.  Similarly,  expressions  for  the  mean- 
square  values  and  the  power  spectra  of  the  local  lift,  the 
bending  moments,  and  the  pitching  moment  have  been  given. 
For  some  of  these  forces  the  required  aerodynamic  informa- 
tion cannot  be  calculated  by  existing  methods.  Therefore, 
certain  approximations,  based  on  experience  with  steady 
aerodynamic  forces  and  available  knowledge  concerning 
unsteady  forces,  had  to  be  made  for  the  aerodynamic  influ- 
ence functions  in  unsteady  flow. 

The  next  problem  considered  was  the  dynamic  response  of 
a rigid  airplane  to  random  turbulence.  This  problem  had 
previously  been  treated  for  the  case  of  an  airplane  free  to 
move  only  in  the  vertical  direction  and  small  enough  so  that 
variation  of  the  turbulent  velocities  along  the  span  could  be 
neglected.  In  the  present  report  the  response  of  an  airplane 
in  three  longitudinal  degrees  of  freedom  was  considered; 
calculations  were  made  which  suggest  that  the  inclusion  of 
deviations  from  the  mean  horizontal  motion  is  superfluous 
in  gust-load  calculations.  For  the  remaining  two  longi- 
tudinal degrees  of  freedom,  the  mean-square  normal  and 
angular  acceleration  have  been  shown  to  be  functions  of 
only  two  parameters  other  than  the  mass  ratio  and  scale 
parameter  of  the  single-degree-of-freedom  case,  namely, 
dimensionless  forms  of  the  short-period  frequency  and  of 
the  time  to  damp  to  one-half  amplitude.  An  indication  is 
given  of  the  manner  in  which  the  results  obtained  in  connec- 
tion with  the  first  problem  can  be  used  to  extend  this  dy- 
namic analysis  to  the  case  in  which  variations  of  the  turbulent 
velocity  along  the  span  have  to  be  taken  into  account. 

The  last  problem  treated  was  the  dynamic  response  of  a 
flexible  airplane,  including  vertical  motion,  pitch,  and,  when 
necessary  (as  when  spanwise  variations  in  gust  intensity  are 
taken  into  account),  roll.  Horizontal  and  lateral  (yawing 
and  sideslipping)  motions  were  disregarded  because  they  do 
not  generally  affect  the  wing  stresses  due  to  vertical  gusts. 
A method  which  represents  an  extension  to  the  dynamic  case 
of  a numerical-integration  approach  to  the  static  aeroelastic 
problem  has  been  outlined  for  the  analysis  of  the  problem  at 
hand.  The  modifications  required  in  the  basic  statistical 
approach  and  in  this  method  of  dynamic  analysis  in  order 
to  treat  the  case  in  which  spanwise  variations  of  the  gust 
intensity  are  important  have  been  discussed. 

Although  most  of  this  analysis  has  been  confined  to  the 
vertical  component  of  turbulence,  it  has  been  shown  that  the 
simultaneous  action  of  longitudinal,  vertical,  and  lateral 
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gusts  on  the  wing  stresses  (with  due  allowance  for  the  fact 
that  vertical  gusts  affect  both  the  longitudinal  and  the  lateral 
motions  of  the  airplane)  can  be  taken  into  account  by  simply 
adding  the  power  spectra  of  the  various  contributions,  pro- 
vided the  turbulence  is  isotropic;  the  cross  correlations  or 
spectra  have  been  shown  to  vanish  either  by  the  symmetry 
or  antisymmetry  of  the  influence  functions  involved  or  as  a 
result  of  the  statistical  independence  of  mutually  perpendicu- 
lar velocity  components. 


The  approach  presented  herein  thus  furnishes  a founda- 
tion for  the  prediction  of  the  statistical  properties  of  the 
stress  experience  of  a given  airplane  once  the  appropriate 
statistical  characteristics  of  the  atmosphere  have  been  de- 
termined. 

Langley  Aeronautical  Laboratory, 

National  Advisory  Committee  for  Aeronautics, 
Langley  Field,  Va.,  November  5,  1956 . 
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DIFFERENTIAL  EQUATIONS  OF  MOTION  FOR  COMBINED  FLAPWISE  BENDING,  CHORDWISE 
BENDING,  AND  TORSION  OF  TWISTED  NONUNIFORM  ROTOR  BLADES  1 

S 

By  John  C.  Houbolt  and  George  W.  Brooks 


SUMMARY 

The  differential  equations  oj  motion  for  the  lateral  and  tor- 
sional deformations  of  twisted  rotating  beams  are  developed  for 
application  to  helicopter  rotor  and  propeller  blades . No 
assumption  is  made  regarding  the  coincidence  of  the  neutral , 
elastic , and  mass  axes,  and  the  generality  is  such  that  previous 
theories  involving  various  simplifications  are  contained  as 
subcases  to  the  theory  presented  in  this  paper . 

Special  attention  is  given  the  terms  which  are  not  included  in 
'previous  theories.  These  terms  are  largely  coupling-type  terms 
associated  with  the  centrifugal  forces . Methods  of  solution  of 
the  equations  of  motion  are  indicated  by  selected  examples. 

INTRODUCTION 

This  paper  deals  with  the  deformation  theory  of  rotating 
blades.  The  structural  problems  of  these  blades  have 
become  more  acute  in  almost  every  phase  of  aeronautical- 
engineering  application : For  example,  propellers  have 

become  larger  and  thinner,  particularly  in  connection  with 
aircraft  designed  for  vertical  take-off  and  landing  and  short 
take-off  and  landing,  and  as  a consequence  are  more  suscep- 
tible to  vibration  and  flutter  troubles;  helicopter  blades  are 
subject  to  numerous  vibration,  divergence,  and  flutter 
problems;  and  turbine  and  compressor  blades  fail  frequently 
because  of  some  vibration  phenomena.  There  is  therefore 
much  interest  in  the  development  of  a more  general  deforma- 
tion theory  which  is  fundamental  in  the  structural  and 
dynamic  analysis  of  these  problems. 

Although  many  theories  on  blade  deformation  exist,  these 
theories  either  neglect  some  of  the  factors  of  concern  or  treat 
them  only  approximately.  The  factors  are  many  and 
include  variable  stiffness  and  mass  distributions,  noncoin- 
cidence of  the  elastic  and  mass  axes,  built-in  twist,  coupling 
brought  about  by  inertia  and  centrifugal  forces,  and  so  forth. 
In  order  to  give  a rough  perspective  of  the  scope  of  available 
theory,  figure  1 has  been  prepared.  The  nonrotating-beam 
cases  have  also  been  included  in  figure  1 (a).  The  first  two 
cases  refer  to  uncoupled  bending  and  uncoupled  torsion  of 
beams  without  twist,  and  much  work  on  these  cases  has 
been  done;  their  treatment  is  in  fact  classical.  The  third 
case  is  that  of  coupled  bending  in  two  directions  and  torsion 
of  a twisted  beam,  wherein  the  elastic  and  mass  axes  are 
noncoincident  (see  ref.  1);  the  subcase  where  no  twist  is 


present  has  also  been  given  extensive  treatment.  Additional 
treatments  on  general  theory  of  pretwisted  beams  are  also 
given  in  references  2 to  4. 

The  rotating-beam  cases  which  have  been  treated  with 
the  inclusion  of  centrifugal  forces  are  shown  in  figure  1 (b). 
The  first  case,  that  of  pure  flapwise  bending  of  an  untwisted 
beam,. has  been  considered  by  several  investigators;  reference 
5 is  a notable  example  in  which  beams  of  variable  cross 
section  and  different  root-end  suspensions  are  analyzed  from 
a design-application  standpoint  in  considerable  detail. 
References  6 to  8 also  give  substantial  treatments  to  this 
case.  Pure  torsion  of  untwisted  rotating  beams  is  treated 
in  references  9 and  10,  and  combined  bending  in  two  direc- 
tions is  treated  by  various  means  which  include  both  vector 
and  matrix  methods  in  references  11  to  16. 

The  case  treated  in  the  present  paper  is  shown  in  figure  2; 
this  case  represents  the  coupled  bending  in  two  directions 
and  torsion  of  a twisted  rotating  beam  where  the  elastic 
axis,  mass  axis,  and  tension  axis  are  not  necessarily  co- 
incident. The  tension  axis  is  defined  as  the  spanwise  locus 
of  the  centroids  of  the  cross-sectional  area  effective  in  carry- 
ing tension.  The  specific  purpose  of  the  paper  is  to  develop 
the  differential  equation  of  deformation  of  the  blade  under 


(a)  Nonrotating  beams. 

(b)  Rotating  beams. 

Figure  1. — Cases  treated  in  previous  theory. 


i Supersedes  NAG  A Technical  Note  39H5  by  John  C.  Houbolt  and  George  W.  Brooks,  1957. 
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Figure  2. — Present  theory.  Case  of  coupled  bending-torsion  of 
twisted  rotating  beam. 


the  action  of  various  applied  loads.  The  development  is 
made  along  the  principles  of  “engineering”  beam  theory, 
and  secondary  effects,  such  as  deformation  due  to  shear,  are 
not  included.  The  theory  is  therefore  intended  primarily 
for  blades  of  moderate  to  high  aspect  ratios,  for  which  plate 
bending  effects  are  probably  not  significant.  Special  sub- 
cases which  involve  simplifications  that  appear  justified  in 
the  treatment  of  certain  problems  (for  example,  helicopter 
blade  deformation)  are  then  deduced.  Finally,  methods  of 
solving  the  equations  are  discussed,  and  examples  are  given. 

SYMBOLS 

A cross-sectional  area  of  blade  effective  in  carry- 

ing axial  tension 

BJf  B2  section  constants,  see  equations  (9) 

ds  incremental  distance  measured  along  beam 

fiber  in  undeformed  state 

dsi  incremental  distance  measured  along  beam 

fiber  in  deformed  state 
E Young’s  modulus  of  elasticity 

e distance  between  mass  and  elastic  axis,  positive 

when  mass  axis  lies  ahead  of  elastic  center 
eA  distance  between  area  centroid  of  tensile 

member  and  elastic  axis,  positive  for  centroid 
forward 

e0  distance  at  root  between  elastic  axis  and  axis 

about  which  blade  is  rotating,  positive  when 
elastic  axis  lies  ahead 
G shear  modulus  of  elasticity 

Iu  I2  bending  moments  of  inertia  about  major  and 

minor  neutral  axes,  respectively  (both  pass 
through  centroid  of  cross-sectional  area 
effective  in  carrying  tensions) 

J torsional  stiffness  constant 

kA  polar  radius  of  gyration  of  cross-sectional  area 

effective  in  carrying  tensile  stresses  about 
elastic  axis 


Ly 

Lz 

M 

Mx 

M2 

Mj,  My,  Mz 
m 

Px,  Vy,  Vz 

Q 

g 

Qzy  h 

R 

T 

t 

Vy , V, 

V,  w 

x,  y,  Z 

€ 

€r 

?>V 

Vte>  Vie 

P 


polar  radius  of  gyration  of  cross-sectional 
mass  about  elastic  axis  ( kJ—kml2Akm2 2) 
mass  radii  of  gyration  about  major  neutral 
axis  and  about  an  axis  perpendicular  to 
chord  through  the  elastic  axis,  respectively 
intensity  per  unit  length  of  laterally  applied 
aerodynamic  load  in  plane  of  rotation 
intensity  per  unit  length  of  applied  aero- 
dynamic loading  perpendicular  to  plane  of 
rotation 

intensity  per  unit  length  of  applied  aero- 
dynamic torque  loading 
resultant  cross-sectional  moment  about  major 
principal  axis 

resultant  cross-sectional  moment  about  axis 
perpendicular  to  major  principal  axis  and 
passing  through  elastic  axis 
resultant  moments  in  z-,  y-)  and  2-directions, 
respectively,  of  Mu  M2,  and  Q moments 
mass  of  beam  per  unit  length 
resultant  or  total  loadings  per  unit  length  in 
z-,  y -,  and  2-directions 

resultant  cross-sectional  torque  about  elastic 
axis 

torque  loading  per  unit  length 
resultant  torque  loadings  per  unit  length  in  x 
y-,  and  2-directions 
blade  radius 

tension  in  beam,  J ft2mz  dx 

thickness  of  cross  section  at  any  chord  wise 
position 

cross-sectional  shears  in  y-  and  2-directions 
lateral  displacements  of  beam,  in  plane  of  rota- 
tion and  normal  to  plane,  respectively 
coordinate  system  which  rotates  with  blade 
such  that  z-axis  falls  along  initial  or  unde- 
formed position  of  elastic  axis  (see  figs.  2 
and  3) 

blade  angle  of  station  z prior  to  any  deforma- 
tion, positive  when  leading  edge  is  upward 
strain 

T 

strain  due  to  tension, 

cross-sectional  coordinates;  77-axis  lies  along 
major  axis,  f-axis  is  perpendicular  to  major 
axis  and  passes  through  elastic  axis  (see 
fig.  3) 

values  of  tj  for  trailing  edge  and  leading  edge  of 
cross  section 
mass  density 
stress 


<j>  angle  of  twisting  deformation,  positive  when 

leading  edge  is  upward 
ft  angular  velocity  of  rotation 

co  frequency  of  vibration,  radians/sec 

Primes  denote  derivatives  with  respect  to  z;  dots  denote 
derivatives  with  respect  to  time. 
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ANALYSIS 

GENERAL  PROCEDURE 

As  noted  from  figure  2,  the  beam  is  considered  as  though 
it  were  a rotating  helicopter  blade  with  rotation  counter- 
clockwise when  viewed  from  above.  The  z-axis  of  the  z,  y,  z 
coordinate  axes  system  shown  lies  outward  along  the  blade  and 
is  coincident  with  the  undeformed  position  of  the  elastic  axis.. 
This  set  of  axes  moves  with  the  blade  around  the  axis  of 
rotation  at  the  given  rotational  velocity  0,  and  all  deforma- 
tions of  the  blade  are  referred  to  this  coordinate  system.  The 
blade  is  considered  under  the  action  of  distributed  aerody- 
namic loadings  in  the  y-  and  3-directions  and  under  a dis- 
tributed torque  loading  about  the  elastic  axis,  where  the 
intensities  per  unit  length  are  denoted  by  Lv,  Lz,  and  M, 
respectively.  The  tension  in  the  beam  is  denoted  by  T. 

Figures  3 (a)  and  (b)  show  the  coordinate  system  used  for 
the  blade  cross  section  and  the  chosen  displacements  of  this 
analysis.  The  y-  and  f-axes,  with  the  origin  at  the  elastic 
axis  and  the.ij-axis  along  the  major  axis  of  the  cross  section, 
move  with  the  cross  section.  The  blade  deformations  are 
denoted  by  a displacement  v of  the  elastic  axis  in  the  plane  of 
rotation,  positive  when  in  the  direction  of  rotation,  a dis- 
placement w out  of  the  plane  of  rotation,  positive  upward, 
and  a rotation  <f>  about  the  elastic  axis.  The  built-in  twist  /3 
and  also  <£  are  positive  when  the  blade  leading  edge  is  up. 

The  aim  of  this  analysis  is  to  derive  the  differential  equa- 
tion of  motion  in  tei’ms  of  v,  w,  and  &■  The  derivation 
proceeds  along  the  following  steps : 

(1)  The  equation  for  longitudinal  strain  at  any  point  on  the 
cross  section  is  derived  in  terms  of  the  displacements. 

(2)  With  the  aid  of  this  strain  equation  the  internal  elastic 
moments  are  derived;  these  are  the  resultant  moments  taken 
about  the  y-  and  f-axes  and  are  shown  in  figure  3 (c). 

(3)  The  transformation  is  then  made  of  these  elastic  mo- 
ments to  the  more  easily  handled  moments  which  have 
vectors  parallel  to  the  x,  y,  z axes  system.  (See  fig.  3 (c).) 

(4)  The  equilibrium  expressions  for  these  latter  moments 


(a)  Coordinates.  (b)  Displacements, 

(c)  Moments. 

Figure  3.*— Nomenclature. 


are  derived,  and  this  consideration  involves  the  introduction 
of  the  total  loading  on  the  beam. 

(5)  The  total  loadings,  composed  of  the  body  forces  and 
applied  loadings,  are  derived. 

(6)  Steps  3,  4,  and  5 are  combined  to  give  the  final  differ- 
ential equations. 

DERIVATION  OF  STRAIN  EQUATION 

Both  longitudinal  and  shearing  strains  are,  of  course,  pro- 
duced during  bending  and  torsion  of  the  beam.  In  general, 
both  types  of  strains  must  be  considered  in  determining  the 
resultant  forces  and  moments  that  act  on  a given  cross 
section.  In  the  treatment  given  in  the  present  paper,  how- 
ever, an  approach  is  used  which  requires  that  only  the 
longitudinal  strains  have  to  be  considered  explicitly.  In 
appendix  A a derivation  akin  to  an  engineering  beam  theory 
is  given  for  the  strain  that  develops  in  any  longitudinal  fiber 
of  a twisted  beam  which  undergoes  translational  displace- 
ments v and  w and  a torsional  displacement  <j>.  The  deriva- 
tion is  mainly  formal,  but  a physical  insight  of  how  strain  is 
developed  may  be  gained  by  considering  the  possible  motions 
of  the  imaginary  cutting  planes  shown  in  figure  4 and  which 
are  assumed  to  remain  plane  during  deformation.  In 
general,  strain  may  arise  from  four  types  of  motion:  pure 
displacement  of  the  planes  toward  or  away  from  each  other, 
rotation  of  the  planes  associated  with  chord  wise  bending, 
rotation  of  the  planes  associated  with  flapwise  bending,  and 
rotation  of  the  planes  relative  to  one  another  about  the 
elastic  axis  to  cause  beam  twisting.  With  the  assumption 
that  the  cross  section  is  symmetrical  about  the  major  princi- 
pal axis,  the  resulting  longitudinal  strain  is  found  to  be 

e=  eT-\-  (eA-r))  ( v " cos  /3+w"  sin  |3)  + f (v"  sin  fi—w"  cos  jS)  + 

(f2  + ^2-^2W  (1) 

The  longitudinal  stresses  follow  directly  from  this  equation 
and  are 


<r=E[eTJr(eA— rj)  (v"  cos  /3+w"  sin  P)  + 1;(v"  sin  £— 

wff  cos  /3)  + (f2+^2— Au2)/3'0']  (2) 


Figure  4. — Strains. 
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No  further  development  of  . cross-sectional  stresses  or 
strains  is  necessary.  The  consideration  of  shearing  stresses 
which  are  associated  with  longitudinal  stresses,  that  is,  the 
shearing  stresses  which  are  necessary  to  satisfy  equilibrium 
of  an  elemental  tube,  is  avoided  by  choosing  the  elastic  axis 
(defined  here  as  the  locus  of  shear  centers)  as  a reference 
axis;  the  consideration  of  shearing  stresses  due  to  twisting 
deformation  is  obviated  through  use  of  the  assumption  that 
the  resisting  torque  includes  a St.  Venant  type  torsional 
term  which  is  the  same  as  would  develop  if  the  beam  were 
initially  untwisted.  Both  of  these  items  will  be  introduced 
in  the  next  section. 

DERIVATION  OF  INTERNAL  ELASTIC  MOMENTS 

The  stress  distributions  over  the  cross  section  may  now  be 
resolved  into  effective  internal  resisting  moments  at  the 
elastic-axis  position,  as  shown  in  figures  3 and  5.  In  order 
to  determine  these  moments,  the  inclination  relative  to  the 
elastic  axis  of  the  general  beam  fiber  due  to  initial  twist  and 
twisting  deformation  must  be  considered.  The  stress  along 
this  fiber  is  resolved  into  two  components,  one  parallel  to 
the  elastic  axis  and  one  in  a plane  perpendicular  to  the 
elastic  axis.  (See  fig.  5.)  From  the  longitudinal  com- 
ponent, the  flapwise  bending  moment  M\  and  the  chordwise 
bending  moment  M2  are  given  as  follows: 


M1=-  p" 

J»(e  J-tl 2 

(3) 

/v  rtf 2 

M2—  —I  e \ CT77  d£  dy 

J11,,,  J-*/2 

(4) 

where  the  minus  signs  have  been  introduced  to  make  the 
moments  positive  when  they  produce  compression  in  the 
upper  and  nose  fibers,  respectively. 

The  component  in  the  plane  normal  to  the  elastic  axis 
leads  to  an  effective  torsional  resisting  moment.  The  con- 
sideration of  this  component  and  the  addition  of  the  torque 
associated  with  St.  Venant  twisting  mentioned  previously 
leads  to  the  following  equation  for  total  resisting  torque: 


Such  a term  would  have  to  be  included  in  equation  (5)  and 
would  thus  lead  to  considerable  complication  in  the  analysis. 
With  the  choice  of  the  elastic  axis,  however,  no  such  term 
appears,  because  the  elastic  axis  is  defined  herein  as  the 
axis  about  which  the  resultant  torque  of  the  shearing  stresses 
due  to  longitudinal  stresses  is  zero. 

Since  the  elastic  axis  is  important,  the  establishment  of 
this  axis  position  will  be  discussed  now.  Consider  differential 
longitudinal  stresses  to  arise  which  have  a cross-sectional 
distribution  the  same  as  that  given  by  equation  (2).  The 
differential  longitudinal  stresses  associated  with  the  expres- 
sion E[eT-\-eA(v"  cos  j sin  P)  — kA  &'<$>']  are  uniform 
across  the  cross  section  and  hence  do  not  produce  any 
shearing  stresses.  For  the  expression 

E[—  y(;v"  cos  p+w"  sin  /3)  + ({*2+ y2)P'<t>'] 

the  differential  stresses  would  be  symmetrical  about  the 
major  axis  (77-axis)  and,  since  the  cross  section  is  assumed 
symmetrical,  would  lead  to  a resultant  shear  directed  along  the 
major  axis.  Only  the  remaining  term  E$(v"  sin  p—w"  cos  P) 
can  lead  to  shearing  stresses  which  produce  torque. 
Thus  in  order  to  locate  the  position  of  the  elastic  axis,  it  is 
sufficient  to  consider  the  beam  in  bending  about  the  major 
axis  only,  with  a linear  stress  distribution  in  the  {“-direction, 
and  then  to  determine  the  shearing  stresses  over  the  cross 
section  (in  the  77-  ( and  {--directions)  and  the  position  along 
the  major  axis  for  which  these  shearing  stresses  produce  no 
resultant  torque.  (See  treatments  on  elastic  axis  and  shear 
center  in  ref.  17.) 

The  substitution  of  equation  (2)  into  equations  (3),  (4), 
and  (5)  gives  the  following  equations  for  total  elastic  moments 
in  terms  of  the  displacements: 

Ml=EIi{~vff  sin  pJrw'f  cos  p)  (6) 

M2—EI2(:vf ' cos  p+w"  sin  p)—TeA—EB2p'(t> ' (7) 

Q—  [GJ  + TkA+EBl(p')2\<t>'+ 

TkA2pf —EB2p'{v"  cos  p+w"  sin  p)  (8) 


Q=GJ(f>'+  U j_tf2  cr(/3+0)'  (V*+f2)df  dy  (5) 

where  a positive  torque  is  associated  with  a positive  In 
equation  (5),  the  choice  of  the  elastic  axis  as  a reference 
axis  is  significant.  The  elastic  axis  does  not  necessarily 
coincide  with  the  centroidal  axis,  and  if  the  centroidal  axis, 
or  for  that  matter  any  other  axis,  were  used  as  a reference, 
then  the  shearing  stresses  associated  with  longitudinal 
stresses  would  contribute  to  the  total  resisting  torque. 


where  Ii  and  I2  are  the  principal  moments  of  inertia  of  the 
tensile  carrying  area  ( I2  is  the  moment  of  inertia  about  the 
mean  principal  axis,  not  about  the  {“-axis)  and  where  B}  and 
B2  are  section  constants  defined  by 


Bi= 

S2= 


(9) 


In  equations  (9)  it  is  interesting  to  note  that  if  displacements 
parallel  and  perpendicular  to  the  blade  chord  had  been 
used  instead  of  v and  w the  results  obtained  would  differ 
from  those  used  by  other  investigations.  (See  appendix  A 
for  the  results  obtained.)  Also  of  interest  is  the  form  that 
equation  (8)  would  take  if  large  deflections  in  <£  were  consid- 
ered, but  with  v=w=  0.  This  point,  which  is  connected 
with  the  possibility-  of  a torsional  instability,  is  discussed 
also  in  appendix  A. 
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MOMENT  TRANSFORMATION 

In  the  consideration  of  the  equilibrium  between  moments, 
shears,  and  tension,  it  is  more  convenient  to  deal  with 
noments  that  are  orientated  parallel  to  the  x-,  y-,  and 
2-axes,  that  is,  the  moments  Mx,  Mv,  and  Mz  shown  in 
igure  3.  A simple  transformation  of  the  moments  Mu 
M2)  and  Q to  these  newer  moments  is  thus  desired.  When 
he  Mi,  M2,  and  Q moments  are  resolved  into  components 
n the  x- , y-,  and  ^-directions,  respectively,  and  use  is  made 
)f  the  relations  that  when  <j>  is  small 


'sin(/3+<£)=sin  p~\ -0  cos  p 
cos(/?+0)  = cos  1 3—<t>  sin  p 


(10) 


she  following  relations  are  obtained: 

Mx=Q+M1(cos  p—<j>  sin  p)v'+ 

Mi  (sin  j 3+0  cos  P)w,J\-M2{ sin  /?+ 

<t>  cos  p)v'~M2( cos  p—  0 sin  p)w'  >• 
Mv— Mi  (cos  p—<f>  sin  P)+M2(  sin  0+0  cos  P)  — Qv' 
Mz——  Mi(sin  0+0  cos  0)+M2(cos  0—0  sin  p)  + Qw' ^ 


(11) 


Now  when  equations  (6),  (7),  and  (8)  are  substituted  into 
equations  (11),  and  all  the  second-order  terms  are  dropped, 
the  following  desired  equations  for  Mx,  MVi  and  Mz  in  terms 
of  the  displacements  are  found: 


Mz=[^J+TArA2+^B1(/302]^+TW-^2/3/(^' cos  0+ 

w"sin  p)—TeAvf sin  0+7+iW' cos  p (12) 


My=(EIi  cos20+jE72  sin20)w"+  (M2— ATi)  sin  p cos  j 8v"— 

( TeA+EB2p'<t>f ) sin  p-  TeA<j>  cos  p (13) 


Mz=(EI2—EIi)  sin  p cos  p w"  + (EIi  sin20+E72  cos 20>y"  — 
( TeA-\-EB2pr 4 >')  cos  p + 7eA0  sin  p (14) 

EQUILIBRIUM  CONDITIONS 

The  equilibrium  of  the  forces  and  moments  that  act  on  a 
differential  beam  element  is  now  considered.  In  this  con- 
sideration the  element  is  formed  by  slices  parallel  to  the 
\j 0-plane,  because  this  choice  leads  to  rather  simple  results. 
The  forces  that  act  on  such  an  element  are  shown  in  figure 
3(a);  the  moments,  in  figure  6(b).  The  quantities  pX)  pV9 
Pz>  lx,  Piuj  an°l  5s  are  resultant  force  and  moment  loadings, 
which  involve  both  the  acceleration  body  forces  and  the 
applied  aerodynamic  loading.  The  acceleration  body  forces, 
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due  to  both  centrifugal  and  transverse  accelerations,  are 
derived  in  appendix  B. 

Summation  of  the  forces  in  the  x y -,  and  2-directions  and 
summation  of  the  moments  about  the  x -,  y -,  and  2-axes  lead 
to  the  following  equilibrium  conditions  for  shear  and 
moment: 


T'+&=(n 
Vv'+pv=0  J. 

V/+p,=oj 

(15) 

Mx' — V vwr  -\-V zv’  <ix—Q 

(16a) 

My  — Tw'  -\-V z-\-  q^y  = 0 

(16b) 

Mz' — Tv'  ~ Vv~r  Q_z=0 

(16c) 

B}r  substitution  the  shears  in  these  equations  may  be 
eliminated  to  give  the  following  basic  equilibrium  conditions: 

Mxr — My'v' + Mz'w' — qvv' + + qx= 0 ^ 
My"-(Tw'Y+qv'-pz=0 

Mz"-(Tv')'+iz'-pv= 0 J 

(17) 

Substitution  of  equations  (12),  (13),  and  (14)  into  equations 
(17)  gives 


-{[GJ+TkJ+EB^p'YW+TkJp'- 

EB2p'(v"  cos  0+w"sin  0)}'  + 

TeAv" sin  p—TeAw"cos  P+qvv'  — q_zw' — &.=()  (18) 

[(Eli  cos2p-\-EI2  sin2p)w" -\-(EI2— Eltsin  p cos  p vff  — 
(TeA+EB2p'<t>') sin  p—TeA<f>  cos  / 3]"  — 

(Tw'y  + qv'-pz= 0 (19) 


[{EI2— j?/i)sin  p cos  P w"+(EIl  sin20+£72  cos20)+'  — 
{TeA-bEB2pf(i>f) cos  p+TeA4>  sin  0]"  — 

(Tv'y  + q_z'—pv= 0 (20) 

where  second-order  terms  have  been  dropped.  Only  the 
loadings  now  remain  to  be  considered. 

RESULTANT  LOADINGS 

As  mentioned  previously,  the  resultant  or  total  loadings 
are  composed  of  both  the  inertia  loading  due  to  centrifugal 
and  vibratory  accelerations  and  the  applied  aerodynamic 
loading.  The  inertia  loadings,  which  consist  of  the  forces 
and  moments  which  oppose  accelerations  of  the  blade  ele- 
ments, are  derived  in  appendix  B whereas  the  aerodynamic 
loadings  LV}  Lz , and  M are  left  in  this  symbolic  form,  since 
they  are  in  the  nature  of  externally  applied  loadings. 

The  procedure  that  follows  is  employed  in  the  derivation 
of  the  total  loadings  which  is  given  in  appendix  B.  The 
acceleration  of  any  mass  particle  on  the  vibrating,  rotating 
blade  is  derived  and  the  components  in  the  x -,  y-,  and 
2-directions  are  obtained.  These  component  accelerations 
include  terms  for  the  Coriolis  force  and  transverse  and  cen- 
trifugal accelerations  along  with  higher  order  terms.  The 
inertia  force  and  moment  loadings  are  then  obtained  by  in- 
tegrating over  the  cross  section;  these  are  simplified  by 
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dropping  second-order  terms  and  are  then  added  with  the 
aerodynamic  or  applied  loadings  to  yield  the  following  de- 
sired resultant  loadings  px,  pv,  pZ)  qz,  qv,  and  qz\ 

px=—T'=Sl2mx 

pv=Ly—m[v~ti2{v+e0))+me[<i>  sin  0-f 
Q2(cos0— </>sin0)] 

pg=Lz— m(w-\-e<j>  cos  0) 

qx—M—Q2m.e[(v+e0)  sin  cos  P]+me(v sin  0— 

w cos  /3)  — S^2m(A:m22 — A:mi2)(sin  0 cos  0+<£  cos  2/8)  — rnk/<j> 

qv—  — Q2mex( sin  0+ <£  cos  0) 
qz—  — Q27Yiex( cos  0—  <£  sin  0) 

FINAL  DIFFERENTIAL  EQUATIONS 

The  substitution  of  equations  (21)  into  equations  (18), 
(19),  and  (20)  gives  now  the  desired  final  differential  equa- 
tions of  equilibrium 

— {[GJ+Tk^+EBiip')2]^'— EB2p'(v"  cos  0+w"  sin  0)}'+ 
TeA(v"  sin  p—w"  cos  P)-\-ti2mxe(— v'  sin  0+w/  cos  0)-f 

Q2misin  0fl+fl2m[(fcm22— £mi2)  cos  2fl-t-gi0  cos  0]<ft+rafcm2^— 

me (5  sin  p—w  cos  p)=M+(TkA2p')'  — tt27n[(km22— 

km i2)  sin  0 cos  P+ee<>  sin  0]  (22) 

[CETi  cos2  0+E72sin2  0)w"+CE72— EIX)  sin  0 cos  0?;"  — 

TeA<ft  cos  p—EB2p'<j>fsm  0]"  — (Tw')f  — (tt2mxe<p  cos  0),,-f- 
m(ib-{-e<j>  cos  /3)=Z2-KreA  sin  0)//-f(ft2m:ce  sin  0)'  (23) 

[(jET2— TtTi)  sin  0 cos  p w"Jr(EIl  sin2  P+EI2  cos2  /S)^"  + 
TeA0  sin  p—EB2p'4>'  cos  0]"—  (ri/y+Jgmge^  sin  0)'  + 
sin  0-f  m(£—  e<j>  sin  0)  — fi2mz;=Zy-|-(reA  cos  0)"-f 
(Q2mxe  cos  P)' +Q,2?n(e0-\-e  cos  ff)  (24) 

In  these  equations,  the  terms  that  are  not  included  in 
previous  theories  have  been  underlined.  (It  should  be  noted 
that  ref.  18  suggests  the  existence  of  the  centrifugal  coupling 
terms  Q2mxew'  and  (Sl2mxe<fi)r  for  the  case  of  a blade  with 
0=0.)  Many  of  these  new  terms  are  coupling-type  terms 
which  are  associated  with  the  centrifugal  forces.  A number 
of  the  new  terms  take  the  forms  of  lateral  and  twisting  load- 
ings which  tend  to  deflect  the  blade  even  in  the  absence  of 
externally  applied  loads;  because  of  this  fact  they  have  been 
written  on  the  right-hand  sides  along  with  the  applied  loads 
Lv , LZ1  and  M. 


Importance  of  coupling  forms. — It  is  beyond  the  scope  ol 
this  paper  to  make  a complete  evaluation  of  the  magnitude 
of  each  of  the  coupling  terms  and  their  influence  on  such 
phenomena  as,  say^,  blade  vibration.  A rough  idea  of  their 
importance  can  be  gathered  by  analyzing  each  term  in  detail 
and  comparing  them  to  other  terms  of  known  importance. 
As  an  example,  consider  (TeA<t>  cos  0)"  in  equation  (23).  If, 
for  simplicity  in  the  consideration,  eA  and  m are  considered 
independent  of  x}  and  if  0=0,  then  this  term  would  become 
on  expansion 

-Q2meA<t>+2  T'(eA<t>)'+T(eA<l>)" 

These  terms  may  now  be  compared  with  other  terms  of 
known  importance.  Thus,  if  eA(j>  is  interpreted  as  a deflection, 
then  the  last  two  terms  of  this  expansion  are  seen  to  be 
exactly  comparable  to  the  expansion  of  the  well-known  and 
important  term  (Tw'y  = T'w'+Tw”.  Also  the  first  term 
— Q2meA<t>  is  directly  comparable  with  the  coupling  term  of 
established  importance  in  the  consideration  of  coupled 
bending-torsion  of  vibrating  beams,  namely,  a)2me<t>.  A 
similar  consideration  may  be  given  each  of  the  other  new 
terms  in  the  final  equations.  The  examples  to  be  presented 
later  will  also  give  an  indication  of  the  importance  of  some 
of  the  terms. 

Boundary  conditions. — Since  the  problem  is,  of  course,  a 
boundary-value  problem,  some  mention  of  the  associated 
boundary  conditions  should  be  made.  The  most  general 
case  involves  ten  boundary  conditions — two  conditions 
associated  with  equation  (22),  and  four  each  for  equations 
(23)  and  (24).  These  conditions  all  evolve  from  the  type  of 
constraint  that  is  imposed  on  the  ends  of  the  beam  on  the 
displacements  v,  w,  and  4>,  the  moments  Mv  and  Mz  (eqs. 
(13)  and  (14)),  the  torque  Q (eq.  (8)),  and  the  shears  Vv 
and  Vz  which  are  defined  by  equations  (16b)  and  (16c). 
For  a completely  fixed  end,  the  boundary  conditions  would  be 

v—w=<f>=v/=w'—0 
For  a free  end,  the  conditions  would  be 

Q=My=MM=V,=  V,= 0 

In  this  case,  the  alternate  choice  of  Mx—M2— 0 (see  eqs. 
(6)  and  (7))  may  be  used  instead  of  My=Mz— 0. 

For  the  present  system,  an  end  cannot  be  referred  to 
simply  as  pin-ended;  care  must  be  taken  to  specify  the  num- 
ber and  directions  of  pins  present.  For  example,  an  end 
may  have  a pin  which  runs  parallel  to  the  y- axis  but  may  be 
fixed  as  regards  displacements  v and  <£.  In  this  example,  the 
moment  My  has  been  relaxed  and  the  boundary  conditions 
become 

v = w =©'  = $ — My = 0 

Other  pin-ended  conditions  follow  in  a similar  fashion. 

Elastically  restrained  ends  may  be  handled  in  a manner 
similar  to  that  used  in  the  usual  treatment  of  beams,  except 
that  the  direction  of  the  restraint  must  be  properly  taken 
into  account. 

Subcases  of  the  general  theory.— In  actual  applications, 
several  special  subcases  of  the  present  theory  are  frequently 
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encountered.  Three  of  these  subcases  are  described  as 
'ollows: 

Case  I:  The  built-in  twist  is  zero,  p=0. 

Case  II:  Bending  in  two  directions  without  torsion,  0=0. 
Case  III:  Torsion  only,  ^=^=0. 
rhe  equations  of  motion  which  result  when  the  theory  is 
'educed  to  these  special  cases  are  as  follows: 

For  case  I,  13=0, 

-[  (6J+  TkA 2)  0'  ]'— TeAw"  + Wmxew'  + Q2m  (km22—km  i2+ 

wY)<fr+inkJ'<p+mew=M  (25) 

{EI^w' ' — TeA 0) " — ( TV ) ' — (Q2mxe0) ' + m (w + e$ ) = Lz  (26 ) 

(. EI2v")"-(Tv'y-tfmv+mv=Ly - 

{TeA)n (tfmze)'  + tt27n(e0+e)  (27) 

For  case  II,  0—0, 

(Eli  cos 2P+EI2  sin2p)w"-\-(EI2— Eltsin  f3  cos 

(TV)' +?nw=Lz-\-(TeA  sin  fi)"  + (Q2mxe  sin  p)'  (28) 


[(EI2— Eltsin  p cos  p w"Jr{EIi  sin 2p+EI2  cos 2p)v"]"  — 
(Tv'Y-tfmv+mv  =Ly+(TeA  cos  /3)"  + (122mxe  cos  PY  + 
tfm(e0+e  cos  p)  (29) 

For  case  III,  v=w= 0, 

km\ 2)  cos  2 P+ee0  cos  /3]0+raA;m20 
=M+(TkA2P')'-—$l2m[(km22— kmi2)  sin  p cos  p+ee0  sin  p]  (30) 

ASSOCIATED  ENERGY  EQUATION 

As  a check  on  the  derivation  presented  herein,  the  differ- 
ential equations  of  equilibrium  were  derived  by  a completely 
different  approach  that  involves  energy  principles.  In  this 
energy  approach  the  strain  energy  of  deformation,  in  which 
the  longitudinal  strains  were  arrived  at  in  a different  manner 
than  that  presented  herein,  and  the  work  performed  by  all 
the  forces  present  were  considered.  The  equation  for  total 
potential  energy  of  the  system  is,  of  course,  closely  allied  to 
the  differential  equations  and  is  of  intrinsic  value  in  the 
treatment  of  the  problem  of  the  present  paper  from  an  energy 
standpoint.  For  completeness,  the  equation  is  presented 
here  without  derivation.  If  U denotes  the  total  strain 
energy  and  V represents  the  work  performed  by  the  centrifu- 
gal body  forces  and  the  applied  loading,  then 


7- 


■V=\Y{EW  sin  P~w"  cos  p)2+EI2(v"  cos  (3+ tv"  sin  p)2+[GJ+EB1(p')2](<t>')2-2EB2(v"  cos  (3+ 
w"  sin  /?)/?>'  }dx—(  (t^—  ^[(»0*+(w')s]+ex(w"  cos  P+w"  sin  P)—eA<t>(v"  sin  jf 3—w"  cos  p)  — &/[^0')2+|3vJ  J-  + 
Q,2m(jce[—  (v'  cos  P+w'  sin  P)+<t>(v'  sin  p—w'  cos  P)]+^v2+(e  cos  p+e0—e<t>sm  P)v+[—{kmi 2— 

km\-)  sin  p cos  p—ee0  sin  p] 4>—~  [(km22—km t2)  cos  2 P+ee0  cos  p]<f>2>(  -\-pvv+ptw+  q<^dx  (31) 


where  pVi  pz,  and  q are  the  applied  loadings  considered  in  a 
static  sense.  Application  of  the  minimum  variational 
principles  to  this  expression  yields  differential  equations 
which  are  the  same  as  those  given  by  equations  (22),  (23), 
ind  (24)  when  0,  v,  and  w are  not  time  dependent.  The 
variation  also  gives  the  boundary  conditions  on  moments, 
shears,  and  torques  that  are  for  stipulated  geometrical 
conditions  at  the  ends  of  the  beam  and  are  given  in  the  section 
entitled  “Boundary  Conditions”.  The  differential  equations 
ipplicable  when  time  dependent  motion  is  considered  may 
low  be  obtained  by  writing  the  loadings  py , pz,  and  q as  the 
sum  of  the  applied  loadings  and  vibratory  inertia  loads  (as 
obtained  by  D'Alembert’s  principle);  specifically, 


pv=Ly—m(v—e<j>  sin  p) 
2)z=Lz-in('w-be<p  cos  p) 
q=M(-me(v  sin  p—ib  cos  /?)— m&m20, 


(32) 


rhe  substitution  of  these  loadings  into  the  differential  equa- 
tions obtained  by  the  variational  process  then  gives  equations 
dentical  to  equations  (22),  (23),  and  (24). 


METHOD  OF  SOLUTION  AND  EXAMPLES 

The  general  differential  equations  of  this  paper  cannot  be 
solved  exactly , and  it  is  therefore  necessary  to  resort  to  some 
approximate  means.  Two  means,  which  differ  in  manipula- 
tions but  which  yield  equivalent  results,  will  be  considered 
here — one  is  a modified  Galerkin  type  procedure,  the  other  a 
Rayleigh-Ritz  procedure. 

In  the  modified  Galerkin  procedure,  the  displacements  are 
assumed  to  be  expressed  in  finite  series  of  known  functions 
as  follows: 


0—  &101  + a202+  • • • &p0p' 

w=biWl+b2w2+  . . . bQwq . 

V=1  C\V\~\~ C2V2~\~  . . . CTVT 


(33) 


where  an , bn , and  cn  are  unknown  coefficients,  which  may  be 
time  dependent,  and  0„,  wn , and  vn  are  chosen  modal  func- 
tions which  satisfy  the  geometrical  boundary  conditions  of 
the  problem.  A set  of  linear  simultaneous  equations  which 
allow  the  evaluation  of  the  unknown  coefficients  is  now 
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formed  through  application  of  the  following  equations: 


( <f> , w,  v ) dx+  Q<t>n^o  =0 

rR  "iff  "iff 

wnD2(<l>,w,v)dx+Mvwn'  + V,vj„  =0 
Jo  Jo  Jo 

t'R  -Iff  "Iff 

vnD3(<j>,w,v)  dx+Mzvn'  + Vy  v„  =0 

Jo  Jo  Jo 


(»=  l,2,3,...p) 

(34a) 

(71=1,2,3, ...  g) 
(34b) 

(71=1,2,3, . . . r) 
(34c) 


where  Dx{<l>)w}v)}  D2(<t>,w,v),  and  Dz(<t>,w,v)  denote,  respec- 
tively, equations  (22),  (23),  and  (24)  with  all  the  right-hand 
terms  transferred  to  the  left-hand  side;  Q,  MV)  and  Mz  are 
given  by  equations  (8),  (13),  and  (14);  and  Vz  and  Vy  are 
found  from  equations  (16b)  and  (16c).  For  static  or  other 
externally  imposed  loading  conditions,  the  set  of  equations 
formed  by  equations  (34)  will  be  nonhomogeneous ; the 
solution  for  the  unknown  coefficients  and,  hence,  the  displace- 
ments then  proceeds  by  ordinary  means.  For  a characteris- 
tic-value problem,  such  as  free  vibrations,  the  set  of  equations 
will  be  homogeneous,  and  the  vanishing  determinant  will 
yield  the  characteristic  frequencies. 

This  procedure  is  called  a modified  Galerkin  procedure 
because  of  the  presence  of  the  boundary  terms  in.  equations 
(34).  In  general,  it  would  be  very  difficult  to  choose  modal 
functions  in  equations  (33)  so  that  both  the  geometric  and 
“force”  (shear,  moment,  torque)  boundary  conditions  are 
satisfied,  which  is  necessary  in  the  usual  Galerkin  approach. 
Therefore,  the  force  boundary  terms  are  added  in  equations 
(34),  and,  thus,  the  stipulations  on  the  chosen  modal  func- 
tions are  relaxed  so  that  only  the  geometric  conditions  need 
be  satisfied.  It  should  be  mentioned  that  in  actual  applica- 
tions these  force  boundary  conditions  do  not  have  to  be 
evaluated,  since  they  can  always  be  cancelled  by  integrating 
certain  of  the  terms  of  the  integrals  by  parts.  A justifica- 
tion of  this  procedure  can  be  obtained  from  the  Rayleigh- 
Ritz  procedure. 

In  this  Rayleigh-Ritz  approach  the  displacements  are 
expanded  in  series  as  before  (see  eqs.  (33)),  with  the  same 
requirement  on  the  geometric  boundary  conditions.  These 
expansions  are  substituted  into  the  energy  equation  (31), 
and  a minimization  is  then  made  with  respect  to  the  unknown 
coefficients;  that  is, 


i>an 


dbn 


c )cn 


-=° 

(71=1,2,. 

■ ■pi 

-U 

(71=1,2,. 

..  2) 

(35) 

^=0 

(71=1,2,  . 

. . r ) 

The  resulting  equations  will  be  identical  with  those  of  equa- 
tions (34).  As  a matter  of  fact,  equations  (35)  may  be  used 
to  prove  the  validity  of  equations  (34)  (through  appropriate 
integration  by  parts)  and  thus  to  show  that  the  two  proce- 


dures outlined  here  are  really  equivalent.  Because  of  the 
confusion  that  often  arises  about  boundar}7  conditions  when 
the  Galerkin  process  is  applied,  the  safest  procedure  is  to 
use  the  Rayleigh-Ritz  approach. 

Two  examples  are  now  given  to  show  the  application  of 
the  two  procedures  discussed  and  to  show  further  the 
importance  of  some  of  the  coupling  terms. 

EXAMPLE  1 

In  example  1,  it  is  desired  to  determine  the  natural  fre- 
quencies of  a rotating  cantilever  blade  having  zero  initial 
twist  or  blade  angle  of  attack  (0=0)  and  with  v=0.  The 
Rayleigh-Ritz  procedure  will  be  used.  Assume  that  the 
displacements  0 and  w are  given  as  follows: 

f P = dl<j>l-]-a2  02  + ^303 

w= bxWi  + b2w2 + bzwz 


where  cj>n  and  wn  are  the  natural  uncoupled  modes  of  the 
nonrotating  beam  in  torsion  and  bending,  respectively,  and 
are  expressed  in  terms  of  a unit  tip  displacement.  Equa- 
tions (36)  are  substituted  into  equation  (31)  with  ^=0=0, 
and  a minimization  is  made  with  respect  to  an  and  bn , and 
then  use  is  made  of  equations  (32),  with  the  applied  loadings 
Ly=Lz=M=  0.  The  resulting  equations  are  then  reduced 
as  follows.  First,  the  relations  which  apply  to  uncoupled 
vibrations  are  used,  namely 


f 


x 


mwmwndx=0 
=Mn 

R 

EIiWm"w„"  dx= 0 


mwn2dx 


^ mkjX’($)m<f)ndx — 0 

=Nn 


/: 


<t>n  (lx  = 0 


= un2Nn 


mkm24>n 


( m=n ) 
(m^n) 
(m=n) 

(m^n) 
(• m—n ) 

{m—n) 


(37) 


where  and  nn  are  the  natural  circular  frequencies  of  the 
uncoupled  bending  and  torsion  modes,  respectively.  Second, 
the  constant  terms  are  dropped,  since  they  apply  to  static 
deformation  of  the  blade.  And  third,  motion  representative 
of  simple  harmonic  motion  is  considered  by  setting 


Q/fi  — Q/ji  sin  cot 
bn=bn  sin  cot 
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Figure  7. — Natural  frequencies  of  example  2 showing  the  importance 
of  centrifugal-force  coupling. 


equations  for  shear,  moment,  torque,  and  tension  (eqs.  (25), 
26),  (16),  (13),  and  (8)  with  p=v=eA=eo=0)  applicable 
here  are 


- [(<?J+  TkA2Wy+92mxew'+  92m(km9— 

t»>i2)^-^(M+  «W)=o  ►. 

(EIiw")" — {Tw'Y  — ( 12 2 mxe<t>) ' — co2  ( mw  -j-  me4>) = 0 _ 


(39) 


My=EIlw" 

Vz=  — (EW'y+Tw' + 9.2mex4> 
Q={GJ+Tk/W 


-f 


9.2rnx  <fa+  92ME 


(40) 


EIlw"w„"dx-\-  J ( Tw'  + Q}mxe<t>) wn'dx — 

o>2J  (mw+me<t>)wndx= 0 (42) 


Approximations  to  the  displacements  are  now  chosen  as 


<f> d\<t>l  | 

w—biWi  J 


(43) 


where  <t> i and  Wi  are  the  fundamental  uncoupled  vibration 
modes  of  the  beam  without  the  tip  mass,  in  torsion  and 
bending,  respectively,  and  each  is  given  in  terms  of  a unit 
tip  displacement;  these  functions  satisfy  the  equations 


( GJ^iYdx—fL i2  f mkm24>2dx 

Jo  Jo 

=^mk™  2 (Ml=2  V mkJR2) 

f EI1(w")2dx=u12  f mwi2dx 

Jo  Jo 


(44) 


=co,2 


mR 


("■=3-46\/S 


mR y 


where  m refers  only  to  the  mass  per  unit  length  of  the  beam. 
Equations  (43)  are  now  substituted  into  equations  (41) 
and  (42),  use  is  made  of  equations  (44)  and  the  equation 


for  tension  (applicable  here)  T—  i Q2m(R2—  #2) +QIMK, 


and  the  integrations  are  performed  with  due  cognizance 
being  given  the  offset  tip  mass;  the  values  found  for  the 
integrals  are  as  follows: 


In  these  equations  the  mass  per  unit  length  m should  be 
interpreted  to  apply  to  both  the  distributed  mass  of  the 
beam  and  to  the  concentrated  offset  mass.  This  concentrated 
mass  can  be  handled,  for  example,  by  imagining  the  mass  to 
be  distributed  over  an  infinitesimal  length,  say  X,  with 
intensity  M/\,  then  to  perform  the  integrations  of  the 
Galerkin  process  as  though  all  quantities  involved  in  the 
integrations  are  uniform  in  this  interval,  and  finally  to 
squeeze  the  interval  down  to  zero  length.  An  equivalent 
procedure  is  to  take  the  concentrated  mass  into  account 
through  means  of  the  Dirac  delta  function. 

With  this  in  mind,  equations  (39)  and  (40)  are  substituted 
into  equations  (34a)  and  (34b);  the  terms  TkA2)4>' 

and  wn[—  (Tv)')' — (Q2mxe<i>)']  are  integrated  once  by  parts, 
the  term  wn(EIiw")"  is  integrated  twice  by  parts,  the 
boundary  terms  cancel,  and  the  results  are  the  following 
two  equations: 

j (GJ+TkA2)<t>'<t>n'dx+ \tt2mxew'+ 

^2ni(km22—kmi2)<t>—^2(mew+mkm2(t>)]<f>ndx=0  (41) 


GJ<h2dx=vl2mkjR 
J QtmxeWi ' dx  = 1 . 38  ft2Ma 
J tt2m(km22--km2)<t>i2dx==  Q?Ma2 

r 

£ 

f REIi{wl")2dx=W 

Jo 

JV(w/)2<fo  « +|m) 

Jo  4 


mewi4ndx=Ma 

mkm2(l>i2dx=mkm2^-\-Ma2 

„mR 


(45) 
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(The  contribution  of  TkA  is  found  negligible  in  the  first 
integral.)  The  final  equations  are  given  now  in  nondi- 
mensional  form 


W mBkJ  Q2 
jui2  2 Ma?  coi2 


The  vanishing  of  the  determinant  of  these  equations  will 
yield  the  natural  frequencies.  Specific  evaluation  has  been 
made  for  the  following  values: 


a 


and  the  results  are  shown  in  figure  7.  Results  are  shown 
for  three  conditions:  (a)  for  vibration  of  the  beam  with 
offset  mass  in  pure  bending  or  pure  torsion,  (b)  for  vibration 
in  the  conventional  coupled  sense  but  with  no  centrifugal- 
force  coupling  (that  is,  the  underlined  terms  of  the  equations 
of  this  example  are  omitted),  and  (c)  for  vibration  with 
all  coupling  terms  considered  (the  curves  labeled  complete 
in  fig.  7).  It  may  be  seen  that  the  inclusion  of  centrifugal- 
force  coupling,  which  is  new  in  this  paper,  has  a very  pro- 
nounced influence  on  the  vibration  characteristics.  In 
fact,  this  centrifugal -force  coupling  seems  to  be  of  the  same 


general  strength  as  the  conventional  offset  mass  coupling 
normally  considered. 

CONCLUDING  REMARKS 

The  differential  equations  of  deformation  of  a twisted  ro- 
tating blade  under  arbitrary  loading  have  been  derived. 
A special  feature  of  the  analysis  is  the  consideration  of  the 
noncoincidence  of  the  tension,  mass,  and  elastic  axes,  whereby 
coupling  is  allowed  to  occur  in  a more  general  form  than 
heretofore  considered.  This  theory  can  therefore  be  used 
to  solve  problems  in  which  these  effects  are  significant  and 
to  evaluate  the  less  complete  theories  which  perhaps  are 
more  easily  applied. 

The  aerodynamic  loading  considered  was  left  in  general 
form.  It  can  be  replaced,  however,  by  whatever  terms  are 
appropriate  for  the  case  being  treated.  If  these  aerodynamic 
forces  are  taken  as  zero,  then  the  loadings  for  free  vibration 
result. 

Because  of  its  usefulness,  the  energy  equation  for  blade 
deformation  is  also  presented.  Two  methods  of  solution 
are  discussed:  one  is  a modified  Galerkin  process  which 
makes  use  of  the  differential  equations;  the  other  is  a Ray- 
leigh-Ritz  procedure  which  makes  use  of  the  energy  expres- 
sion. Two  examples  are  presented  which  illustrate  the 
application  of  both  of  these  procedures. 

A discussion  of  the  importance  of  the  new  coupling  terms 
that  arise  is  made  and  their  significance  is  further  brought 
out  by  the  examples.  The  indications  are  that  the  centrifu- 
gal-force coupling  may  be  as  important  as  the  mass  coupling 
that  is  normally  considered  in  beam  analysis  and  therefore 
should  be  included  as  a regular  part  in  the  treatment  of 
rotating  blades. 

Langley  Aeronautical  Laboratory, 

National  Advisory  Comittee  for  Aeronautics, 
Langley  Field,  Va.,  October  5 , 1956. 


APPENDIX  A 


DERIVATION  OF  LONGITUDINAL  STRAINS 


In  this  appendix  the  equation  is  derived  for  the  longi- 
tudinal strain  that  is  developed  when  a twisted  beam  under- 
goes both  lateral  and  twisting  deformations.  Consider  an 
imaginary  plane  to  cut  through  the  beam  perpendicular  to 
the  elastic  axis;  the  location  of  a fiber  j of  the  cross  section, 
both  before  and  after  the  deformation,  may  then  be  given 
according  to  sketches  1 and  2.  The  z-axis  is  normal  to  the 
paper  and  is  made  coincident  with  the  undeformed  position 
of  the  elastic  axis.  In  terms  of  the  distance  r\  along  the 
major  axis,  the  distance  f perpendicular  to  this  axis,  and 
the  built-in  twist  P,  the  initial  y-  and  ^-positions  of  the  fiber 
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and  the  rate  of  change  of  these  positions  with  respect  to 
the  x are 


y = ??  cos  p — f sin  p 
z = 7)  sin  p + f cos  p 


yf  = — r)P'  sin  p — fj8'  cos  P = — P'z 
z'  = 77/3'  cos  P — f/3'  sin  ft  = fi'y 


(Al) 

(A2) 


Now  consider  beam  displacements  to  occur  so  that  the 
point  of  intersection  of  the  elastic  axis  and  the  cutting 
plane  moves  the  distances  u,  v,  and  V)  in  the  directions 
of  z,  y,  and  0,  respectively,  and  so  that  the  cutting  plane 
remains  perpendicular  to  the  elastic  axis  and  rotates  around  it 
by  an  angle  0.  Then  if  the  usual  small-angle  assumptions  that 
cos(/3  + 0)  = cos 0—0  sin  0 and  sin(0  + 0)  — sin  0 + <j>  cos  p 
are  made,  the  new  position  of  the  fiber  is  defined  by  the 
following  equations: 


xx  = x + u — v'{yx~  v)  — w'(zi  — w) 

= x + fx  — v'y  — w'z 

V\  = V + v(cos  p 0 sin  0)  — f(sin  p + . 

0 cos  p)  = v + y — z4>  ^ ' 

zx  = w + y (sin  p + <j>  cos  p)  + f (cos  p — 

0 sin  p)  = w + z + y4> 

and  the  derivatives  of  xu  yx,  and  zx  with  respect  to  x are 
given  as  follows: 


Xi  = 1 + u'  — v"y  + v'P'z  — w"z  —w'p'y 
= 1 + u'  — y(v"  + p'w')  — z(w"  — p'v') 

yx  = v'  — P'z  — p'y<j>  — z</>'  = vf  — 

yP'<t>  “ s(0'  + 0') 

= w'  + P'y  — p'z#  + y<t>'=  w'  + 

1/(|8'  + 0')  — zp'<t> 

The  longitudinal  strain  that  is  developed  in  a fiber  may 
be  found  from  these  equations  by  considering  the  amount 
an  elemental  fiber  of  length  ds  changes  in  length  as  a result 
of  deformation.  In  terms  of  the  differential  components  of 
length  in  the  x-}  y -,  and  ^-directions,  the  final  length  dsx  of  a 


fiber  is  given  by  the  following  equation: 

dsx2  — dx  2 + dyx2  + dzx2 

(A5) 

Thus 

(s)’- <*•'>’+ k.'mv)1 

(A6) 
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which  becomes  with  the  use  of  equations  (A4) 

Off-! +2[u'  -y(v" + p'w')-z(w"  -/3V)] + 22/3'2— 22/3'  (v'  - 

yp’<t>-z4>’)  +y*p'*+2yP'  (w'  +y<t>' -zp'4>)  (A7) 

or 

{ 1+  (y2+22)  (0T+2  [u'-yv"~ 

zw"  + (y*+z*)p,<t>']}X  (A8) 


Now  the  analogous  equation  for  the  original  length  ds  may 
be  determined  directly  from  equation  (A8)  by  letting 
u = v = w=  <t>  — 0.  Thus 

^=[i+&2+*2)(r)2]>*  (A9) 

The  tensile  strain  in  the  fiber  can  now  be  written 

dsi~ds 
e~  ds 

dsi . 

~ds 

= { 1 +[l+ W+z*)  (iSO 2] [U'  ~yV'  '~zw"  + 

(y*+z*)l 3'4>']P-1 

=[l+WT^\  [u'-yv"-zw"  + W+zW<t,']  (A10) 

Now  with  (say  less  than  0.03  to  0.04,  which 

is  generally  the  case) , then 

e = vl  —yv" — zw"  + (y2+ z2)  p ' <j> ' (All) 

Use  is  now  made  of  equations  (Al)  in  order  to  express  the 
strain  in  terms  of  the  cross-sectional  coordinates  y and  f as 
follows: 

e=u'—y(y " cos  P~\-w"  sin  p)  — f(— v"  sin  p+ 

w”  cos  j 3)  + (y2+t2)P'<i>'  (A  12) 

It  is  convenient  now  to  eliminate  the  strain  component  u'; 
this  is  done  by  making  use  of  the  equilibrium  condition  that 
the  integral  of  the  longitudinal  stress  over  the  cross  section 
must  be  equal  to  the  total  tension.  Thus,  with  the  assump- 
tion that  the  cross  section  is  symmetrical  about  the  major 
principle  axis,  the  following  equation  applies: 

T=E  Pu  f /2  e d{  dy 

Jvtt  J -m 

rt/2 

=E  I \u'  — ti(v"  cos  fi+w"  sin  0)— f (— »"  sin  /?+ 

J^te  J~tl  2 

w"  cos  P)  + (y2+t2)P'<t>'W  dy  (A13) 

520597 — 60 14 


or 


T=E[Au'—AeA(v"  cos  P+w"  sin  p)  AAkAP’<t>')  (A14) 
This  equation  yields 

u'  =z^^+eA{vff  cos  p+w"  sin  / 8)+kA2p'<j>/  (A15) 

If  T/EA  is  denoted  by  the  tensile  strain  eT}  then  equation 
(Al5)  combined  with  equation  (Al2)  yields 

€=er+(^— y)(v"  cos  p-\-w'f  sin  p ) + 

${v"  sin  fi—w"  cos  /3)  + (??2+f2— kA)P'<l>' 

(A16) 

which  is  the  complete  expression  for  the  strain  of  any  fiber  in 
the  cross  section. 

EXPRESSION  FOR  STRAIN  IN  TERMS  OF  DISPLACEMENTS  IN  AND 
NORMAL  TO  THE  BLADE  CHORD 

Because  of  apparent  anomalies  that  have  arisen  in  the  past, 
it  is  of  interest  to  show  the  development  of  the  strain  in  terms 
of  displacements  in  and  normal  to  the  blade  chord.  These 
displacements  have  been  used  by  some  investigators  and  are 
shown  in  relation  to  the  displacements  of  this  paper  in  sketch  3. 


These  displacements  are  related  according  to  the  equations 


v=Vi  cos  p—Wi  sin  p 
w—v i sin  p+Wi  cos  p 


(A17) 


If  two  derivatives  of  these  equations  are  taken,  and  due  care 
is  given  the  fact  that  p may  vary  with  x,  then  the  following 
combination  of  these  derivatives  may  be  found: 


vn  cos  p-\-w"  sin  p=Vi'—2p,Wif—pffW\  — (p')2Vi 
— v " sin  p+w"  cos  p=wi"+2p'vi,  + p"vl—(p')2wl 


} 


(A18) 


If  these  expressions  are  now  substituted  in  equation  (A16), 
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then  the  equation  for  strain  becomes 
e = eT + ieA  — 7?)  W'  — 2 j 3'vh ' — fwl  — ($')%  ]— 

(A  19) 

The  interesting  fact  to  be  noted  here  with  respect  to  vx  and 
Wi  is  that  the  strain  is  not  proportional  only  to  the  derivatives 
vxf  and  wx",  as  might  first  be  supposed,  but  rather  to  addi- 
tional terms  which  involve  the  rate  of  change  of  initial  twist. 

This  obs'ervation  has  some  significance.  If  the  analysis  of 
this  paper  had  been  carried  through  in  terms  of  displacements 
V\  and  Wi,  then  the  moments  and  all  the  results  would  be  in 
terms  of  the  group  of  terms  appearing  on  the  right-hand  side 
of  equations  (Al8),  and  the  final  result  would  be  in  agreement 
with  the  results  presented  in  reference  1 1 . This  consideration 
indicates  that  the  treatment  in  reference  1 may  be  subject  to 
correction,  since  the  assumption  is  made  in  this  reference  that 
the  moments  are  proportional  to  V'  and  Evidently  this 
assumption  is  not  valid  when  the  beam  has  a finite  rate  of 
change  of  initial  twist. 

STRAIN  WHEN  <f>  IS  NOT  SMALL 

The  preceding  derivation  was  made  on  the  assumption  that 
the  displacements  u , v,  w,  and  <f>  were  small,  and  a linear 
equation  for  strain  results.  An  interesting  observation  may 
be  made,  however,  for  the  case  of  v=w=0,  but  with  large  dis- 
placements in  </>,  such  that  nonlinear  effects  are  present. 
Thus,  if  the  derivation  is  repeated  with  <j>  considered  large, 


and  with  v~w= 0,  then  equation  (All)  would  take  the  form 

*=«'+(2/h-22)  [W +!(*')*] 

=«'  + (»2+f2)  [/3V+|(*')2]  (A20) 

The  strain  component  uf  is  now  handled  as  before,  and  the 
equation  for  strain  becomes 

€=*r+0 ?2+f2-^2)  [W+i(4>')2]  (A21) 

This  equation  may  be  used  to  demonstrate  the  fact  pointed 
out  in  reference  19  that  pretwisted  blades  may  possess  a tor- 
sional instability.  Thus  if  use  is  made  of  equation  (5),  and 
the  stress  is  based  on  equation  (A21),  then  the  folio wing 
equation  for  internal  elastic  resisting  torque  results: 

Q=G J<j>' +TkA2(P' (/3'+0') 

=GJ4>'+TkA*(e'+<t>')+^  [(/5'+4>')3-0S')2G 8'+*')] 

(A22) 

Observations  similar  to  those  made  in  reference  19  may  be 
made  about  equation  (A22)  with  respect  to  the  possibility  of 
torsional  instability;  as  a matter  of  fact,  if  the  net  tension 
over  the  cross  section  is  zero,  the  equation  becomes  similar 
to  equation  (2)  presented  and  discussed  in  reference  19. 


APPENDIX  B 


DERIVATION  OF  ACCELERATIONS  AND  INERTIA  LOADINGS 


The  purpose  of  this  appendix  is  to  derive  the  acceleration 
of  a mass  particle  of  the  twisted  rotating  blade  and  to 
derive  the  inertia  loadings  from  this  acceleration.  In 
order  to  do  this  it  is  convenient  to  introduce  the  fixed  X,  Y, 
Z coordinate  axes  system  shown  in  sketch  4.  This  sketch 


The  components  aX)  aV}  and  az  of  the  acceleration  vector  in 
the  x- , y-j  and  ^-directions  may  be  found  from  this  equation 
by  letting  t=0,  thus 

r=  (xl-‘£l2x1—2Qy2)i-{-  (y2—^2y2+2Qx{)j+zlk 


also  shows  the  rotating  x , y , z axes  system  (used  in  the  body 
of  the  report  and  in  appendix  A)  and  the  deformed  positions 
xh  Vu  an(l  mass  particle  (see  eqs.  (A3)).  The 

azimuth  position  of  the  rotating  system  relative  to  the 
fixed-axes  system  is  denoted  by  Qt. 

In  terms  of  the  unit  vectors  i,  j,  and  the  vector  r may  be 
written 

r—  (; Xi  cos  Slt—y2  sin  Qt)i+  (x1  sin  tit-\-y2  cos  Qt)j+zjc  (Bl) 


—axi+avj-\-azk  (B4) 

Use  is  now  made  of  equations  (A3)  and  the  fact  that 
V2=yi+e0,  Thus, 


Xi  = x-\ -u—v'y—w'z 
y2=v+y—z<i>+e0 
Zi=w+z+y<f> 

The  first  two  derivatives  with  respect  to  time  are  given  as 
follows: 


Xj —u—v'y—w'z 
y2  = V—zj>  ► 

zl=w+yj>  ) 


Xi -u—v'y—w'z 

y2=V—zj> 

Zi=w+y$ 


(B5) 


(B6) 


Substitution  of  these  equations  into  equation  (B4)  yields  the 
desired  acceleration  vector,  with  the  following  components 
in  the  x-,  y-,  and  ^-directions: 


ax—u—  v'y— w'z—Q2  (x-{-u—v'y—w'z)—2Q(v—z4>y 
av—v—  zij>—  Q2(v+y—  z<t>+e0)+2tt(u—  v'y— io'z)  > 

az=w+y<i>  j 


<B7) 


By  substitution  of  the  expressions  (Al)  for  y and  z,  the 
accelerations  of  the  particle  are  obtained  as  follows  in  terms 
of  the  coordinates  of  the  cross-section  f and  tj: 


Differentiating  with  respect  to  time  gives  the  velocity 
vector  of  the  mass  particle 

r—(±i  cos  tit— Qxx  sin  Ut—y2  sin  Slt—Qy2  cos  ft£)i+ 

(; Xi  sin  Slt+ttx i cos  ttt+y2  cos  Slt—tiy2  sin  Qt)j+zjc  (B2) 
and  differentiating  once  again  gives  the  acceleration 

7=[(Xi— fh/2)  cos  — Q(xx  — ^2/2)  sin  Qt—(y2+Qx  1)  sin  tit— 

0(?/2+ftoi)  cos  Qt]i-y[(xx—Qy2)  sin  ft£+f2(xi— 0y2)  cos 
(jj2-\-^lxi)  cos  Slt—Q(y2-{-Slx  1)  sin  tit]j+Zik  (B3) 


ax—u—  Q2(x+u)  — 2Qv+ri[— v'  cos  p— w'  sin  P+ 
ti2(y'  cos  P+w'  sin  /3)+212<£sin  P]  + £[v'  sin  p— 
w'  cos  P+Q2(— v'  sin  p+w'  cos  p)-\-2ft4>  cos  p] 
av=v—Q2(v+e0)+2Qu-\-r}[—<p  sin  p— Q2(cos  p— 

sin  P)  + 

2J2(— v'  cos  p—w'  sin  p)]  + f[— $ cos  p— 

Q2(— sin  p— <f>  cos  /3)+2D(i'  sin  p—w'  cos  p)] 
az=iv-\-7j(j>  cos  P—f(p  sin  p 


(B8) 
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The  inertia  loadings  on  the  beam  may  now  be  derived 
from  these  acceleration  equations  by  appropriate  integrations 
over  the  cross  section.  The  total  or  resultant  loadings 
desired  in  the  analysis  given  in  the  body  of  this  paper  are  the 
sum  of  the  inertia  loadings  and  the  applied  loadings,  and  are 
given  by  the  following  equations,  when  the  assumption  is 
made  that  the  cross  section  is  symmetrical  about  the  major 
principal  axis: 

(x  rtn 

Vz=~  O'xP  dt) 

Jvte  J-t/2 

CVle  Cl/2 

'Py=Z  Ly  I I O/yP  d d 7] 

Jvtfl  J-t/2 

CnU  Ct/2 

Pt—L—  azp  dr) 

Jvte  J-t/2 

rvi  ctn 

qz=M—  I e [—au(zl—w)+al(yl—v)]pd{  dr) 

J Vie  J — t/2 

Cnl  rt/2 

g„=—  ‘ [—ax(zi—w)]pd{di) 

J Vi e J — t/2 

q*=  — r,e  f [— Ox(yi— v)]p  d^dr, 

J J ~~  t/2 

where  p is  the  density  of  the  structural  material  and  may  be 
a function  of  f and  *?.  If  the  integrations  are  performed 
with  the  use  of  equations  (B8),  the  following  loadings  are 
found : / 

— m[u— ^(x+u)  — 2tiv\  — me[—  vf  cos  /3— 

w ' sin  cos  0-\-w'  sin  /3)+2&</>sin  /3] 

(BIO) 

pv=Lv— m[v  — Q2(^+60)+2fiw]— me[—  4>  sin  /3— 

fi2(cos  j 3—4>  sin  0)+2Q(— v'  cos  $—w'  sin  0)] 

(Bll) 

pz—Lz—m(0b)—me$  cos  0 (Bl2) 

qx=:M—  Q?me[(v+eo)  sin  j 3+e0<l>  cos  0]+me(v  sin  0— 
ib  cos  0+2Qu$in  0)  —$l2m[(km2  — km2)  sin  0 cos  0+(km2  — 
km\2)<t>  cos  2)3]  — <pmkm2--2Qm(km22— kmX2)bf  cos  /3  sin  j3— 

2Qlrn(km2 2 sin2  0+kmX2  cos2  j 3)w' 

(Bl3) 


qv=  — 02me[(x+u)  sin  0 -\-x<t>  cos  0\-\-me(u  sin  /3— 

2Qv  sin  j3)+Q2ra[(&m22— km\)v'  sin  0 cos  j3+(&m22  sin2  0+ 
kmi 2 cos2  0)w']—m(km22—km 2)v'  sin  0 cos  0+ 

m(km22  sin2  0+km i2  cos2  0)(2Q<t>— ib') 

(B14) 

’qzx=z-^^i2me[{xJru)  cos  0—z<j>  sin  0 ]-\-me(u  cos  /3— 

2fiy  cos  /3)+Q2?yi[(/tm22— sin  0 cos  j3+(£m22  cos2  /3+ 
kml2  sin2  /3)i/]  — m(km22— km2)™'  sin  0 cos  0—m(km22  cos2  /3+ 
fcm'i2  sin2  )3)i;/+2fim(^7rt22— ^mi2)0  sin  ft  cos  0 

(BIS) 

Equations  (BlO)  to  (B15)  give  the  general  expressions  for 
the  loadings  and  contain  many  terms  of  second  order  which 
for  most  engineering  purposes  can  be  neglected.  In  equation 
(BlO),  for  example,  all  other  terms  are  small  in  comparison 
to  which  is  the  conventional  expression  for  px  (note 

that  px=  — T'))  for  most  practical  purposes  these  small 
terms  may  therefore  be  neglected.  For  any  specific  appli- 
cation, however,  particularly  in  the  case  of  unusual  configura- 
tions, the  relative  magnitude  and  importance  of  the  terms 
should  be  determined.  In  the  case  of  conventional  helicopter 
or  propeller  blades,  it  is  believed  that  the  following  first-order 
reductions  of  equations  (BlO)  to  (Bl5)  are  suitable  for  most 
engineering  applications : 

px—  — T'=mSl2x  " 

Py=Lv—m[v—Q2(v+e0)]+me[ip  sin  /3+ 

O2(cos  /3~- <psin  0)] 

pz=Lz—m(w+e<i>  cos  0) 

qx=M—  Q?me[{v+e0)  sin  0+eo(t>  cos  0]  + ^ (B16) 

me(v  sin  0—iv  cos  0)  — Q?m (km22— 

km i2)  (sin  j3  cos  j 3+0  cos  2fi)  — mkm2<i> 
qy=  — tt2mex(sin  0+(j>  cos  0) 
qz=  — 02mea;(cos  /3— <£sin  0) 

where 

km—km2-\-kmi 
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DITCHING  INVESTIGATIONS  OF  DYNAMIC  MODELS  AND  EFFECTS  OF  DESIGN  PARAMETERS 

ON  DITCHING  CHARACTERISTICS  1 

By  Lloyd  J.  Fisher  and  Edward  L.  Hoffman 


SUMMARY 

Data  from  ditching  investigations  conducted  at  the  Langley 
Aeronautical  Laboratory  with  dynamic  scale  models  of  various 
airplanes  are  presented  in  the  form  of  tables . The  effects  of 
design  parameters  on  the  ditching  characteristics  of  airplanes , 
based  on  scale-model  investigations  and  on  reports  of  full-scale 
ditchings , are  discussed.  Various  ditching  aids  are  also  dis- 
cussed as  a means  of  improving  ditching  behavior. 

INTRODUCTION 

The  designers  of  an  airplane  have  control  over  many 
factors  that  will  affect  the  chances  of  survival  of  the  occu- 
pants of  the  airplane  in  a ditching.  Since  a considerable 
variation  in  ditching  behavior  is  found  in  airplane  designs 
that  have  similar  performance  in  the  air,  it  is  evidently 
possible  to  choose  values  of  design  parameters  that  will 
give  some  measure  of  ditching  safety  without  appreciable 
sacrifice  of  aerodynamic  properties.  Therefore,  available 
ditching  data  are  presented  and  evaluated  herein  in  order 
to  assist  the  designer  and  the  operator  in  making  preliminary 
ditching  evaluations  of  airplanes  by  comparison  with  similar 
configurations  or  by  the  study  of  various  design  parameters. 
This  information  is  based  on  data  from  scale-model  investi- 
gations conducted  at  the  Langley  Aeronautical  Laboratory 
and  from  actual  full-scale  ditchings.  The  data  from  ditch- 
ing investigations  with  scale  models  are  presented  in  the 
form  of  tables. 

Scale-model  investigations  can  give  information  regarding 
the  motions  of  an  airplane  when  ditched  but  data  regarding 
the  ability  of  personnel  to  withstand  the  motions,  and  sub- 
sequently to  escape  from  the  sinking  airplane,  must  be 
obtained  from  other  sources. 

APPARATUS  AND  PROCEDURE 

The  investigations  of  the  ditching  characteristics  of  air- 
planes were  conducted  in  Langley  tank  no.  2 with  dynamic 
scale  models.  Damage  which  was  likely  to  occur  in  a full- 
scale  ditching  was  simulated  in  the  models  either  by  the 
removal  of  parts,  by  the  installation  of  simulated  crumpled 
sections,  by  the  installation  of  scale-strength  sections  or 
aluminum-foil  coverings  which  failed  during  the  test;  or  by 
a combination  of  these  methods.  The  models  were  launched 

1 Supersedes  NACA  Technical  Note  3946  by  Lloyd  J.  Fisher  and  Edward  L.  Hoffman,  1957. 


either  from  the  towing  carriage  or  from  the  monorail  so  that 
they  were  free  to  glide  onto  the  water  at  the  desired  landing 
attitude  and  speed.  The  control  surfaces  were  set  in  such 
a manner  that  the  model  did  not  yaw  or  change  attitude 
appreciabty  in  flight.  Landing  attitude  was  measured  be- 
tween the  longitudinal  axis  of  the  airplane  and  the  smooth- 
water  surface. 

The  behavior  of  the  models  was  recorded  from  visual 
observations  and  from  motion  pictures  of  the  tests.  Average 
decelerations  were  derived  from  the  landing  speeds  and 
lengths  of  run.  Maximum  longitudinal  decelerations  were 
measured  with  an  accelerometer  installed  near  the  cockpit. 
Various  accelerometers  were  used  that  had  natural  frequen- 
cies of  about  20  to  70  cycles  per  second  and  all  were  damped 
to  about  65  percent  of  the  critical  damping  value.  The 
reading  accuracy  of  the  least  accurate  instrument  was 
about  ±)ig. 

RESULTS  AND  DISCUSSION 

The  results  of  the  model-ditching  investigations  are  shown 
in  tables  1 to  37.  The  information  in  these  tables  is  based 
on  calm-water  landing  tests.  In  rough-water  landings  made 
parallel  to  waves  or  swells,  the  same  general  type  of  per- 
formance should  be  obtained.  In  landings  made  perpendic- 
ular to  waves,  however,  more  damage  and  more  violent 
motions  may  occur,  depending  on  the  choice  of  ditching  site 
and  the  size  and  portion  of  the  wave  contacted. 

EFFECTS  OF  DESIGN  PARAMETERS 

Wing. — From  a ditching  standpoint,  the  vertical  location 
of  the  wing  with  respect  to  the  fuselage  is  a compromise 
between  having  the  wing  low  enough  to  provide  buo}7ancy 
to  help  keep  the  airplane  afloat  after  ditching  and  having 
the  wing  high  enough  so  that  the  landing  flaps  and  engine 
installations  (discussed  further  under  “Flaps”  and  under 
“Engine  installation”)  do  not  seriously  impair  ditching 
behavior.  It  is  generally  considered  that  the  most  favorable 
position  of  the  wing  is  slightly  above  the  bottom  of  the 
fuselage  or  in  a low  midwing  position. 

The  thickness  and  size  of  the  wings  had  little  effect  on 
ditching  behavior  other  than  the  obvious  effect  on  buoyancy. 
Sweptback  and  delta  wings  had  little  hydrodynamic  in- 
fluence on  ditching  but  they  did  have  aerodynamic  influence 
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on  handling  and  landing  characteristics.  The  flying  wing 
appeared  to  have  reasonably  good  ditching  characteristics 
but  it  was  very  susceptible  to  damage  although  no  violent 
motions  occurred. 

Flaps. — The  landing  flaps  had  a noticeable  hydrodynamic 
effect  on  about  25  percent  of  the  models  investigated.  For 
most  of  the  models  there  was  only  a slight  nose-down 
moment  observed,  and  in  no  test  was  a flaps-up  condition 
preferable.  For  certain  models  (as  example,  table  16).  a 
flaps-down  condition  caused  diving,  but  with  the  flaps  re- 
tracted and  with  the  corresponding  increase  in  speed  the 
damage  and  deceleration  were  even  more  severe  than  in 
the  dives.  It  is  therefore  preferable  to  have  flaps  down  in 
a ditching  in  order  to  obtain  a low  forward  speed  and  thus 
to  decrease  fuselage  damage;  however,  the  flaps  should  be 
weak  enough  to  fail  before  producing  an  undesirable  diving 
moment.  For  airplanes  having  very  low  wings,  the  manner 
in  which  the  flaps  failed,  that  is,  whether  they  were  com- 
pletely torn  from  the  wing  or  whether  the  linkage  failed 
and  left  the  flaps  free  to  rotate  toward  a neutral  position, 
had  an  effect  on  the  results.  In  table  28  it  is  noted  that  a 
flap  which  merely  rotated  toward  a neutral  position  was 
occasionally  detrimental. 

Engine  installation. — Reciprocating  engines  have  caused 
differences  in  airplane  ditching  behavior  because  of  the  loca- 
tion of  the  nacelle.  When  placed  low  on  an  airplane,  the 
engine  nacelle  acts  as  a “water  brake”  and  increases  decelera- 
tions; therefore,  it  is  generally  desirable  to  place  the  engine 
well  above  the  level  of  the  bottom  of  the  fuselage. 

Jet  engines  mounted  on  the  wing  (table  11)  or  turbo- 
propeller engines  mounted  similarly  will  have  about  the  same 
effect  as  a reciprocating-engine  nacelle  except  that  they  may 
be  smaller  and  have  less  water  resistance.  Pusher-propeller 
engines  installed  on  the  wing  (table  10)  also  may  have  low 
water  resistance. 

Jet  engines  have  brought  about  a design  freedom  in  engine 
location  because  propeller  clearance  is  no  longer  a factor. 
Jet  engines  installed  at  the  wing  root,  on  struts,  under  the 
fuselage,  and  on  the  side  of  the  fuselage  have  been  investi- 
gated in  model-ditching  tests.  In  general,  the  wing-root 
nacelles  have  very  little  effect  on  dynamic  behavior  and  will 
have  little  influence  on  structural  damage.  The  strut- 
mounted  nacelles  (tables  12  and  26)  will  probably  be  torn 
off  in  a ditching  but  will  have  little  effect  on  dynamic  be- 
havior. With  engine  nacelles  mounted  under  the  fuselage, 
various  effects  can  be  expected,  depending  on  the  rigidity 
and  the  fore  and  aft  location  of  the  installation.  If  the 
engines  are  too  far  aft,  a dive  may  be  produced.  A forward 
location  may  cause  porpoising,  but  generally  an  intermediate 
position  can  be  found  that  will  produce  a smooth  run. 
Side-mounted  engine  nacelles  will  probably  require  the  hori- 
zontal tail  to  be  mounted  high  on  the  vertical  tail.  Gener- 
ally, with  a high  tail  the  rear  part  of  the  fuselage  runs  deeply 
in  the  water  and  the  nacelles  cause  considerable  spray  and 
drag  as  they  enter  the  water.  If  the  nacelles  tear  away  dur- 
ing a ditching,  extensive  structural  damage  may  result  and 
possibly  the  aft  portion  of  the  fuselage  will  be  torn  away. 
Fighter  airplanes  usually  have  jet  engines  located  within  the 
fuselage;  therefore,  the  location  of  the  air  intake  is  the  most 


important  feature  of  such  installations.  The  inlets  may 
cause  detrimental  behavior  when  a ditching  is  made  at  a 
low  enough  attitude  to  get  them  into  the  water  at  high  speeds 
(see  table  23).  Usually,  however,  an  airplane  can  be  landed 
so  that  the  inlets  are  held  clear  of  the  water  until  a fairly 
slow  speed  is  reached.  Tests  were  made  of  one  fighter  air- 
plane model  that  had  jet  engines  mounted  on  the  underside 
of  the  fuselage  (table  20);  diving  did  not  occur  with  this 
particular  installation,  but  some  very  high  decelerations 
resulted. 

Tail  surfaces. — The  location  of  the  tail  surfaces  has  not 
previously  been  considered  to  have  hydrodynamic  influence 
on  ditching  behavior.  However,  data  obtained  in  scale- 
model  investigations  indicate  that  the  horizontal-tail  location 
can  affect  the  attitude  at  which  the  airplane  will  run  on  the 
water.  When  the  horizontal  tail  is  located  very  high  on  the 
vertical  tail  the  model  will,  when  there  is  a tendency  to 
trim  up,  trim  higher  than  when  the  horizontal  tail  is  in  a low 
position.  Occasionally  a horizontal  tail  was  partially  torn 
away  in  the  scale-model  tests  but  no  appreciable  change  in 
behavior  due  to  this  damage  was  noted. 

Landing  gear. — It  is  considered  advisable  that  ditchings 
be  made  with  the  landing  gear  retracted  because  an  extended 
gear  usually  causes  diving.  (For  example,  see  table  32.) 
There  have  been  some  full-scale  ditchings  with  wheels  down 
in  which  diving  did  not  occur,  but  apparently  these  were 
exceptional. 

The  arrangement  of  the  landing  gear  when  retracted  has 
not  shown  an  appreciable  effect  on  ditching  behavior,  but  it 
can  affect  the  amount  of  damage  and  the  safety  of  personnel 
during  a ditching.  Tricycle-gear  arrangements  have  nose- 
wheel  doors  that  are  likely  to  fail  in  a ditching.  In  no  case 
have  scale-model  investigations  shown  that  such  a failure 
will  cause  diving,  but  secondary  failures  that  ensue  as  a 
result  of  the  water  pouring  into  this  opening  may  be  exten- 
sive enough  to  endanger  nearby  personnel.  In  general,  the 
landing-gear  installation  that  has  a tail  wheel  tends  to  give 
a better  arrangement  for  ditching  than  the  tricycle  gear,  pro- 
vided that  all  wheels  are  retracted.  However,  if  a ditching 
aid  attached  under  the  nose  of  the  airplane  were  considered, 
the  tricycle  landing  gear  would  provide  structural  members 
advantageously  located  to  carry  the  concentrated  load  of 
the  ditching  aid.  The  bicycle-landing-gear  installation  re- 
quires doom  in  the  fuselage  bottom  which  are  undesirable  in 
ditching  unless  they  are  much  stronger  than  doors  generally 
are.  In  investigations  of  one  airplane  model  employing  the 
bicycle  landing  gear,  the  simulated  main-wheel  doors  failed 
(table  12).  In  this  test  no  detrimental  behavior  occurred 
but  the  fuselage  was  flooded.  The  outrigger  wheels  required 
with  a bicycle  main  gear  offer  no  difficulties  in  ditching.  A 
contribution  of  the  bicycle-landing-gear  design  favorable  to 
ditching  is  a very  strong  fuselage  structure.  The  fuselage 
of  some  airplanes  has  broken  apart  near  the  wing  in  ditching 
but  it  is  unlikely  that  a fuselage  strong  enough  to  support  a 
bicycle  landing  gear  would  separate  in  this  manner.  In  an 
investigation  of  a model  with  the  main  landing  gear  located 
in  nacelles  on  the  sides  of  the  fuselage  (table  33),  the  nacelles 
crumpled  considerably  but  the  damage  did  not  affect  the 
ditching  behavior.  Damage  is  likely  to  occur  when  the 
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nacelle  type  of  wheel  fairing  is  used,  and  the  damage  could 
have  undesirable  effects  on  flotation  unless  precautions  are 
taken  to  prevent  entry  of  water  into  the  main  part  of  the 
fuselage. 

Fuselage  strength. — Most  airplanes  could  be  ditched  with 
relative  safety  if  extensive  damage  to  the  fuselage  could  be 
avoided;  therefore,  the  strength  of  the  fuselage  bottom  is 
probably  the  most  important  parameter  influencing  ditching 
behavior.  It  is  impractical  to  consider  designing  fuselages 
which  will  not  fail  in  ditching,  but  damage  may  be  reduced 
by  using  ditching  aids  (discussed  further  under  “Ditching 
Aids”)*  and  the  danger  to  personnel  may  be  minimized  by 
providing  safe  ditching  stations  (discussed  under  “Safe  Loca- 
tion of  Personnel”)*  The  middle  third  of  the  fuselage  bottom 
is  considered  the  critical  region  because  of  its  susceptibility 
to  damage  and  the  consequent  effects  on  ditching  behavior. 
The  investigations  with  models  by  the  use  of  scale-strength 
bottoms  to  determine  the  location  and  amount  of  probable 
damage  have  substantiated  this  conclusion. 

Bombers  are  particularly  susceptible  to  damage  and  unde- 
sirable ditching  behavior  because  the  bomb-bay  doors  are 
usually  located  in  the  critical  region.  Manufacturers  esti- 
mate that  the  bomb-bay  doors  have  an  ultimate  strength  in 
resistance  to  water  loads  of  approximately  % to  2 pounds  per 
square  inch  and  that  the  remainder  of  the  lower  fuselage  is 
also  comparatively  weak.  Bomb-bay-door  failure  generally 
occurs  and  sometimes  causes  violent  behavior;  however, 
whether  or  not  violent  behavior  occurred,  safe  ditching  sta- 
tions in  the  rear  part  of  the  fuselage  are  generally  unobtain- 
able because  of  the  rush  of  water  through  the  airplane  when 
damage  occurs. 

There  is  a wide  variation  in  the  bottom  strength  of  fighter 
airplanes;  some  have  strength  as  low  as  2 pounds  per  square 
inch,  but  others  can  withstand  a pressure  of  40  pounds  per 
square  inch  on  some  parts  of  the  fuselage  bottom.  Fighters 
frequently  sustain  extensive  damage  to  the  bottom  skin,  but 
the  structure  usually  remains  more  or  less  intact.  If  damage 
does  not  occur,  fighters  will  make  smooth  runs  or  at  worst 
they  might  skip.  If  damage  occurs,  almost  any  behavior 
from  a smooth  run  to  a violent  dive  or  flipover  might  result 
according  to  the  amount  of  damage  and  the  particular 
airplane  configuration. 

Transport  airplanes  have  marginal-strength  fuselages — the 
lower  part  of  the  fuselages  sustains  some  damage  when  ditch- 
ing but  usually  is  not  demolished.  The  average  resistance  to 
water  loads  is  estimated  by  manufacturers  to  be  from  8 to  12 
pounds  per  square  inch.  The  fuselage  strength  of  a transport 
is  greater  than  that  of  a bomber  because  the  requirements  for 
cargo  floors  and  pressurized  cabins  in  the  transport  contribute 
to  a stronger  fuselage  and  because  the  bomber  fuselage  is 
considerably  weakened  by  the  presence  of  the  bomb-bay 
doors.  Damage  usually  does  not  cause  the  behavior  in 
transports  to  be  violent,  but  water  flooding  into  the  fuselage 
through  damaged  sections  is  a hazard. 

Fuselage  shape. — Some  current  airplanes  have  large 
amounts  of  curvature  at  the  rear  of  the  fuselage.  A high 
degree  of  longitudinal  curvature  results  in  a suction  which 
causes  the  models  to  trim  up  in  the  water  (tables  30,  31,  and 
37).  A high  degree  of  lateral  curvature  at  the  rear  of  the 


fuselage  results  in  suctions  and  motions  similar  to  those  pro- 
duced by  high  longitudinal  curvature  (ref.  1).  Trimming 
up  is  not  necessarily  detrimental  but  could  contribute  to  un- 
desirable results  such  as  skipping  and  subsequent  diving.  A 
fuselage  bottom  with  little  longitudinal  and  lateral  curvature 
tends  to  decrease  trimming  up  but  is  undesirable  because  of 
the  accompanying  high  water  loads.  There  are  indications 
that  flattened  cross  sections  in  combination  with  high  longi- 
tudinal curvature  tend  to  cause  skipping  (tables  19  and  30). 
Moderately  curved  sections  rearward  of  the  center  of  gravity 
are  desirable  with  respect  to  stabilitj^  and  water  loads. 

From  early  scale-model  tests,  it  was  concluded  that  the 
small  differences  in  the  ratio  of  fuselage  length  forward  of 
the  center  of  gravity  to  the  total  fuselage  length  indicated 
no  consistent  differences  in  the  hydrodynamic  performance. 
Recent  trends  in  fighter  design  have  led  to  increases  in  this 
ratio  from  approximately  }{  to  %.  There  is  evidence  that 
the  increase  in  nose  length  has  been  advantageous  to  fighter 
airplanes  because  it  has  resulted  in  a decrease  in  diving  or 
nosing-in  tendency.  For  bombers,  the  increase  ha  this  ratio 
has  been  small  and  there  has  been  little  noticeable  effect  on 
ditching  behavior. 

Curvature  at  the  nose  also  has  an  influence  on  ditching 
behavior.  A fuselage  that  is  more  or  less  straight  on  the 
bottom  but  curves  up  abruptly  at  the  nose  offers  less  nose-up 
moment  and  thus  is  more  likely  to  dive  than  one  that  curves 
up  gradually.  The  desirability  of  gradual  curvature  of  the 
forward  part  of  the  fuselage  has  been  substantiated  by  lim- 
ited tests. 

The  effect  of  cross-sectional  curvature  of  the  forward  part 
of  the  fuselage  has  not  been  investigated  but  it  appears  that 
a moderately  curved  cross  section  would  probably  be  most 
desirable. 

Size. — The  physical  magnitude  of  airplanes  appears  to 
affect  the  degree  of  violence  of  ditching  behavior.  Small 
differences  are  not  noticeable  but  in  the  overall  range  from 
fighters  to  large  bombers  and  transports  the  effect  of  size 
and  pitching  moment  of  inertia  is  apparent.  As  the  size 
of  airplanes  increases,  the  ditching  behavior  becomes  less 
violent. 

Interior  arrangement. — Probably  the  item  of  interior 
arrangement  that  has  the  greatest  effect  on  ditching  behavior 
is  the  bulkhead  just  aft  of  the  bomb  bay.  Bomb-bay  doors 
usually  fail;  therefore,  this  bulkhead  is  immediately  subjected 
to  water  loads.  For  the  configurations  shown  in  tables  11 
and  13,  diving  was  prevented  by  removing  the  bulkhead  and 
the  part  of  the  fuselage  bottom  that  might  be  tom  away  if 
the  bulkhead  failed.  In  table  4,  removing  the  bulkhead  or 
part  of  the  bulkhead  reduced  the  severity  of  diving.  There 
have  been  cases  in  which  bomb-bay  doors  failed  but  diving  was 
not  produced;  in  such  cases  the  bulkhead  caused  no  detri- 
mental behavior  and  offered  some  protection  to  the  interior 
of  the  rearward  part  of  the  fuselage. 

Protuberances. — Protuberances  under  the  wing  or  the 
fuselage  of  an  airplane  may  cause  undesirable  ditching 
behavior  and  high  longitudinal  decelerations.  Protuber- 
ances located  rearward  of  the  center  of  gravity  are  the  most 
undesirable  and  may  cause  diving.  Radiators  projecting 
below  the  fuselage  rearward  of  the  center  of  gravity  have 
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caused  dives.  Radiators  under  the  nose  have  caused  violent 
ditching  behavior  and  high  decelerations.  Belly-gun  turrets 
and  radar  housings  placed  forward  of  the  center  of  gravity 
generally  have  caused  no  diving  or  other  violent  motions 
when  tested  on  models  (tables  8 and  14).  However,  such 
protuberances  located  rearward  of  the  center  of  gravity 
have  caused  diving  (table  3). 

Scale-model  investigations  with  cargo  containers  located 
under  the  fuselage  (table  27  (b))  indicated  that  no  detri- 
mental effect  was  due  to  the  presence  of  the  cargo  container; 
in  fact,  it  was  beneficial  because  it  afforded  protection  to  the 
bottom  of  the  airplane.  The  construction  of  the  container 
was  such  that  it  caved  in  on  contact  with  the  water  and 
thus  acted  as  a shock  absorber. 

The  need  for  greater  fuel  storage  in  jet-propelled  airplanes 
has  resulted  in  the  use  of  external  fuel  tanks,  usually  located 
under  the  wing  or  at  the  wing  tip.  Streamlined  auxiliary 
fuel  tanks  under  the  wing  (table  23)  should  be  jettisoned 
before  ditching  because  they  increase  hydrodynamic  re- 
sistance and  because  their  shape  is  such  that  they  produce 
a suction  force  detrimental  to  successful  ditching.  Tanks 
that  were  modified  in  shape  by  the  addition  of  either  chine 
strips  or  dead  rise  with  chines  (ref.  2)  would  improve  the 
ditching  behavior  if  they  were  strong  enough  to  withstand 
the  water  loads.  Wing-tip  tanks  probably  will  not  be  detri- 
mental since  they  do  not  enter  the  water  until  a low  speed 
is  reached  and,  if  empty,  they  offer  additional  buoyancy 
(tables  21  and  24). 

SAFE  LOCATION  OF  PERSONNEL 

The  availability  of  good  ditching  stations  for  personnel 
will  in  some  measure  compensate  for  unavoidable  deficiencies 
in  hydrodynamic  characteristics.  Scale-model  investigations 
indicate  that  decelerations  in  severe  ditchings  may  exceed 
10 g,  but  apparently  personnel  can  withstand  such  decelera- 
tions if  they  are  braced  against  or  strapped  to  a unit  of  the 
airplane  that  will  not  fail.  The  danger  that  parts  of  the 
airplane  will  be  broken  off  and  thrown  against  occupants 
cannot  be  completely  eliminated,  but  adequate  strength  can 
be  provided  to  prevent  obvious  hazards,  such  as  overhead 
turrets,  from  being  torn  off. 

Available  records  of  ditchings  indicate  that  the  survival 
rate  for  fighter  pilots  is  higher  now  than  in  the  past.  Al- 
though the  behavior  of  current  fighter  airplanes  is  sometimes 
violent,  a more  important  factor  may  be  the  increase  in  use 
of  the  safety  harness.  The  fuselage  of  a fighter  is  strong 
and  the  pilot  can  usually  be  braced  well  enough  to  withstand 
the  decelerations.  The  bottom  skin  of  the  fuselage  may  be 
damaged  but  there  is  little  water  flow  through  the  pilot's 
compartment. 

In  bomber  and  transport  airplanes,  the  pilot's  compart- 
ment is  usually  high  enough  to  avoid  quick  flooding  except 
in  a dive,  damage  is  not  severe,  and  escape  hatches  are 
available.  The  most  dangerous  ditching  stations  in  a 
bomber  airplane  are  rearward  of  the  bomb  bay  because  of 
the  likelihood  of  an  inrush  of  water  through  the  low-strength 
bomb-bay  doors  and  the  probable  failure  of  the  bulkhead 
just  rearward  of  the  bomb  bay.  The  survival  rate  for 
bombers  as  a whole  is  very  low,  and  as  a class  the  bomber 


is  considered  to  have  unacceptable  ditching  characteristics. 

In  a transport  airplane,  the  fuselage  generally  has  no  pre- 
dominantly weak  part,  such  as  bomb-bay  doors,  and  the 
floor  of  the  passenger  compartment  is  more  substantial  than 
the  floor  of  a bomber.  Consequently,  the  rearward  part  of 
the  fuselage  is  possibly  less  hazardous  in  a transport  than 
in  a bomber;  however,  because  of  the  chance  that  the  rear 
fuselage  might  sustain  extensive  damage,  ditching  stations 
should  be  as  far  forward  as  possible.  In  transports  that 
have  double  decks  (tables  36  and  37),  the  upper  deck  offers 
relatively  safe  ditching  stations.  The  most  hazardous  type 
of  transport,  as  far  as  ditching  stations  are  concerned,  is 
the  “flying  boxcar"  (tables  29,  30,  32,  and  33).  This  type 
of  airplane  has  large  doors  and  a wide  flat  bottom  that  are 
subject  to  high  water  pressures;  therefore,  some  damage  is 
very  probable.  The  high  wing  of  the  flying  boxcar  affords 
no  buoyancy  until  the  airplane  sinks  deeply;  consequently, 
the  cargo  or  passenger  compartment  is  likely  to  be  flooded 
to  a hazardous  extent. 

It  would  seem  that  the  ditching  requirements  for  trans- 
ports should  be  more  severe  than  for  other  types  of  airplanes 
because  of  the  large  number  of  passengers  involved  and  the 
general  lack  of  training  in  ditching  procedures. 

DITCHING  AIDS 

When  the  use  of  an  airplane  is  such  that  a high  degree  of 
ditching  safety  is  required,  a ditching  aid  may  be  the  best 
method  of  insuring  such  safety.  If  a ditching  aid  were  in- 
cluded as  an  integral  part  of  the  airplane  in  the  early  stages 
of  design,  it  possibly  could  be  incorporated  with  little  or  no 
penalty  in  performance. 

Hydroflap. — One  method  which  can  be  used  to  prevent 
diving  or  “nosing  in"  during  the  high-speed  part  of  a ditch- 
ing run  is  to  provide  a device  under  the  fuselage  forward  of 
the  center  of  gravity  that  will  have  sufficient  hydrodynamic 
lift  to  furnish  the  necessary  positive  pitching  moment. 
Scale-model  investigations  have  been  made  with  planing 
surfaces,  called  hydroflaps,  installed  on  models  for  this 
purpose.  The  hydroflaps,  which  usually  have  an  incidence 
angle  of  about  30°,  have  been  tested  in  various  forms.  In 
some  investigations,  existing  rectangular  doors  in  the  fuselage 
were  braced  open  to  form  hydroflaps  (tables  2 (b)  and  15  (b)). 
In  other  investigations  where  the  hydroflap  had  a trapezoidal 
or  triangular  plan  form  (tables  4 (b),  11  (b),  and  33  (b)), 
smoother  runs  were  obtained  than  with  rectangular  plan 
forms.  In  addition  to  eliminating  the  diving,  hydroflaps 
reduced  the  amount  of  damage  sustained  by  scale-strength 
sections. 

Certain  types  of  airplanes  require  speed  brakes  or  dive 
brakes.  These  devices  have  various  forms,  one  of  which  is 
an  approximately  flat  plate  hinged  at  its  leading  edge  to  the 
bottom  of  the  fuselage  and  opening  outward.  A few  air- 
planes have  had  this  type  of  brake  located  forward  of  the 
center  of  gravity.  Such  a device  possibly  could  be  located 
so  that  it  could  serve  as  a hydroflap  as  well  as  a speed  brake. 
Speed  brakes  have  not  yet  been  located  far  enough  forward 
of  the  center  of  gravity  to  serve  advantageously  as  hydro- 
flaps and  have  not  been  made  strong  enough  for  such  use. 
Scale-model  investigations  (table  24  (b))  indicate  that  such 
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a brake  could  be  used  as  a ditching  aid  if  these  requirements 
were  met. 

Hydrofoil. — Two  general  methods  for  using  hydrofoils  to 
improve  hydrodynamic  ditching  characteristics  of  airplanes 
have  been  investigated  with  scale  models:  in  one  method, 
the  hydrofoil  was  placed  below  the  nose  of  the  model  with  a 
positive  incidence,  and  in  the  other  it  was  placed  aft  of  the 
center  of  gravity  with  a negative  incidence  in  order  to  hold 
the  tail  down.  Both  schemes  were  effective  in  improving 
the  performance  of  the  models,  but  the  hydrofoil  below  the 
nose  of  the  model  was  a more  positive  and  practical  installa- 
tion. In  addition  to  improving  ditching  behavior,  the  hydro- 
foil forward  of  the  center  of  gravity  offered  the  possibility 
of  reducing  fuselage  damage. 

Hydro-ski. — Another  possible  ditching  aid  is  a planing 
surface  that  can  be  extended  on  struts  so  that  in  a landing 
the  airplane  rides  on  the  planing  surface  and  the  main  body 
of  the  airplane  is  not  subjected  to  large  water  loads  at  high 
water  speeds.  Such  a device  has  been  called  a hydro-ski 
(tables  14  (c),  27  (c),  and  34  (b)).  With  a hydro-ski  ditching 
aid,  the  hazardous  motions  and  structural  damage  associ- 
ated with  ditching  can  be  eliminated.  For  a bomber  air- 
plane, twin  skis  retracting  into  the  side  of  the  fuselage  or 
into  the  wings  could  be  used.  For  a transport  airplane,  either 
a single  ski  or  twin  skis  retracting  into  the  bottom  of  the 
fuselage  would  be  practical. 


CONCLUDING  REMARKS 

Performance  requirements  and  the  relatively  low  frequency 
of  emergency  landings  even  in  wartime  make  it  unlikely  that 
airplanes  will  ever  be  designed  specifically  for  “safe”  ditch- 
ings. It  appears  possible,  however,  to  reduce  the  hazards 
by  some  attention  to  the  effects  of  the  design  parameters. 
It  may  also  in  certain  cases  be  possible  to  incorporate  ditch- 
ing aids  to  protect  the  structure  from  peak  water  loads 
without  significant  performance  penalties.  These  possibil- 
ities together  with ' the  establishment  of  proper  approach 
procedures,  provision  of  adequate  means  of  escape,  and  early 
rescue  remain  the  most  effective  means  of  increasing  survival 
rates  in  future  ditchings. 

Langley  Aeronautical  Laboratory, 

National  Advisory  Committee  for  Aeronautics, 
Langley  Field,  Va.,  November  16 , 1956. 
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TABLE  1 

SUMMARY  OF  MODEL-DITCHING  INVESTIGATION  OF 

BOMBER  A 

Model  scale,  JL;  gross  weight,  21,500  lb;  center-of-gravity  location, 
28  percent  M.A.C.;  all  values  full  scale] 

Damage  simulated  by  removal  of  parts  (crosshatched  areas). 


Land- 

ing 

atti- 

tude, 

deg 

Flap 

set- 

ting, 

deg 

Land- 

ing 

speed, 

knots 

Length 
of  run, 
ft 

Maximum 
longitudi- 
nal decel- 
eration, 
g units 

Average 
longitudi- 
nal decel- 
eration, 
g units 

Motions 
of  model 
(*) 

Undamaged  model 

2 

0 

104 

200 

2/2 

u h 

2 

40 

104 

200 

2/2 

u h 

6 

0 

104 

400 

1 

u h 

6 

40 

87 

200 



1/ 

u h 

10 

0 

87 

350 

1 

u h 

10 

40 

69 

200 

1/2 

1 

u h 

Damaged  model 

2 

40 

104 

150 

5 'A 

3 

b 

flO 

40 

69 

100 

3 

2 

b 

*In  this  column,  the  letters  indicate  the  following  motions: 

b ran  deeply — the  model  settled  deeply  in  the  water  with  little 
change  in  attitude 

h ran  smoothly — the  model  made  a very  stable  run 

u trimmed  up — the  attitude  of  the  model  increased  while  running 
in  the  water 

f Recommended  ditching  attitude  and  flap  setting. 

Remarks:  Simulation  of  damage  on  this  model  stopped  the  trimming- 
up  tendency  and  caused  the  model  to  run  deeper  in  the  water.  The 
large  nacelles  caused  violent  turns  when  the  model  was  ditched  with  one 
wing  low. 


TABLE  2 

SUMMARY  OF  MODEL-DITCHING  INVESTIGATION  OF 

BOMBER  B 

[Model  scale,  gross  weight,  25,730  lb;  center-of-gravity  location, 
28  percent  M.A.C.;  all  values  full  scale] 

(a)  Without  hydroflap. 

Damage  simulated  by  removal  of  parts  (crosshatched  areas). 


Land- 

ing 

atti- 

tude, 

deg 

Flap 

set- 

ting, 

deg 

Land- 

ing 

speed, 

knots 

Length 
of  run, 
ft 

Maximum 
longitudi- 
nal decel- 
eration, 
g units 

Average 
longitudi- 
nal decel- 
eration, 
g units 

Motions 
of  model 
(*) 

Undamaged  model 

3 

55 

102 

400 

2 

1 

s 

3 

55 

102 

400 

3 

1 

s t 

8 

0 

115 

600 

4/ 

1 

s t 

8 

55 

96 

500 

1 

h 

13 

0 

102 

250 

8 

2 

d, 

13 

55 

90 

150 

5 

2H 

di 

Damaged  model 

3 

55 

101 

100 

4/2 

d, 

8 

0 

115 

250 

6/2 

2/2 

d, 

t8 

55 

86 

100 

3/2 

d, 

13 

0 

102 

250 

2 

d, 

13 

55 

86 

150 

2 

d, 

*In  this  column,  the  letters  indicate  the  following  motions: 
di  dived  violently — the  model  stopped  abruptly  in  a nose-down 
attitude  with  most  of  the  model  submerged 

h ran  smoothly — the  model  made  a very  stable  run 
s skipped — the  model  rebounded  from  the  water 
t turned  sharply — the  model  pivoted  quickly  about  a vertical  axis 
f Recommended  ditching  attitude  and  flap  setting. 

Remarks:  The  behavior  of  the  model  was  exceptionally  violent. 
Violent  dives  occurred  with  the  undamaged  model.  In  general,  the 
dives  at  the  attitude  of  8°  were  less  violent  than  those  at  the  attitude 
of  13°.  When  the  model  was  ditched  with  one  wing  slightly  low, 
the  large  nacelles  dug  into  the  water  and  caused  sharp  turns. 
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TABLE  2 — Concluded 


TABLE  3 


SUMMARY  OF  MODEL-DITCHING  INVESTIGATION  OF 

BOMBER  B 


SUMMARY  OF  MODEL-DITCHING  INVESTIGATION  OF 

BOMBER  C 


(b)  With  hydroflap. 

Damage  as  shown  in  three-view  sketch.  All-purpose  nose  door 
(open  at  an  angle  of  30°  to  thrust  line)  used  as  hydro  flap. 


Land- 

ing 

atti- 

tude, 

deg 

Flap 

set- 

ting, 

deg 

Land- 

ing 

speed, 

knots 

Length 
of  run, 
ft 

Maximum 
longitudi- 
nal decel- 
eration, 
g units 

Average 
longitudi- 
nal decel- 
eration, 
g units 

Motions 
of  model 
(*) 

3 

55 

101 

300 

2 

P 

t8 

55 

86 

250 

3/2 

VA 

P 

13 

55 

' 86 

200 

P 

*In  this  column,  the  letters  indicate  the  following  motions: 
p porpoised — the  model  undulated  about  the  transverse  axis  with 
some  part  of  the  model  always  in  contact  with  the  water 
•(-Recommended  ditching  attitude  and  flap  setting 

Remarks:  Rather  violent  porpoising  runs  occurred  with  the  hydro- 
flap, but  these  runs  were  considerably  better  than  the  violent  dives 
that  occurred  without  the  hydroflap. 


[Model  scale,  — ; gross  weight,  57,000  lb;  center-of-gravity  location, 
30  percent  M.A.C.;  all  values  full  scale] 

Damage  simulated  by  removal  of  parts  (crosshatched  areas). 


Land- 

ing 

atti- 

tude, 

deg 

Flap 

set- 

ting, 

deg 

Land- 

ing 

speed, 

knots 

Length 
of  run, 
- ft 

Maximum 
longitudi- 
nal decel- 
eration, 
g units 

Average 
longitudi- 
nal decel- 
eration, 
g units 

Motions 
of  model 
(*) 

Undamaged  model 

0 

45 

122 

7 

d, 

45 

104 

di 

7 

0 

104 

8 

d, 

7 

45 

87 

6A 

t di 

10 

0 

87 

di 

10 

45 

87 

— 

d, 

Damaged  model 

0 

45 

122 

7K 

t 

3 K 

45 

104 

t s 

+7 

45 

87 

s 

10 

45 

87 

--- 

— 

p 

*In  this  column,  the  letters  indicate  the  following  motions: 
di  dived  violently — the  model  stopped  abruptly  in  a nose-down 
attitude  with  most  of  the  model  submerged 

p porpoised — the  model  undulated  about  the  transverse  axis  with 
some  part  of  the  model  always  in  contact  with  the  water 
s skipped — the  model  rebounded  from  the  water 
t turned  sharply — the  model  pivoted  quickly  about  a vertical  axis 
t Recommended  ditching  attitude  and  flap  setting. 

Remarks:  The  tests  indicated  that  the  lower  turret  was  the  principal 
cause  of  diving.  It  was  recommended  that  this  turret  be  made  easily 
jettisonable. 
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TABLE  4 


TABLE  4 — Concluded 


SUMMARY  OF  MODEL-DITCHING  INVESTIGATION  OF 

BOMBER  D 

[Model  scale,  gross  weight,  48,500  lb;  center-of-gravity  location, 
30  percent  M.A.C.;  all  values  full  scale] 

(a)  Without  hydroflap. 

Damage  simulated  by  removal  of  parts  (crossha tched  areas). 


Land- 

Flap 

Land- 

Maximum 

Average 

ing 

set- 

ing 

Length 

longitudi- 

longitudi- 

Motions 

atti- 

ting, 

speed, 

of  run, 

nal  decel- 

nal  decel- 

of  model 

tude, 

deg 

deg 

knots 

ft 

eration, 

eration, 

(*) 

g units 

g units 

Undamaged  model 

1 

40 

104 

550 

900 

IK 

2K 

i 

K 

h 

s 

5 

0 

104 

950 

800 

1 

1 

K 

K 

s 

p 

5 

40 

87 

600 

550 

VA 

IK 

K 

K 

h 

p 

9 

0 

87 

300 

3 

1 

h 

9 

40 

87 

250 

550 

3K 

IK 

K 

h 

P 

Damaged  model 

1 

40 

104 

200 

300 

2K 

IK 

d, 

s 

t5 

40 

87 

250 

1/2 

P dj 

9 

40 

87 

150 

2 

d, 

*In  this  column,  the  letters  indicate  the  following  motions: 
di  dived  violently — the  model  stopped  abruptly  in  a nose-down 
attitude  with  most  of  the  model  submerged 

h ran  smoothly — the  model  made  a very  stable  run 
p porpoised — the  model  undulated  about  the  transverse  axis  with 
some  part  of  the  model  always  in  contact  with  water 
s skipped — the  model  rebounded  from  the  water 
•[Recommended  ditching  attitude  and  flap  setting. 

Remarks:  The  bomb-bay  doors  on  this  airplane  are  exceptionally 
weak  and  will  probably  fail  in  a ditching.  The  tests  of  models  indi- 
cated that  failure  of  the  bomb-bay  doors  caused  a diving  moment. 
The  amount  of  damage  to  the  bulkhead  aft  of  the  bomb  bay  deter- 
mined the  severity  of  the  behavior  of  the  airplane. 


SUMMARY  OF  MODEL-DITCHING  INVESTIGATION  OF 
BOMBER  D 

(b)  With  hydroflap. 

Damage  same  as  shown  in  three- view  sketch.  Hydroflap  as  indicated. 


Land- 

ing 

atti- 

tude, 

deg 

Flap 

set- 

ting, 

deg 

Land- 

ing 

speed, 

knots 

Length 
of  run, 
ft 

Maximum 
longitudi- 
nal decel- 
eration, 
g units 

Average 
longitudi- 
nal decel- 
eration, 
g units 

Motions 
of  model 
(*) 

1 

40 

104 

450 

1 

P 

t6 

40 

87 

300 

1 

p 

9 

40 

87 

350 

1 

P 

*In  this  column,  the  letters  indicate  the  following  motions: 
p porpoised — the  model  undulated  about  the  transverse  axis  with 
some  part  of  the  model  always  in  contact  writh  water 
•[■Recommended  ditching  attitude  and  flap  setting.' 

Remarks:  The  hydro  flap  was  considered  the  most  practical  of 
several  ditching  aids  which  were  tested  on  this  model. 
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TABLE  5 


TABLE  6 


SUMMARY  OF  MODEL-DITCHING  INVESTIGATION  OF 
BOMBER  E 

[Model  scale,  gross  weight,  26,000  lb;  center-of-gravity  location, 
25  percent  M.A.C.;  all  values  full  scale] 

Damage  simulated  by  removal  of  parts  (crossha tched  areas). 


C cr^x  ==Q 

\ • 53  ft J 


1 

£3 

UI.J  I i — -i 

t-L  1 

WigJ 

Land- 

ing 

atti- 

tude, 

deg 

Flap 

set- 

ting, 

deg 

Land- 

ing 

speed, 

knots 

Length 
of  run, 
ft 

Maximum 
longitudi- 
nal decel- 
eration, 
g units 

Average 
longitudi- 
nal decel- 
eration, 
g units 

Motions 
of  model 

o 

Undamaged  model 

0 

0 

104 

200 

3/2 

2/2 

h 

0 

45 

104 

250 

4 

2 

t 

6 

0 

104 

250 

3 

2 

h 

6 

45 

87 

150 

3 

2 

h 

12 

0 

104 

300 

3 

1/2 

h 

12 

45 

87 

200 

3‘A 

1/2 

h 

Damaged  model 

0 

45 

104 

350 

2 K 

IK 

s 

6 

45 

87 

250 

-3 

IK 

b 

1 12 

45 

87 

150 

3K 

2 

b 

*In  this  column,  the  letters  indicate  the  following  motions: 
b ran  deeply — the  model  settled  deeply  into  the  water  with  little 
change  in  attitude 

h ran  smoothly — the  model  made  a very  stable  run 
s skipped — the  model  rebounded  from  the  water 
t turned  sharply — the  model  pivoted  quickly  about  a vertical  axis 
f Recommended  ditching  attitude  and  flap  setting. 

Remarks:  The  performance  of  the  model  was  not  appreciably 
changed  by  simulation  of  damage.  The  model  ran  deeper  in  the  water 
with  the  parts  removed,  but  the  behavior  in  general  was  similar. 
The  large  nacelles  tended  to  cause  violent  turns  when  one  wing  was  low. 


SUMMARY  OF  MODEL-DITCHING  INVESTIGATION  OF 

BOMBER  F 

[Model  scale,  JL;  gross  weight,  31,000  lb;  center-of-gravity  location, 
12 

14  percent  M.A.C.;  all  values  full  scale] 

Damage  simulated  by  removal  of  parts  (crossha tched  areas). 


Land- 

ing 

atti- 

tude, 

deg 

Flap 

set- 

ting, 

deg 

Land- 

ing 

speed, 

knots 

Length 
of  run, 
ft 

Maximum 
longitudi- 
nal decel- 
eration, 
g units 

Average 
longitudi- 
nal decel- 
eration, 
g units 

Motions 
of  model 
(*) 

Undamaged  model 

-1 

0 

122 

400 

IK 

u h 

-1 

55 

104 

400 

2 

1 

u h 

6 

0 

104 

350 

IK 

u h 

6 

55 

104 

350 

IK 

u s 

13 

0 

104 

300 

IK 

h 

13 

55 

104 

350 

2 

IK 

h 

Damaged  model 

-1 

55 

104 

400 

3 

1 

s 

t6 

55 

104 

350 

4 

1/2 

s 

13 

55 

104 

300 

6 

l X 

s 

*In  this  column,  the  letters  indicate  the  following  motions; 
h ran  smoothly — the  model  made  a very  stable  run 
s skipped — the  model  rebounded  from  the  water 
u trimmed  up — the  attitude  of  the  model  increased  while  running 
in  the  water 

f Recommended  ditching  attitude  and  flap  setting. 

Remarks:  The  model  had  a trimming-up  tendency  in  the  undamaged 
condition.  The  large  nacelles  caused  sharp  turns  when  the  model  was 
ditched  with  one  wing  low. 
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TABLE  7 


TABLE  8 


SUMMARY  OF  MODEL-DITCHING  INVESTIGATION  OF 

BOMBER  G 


SUMMARY  OF  MODEL-DITCHING  INVESTIGATION  OF 

BOMBER  H 


[Model  scale,  -i-;  gross  weight,  105,000  lb;  center-of-gravity  location, 
20 

25  percent  M.A.C.;  all  values  full  scale] 

Damage  simulated  by  removal  of  parts  (erosshatched  areas). 


[Model  scale,  gross  weight,  100,000  lb;  center-of-gravity  location, 
20 

30  percent  M.A.C.;  all  values  full  scale] 

Damage  simulated  by  removal  of  parts  (erosshatched  areas). 


Land- 

Flap 

Land- 

Maximum 

Average 

ing 

set- 

ing 

Length 

longitudi- 

longitudi- 

Motions 

atti- 

ting, 

speed, 

of  run, 

nal  decel- 

nal  decel- 

of  model 

tude, 

deg 

deg 

knots 

ft 

eration, 
g units 

eration, 

grMinits 

(*> 

Undamaged  model 

1 

45 

122 

250 

8 

2)4 

dr 

5 

45 

104 

650 

1 

'A 

h 

9 

0 

122 

850 

2 

1 

h 

9 

45 

87 

450 

1 

Vi 

h 

13 

0 

104 

700 

2 

a 

h 

13 

45 

87 

200 

1)4 

1)4 

d2 

Damaged  model 

i 

45 

122 

600 

200 

i 

3)4 

p 

d, 

5 

45 

104 

350 

1 h 

P 

t9 

45 

87 

300 

1 

h 

13 

45 

87 

250 

D4 

h 

*In  this  column,  the  letters  indicate  the  following  motions: 
di  dived  violently — the  model  stopped  abruptly  in  a nose-down 
attitude  with  most  of  the  model  submerged 

d2  dived  slightly — the  model  stopped  abruptly  in  a nose-down 
attitude  with  nose  of  the  model  submerged 

h ran  smoothly — the  model  made  a very  stable  run 
p porpoised — the  model  undulated  about  the  transverse  axis  with 
some  part  of  the  model  always  in  contact  with  the  water 
■[Recommended  ditching  attitude  and  flap  setting. 

Remarks:  The  scale-strength  landing  flaps  on  the  model  did  not  fail 
consistently.  When  the  flaps  did  not  fail,  the  model  usually  dived. 


Land- 

ing 

atti- 

tude, 

deg 

Flap 

set- 

ting, 

deg 

Land- 

ing 

speed, 

knots 

Length 
of  run, 
ft 

Maximum 
longitudi- 
nal decel- 
eration, 
g units 

Average 
longitudi- 
nal decel- 
eration, 
g units 

Motions 
of  model 
(*) 

Undamaged  model 

0 

40 

122 

550 

l>4 

1 

u h b 

6 

40 

102 

500 

2 

i 

u h b 

13 

0 

115 

600 

2 

1 

h b 

13 

40 

88 

450 

1)4 

1. 

h b 

Damaged  model 

0 

40 

122 

450 

4 

1)4 

P b 

te 

40 

102 

350 

4)4 

1)4 

h b 

13 

40 

88 

400 

3/2 

1 

h b 

*In  this  column,  the  letters  indicate  the  following  motions: 
b ran  deeply — the  model  settled  deeply  into  the  water  with  little 
change  in  attitude 

h ran  smoothly — the  model  made  a very  stable  run 
p porpoised — the  model  undulated  about  the  transverse  axis  with 
some  part  of  the  model  always  in  contact  with  the  water 

u trimmed  up — the  attitude  of  the  model  increased  while  running 
in  the  water 

■[Recommended  ditching  attitude  and  flap  setting. 

Remarks:  Decelerations  were  increased  when  damage  was  simu- 
lated, but  the  behavior  of  the  model  was  not  appreciably  changed. 
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TABLE  9 


TABLE  10 


SUMMARY  OF  MODEL-DITCHING  INVESTIGATION  OF 
BOMBER  I 

Model  scale,  — gross  weight,  150,000  lb;  center-of-gravity  location, 
25  percent  M.A.C.;  all  values  full  scale] 

Damage  simulated  by  removal  of  parts  (crosshatched  areas) . 


Land- 

ing 

atti- 

tude, 

deg 

Flap 

set- 

ting, 

deg 

Land- 

ing 

speed, 

knots 

Length 
of  run, 
ft 

Maximum 
longitudi- 
nal decel- 
eration, 
g units 

Average 
longitudi- 
nal decel- 
eration, 
g units 

Motions 
of  model 
(*) 

Undamaged  model 

9 

50 

111 

400 

VA 

h t 

P t 

Damaged  model 

4 

50 

124 

500 

5 

i/2  - 

u p t 

19 

50 

111 

300 

5 

2 

u p 

9 

50 

111 

300 

6 

2 

up  i 

14 

50 

98 

250 

6 

iK 

b 

14 

50 

98 

250 

7 

b t 

*In  this  column,  the  letters  indicate  the  following  motions: 
b ran  deeply — the  model  settled  deeply  into  the  water  with  little 
change  in  attitude 

h ran  smoothly — the  model  made  a very  stable  run 
p porpoised — the  model  undulated  about  the  transverse  axis  with 
some  part  of  the  model  always  in  contact  with  the  water 

t turned  sharply — the  model  pivoted  quickly  about  a vertical  axis 
u trimmed  up — the  attitude  of  the  model  increased  while  running 
in  the  water 

fRecommended  ditching  attitude  and  flap  setting. 

Remarks:  The  most  pronounced  ditching  characteristic  of  this 
bomber  model  was  its  tendency  to  turn  or  yaw.  Construction  of  the 
airplane  is  such  that  extensive  damage  is  to  be  expected  and  it  probably 
will  be  difficult  to  find  ditching  stations  where  crew  members  can  ad- 
equately brace  themselves  and  be  reasonably  sure  of  avoiding  an  in- 
rush of  water. 


SUMMARY  OF  MODEDDITCHING  INVESTIGATION  OF 
BOMBER  J 

[Model  scale,  ^ and  gross  weight,  255,000  lb;  center-of-gravity 
location,  29  percent  M.A.C.;  all  values  full  scale] 

Damage  simulated  by  removal  of  parts  (crosshatched  area). 


Land- 

ing 

atti- 

tude, 

deg 

Flap 

set- 

ting, 

deg 

Land- 

ing 

speed, 

knots 

Length 
of  run, 
ft 

Maximum 
longitudi- 
nal decel- 
eration, 
g units 

Average 
longitudi- 
nal decel- 
eration, 
g units 

Motions 
of  model 
(*) 

Undamaged  1/30-scale  model 

1 

40 

124 

1,000 

Yt 

u h 

1 

40 

124 

1,  000 

u s 

5 

40 

106 

650 

1 

h 

9 

0 

119 

650 

1 

h 

9 

40 

95 

1,000 

X 

h 

13 

0 

108 

1,000 

H 

p 

13 

40 

87 

650 

X 

h 

Damaged  1/20-scale  model 

1 

40 

124 

4 

b 

to 

40 

95 

2 

h 

*In  this  column,  the  letters  indicate  the  following  motions: 
b ran  deeply — the  model  settled  deeply  into  the  water  with  little 
change  in  attitude 

h ran  smoothly — the  model  made  a very  stable  run 
p porpoised — the  model  undulated  about  the  transverse  axis  with 
some  part  of  the  model  always  in  contact  with  the  water 
s skipped — the  model  rebounded  from  the  water 
u trimmed  up — the  attitude  of  the  model  increased  while  running 
in  the  water 

fRecommended  ditching  attitude  and  flap  setting. 

Remarks:  The  behavior  of  the  model  was  generally  good.  No 
violent  motions  such  as  diving  occurred,  and  the  maximum  longitudinal 
deceleration  recorded  was  about  4 </. 
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TABLE  11 


TABLE  11— Concluded 


SUMMARY  OF  MODEL-DITCHING  INVESTIGATION  OF 
BOMBER  K 

[Model  scale,  j%;  gross  weight,  82,600  lb;  center-of-gravity  location, 
29  percent  M.A.C.;  all  values  full  scale] 

(a;  Without  hydroflap. 

Damage  simulated  by  removal  of  parts  and  covering  of  openings 
with  aluminum  foil  (hatched  areas). 


Land- 

ing 

atti- 

tude, 

deg 

Flap 

set- 

ting, 

deg 

Land- 

ing 

speed, 

knots 

Length 
of  run, 
ft 

Maximum 
longitudi- 
nal decel- 
eration, 
g units 

Average 
longitudi- 
nal decel- 
eration, 
g units 

Motions 
of  model 
(*> 

Undamaged  model 

2 

40 

131 

950 

IK 

1 

u h 

6 

40 

119 

850 

1 

34 

u h 

Damaged  model 

2 

40 

131 

200 

9K 

4 

di 

te 

40 

119 

300 

5 

2 

di 

SUMMARY  OF  MODEL-DITCHING  INVESTIGATION  OF 

BOMBER  K 

(b)  With  hydroflap. 

Damage  same  as  shown  in  three- view  sketch.  Hydroflap  as  indicated. 


Land- 

Flap 

Land- 

Maximum 

Average 

ing 

set- 

ing 

Length 

longitudi- 

longitudi- 

Motions 

atti- 

ting, 

speed, 

of  run, 

nal  decel- 

nal  decel- 

of  model 

tude, 

deg 

deg 

knots 

ft 

eration, 
g units 

eration, 
g units 

(*) 

2 

40 

131 

720 

3/2 

1 

s p 

to 

40 

119 

540 

3 X 

1 

s p 

*In  this  column,  the  letters  indicate  the  following  motions: 
p porpoised — the  model  undulated  about  the  transverse  axis  with 
some  part  of  the  model  always  in  contact  with  the  water 
s skipped — the  model  rebounded  from  the  water 
■(■Recommended  ditching  attitude  and  flap  setting. 

Remarks : The  hydroflap  stopped  the  diving  and  reduced  the  decelera- 
tion.  It  also  kept  the  nose- wheel  doors  from  failing. 


*In  this  column,  the  letters  indicate  the  following  motions: 
di  dived  violently — the  model  stopped  abruptly  in  a nose-down 
attitude  with  most  of  the  model  submerged 

h ran  smoothly — the  model  made  a very  stable  run 
u trimmed  up — the  attitude  of  the  model  increased  while  running 
in  the  water 

■(■Recommended  ditching  attitude  and  flap  setting. 

Remarks:  The  scale-strength  bomb-bay  doors  and  nose- wheel  doors 
consistently  failed  on  the  model.  The  dives  that  occurred  were  very 
violent.  Additional  data  have  indicated  that  if  the  bulkhead  and  part 
of  the  fuselage  bottom  aft  of  the  bomb  bay  fail  in  a ditching,  diving 
may  not  occur. 
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TABLE  12 

SUMMARY  OF  MODEL-DITCHING  INVESTIGATION  OF 

BOMBER  L 

[Model  scale,  gross  weight,  125,000  lb;  center-of-gravity  location, 

20  percent  M.A.C.;  all  values  full  scale] 

Damage  simulated  by  removal,  of  parts  and  covering  of  openings  with 
aluminum  foil  (hatched  areas) . 


Land- 

ing 

atti- 

tude, 

deg 

Flap 

set- 

ting, 

deg 

Land- 

ing 

speed, 

knots 

Length 
of  run, 
ft 

Maximum 
longitudi- 
nal decel- 
eration, 
g units 

Average 
longitudi- 
nal decel- 
eration, 
g units 

Motions 
of  model 
(*) 

Undamaged  model 

5 

35 

134 

650 

2 

1 

usp 

10 

0 

155 

700 

3 

i x 

h 

10 

35 

120 

650 

2 

1 

h 

15 

35 

115 

550 

iH 

1 

h 

Damaged  model 

5 

35 

134 

650 

3 

1 

b 

1 10 

35 

120 

550 

2K 

1 

h 

15 

35 

115 

450 

3 

iX 

b 

*In  this  column,  the  letters  indicate  the  following  motions: 
b ran  deeply — the  model  settled  deeply  into  the  water  with  little 
change  in  attitude 

h ran  smoothly — the  model  made  a very  stable  run 
p Porpoised — the  model  undulated  about  the  transverse  axis  with 
some  part  of  the  model  always  in  contact  with  the  water 
s skipped — the  model  rebounded  from  the  water 
u trimmed  up — the  attitude  of  the  model  increased  while  running 
in  the  water 

•[Recommended  ditching  attitude  and  flap  setting. 

Remarks:  Additional  tests  with  the  nacelles  attached  at  scale 
strength  indicated  that  the  nacelles  will  probably  be  torn  off  in  a 
ditching  but  will  have  little  or  no  effect  on  behavior.  The  simulated 
main-wheel  doors  failed. 


TABLE  13 

SUMMARY  OF  MODEL-DITCHING  INVESTIGATION  OF 

BOMBER  M 

[Model  scale,  ■—•;  gross  weight,  26,500  lb;  center-of-gravity  location, 
30  percent  M.A.C.;  all  values  full  scale] 

Damage  simulated  by  removal  of  part  (crosshatched  area) . 


Land- 

ing 

atti- 

tude, 

deg 

Flap 

set- 

ting, 

deg 

Land- 

ing 

speed, 

knots 

Length 
of  run, 
ft 

Maximum 
longitudi- 
nal decel- 
eration, 
g units 

Average 
longitudi- 
nal decel- 
eration, 
g units 

Motions 
of  model 
(*) 

Undamaged  model 

2 

38 

113 

450 

4 

1 

s p 

7 

0 

122 

650 

1 

s t 

7 

38 

87 

450 

1/4 

1 

p 

12 

0 

104 

700 

1 

1 

h 

12 

38 

87 

350 

2 

1 

h 

Damaged  model 

2 

38 

122 

400 

1/2 

s p 

7 

38 

87 

300 

1 

P 

1 12 

38 

87 

300 

1 

P 

*In  this  column,  the  letters  indicate  the  following  motions: 
h ran  smoothly — the  model  made  a very  stable  run 
p porpoised — the  model  undulated  about  the  transverse  axis  with 
somb  part  of  the  model  always  in  contact  with  the  water 
s skipped — the  model  rebounded  from  the  water 
t turned  sharply — the  model  pivoted  quickly  about  a vertical  axis 
fRecommended. ditching  attitude  and  flap  setting. 

Remarks:  From  examination  of  full-scale  ditching  reports  on  this 
airplane,  it  is  believed  that  the  fuselage  bottom  section  aft  of  the 
bomb  bay  will  be  torn  away  in  a ditching  with  the  results  indicated 
above.  If  this  section  does  not  fail,  violent  dives  occur. 
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TABLE  14 

SUMMARY  OF  MODEL-DITCHING  INVESTIGATION  OF 
BOMBER  N 


[Model  scale,  — ; gross  weight,  45,000  lb;  center-of-gravity  location, 
16 

29  percent  M.A.C.;  all  values  full  scale] 

(a)  Without  hydroflap  or  hydro-skis. 

Damage  simulated  by  removal  of  parts  (crosshatched  areas). 


Land- 

ing 

atti- 

tude, 

deg 

Flap 

set- 

ting, 

deg 

Land- 

ing 

speed, 

knots 

Length 
of  run, 
ft 

Maximum 
longitudi- 
nal decel- 
eration, 
g units 

Average 
longitudi- 
nal decel- 
eration, 
g units 

Motions 
of  model 
(*) 

Undamaged  model 

2 

32 

89 

400 

2 

1 

u h 

6 

0 

121 

700 

2 

1 

h 

6 

32 

78 

300 

2 

1 

h 

10 

0 

102 

550 

IK 

1 

h 

10 

32 

71 

300 

2 

1 

h 

Damaged  model 

2 

32 

89 

150 

6 

2K 

d, 

f6 

32 

78 

150 

4 

2 

di 

10 

32 

71 

100 

3K 

2K 

d! 

*In  this  column,  the  letters  indicate  the  following  motions: 
di  dived  violently — the  model  stopped  abruptly  in  a nose-down 
attitude  with  most  of  the  model  submerged 

h ran  smoothly — the  model  made  a very  stable  run 
u trimmed  up — the  attitude  of  the  model  increased  while  running 
in  the  water 

fRecommended  ditching  attitude  and  flap  setting. 

Remarks:  Data  obtained  from  the  manufacturer  indicates  that  the 
fuselage  bottom  is  extremely  weak  so  that  considerable  damage  with 
this  airplane  could  be  expected.  The  diving  caused  by  simulated 
damage  was  very  violent. 


TABLE  14 — Concluded 

SUMMARY  OF  MODEL-DITCHING  INVESTIGATION  OF 
BOMBER  N 

(b)  With  hydroflap. 

Damage  same  as  shown  in  three-view  sketch  except  nose-wheel  doors 
not  removed.  Hydroflap  as  indicated. 


Land- 

ing 

atti- 

tude, 

deg 

Flap 

set- 

ting, 

deg 

Land- 

ing 

speed, 

knots 

Length 
of  run, 
ft 

Maximum 
longitudi- 
nal decel- 
eration, 
g units 

Average 
longitudi- 
nal decel- 
eration, 
g units 

Motions 
of  model 
(*) 

2 

32 

89 

450 

3 

1 

P h 

t6 

32 

78 

300 

3 % 

1 

P h 

10 

32 

71 

250 

4 

1 

P h 

*In  this  column,  the  letters  indicate  the  following  motions: 
h ran  smoothly — the  model  made  a very  stable  run 
p porpoised — the  model  undulated  about  the  transverse  axis  with 
some  part  of  the  model  always  in  contact  with  water 
fRecommended  ditching  attitude  and  flap  setting. 

Remarks:  The  location  of  the  hydroflap  on  this  airplane  was  critical. 
When  located  forward  of  the  nose- wheel  doors,  it  did  not  stop  the  diving. 


(c)  With  hydro-skis. 


No  damage  simulated.  Skis  as  indicated. 


Land- 

ing 

atti- 

tude, 

deg 

Flap 

set- 

ting, 

deg 

Land- 

ing 

speed, 

knots 

Length 
of  run, 
ft 

Maximum 
longitudi- 
nal decel- 
eration, 
g units 

Average 
longitudi- 
nal decel- 
eration, 
g units 

Motions 
of  model 
(*) 

1 

2 

32 

89 

1,  350 

i 

h 

6 

32 

78 

950 

'A 

h 

10 

32 

71 

500 

“k 

K 

h 

*In  this  column,  the  letters  indicate  the  following  motions: 
h ran  smoothly — the  model  made  a very  stable  run 

Remarks:  The  ditching  behavior  with  the  hydro-skis  was  very  good. 
It  is  possible  that  critical  damage  can  be  eliminated  from  ditchings  by 
using  a hydro-ski  ditching  gear,  and  thus  the  chances  of  survival  and 
rescue  would  be  greatly  increased. 
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TABLE  15 

SUMMARY  OF  MODEL-DITCHING  INVESTIGATION  OF 

BOMBER  0 


[Model  scale,  gross  weight,  55,000  lb;  center-of-gravity  location, 
22  percent  M.A.C.;  all  values  full  scale] 

(a)  Without  hydroflap. 

Damage  simulated  by  removal  of  parts  (crosshatched  areas). 


Land- 

ing 

atti- 

tude, 

deg 

Flap 

set- 

ting, 

deg 

Land- 

ing 

speed, 

knots 

Length 
of  run, 
ft 

Maximum 
longitudi- 
nal decel- 
eration, 
g units 

Average 
longitudi- 
nal decel- 
eration, 
g units 

Motions 
of  model 
(*) 

Undamaged  model 

1 

40 

98 

300 

1/^ 

h 

7 

0 

108 

400 

IX 

P 

7 

40 

88 

300 

1 

P 

13 

0 

98 

300 

ix 

h 

13 

40 

82 

300 

1 

h 

- 

Damaged  model 

1 

40 

95 

100 

4)4 

4 

d2  ' 

f7 

40 

89 

200 

3 

2 

P 

1*7 

40 

89 

100 

4)4 

3 K 

d2 

13 

40 

82 

150 

3)4 

2 

d2 

13 

40 

82 

150 

3)4 

2 

t 

*In  this  column,  the  letters  indicate  the  following  motions: 
d2  dived  slightly — the  model  stopped  abruptly* in  a nose-down 
attitude  with  the  nose  of  the  model  submerged 
h ran  smoothly — the  model  made  a very  stable  run 
p porpoised — the  model  undulated  about  the  transverse  axis 
with  some  part  of  the  model  always  in  contact  with  the  water 

t turned  sharply — the  model  pivoted  quickly  about  a vertical  axis 
■[Recommended  ditching  attitude  and  flap  setting. 

Remarks:  The  behavior  of  the  damaged  model  varied  inconsistently. 


TABLE  15 — Concluded 

SUMMARY  OF  MODEL-DITCHING  INVESTIGATION  OF 

BOMBER  O 

(b)  With  hydroflap. 

Damage  same  as  shown  in  three-view  sketch.  Navigator’s  escape 
hatch  (open  at  an  angle  of  30°  to  the  thrust  line)  used  as  hydroflap. 


Land- 

ing 

atti- 

tude, 

deg 

Flap 

set- 

ting, 

deg 

Land- 

ing 

speed, 

knots 

Length 
of  run, 
ft 

Maximum 
longitudi- 
nal decel- 
eration, 
g units 

Average 
longitudi- 
nal decel- 
eration, 
g units 

Motions 
of  model 
(*) 

1 

40 

95 

150 

3 

2/2 

p 

t7 

40 

85 

150 

2^ 

2 

p 

13 

40 

| 

. 82 

150 

3 

2 

P 

*In  this  column,  the  letters  indicate  the  following  motions : 
p porpoised— the  model  undulated  about  the  transverse  axis  with 
some  part  of  the  model  always  in  contact  with  water 
•[Recommended  ditching  attitude  and  flap  setting. 

Remarks:  The  hydroflap  is  recommended- as  a ditching  aid  on  this 
airplane  to  stop  the  diving  that  sometimes  occurred.  It  also  reduced 
the  decelerations  slightly. 
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TABLE  16 

SUMMARY  OF  MODEL-DITCHING  INVESTIGATION  OF 

BOMBER  P 

[Model  scale,  gross  weight,  13,060  lb;  center-of-gravity  location, 

o 

30  percent  M.A.C.;  all  values  full  scale] 

Damaged  simulated  by  removal  of  parts  (crosshatched  areas). 


Land- 

ing 

atti- 

tude, 

deg 

Flap 

set- 

ting, 

deg 

Land- 

ing 

speed, 

knots 

Length 
of  run, 
ft 

Maximum 
longitudi- 
nal decel- 
eration, 
g units 

Average 
longitudi- 
nal decel- 
eration, 
g units 

Motions 
of  model 
(*) 

Damaged  model 

2 

30 

113 

150 

8 

4 

d, 

2 

60 

104 

100 

5/2 

5 

d, 

2 

60 

104 

s 

8 

0 

113 

400 

6/2 

1/2 

s 

8 

0 

113 

p 

8 

30 

95 

200 

5 

2 

d, 

8 

60 

87 

150 

7 

2 

d, 

8 

60 

87 

s 

15 

0 

87 

200 

4/2 

1/2 

d, 

15 

0 

87 

b 

15 

30 

78 

150 

5 

2 

d, 

15 

60 

69 

200 

4 

1 

d, 

15 

60 

69 

— 

s b 

*In  this  column,  the  letters  indicate  the  following  motions : 
b ran  deeply — the  model  settled  deeply  into  the  water  with  little 
change  in  attitude 

di  dived  violently — the  model  stopped  abruptly  in  a nose-down 
attitude  with  most  of  the  model  submerged 

p porpoised — the  model  undulated  about  the  transverse  axis 
with  some  part  of  the  model  always  in  contact  with  the  water 
s skipped — the  model  rebounded  from  the  water 

Remarks:  The  landing  flaps  were  very  strong  on  this  scout  bomber. 
When  they  failed,  the  model  skipped  or  made  a deep  run;  when  they 
did  not  fail,  the  model  dived. 


TABLE  17 

SUMMARY  OF  MODEL-DITCHING  INVESTIGATION  OF 

BOMBER  Q 

[Model  scale,  gross  weight,  13,795  lb;  center-of-gravity  location, 
26  percent  M.A.C.;  all  values  full  scale] 

Damage  simulated  by  removal  of  parts  (crosshatched  areas). 


Land- 

ing 

atti- 

tude, 

deg 

Flap 

set- 

ting, 

deg 

Land- 

ing 

speed, 

knots 

Length 
of  run, 
ft 

M aximum 
longitudi- 
nal decel- 
eration, 
g units 

Average 
longitudi- 
nal decel- 
eration, 
g units 

Motions 
of  model 

0 

Undamaged  model 

3 

45 

80 

500 

x 

P h 

7 

0 

86 

550 

X 

s h 

7 

45 

76 

400 

2 

X 

ph 

11 

0 

85 

500 

1/2 

X 

P h 

11 

45 

68 

450 

1 

y. i 

P h 

Damaged  model 

3 

45 

77 

100 

4*5 

2X 

di 

t7 

45 

76 

150 

3/ 

IX 

d, 

11 

45 

66 

100 

2 

d, 

*In  this  column,  the  letters  indicate  the  following  motions: 
di  dived  violently — the  model  stopped  abruptly  in  a nose-down 
attitude  with  most  of  the  model  submerged 

h ran  smoothly — the  model  made  a very  stable  run 
p porpoised — the  model  undulated  about  the  transverse  axis 
with  some  part  of  the  model  always  in  contact  with  the  water 
s skipped — the  model  rebounded  from  the  water 
fRecommended  ditching  attitude  and  flap  setting. 

Remarks:  Full-scale  reports  have  indicated  that  all  personnel  aboard 
this  airplane  have  a good  chance  to  survive  a ditching,  and  if  the  radio- 
man moves  to  the  upper  part  of  the  fuselage,  his  chances  will  be 
improved. 
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TABLE  18 

SUMMARY  OF  MODEL-DITCHING  INVESTIGATION  OF 

BOMBER  R 

[Model  scale,  i;  gross  weight,  16,925  lb;  center-of-gravity  location, 
32  percent  M.A.C.;  all  values  full  scale] 

Damage  simulated  by  removal  of  parts  (crosshatched  areas). 


Land- 

ing 

atti- 

tude, 

deg 

Flap 

set- 

ting, 

deg 

Land- 

ing 

speed, 

knots 

Length 
of  run, 
ft 

Maximum 
longitudi- 
nal decel- 
eration, 
g units 

Average 
longitudi- 
nal decel- 
eration, 
g units 

Motions 
of  model 
(*) 

Undamaged  model 

2 

50 

96 

600 

34 

s 

7 

0 

108 

800 

y2 

s 

7 

50 

85 

500 

}i 

s 

12 

0 

89 

550 

' 34 

p 

12 

50 

78 

550 

X 

p 

18 

0 

85 

500 

34 

s p 

18 

50 

71 

450 

34 

P h 

Damaged  model 

2 

50 

100 

80 

5J4 

d! 

7 

50 

87 

100 

3J4 

d: 

|12 

50 

78 

100 

2K 

di 

18 

50 

71 

100 

2 

d, 

*In  this  column,  the  letters  indicate  the  following  motions: 
di  dived  violently — the  model  stopped  abruptly  in  a nose-down 
attitude  with  most  of  the  model  submerged 

h ran  smoothly — the  model  made  a very  stable  run 
p porpoised — the  model  undulated  about  the  transverse  axis 
with  some  part  of  the  model  always  in  contact  with  the  water 
s skipped — the  model  rebounded  from  the  water. 

•(■Recommended  ditching  attitude  and  flap  setting. 

Remarks:  This  airplane  closely  resembles  bomber  Q.  The  ditching 
behavior  of  the  models  was  similar,  but  the  higher  landing  speeds  of 
bomber  R gave  higher  average  decelerations. 


TABLE  19 

SUMMARY  OF  MODEL-DITCHING  INVESTIGATION  OF 

FIGHTER  A 

[Model  scale,  gross  weight,  12,151  lb;  center-of-gravity  location, 

23  percent  M.A.C.;  all  values  full  scale] 

Damage  simulated  by  removal  of  parts  (crosshatched  areas)  and 
installation  of  crumpled  parts  (dotted  areas). 


Land- 

ing 

atti- 

tude, 

deg 

Flap 

set- 

ting, 

deg 

Land- 

ing 

speed, 

knots 

Length 
of  run, 
ft 

Maximum 
longitudi- 
nal decel- 
eration, 
g units 

Average 
longitudi- 
nal decel- 
eration, 
g units 

Motions 
of  model 
(*) 

Undamaged  model 

2 

40 

128 

650 

9/2 

1 

u s di 

8 

40 

104 

1,  000 

4 

x 

ush 

12 

0 

118 

900 

6 

x 

usp 

12 

40 

94 

700 

2'A 

34 

usph 

Damaged  model 

2 

40 

128 

900 

5 

1 

ush 

8 

. 40 

104 

700 

3 

X 

usph 

|12 

40 

94 

600 

2M 

34 

huph 

*In  this  column,  the  letters  indicate  the  following  motions: 
di  dived  violently — the  model  stopped  abruptly  in  a nose-down 
attitude  with  most  of  the  model  submerged 

h ran  smoothly — the  model  made  a very  stable  run 
P porpoised — the  model  undulated  about  the  transverse  axis 
with  some  part  of  the  model  always  in  contact  with  the  water 
s skipped — the  modei  rebounded  from  the  water 
u trimmed  up — the  attitude  of  the  model  increased  while  running  in 
the  water 

t Recommended  ditching  attitude  and  flap  setting. 

Remarks:  The  undamaged  model  trimmed  up  and  skipped  violently 
when  it  contacted  the  water.  Simulation  of  damage  improved  the 
ditching  behavior  by  reducing  the  trimming  up  and  skipping. 
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TABLE  20 

SUMMARY  OF  MODEL-DITCHING  INVESTIGATION  OF 

FIGHTER  B 

[Model  scale,  ~ ; gross  weight,  25,000  lb;  center-of-gravity  location, 

22  percent  M.A.C.;  all  values  full  scale] 

Damage  simulated  by  removal  of  parts  (crosshat ched  areas)  and  instal- 
lation of  crumpled  parts  (dotted  areas). 


Land- 

ing 

atti- 

tude, 

deg 

Flap 

set- 

ting, 

deg 

Land- 

ing 

speed, 

knots 

Length 
of  run, 
ft 

Maximum 
longitudi- 
nal decel- 
eration, 
g units 

Average 
longitudi- 
nal decel- 
eration, 
g units 

Motions 
of  model 
(*) 

Undamaged  model 

4 

40 

127 

550 

1/2 

s t 

8 

0 

139 

1,  150 

5 

/2 

s p 

8 

40 

111 

600 

2 

1 

u h 

12 

0 

122 

1,  200 

4/ 

/ 

. s p 

12 

40 

101 

650 

2 

lA 

U 0 

Damaged  model 

4 

40 

127 

650 

1 

s p 

8 

0 

139 

600 

11 

1/2 

h 

f8 

40 

111 

550 

2 

1 

h 

12 

0 

122 

550 

5 

1 

h 

12 

40 

101 

500 

3 

1 

h 

*In  this  column,  the  letters  indicate  the  following  motions: 
h ran  smoothly — the  model  made  a very  stable  run 
o oscillated — the  model  oscillated  about  the  longitudinal  or  vertical 
axis 

p porpoised — the  model  undulated  about  the  transverse  axis  with 
some  part  of  the  model  always  in  contact  with  the  water 
s skipped — the  model  rebounded  from  the  water 
t turned  sharply — the  model  pivoted  quickly  about  a vertical  axis 
u trimmed  up — the  attitude  of  the  model  increased  while  running  in 
the  water 

fRecommended  ditching  attitude  and  flap  setting. 

Remarks:  The  jet  engines  located  below  the  fuselage  did  not  cause 
diving  in  this  installation,  but  a very  high  maximum  longitudinal 
deceleration  was  obtained  at  one  condition.  Simulation  of  damage 
stopped  the  model  from  trimming  up. 


TABLE  21 

SUMMARY  OF  MODEL-DITCHING  INVESTIGATION  OF 

FIGHTER  C 

[Model  scale,  gross  weight,  9,706  lb;  center-of-gravity  location, 

o 

31  percent  M.A.C.;  all  values  full  scale] 

Damage  simulated  by  use  of  scale-strength  parts  (hatched  areas)  and 
removal"  of  other  parts  (crosshat ched  areas) . 


Land- 

ing 

atti- 

tude, 

deg 

Flap 

set- 

ting, 

deg 

Land- 

ing 

speed, 

knots 

Length 
of  run, 
ft 

Maximum 
longitudi- 
nal decel- 
eration, 
g units 

Average 
longitudi- 
nal decel- 
eration, 
g units 

Motions 
of  model 
(*) 

Undamaged  model 

4 

27 

124 

500 

2 

i/2 

u s p 

8 

27 

107 

550 

1 

1 

u s p 

12 

27 

97 

400 

2 

1 

u p 

Damaged  model 

4 

27 

124 

200 

9 

3/ 

P d2 

8 

27 

107 

150 

10 

314 

d, 

1 12 

27 

97 

100 

7 

4 

di 

*In  this  column,  the  letters  indicate  the  following  motions: 
di  dived  violently — the  model  stopped  abruptly  in  a nose-down 
attitude  with  most  of  the  model  submerged 

d2  dived  slightly — the  model  stopped  abruptly  in  a nose-down 
attitude  with  the  nose  of  the  model  submerged 

p porpoised — the  model  undulated  about  the  transverse  axis  with 
some  part  of  the  model  always  in  contact  with  the  water 
s skipped — the  model  rebounded  from  the  water 
u trimmed  up — the  attitude  of  the  model  increased  while  running  in 
the  water 

| Recommended  ditching  attitude  and  flap  setting. 

Remarks:  The  trimming  up  and  diving  of  this  model  was  extremely 
severe.  The  pilot  should  make  sure  that  the  safety  harness  is  securely 
fastened  in  order  to  withstand  the  decelerations. 
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TABLE  22 

SUMMARY  OF  MODEL-DITCHING  INVESTIGATION  OF 
FIGHTER  D 

[Model  scale,  j gross  weight,  22,800  lb;  center-of-gravity  location, 

12  percent  M.A.C.;  all  values  full  scale] 

Damage  simulated  by  removal  of  parts  (crosshatched  areas)  and 
installation  of  crumpled  parts  (dotted  areas) . 


Land- 

ing 

atti- 

tude, 

deg 

Aila- 

vator 

set- 

ting, 

deg 

Land- 

ing 

speed, 

knots 

Length 
of  run, 
ft 

Maximum 
longitudi- 
nal decel- 
eration, 
g units 

Average 
longitudi- 
nal decel- 
eration, 
g units 

Motions 
of  model 
(*) 

Undamaged  model 

18 

-20 

131 

940 

1 

u s 

23 

-30 

117 

870 

2 

lA 

s p 

28 

-40 

106 

720 

l'A 

a 

S P 

Damaged  model 

18 

-20 

131 

600 



l'A 

u s 

23 

-30 

117 

540 

3‘A 

1 

s P 

28 

-40 

106 

500 

3 H 

1 

p 

*In  this  column,  the  letters  indicate  the  following  motions: 
p porpoised — the  model  undulated  about  the  transverse  axis  with 
some  part  of  the  model  always  in  contact  with  the  water 
s skipped — the  model  rebounded  from  the  water 
u trimmed  up — the  attitude  of  the  model  increased  while  running 
in  the  water 

Remarks:  The  airplane  can  land  at  extremely  high  attitudes  and 
should  be  ditched  at  the  lowest  speed  and  highest  attitude  consistent 
with  adequate  control. 


TABLE  23 

SUMMARY  OF  MODEL-DITCHING  INVESTIGATION  OF 
FIGHTER  E 

[Model  scale,  gross  weight,  13,311  lb;  center-of-gravity  location, 
22  percent  M.A.C.;  all  values  full  scale] 

Damage  simulated  by  installation  of  crumpled  part  (dotted  area). 


Land- 

ing 

atti- 

tude, 

deg 

Flap 

set- 

ting, 

deg 

Land- 

ing 

speed, 

knots 

Length 
of  run, 
ft 

Maximum 
longitudi- 
nal decel- 
eration, 
g units 

Average 
longitudi- 
nal decel- 
eration, 
g units 

Motions 
of  model 
(*) 

Undamaged  model 

4 

38 

132 

300 

8 

2'A 

di 

9 

38 

109 

800 

1 

X 

h 

14 

0 

113 

700 

2'A 

1 

p s 

14 

38 

98 

650 

l'A 

'A 

h 

Damaged  model 

4 

38 

132 

200 

7% 

4 

d, 

9 

38 

109 

600 

3 

1 

h 

fl4 

38 

98 

600 

3 

A 

h 

*In  this  column,  the  letters  indicate  the  following  motions: 
di  dived  violently — the  model  stopped  abruptly  in  a nose-down 
attitude  with  most  of  the  model  submerged 

h ran  smoothly — the  model  made  a very  stable  run 
p porpoised — the  model  undulated  about  the  transverse  axis  with 
some  part  of  the  model  always  in  contact  with  the  water 
s skipped — the  model  rebounded  from  the  water 
f Recommended  ditching  attitude  and  flap  setting. 

Remarks:  Extreme  care  should  be  taken  to  avoid  the  violent  dive  at 
the  low  attitude.  The  tanks  under  the  wing  should  be  jettisoned  before 
ditching. 
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TABLE  24 


TABLE  24 — Concluded 


SUMMARY  OF  MODEL-DITCHING  INVESTIGATION  OF 
FIGHTER  F 

[Model  scale,  gross  weight,  12,100  lb;  center-of-gravity  location, 
27  percent  M.A.C.;  all  values  full  scale] 

(a)  Without  hydroflap. 

Damage  simulated  by  installation  of  crumpled  part  (dotted  area). 


Land- 

Land- 

Maximum 

Average 

Mo- 

ing 

Flap  setting, 

ing 

Length 

longitudi- 

longitudi- 

tions 

atti- 

deg 

speed, 

of  run, 

nal  decel- 

nal  decel- 

of 

tude, 

deg 

knots 

ft 

eration, 

eration, 

model 

g units 

g units 

(*) 

Undamaged  model 

4 

Inboard  20 
Outboard  55 

133 

740 

5 

1 

s p 

8 

Inboard  20 
Outboard  55 

115 

760 

3 

1 

s p 

12 

Inboard  20 
Outboard  55 

102 

590 

2 

1 

s p 

Damaged  model 

4 

Inboard  20 
Outboard  55 

133 

760 

5 

1 

s p 

8 

Inboard  20 
Outboard  55 

115 

685 

3 

1 

s p ' 

1 12 

Inboard  20 
Outboard  55 

102 

700 

2 

X 

s p 

*In  this  column,  the  letters  indicate  the  following  motions: 
p porpoised — the  model  undulated  about  the  transverse  axis  with 
some  part  of  the  model  always  in  contact  with  the  water 
s skipped — the  model  rebounded  from  the  water 
■(■Recommended  ditching  attitude  and  flap  setting. 

Remarks:  This  model  made  rather  long  runs  with  severe  skipping. 


SUMMARY  OF  MODEL-DITCHING  INVESTIGATION  OF 

FIGHTER  F 

(b)  With  hydroflap. 

Damage  same  as  shown  on  three- view  sketch.  Speed  brake  (open  at 
angle  of  30°  to  thrust  line)  used  as  hydroflap. 


Land- 

Flap  setting. 

Land- 

Maximum 

Average 

Mo- 

ing 

ing 

Length 

longitudi- 

longitudi- 

tions 

atti- 

deg 

speed, 

of  run, 

nal  decel- 

nal  decel- 

of 

tude, 

knots 

ft 

eration, 

eration, 

model 

deg 

g units 

g units 

(*) 

8 

Inboard  20 
Outboard  55 

115 

765 

2 

1 

s p 

1 12 

Inboard  20 
Outbaord  55 

102 

595 

2 

1 

p s p 

*In  this  column,  the  letters  indicate  the  following  motions: 
p porpoised — the  model  undulated  about  the  transverse  axis  with 
some  part  of  the  model  always  in  contact  with  the  water 
s skipped — the  model  rebounded  from  the  water 
■(■Recommended  ditching  attitude  and  flap  setting. 

Remarks:  The  severity  of  the  skipping  was  reduced  by  using  the 
hydroflap. 
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TABLE  25 

SUMMARY  OF  MODEL-DITCHING  INVESTIGATION  OF 

FIGHTER  G 

[Model  scale,  gross  weight,  14,900  lb;  center-of-gravity  location, 
28  percent  M.A.C.;  all  values  full  scale] 

Damage  simulated  by  removal  of  parts  (crosshatched  areas). 


Land- 

ing 

atti- 

tude, 

deg 

Flap 

set- 

ting, 

deg 

Land- 

ing 

speed, 

knots 

Length 
of  run, 
ft 

Maximum 
longitudi- 
nal decel- 
eration, 
Sf^units 

Average 
longitudi- 
nal decel- 
eration, 
g units 

Motions 
of  model 
(*) 

Undamaged  model 

5 

37 

100 

250 

6 

2 

s 

9 

0 

115 

250 

2)4 

b 

9 

37 

88 

200 

4 

1/2 

s 0 

13 

0 

100 

250 

8 

2 

b 

13 

37 

79 

200 

ix 

s 

Damaged  model 

2 

37 

113 

100 

5)4 

s d2 

5 

37 

100 

200 

2 

s 

to 

37 

88 

200 

IK 

s 

f!3 

37 

79 

250 

1 

s 

*In  this  column,  the  letters  indicate  the  following  motions: 
b ran  deeply — the  model  settled  deeply  into  the  water  with  little 
change  in  attitude 

d2  dived  slightly — the  model  stopped  abruptly  in  a nose-down 
attitude  with  the  nose  of  the  model  submerged 
o oscillated — the  model  oscillated  about  the  longitudinal  or  vertical 
axis 

s skipped — the  model  rebounded  from  the  water 
fRecommended  ditching  attitude  and  flap  setting. 

Remarks:  The  landing  speed  was  the  most  important  variable 
affecting  performance  of  this  airplane.  At  high  speeds,  the  highest 
deceleration  and  the  most  violent  behaviors  were  encountered.  A 
tail-down  attitude  (from  9°  to  13°)  is  recommended. 


TABLE  26 

SUMMARY  OP  MODEL-DITCHING  INVESTIGATION  OF 
TRANSPORT  A 

[Model  scale,  0.043;  gross  weight,  130,000  lb;  center-of-gravity  location, 
26  percent  M.A.C.;  all  values  full  scale] 

Damage  simulated  by  scale-strength  parts  (hatched  area)  and  scale- 
strength  nacelle  struts. 


Land- 

ing 

atti- 

tude, 

deg 

Flap 

set- 

ting, 

deg 

Land- 

ing 

speed, 

knots 

Length 
of  run, 
ft 

Maximum 
longitudi- 
nal decel- 
eration, 
g units 

Average 
longitudi- 
nal decel- 
eration, 
g units 

Motions 
of  model 
(*) 

Undamaged  model  with  scale-strength  nacelle  struts 

6 

0 

146 

1,  100 

2)4 

1 

s b 

6 

50 

113 

1,  040 

2)4 

K 

h 

9 

0 

127  * 

1,  090 

2)4 

X 

h 

9 

50 

104 

850 

IX 

K 

h 

12 

0 

119 

890 

i K 

K 

h 

12 

50 

100 

640 

2 

X 

h 

Damaged  model  with  scale-strength  nacelle  struts 

6 

0 

146 

700 

&x 

i K 

b 

6 

50 

113 

450 

6 

1/2 

h 

9 

0 

127 

500 

5)4 

l/2 

h 

9 

50 

104 

420 

5 

1 

h 

12 

0 

119 

480 

6X 

1/2 

h 

f!2 

50 

100 

470 

5 

1 

h 

*In  this  column,  the  letters  indicate  the  following  motions: 
b ran  deeply— the  model  settled  deeply  into  the  water  with  little 
change  in  attitude 

h ran  smoothly — the  model  made  a very  stable  run 
s skipped — the  model  rebounded  from  the  water 
fRecommended  ditching  attitude  and  flap  setting. 

Remarks:  One  or  more  of  the  nacelles  were  frequently  torn  off  in  a 
ditching  but  had  little  or  no  effect  on  behavior. 
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TABLE  27 


TABLE  27 — Concluded 


SUMMARY  OF  MODEL-DITCHING  INVESTIGATION  OF 
TRANSPORT  B 

[Model  scale,  gross  weight,  83,000  lb;  center-of-gravity  location, 
lo 

25  percent  M.A.C.;  all  values  full  scale] 

(a)  Without  cargo  container  or  hvdro-ski. 

Damage  simulated  by  use  of  scale-strength  parts  (hatched  areas)  and 
removal  of  other  parts  (crossha tched  areas). 


Land- 

ing 

'atti- 

tude, 

deg 

' Flap 
set- 
ting, 
deg 

Land- 

ing 

speed, 

knots 

Length 
of  run, 
ft 

Maximum 
longitudi- 
nal decel- 
eration, 
g units 

Average 
longitudi- 
nal decel- 
eration, 
g units 

Motions 
of  model 
(*) 

Undamaged  model 

4 

0 

148 

900 

6 

1 

s h 

4 

40 

91 

250 

4 

1/4 

d2 

9 

0 

115 

600 

2 

1 

u h 

9 

40 

79 

400 

4 

A 

b 

12 

0 

102 

600 

1 

1 

h 

12 

40 

74 

250 

3 

1 

b 

Damaged  model 

4 

40 

91 

200 

4 

2 

b d2 

to 

40 

79 

350 

3 

1 

b d2 

12 

40 

74 

200 

4 

1 

h b 

*In  this  column,  the  letters  indicate  the  following  motions: 
b ran  deeply — the  model  settled  deeply  into  the  water  with  little 
change  in  attitude 

d2  dived  slightly — the  model  stopped  abruptly  in  a nose-down 
attitude  with  the  nose  of  the  model  submerged 

h ran  smoothly — the  model  made  a very  stable  run 
s skipped — the  model  rebounded  from  the  water 
u trimmed  up — the  attitude  of  the  model  increased  while  running 
in  the  water 

t Recommended  ditching  attitude  and  flap  setting. 

Remarks:  The  fuselage  will  probably  be  damaged  and  leak  sub- 
stantially. 


SUMMARY  OF  MODEL-DITCHING  INVESTIGATION  OF 
TRANSPORT  B 

[Gross  weight  of  airplane  plus  cargo  container,  93,000  lb;  all  values 

full  scale] 

(b)  With  cargo  container 

Model  undamaged.  Scale-strength  cargo  container  (hatched  area) 
attached  as  indicated. 


Land- 

ing 

atti- 

tude, 

deg 

Flap 

set- 

ting, 

deg 

Land- 

ing 

speed, 

knots 

Length 
of  run, 
ft 

Maximum 
longitudi- 
nal decel- 
eration, 
g units 

Average 
longitudi- 
nal decel- 
eration, 
g units 

Motions 
of  model 
(*) 

4 

40 

95 

650 

A 

h d2 

t9 

40 

85 

500 

l'A 

A 

h b 

12 

40 

78 

250 

2 

l 

h b 

*In  this  column,  the  letters  indicate  the  following  motions: 
b ran  deeply — the  model  settled  deeply  into  the  water  with  little 
change  in  attitude 

d2  dived  slightly — the  model  stopped  abruptly  in  a nose-down 
attitude  with  the  nose  of  the  model  submerged 

h ran  smoothly — the  model  made  a very  stable  run 
t Recommended  ditching  attitude  and  flap  setting. 

Remarks:  The  bottom  of  the  cargo  container  was  damaged  con- 
siderably and  evidently  absorbed  some  of  the  landing  loads.  The 
decelerations  were  less  and  the  behavior  of  the  model  was  more  favor- 
able. The  cargo  container  also  protected  the  fuselage  bottom. 


(c)  With  hydro-ski. 


No  damage  simulated. 


Ski  as  shown. 


Land- 

Flap 

Land- 

Maximum 

Average 

ing 

set- 

ing 

Length 

longitudi- 

longitudi- 

Motions 

atti- 

ting, 

speed, 

of  run, 

nal  decel- 

nal  decel- 

of  model 

tude, 

deg 

deg 

knots 

ft 

eration, 
g units 

eration, 
g units 

(*> 

4 

40 

91 

1,  220 

A 

A 

h 

9 

40 

79 

720 

A 

hp 

*In  this  column,  the  letters  indicate  the  following  motions: 
h ran  smoothly — the  model  made  a very  stable  run 
p porpoised — the  model  undulated  about  the  transverse  axis  with 
some  part  of  the  model  always  in  contact  with  the  water 

Remarks:  The  ditching  behavior  with  the  hydro-ski  was  very  good 
It  is  possible  that  critical  damage  can  be  eliminated  from  ditchings 
by  using  a hydro-ski  ditching  gear,  thus  greatly  increasing  the  chances 
of  survival  and  rescue. 
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TABLE  28 

SUMMARY  OF  MODEL-DITCHING  INVESTIGATION  OF 
TRANSPORT  C 

[Model  scale,  ; gross  weight,  43,500  lb;  center-of-gravitv  location, 
Id 

22  percent  M.A.C.;  all  values  full  scale] 

Damage  simulated  by  use  of  scale-strength  parts  (hatched  areas)  and 
removal  of  other  parts  (crosshatched  areas) . 


Land- 

ing 

atti- 

tude, 

deg 

Flap 

set- 

ting, 

deg 

Land- 

ing 

speed, 

knots 

Length 
of  run, 
ft 

Maximum 
longitudi- 
nal decel- 
eration, 
g units 

Average 
longitudi- 
nal decel- 
eration, 
g units 

Motions 
of  model 
(*) 

Undamaged  model 

1 

0 

164 

850 

4 

i/ 

u h 

I 

39 

100 

350 

5 

1 % 

u h 

5 

0 

122 

650 

3 

1 

u h 

5 

39 

88 

400 

1 % 

1 

h 

9 

0 

105 

600 

3/ 

1 

h 

9 

39 

82 

400 

1 

a 

h 

Damaged  model 

5 

0 

122 

250 

8 

2/ 

h b 

5 

39 

88 

300 

3/2 

1 

h 

9 

0 

105 

300 

6 

1/ 

h 

t» 

39 

82 

300 

3 

1 

h 

*In  this  column,  the  letters  indicate  the  following  motions: 
b ran  deeply — the  model  settled  deeply  into  the  water  with  little 
change  in  attitude 

h ran  smoothly — the  model  made  a very  stable  run 
u trimmed  up — the  attitude  of  the  model  increased  while  running 
in  the  water 

■[Recommended  ditching  attitude  and  flap  setting. 

Remarks:  The  landing  flaps  were  an  important. factor  in  the  ditch- 
ing behavior  of  this  model.  Failure  of  the  scale-strength  flaps  was 
simulated  by  the  flaps  rotating  up  or  being  torn  from  the  model. 
When  the  flaps  rotated  up,  the  model  dived ; but  when  the  flaps  were 
torn  away,  the  model  performed  as  indicated  above. 


TABLE  29 

SUMMARY  OF  MODEL-DITCHING  INVESTIGATION  OF 
TRANSPORT  D 

[Model  scale,  gross  weight,  50,000  lb;  center-of-gravity  location, 
25  percent  M.A.C.;  all  values  full  scale] 

Damage  simulated  by  removal  of  parts  (crosshatched  areas). 


Land- 

ing 

atti- 

tude, 

deg 

Flap 

set- 

ting, 

deg 

Land- 

ing 

speed, 

knots 

Length 
of  run, 
ft 

Maximum 
longitudi- 
nal decel- 
eration, 
g units 

Average 
longitudi- 
nal decel- 
eration, 
g units 

Motions 
of  model 
(*) 

Undamaged  model 

2 

40 

109 

700 

1 

1 

u s p 

7 

40 

90 

300 

2 

1 

u b 

12 

40 

78 

350 

1 

1 

u b 

Damaged  model 

2 

40 

109 

450 

2/ 

1 

u b 

7 

40 

90 

350 

2 

1 

b 

1 12 

40 

78 

300 

1 

1 

b 

*In  this  column,  the  letters  indicate  the  following  motions: 
b ran  deeply — the  model  settled  deeply  into  the  water  with  little 
change  in  attitude 

p porpoised — the  model  undulated  about  the  transverse  axis  with 
some  part  of  the  model  always  in  contact  with  the  water 
s skipped — the  model  rebounded  from  the  water 
u trimmed  up — the  attitude  of  the  model  increased  while  running 
in  the  water 

■[Recommended  ditching  attitude  and  f^ap  setting. 

Remarks:  The  undamaged  model  trimmed  up  considerably  when  it 
contacted  the  water.  Damage  to  the  fuselage  bottom  greatly  reduced 
the  trimming  up  and  caused  the  cargo  compartment  to  flood  rapidly, 
and  thus  to  become  a very  hazardous  ditching  station. 
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TABLE  30 

SUMMARY  OF  MODEL-DITCHING  INVESTIGATION  OF 
TRANSPORT  E 

[Model  scale,  gross  weight,  44,000  lb;  eenter-of-gravity  location, 
22  percent  M.A.C.;  all  values  full  scale] 

Damage  simulated  by  scale-strength  parts  (hatched  areas). 


Land- 

ing 

atti- 

tude, 

deg 

Flap 

set- 

ting, 

deg 

Land- 

ing 

speed, 

knots 

Length 
of  run, 
ft 

Maximum 
longitudi- 
nal decel- 
eration, 
g units 

Average 
longitudi- 
nal decel- 
eration, 
g units 

Motions 
of  model 
(*) 

Undamaged  model 

4 

45 

80 

385 

X 

u s 

9 

45 

71 

350 

X 

u h 

14 

45 

65 

350 

14 

u h 

Damaged  model 

4 

45 

80 

450 

2 

X 

s p 

9 

45 

71 

450 

l 'A 

X 

h 

1 14 

45 

65 

415 

1 

' H 

P 

*In  this  column,  the  letters  indicate  the  following  motions: 
h ran  smoothly — the  model  made  a very  stable  run 
p porpoised — the  model  undulated  about  the  transverse  axis  with 
some  part  of  the  model  always  in  contact  with  the  water 
s skipped — the  model  rebounded  from  the  water 
u trimmed  up — the  attitude  of  the  model  increased  while  running 
in  the  water 

fRecommended  ditching  attitude  and  flap  setting. 

Remarks:  The  fuselage  bottom  will  probably  be  damaged  and  the 
fuselage  will  fill  with  water  and  sink  to  the  wing  level. 


TABLE  31 

SUMMARY  OF  MODEL-DITCHING  INVESTIGATION  OF 
TRANSPORT  F 

[Model  scale,  gross  weight,  175,000  lb;  center-of-gravity  location. 

27  percent  M.A.C.;  all  values  full  scale] 

Damage  simulated  by  use  of  scale-strength  parts  (hatched  areas). 


Land- 

ing 

atti- 

tude, 

deg 

Flap 

set- 

ting, 

deg 

Land- 

ing 

speed, 

knots 

Length 
of  run, 
ft 

Maximum 
longitudi- 
nal decel- 
eration, 
g units 

Average 
longitudi- 
nal decel- 
eration, 
g units 

Motions 
of  model 
(*) 

Undamaged  model 

2 

40 

109 

750 

2 

X 

u h 

7 

0 

157 

1,  150 

2 

1 

u h 

7 

40 

96 

800 

1 

X 

u h 

12 

0 

123 

900 

2 

x 

h 

12 

40 

91 

700 

2H 

u 

h 

Damaged  model 

2 

40 

109 

550 

4 

l 

h 

t7 

40 

96 

500 

2H 

l 

h 

12 

40 

91 

500 

4K 

l 

P 

*In  this  column,  the  letters  indicate  the  following  motions: 
h ran  smoothly — the  model  made  a very  stable  run 
p porpoised — the  model  undulated  about  the  transverse  axis  with 
some  part  of  the  model  always  in  contact  with  the  water 

u trimmed  up — the  attitude  of  the  model  increased  while  running 
in  the  water 

fRecommended  ditching  attitude  and  flap  setting. 

Remarks : The  large  clamshell  doors  in  the  nose  of  this  airplane  and 
the  unusual  shape  of  the  fuselage  bottom  forward  of  the  wing  were  of 
particular  interest.  With  the  scale-strength  parts  installed,  only 
slight  damage  occurred  to  the  clamshell  doors  and  aft  fuselage  bottom, 
but  considerable  damage  was  sustained  by  the  region  just  forward  of 
the  wing.  However,  the  high  location  of  the  main  floor  should  provide 
adequate  ditching  stations. 
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TABLE  32 


TABLE  33 


SUMMARY  OF  MODEL-DITCHING  INVESTIGATION  OF 
TRANSPORT  G 

[Model  scale,  gross  weight,  35,123  lb;  center-of-gravity  location, 
31  percent  M.A.C.;  all  values  full  scale] 


SUMMARY  OF  MODEL-DITCHING  INVESTIGATION  OF 
TRANSPORT  H 

[Model  scale,  —;  gross  weight,  255,000  lb;  center-of-gravit\r  location, 
25  percent  M.A..C.;  all  values  full  scale] 


Damage  [simulated  by  use  of  scale-strength  parts  (hatched  areas) 
and  removal  of  other  parts  (crosshatched  areas). 


Land- 

ing 

atti- 

tude, 

deg 

Flap 

set- 

ting, 

deg 

Land- 

ing 

speed, 

knots 

Length 
of  run, 
ft 

Maximum 
longitudi- 
nal decel- 
eration, 
g units 

Average 
longitudi- 
nal decel- 
eration, 
g units 

Motions 
of  model 
(*) 

Undamaged  model 

0 

55 

64 

150 

2K 

1 

di 

% 4 

0 

102 

200 

5 

2 K 

f 

4 

55 

60 

200 

2 

1 

d2 

8 

0 

87 

150 

4 

2 

di 

8 

55 

56 

150 

2 

1 

d2 

Damaged  model 

0 

55 

64 

150 

4 

1 

di 

4 

55 

60 

150 

2 

1 

d2 

18 

55 

56 

150 

2 

1 

d2 

*In  this  column,  the  letters  indicate  the  following  motions: 
di  dived  violently — the  model  stopped  abruptly  in  a nose-down 
attitude  with  most  of  the  model  submerged 

d2  dived  slightly — the  model  stopped  abruptly  in  a nose-down 
attitude  with  the  nose  of  the  model  submerged 

f flipped  over — the  model  rotated  about  the  transverse  axis  and 
stopped  in  an  inverted  position 

fRecommended  ditching  attitude  and  flap  setting. 

Remarks:  The  fixed  landing  gear  on  this  model  caused  diving  and 
flipping  over.  When  the  gear  was  removed  the  model  either  ran 
smoothly  or  skipped  and  porpoised. 


(a)  Without  hydroflap. 

Damage  simulated  by  use  of  scale-strength  parts  (hatched  areas). 


Land- 

ing 

atti- 

tude, 

deg 

Flap 

set- 

ting, 

deg 

Land- 

ing 

speed, 

knots 

Length 
of  run, 
ft 

Maximum 
longitudi- 
nal decel- 
eration, 
g units 

Average 
longitudi- 
nal decel- 
eration, 
g units 

Motions 
of  model 
(*) 

Undamaged  model 

1 

45 

120 

1,  270 

2 

K 

u s h 

5 

0 

155 

1,  400 

2K 

1 

S 0 

5 

45 

110 

690 

i K 

1 

u h 

10 

0 

137 

1,  490 

2J4 

'A 

s 

10 

45 

102 

980 

1 K 

X 

u h 

Damaged  model 

1 

45 

120 

570 

2 

1 

buh 

5 

0 

155 

810 

5 

IK 

d2  u h 

5 

45 

no 

580 

3 

1 

b u h 

10 

0 

137 

740 

5)4 

1 

d2  u h 

tio 

45 

102 

550 

3 

1 

b u h 

*In  this  column,  the  letters  indicate  the  following  motions: 
b ran  deeply — the  model  settled  deeply  into  the  wrater  with  little 
change  in  attitude 

d2  dived  slightly — the  model  stopped  abruptly  in  a nose-down 
attitude  with  the  nose  of  the  model  submerged 

h ran  smoothly — the  model  made  a very  stable  run 
o oscillated — the  model  oscillated  about  the  longitudinal  or  vertical 
axis 

s skipped — the  model  rebounded  from  the  water 
u trimmed  up — the  attitude  of  the  model  increased  while  running 
in  the  water 

fRecommended  ditching  attitude  and  flap  setting. 

Remarks : With  scale-strength  fuselage  bottoms  installed,  the  model 
had  a tendency  to  dive  during  the  first  part  of  the  ditiching  run,  but 
recovered  and  ran  smoothly.  The  landing-gear  nacelles  did  not 
affect  the  ditching  behavior.  The  fuselage  is  likely  to  flood  rapidly 
and  sink  to  the  level  of  the  wing. 
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TABLE  33 — Concluded 

SUMMARY"  OF  MODEL-DITCHING  INVESTIGATION  OF 
TRANSPORT  H 

(b)  With  hydroflap. 

Damage  same  as  shown  in  three-view  sketch.  Hydroflap  as  indicated. 


Land- 

Flap 

Land- 

Maximum 

Average 

ing 

set- 

ing 

Length 

longitudi- 

longitudi- 

Motions 

atti- 

ting, 

speed, 

of  run, 

nal  decel- 

nal  decel- 

of  model 

tude, 

deg 

deg 

knots 

ft 

eration, 
g units 

eration, 
g units 

(*) 

5 

45 

110 

690 

2 

i 

i 

h 

no 

45 

102 

610 

2K 

i 

P 

*In  this  column,  the  letters  indicate  the  following  motions: 
h ran  smoothly — the  model  made  a very  stable  run 
p porpoised — the  model  undulated  about  the  transverse  axis  with 
some  part  of  the  model  always  in  contact  with  the  water 
■[Recommended  ditching  attitude  and  flap  setting. 

Remarks:  The  hydroflap  stopped  the  tendency  to  dive  and  decreased 
the  amount  of  damage  to  the  scale-strength  sections. 


TABLE  34 

SUMMARY"  OF  MODEL-DITCHING  INVESTIGATION  OF 
TRANSPORT  I 

[Model  scale,  gross  weight,  72,000  lb;  center-of-gravity  location, 
28  percent  M.A.C.;  all  values  full  scale] 

(a)  Without  hydro-skis. 

Damage  simulated  by  use  of  scale-strength  parts  (hatched  areas), and 
removal  of  other  parts  (crosshatched  areas). 


Land- 

ing 

atti- 

tude, 

deg 

Flap 

set- 

ting, 

deg 

Land- 

ing 

speed, 

knots 

Length 
of  run, 
ft 

Maximum 
longitudi- 
nal decel- 
eration, 
g units 

Average 
longitudi- 
nal decel- 
eration, 
g units 

Motions 
of  model 
(*) 

Undamaged  model 

2 

50 

98 

650 

2 

K 

h 

7 

50 

87 

600 

1 

M 

h 

12 

50 

79 

450 

i X 

% 

h 

Damaged  model 

7 

50 

87 

200 

6 

i 'A 

b 

1 12 

50 

79 

250 

4/2 

1 

b 

*In  this  column,  the  letters  indicate  the  following  motions: 
b ran  deeply — the  model  settled  deeply  into  the  water  with  little 
change  in  attitude 

h ran  smoothly — the  model  made  a very  stable  run 
fRecommended  ditching  attitude  and  flap  setting. 

Remarks:  The  damage  sustained  by  the  scale-strength  sections  was 
not  severe  in  calm  water  ditchings. 
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TABLE  34 — Concluded 


TABLE  35 


SUMMARY  OF  MODEL-DITCHING  INVESTIGATION  OF 
TRANSPORT  I 


SUMMARY  OF  MODEL-DITCHING  INVESTIGATION  OF 
TRANSPORT  J 


(b)  With 
No  damage  simulated. 


hydro-skis. 

Hydro-skis  as  indicated. 


Land- 

Flap 

Land- 

Maximum 

Average 

ing 

set- 

ing 

Length 

longitudi- 

longitudi- 

Motions 

atti- 

ting, 

speed, 

of  run, 

nal  decel- 

nal  decel- 

of  model 

tude, 

deg 

deg 

knots 

ft 

eration, 
g units 

eration, 
g units 

(*) 

2 

50 

95 

1,  300 

K 

h 

7 

50 

88 

750 

K 

h 

*In  this  column,  the  letters  indicate  the  following  motions: 
h ran  smoothly — the  model  made  a very  stable  run 

Remarks:  The  ditching  behavior  with  the  hydro-skis  was  very  good. 
It  is  possible  that  critical  damage  can  be  eliminated  from  di tellings  by 
using  a hydro-ski  ditching  gear,  and  thus  the  chances  of  survival  and 
rescue  would  be  increased. 


[Model  scale,  — ; gross  weight,  84,000  lb;  center-of-gravitv  location, 
16 

28  percent  M.A.C.;  all  values  full  scale] 

Damage  simulated  by  use  of  scale-strength  parts  (hatched  areas)  and 
removal  of  other  parts  (crosshatched  areas) . 


Land- 

ing 

atti- 

tude, 

deg 

Flap 

set- 

ting, 

deg 

Land- 
ing . 
speed, 
knots 

Length 
of  run, 
ft 

Maximum 
longitudi- 
nal decel- 
eration, 
g units 

Average 
longitudi- 
nal decel- 
eration, 
g units 

Motions 
of  model 
(*) 

Undamaged  model 

2 

50 

106 

700 

3 

K 

h 

7 

50 

94 

600 

1 

K 

h 

12 

0 

109 

550 

2 

1 

h 

12 

50 

85 

450 

IK 

K 

h 

Damaged  model 

7 

50 

94 

250 

5 

iK 

b 

t!2 

50 

85 

250 

3K 

IK 

b 

*In  this  column,  the  letters  indicate  the  following  motions: 
b ran  deeply — the  model  settled  deeply  into  the  water  with  little 
change  in  attitude 

h ran  smoothly — the  model  made  a very  stable  run 
f Recommended  ditching  attitude  and  flap  setting. 

Remarks:  The  damage  sustained  by  the  scale-strength  sections  was 
not  severe  in  calm  water  ditchings. 
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TABLE  36 

SUMMARY  OF  MODEL-DITCHING  INVESTIGATION  OF 
TRANSPORT  K 

[Model  scale,  gross  weight,  160,000  lb;  center-of-gravity  location, 

40  percent  M.A.C.;  all  values  full  scale] 

Damage  simulated  by  use  of  scale-strength  parts  (hatched  areas)  and 
removal  of  other  parts  (crosshatched  areas). 


Land- 

ing 

atti- 

tude, 

deg 

Flap 

set- 

ting, 

deg 

Land- 

ing 

speed, 

knots 

Length 
of  run 
ft 

Maximum 
longitudi- 
nal decel- 
eration, 
g units . 

Average 
longitudi- 
nal decel- 
eration, 
g units 

Motions 
of  model 
(*) 

Undamaged  model 

1 

45 

90 

450 

1 

1 

u h 

5 

0 

115 

800 

2 

h 

5 

45 

79 

450 

Vi 

H 

u h 

9 

0 

96 

600 

1 

H 

h 

9 

45 

72 

450 

1 

JA 

h 

Damaged  model 

1 

45 

90 

300 

2/2 

1 

b 

tfi 

45 

79 

300 

2 

1 

b h 

9 

45 

72 

300 

2 

1 

b 

*In  this  column,  the  letters  indicate  the  following  motions: 
b^  ran  deeply — the  model  settled  deeply  into  the  water  with  little 
change  in  attitude 

h ran  smoothly — the  model  made  a very  stable  run 
u trimmed  up — the  attitude  of  the  model  increased  while  running 
in  the  water 

f Recommended  ditching  attitude  and  flap  setting. 

Remarks:  The  scale-strength  sections  did  not  sustain  severe  damage. 
Most  damage  usually  occurred  near  the  part  of  the  fuselage  that  con- 
tacted the  wrater  first.  It  is  likely  that  the  cargo  floor  will  not  fail  and 
that  the  interior  of  the  airplane  will  be  relatively  safe  in  a ditching. 


TABLE  37 

SUMMARY  OF  MODEL  DITCHING  INVESTIGATION  OF 
TRANSPORT  L 

[Model  scale,  gross  weight,  130,000  lb;  center-of-gravity  location, 
Z{J 

25  percent  M.A.C.;  all  values  full  scale] 

Damage  simulated  by  use  of  scale-strength  parts  (hatched  areas)  and 
removal  of  other  parts  (crosshatched  areas). 


Land- 

ing 

atti- 

tude, 

deg 

Flap 

set- 

ting, 

deg 

Land- 

ing 

speed, 

knots 

Length 
of  run, 
ft 

Maximum 
longitudi- 
nal decel- 
eration, 
g units 

Average 
longitudi- 
nal decel- 
eration, 
g units 

Motions 
of  model 
(*) 

Undamaged  model 

3 

45 

109 

650 

2 

1 

u h 

6 

45 

102 

500 

2 

1 

u h 

9 

0 

129 

800 

3 

1 

u p 

9 

45 

97 

450 

2 

1 

u 0 h 

Damaged  model 

3 

45 

109 

400 

3 

1 X 

h 

45 

102 

400 

4 

1 

p h 

9 

45 

97 

350 

4 

1 

b h 

*In  this  column,  the  letters  indicate  the  following  motions: 
b ran  deeply — the  model  settled  deeply  into  the  water  with  little 
change  in  attitude 

h ran  smoothly — the  model  made  a very  stable  run 
o oscillated — the  model  oscillated  about  the  longitudinal  or 
vertical  axis 

p porpoised — the  model  undulated  about  the  transverse  axis  with 
some  part  of  the  model  always  in  contact  with  the  water 

u trimmed  up — the  attitude  of  the  model  increased  while  running 
in  the  water 

tRecommended  ditching  attitude  and  flap  setting. 

Remarks:  The  scale-strength  sections  sustained  damage.  The 
lower  compartment  of  this  airplane  will  probably  fill  with  water. 
However,  the  strong  cargo  floor  should  provide  protection  for  the  upper 
deck  and  the  low  wing  should  provide  enough  buoyancy  to  give  per- 
sonnel time  to  escape. 
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GROUND  SIMULATOR  STUDIES  OF  THE  EFFECTS  OF  VALVE  FRICTION,  STICK  FRICTION, 
FLEXIBILITY,  AND  BACKLASH  ON  POWER  CONTROL  SYSTEM  QUALITY1 

By  B.  Porter  Brown 


SUMMARY 

Tests  have  been  made  on  a power  control  system  by  means  oj 
a ground  simulator  to  determine  the  effects  oj  various  combina- 
tions oj  valve  jriction  and  stick  jriction  on  the  ability  oj  the 
pilot  to  control  the  system.  Various  jriction  conditions  were 
simulated  with  a rigid  control  system , a jlexible  system , and  a 
rigid  system  having  some  backlash.  For  the  tests , the  period 
and  damping  oj  the  simulated  airplane  were  held  constant. 

The  results  show  that , when  valve  jriction  was  present  in  a rigid 
system , the  introduction  oj  stick  jriction  was  benejicial  in  that  it 
restored  some  oj  the  quality  lost  because  oj  the  valve  jriction. 
W hen  jlexibility  was  introduced  between  the  pilot  and  the  source 
oj  stick  jriction,  stick  jriction  was  still  benejicial  but,  with 
Hexibility  between  the  source  oj  stick  jriction  and  the  valve , no 
benejits  were  obtained  jrom  stick  jriction.  When  backlash  was 
introduced  between  the  pilot  and  the  source  oj  stick  jriction, 
the  valve-jriction  effect  was  not  so  objectionable  as  in  the  rigid 
system;  stick  jriction  improved  this  system  still  jurther.  With 
backlash  between  the  stick  and  the  valve  (±0.025  inch  at  the 
valve),  even  the  jrictionless  system  was  undesirable,  and  the 
addition  oj  any  combination  oj  the  jrictions  reduced  the  control 
quality  still  jurther . 

INTRODUCTION 

The  ability  of  the  pilot  to  control  an  airplane  is  dependent 
on  a great  number  of  control-system  variables  such  as  fric- 
tion, backlash,  and  flexibility.  Insofar  as  is  known,  no 
systematic  study  has  been  made  to  determine  the  effects  of 
these  variables.  The  National  Advisory  Committee  for 
Aeronautics  therefore  has  built  a dynamic  ground  simulator 
for  the  purpose  of  such  a study.  In  view  of  the  large  num- 
ber of  variables  involved,  it  is  doubtful  that  a precise  defi- 
nition of  the  optimum  combination  of  these  variables  can 
be  established;  however,  it  is  believed  that  the  results  will 
lead  to  a better  understanding  of  each  effect  and  may 
suggest  some  general  design  rules. 

Previous  investigations  (for  example,  ref.  1)  have  shown 
that  servocontrol-valve  friction  can  reduce  the  quality  of  a 
power  control  system  to  such  an  extent  that  sensitivity 
problems  and,  in  some  cases,  pilot-induced  oscillations  will 
result.  It  was  suspected  that  the  valve-friction  effect  is 
greatly  dependent  upon  the  mechanical  characteristics  of 
the  linkages  between  the  pilot  and  the  valve  such  as  static 


friction,  flexibility,  and  backlash.  Therefore,  tests  were 
made  to  study  the  effects  of  various  ratios  of  valve  friction 
to  stick  friction.  The  term  “stick  friction”  is  used  herein- 
after to  denote  the  static  friction  in  the  mechanical  parts 
of  the  system  between  the  pilot  and  the  valve.  Various 
friction  ratios  were  tested  with  a rigid  control  system,  a 
flexible  control  system,  and  a rigid  control  system  with 
backlash.  For  these  tests  the  period  and  damping  of  the 
simulated  airplane,  the  power-control  time  constant,  the 
stick-force  gradient,  and  the  control-surface  sensitivity  were 
held  constant.  The  results  in  this  report  are  therefore 
limited  to  the  fixed  values  of  these  parameters. 

SYMBOLS 

t time,  sec 

a angle  of  attack,  deg 

h control-surface  deflection,  deg 

y rate  of  change  of  flight-path  angle,  deg/sec 

6 attitude  angle,  deg 

f damping  ratio 

con  natural  frequency,  radians/sec 

B differential  operator,  d/dt 

steady-state  ratio  of  a to  8 

APPARATUS 

Figure  1 shows  a photograph  of  the  simulator  used  in  the 
tests  and  figure  2 presents  a schematic  drawing  of  the  simu- 
lator. The  simulator  consisted  of  a chair  that  was  designed 


Figure  1. — Longitudinal  power  control  simulator  (Pitch  chair). 


Supersedes  NACA  Technical  Note  3998  by  B.  Porter  Brown,  1957. 
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^'Variable- 

/^displacement 


Figure  2. — Schematic  drawing  of  simulator.  Solid  lines  indicate  movable  parts.  Arrows  indicate  direction  of  motion 

of  stick,  stabilizer,  and  pump  drum  associated  with  pull-up. 


to  pitch  in  response  to  control  deflection.  The  pitching 
motion,  which  is  closely  associated  with  the  short-period  mode 
of  an  airplane,  is  expressed  by  the  following  equation: 

Chair  angle=0— 7 5+7  ^ f 8dt  (1) 

o o a Jo 


The  term  a/5  is  the  transfer  function  of  a single-degree-of- 
freedom  system  with  spring  restraint  and  viscous  damping. 
This  transfer  function  may  be  written  as  follows: 


a / a\  co„2 

5 \5/o  D2-\-2fanD-\-Un 


(2) 


This  expression  neglects  the  effects  of  tail  lift  on  the  accelera- 
tion at  the  center  of  gravity.  The  term  j/a  is  the  transfer 
function  relating  rate  of  change  of  flight-path  angle  to  angle 
of  attack.  If  the  tail  lift  and  unsteady  lift  effects  are  neg- 
lected, this  term  is  a constant  for  an}7  given  flight  condition. 

A slide-valve-type  power  control  unit  typical  of  those  used 
in  present-day  fighter  airplanes  was  installed  to  act  as  the 
driving  unit  to  pitch  the  chair.  The  piston  rod  of  the  actua- 
tor was  attached  to  the  chair  and  the  end  of  the  cylinder 
body  was  attached  to  a spring  through  a bellcrank.  As  can 
be  seen  from  figure  2,  extension  or  retraction  of  the  actuator 
moved  the  bellcrank.  This  bellcrank  can  be  considered  to 
be  representative  of  an  airplane’s  longitudinal  control  sur- 
face. Motion  of  this  bellcrank  5,  when  multiplied  by  the 
transfer  function  a/8,  supplies  the  first  term  in  equation  (1). 

A cable  was  attached  to  the  other  end  of  the  spring  and 
passed  around  a pulley  connected  to  the  rigid  support.  This 
cable  was  geared  to  a hydraulic  motor  which  was  driven  by 


a variable-displacement  pump.  The  input  arm  of  the  vari- 
able-displacement pump  was  mechanically  linked  to  the 
output  of  the  power  control  actuator.  This  linkage  de- 

a Y 

termines  the  steady-state  value  of  the  product  — - in  equa- 
tion (1).  Since  no  followup  s}7stem  was  attached  to  the 
variable-displacement  pump,  motion  of  the  power  control 
actuator  not  only  moved  the  “tail  surface”  and  caused  an 
initial  change  in  angle  of  attack  but  signaled  the  variable- 
displacement  pump  to  rotate  the  drum  at  a rate  proportional 
to  the  displacement  of  the  power  control  actuator.  Thus, 
the  variable-displacement  pump  produces  the  integration  of 
8 shown  in  equation  (1).  Since  the  variable-displacement 
pump  also  moves  the  chair  through  the  same  spring  to  which 
the  power  actuator  is  connected,  the  transfer  function  a/8 
also  appears  in  the  second  term  of  equation  (1).  The  overall 
effect  of  the  variable-displacement  pump  can  be  considered 
to  represent  the  pitching  motion  associated  with  curvature 
of  the  flight  path  resulting  from  lift  on  the  wing.  As  shown 
in  figure  2,  a rotary- type  damper  was  used  to  provide  damp- 
ing to  the  chair.  The  short-period  dynamic  characteristics 
are  adjustable  so  that  any  flight  condition  of  any  airplane 
can  be  simulated.  For  these  tests,  the  airplane  dynamics 
were  held  constant.  A time  history  of  the  response  charac- 
teristics of  the  chair  and  also  the  simulated  response  of  angle 
of  attack  following  a step  stick  deflection  are  shown  in  fig- 
ure 3. 

A control  stick  was  mounted  to  the  movable  frame  through 
a ball  bearing  and  was  connected  directly  to  the  control 
valve  of  the  power  control  unit  by  a push-pull  rod.-  The 
mechanical  advantage  between  the  stick  and  the  valve  (that 
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Figure  3. — Time  history  showing  response  of  chair  to  step  stick 

deflection. 


is,  the  ratio  between  linear  motion  of  the  stick  grip  and  the 
valve  motion,  the  output  being  fixed)  was  about  4:1.  The 
inertia  of  the  stick  and  the  push-pull  rod  was  about  0.22 
slug-feet2  and  the  stick  length  was  about  24  inches.  The 
ratio  between  stick  rotation  and  rotation  of  the  output 
bellcrank  8 was  1:5.  Here  again  all  attachment  points  were 
made  as  frictionless  as  possible.  As  indicated  in  figure  2,  an 
adjustable  friction  clamp  was  used  to  vary  the  stick  friction. 
A similar  arrangement  was  installed  on  the  control-valve 
stem  so  that  valve  friction  could  be  varied. 

For  these  tests  a simple  cantilever  spring  attached  to  the 
stick  was  used  to  provide  the  pilot  with  feel  forces.  This 
spring  supplied  linear  forces  with  stick  deflection;  these 
forces  resulted  in  a feel  gradient  of  approximately  4 pounds 
per  inch  of  stick  displacement.  No  preload  was  provided  in 
the  feel  device.  The  chair  when  disturbed  would  return  to 
within  0.1  degree  of  its  trim  position.  This  condition  was 
caused  by  the  summation  of  the  small  amounts  of  friction  in 
the  main  support  bearings,  the  pulley,  and  the  chair  damper. 
The  stick  grip  could  be  moved  approximately  ±0.02  inch 
without  causing  any  motion  of  the  power  control  actuator. 
This  dead  spot  in  the  stick  motion  was  caused  primarily  by 
the  dead  spot  in  the  control  valve.  The  lost  motion  between 
the  stick  and  the  valve  was  not  perceptible  to  the  pilot. 
The  flow-stroke  characteristics  of  the  valve  were  nonlinear, 
small  deflections  providing  relatively  slower  control-surface 
rates.  However,  the  time  constant  of  the  servo  response 
was  very  short  compared  with  the  response  time  of  the 


simulator  and  was  not  considered  to  be  a significant  factor 
in  these  tests.  The  control  valve  itself  had  some  inherent 
friction  which  amounted  to  about  4 ounces  in  terms  of  stick 
force.  This  valve  friction  was  eliminated  for  the  zero-valve- 
friction  tests  by  means  of  a small  vibrator  mounted  on  the 
valve  stem  as  described  in  reference  2. 

It  should  also  be  pointed  out  that  the  power  control  unit 
used  incorporated  a viscous  damper  on  the  valve  for  the 
purpose  of  eliminating  valve  chatter.  This  damper  was  not 
changed  throughout  the  tests. 

The  light  bulb,  lens,  and  mirror  were  attached  to  the  chair 
and  arranged  so  that  a spot  of  light  was  projected  on  a screen 
located  in  front  of  the  pilot.  Motions  of  the  light  spot 
indicated  to  the  pilot  the  attitude  angle  of  the  chair.  A 
second  spot  of  light  was  also  projected  on  the  screen  and  was 
controlled  by  a cam.  The  cam-driven  light  spot  moved  from 
one  vertical  position  to  another  on  the  screen,  and  the  pilot 
attempted  to  make  the  light  spot  for  the  chair  coincide  with 
the  cam-driven  light  spot. 

S train  gages  were  mounted  on  the  control  stick  to  measure 
control  forces,  and  slide-wire  transmitters  were  used  to 
measure  stick  position,  chair  angle,  and  cam  position. 
These  four  quantities  and  time  were  continuously  recorded 
on  standard  NACA  recording  instruments  during  the  tests. 

TESTS  AND  PROCEDURE 

For  these  tests  the  dynamics  of  the  simulator  were  ad- 
justed to  correspond  approximately7,  to  those  of  a fighter 
airplane  flying  at  an  altitude  of  10,000  feet  and  Mach  num- 
ber of  0.80.  The  period  was  set  to  be  1.0  second  and  the 
damping  ratio,  0.45.  The  simulator  was  adjusted  so  that  the 
stick  deflection  per  degree  of  stabilizer  deflection  was  made 
larger  than  its  normal  value  to  represent  the  gearing  that 
would  be  provided  by  use  of  a mechanical-advantage  changer 
in  the  airplane.  With  this  arrangement,  the  steady-state 
ratio  of  angle  of  attack  to  stick  deflection  was  approximately 
0.60.  The  variable-displacement  pump  was  adjusted  to 
provide  a steady-state  value  of  about  1 degree  per  second 
per  degree  for  the  ratio  of  pitching  velocity  to  stick  deflection. 

The  pilots7  task  during  the  tests  involved  keeping  the  light 
spot  for  the  chair  lined  up  horizontally  with  the  cam-driven 
light  spot.  The  ease  and  precision  with  which  the  pilots 
could  follow  the  cam-driven  light  spot  provided  the  basis  for 
the  judging  of  the  quality  of  the  control  system.  In  addition 
to  the  recorded  data,  the  pilots7  opinions  were  weighted 
heavily  when  the  various  configurations  were  evaluated. 

The  friction  conditions  tested  are  shown  in  figure  4.  All 
values  of  friction  quoted  in  this  report  are  given  in  terms  of 
stick  force.  These  conditions  were  tested  with  a rigid  con- 
trol system,  a flexible  control  system,  and  a rigid  control 
system  having  some  backlash. 

For  each  test  configuration,  at  least  two  NACA  test  pilots 
obtained  data. 


RESULTS  AND  DISCUSSION 

RIGID  CONTROL  SYSTEM 

Examples  of  the  data  obtained  are  shown  as  time  histories 
in  figure  5 for  various  representative  friction  conditions. 
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Figure  4. — Friction  conditions  tested. 

The  quality  of  each  configuration  is  indicated  by  the  over- 
shoots and  oscillations  in  the  chair  record  and  also  by  the 
length  of  time  required  to  make  the  chair  recoi'd  coincident 
with  the  target  record.  Coincidence  of  the  two  records 
indicates  that  the  pilot  was  “on  target:” 

Figure  5 (a)  shows  representative  results  obtained  when 
the  control  system  was  essentially  free  of  all  friction.  The 
absence  of  large  overshoots  and  oscillations  in  addition  to  the 
relatively  short  length  of  time  required  to  get  on  the  target 
indicated  that  the  pilot  had  little  difficulty  in  performing  the 
task.  The  pilots  commented  favorably  on  this  system 
although  they  believed  that  the  ^-pound  limit  of  stick  fric- 
tion quoted  in  reference  1 would  be  necessary  in  flight.  The 
small  stick  friction  would  be  helpful  in  alleviating  the  small 
unintentional  control  inputs  that  may  result  from  such  things 
as  the  many  duties  of  the  pilot  which  momentarily  divert  his 
attention  from  the  control  of  the  airplane  or  rough-air 
conditions. 
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(a)  No  friction. 

Figure  5. — Rigid  control  system. 

Some  tests  were  made  with  the  vibrator  removed  from 
the  valve  stem.  Without  the  vibrator  the  valve  friction  was 
about  4 ounces  in  terms  of  stick  force.  The  pilots  could  not 
detect  any  effect  of  this  small  amount  of  friction  and  the 
records  were  very  nearly  identical  to  those  shown  in  figure 
5 (a).  For  this  reason  the  tests  with  4-ounce  valve  friction 
are  not  shown. 

Figure  5 (b)  shows  the  effects  of  lK  pounds  of  friction  in 
the  control  valve.  The  overshoots,  oscillations,  and  the 
relatively  long  time  required  to  get  on  the  target  are  good 
indications  of  the  amount  of  control  system  quality  lost 
tlu-ough  the  introduction  of  the  valve  friction.  The  latter 
portion  of  the  record  shows  the  extreme  difficulties  en- 
countered in  positioning  the  chair  precisely  on  a given 
point.  This  effect  has  been  measured  in  flight  and  is  dis- 
cussed in  reference  1.  During  the  simulator  tests  the  pilots 
believed  that  1%  pounds  of  valve  friction  were  objectionable. 
They  did  not  object  on  the  grounds  of  the  resulting  increase 
in  forces  nor  did  they  believe  the  system  to  be  subject  to 
violent  pilot-induced  oscillations.  The  objections  were 
based  simply  on  their  inability  to  make  fine  corrections 
precisely  and  their  feeling  that  the  machine  was  flying  the 
pilot. 

Figure  5 (c)  shows  the  results  obtained  when  the  1 }{ pounds 
of  stick  friction  were  used  in  conjunction  with  the  V/2  pounds 
of  valve  friction.  Although  the  total  breakout  force  at  the 
stick  due  to  friction  was  increased,  the  overall  performance 
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(b)  1 y2  pounds  valve  friction. 
Figure  5. — Continued. 
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(c)  V/z  pounds  valve  friction  and  1}4  pounds  stick  friction. 

Figure  5.  —Continued. 

was  improved;  the  stick  friction  also  restored  the  pilot's 
feeling  that  he  had  control  of  the  machine.  The  stick 
friction  locked  the  valve  push-pull  rod  and  thereb}r  allowed 
the  followup  to  return  the  valve  to  neutral. 

Figure  5 (d)  presents  the  results  obtained  with  about  2% 
pounds  of  valve  friction.  The  records  show  that  control 
through  such  a s}rstem  is  rather  hopeless.  The  tendency  for 
the  chair  amplitude  to  increase  is  a good  indication  of  the 
actual  danger  associated  with  this  amount  of  valve  friction. 
It  should  be  remembered  that  the  simulator  does  not  include 
the  effects  of  rough  air  or  the  acceleration  effects  on  the 
pilot  or  parts  of  the  s3Tstem.  These  factors  which  are  present 
in  flight  will  aggravate  the  oscillatory  nature  of  the  system 
and  therefore  will  magnify  the  danger  involved.  The  pilots 
noted  that,  even  though  these  aggravating  factors  were 
absent  in  the  simulator,  the  slightest  distraction  could  very 
easily  lead  to  violent  pilot-induced  oscillations.  It  seems 
safe  to  say  that  violent  oscillations  could  be  caused  in  flight 
by  valve-friction  values  less  than  the  2%  pounds  for  the 
same  flight  conditions  and  stability  parameters  set  up  in  the 
simulator. 

Figure  5 (e)  shows  the  results  when  2 % pounds  of  stick 
friction  were  introduced  in  addition  to  the  2 % pounds  of 
valve  friction.  Even  though  the  figure  shows  that  the  pilot 
could  get  on  the  target,  the  large  overshoots  suggest  diffi- 
culties that  make  precise  control  somewhat  uncertain.  The 
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(e)  2)4  pounds  valve  friction  and  2}i  pounds  stick  friction. 
Figure  5. — Concluded. 

stick  friction,  however,  was  noticeably  beneficial  since  the 
violent  oscillatory  tendencies  were  eliminated.  The  pilots 
verified  these  observations  but  objected  to  the  system  not 
only  on  the  basis  of  precise  control  but  also  because  of  the 
amount  of  work  involved.  All  pilots  agreed  that  a total 
breakout  force  due  to  friction  of  about  3 pounds  or  less  would 
be  more  desirable  in  flight  for  airplanes  of  the  type  being 
simulated. 

Some  tests  were  also  made  in  which  the  valve  friction  was 
reduced  to  zero  by  means  of  a small  vibrator  and  various 
amounts  of  stick  friction  were  evaluated.  The  pilots  could 
do  a much  better  job  with  the  highest  stick  friction  tested 
(3  pounds)  than  they  could  with  only  l){  pounds  of  valve 
friction.  Actually,  the  best  performance  was  achieved  when 
the  stick  friction  was  in  the  range  between  }{  and  2 pounds 
and  the  pilots  believed  on  the  basis  of  these  tests  and  on  the 
basis  of  their  previous  experience  that  they  would  prefer  such 
systems  for  actual  flight. 

Tests  were  also  made  in  which  the  valve  friction  was  held 
constant  and  the  stick  friction  was  varied.  From  these  tests 
it  was  learned  that,  when  valve  friction  was  present,  the 
best  control  quality  was  achieved  when  the  stick  friction  was 
equal  to  or  very  slightfy  greater  than  the  valve  friction.  An 
excess  or  deficiency  in  stick  friction,  however,  resulted  in 
some  quality  reduction;  the  system  with  more  stick  friction 
than  valve  friction  was  considered  to  be  desirable  provided 


-Q 


(d)  2l/>  pounds  valve  friction. 
Figure  5. — Continued. 
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that  the  total  breakout  force  due  to  friction  did  not  exceed 
3 pounds. 

The  results  thus  far  discussed  have  been  condensed  into 
a plot  of  stick  friction  against  valve  friction  (fig.  6)  which 
shows  the  good,  tolerable,  and  unsatisfactory  combinations 
of  these  two  types  of  friction.  It  should  be  pointed  out  that 
the  conditions  rated  unsatisfactory  were,  in  general,  flyable 
but  would  be  very  objectionable  from  a precision  control 
standpoint  and  would  be  very  tiring  to  the  pilot  over  long 
periods  of  time.  Even  though  the  figure  shows  that  good 
performance  can  be  obtained  with  as  much  as  1 pound  of 
valve  friction  and  1 pound  of  stick  friction,  the  designer 
should  strive  to  decrease  the  valve  friction  as  much  as 
possible.  This  decrease  would  result  in  a smaller  total 
friction  force  and  a better  performing  control  system.  This 
point  is  extremely  difficult  to  show  graphically  and  no  attempt 
was  made  to  do  so  in  figure  6;  however,  it  is  worth  mentioning 
because  the  tests  indicated  that,  as  the  system  approached 
the  condition  of  pure  stick  friction,  performance  and  pilot 
impression  improved. 

Another  point  that  should  be  brought  out  is  that  figure  6 
applies  only  to  the  conditions  of  the  tests  and  would  not  be 
expected  to  apply  if  other  devices  such  as  valve  centering 
springs  were  used  to  attempt  to  compensate  for  the  valve 
friction. 

FLEXIBLE  CONTROL  SYSTEM 

Since  this  report  is  concerned  primarily  with  the  effects  of 
friction,  the  complete  effects  of  flexibility  are  not  treated 
here.  Subsequent  tests  should  be  made  to  determine  the 
effects  of  various  combinations  of  flexibility  and  valve 
friction  on  control  quality.  Limited  tests  on  flexibility  are 
included  in  this  report  to  illustrate  the  effect  that  it  produces 
when  introduced  in  the  presence  of  stick  friction  and  valve 
friction. 

The  rigid  push-pull  rod  connecting  the  stick  to  the  control 
valve  was  modified  to  include  a flexible  link  to  simulate  a 
flexible  control  system.  This  modification  also  placed  the 
flexibility  between  the  feel  device  and  the  valve.  The  spring 


Ficure  6.— Combinations  of  valve  friction  and  stick  friction  for  rigid 
control  system. 


constant  of  the  flexible  link  was  set  to  a low  value  (4  pounds 
of  stick  force  per  degree  of  stick  angle)  so  that  the  effect 
would  be  easity  recognized.  The  same  type  of  tests  and 
friction  conditions  as  described  in  the  previous  section  were 
evaluated  and  representative  records  of  these  tests  are 
presented  in  figure  7. 

Figure  7 (a)  shows  the  results  with  a frictionless  S3~stem, 
and  the  similarity  between  figure  7 (a)  and  figure  5 (a)  shows 
that  the  flexibility  had  little  or  no  effect.  The  pilots  agreed 
that  the  flexibility  was  not  detectable  in  this  condition  and 
therefore  they  rated  this  S3rstem  the  same  as  the  rigid 
S3rstem.  Here  again  the  sv'stem  was  tried  with  4 ounces  of 
valve  friction.  The  pilots  believed  that  the  friction  effect 
was  a little  more  noticeable  in  the  flexible  S3rstem  than  in 
the  rigid  S37’stem  but  they  still  considered  the  configuration 
to  be  tolerable.  The  flexibility  magnifies  the  undesirable 
valve  friction  effect  b3^  allowing  the  valve  to  “motor”  the 
control  surface  through  a certain  range,  dependent  on  the 
amount  of  valve  friction,  by  deflecting  the  flexible  link. 
Also,  the  forces  which  the  pilot  applies  in  attempting  to 
compensate  for  the  motoring  must  be  transmitted  to  the 
valve  through  the  flexible  link.  When  valve  friction  is 
present,  therefore,  the  valve  will  not  move  until  the  pilot's 
force  has  deflected  the  flexible  link  to  the  point  at  which  the 
spring  force  in  the  link  overcomes  the  valve  friction. 

Figure  7 (b)  shows  the  difficulties  introduced  by  1 % pounds 
of  valve  friction  in  conjunction  with  the  flexibility.  Even 
though  figure  7 (b)  does  not  differ  much  from  figure  5 (b), 
an  overall  comparison  of  all  the  records  obtained  showed 
that  the  flexibility  caused  a veiy  definite  reduction  in  control 
quality.  The  pilots  remarked  that  pilot-induced  oscillations 
were  possible  with  this  S37stem;  however,  they^  felt  that  such 
oscillations  could  be  controlled  somewhat  b3r  intense  con- 
centration. The  skill  and  experience  of  the  pilots  involved 
in  these  tests  were  believed  to  be  important  factors  in  the 
prevention  of  violent  oscillations  with  this  s3rstem. 

Figure  7 (c),  which  shows  the  results  for  V/2  pounds  of 
stick  friction  and  l}{  pounds  of  valve  friction,  proves  that 
stick  friction  is  not  beneficial  when  flexibility  exists  between 
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(a)  No  friction. 

Figure  7.— Flexibility  between  stick  friction  and  valve  friction. 
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(b)  1)4  pounds  valve  friction. 
Figure  7. — Continued. 


(c)  l}i  pounds  valve  friction  and  pounds  stick  friction. 
Figure  7. — Continued. 


the  stick  and  the  control  valve.  In  fact,  the  overall  per- 
formance with  this  system  seemed  to  be  worse  than  that 
obtained  with  valve  friction  alone,  and  the  pilots  noted  that 
the  stick  friction  removed  the  small  amount  of  control  con- 
fidence that  was  present  in  the  system  with  valve  friction 
only.  This  result  is  understandable  since  the  stick  is  no 
longer  rigidly  connected  to  the  valve  because  of  the  flexible 
link;  thus,  the  stick  friction  is  prevented  from  “locking”  the 
control  push-pull  rod  and  the  valve  is  allowed  to  center 
itself.  Stick  friction  in  such  a system  only  reduces  the 
quality  still  further  by  causing  a nonlinear  relation  between 
the  stick  force  and  stick  motion.  It  is  interesting  to  note 
that  pilots'  having  considerable  experience  in  controlling 
systems  involving  valve  friction  alone  can  more  or  less  cope 
with  the  difficulties  and  produce  surprisingly  good  perform- 
ance although  they  invariably  comment  that  such  systems 
are  unsatisfactory.  It  is  believed  that  these  pilots  are 
successful  because  they  change  their  technique  of  flying,  as 
explained  in  reference  1,  from  force  consciousness  to  position 
consciousness  because  valve  friction  destroys  the  relationship 
between  force  application  and  control-surface  position. 


This  method  of  changing  techniques  is  not  successful,  how- 
ever, when  flexibility  is  introduced  in  the  presence  of  valve 
friction  because  the  flexibility  destroys  the  relationship 
between  the  stick  position  and  the  control-surface  position. 

Figure  7 (d)  presents  the  results  obtained  with  2X  pounds 
of  valve  friction  and  figure  7 (e)  shows  the  results  obtained 
with  2){  pounds  of  stick  friction  and  2){  pounds  of  valve 
friction.  The  performance  of  both  systems  appears  to  be 
similar  in  that  precise  control  is  impossible;  the  pilots 
remarked  that  both  systems  were  extremely  susceptible  to 
violent  oscillations  and  they  could  not  detect  any  benefits 
from  the  stick  friction. 

Figure  8 shows  the  ranges  of  good,  tolerable,  and  unsatis- 
factory combinations  of  stick  friction  and  valve  friction  when 
flexibility  exists  between  the  stick  and  the  valve.  This 
figure  applies  only  to  cases  in  which  the  flexibility  is  the 
same  as  that  quoted  previously.  No  doubt  the  limits  will 
change  depending  upon  the  amount  of  flexibility  present; 
however,  the  figure  shows  the  detrimental  effect  on  control 
quality  since  with  this  amount  of  flexibility  only  4 ounces  of 
valve  friction  could  be  tolerated. 
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(d)  2\{  pounds  valve  friction. 
Figure  7. — Continued. 
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(e)  2}4  pounds  valve  friction  and  2}{  pounds  stick  friction. 
Figure  7. — Concluded. 


Figure  8. —Combinations  of  valve  friction  and  stick  friction  with 
flexibility  between  the  stick  and  the  valve. 


The  control  stick  was  modified  to  include  a flexible  link  to 
simulate  flexibility  between  the  pilot  and  the  point  at  which 
stick  friction  was  applied.  This  modification  also  placed 
the  flexibility  between  the  pilot  and  the  feel  spring.  The 
amount  of  flexibilit}7,  in  this  system  was  the  same  as  was 
introduced  between  the  stick  and  valve.  The  stick  was 
again  connected  to  the  control  valve  by  means  of  a rigid 
push-pull  rod. 

Figure  9 (a) , which  represents  a frictionless  system,  shows 
no  large  differences  from  the  rigid  sj^stem  of  figure  5 (a)  and 
the  pilots  could  not  feel  any  effects  of  the  flexibility. 

Figure  9 (b)  presents  the  results  with  1%  pounds  of  valve 
friction.  Comparison  with  figure  5 (b)  shows  that  a little 
less  difficulty  was  encountered  with  this  system  than  was 
experienced  with  the  rigid  system.  The  pilots’  complaints, 
however,  were  very  similar  to  those  regarding  the  rigid 
system  with  1}{  pounds  of  valve  friction  in  that  precise 
control  was  difficult  but  violent  oscillations  were  not  prob- 
able. 

Figure  9 (c)  shows  the  results  of  1^  pounds  of  stick  friction 
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Figure  9.  —Flexibility  between  the  pilot  and  the  stick  friction. 


and  1 y2  pounds  of  valve  friction.  This  figure  shows  that,  in 
spite  of  the  increase  in  breakout  force,  the  performance  is 
very  similar  to  that  shown  in  figure  9 (b).  The  pilots, 
however,  stated  that  the  stick  friction  was  helpful  in'  re- 
storing their  feeling  of  control  and  therefore  they  rated 
this  system  above  the  system  represented  by  figure  9 (b). 

The  effect  of  2%  pounds  of  valve  friction,  which  is  shown 
in  figure  9 (d),  was  to  cause  the  system  to  be  subject  to  violent 
oscillations  and  to  make  precise  control  impossible.  Com- 
parison of  figure  9 (d)  with  figure  5 (d)  shows  that  the  valve- 
friction  effect  was,  however,  not  so  severe  as  that  obtained 
with  the  original  rigid  control  system.  The  addition  of 
pounds  of  stick  friction,  shown  in  figure  9 (e),  did  not  improve 
the  precise  control  of  the  system.  It  did,  however,  restore 
the  pilots’  feelings  of  being  able  to  prevent  any  violent 
oscillations. 

No  attempt  was  made  to  establish  limits,  as  was  done  in 
figures  6 and  8,  because,  as  mentioned  previously,  more 
detailed  tests  are  needed  to  do  so.  Comparison  of  figures 
7 and  9 does  show,  however,  the  importance  of  the  location 
of  the  flexibility  when  valve  friction  is  present.  The  pilots 
commented  that  flexibility  between  the  pilot  and  the  source 
of  stick  friction  is  far  more  tolerable  from  the  pilots’  stand- 
point than  flexibility  between  the  source  of  stick  friction 
and  the  valve.  In  practice,  this  result  means  that  stick 


friction  can  be  beneficial  even  in  a flexible  system  if  the 
equivalent  stick  friction  (friction  between  the  valve  stem 
and  airplane  structure)  is  introduced  veiy  close  to  the  power 
control  unit.  Also,  the  feel  device  should  be  located  be- 
tween the  source  of  flexibility  and  the  valve. 

CONTROL  SYSTEM  WITH  BACKLASH 

As  in  the  case  of  the  flexibility  tests,  the  limited  results 
regarding  backlash  are  included  in  this  report  to  show  the 
general  effects  of  backlash  when  introduced  between  the 
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(d)  2J4  pounds  valve  friction. 
Figure  9.  — Continued. 
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(e)  2]4  pounds  valve  friction  and  2 y2  pounds  stick  friction. 
Figure  9. — Concluded. 


control  stick  and  the  valve  and  also  between  the  pilot  and 
the  source  of  stick  friction.  The  points  at  which  the  back- 
lash was  introduced  are  shown  in  figure  2. 

The  push-pull  rod  connecting  the  stick  to  the  valve  was 
modified  so  that  there  was  about  ±0.025  inch  of  backlash, 
in  terms  of  valve  motion,  between  the  stick  and  the  valve. 
This  modification  also  placed  the  backlash  between  the  feel 
device  and  the  valve.  This  backlash  amounted  to  about 
±0.10  inch  of  motion  at  the  stick  grip. 

Figure  10  shows  time  histories  of  the  effect  of  backlash 
between  the  stick  and  the  valve  for  various  friction  condi- 
tions. These  figures  show  that,  even  with  a frictionless 
system,  the  pilots  could  not  position  the  chair  precisely 
and,  as  the  breakout  force  was  increased,  the  control  quality 
deteriorated.  The  pilots  noted  that,  even  with  the  friction- 
less system,  precise  control  was  difficult  and,  as  the  valve 
friction  was  increased,  the  danger  of  oscillating  became  more 
pronounced.  Stick  friction  also  produced  the  same  results 
but  the  pilots  believed  that  the  stick-friction  effect  was  not  so 
objectionable  as  the  valve-friction  effect.  The  important 
point  is  that  none  of  the  conditions  were  even  tolerable 
with  this  amount  of  backlash  at  the  valve. 

The  backlash  between  the  stick  and  the  valve  was  then 
removed  and  the  same  amount  of  backlash  was  introduced 
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(a)  No  friction. 

Figure  10. — Backlash  between  the  stick  and  valve. 


between  the  pilot  and  the  point  at  which  the  stick  friction 
was  applied.  This  modification  also  placed  the  backlash 
between  the  pilot  and  the  feel  spring.  The  results  from  these 
tests  are  presented  in  figure  11.  The  frictionless  system, 
as  shown  in  figure  11  (a),  was  not  too  difficult  to  control  even 
though  the  pilots  could  feel  the  backlash  in  the  stick.  With 
1)(  pounds  of  valve  friction  (fig.  11  (b)),  the  system  per- 
formance was  very  similar  to,  but  possibly  a little  better 
than,  the  original  rigid  control  system  with  the  same  friction 
condition.  Precise  control  was  difficult  but  the  system 
showed  no  tendency  to  produce  violent  oscillations.  It 
should  be  remembered  that  this  same  friction  condition 
when  coupled  with  backlash  between  the  stick  and  the  valve 
produced  a very  dangerous  system  that  was  susceptible  to 
severe  oscillations.  With  backlash  between  the  pilot  and 
the  source  of  stick  friction,  the  stick  friction  improved  the 
system.  (See  fig.  11  (c).)  Even  though  the  initial  over- 
shoot tended  to  be  larger,  the  pilot  could  position  the  chair 
on  the  target.  This  improvement  is  in  direct  contrast  to 
the  detrimental  effects  of  stick  friction  when  the  backlash 
was  between  the  stick  and  valve.  Figure  11  (d)  shows  the 
results  of  pounds  of  valve  friction  and  figure  11  (e)  shows 
2%  pounds  of  valve  friction  and  2}{  pounds  of  stick  friction. 
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(b)  1 1/2  pounds  valve  friction. 
Figure  10. — Continued. 


position,  deg  position,  deg  position,  deg 
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(a)  No  friction. 

Figure  11. — Backlash  between  the  pilot  and  the  stick  friction. 


Xl 


(b)  V/2  pounds  valve  friction. 
Figure  11. — Continued. 
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(e)  pounds  valve  friction  and  1}{  pounds  stick  friction. 
Figure  11. — Continued. 


In  each  case  the  performance  shows  that  no  violent  oscilla- 
tions were  ever  encountered  although  precise  control  was 
extremely  difficult.  The  pilots  commented  that  with  valve 
friction  the  s}rstem  was  subject  only  to  mild  oscillations  and 
this-  tendency  was  completely  removed  by  the  addition  of 
stick  friction.  These  observations  lead  to  the  conclusion 
that  the  backlash  between  the  pilot  and  source  of  stick  fric- 
tion is  not  nearty  so  dangerous  as  the  backlash  between  the 
stick  and  the  valve.  In  fact,  the  records  and  comments 
regarding  the  backlash  between  the  pilot  and  stick  friction 
indicate  that  valve  friction  was  not  so  detrimental  to  this 
s}rstem  as  it  was  to  the  rigid  control  system  with  comparable 
friction  conditions.  It  was  noticed  during  the  tests  of  the 


rigid  system  with  valve  friction  alone  that  the  pilots,  when 
they  wished  to  stop  the  chair  motion,  applied  the  necessary 
opposite  force  in  a jerking  manner  that  resulted  in  an  instan- 
taneous “kick”  on  the  push-pull  rod  which  centered  the 
valve.  It  is  possible  that,  with  the  b acid  ash  between  the 
pilot  and  the  source  of  stick  friction,  the  stick  acted  as  a 
convenient  “hammer,”  within  the  backlash  range,  with 
which  the  pilots  tapped  the  control  rod  to  break  the  valve 
friction.  More  detailed  tests  are  required,  however,  to 
establish  a more  definite  explanation  for  the  behavior  of 
backlash  in  this  particular  location. 

CONCLUSIONS 

Tests  have  been  made  with  a ground  simulator  incor- 
porating a power  control  system.  The  purpose  of  the  tests 
was  to  determine  the  effects  of  various  combinations  of  valve 
friction  and  stick  friction  on  the  ability  of  the  pilot  to  control 
the  s\rstem.  Various  friction  conditions  were  simulated 
with  a rigid  control  system,  a flexible  system,  and  a rigid 
system  having  some  backlash.  From  these  tests  the  follow- 
ing conclusions  can  be  drawn: 

1.  When  valve  friction  is  present  in  a rigid  control  s}rstem, 
stick  friction  is  beneficial  in  restoring  some  of  the  quality 
lost  because  of  the  valve  friction.  The  optimum  quality  is 
achieved  when  the  stick  friction  is  equal  to  or  slightly  greater 
than  the  valve  friction  measured  at  the  stick. 
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(d)  2}i  pounds  valve  friction. 
Figure  11. — Continued. 


(e)  2%  pounds  valve  friction  and  2 34  pounds  stick  friction. 
Figure  11. — Concluded. 


2.  The  total  breakout  force  due  to  friction  should  not 
exceed  3 pounds  in  terms  of  stick  force.  Control-system 
quality  improves  as  the  valve  friction  is  reduced;  however, 
reducing  the  valve  friction  below  4 ounces  did  not  yield  any 
significant  improvement. 

3.  When  flexibility  existed  between  the  valve  and  the 
source  of  stick  friction,  the  undesirable  effects  of  valve  fric- 
tion were  magnified  by  the  flexibility,  and  the  introduction 
of  stick  friction  reduced  the  quality*  still  further. 

4.  When  flexibility  was  introduced  between  the  pilot  and 
the  source  of  stick  friction,  stick  friction  was  again  beneficial 
in  restoring  some  quality  lost  because  of  the  valve  friction. 

5.  With  backlash  between  the  stick  and  valve  (±0.025 

inch  at  the  valve),  precise  control  was  difficult  even  with  the 

frictionless  system,  and  the  quality  deteriorated  as  valve 
friction  or  stick  friction  was  increased. 


6.  With  backlash  between  the  pilot  and  the  source  of 
stick  friction,  the  valve-friction  effect  was  not  as  objection- 
able as  it  was  in  the  rigid  s3rstem,  and  the  introduction  of 
stick  friction  improved  the  S32 3 4 5 * 7stem  still  further. 

Langley  Aeronautical  Laboratory, 

National  Advisory  Committee  for  Aeronautics, 
Langley  Field,  Ya.,  February  8,  1957. 
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A LOW-SPEED  EXPERIMENTAL  INVESTIGATION  OF  THE  EFFECT  OF  A SANDPAPER 
TYPE  OF  ROUGHNESS  ON  BOUNDARY-LAYER  TRANSITION 1 


By  Albert  E.  von  Doenhoff  and  Elmer  A.  Horton 


SUMMARY 

An  investigation  was  made  in  the  Langley  low-turbulence 
pressure  tunnel  to  determine  the  effect  oj  size  and  location  oj  a 
sandpaper  type  oj  roughness  on  the  Reynolds  number  jor  transi- 
tion. Transition  was  observed  by  means  oj  a hot-wire  ane- 
mometer located  at  various  chordwise  stations  jor  each  position 
oj  the  roughness.  These  observations  indicated  that  when  the 
roughness  is  sufficiently  submerged  in  the  boundary  layer  to 
provide  a substantially  linear  variation  oj  boundary-layer 
velocity  with  distance  from  the  surjace  up  to  the  top  oj  the  rough- 
ness, turbulent  “spots”  begin  to  appear  immediately  behind  the 
roughness  when  the  Reynolds  number  based  on  the  velocity  at 
the  top  oj  the  roughness  and  the  roughness  height  exceeds  a value 
oj  approximately  600. 

At  Reynolds  numbers  even  slightly  below  the  critical  value 
( value  jor  transition) , the  sandpaper  type  oj  roughness  intro- 
duced no  measurable  disturbances  into  the  laminar  layer  down- 
stream oj  the  roughness.  The  extent  oj  the  roughened  area  does 
not  appear  to  have  an  important  effect  on  the  critical  value  oj 
the  roughness  Reynolds  number. 

INTRODUCTION 

An  extensive  correlation  of  transition  data  for  individual 
three-dimensional  roughness  particles  was  made  by  Loftin 
in  reference  1.  This  correlation  was  made  in  terms  of  a 
local  roughness  Reynolds  number  based  on  the  roughness 
height  and  the  velocity  at  the  top  of  the  roughness,  a form 
suggested  by  Schiller  in  reference  2 and  employed  by  Tani 
in  reference  3,  Reasonably  consistent  values  of  the  critical 
roughness  Reynolds  number  were  obtained  by  Loftin  in  ref- 
erence 1,  so  long  as  the  roughness  was  sufficiently  submerged 
in  the  boundary  layer  to  provide  a velocity  variation  that 
was  substantially  linear  with  distance  from  the  surface  up  to 
a height  equal  to  the  height  of  the  roughness.  Schwartzberg 
and  Braslow  in  reference  4 showed  that  this  critical  value  of 
the  roughness  Reynolds  number  was  not  greatly  increased, 
even  when  the  boundary  layer  was  stabilized  to  small  two- 
dimensional  disturbances  by  the  application  of  area  suction. 
Similar  correlations  were  obtained  by  Klebanoff,  Schubauer, 
and  Tidstrom  (ref.  5). 

The  difference  in  character  for  transition  as  caused  by 
three-dimensional  roughness  (spheres  cemented  to  the  sur- 
face) from  that  caused  by  two-dimensional  roughness  (full- 
span  cylindrical  wire  laid  on  the  surface  parallel  to  the  leading 


edge)  is  clearly  shown  by  Klebanoff,  Schubauer,  and  Tid- 
strom in  reference  5.  Most  of  the  recent  data  dealing  with 
the  effects  of  two-dimensional  roughness  on  boundary-layer 
transition  have  been  summarized  by  Dry  den  (ref.  6)  for 
the  case  of  zero  pressure  gradient  in  the  form  of  curves 
of  the  ratio  of  the  transition  Reynolds  number  in  the  pres- 
ence of  roughness  to  the  transition  Reynolds  number  for 
the  model  smooth  plotted  against  the  ratio  of  the  height  of 
the  roughness  to  the  boundary-layer  thickness.  In  this  type 
of  plot,  the  assumption  is  made  that  transition  will  occur 
some  distance  downstream  of  the  roughness  and  will  gradually 
approach  the  roughness  position  as  the  Reynolds  number  is 
increased. 

The  data  of  reference  1 suggested,  and  those  of  reference  5 
confirmed,  the  conclusion  that  three-dimensional  roughness 
elements  either  had  no  effect  on  the  boundary  layer  (sub- 
critical  condition)  or,  within  a very  narrow  range  of  either 
speed  or  height  of  roughness,  caused  transition  to  move 
substantially  up  to  the  element  itself. 

A remaining  problem  is  the  question  of  the  proper  criterion 
for  the  effects  of  roughness  when  interaction  between  the 
elements  is  a possibility,  as,  for  example,  in  the  case  of  ran- 
domly distributed  roughness.  Such  randomly  distributed 
roughness  corresponds  to  the  practical  case  where  the  leading 
edge  of  the  wing  may  in  effect  become  sand  blasted  or  covered 
with  a sandpaper  type  of  roughness.  In  this  connection,  it 
may  be  noted  that  the  results  of  tests  of  airfoils  with  rough- 
ened leading  edges  (refs.  7 and  8)  appeared  to  indicate  the 
possibility  that  such  roughness  would  have  an  effect  on  the 
airfoil  characteristics  only  when  the  Reynolds  number  based 
on  the  roughness  height  and  the  free-stream  velocity  exceeded 
a critical  value  which  seemed  to  be  independent  of  the 
roughness  size  and  the  size  and  shape  of  the  airfoil.  It  is  not 
apparent  that  such  a criterion  is  consistent  with  the  concept 
of  a constant  critical  value  of  the  local  roughness  Reynolds 
number  based  on  the  velocity  at  the  top  of  the  roughness. 

The  present  experiments  were  carried  out  for  the  purpose 
of  determining  the  transition-triggering  characteristics  of 
such  three-dimensional  roughness  particles  when  the  rough- 
ness particles  are  randomly  distributed  in  a close  pattern 
such  as  in  a sandpaper  type  of  roughness,  as  well  as  of 
examining  the  relation  between  the  two  previously  mentioned 
three-dimensional  roughness  criteria.  It  was  also  desired  to 
obtain  the  necessary  experimental  information  in  such  a way 
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as  to  show  the  details  of  the  transition  phenomenon  more 
clearly  than  would  be  indicated  by  time  averaged  velocity 
or  total-pressure  boundary-layer  measurements. 

The  investigation  was  made  in  the  Langley  low-turbulence 
pressure  tunnel  at  Mach  numbers  ranging  from  0.15  to  0.25 
by  use  of  an  85-inch-chord  NACA  65(2i5)-T14  airfoil  section 
that  completely  spanned  the  36-inch-wide  test  section.  This 
airfoil  is  the  same  model  on  which  extensive  laminar  flow 
studies  were  reported  in  reference  9.  The  occurrence  of 
transition  at  various  chordwise  positions  for  each  roughness 
position  was  determined  by  means  of  a hot-wire  anemometer. 
A great  many  qualitative  indications  of  the  nature  of  the 
flow  in  the  boundary  layer,  as  well  as  a few  quantitative 
measurements  of  the  level  of  the  velocity  fluctuations  in  the 
boundary  layer,  were  obtained  by  this  method. 

SYMBOLS 

y distance  normal  to  surface  of  airfoil 

u 

8 total  boundary-layer  thickness  where  £7=1.0  in 

the  Karman-Pohlhausen  method 
k height  of  projection 

c chord  of  airfoil 

x distance  from  airfoil  leading  edge  measured  along 

the  chord 

s distance  from  airfoil  forward  stagnation  point 

measured  along  the  airfoil  surface 
Ua  free-stream  velocity 

U local  velocity  just  outside  boundary  layer 

u local  streamwise  component  of  velocity  inside 

boundary  layer 

uk  value  of  u at  top  of  roughness  projection 

u ' root-mean-square  value  of  the  stream  wise  com- 

ponent of  fluctuating  velocity 
qa  free-stream  dynamic  pressure 

v coefficient  of  kinematic  viscosity 

Rc  airfoil  Reynolds  number  based  on  chord  and  free- 

stream  velocity,  Umclv 

Rk  projection  Reynolds  number  based  on  roughness 

height  and  velocity  at  the  top  of  the  roughness, 
ukkjv 

Rk  oo  projection  Reynolds  number  based  on  roughness 
height  and  free-stream  velocity,  Umk/v 
R'  Reynolds  number  per  foot  of  chord  based  on  free- 

stream  velocity,  Umlv 

Re  Reynolds  number  based  on  momentum  thickness 

0 and  local  velocity,  U0/v 

0 momentum  thickness  of  the  boundary  layer, 


r • «/ 

Jo  u\ 

i 

l~u) 

Subscripts: 

t Reynolds  number  at  which  transition  takes  place 

min  minimum  value 

APPARATUS  AND  TESTS 

The  tests  were  made  in  the  Langley  low-turbulence  pres- 
sure tunnel  on  an  85-inch-chord  NACA  65(2i5)-114  airfoil 
section  (fig.  1),  which  completely  spanned  the  36-inch  width 
of  the  test  section.  The  turbulence  level  of  the  tunnel  at 


Figure  1. —Three-quarter  view  of  85-inch-chord  NACA  65(2i5)-114 
airfoil  section  with  No.  60  carborundum  grains  from  forward  stagna- 
tion point  to  12-inch  station. 


the  speeds  involved  in  this  investigation  is  only  a few  hun- 
dredths of  1 percent.  A description  of  the  tunnel  is  given 
in  reference  10  and  a detailed  description  of  the  model  is 
given  in  reference  11.  The  surface  finish  of  the  model  was 
such  that  laminar  flow  could  be  maintained  to  the  50-per- 
cent-chord point  up  to  a Reynolds  number  of  14X106,  a 
value  substantially  the  same  as  that  obtained  previously  in 
references  9 and  11  with  the  same  model. 

The  pressure  distribution  of  the  model  was  measured  from 
the  leading-edge  region  back  to  approximately  65  percent 
of  the  chord  by  means  of  0.008-inch-diameter  pressure  ori- 
fices drilled  into  the  surface.  Particular  care  was  taken  to 
provide  numerous  orifices  near  the  leading  edge  so  that  the 
location  of  the  forward  stagnation  point  could  be  accurately 
determined.  The  nondimensional  velocity  distribution  cal- 
culated from  the  measured  pressure  distribution  along  the 
upper  surface  is  presented  in  figure  2. 


Figure  2.— Nondimensional  velocity  distribution  outside  of  the 
boundary  layer  for  NACA  65(215)-114  airfoil  section  at  angle  of 
attack  of  0°. 
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The  appearance  of  transition  was  determined  by  use  of  a 
hot-wire  anemometer  using  a platinum  iridium  wire  of  0.0003- 
inch  diameter  and  of  %2-inch  length.  Figures  3 and  4 are 
photographs  of  the  hot-wire  holder.  The  output  from  the 
hot-wire  anemometer  was  fed  into  an  oscilloscope  and  the 
traces  on  the  cathode-ray  tube  were  recorded  on  35  millimeter 
film  by  a special  camera  setup.  The  traces  thus  recorded 
were  correlated  with  the  tunnel  velocity,  wire  position,  and 
roughness  location.  The  type  of  wire  used  in  this  investi- 
gation was  one  which  was  sensitive  only  to  variations  in  the 
w-component  of  velocity.  The  wire  was  compensated  for 
heat-capacity  lag  at  one  test  condition,  and  this  compensation 
setting  was  used  for  all  observations.  The  cutoff  frequency 
of  the  amplifier  was  about  12,000  cycles  per  second. 

The  tests  were  made  with  the  leading  edge  of  }£-inch  rough- 
ness strips  1 inch  in  span  (fig.  4)  located  along  the  center  line 
of  the  model  at  various  positions  from  % inch  to  6%  inches 
from  the  forward  stagnation  point  measured  along  the  surface 
and  for  full-span  area-distributed  roughness  (fig.  1)  from  the 
forward  stagnation  point  to  6 inches  and  to  12  inches  back  of 
the  forward  stagnation  point.  The  roughness  in  all  cases  was 
provided  by  an  application  of  either  No.  60  or  No.  120  car- 
borundum grains,  of  grit  sizes  that  met  the  specifications  of 
reference  12.  The  grains  were  thinly  spread  over  the  surface 
to  cover  5 to  10  percent  of  the  surface  area  and  were  ce- 
mented by  a thin  coating  of  shellac  applied  before  the  rough- 
ness grains  were  spread.  A closeup  of  the  roughness  as 
applied  to  the  model  is  presented  as  figure  5. 

In  general,  the  No.  60  and  No.  120  carborundum  particles 
projected  above  the  surface  about  0.011  inch  and  0.005  inch, 
respectively;  however,  the  maximum  particle  height  in  each 


Leading  edge 


Hot-wire  holder 


Roughness  strip 


L-90895.1 

Figure  4. —View  of  hot-wire  holder  mounted  on  the  airfoil  surface 
relative  to  a typical  J^-inch  by  1-inch  roughness  strip. 


1 

INCHES 

1° 

1 1 1 

1 * l1'  * 1 1 1 1 1 

Figure  5.— Closeup  of  distributed  No.  60  carborundum  grains. 


patch  is  also  of  interest.  During  the  course  of  the  investi- 
gation, although  each  roughness  patch  was  examined  care- 
fully with  the  unaided  eye,  the  height  of  the  particles  was  not 
measured.  Following  completion  of  the  tests,  a series  of  ten 
patches  % inch  by  1 inch  of  both  sizes  of  grain  were  applied 
to  a surface  in  the  same  manner  used  in  applying  the  grains 
to  the  airfoil  surface,  and  each  of  these  patches  was  examined 
with  a 15-power  shop  microscope  to  determine  the  actual 
particle  height.  The  results  of  this  examination  are  shown  in 
figure  6,  which  shows  the  probability  of  finding  at  least  one 
roughness  particle  of  a given  height  in  one  patch  of  roughness. 
The  curves  of  figure  6 show  that,  for  No.  120  carborundum 
grain  of  0.005-inch  nominal  size,  it  is  virtually  certain  that 
each  patch  would  have  at  least  one  particle  projecting  0.008 
inch  above  the  surface,  and  about  50  percent  of  the  patches 
would  have  at  least  one  particle  0.009  inch  high,  whereas  the 
chances  of  finding  a particle  0.012  inch  high  would  be  very 
small.  Similarly,  for  the  No.  60  carborundum  of  0.011-inch 
nominal  size,  it  is  virtually  certain  that  every  patch  will 
contain  at  least  one  particle  0.016  inch  high  and  approxi- 
mately 50  percent  of  the  patches  will  have  at  least  one  parti- 
cle 0.018  inch  high,  whereas  the  chances  of  finding  a particle 
0.021  inch  high  in  any  patch  is  very  small.  The  probable 
maximum  height  of  a particle  for  No.  120  carborundum  is 


0 .004  .008  .012  .016  .020  .024 


Roughness  height,  k,  in. 

Figure  6. — Curves  showing  the  probability  of  finding  at  least  one  grain 
of  a given  size  of  roughness  in  any  %-inch  by  1-inch  roughness  area 
when  nominal  size  of  carborundum  grains  is  0.005  or  0.011  inch. 
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therefore  taken  as  0.009  inch,  and  the  probable  maximum 
height  of  a particle  for  No.  60  carborundum  is  taken  as 
0.018  inch. 

For  each  position  of  roughness,  the  hot-wire  measurements 
were  made  at  a sufficient  number  of  chordwise  positions 
back  of  the  roughness  to  make  possible  determination  of  a 
curve  of  Reynolds  number  for  transition  as  a function  of 
, chordwise  position  of  the  wire. 

Some  of  the  preliminary  measurements  were  made  with 
full-span  strips  of  roughness  ^-inch  wide.  The  relatively 
narrow  width  of  the  strip  was  chosen  in  order  to  permit 
correlation  of  transition  with  local  boundary-layer  conditions. 
When  these  measurements  were  made,  it  was  found  that, 
occasionally,  the  first  indications  of  transition  were  obtained 
at  a substantially  lower  tunnel  speed  for  a downstream 
position  than  for  more  forward  positions.  In  each  such 
case,  reexamination  of  the  strip  of  roughness  showed  one 
or  more  particles  in  an  off-center  location  projecting  above 
the  general  level  of  the  roughness.  Because  of  the  manner 
in  which  turbulent  flow  spreads,  such  unusually  high  pro- 
jections affected  the  downstream  observations  but  not  the 
upstream  ones.  In  order  to  facilitate  inspection  of  the 
strip  of  roughness,  its  spanwise  extent  was  reduced  to  1 inch. 
Such  small  roughness  strips  were  removed  and  reapplied 
two  or  more  times,  and  the  initial  appearance  of  turbulence 
in  each  case  occurred  at  very  nearly  the  same  Reynolds 
number;  these  results  indicated  that  such  roughness  strips 
could  be  satisfactorily  duplicated. 


The  parameter  X may  also  be  written  as 


where 

A J-jRe 
c 

Equation  (3)  is  then  solved  for  X,  and  the  velocity  distri- 
bution in  the  boundary  layer  may  be  obtained  b}7  using  the 
following  expression 

^=F(v)+\G(v)  (5) 

where 


F(v)sb2v-2v3+v* 

^(v)=^v(l—v)3 

The  measured  velocity  distribution  over  the  airfoil  used  in 
these  calculations  is  presented  in  figure  2.  The  boundary- 
layer  parameters  X and  A were  calculated  by  the  use  of  the 
aforementioned  relations  and  the  measured  velocity  distri- 
bution. The  shape  parameter  X is  plotted  against  s/c  in 
figure  7,  and  the  non  dimensional  boundary-layer  thickness 


BOUNDARY-LAYER  CALCULATIONS 

In  order  to  correlate  the  occurrence  of  transition  with  local 
boundary-layer  conditions,  it  is  of  course  necessary  to  know 
the  velocity  distribution  in  the  boundary  layer  for  all 
locations  at  which  the  roughness  is  placed.  These  laminar 
boundary-layer  characteristics  were  calculated  according 
to  the  method  outlined  in  reference  13,  that  is,  essentially  by 
the  Karman-Pohlhausen  method  as  modified  by  Walz  (ref. 
13,  ch.  12,  sec.  B).  This  method  is  summarized  in  this 
section. 

The  momentum  thickness  0 of  the  boundary  layer  may 
be  computed  from  the  following  equation: 


(i) 


The  velocity  distribution  in  the  boundary  layer  may  be 
obtained  as  follows:  The  form  parameter  K is  defined  as 


62dU 


or  as 

v ax 


(2) 


The  form  parameter  K is  related  to  the  Pohlhausen  shape 

t . 52dU  , ,, 
parameter  X=—  as  follows 


/ 37  X X2  \2^ 
\315  945  9072/ ' 


(3) 


Figure  7. — Pohlhausen  shape  parameter  X for  a laminar  boundary 
layer  on  NACA  65(2i5)-114  airfoil  section  at  angle  of  attack  of  0°. 
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t 

A or  --yjRe  as  a function  of  s/c  is  given  in  figure  8.  In  order 
c 

to  facilitate  the  calculations  involved  in  the  analysis  of  the 
data,,  the  nondimen sional  velocity  distribution  uJUm  is  also 

presented  in  figure  9 as  a function  of  ^ 4WC  for  various 

chordwise  positions. 


RESULTS  AND  DISCUSSION 

Hot-wire  traces  of  the  time  variation  of  velocity  in  the 
boundary  layer  as  observed  for  various  locations  of  the 
roughness  are  shown  in  figure  10.  For  each  location  of 
roughness,  observations  were  made  at  various  positions 
downstream  throughout  the  range  of  speed  necessary  to 
include  the  transition  phenomena  at  the  point  of  observation. 
To  the  left  of  each  hot-wire  trace  is  a short  tick  which 
indicates  the  corresponding  value  of  the  Reynolds  number 
per  foot  of  chord  as  read  on  the  vertical  scale  of  the  figure. 
The  chordwise  location  of  the  point  of  observation  of  each 
group  of  hot-wire  traces  is  indicated  at  the  bottom  of  the 
figure,  as  is  the  height  of  the  wire  above  the  surface  in 
thousandths  of  an  inch.  Also  shown  in  the  figure  is  the  time 
scale  for  the  traces.  Time  increases  from  left  to  right. 
It  should  be  noted  that  the  amplifier  gain  setting  for  the 
traces  shown  in  figure  10  (a)  was  the  same  for  all  traces. 
Tliis  procedure  resulted  in  substantially  a straight  line  for 
the  laminar  traces.  In  parts  (b),  (c),  (d),  (e),  and  (f)  of 
figure  10,  however,  the  amplifier  gain  was  increased  for  the 
conditions  corresponding  to  completely  laminar  flow,  and 
the  traces  for  this  condition,  therefore,  show  some  velocity 
fluctuations.  These  fluctuations,  however,  are  of  a com- 
pletely different  character  from  those  corresponding  to 
turbulent  flow. 

In  general,  transition  appears  to  start  as  disturbances  of 
very  short  duration  that  occur  comparatively  infrequently 
at  a position  just  behind  the  roughness.  As  the  position  of 
observation  moves  downstream  and  the  speed  is  kept  con- 
stant, the  frequency  of  the  turbulent  bursts  does  not  appear 
to  change,  but  the  duration  of  each  burst  becomes  longer. 
Tliis  phenomenon  is  shown  very  clearly  in  figure  10  (b)  at 


Figure  8.—  Nondimensional  laminar-boundary-layer  thickness  dis- 
tribution for  NACA  65(2i5)-l  14  airfoil  section. 
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Figure  9. — Nondimensional  velocity  distribution  within  laminar 
boundary  layer  of  NACA  65(2i5)-114  airfoil  section  for  various 
positions  along  surface. 

a Reynolds  number  of  0.44X106.  Figure  10  also  shows  that 
each  burst  of  turbulence  is  followed  by  a condition  termed 
by  Schubauer  and  Ivlebanoff  (ref.  14)  as  a ‘ 'logarithmic 
decrement”  type  of  velocity7  variation.  The  increase  in 
duration  of  individual  bursts  with  distance  downstream  from 
the  roughness  is  consistent  with  the  description  of  the  origin 
of  transition  given  in  reference  14;  that  is,  it  is  consistent 
with  the  concept  of  transition  beginning  as  turbulent  spots 
that  start  in  the  vicinity  of  the  roughness  and  grow  as  they 
move  downstream. 

A quantitative  summary  of  the  data  of  figure  10  is  given  by 
the  data  presented  in  figure  11.  Each  part  of  figure  11  con- 
sists essentially  of  a pair  of  curves.  The  lower  curve  of  each 
pair  gives  approximately  the  lowest  value  of  the  Reynolds 
number  per  foot  at  which  any  turbulent  bursts  were  observed 
for  a given  location  of  the  roughness  plotted  against  the 
observation  position.  The  upper  curve  gives  the  maximum 
value  of  the  Reynolds  number  per  foot  at  which  any  traces 
of  laminar  flow  could  be  detected.  In  other  words,  for  con- 
ditions corresponding  to  the  lower  curve,  the  flow  was  nearly 
always  laminar,  and  for  those  corresponding  to  the  upper 
curve,  the  flow  was  nearly7  always  turbulent.  Examination 
of  the  various  parts  of  figure  1 1 indicates  that  the  lowest 
speed  at  which  any  turbulent  flow  could  be  found  was  sub- 
stantially independent  of  the  position  of  observation.  This 
is  generally  true  except  for  the  most  forward  observation  posi- 
tions where,  because  of  the  extremely  short  duration  of  the 
bursts,  they  were  difficult  to  observe  and,  as  a result,  these 
points  may  be  plotted  at  too  high  a value  of  the  unit  Reyn- 
olds number. 
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Hot-wire  location  bock  of  forward  stagnation  point  and  distance  above  surface 


(a)  No.  60  carborundum  from  0.25  to  0.50  inch  back  of  forward  stagnation  point. 

Figure  10. —Typical  oscillograph  records  at  various  chordwise  positions  through  transition-speed  range  for  85-inch-chord 
NACA  65(2i5)-l  14  airfoil  section  with  various  locations  and  sizes  of  roughness. 


Reynolds  number  per  foot  of  chord, 
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Hot-wire  location  back  of  forward  stagnation  point  and  distance  above  surface 
(b)  No.  60  carborundum  from  2.0  to  2.25  inches  back  of  forward  stagnation  point. 

Figure  10. — Continued. 
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Hot-wire  locotion  bock  of  forward  stagnation  point  and  distance  above  surface 
(c)  No.  60  carborundum  from  6.5  to  6.75  inches  back  of  forward  stagnation  point. 

Figure  10. — Continued. 


Reynolds  number  per  foot  of  chord, 


THE  EFFECT  OF  A SANDPAPER  TYPE  OF  ROUGHNESS  ON  BOUNDARY-LAYER  TRANSITION 


247 


.118  s/c * .50 

Hot-wire  locution  bock  of  forward  stagnation  point  and  distance  above  surface 

(d)  No.  60  carborundum  from  0 to  6 inches  back  of  forward  stagnation 

point 

Figure  10.— Continued. 
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Hot-wire  location  bock  of  forward  stagnation  point  and  distance  above  surface 


(e)  No.  60  carborundum  from  0 to  12  inches  back  of  forward  stagnation 

point. 

Figure  10. — Continued. 
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Hot-wire  location  back  of  forward  stagnation  point  and  distance  above  surface 


(f)  No.  120  carborundum  from  2.00  to  2.25  inches  back  of  forward  stagnation  point. 

Figure  10. — Concluded. 
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Distance  along  surface  from  forward  stagnation  point,  s,  ft 

i)  Roughness  located  from  0.25  to  0.50  inch  from  forward  stagnation 

point. 

))  Roughness  located  from  0.50  to  0.75  inch  from  forward  stagnation 

point. 

i)  Roughness  located  from  0.75  to  1.00  inch  from  forward  stagnation 

point. 

igure  II. —Reynolds  number  per  foot  at  which  transition  occurs  at 
various  chordwise  positions  for  an  NACA  65(2i5)-114  airfoil  section 
with  No.  60  and  No.  120  carborundum  at  various  chordwise 
positions. 


(d)  Roughness  located  from  2.00  to  2.25  inches  from  forward  stagnation 

point. 

(e)  Roughness  located  from  6.5  to  6.75  inches  from  forward  stagnation 

point. 

(f)  Roughness  located  from  12.00  to  12.25  inches  from  forward  stagna- 

tion point. 

Figure  11. —Concluded. 

The  value  of  the  speed  at  which  the  flow  is  nearly  com- 
pletely turbulent  decreases  appreciably  as  the  point  of 
observation  moves  downstream  for  the  more  forward  rough- 
ness locations  (figs.  11  (a)  and  (b)).  This  trend  is  as  would 
be  expected  if  turbulence  began  as  a series  of  turbulent 
bursts  originating  at  or  near  the  roughness  and  increasing  in 
size  as  they  moved  downstream.  For  the  more  downstream 
positions  of  the  roughness  (figs.  11  (c)  to  11  (f)),  the  upper 
and  lower  curves  almost  coalesce;  that  is,  the  speed  range 
between  fully  laminar  and  fully  turbulent  flow  almost 
vanishes.  The  data  on  which  figure  11  is  based  include 
many  more  observations  than  those  presented  in  figure  10, 
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which  are  merely  representative  samples  of  the  oscilloscope 
records. 

Quantitative  observations  of  the  root-mean-square  values 
of  the  fluctuations  were  made  both  with  and  without  rough- 
ness through  the  speed  range  corresponding  to  that  for  which 
turbulence  occurred  when  roughness  was  present.  Tiqfical 
examples  of  these  measurements  are  presented  in  figure  12  as 
functions  of  the  free-stream  velocity.  From  figure  12;  it  is 
seen  that  the  root-mean-square  level  of  fluctuations  in  the 
laminar  boundary  layer,  even  at  positions  as  far  downstream 
as  50  percent  of  the  chord,  is  as  low  on  the  airfoil  with  rough- 
ness present  as  on  the  smooth  airfoil.  It  thus  appears  that, 
at  speeds  below  those  at  which  turbulent  bursts  occur,  the 
presence  of  the  roughness  does  not  result  in  an}7  measurable 
disturbance  in  the  boundar}7  layer  that  would  hasten  transi- 
tion. It  is  therefore  to  be  presumed  that,  at  speeds  below 
the  critical  speed  for  the  roughness,  no  upstream  movement 
of  the  transition  region  would  occur  even  if  the  model  were 
sufficiently  long  for  transition  to  occur  natural^7  in  the  region 
of  favorable  pressure  gradient. 

This  type  of  phenomenon,  therefore,  appears  to  be  strongly 
contrasted  to  the  manner  in  which  transition  occurs  when  it  is 
.caused  by  two-dimensional  disturbances.  The  data  for  the 
two-dimensional  type  of  disturbance  have  been  summarized 
in  reference  6.  This  summary  indicates  that,  for  the  case 
of  two-dimensional  disturbances,  the  roughness  introduces 
into  the  boundar}7  la}7er  a measurable  disturbance  which 
grows  until  transition  occurs. 

If,  as  seems  likely  from  an  examination  of  the  oscillograph 
records  (see  fig.  10),  transition  associated  with  the  type  of 
roughness  of  the  present  investigation  results  from  the  for- 
mation of  discrete  eddies  or  disturbances  originating  at  the 
roughness  particles,  it  should  be  possible  to  relate  the  occur- 
rence of  such  disturbances  to  the  characteristics  of  local  flow 
about  the  roughness.  That  is,  if  all  the  roughness  particles 
are  regarded  as  being  geometrically  similar,  and  if  the  rough- 
ness is  regarded  as  being  sufficiently  submerged  in  the  bound- 
ary layer  to  provide  substantially  linear  velocity  variation 
from  the  surface  to  the  top  of  the  roughness,  discrete  eddies 
should  form  when  the  Reynolds  number  of  the  flow  about 
the  roughness  reaches  a critical  value.  This  concept  is  not 
new;  it  was  proposed  by  Schiller  (ref.  2)  and  used  by  Loftin 
in  analyzing  the  data  presented  in  reference  1. 

This  view  is  supported  b}7  the  data  presented  in  figure  13, 
which  is  a plot  of  the  critical  Reynolds  number  Rktt  based 
on  the  height  of  the  roughness  and  the  velocity  at  the  top 
of  the  roughness  as  a function  of  the  chordwise  position  of 
the  roughness.  The  velocity  at  the  top  of  the  roughness  was 
found  either  from  the  theoretical  boundary-layer  calculations 
previously  described  or,  if  the  roughness  projected  completely 
through  the  boundary  layer,  from  the  measured  pressure  dis- 
tribution. For  all  roughness  positions  more  than  0.025c  from 
the  forward  stagnation  point,  the  critical  roughness  Reynolds 
number  Rkt  t was  substantially  constant  within  rather  close 
limits.  For  positions  nearer  the  forward  stagnation  point 
than  0.025c,  the  critical  roughness  Re}7nolds  number  Rktt 
increased  markedly.  It  is  to  be  noted  that,  for  positions 
nearer  the  forward  stagnation  point  than  0.025c,  the  rough- 
ness protruded  nearly  through  the  boundary  layer,  and,  for 
the  three  positions  closest  to  the  forward  stagnation  point, 
the  roughness  protruded  completely  through  the  boundary 


(a)  Roughness  from  0.25  to  0.50  inch  back  of  forward  stagnation  poin 

(b)  Roughness  from  2.00  to  2.25  inches  back  of  forward  stagnation  poin 

(c)  Roughness  from  6.50  to  6.75  inches  back  of  forward  stagnation  poin 

Figure  12. — Turbulence-level  measurements  u'IUm  on  NAC. 
65(2i5,-114  airfoil  section  as  a function  of  free-stream  velocity  U 
for  model  smooth  and  three  representative  locations  of  the  rough nes 
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yer.  (See  fig.  14.)  It  is  entirely  possible  that  for  the  range 
‘ conditions  of  the  present  tests,  the  boundary  layer  over 
lc  region  of  the  airfoil  in  the  vicinity  of  the  forward  stagna- 
on  point  was  sufficiently  stable  to  cause  small  eddies  orig- 
ating  at  the  roughness  to  be  damped  out  before  they 
avelled  downstream  far  enough  to  affect  the  less  stable 
minar  boundary  layer  farther  downstream.  At  any  rate, 
lese  results  indicate  that  if  the  height  of  the  roughness 
irticle  is  so  small  that  the  roughness  Reynolds  number  is 
3S  than  600  based  on  maximum  particle  size  or  less  than 
>0  based  on  nominal  particle  size,  the  roughness  is  not  large 
tough  to  cause  transition.  This  statement  appears  to  be 
did  even  for  roughness  heights  several  times  the  boundaiy- 
yer  thickness.  The  order  of  magnitude  of  the  critical  rough- 
:ss  Reynolds  number  is  within  the  range  of  those  found  by 
fftin  (ref.  1)  and  is  not  much  different  from  the  value  found 
f Schwartzberg  and  Braslow  (ref.  4). 

The  extent  of  the  roughened  area  does  not  appear  to  have 
l important  effect  on  the  height  of  roughness  necessary  to 
tuse  transition.  When  the  grains  of  roughness  were  spread 


from  the  leading  edge  to  6 inches  or  12  inches  back  of  the 
leading  edge  (fig.  1),  the  airfoil  Reynolds  number  at  which 
transition  occurred  was  substantially  the  same  as  for  a spot 
of  roughness  1 inch  in  span  and  % inch  in  chord  located 
from  2 to  2}{  inches  from  the  forward  stagnation  point. 
This  location  (that  is,  the  position  at  which,  for  given  free- 
stream  conditions,  the  value  of  the  roughness  Reynolds 
number  Rk  was  a maximum)  was  approximately  the  most 
critical  location  for  the  height  of  roughness  used. 

APPLICATION  OF  RESULTS 

An  examination  of  the  consequences  of  the  inference  drawn 
from  the  preceding  discussion,  namely,  that  transition  occurs 
when  the  local  roughness  Reynolds  number  Rk  exceeds  a 
value  of  600,  is  of  interest.  The  nature  of  these  consequences 
will  be  examined  with  particular  reference  to  the  airfoil 
studied  in  the  present  investigation  by  calculating  the  critical 
conditions  for  various  heights  of  roughness.  Figure  15  shows 
the  variation  of  the  roughness  Reynolds  number  Rk  for 
0.018-inch  roughness  particles  with  position  along  the  surface 
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(a)  11.8X106.  (b)  tfc,*=6.7X106. 

(c)  RCt(  — 5.4X  106.  (d)  Rc.t= 3.2XW. 

Figure  14. — Illustration  of  height  of  roughness  relative  to  laminar-boundary  thickness  for  airfoil  Reynolds  number  at  which 

transition  occurs  for  various  positions  of  the  roughness.  - 


Figure  15. — The  roughness  Reynolds  number  Rk  for  roughness  height 
of  0.018  inch  as  a function  of  roughness  location  for  various  airfoil 
Reynolds  numbers  R c as  calculated  for  an  85-inch-chord  NACA 
05(215)-!  14  airfoil  section. 


for  several  values  of  the  airfoil  Reynolds  number.  Tfc 
roughness  position  for  maximum  Rk  does  not  vary  rapid] 
with  airfoil  Reynolds  number  and  occurs  when  the  heigl 
of  the  roughness  is  slightly  less  than  the  total  bound ary-la}7* 
thickness.  For  far  forward  roughness  positions,  Rk  is  lo 
because  of  the  low  value  of  the  potential  flow  velocity  net 
the  forward  stagnation  point.  For  far  rearward  roughne* 
positions,  Rk  is  low  because  the  roughness  is  deeply  burie 
in  the  boundary  layer. 

Several  sets  of  calculations  of  this  nature  were  made  f< 
different  heights  of  roughness.  The  results  are  summarize 
in  figures  16  and  17.  For  each  height  of  roughness,  tl 
position  along  the  surface  corresponding  to  a maximui 
value  of  Rk  was  found,  and  the  value  of  Rc  corresponding  1 
a value  of  Rk  of  600  at  this  location  was  then  calculate* 
This  value  of  Rc  is  the  smallest  value  at  which  a value  of  1 
of  600  can  be  obtained  with  the  roughness  of  a given  heigl 
situated  at  any  position  along  the  surface.  Figure  16  giv* 
the  relation  between  the  minimum  critical  airfoil  Reynoh 
number  and  the  most  sensitive  location  of  the  roughnes 
with  the  height  of  the  roughness  as  a parameter  for  a fixe 
value  of  the  critical  roughness  Reynolds  number  of  60 
Figure  17  plots  the  same  information  in  a slightly  differei 
manner.  Here  the  minimum  value  of  the  critical  airfc 
Reynolds  number  for  a roughness  Reynolds  number  Rk  t * 
600  for  roughness  situated  at  the  most  sensitive  location 
plotted  against  the  ratio  of  the  roughness  height  to  airfc 
chord.  From  figure  17,  it  is  seen  that  the  curve  of  Rc,min  f< 
#*.i=600,  when  plotted  as  a function  of  k/c  on  log  log  pape 
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Figure  16. — The  theoretical  location,  for  various  heights  of  roughness 
on  an  85-inch-chord  NACA  65(2i5>-114  airfoil  section,  at  which,  for 
a value  of  R*,*  of  600,  the  airfoil  Reynolds  number  Rc  will  be  a 
minimum. 


Figure  17. —Variation  of  the  minimum  airfoil  Reynolds  number 
Rc,min>  for  critical  roughness  Reynolds  number  Rk.t  of  600,  with 
roughness  height  as  calculated  for  an  85-inch-chord  NACA 
G5(2i6)-114  airfoil  section. 

is  nearly  a straight  line  with  a slope  of  —1.  This  result,  of 
course,  indicates  that  Rk,m,  which  is  the  product  of  k/c  and 
R c,mim  is  approximately  constant  and  equal  to  about  680. 
If  this  value  of  Rk§  <*  = 680  is  used  as  a criterion  for  transition, 
it  becomes  a simple  matter  to  determine  whether  a given 
height  of  distributed  roughness  will  cause  transition  for  a 
given  airfoil  Reynolds  number.  If  this  criterion  is  expressed 


in  terms  of  the  nominal  size  of  the  roughness  grain,  the 
corresponding  critical  value  of  Rkim  is  415.  This  criterion 
agrees  very  well  with  the  data  presented  in  references  7 and  8. 

Although  a particular  pressure  distribution  was  involved 
in  the  determination  of  the  simple  criterion  I?*,»  = 680,  it 
seems  reasonable  that  the  critical  value  should  not  be  very 
sensitive  to  the  particular  type  of  pressure  distribution.  In 
general,  if  it  is  assumed  that  the  value  of  Rktt  is  600  for  the 
case  where  the  height  of  the  roughness  is  less  than  the  total 
boundary-layer  thickness  and  is  at  least  as  large  or  larger  for 
roughness  that  projects  through  the  boundary  layer,  this 
condition  will  correspond  to  a value  of  Rk>m  of  about  680  if 
the  airfoil  has  a reasonably  extensive  region  of  low  pressure 
gradient  with  a velocity  outside  the  boundary  layer  approxi- 
mately e^qual  to  the  free-stream  velocity.  Consider,  for 
example,  the  case  of  a flat  plate  with  uniform  pressure.  If 
the  roughness  is  so  far  forward  that  it  projects  through  the 
boundary  layer,  the  value  of  Rk  wall  not  change  with  further 
forward  movement  of  the  roughness.  The  data  of  figure  13 
seem  to  indicate,  however,  that  the  value  of  Rkjt  has  its 
lowest  value  when  the  roughness  is  just  completely  immersed 
in  the  boundary  layer.  For  this  case,  the  value  of  RkJ  is 
600  and  the  corresponding  value  of  Rk00  for  a flat  plate  would 
be  only  slightly  greater  than  this  value  and  thus  would  not 
differ  greatly  from  the  value  of  680  found  for  the  present 
airfoil. 


The  minimum  size  of  roughness  that  can  be  easily  detected 
or  the  size  of  the  splattered  remains  of  insects  are  relatively 
fixed  values  completely  independent  of  wing  size.  In  vievr 
of  these  conditions,  the  significance  of  the  unit  Reynolds 


number  ( Rf=^-^\  immediately  becomes  clear.  For  example, 


v 


r J 


if  k is  the  height  of  the  splattered  remains  of  insects,  then  if 
R'  is  so  small  that  Rktm  is  less  than  about  680,  the  remains 
of  the  insects  should  not  cause  premature  transition.  If, 
for  the  sake  of  discussion,  it  is  assumed  that  the  height  of  the 
insect  remains  or  the  minimum  size  of  roughness  that  can  be 
easily  detected  is  about  0.001  inch,  the  critical  value  of  Rf 
wall  be  about  8.2  X106.  This  value  of  the  unit  Reynolds 
number  R ' for  transition  is  in  general  agreement  wdth  values 
considered  acceptable  on  the  basis  of  wand-tunnel  experience 
in  the  Langley  variable-density  and  lowr-turbulence  pressure 
tunnels.  In  the  variable-density-tunnel  tests,  in  wdiich  Rf 
was  usually  about  7X106,  a fair  amount  of  difficulty  was 
experienced  in  maintaining  the  leading  edge  of  the  airfoils 
smooth  enough  to  obtain  consistent  results  for  the  maximum 
lift  coefficients.  In  the  lowr-turbulence-pressure  tunnel, 
essentially  no  difficulty  wras  experienced  in  obtaining  the 
design  laminar  flow  for  a unit  Reynolds  number  R'  = 1.5  X 106 
and  only  occasional  difficulties  for  jS'  = 3X106;  however,  for 
Rf  above  these  values,  the  difficulty  of  obtaining  extensive 
laminar  flows  increased  markedly. 

Figure  18  translates  this  criterion  into  more  easily  ap- 
preciated terms.  The  critical  size  of  roughness  for  an  as- 
sumed free-stream  Mach  number  of  1.0  has  been  computed 
as  a function  of  altitude  by  using  NACA  standard  atmos- 
phere (ref.  15).  At  sea  level,  the  critical  size  is  about  0.001 
inch.  This  increases  to  about  0.002  inch  at  20,000  feet  and 
0.010  inch  at  60,000  feet.  For  altitudes  above  30,000  or 
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Figure  18. — Allowable  roughness  height  for  critical  roughness 

Reynolds  number,  Rk,t  of  600,  as  function  of  altitude  for  Mach 

number  of  1.0. 

40,000  feet,  it  does  not  seem  likely  that  accidental  surface 
roughness  should  make  it  difficult  to  obtain  extensive  laminar 
flows.  Of  course,  built-in  roughness  such  as  lap  or  butt 
joints,  surface  waviness,  or  rivet  heads  might  still  be  suffi- 
ciently large  to  cause  transition. 

CONCLUSIONS 

A low-speed  investigation  in  the  Langley  low-turbulence 
pressure  tunnel  to  determine  the  effect  of  grain  height  and 
location  on  the  transition  characteristics  of  sandpaper  type. 
of  roughness  on_an  NACA  65-series  airfoil  section  indicates 
the  following  conclusions : 

1.  If  the  roughness  is  sufficiently  submerged  in  the 
boundary  layer  to  give  substantially  linear  variation  of  the 
boundary-layer  velocity  with  distance  from  the  surface  up 
to  the  height  of  the  roughness,  turbulent  spots  begin  to 
appear  immediately  behind  the  roughness  when  the  Reynolds 
number  Rk , based  on  the  velocity  at  the  top  of  the  roughness 
and  the  roughness  height,  exceeds  a critical  value  Rkt  t of 
approximately  600. 

2.  At  Reynolds  numbers  even  slightly  below  the  critical 
value,  the  sandpaper  type  of  roughness  introduced  no 
measurable  disturbances  into  the  laminar  l&yer  downstream 
of  the  roughness. 

3.  The  most  sensitive  position  for  roughness  grains  of  a 
given  size,  that  is,  the  roughness  position  for  which  the  critical 
value  of  the  model  Reynolds  number  is  least,  is  that  at  which 


the  roughness  height  is  slightly  less  than  the  total  laminar 
boundary-layer  thickness. 

4.  The  chordwise  extent  of  the  roughened  area  does  not 
appear  to  have  an  important  effect  on  the  critical  value  of 
the  roughness  Reynolds  number  Rktt. 

5.  If  the  airfoil  has  a reasonably  extensive  region  of  low 
pressure  gradient  with  a velocity  outside  the  boiindar}7  la}7er 
approximate^7  equal  to  the  free-stream  velocity  and  rough- 
ness so  distributed  over  the  leading-edge  region  as  to  include 
the  most  sensitive  position,  the  condition  i?*  ,=  600  may  be 
approximately  replaced  by  the  more  easily  calculated  condi- 
tion Rk^  — 680,  where  RktC0  is  the  Reynolds  number  based 
on  the  size  of  the  roughness  and  the  free-stream  velocity. 

Langley  Aeronautical  Laboratory, 

National  Advisory  Committee  for  Aeronautics, 
Langley  Field,  Va.,  August  15,  1956. 
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METHODS  FOR  OBTAINING  DESIRED  HELICOPTER  STABILITY  CHARACTERISTICS 
AND  PROCEDURES  FOR  STABILITY  PREDICTIONS  1 

By  F.  B.  Gustafson  and  Robert  J.  Tapscott 


SUMMARY 

In  the  first  'part  of  this  report  a brief  review  is  presented  of 
methods  available  to  the  helicopter  designer  for  obtaining  desired 
stability  characteristics  by  modifications  to  the  airframe  design . i 
The  discussion  is  based  on  modifications  made  during  the 
establishment  of  flying-qualities  criteria  and  includes  sample 
results  of  theoretical  studies- of  additional  methods . 

The  conclusion  is  reached  that  it  is  now  feasible  to  utilize 
combinations  of  methods  whereby  stability-parameter  values  are 
realized  which  in  turn  provide  the  desired  stability  charac- 
teristics. 

Part  II  reviews  some  of  the  methods  of  predicting  rotor  sta- 
bility derivatives.  The  procedures  by  which  these  rotor  deriva- 
tives are  employed  to  estimate  helicopter  stability  characteristics 
have  been  summarized . Although  these  methods  are  not  always 
adequate  for  predicting  absolute  values  of  the  stability  of  the 
helicopter  % the  effects  on  stability  of  changes  in  individua 
derivativesjcan  generally  be  estimated  satisfactorily. 

INTRODUCTION 

The  problems  relating  to  stability  of  helicopters  have  been 
the  subject  of  numerous  published  works.  Requirements 
established  by  the  military  services  for  satisfactory  helicopter 
stability  are  specified  in  reference  1.  Some  of  the  pertinent 
work  on  this  subject  by  the  National  Advisory  Committee 
for  Aeronautics  is  described  in  references  2 to  21.  The 
purpose  of  part  I of  this  report  is  to  summarize  some  of  the 
physical  methods  available  to  the  designer  for  obtaining 
desired  stability  values  by  changing  the  airframe  design. 
Although  the  direct  application  considered  is  that  of  meeting 
flying-qualities  criteria,  it  may  be  worth  pointing  out  that 
other  reasons  often  arise  for  designing  a configuration  so 
that  specific  amounts  of  stability  are  provided;  for  example, 
the  most  efficient  combination  of  autopilot  and  airframe 
design  may  be  desired. 

In  order  to  predict  helicopter  stability,  as  for  example  to 
estimate  theoretically  whether  a proposed  helicopter  will 
meet  the  flying-qualities  requirements,  both  the  applicable 
equations  of  motion  and  the  necessary  stability  derivatives 
must  be  determined. 

Processes  for  applying  the  equations  of  motion  have  been 
well  established  as  a result  of  the  extensive  stability  analysis 

i Supersedes  NACA  Technical  Note  3945  by  F.  B.  Gustafson  and  Robert  J.  Tapscott,  1957. 
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made  for  airplanes,  and  the  modification  of  these  procedures 
for  use  with  helicopters  has  been  found  a secondary  problem 
in  comparison  with  the  provision  of  values  of  stability 
derivatives.  In  the  past  few  years,  sufficient  information 
has  been  provided  to  permit  the  most  pertinent  rotor  deriva- 
tives to  be  predicted  with  fairly  good  accuracy  in  applica- 
tions where  no  stall  is  present.  A summary  of  this  work  is 
presented  in  part  II  of  this  report. 

I— METHODS  FOR  OBTAINING  DESIRED  HELICOPTER 
STABILITY  CHARACTERISTICS 


The  scope  of  the  discussion  in  part  I is  outlined  in  the 
following  table : 


Characteristic 

Rotor  type  investigated 

Damping  in  roll 
Maneuver  stability 
Speed  stability 

Lateral  oscillation  and  turn  character- 
istics 

Single  and  tandem 
Single  and  tandem 
Single  and  tandem 
Tandem 

Available  results  on  static  directional  (weathercock) 
stability  of  tandem  helicopters  are  not  included  in  this  dis- 
cussion because  of  thorough  coverage  in  reference  2.  For 
helicopter  types  other  than  single-rotor  or  tandem-rotor 
configurations,  no  direct  information  is  provided  herein 
but  much  can  be  inferred  from  the  more  appropriate  of  the 
two  types  covered. 

For  each  of  the  stability  characteristics  covered,  modifica- 
tions made  to  the  design  in  the  process  of  exploring  a range 
of  characteristics  during  the  establishment  of  criteria  for 
desirable  flying  qualities  are  discussed.  The  value  of  these 
examples  lies  in  the  fact  that  they  are  demonstrated  cases 
for  which  stability  parameters  have  been  measured.  Opti- 
mum design  generally  requires  the  choice  of  a method  or 
combination  of  methods;  therefore,  sample  results  of  theo- 
retical studies  of  additional  methods  are  included  in  each 
case. 

SYMBOLS 

L$  rolling  moment  due  to  control  deflection 
Lp  rolling  moment  due  to  rolling  angular  velocity 
AlF6  change  in  weight  of  blade 
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R blade  radius 

Ix  blade  moment  of  inertia  about  flapping  hinge 
7 blade  mass  constant 

Ma  pitching  moment  per  unit  angle-of-attack  change 

Mq  pitching  moment  due  to  unit  pitching  angular  velocity 
L rolling  moment 

v sideslip  velocity 

ft  rotor  rotational  speed 

a rotor  solidity 

Bi  longitudinal  cyclic  pitch 

V forward  velocity 

cm  blade  section  pitching-moment  coefficient 

A0  difference  between  collective-pitch  angles  of  front  and 

rear  rotors 

A ad  difference  between  angles  of  attack  of  front  and  rear 

rotors  due  to  longitudinal  swashplate  tilt 

DAMPING  AND  CONTROL  POWER  IN  ROLL 

The  ratio  of  control  power  to  damping,  which  frequently 
tends  to  reach  values  that  lead  to  a major  problem  in  the 
hovering  characteristics  of  small  low-inertia  helicopters,  is 
treated  in  table  I.  The  test  vehicle  was  a two-place  single- 
rotor helicopter.  As  used  herein,  “control  power”  is  the 
rolling  moment  per  unit  stick  deflection  and  “damping”  is 
the  resisting  moment  per  unit  angular  velocity  of  the  heli- 
copter. Since  changes  in  control  power  are  restricted  by 
trim  requirements,  this  discussion  is  concerned  solely  with 
changes  in  damping. 

The  requirement  of  the  current  military  specification  (ref. 
1)  is  that  the  rate  of  roll  per  inch  of  stick  displacement  (often 
referred  to  as  “sensitivity”)  be  less  than  20°  per  second. 
The  test  helicopter  provided  the  opportunity  to  explore  a 
fair-sized  range  of  values,  always  on  the  satisfactory  side, 
by  adjusting  a mechanical  gyroscopic  device.  The  value  of 
14  for  L&ILV  is  obtained  with  the  device  locked  out,  and  the 
value  of  5.2  is  obtained  with  the  device  as  far  beyond  the 
production  setting  as  feasible.  Both  from  theory  and  from 
flight  measurements  on  other  helicopters,  it  is  known  that, 
with  lighter  blades  and  no  special  device,  the  requirements 
of  reference  1 would  not  have  been  met. 


TABLE  I 

RATIO  OF  CONTROL  POWER  TO  DAMPING 
[Single  rotor;  2,200-!b  gross  wt] 


Fbra  meter 

Value  to 
meet 

M1L-H-850I 

Range 

tested 

Method  used 

Control  power 
Damping 
^8  deg/sec 
Lp  in. 

<20 

14  to  5.2 

Available  gyro 
device;  fixed 

Additional  methods  (ty  fixed) 

Amount  for 
range  tested 

Increase  in  /, 

via  tip  wt.  V 

AWb  - 0.6 

Hinge  offset  — - 

with  y - 4.7 

2 % R 

Aero  O-^adp  C3+on 

servos  ■ 

In  addition,  and  of  perhaps  even  greater  importance, 
studies  made  subsequent  to  the  establishment  of  the  existing 
specifications  have  demonstrated  the  direct  value  of  in- 
creased damping  irrespective  of  Zs/Zp.  (For  example,  see 
ref.  20.)  Therefore,  examination  of  several  additional 
methods  for  changing  the  damping  is  advisable. 

Increasing  the  blade  inertia  is  one  method  of  changing  the 
damping.  If  use  of  a tip  weight  is  considered,  calculations 
indicate  that  60  percent  of  the  blade  weight  is  needed  to 
duplicate  the  full  change  in  Z5/Zp  from  14  to  5.2. 

Offsetting  the  flapping  hinge  will  increase  damping,  but 
if  this  method  is  used  the  control  linkage  has  to  be  changed 
to  prevent  increase  in  control  power,  or  else  little  change  in 
Z5/Zp  will  result.  With  the  heavy"  blades  of  the  test  heli- 
copter, an  offset  of  only  2-percent  radius  would  be  needed 
to  change  Z$/ZP  from  14  to  5.2;  with  light  blades,  an  offset 
of  5-percent  radius  would  be  enough. 

A third  design  approach  which  makes  possible  increased 
damping  is  the  use  of  aerodynamic  servocontrols.  Sketches 
of  two  types,  as  viewed  from  above  the  rotor,  are  shown  in 
table  I.  One  type  uses  a surface  behind  the  outer  part  of 
the  blade  and  the  other  uses  a surface  attached  at  right 
angles  at  the  blade  root.  Such  devices  apparently  can  be 
designed  to  provide  increases  in  damping  sufficient  to  cover 
the  test  range.  Some  methods  permit  increase  in  both 
control  power  and  damping,  a combination  which  is  some- 
times desirable;  examples  are  flapping-hinge  offset  and 
aerodynamic  servocontrols  as  just  discussed. 

Damping  and  control  power  in  roll  for  the  tandem  heli- 
copter require  no  separate  discussion  since,  in  roll,  it  is 
possible  simply  to  consider  two  single  rotors  instead  of  one. 

MANEUVER  STABILITY  OF  SINGLE-ROTOR  HELICOPTERS 

Two  separate  maneuver-stability  (or  divergence)  problems 
with  single-rotor  helicopters  at  cruising  speed  are  treated  in 
table  II.  With  one  helicopter,  the  variations  were  made  by 
way  of  angle-of-attack  stability,  and  with  the  other,  by 
way  of  damping  in  pitch.  For  the  first  case,  a change  to  a 
value  of  angle-of-attack  stability  of  300  pound-feet  per  radian 
was  enough  to  cause  the  requirement  to  be  met.  The  range 
covered  went  from  the  unstable  value  of  7,000  pound-feet 


TABLE  II 

MANEUVER  STABILITY 

[Single  rotor;  gross  wts.:  (1)5,000  lb  and  (2) 2,200 lb;  cruise  speed] 


Major 

parameter 

varied 

Value  to 
meet 

MIL-H-850! 

Range 

tested 

Method  used 

. 

(l>  m lb-ft 
,W“’ radian 

<300 

7,000  to 
-2,100 

Tail  surface , 

'i'i i 

-710  to 
-1,930 

Available  gyro 
device 

Parameter 

Additional  methods 

Amount  for 
1/2  range  tested 

Ma 

Increased  rpm 

33% 

Forward  c.g.  with 
offset  hinges 

Ac.g.  = 2.5  °/oR 
with  5%  offset 

Mq 

Similar  to  roll  sensitivity 
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3r  radian  to  the  stable  value  of  —2,100  pound-feet  per 
idian.  (Minus  is  stable  in  accepted  stability  theory.) 
he  test  conditions  actually  extended  somewhat  farther 
lan  the  value  of  —2,100  pound-feet  per  radian  on  the  stable 
de  but  the  Ma  values  were  not  recorded. 

The  tail  assembly  used  has  been  discussed  in  published 
ipers,  particularly  reference  3.  It  may  bear  repeating, 
Dwever,  that  a total  tail  area  of  0.5  percent  of  the  rotor  area 
>uld  make  the  difference  between  the  helicopter’s  diverging 
tcessively  in  a few  seconds  and  being  able  to  fly  through 
>ugh  air  without  the  longitudinal  control  being  moved, 
his  result  was  obtained  after  linking  the  tail  to  the  cyclic 
mtrols,  which  so  reduced  the  design  compromises  as  to 
srmit  use  of  a somewhat  more  effective  tail. 

Tests  were  made  with  a different  helicopter  (labeled  (2) 
l table  II),  wherein  the  damping  in  pitch  was  varied  in  such 
way  as  to  bracket  the  condition  for  which  the  requirement 
as  met.  The  value  of  —1,200  pound-feet  per  radian 
eeded  to  cause  the  specification  to  be  met  falls  about  mid- 
ay  in  the  range  of  —700  to  —1,900  pound-feet  per  radian 
)vered.  Damping  is  another  quantity  where  the  minus 
gn  is  indicative  of  a stable  condition.  As  to  the  method 
sed,  the  investigation  was  the  same  as  that  which  provided 
le  damping-in-roll  values  given  in  table  I. 

As  to  alternate  methods,  for  large  changes  in  angle-of- 
btack  stability  M«,  there  do  not  seem  to  be  many  which  will 
)ver  the  range  singlehanded.  Increase  in  rotor  speed  is 
3 ted  because  the  effect  of  such  an  increase  is  calculated  to  be 
ifficient  to  warrant  thought  of  some  compromise  with 
esign  for  optimum  power.  It  will  be  understood  that 
National  speed  is  appropriate  because  in  all  other  respects 
le  design  is  fixed;  more  fundamentally,  what  is  implied  is 
iwer  values  of  pitch  and  tip-speed  ratio.  A 33-percent 
icrease  in  rotor  rotational  speed  is  estimated  to  give  half 
le  range  covered  and  would  not  have  been  enough,  in  itself, 
) meet  the  specification.  The  effects  are  not  linear  and 
mch  greater  increase  in  stability  by  this  method  would 
mse  extreme  compromise  with  performance. 

If  offset  flapping  hinges  are  used,  then  the  aircraft  center- 
f-gravity  position  affects  angle-of-attack  stability.  An  csti- 
late  for  this  helicopter  is  that,  with  the  hinges  at  5 percent 
lade  radius,  moving  the  center  of  gravity  7 inches  (2.5  per- 
3nt  of  the  rotor  radius)  forward  from  the  rotor  shaft  would 
roduce  as  much  change  as  the  33-percent  increase  in  rotor 
National  speed.  With  the  same  offset,  a center-of-gravity 
lift  of  14  inches,  if  such  is  tolerable,  would  produce  the 
tiange  to  the  —2,100  value  and  thus  would  permit  the  re- 
uirements  to  be  exceeded. 

For  alternate  methods  of  varying  the  rotor  damping  in 
itch  Mq,  the  methods  given  in  the  roll-sensitivity  discussion 
E*ain  apply. 

The  discussion  of  this  section  is  in  terms  of  existing  criteria 
Inch  in  turn  relate  most  specifically  to  normal-acceleration 
liaracteristics  in  maneuvers.  It  might  be  remarked  that  in 
irtain  instances,  when  the  normal-acceleration  criteria  for 
laneuver  stability  are  just  met,  the  pitching  velocity  still 
lows  appreciable  divergent  tendencies.  Consideration  of 


the  problem  suggests  that  when  such  situations  arise,  by 
carrying  somewhat  farther  the  methods  that  have  just  been 
described,  logical  development  with  time  should  be  achieved 
for  pitching  velocity  as  well  as  normal  acceleration,  so  that 
no  fundamentally  new  problems  seem  to  be  represented. 

MANEUVER  STABILITY  OF  TANDEM-ROTOR  HELICOPTERS 

Maneuver  stability  of  the  tandem  helicopter,  again  at 
cruising  speed,  is  treated  in  table  III.  The  parameter  con- 
sidered is  again  pitching  moment  per  unit  angle-of-attack 
change,  and  with  the  test  helicopter  the  unstable  value  of 
57,000  pound-feet  per  radian  corresponded  to  a value  that 
would  just  barely  meet  the  requirements  set  forth  in  the 
specification.  While  a change  of  only  15,000  pound-feet  per 
radian  would  have  sufficed  to  just  reach  the  marginal  value 
of  57,000,  a change  of  88,000  in  the  direction  of  increased 
stability  was  explored.  It  is  desirable  to  be  able  to  make 
these  larger  changes.  The  test  method  used  was  not  alto- 
gether appropriate  for  this  discussion  because  so  much  of 
the  range  was  obtained  by  choice  of  power  setting.  The 
available  center-of-gravity  range  produced  a useful  but  sub- 
ordinate change,  a forward  center  of  gravity  being  the  more 
stable. 

Because  the  test  method  was  not  altogether  appropriate 
for  large  changes,  calculations  are  again  used  to  illustrate 
other  methods.  Changes  which  affect  the  relative  lift-curve 
slopes  of  the  front  and  rear  rotors  seem  especially  effective. 
It  is  estimated  that,  if  the  front-rotor  radius  is  decreased 
and  the  rear-rotor  radius  is  increased  to  provide  a total 
difference  of  10  percent  of  the  mean  radius,  the  test  value  of 
stability  increase  would  be  realized.  If,  instead,  a differential 
in  rotor  solidities  were  effected  by  putting  wider  blades  on 
the  rear  rotor  and  narrower  ones  on  the  front  rotor,  this  same 
stability  increase  could  be  obtained  with  a solidity  differentia] 
of  45  percent  of  the  mean  value. 

The  size  of  horizontal-tail  surface  necessary  to  contribute 
the  same  range  was  computed,  in  order  to  illustrate  the  indi- 
cation in  reference  9 that  a horizontal  tail  is  relatively  less 
effective  for  tandems  than  for  single  rotors.  A value  of  4 
percent  of  rotor  area  is  indicated  in  distinction  to  the  0.5 


TABLE  III 

MANEUVER  STABILITY 

[Tandem  rotor;  7,000- lb  gross  wt. ; cruise  speed] 


Major 

parameter 

Value  to 
meet 

MIL-H-8501 

Range 

tested 

Method  used 

M lb-ft 
“’radian 

<57000 

72,000  to 
-16,000 

c.g.  and 
power  setting 

Additional  methods 

Amount  for 
range  tested 

A R (same  ft) 

10% 

a' 

45% 

Tail  surface  ^ 

100  sq  ft  or  4%  of 
total  rotor  area 
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percent  indicated  for  the  single-rotor  helicopters.  Although 
the  two  cases  are  not  strictly  comparable,  the  relative  order 
of  magnitude  is  considered  to  be  reasonable. 

SPEED  STABILITY  OF  SINGLE-ROTOR  HELICOPTERS 

Table  IV  treats  the  speed  stability  of  a single-rotor  heli- 
copter. For  a helicopter  to  be  stable  with  speed,  it  is  re- 
quired that,  with  fixed  pitch  and  throttle,  the  stick  be  moved 
farther  forward  for  trim  with  increase  in  speed.  The  param- 
eter used  to  measure  this  change  is  the  longitudinal  cyclic 
pitch  Bi  per  unit  velocity  V (in  knots).  The  range  tested 
(Bi/V  from  0 to  0.06  degrees  per  knot)  was  obtained  by 
changes  in  horizontal-tail  setting.  When  sufficient  upload 
was  provided  on  the  tail  surface,  the  stable  contribution  of 
the  rotor  could  be  cancelled;  when  download  was  provided, 
it  could  be  increased.  Incidentally,  most  of  this  exploration 
of  near-zero  speed  stability  was  carried  out  with  the  tail 
linked  to  the  cyclic  stick,  the  reason  being  that  a high,  fixed, 
nose-up  tail  setting  can  be  dangerous  in  the  event  of  inad- 
vertent speed  increase. 

The  rotor  tends  to  be  stable,  but  counteracting  factors 
must  still  be  considered.  Some  fuselage  shapes  can  be  as 
destabilizing  as  a nose-up  tail  setting,  although  a range  of  30 
foot-pounds  per  knot  would  be  rather  unusual.  A large  rotor- 
blade-section  diving  moment  could  more  than  cancel  the 
stable  tendency  of  the  rotor.  The  increment  A cm  of  0.06 
actually  was  suggested  by  the  dangerous  characteristics  which 
arose  with  autogiros  having  cm=  — 0.06.  A rough  estimate 
indicated  the  value  of  0.06  to  be  the  right  order  of  magnitude 
to  produce  the  change  under  discussion  as  well. 

SPEED  STABILITY  OF  TANDEM-ROTOR  HELICOPTERS 

Table  V relates  to  speed  stability  of  the  tandem-rotor  type 
of  helicopter.  The  longitudinal  control  of  this  configuration 
is  obtained  primarily  by  changing  the  pitch-setting  difference 
between  front  and  rear  rotors,  and  the  parameter  is  written 
as  A 6/V  to  correspond.  This  quantity  was  varied  from  —0.01 
to  0.003;  thus,  the  requirement  of  at  least  zero  is  bracketed. 
This  change  was  accomplished  by  changing  the  -tilt  angle 
between  the  front  and  rear  to  tor  systems.  The  unstable 
setting  was  0°;  the  stable  one,  1.8°  “toe-in.” 

TABLE  IV 

SPEED  STABILITY 

[Single  rotor;  5,000-lb  gross  wt. ; cruise  speed] 


Parameter 

Value  to 

Range 

Method  used 

meet 

tested 

MIL-H-8501 

B\  deg 

>0 

0 to  0.06 

Tail  surface-, 

V knot 

C-- 

Additional  factors 

Amount  for 
range  tested 

Moments,  fuselage 
less  tail 

Afy^.=30 

knot 

Blade  section  pitching- 
moment  coefficient 

Ac/7,-0.06 

TABLE  V 
SPEED  STABILITY 

[Tandem  rotor;  7,000- lb  gross  wt.;  cruise  speed] 


Parameter 

Value  to 
meet 

MIL-H-8501 

Range 

tested 

Method  used 

A0  deg 
V ’ knot 

>0 

-o.oi 

to 

0003 

-1.8°  Aatf 

Additional  factors  ' 

Amount  for 
range  tested 

22% 

Ac  • > — — 

34% 

Calculations  indicate  that  a center-of -gravity  shift  fron 
midway  between  the  shafts  to  22  percent  ahead  of  the  mid 
point  should  produce  the  equivalent  range.  The  22-percen 
value  is  based  on  total  distance  between  shafts.  Similarly 
giving  the  rear  rotor  higher  solidity  and  the  front  less,  wit! 
a total  difference  Aa  of  34  percent  of  the  mean,  should  achiev 
this  same  result.  These  values  are  for  cruising  speed;  a 
low  speeds  the  effect  of  center  of  gravity  can  even  reverse 
whereas  the  solidity  change  becomes  more  effective.  Th 
use  of  these  methods  in  combination  thus  holds  specia 
interest.  It  is  also  worth  noting  that  these  effects  act  ii 
the  same  direction  for  speed  stability^  as  they  do  for  maneuve 
stability. 


LATERAL-OSCILLATION  AND  TURN  CHARACTERISTICS  OF 
TANDEM-ROTOR  HELICOPTERS 

Tandem-rotor  lateral-oscillation  and  turn  characteristic 
at  cruise  speed  are  treated  in  table  VI.  One  of  the  mos 
effective  parameters  for  both  is  rolling  moment  per  uni 
sideslip  velocity,  or  Ljv , measured  as  foot-pounds  of  rollinj 
moment  per  foot  per  second  of  sideslip  velocity.  Fortunately 
this  quantity,  which  is  the  effective  dihedral,  is  not  critics 
in  its  own  right,  provided  it  stays  on  the  stable  side.  (B; 
convention,  stable  values  are  negative.)  Most  of  the  requires 
change  was  obtained  byr  attaching  small  wings  (surface  area 


TABLE  VI 

LATERAL  OSCILLATION  AND  TURN  CHARACTERISTICS 
[Tandem  rotor;  7,000- lb  gross  wt.;  cruise  speed] 


Major 

parameter 

Value  to 
meet 

MIL-H-8501 

Range 

tested 

Method  used 

Roll  due  to 
sideslip,  -p-, 
ft- lb 
ft/sec 

>-26 

-75  to  - 37 

XX  ^3 

Two  wings 
7 sq  ft  each 

Additional  method 

Amount  for 
range  tested 

Vertical  c.g.-  c.p. 
relationship 

9 in. 
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square  feet)  to  the  landing  gear.  The  front  view  and  side 
ew  are  shown.  It  was  most  convenient  in  these  flying- 
lalities  trials  to  extend  the  test  conditions  further  by  chang- 
g the  flight  conditions;  but  with  so  many  designs  beginning 
» appear  with  moderate-sized  wings  (much  bigger  than  the 
inels  used  in  these  tests),  making  the  full  change  needed 
ay  often  require  only  the  determination  of  the  correct 
jometric  dihedral. 

One  additional  method  is  to  change  the  vertical  location 
‘ the  center  of  gravity  relative  to  the  side-view  area.  Only 
major  change  in  power-plant  location,  such  as  a shift  to 
ferhead  turbines,  seems  likely  to  make  a change  of  the 
icessary  magnitude  (9-inch  shift  in  center  of  gravity), 
ontributing  changes,  though,  including  some  ventral -fin 
*ea,  may  often  prove  feasible. 

Increasing  the  damping  in  roll  is  another  effective  approach 
Lat  can  be  considered.  This  method  is  discussed,  along 
ith  still  other  approaches,  in  reference  4. 

CONCLUDING  REMARKS  FOR  PART  l 

Examples  have  been  presented  to  illustrate  methods  for 
riproving  helicopter  stability.  It  will  be  realized  that 
Lany  of  the  numerical  values  which  have  been  given  apply 
fly  for  the  case  studied.  For  example,  a tandem  helicopter 
ight  already  have  lower  effective  dihedral  or  might  some- 
3W  be  designed  with  less  nose-down  inclination  of  the 
rincipal  inertia  axis  and,  in  either  event,  might  meet  the 
teral  requirements  without  reduction  in  effective  dihedral. 
The  cases  presented  are  believed  to  illustrate  that  it  is 
3W  feasible  to  choose  one  or  more  important  stability 
xrameters  from  theoretical  studies  and,  in  turn,  to  find  a 
xmbination  of  methods  whereby  values  of  the  parameters 
:e  realized  which  provide  the  desired  stability  character- 
tics. 

The  obtainment  of  desired  stability  characteristics  with  a 
Linimum  of  design  compromise  requires  first  of  all  a high 
3gree  of  fundamental  understanding.  To  achieve  this  end 
workable  theory  must  be  available.  It  is  believed  that  the 
dstence  of  such  theory  has  been  demonstrated.  In  addition 

> such  use  of  theory,  the  outstanding  key  to  the  obtainment 
? desired  characteristics  with  minimum  design  compromise 
sems  to  be  the  availability  and  use  of  a variety  of  physical 
Lethods  in  combination  with  one  another.  It  is  hoped  that 
ie  sample  methods  presented  may  be  helpful  in  suggesting 
ill  more  approaches  to  the  helicopter  designer. 

—PROCEDURES  FOR  PREDICTING  HELICOPTER  STABILITY 

The  prediction  of  stability  derivatives  requires  a knowledge 
: the  contributions  of  both  the  rotor  and  the  fuselage, 
uselage  characteristics  are  not  open  to  as  specific  an  analysis 
5 rotor  characteristics,  and  preliminary  estimates  can  be 
nulled  on  the  basis  of  data  from  previous  designs  and  from 
ind-tunnel  model  tests.  The  fuselage  seems  to  be  subject 

> greater  modification  up  to  the  time  production  starts; 
msequently,  this  discussion  is  confined  primarily  to  the 
dor  contributions  to  the  derivatives. 


SYMBOLS 


W 

m 

9 

R 

c 


gross  weight  of  helicopter,  lb 
mass  of  helicopter,  slugs 
acceleration  due  to  gravity,  32.2  ft/sec2 
blade  radius,  ft 
blade-section  chord,  ft 

CR 

I cr2dr 

equivalent  blade  chord  (on  thrust  basis),  - 


,ft 


j '*i*dr 

b number  of  blades  per  rotor 

a rotor  solidity,  bce/irR 

0 instantaneous  blade-section  pitch  angle  (angle 

between  line  of  zero  lift  of  blade  section  and 
plane  perpendicular  to  rotor  shaft),  0—A1  cos  yp— 
Bx  sin  i/',  radians 

6 collective-pitch  angle  (average  value  of  0 around 

azimuth),  radians 

p mass  density  of  air,  slugs/cu  ft 

7 mass  constant  of  rotor  blade  (ratio  of  air  forces  to 

mass  forces),  pcaR^jIx)  also,  flight-path  angle, 
radians 

Ix  helicopter  rolling  moment  of  inertia  about  center 

of  gravity,  slug-ft2 

IY  helicopter  pitching  moment  of  inertia  about  center 

of  gravity,  slug-ft2 

Iz  helicopter  yawing  moment  of  inertia  about  center 

of  gravity,  slug-ft2 

A 6 difference  between  collective-pitch  angles  of  front 

and  rear  rotors,  positive  when  collective-pitch 
angle  of  rear  rotor  is  greater,  radians;  also, 
increment  of  8 

Ii  mass  moment  of  inertia  of  blade  about  flapping 

hinge,  slug-ft2 

A T difference  between  thrusts  of  front  and  rear 

rotors,  positive  when  thrust  of  rear  rotor  is 
greater,  lb 

AR,A(UR),A^  definitions  analogous  to  that  for  A T 
A ad  difference  between  angles  of  attack  of  front  and 

rear  rotors  due  to  longitudinal  swashplate  tilt, 
positive  when  rear-rotor  angle  of  attack  is  greater 
Al}Bi  coefficients  of  —cos  \p  and  —sin  respectively,  in 
expression  for  0;  therefore,  lateral  and  longi- 
tudinal cyclic  pitch,  respectively,  radians 

8 control  motion,  inches  from  trim 

t time,  sec 

V true  airspeed  of  helicopter  along  flight  path,  ft/sec 

v sideslip  velocity  of  helicopter  in  F-direction,  ft/sec 

a rotor  angle  of  attack  (angle  between  flight  path 

and  plane  perpendicular  to  axis  of  no  feathering), 
positive  when  axis  is  inclined  rearward,  radians 
rotor  angular  velocity,  radians/sec 

tip-speed  ratio,  - - ^assumed  equal  to 


U 

M 

UT 


UR 

component  at  blade  element  of  resultant  velocity 
perpendicular  to  blade-span  axis  and  to  axis  of 
no  feathering,  ft/sec 
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Ut — Ur/tiR 


L 

T 

Q 

cT 


CQ 

p 


blade  azimuth  angle  (measured  in  direction  of 
rotation  from  downwind  position  of  blade  if 
wind  axes  are  used;  measured  in  direction  of 
rotation  from  position  of  blade  when  it  is  point- 
ing rearward  along  longitudinal  axis  of  helicopter 
if  bod}^  axes  are  used),  radians 
slope  of  curve  of  blade  section  lift  coefficient  plotted 
against  section  angle  of  attack,  per  radian 
rotor  lift,  lb;  also,  rolling  moment,  lb-ft 
rotor  thrust  (component  of  rotor  resultant  force 
parallel  to  axis  of  no  feathering),  lb 
rotor-shaft  torque,  lb-ft 

T 


rotor  thrust  coefficient, 


J 7 rR2p(QR)2 


rotor-shaft  torque  coefficient, 


Q 


ttR2p(QR)2R 

blade  flapping  angle  at  particular  azimuth  posi- 
tion, a0— ax  cos  i/'— bi  sin  \p  . . radians;  also, 
sideslip  angle,  radians 

a0  constant  term  in  Fourier  series  that  expresses  jS; 

therefore,  rotor  coning  angle 

ax  coefficient  of  —cos  in  expression  for  0;  therefore, 

longitudinal  tilt  of  rotor  cone 

/>!  coefficient  of  —sin  \p  in  expression  for  0\  therefore, 

lateral  tilt  of  rotor  cone 

a'  projection  of  angle  between  rotor  resultant  force 

vector  and  axis  of  no  feathering  in  plane  con- 
taining flight  path  and  axis  of  no  feathering 
b'  projection  of  angle  between  rotor  resultant  force 

vector  and  axis  of  no  feathering  in  plane  con- 
taining axis  of  no  feathering  and  perpendicular 
to  plane  containing  flight  path  and  axis  of  no 
feathering 

p helicopter  rolling  velocity,  radians/sec 

q helicopter  pitching  velocity,  radians /sec 

r helicopter  yawing  velocity,  radians/sec;  also, 

radial  distance  to  blade  element,  ft 
$ angle  of  roll,  radians 

N yawing  moment,  lb-ft 

M pitching  moment,  lb-ft 

h height  of  rotor  hub  above  helicopter  center  of 

gravity,  ft 

t?  angle  between  principal  longitudinal  axis  of  inertia 

of  helicopter  and  flight  path,  positive  when  nose 
is  up,  radians 
X , Y,  Z stability  axes 

Subscript: 

AV  average 

Dots  over  symbols  indicate  derivatives  with  respect  to 
time. 


ROTOR  STABILITY  DERIVATIVES 

In  general,  calculation  of  the  stability  derivatives  needed 
for  a study  of  helicopter  characteristics  depends  on  the 


knowledge  of  the  individual  rotor  derivatives  shown  in  th 
following  table: 


t>(CT/o) 

d(0T/a) 

d(C  T/a) 

d{Cr!c) 

d(CT/v) 

da 

dV 

dQ 

dd 

dq 

da’ 

da' 

da' 

da' 

da'  db' 

da 

dV 

dn 

dd 

dq  dp 

d(Cja) 

d(CQ/a) 

d(CQ/<r) 

d(CQ/a) 

da 

dV 

dU 

dd 

dq 

da0 

dao 

dao 

doa 

dao 

da 

dV 

da 

dd 

dq 

d(h 

dai 

dai 

da  i 

dat 

■ da 

dV 

dQ 

dd 

?>g. 

dbi 

dbi 

dbi 

dbt 

db  i 

da 

dV 

dQ 

dd 

dq 

As  shown,  the  rotor  parameters  considered  are  CTI<?  and  a1 
the  magnitude  and  angle  of  the  thrust  vector,  respectively 
rotor  torque  CQ/a;  blade  coning  angle  a0;  and  bx  and  ah  th 
lateral  and  longitudinal  flapping,  respectively.  These  roto 
parameters  are  functions  of  five  independent  variables:  roto 
angle  of  attack  «,  forward  speed  V,  rotational  speed  ft,  col 
lective  pitch  0,  and  pitching  velocity  q.  The  values  of  th 
derivatives  are  determined  by  the  variations  from  trim  o 
the  rotor  parameters  witli  changes  in  each  of  the  five  vari 
ables.  The  total  number  of  derivatives  shown  here  is  large 
however,  for  most* applications  it  is  generally  possible  to  re 
duce  the  number  considerably.  For  instance,  if  the  roto 
under  consideration  lias  no  flapping-hinge  offset,  the  flapping 
coefficients  are  not  significant;  thus,  the  number  of  deriva 
tives  to  be  considered  is  immediately  reduced  by  abou 
one-half.  If  necessary,  however,  these  derivatives  can  b 
determined  from  the  equations  of  references  10  and  14. 

Of  the  remaining  derivatives,  the  lift  due  to  pitching  am 
torque  due  to  pitching  generally  can  be  neglected.  Fo 
most  cases,  then,  the  derivatives  needed  have  been  reduce* 
to  those  enclosed  within  the  lines  in  the  preceding  table 
All  the  Ct/vj  Cq/<t , and  af  derivatives  can  be  obtained  fron 
the  figures  or  equations  of  references  8 and  10,  as  is  shown 
in  the  following  discussion. 

The  thrust  due  to  angle  of  attack  and  that  due  to  collec 
tive  pitch  are  presented  as  functions  of  tip-speed  ratio  ii 
figure  1.  If  the  solidity  and  tip-speed  ratio  for  a given  cas 
are  known,  these  quantities  can  be  read  directly  from  th 
curves.  The  equations  on  which  this  figure  is  based  and  th 
processes  by  which  they  vrere  derived  are  discussed  ii 
reference  8. 

The  change  in  thrust  coefficient  with  tip-speed  ratio  i 
presented  in  reference  8 in  the  form  of  an  equation  fron 
which,  when  the  flight  condition  is  known,  the  rate  of  chang 
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Figure  1. — Variation  of  Cr/<r  derivatives  with  respect  to  n. 


of  thrust  coefficient  with  forward  speed  and  rotational  speed 
can  be  computed. 

The  change  in  inclination  of  the  rotor  force  vector  due  to 
steady  pitching  or  rolling  velocity  has  been  derived  in  ref- 
erence 10.  This  derivative  is  shown  in  figure  2 as  a func- 


tion of  the  parameter  As  the  effect  of  tip-speed  ratio 

fi  is  small,  the  formula  shown  in  figure  2 is  fairly  accurate 
below  a tip-speed  ratio  of  0.5  for  both  roll  and  pitch.  The 
rotor  damping  moment  is  determined  simply  by  multiplying 
the  quantity  obtained  from  the  figure  by  18/t^  and  by  the 
rotor  thrust  and  rotor  height  above  the  helicopter  center  of 
gravity;  that  is, 


dM  Jda'focL/  18  \ 
bq  18/712  \ 7 S2/ 


For  the  rotor-vector  angle  and  rotor  torque  derivatives, 
charts  such  as  those  shown  in  figure  3 have  been  derived 
and  are  published  in  reference  8.  These  charts  are  given 
for  a range  of  collective-pitch  angles  from  0°  to  14°  at  2° 
increments ; the  sample  shown  herein  is  for  a collective  pitch 
of  8°.  In  these  charts,  the  longitudinal  rotor-vector  angle 
a'  is  plotted  against  the  ratio  of  thrust  coefficient  to  solidity 
for  specified  values  of  tip-speed  ratio.  Lines  of  constant 
power  parameter  CqICtV  are  also  plotted  on  the  charts. 
Combinations  of  these  parameters  which  result  in  angles  of 
attack  of  12°  and  16°  on  the  retreating  blade  are  indicated 
by  dashed  lines;  these  lines,  in  effect,  serve  as  limit  lines 
above  which  account  must  be  taken  of  stall.  By  using 
slopes  or  differences  from  these  charts  in  conjunction  with 


Figure  2. — Chart  for  determining  rotor  damping  in  pitch  and  roll. 


Figure  3. — Sample  chart  for  determining  derivatives  of  a'  and  Cq/<t. 

0 = 8°. 

other  derivatives  and  some  simple  equations,  the  remaining 
derivatives  of  a'  and  of  the  torque  coefficient  can  be  obtained. 
As  an  example,  consider  the  derivative  of  a'  with  respect  to 
angle  of  attack.  From  charts  such  as  figure  3,  the  rate  of 
change  of  af  with  thrust  coefficient  can  be  obtained  at  a 
given  tip-speed  ratio  and  thrust  coefficient  by  scaling  off  the 
slope  of  the  tip-speed-ratio  line  at  the  desired  thrust  coeffi- 
cient. When  this  quantity  is  multiplied  by  the  change  in 
thrust  coefficient  with  angle  of  attack,  which  has  already 
been  discussed,  the  result  is  the  change  in  a ' with  angle  of 
attack.  The  other  a'  and  the  torque  coefficient  derivatives 
can  be  obtained  by  similar  procedures.  These  procedures 
are  discussed  in  reference  8. 

PREDICTION  OF  HELICOPTER  STABILITY  CHARACTERISTICS 

It  is  believed  that  the  rotor  contribution  to  the  essential 
helicopter  derivatives  can  be  predicted  by  using  the  rotor 
derivatives  that  have  been  discussed.  These  rotor  deriva- 
tives are  applicable,  in  most  cases,  to  a study  of  the  stability 
characteristics  of  either  a single-rotor  or  a tandem-rotor 
configuration.  Differences  arise  in  using  the  rotor  deriva- 
tives to  determine  the  helicopter  derivatives  for  use  in  the 
equations  of  motion  and  in  accounting  for  the  effects  of  flow 
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interference  for  a specific  configuration.  For  most  purposes, 
the  lateral  and  longitudinal  characteristics  of  the  helicopter 
can  be  studied  separately.  Generally,  equations  of  motion 
derived  on  the  basis  of  constant  forward  speed  are  sufficient 
and  are  applicable  to  both  single-  and  tandem-rotor  con- 
figurations. 

longitudinal  characteristics. — In  a study  of  the  longitu- 
dinal characteristics  of  the  helicopter  (refs.  5 and  11),  an 
important  criterion  is  that  the  time  history  of  the  normal 
acceleration  shall  be  concave  downward  within  2 seconds 
after  a step  input  to  the  longitudinal  control;  that  is,  the 
slope  of  the  normal  acceleration  curve  shall  reach  its  maxi- 
mum value  and  begin  to  decrease  within  2 seconds.  In 
order  to  assist  in  estimating  theoretically  whether  a pros- 
pective helicopter  will  meet  this  criterion,  the  following 
equations  of  motion  were  devised: 


dL  j_ZLaq.c)La  WV  . n 

-T-  A0+-^-  A a 7 = 0 

dq  * dd  da  g 


dM 

dq 


bM 

bd 


m 

da 


Aa— J qdt— Ay— ABi 


These  equations  are  based  on  stability  axes  and  derived  on 
the  assumptions  of  constant  forward  speed,  constant  rotor 
speed,  and  constant  stability  derivatives.  The  assumption 
is  also  made  that  the  dynamic  maneuver  can  be  represented 
by  a series  of  static  conditions;  hence,  the  rotor  parameters 
are  always  at  their  equilibrium  values  as  determined  by  the 
instantaneous  values  of  angle  of  attack,  pitch  angle,  tip-speed 
ratio,  and  pitching  velocity.  The  first  and  second  equations 
shown  represent,  respectively,  equilibrium  normal  to  the 
flight  path  and  equilibrium  in  pitch.  The  third  equation 
simply  relates  the  variables  of  the  first  two  equations  to 
permit  a solution. 

The  form  of  these  equations  applies  specificalty  to  the 
single-rotor  configuration.  For  the  tandem  configuration, 
the  pitching  moment  due  to  control  motion  results  pri- 
marily from  differential  collective  pitch  of  the  two  rotors 
rather  than  from  cyclic  pitch;  thus,  the  term  in  the  equa- 
tions expressing  pitching  moment  due  to  control  motion 
must  be  modified  to  account  for  this  difference. 

In  reference  5,  these  equations  of  motion  have  been  solved 
for  the  flight-path  angle  7,  which,  in  turn,  permits  an  expres- 
sion to  be  written  for  the  time  history  of  the  normal  accelera- 
tion. Values  of  combinations  of  derivatives  have  been 
determined  which,  when  substituted  into  the  expression  for 
the  time  history  of  normal  acceleration,  will  result  in  a time 
history  that  is  concave  downward  at  2 seconds.  These 
values  have  been  presented  in  the  form  of  a chart.  (See 
fig.  4.)  Thus  the  curve  in  figure  4 is  a boundary  line  that 
separates  combinations  of  significant  longitudinal  stability 
derivatives  which  result  in  satisfactory  characteristics  from 
those  which  result  in  unsatisfactory  characteristics  accord- 
ing to  the  criterion  previously  mentioned.  Shown  along 


Figure  4. — Maneuver-stability  chart  for  2-second  criterion. 


with  the  theoretical  curve  are  data  points  corresponding  to 
five  helicopter  configurations.  The  derivatives  for  the 
configurations  corresponding  to  the  points  shown  were  meas- 
ured in  flight  and  the  adjacent  number  is  the  approximate 
time  for  the  corresponding  normal-acceleration  time  history 
to  become  concave  downward.  For  both  single-  and 
tandem-rotor  helicopters,  the  theoretical  curve  is  indicated 
to  be  qualitatively  correct  for  separating  configurations 
which  have  satisfactory  maneuver  stability  "from  those 
which  have  unsatisfactory  maneuver  stability  according  to 
the  criterion;  that  is,  the  experimental  points  for  which  the 
normal-acceleration  time  history  becomes  concave  downward 
in  less  than  2 seconds  fall  in  the  satisfactory  region  whereas, 
for  times  of  more  than  2 seconds,  the  points  fall  in  the 
unsatisfactory  region. 

Figure  4 shows  that  an  increase  in  the  angle-of-attack 
stability  or  damping  in  pitch  (that  is,  more  negative  Ma  or 
Mg)  or  increases  in  the  rotor  lift-curve  slope  La  are  stabiliz- 
ing. Also,  it  can  be  determined  from  this  plot  that  an 
increase  in  the  pitching  moment  of  inertia  IY  can  be  de- 
stabilizing. Since  the  change  in  lift  slope  cannot  be  large 
and  the  lift  slope  is  not  expected  to  change  sign,  the  primary 
changes  in  stability  must  be  brought  about  by  changes  in 
the  damping-in-pitch  or  angle-of-attack  stability. 

In  the  discussion  of  longitudinal  stability  so  far,  the  for- 
ward speed  has  been  assumed  to  be  constant.  For  the 
tandem  configuration,  however,  the  downwash  effects  of  the 
front  rotor  acting  on  the  rear  rotor  cause  an  unstable  varia- 
tion in  pitching  moment  with  speed.  A study  of  the  speed 
stability  of  the  tandem  helicopter  was  made  in  reference  6. 
In  that  study,  on  the  basis  of  the  available  derivatives  dis- 
cussed previously,  an  expression  for  the  change  of  stick 
position  with  speed  was  derived.  The  equation,  along  with  a 
plot  of  constants  based  on  the  rotor  derivatives,  is  shown  in 
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figure  5.  These  constants  are  presented  for  several  values 
of  rotor  solidity  over  a range  of  tip-speed  ratios.  After  a 
flight  condition  is  selected  and  the  tip-speed  ratio  and  thrust 
coefficient  are  thereby  established,  the  slope  of  the  variation 
of  stick  position  with  speed  can  be  determined.  This  equa- 
tion takes  into  account  the  effects  on  speed  stability  of  center- 
of-gravity  position,  differential  rotor  speed,  differential 
rotor  radius  and  solidity,  and  “longitudinal  dihedral.” 
Effects  of  these  parameters  can  be  studied  either  together  or 
separately. 


This  analysis  of  tandem-helicopter  speed  stability  is  of 
particular  value  in  studies,  such  as  the  study  of  the  relative 
effects  of  changes  in  the  various  parameters,  wherein 
it  is  not  necessary  to  know  accurately  the  value  of  down- 
wash  or  the  fuselage  contribution.  In  order  to  predict  the 
absolute  value  of  speed  stability,  the  down  wash  must  be 
estimated  for  the  configuration  and  flight  condition  under 
consideration,  and  the  variation  of  the  fuselage  moments 
must  be  known.  The  results  of  flow-field  measurements 
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presented  in  references  15  to  18  should  be  useful  in  estimat- 
ing the  magnitude  of  the  downwash  applicable  to  a specific 
condition. 

Lateral- directional  characteristics. — The  next  important 
item  in  helicopter  stability  is  the  lateral-directional  charac- 
teristics. If  roll,  yaw,  and  sideslip  are  considered  as  degrees 
of  freedom,  the  equations  of  motion  are  as  follows: 


T . bL  bL  &L 

Lr'<H"3T“  5—  v — r-r*  5=0 

bp  bv  b8 


T bN  : . bN  bN  c . 

/.z'VH — =“  ’Z'+Fr-  v — YF"  5=0 
Or  Ov  d5 


mV  sin 


bY  bY 

T<j)—Tip  tan  7 +mv — 5—  v — 5=0 
bv  b8 


For  convenience  hi  determining  the  derivatives,  these 
equations  are  based  on  principal  axes  of  inertia  (primed 
symbols)  rather  than  on  the  relative  wind.  In  general,  the 
rotor  contribution  to  the  derivatives  needed  in  these  equa- 
tions can  also  be  determined  from  rotor  theory.  Fuselage 
contributions  can  be  predicted  from  wind-tunnel  data  and 
previous  experience  or  from  flight  data  where  available. 

These  equations  have  been  found  useful  particularly  in 
estimating  the  effects  on  helicopter  characteristics  of  changes 
in  the  individual  stability  derivatives.  As  an  example,  figure 
6 shows  the  theoretically  predicted  time  histories  of  rolling 
velocity  and  sideslip  angle  of  a tandem-rotor  helicopter. 
The  curves  on  the  left-hand  side  of  figure  6 represent  the 
predicted  time  histories  for  the  original  helicopter.  On 
the  right-hand  side  of  figure  6 are  time  histories  of  the  same 
quantities  when  the  effective-dihedral  derivative  is  reduced 
50  percent.  This  figure  indicates  that  a 50-percent  reduc- 
tion in  the  effective  dihedral  would  substantially  improve  the 
oscillatory  characteristics  of  the  helicopter.  In  an  attempt 
to  improve  the  characteristics,  this  means  was  tried  experi- 
mentally. The  results  are  shown  in  figure  7,  wherein  the 
experimentally  measured  time  histories  of  rolling  velocity 
and  sideslip  angle  before  and  after  the  derivative  change  are 
compared.  The  comparison  shows  that,  as  predicted  by  the 
theory,  a reduction  in  the  effective  dihedral  improved  the 


Original  50%  decrease  in 


Time,  sec 

Figure  6. — Predicted  effect  of  reduction  in  effective  dihedral  on  lateral 

oscillation. 


Time,  sec 


Figure  7. — Measured  effect  of  reduction  in  effective  dihedral  on  lateral 

oscillation. 

oscillation.  Thus,  in  this  case,  the  theory  was  employed 
successfully  to  indicate  the  course  to  be  followed  in  making 
an  improvement. 

CONCLUDING  REMARKS  FOR  PART  II 

It  will  frequently  not  be  feasible  to  predict  accurate!}7 
absolute  magnitudes  for  the  stability  of  the  complete  heli- 
copter, particularly  because  of  the  difficulty  of  predetermin- 
ing final,  full-scale  fuselage  characteristics.  However,  on 
the  basis  of  the  studies  discussed  herein,  a first  approxima- 
tion can  be  made,  and  by  making  some  comparatively 
straightforward  flight  measurements  of  stability  derivatives 
and  reemploying  the  theory  to  show  what  modifications  are 
needed,  it  appears  feasible  to  handle  at  least  those  problems 
with  which  direct  experience  has  been  had.  It  appears 
likely  that,  in  most  cases,  changes  in  several  derivatives 
simultaneously  would  be  necessary  to  achieve  most  efficiently 
the  desirable  stability  characteristics,  and  the  equations 
discussed  herein  should  prove  -very  useful  in  this  type  of 
study. 

Langley  Aeronautical  Laboratory, 

National  Advisory  Committee  for  Aeronautics, 
Langley  Field,  Va.,  November  20 , 1956. 
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FOREWORD 

During  the  early  part  of  World  War  II,  some  of  the  helicopters  designed  for  military  use  were 
observed  during  ground  tests  to  exhibit  a violent  oscillatory  rotor  instability  which  endangered  the 
safety  of  the  aircraft.  This  instability  was  at  first  attributed  to  rotor-blade  flutter,  but  a careful 
analysis  indicated  it  to  be  caused  by  a hitherto  unknown  phenomenon  in  which  the  rotational 
energy  of  the  rotor  was  converted  into  oscillatory  energy  of  the  blades.  This  phenomenon  was 
usually  critical  when  the  helicopter  was  operating  on  or  near  the  ground  and,  hence,  was  called 
ground  resonance.  An  oscillatory  instability  of  such  magnitude  as  resulted  from  this  phenomenon 
would  generate  forces  that  could  quickly  destroy  a helicopter.  The  research  efforts  of  the  National 
Advisory  Committee  for  Aeronautics  were  therefore  enlisted  to  investigate  the  difficulties  introduced 
by  this  phenomenon.  During  the  interval  between  1942  and  1947,  a theory  of  the  self-excited 
instability  of  hinged  rotor  blades  was  worked  out  byr  Robert  P.  Coleman  and  Arnold  M.  Feingold 
at  the  Langley  Aeronautical  Laboratory.  This  theory  defined  the  important  parameters  and  pro- 
vided design  information  which  made  it  possible  to  eliminate  this  type  of  instability^.  These  results 
were  originally  released  by  the  NACA  in  three  separate  papers,  as  follows: 

,(1)  NACA  Advance  Restricted  Report  3G29,  1943  (Wartime  Report  L-308)  entitled  “Theory 
of  Self-Excited  Mechanical  Oscillations  of  Hinged  Rotor  Blades,”  by  Robert  P.  Coleman. 

(2)  NACA  Advance  Restricted  Report  3113,  1943  (Wartime  Report  L-312)  entitled  “Theory 

of  Mechanical  Oscillations  of  Rotors  With  Two  Hinged  Blades,”  by  Arnold  M. 
Feingold. 

(3)  NACA  Technical  Note  1184,  1947,  entitled  “Theory  of  Ground  Vibrations  of  a Two- 

Blade  Helicopter  Rotor  on  Anisotropic  Flexible  Supports,”  by  Robert  P.  Coleman 
and  Arnold  M.  Feingold. 

These  three  reports  have  been  recognized  to  contain  the  fundamental  reference  material  on  the 
subject  of  rotor  mechanical  instability  but  were  for  some  time  out  of  print.  As  a result  of  demands 
for  this  type  of  information,  they  were  combined  into  a single  volume  and  reissued  with  appropriate 
corrections  as  NACA  Technical  Note  3844.  The  combined  volume  (reissued  here  as  an  NACA 
Report)  consists  of  three  chapters  representing  the  three  aforementioned  papers  in  consecutive 
order. 

Inasmuch  as  the  authors  of  these  papers  are  no  longer  with  the  NACA,  the  task  of  checking 
these  papers  and  incorporating  such  corrections  as  seemed  proper  was  undertaken  by  George  W. 
Brooks,  Vibration  and  Flutter  Branch,  Dynamic  Loads  Division,  of  the  Langley  Aeronautical 
Laboratory.  Mr.  Brooks  also  prepared  an  appendix  to  chapter  III,  which  deals  with  the  general 
equations  of  motion  for  a two-blade  rotor  and  includes  the  effects  of  damping. 
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THEORY  OF  SELF-EXCITED  MECHANICAL  OSCILLATIONS  OF  HELICOPTER  ROTORS  WITH 

HINGED  BLADES  1 


By  Robert  P.  Coleman  and  Arnold  M.  Feingold 


CHAPTER  I 

THEORY  OF  SELF-EXCITED  MECHANICAL  OSCILLATIONS  OF  HINGED  ROTOR  BLADES 

By  Robert  P.  Coleman 


SUMMARY 

Vibrations  of  rotary -wing  aircraft  may  derive  their  energy 
from  the  rotation  of  the  rotor  rather  than  from  the  air  forces . 
A theoretical  analysis  of  these  vibrations  is  described  and  methods 
for  its  application  are  explained  herein. 

The  theory  includes  the  effects  of  unequal  stiffness  of  the 
pylon  for  deflections  in  different  directions  and  the  effect  of 
damping  in  the  hinges  and  in  the  pylon.  Both  the  derivation 
of  the  characteristics  equation  and  the  methods  of  application 
of  the  theory  are  given.  In  particular , the  theory  predicts  the 
so-called  uodd  frequency”  self-excited  speed  range  as  well  as 
the  shaft  critical  speed.  Charts  are  presented  from  which 
the  shaft  critical  and  the  self-excited  instabilities  can  be  pre- 
dicted for  a great  variety  of  cases.  The  influence  of  each 
physical  parameter  upon  the  instabilities  has  been  obtained. 
The  comprehensive  treatment  applies  to  a rotor  that  has  any 
number  of  blades  greater  than  two.  Only  a brief  discussion 
and  the  formula  for  shaft  critical  speed  are  given  for  the  one- 
or  two-blade  rotor. 

The  use  of  complex  variables  in  conjunction  with  Lagrange’s 
equations  has  been  found  very  convenient  for  the  treatment  of 
vibrations  of  rotating  systems. 

INTRODUCTION 

A rotary-wing  aircraft  that  has  hinged  blades  will,  under 
certain  conditions,  be  subject  to  vibrations  which  derive 
their  energy  from  the  rotation  of  the  rotor  instead  of  from 
the  air  forces.  The  term  “ground  resonance”  usually  refers 
to  vibrations  of  this  type.  Although  such  vibrations  have 
apparently  caused  accidents  in  some  rotary- wing  aircraft 
and  have  impaired  the  flying  qualities  of  others,  very  little 
attention  has  been  given  this  problem  in  the  literature.  A 
theoretical  analysis  has  therefore  been  undertaken,  and 
the  purpose  of  the  present  chapter  is  to  present  the  theory 
and  to  describe  the  application  of  the  theory  to  rotary- 
wing aircraft. 


General  vibration  theory  and  its  application  to  allied 
problems  as  well  as  to  the  particular  problem  of  rotor 
vibration  are  discussed  in  references  1 to  4.  A good  general 
background  for  the  present  problem  is  provided  in  the  chap- 
ters on  rotating  machinery  and  on  self-excited  vibrations 
in  reference  1.  References  2 and  3 treat  in  more  abstract 
fashion  the  topics  of  rotation  and  damping.  A discussion 
of  the  variety  of  modes  of  vibration  that  exist  in  rotors 
and  a number  of  frequency  formulas  obtained  by  considering 
separately  each  degree  of  freedom  are  given  in  reference  4. 
This  discussion  does  not,  however,  lead  to  a prediction  of 
self-excited  modes  of  vibration. 

Experience  has  shown  that  two  types  of  mechanical 
vibration  may  occur  in  rotors.  The  vibration  frequency  of 
the  pylon  is  equal  to  the  rotational  speed  in  one  type  and 
is  unequal  in  the  other.  The  first  type  is  sometimes  called 
the  even-frequency  vibration  or  the  one-to-one  frequency, 
and  the  second  type,  the  odd  frequency.  The  one-to-one 
frequency  vibration  resembles  the  phenomenon  occurring 
at  a critical  speed  of  the  shaft  of  rotating  machinery  and 
will  consequently  be  referred  to  in  this  chapter  as  a shaft 
critical  vibration.  The  odd-frequency  vibration  is  properly 
called  a self-excited  vibration. 

A derivation  of  the  characteristic  equation  for  the  whirling 
speeds  of  a three-blade  rotor  has  been  given  by  Wagner  of 
the  Kellett  Autogiro  Corporation.  By  considering  only  the 
case  of  a pylon  having  equal  stiffness  in  all  directions  of 
deflection,  Wagner  has  shortened  the  analysis  by  considering 
directty  the  equilibrium  of  forces  and  moments  under  condi- 
tions of  steady  circular  whirling.  Some  examples  of  the 
dependence  of  whirling  speed  upon  rotational  speed  are 
given,  and  the  formula  for  the  shaft  critical  speed  is  obtained. 

In  the  present  chapter,  the  theory  also  includes  the  effects 
of  damping  in  the  hinges  and  in  the  hub  and  the  effects  of 
different  stiffnesses  of  pylon  deflection  in  different  directions. 
The  method  of  analysis,  particularly  the  use  of  complex 
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variables  in  the  equations  of  motion,  is  explained  in  some 
detail  and  all  the  previous  results  are  shown  to  be  a special 
case  of  the  more  general  problem  treated  here. 

SYMBOLS 


a 

An 

^11 

AAn=AAn 

A\2~A\2 

A2i=A2i 

Am 

A22 

b 

B 


radial  position  of  vertical  hinge 


elements  of  the  characteristic  determinant 
(see  eq.  (31)) 


distance  from  vertical  hinge  to  center  of  mass 
of  blade 

damping  force  per  unit  velocity  of  pylon 
displacement  ( ^ 


Bx—Bv 


B2 

Br 

c,  Ci, 

Ci 

Cr 

D 

F 

I 


h,  . 

3>  k 
K 

A Kf= 


h 


coefficient  defined  in  equation  (35) 
coefficient  defined  in  equation  (34) 

C4  arbitrary  constants 

coefficient  defined  in  equation  (35) 
coefficient  defined  in  equation  (34) 

• time-derivative  operator,  d/dt 
dissipation  function 

moment  of  inertia  of  blade  about  hinge, 

ms6s(i+~) 

coefficients  defined  in  expressions  (37) 
indices  and  subscripts  used  with  hinge  co- 
ordinates (eq.  (14)) 


spring 


constant  (Kf=^A^L^\ 


\ 


/ 


Kx—Kv 


m 

i 

mb 

Amf= 


effective  mass  of 
blade  mass 


pylon  (jnf= 


m ?nx+my 


) 


mx~~rny 


M 

AM 

n 

r 

Bu  • • 

s 

t 

T 

Tt 

Tk 


total  effective  mass  of  blades  and  pylon, 
mf-\-nmb 

mass  added  at  hub  for  vibration  test 
total  number  of  blades 

radius  of  gyration  of  blade  about  its  center  of 
mass 

R5  coefficients  defined  in  expressions  (37) 
stiffness  ratio,  Ky/Kx 
time 

kinetic  energy 

kinetic  energy  of  rotation  of  blade  about  its 
center  of  mass 

kinetic  energy  of  translational  motion  of 
&th  blade 


Ts 

kinetic  energy  of  pylon 

V 

potential  energy 

V 

displacements 

* 0 , Vo 

values  of  x and  y when  t—  0 

z 

complex  displacement,  $+ iy 

5 

complex  conjugate  of  2,  x— iy 

a 

angle  between  blades,  2irln 

ft,  ft,  - 

. . ft  angular  displacements  of  blades 

ft0 

value  of  ft  when  £=0 

fo,  fi,  • . . ft  variables  representing  hinge  deflections  when 
equations  are  expressed  in  fixed  coordinate 
system 

0O,  0i,  . . . 8k  variables  representing  hinge  deflections  when 
equations  are  expressed  in  rotating  coordi- 
nate s}7stem 


B* 

~MX 


(j^x~  1°  applications^ 

W,  i"  appHoations) 

(j^-  in  applications) 


X-& 

h~M 

X“~M 


AXr= 


A Br 
M 


A"*(‘,+5) 

A2=^  in  applications 


Ck3 

0 j 

u \ 

vu  v2 
0) 


CO/ 


cor 

Subscripts: 

/ 

a 

P 

z,  y 


. iouvb 

mass  ratio,  : 

’ mf+nmb 

expressions  defined  in  equation  (3) 
angular  velocity  of  rotor  (the  dimensionless 
ratio  co/cor  is'  called  co  in  applications) 
angular  whirling  velocity  measured  in  rotating 
coordinate  system  (used  in  nondimensional 
form  in  applications) 

angular  whirling  velocity  measured  in  fixed 
coordinate  system  (used  in  nondimensional 
form  in  applications) 
reference  frequency,  ^KzjMx 

fixed  coordinate  S3^stem 
rotating  coordinate  system 
hinge  deflection 

component  directions  in  fixed  coordinate 
system 
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APPROACH  TO  THE  VIBRATION  PROBLEM 

STABILITY  AND  INSTABILITY 

If  a vibrator  were  attached  to  a rotorcraft,  several  modes 
of  vibration  could  be  excited  at  any  rotor  speed.  Only  the 
modes  that  are  likely  to  be  excited  during  operation  of  the 
aircraft,  however,  are  important. 

In  the  present  discussion,  it  is  convenient  to  classify  the 
modes  of  vibration  according  to  the  circumstances  required 
for  their  excitation.  The  different  types  of  vibration  are 
identified  analytically  by  the  nature  of  the  roots  of  the 
characteristic  equation.  A hinged  rotor  may  encounter 
three  types  of  vibration  which,  for  convenience,  are  herein 
designated  ordinary,  self  excited,  and  shaft  critical.  At  zero 
or  slow  rotational  speeds,  an  external  force  is  required  to 
excite  vibration.  The  friction  always  present  in  such  systems 
causes  the  vibration  to  be  damped  out  when  the  force  is 
removed.  Modes  of  vibration  requiring  an  external  applied 
force  to  maintain  them  will  be  called  ordinary  vibrations. 
The  mathematically  idealized  case  of  zero  damping  will  also 
be  considered  an  ordinary  vibration  when  it  is  understood  to 
be  an  approximation  to  a system  actually  damped.  Self- 
excited  modes  of  vibration  are  those  with  negative  damping 
and  are  recognized  analytically  by  the  fact  that  a root  of  the 
characteristic  equation  is  a complex  number  which  has  a 
negative  imaginary  part.  A slight  disturbance  will  tend  to 
increase  with  time  instead  of  damping  out. 

When  a rotating  system  is  not  perfectly  balanced,  the 
centrifugal  force  of  the  unbalanced  mass  may  excite  vibrations 
that  have  peak  amplitudes  at  certain  rotational  speeds. 
Vibration  excited  by  unbalance  and  in  resonance  with  the 
rotation  will  be  called  shaft  critical  vibration.  This  type 
occurs  at  the  rotational  speed  at  which  the  spring  stiffness 
of  the  pylon  is  neutralized  by  the  centrifugal  force.  In  the 
analysis,  the  shaft  critical  vibration  is  recognized  in  rotating 
coordinates  as  a zero  frequency  and  in  fixed  coordinates  as  a 
frequency  equal  to  the  rotational  speed.  The  critical  speeds 
of  a rotating  shaft  are  a common  example  of  this  class. 

The  purpose  of  a theory  of  rotor  vibration  is  mainly  to 
predict  the  occurrence  of  and,  if  possible,  to  show  how  to 
avoid  self-excited  and  shaft  critical  vibrations. 

CHOICE  OF  DEGREES  OF  FREEDOM 

Of  the  large  number  of  degrees  of  freedom  of  a hinged 
rotor,  the  important  ones  for  the  present  problem  have 
been  found  to  be  hinge  deflection  of  the  blades  in  the  plane 
of  rotation  and  horizontal  deflections  of  the  pylon.  Other 
degrees  of  freedom,  such  as  the  flapping  hinge  motion  of  the 
blades,  the  bending  or  torsion  of  the  blades,  and  the  torsion 
of  the  drive  shaft,  are  considered  unimportant  in  the  problem 
of  self-excited  oscillations.  Some  motions,  such  as  landing- 
gear  deflection,  that  produce  lateral  deflection  at  the  top 
of  the  pylon  may,  however,  be  important. 

PHYSICAL  PARAMETERS 

The  theoretical  results  given  latfer  provide  a means  of 
predicting  the  natural  frequencies  and,  in  particular,  the 
critical  speeds  and  unstable  speed  ranges  in  terms  of  certain 
physical  parameters,  such  as  mass,  stiffness,  and  length. 


The  successful  application  of  the  theory  depends  upon  the 
determination  of  the  proper  values  of  these  physical  pa- 
rameters for  the  aircraft  or  model  being  studied. 

The  important  parameters  to  be  determined  are: 

a radial  position  of  vertical  hinge 

b distance  from  vertical  hinge  to  center  of  mass  of 

blade 

mb  mass  of  blade  (Flexibility  of  the  blade  structure 
may  have  to  be  taken  into  account  by  the  use  of 
an  effective  value  of  mb  different  from  the  actual 
blade  mass.  The  effective  blade  mass  can  be 
taken  as  the  value  required  to  make  the  theory 
predict  the  correct  pylon  natural  frequency  when 
the  rotor  has  a zero  or  very  slow  rotational 
speed.) 

I moment  of  inertia  of  blade  about  hinge, 

ms62  (l+p) 

Kp  spring  constant  of  self-centering  springs,  which  can 
be  determined  by  a force  test  or  from  the  hinge 
frequency  with  the  hub  rigidly  supported 
mx,  mv  effective  mass  of  pylon  for  deflections  in  x-  and 
^/-directions 

Kx , Kv  effective  stiffness  of  pylon 

The  effective  mass  of  the  pylon  is  the  value  of  a concen- 
trated mass  that  would  have  the  same  kinetic  energy  expressed 
in  terms  of  the  deflections  at  the  hub  as  the  actual  pylon 
and  hub  if  it  were  placed  at  the  rotor  hub  in  the  plane  of 
rotation.  The  effective  stiffness  of  the  pylon  is  the  stiffness 
of  a spring  that,  if  placed  at  the  hub  in  the  plane  of  rotation, 
would  have  the  same  potential  energy  in  terms  of  deflections 
at  the  hub  as  the  actual  pylon.  Equivalent  definitions  are 
that,  if  a simple  spring  and  mass  were  imagined  to  be  sub- 
stituted at  the  hub  in  the  plane  of  rotation  for  the  pylon 
and  hub,  the  natural  frequency  and  the  change  of  natural 
frequency  with  added  mass  would  be  the  same  as  for  the 
actual  pylon. 

An  experimental  method  of  measuring  the  effective  mass 
mx  and  stiffness  Kx  of  the  pylon  is  to  replace  the  rotor  by 
an  approximately  equal,  rigid,  concentrated  mass  A M at  the 
hub  and  to  measure  the  natural  frequency  for  two  or  more 
values  of  this  added  mass.  The  quantities  are  then  related 
by  the  equation 

I Kx 

Ux~\mx+AM 

or 

•^1=4-  (mx+AM) 
ux  Kx 

If  measured  values  of  l/u>x2  are  plotted  against  added  mass 
A M and  a straight  line  is  drawn  through  the  points,  the 
intercept  and  the  slope  of  the  line  will  determine  the  effective 
values  of  Kx  and  mx. 

For  the  parameters  a and  b,  the  actual  geometric  lengths 
should  be  used  unless  the  flexibility  of  the  hinge  offset  arm  a 
is  comparable  in  magnitude  with  the  hinge  spring  stiffness. 
In  this  case,  it  is  recommended  that  an  effective  value  of  a 
be  guessed  and  that  b be  determined  by  subtraction  from  the 
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correct  geometric  value  of  a+b. 

The  damping  parameters  may  be  defined  by  the  form  of  a 
dissipation  function  F.  The  function 

2 F=  BxX/ 2 + Bvy? + 23  Bp  fa2 

k=0 

is  equal  to  the  rate  of  dissipation  of  energy  by  damping. 
The  parameters  Bx  and  Bv  thus  measure  the  damping  force 
per  unit  velocity  referred  to  linear  displacements  of  the  top 
of  the  pylon  and  Bp  is  the  damping  torque  per  unit  angular 
velocity  at  a blade  hinge.  If  the  damping  force  per  unit 
velocity  is  not  a constant,  effective  values  should  be  used 
that  will  represent  the  same  dissipation  of  energy  per  cycle 
as  actually  occurs  with  a reasonable  amplitude  of  vibration. 
The  amplitude  of  free  vibration  in  a single  degree  of  freedom 
is  given  in  terms  of  j BX}  Bv , and  Bp  by 

xf~x0e  2M 

Vr^Voe  2M 

3f 

At=iV  27 

The  damping  parameters  are  probably  the  most  difficult 
ones  to  measure  accurately.  In  practice,  it  is  advisable  to 
make  calculations  for  a given  case,  first  on  the  basis  of  no 
damping  and  then  with  the  use  of  the  estimated  values  of  the 
damping  parameters. 

MATHEMATICAL  DEVELOPMENTS 

METHOD  OF  ANALYSIS  * 

The  derivation  of  the  characteristic  equation  that  is  used 
as  the  basis  for  predicting  the  unstable  oscillations  of  a rotor 
is  presented  in  this  section.  Readers  interested  solely  in 
applications  can  omit  this  section  and  proceed  immediately 
to  the  section  entitled  “Method  of  Applying  Theory.” 

The  method  of  analysis  treats  the  equations  of  motion  for 
small  displacements  from  the  equilibrium  condition  with 
steady  rotation.  A proper  choice  of  coordinates  leads  to 
equations  with  constant  coefficients.  The  solutions  are 
exponential  or  trigonometric  functions. 

The  mathematical  manipulations  involved  in  treating  the 
motions  of  a mass  in  a plane  of  rotation  are  facilitated  by  the 
use  of  a complex  variable.  The  t37pical  disturbed  motion 
obtained  by  solving  the  equations  of  motion  is  an  elliptic 
whirling  motion,  which  is  represented  in  terms  of  a complex 
variable  z—x+iy.  At  any  instant,  z represents  the  dis- 
placement of  the  pylon  from  its  equilibrium  position.  An 
expression  such  as 

z=ceio>ft 

represents  whirling  of  the  pylon  in  a circle  of  radius  c with 
angular  velocity  cof.  The  sign  of  cor  determines  the  sense  of 
the  rotation.  Two  rotations  in  opposite  sense  with  the  same 
radius  are  equivalent  to  a vibratory'  motion  in  a straight  line 
and  are  given  as  follows : 

z=c(ei<astJre~i<,ift) 

—2c  cos  a )ft 


Two  opposite  rotations  of  different  radii  are  equivalent  to 
whirling  in  an  ellipse.  A complex  value  of  o>,  represents 
whirling  in  a spiral,  which  may  be  either  a damped  or  a self- 
excited  motion  depending  upon  the  sign  of  the  imaginary 
part.  A self-excited  motion  exists  when  the  imaginary  part 
of  o}f  is  negative,  and  the  magnitude  of  2 increases  with  time. 

The  displacements  may  be  referred  to  a fixed  or  to  a rotat- 
ing coordinate  system.  If  zf  and  2a  are  the  displacements 
with  respect  to  a fixed  and  to  a rotating  reference  s}7stem, 
respectively, 

zf=zaeiu,t 

za=ceio>at 

then 

zf=:cei(<a«+u)t 

A whirling  speed  ua  with  respect  to  the  rotating  coordinates 
thus  corresponds  to  a whirling  speed  ay—  coG+co  with  respect 
to  the  fixed  coordinates.  A shaft  critical  vibration  corre- 
sponds to  o)a—0  in  the  rotating  coordinate  system  or  to 
o)f=o3  in  the  fixed  coordinate  system. 

EXAMPLE  OF  ROTOR  WITH  LOCKED  HINGES 


An  example  that  involves  a partial  use  of  complex  variables 
is  given  on  page  253  of  reference  2.  The  problem  given 
there  of  a mass  particle  moving  on  the  inner  surface  of  a 
rotating  spherical  bowl  is  mathematically  equivalent  to  the 
disturbed  motion  of  a flywheel  and  shaft  or  of  a rotor  with 
locked  hinges.  The  equations  of  motion  obtained  in  real 
form  in  rotating  coordinates 


xa—2o)i/a—u2xa' 

ya+2a>xa—w2ya 


Baxa  K 
M M 

Bajja  K 
M M 


(I) 


are  combined  in  the  single  equation 

za+(2^+§)  ^+(j|-“2)  *«=0 

Za  = Xa-\~tiy  a 


where 


(2) 


is  the  complex  position  vector  in  the  rotating  coordinate  sys- 
tem. The  complete  solution,  if  small  damping  is  assumed,  is 


where 


zae iu> 1 = Oie~V] 1 iu  S + C2e~V2 ' iu rt 


(3) 


The  path  of  the  motion  is  represented  by  rotations  of  a com- 
plex vector  in  a plane. 

The  use  of  a complex  variable  has  thus  cut  in  half  the  num- 
ber of  equations  to  be  handled  and  has  yielded  a solution 
from  which  the  geometric  path  of  the  motion  may  easily  be 
reconstructed.  The  advantage  of  the  2-notation  is  not  full}7 
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realized,  however,  unless  it  is  used  from  the  very  beginning 
of  the  problem.  The  close  similarity  of  this  problem  to  the 
rotor-vibration  problem  makes  it  worthwhile  to  show  the 
full  application  of  the  2-notation  to  the  preceding  example. 
The  complex  variable  za  at  any  instant  determines  the  posi- 
tion of  the  mass  particle  relative  to  the  rotating  coordinate 
sjrstem.  If  the  position  in  a fixed  coordinate  system  is 
denoted  by  zf, 

zf=zaeiut  (4) 

and  za  can  be  treated  as  a generalized  coordinate  in  the 
Lagrangian  equations  of  motion.  The  kinetic-  and  potential- 
energy  expressions  can  be  immediately  written  as 


This  example  illustrates  a shaft  critical  speed  for  o o=tJK/M 
and  a self-excited  instability  for  a A discussion  of 
the  physical  picture  of  this  instability  due  to  damping  is  given 
on  page  293  of  reference  1. 

The  effect  of  damping  in  a nonrotating  part  of  the  system 
can  be  included  in  the  analysis  merely  by  adding  to  the 
previous  dissipation  function  the  term 

2 BfZ/Zf 

The  equation  of  motion  then  becomes 

Mzf+Bfif+Baizf—  io>zf).+Kzf=0  (8) 


T=±Mz,t, 

=2  ( Za~\~ /lO)Za)  ( Za  ioiZa) 

V=\Kzaza 

A dissipation  function  for  damping  that  depends  upon  motion 
relative  to  the  rotating  system  can  be  written 

F——  BaZaZa 

The  equations  of  motion  are  now  obtained  by  considering 
za  and  za  as  generalized  coordinates  in  the  Lagrangian  equa- 
tions. Substitution  in  the  equation 

<i_  +^==o 

dt  \c >ij  di* 

thus  yields  the  equation  previously  given 

za+(^iu+j^  2a ===0 

The  same  method  can  be  used  to  obtain  the  equations  of 
motion  in  the  fixed  coordinate  system.  In  this  case,  . 

T=\Mz,z,  1 


V=\  Kz,z, 


Y (5) 


F=^  Ba  (zf—iuzf)  (zf+iuzf)  J 
The  equation  of  motion  in  terms  of  zf  becomes 

z,= 0 . 


(6) 


The  solution  for  small  values  of  damping  becomes 

<9) 

The  motion  is  how  unstable  above  the  speed 

“=Vm(i+f;)  (io) 

HINGED  ROTOR 

Inclusion  of  the  effect  of  hinge  motion  in  the  plane  of 
rotation  increases  the  number  of  degrees  of  freedom  and  the 
number  of  equations  of  motion.  For  example,  three  hinged 
blades  and  two  directions  of  pylon  deflection  give  five 
degrees  of  freedom  to  be  considered.  If  special  linear  com- 
binations of  the  hinge  deflections  are  used  as  generalized 
coordinates,  no  more  than  four  degrees  of  freedom  need  be 
considered  simultaneously.  The  use  of  complex  variables 
reduces  these  four  equations  to  two  equations. 

Appropriate  variables  in  the  rotating  system  for  a three- 
blade  rotor  are 


(£o+/h  +&) 


2 tt*  4iri 

Po+fre3  +fteT 


4 Tri  Siri 

Po+he  3 +p2e  3 


(11) 


These  variables  and  their  complex  conjugates  satisfy*  the 
relations 


di- — 82 

02= 


and  the  solution  for  small  values  of  damping  is 
z,=  Cie~Wl  (1_VS7a?)  t+'^KIMt  + CoiWl  (1+ 


(7) 


This  solution  shows  that  the  motion  consists  of  two  circular 
vibrations  in  opposite  directions  and,  moreover,  that  for 
the  first  term  represents  unstable  motion;  that  is, 
the  vibration  has  negative  damping. 


and  also 

i^i  ~b0202— — 0o2~b  2$idi 

=~  (W/V+ft2) 

The  variables  pk,  by  virtue  of  their  meaning,  are  referred  to 
a rotating  coordinate  system.  The  special  linear  combina- 
tions of  the  denoted  by  6k  are  also  referred  to  a rotating 
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coordinate  system.  The  appropriate  variables  to  represent 
the  hinge  deflections  when  fixed  coordinates  are  used  are 
defined  by 

(12) 

and  fk  is  the  complex  conjugate  of 

Geometrically,  0X  or  is  the  complex  vector  representing 
the  displacement  due  to  hinge  deflection  of  the  center  of 
mass  of  all  the  blades,  just  as  z represents  the  position  of  the 
shaft  due  to  pylon  deflection.  It  wall  be  shown  later  that  in 
equations  of  motion,  61  is  coupled  with  z and  60  is  an  inde- 
pendent principal  coordinate.  Equations  (11)  when  solved 
for  0O,  0b  and  02  become 

0o+0i  + 02=fri0o 
e0+dle-ia+d2eia=bipl 
e0+dleia+d2e-ia=bip2 
Then,  in  a mode  involving  8ly 
0o-O 

0i= \ eiu°‘- 

62—  — 61 
0o=sin  o>at 

0!  = sin  (a >at—a)  V (13) 

02= sin  (uat+a)  j 


Equations  (13)  show  that  in  the  0i-mode,  the  blades  are 
undergoing  sinusoidal  vibrations  120°  out  of  phase  with  one 
another  in  a manner  analogous  to  three-phase  electrical 
currents. 

General  formulas  for  any  number  of  blades  are 


derivation  of  equations  of  motion 
The  equations  of  motion  and  the  characteristic  equation 
of  whirling  speeds  are  herein  derived  for  the  general  case  of 
three  or  more  equal  blades  on  a pylon  that  may  have  dif- 
ferent stiffness  properties  in  different  directions  of  deflection. 
The  effects  of  damping  in  the  blade  hinges  and  in  the  pylon 
are  included.  The  equations  are  first  formulated  in  a non- 
rotating reference  system.  The  required  modifications 
are  then  given  for  the  case  of  isotropic  support  stiffness. 


The  corresponding  equations  referred  to  the  rotating  co- 
ordinates are  then  obtained. 

Let  the  position  of  the  center  of  mass  of  the  &th  blade  be 
represented  by  the  complex  quantity  zk  in  the  plane  of 
rotation.  (See  fig.  1-1.)  Let  the  bending  deflection  of 
the  pylon  be  represented  by  zf  in  a nonrotating  coordinate 
system  and  let  0*  be  the  hinge  deflection  of  the  &th  blade. 
Then 

2*=  2/+  (a + be**)  e i(ak+u  0 (15) 

The  complex  velocity  is 

i k = i /+  [bi$ket0k +iu(a+bei0*)]ei(  ak+0>  0 (16) 

Because  only  small  displacements  are  being  considered,  the 
exponential  factors  containing  0*  can  be  expanded  and  only 
the  terms  that  lead  to  quadratic  terms  for  the  kinetic- 
energy  expression  need  be  considered. 

Some  terms  can  be  ignored  either  because  they  cancel 
after  summation  for  all  the  blades  or  because  the  corres- 
ponding derivative  expressions  in  the  Lagrangian  equations 
vanish.  The  substitution 

e**=  l+'ift-y 

leads  to  the  following  expression  for  the  kinetic  energy  of 
translational  motion  of  the  &th  blade: 

7&=2  'W'bZkZk  (17) 

where 

*/(-  W)  (0*- i«0*)«-‘  «‘> + b*h*-tfabh* 


Figure  I— 1. — Simplified  mechanical  system  representing  rotor. 
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The  kinetic  energy  of  rotation  about  the  center  of  mass  of 
the  blade  is 


TT=±mbrW  (18) 

The  effective  mass  of  the  pylon  may  be  different  in  the  zr  and 
in  the  ^//-directions.  Allowance  for  this  possibility  is  made 
b}r  writing  the  kinetic  energy  of  the  pylon  as 

Ts=^(mxx/Jrmtlyf) 

= ^jnfzfzf+Am,  j (19) 


where 


mf 


mx+mv 

2 


&mf 


tyix — my 


2 


/ 

The  total  kinetic  energy  is  the  sum  of  the  expressions  for 
the  separate  kinetic  energies. 

The  pylon  spring  constant  may  differ  in  the  %r  and  in  the 
^//-directions  and,  consequently,  the  potential  energy  can 
be  expressed  as 


V=l  (Kflfir 1- +g  W (20) 


The  effect  of  damping  will  be  expressed  with  the  aid  of  a 
dissipation  function.  If  damping  exists  in  the  pylon,  in  the 
rotating  shaft,  and  in  the  hinges,  this  function  becomes 

F=\ (b,z,z,+AB,  *L±?L+Bj  jo+g  Bfsk?)  (21) 


The  sum  of  the  various  energy  expressions  for  all  the 
blades,  expressed  in  terms  of  the  variables  zf  and  ft  in  the 
nonrotating  coordinates,  becomes 


i/2+;g/2 


"(m/H"nm&)  ZfZf+nmb  (zrti  + 


g/fO+^l+p^)  S (ft— ^ft)(ft+^ft) 

H (4*>  itr£+K,‘t.+rf  g w.) 


r (22) 


The  Lagrangiau  equations  of  motion  are 


+^=0 

d_ , SF  dF 

dt\djJ  £>?i  dfi 

and  similar  expressions  for  the  other  variables, 
tions  of  motion  in  fixed  coordinates  then  become 


* (23) 

J 

The  equa- 


(n+nmb)zf-]-Bzf-\-Ba(z/‘—iQ)Zf)-{-Kz/JrAmzf-\-ABz/-{-> 
AKzf+nmbh= 0 

wm»z/+27im6ffl-f-p^(fi— 2iw$l—a2$l)+ 

5s  f fi]=° 

nmb  [(l+p)  (ft-2i<o^-«2f*)  +^-2  (fr-i«f*)  + 


m462  ^,£j 


where  ft  refers  to  the  f -variables  other  than  ft  and  ft_j. 
The  complex  conjugates  of  these  equations  are  also  obtained 
but  give  no  additional  information.  Each  complex  equation 
is,  of  course,  equivalent  to  two  real  equations.  It  is  noticed 
that  the  first  two  equations  contain  only  the  variables  zf} 
zf , and  ft  and  that  the  third  equation  represents  n-2  equa- 
tions, each  containing  one  independent  principal  coordinate 
f*.  The  physical  meaning  of  this  partial  separation  of 
variables  is  that  a blade  motion  represented  by  ft  involves 
a motion  of  the  common  center  of  mass  of  the  blades  and, 
thus,  a coupling  effect  with  the  pylon.  Blade  motions  in 
which  the  common  center  of  mass  does  not  move  are  repre- 
sented by  f0,  . . . f n.  For  three  blades,  the  only  such 
mode  is  the  one  corresponding  to  ft*  In  this  mode,  all  the 
blades  move  in  phase;  the  motion  is  always  damped  and 
does  not  lead  to  instability. 

The  equations  of  motion  of  a one-  or  two-blade  rotor  are 
somewhat  different  from  equations  (24).  The  difference  is 
connected  with  the  circumstance  that  a rotor  of  three  or 
more  equal  blades  has  no  preferred  direction  in  its  plane; 
whereas,  a one-  or  two-blade  rotor  has  different  dynamic 
properties  in  directions  along  and  normal  to  the  blades. 
Only  a brief  statement  and  the  final  equation  for  shaft 
critical  speed  will  be  given  for  the  one-  or  two-blade  rotor. 

The  equations  of  motion  involving  zf  and  ft  can  be  written 
more  compactly  by  use  of  the  notation 


F=\  [a Bf?£^+B,z,t,+Ba(z,-io,zf)  (£,+ i«S,)+ 

X)  (f*~ ' iwf*)  (?*+*“?*) 
o k= 0 J 


and  the  substitutions 
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B* 

M 


=K 


a 


= A] 


nmi  _ 

Then 


or,  briefly, 


[z?2+X/Z?+Xa(Z?-ia>)+§]2/+(^^+AX/Z>+^/)i/+MZ?2ri=0 
—7 I5v7?22/+[(Z?— ico)2+X^(Z>— iw)+w2A1+A2]fi=0 

<1+F2) 


(25) 


An(D)  zf-\- &An(D)zf\-A\2(D)  ft— 0 
A<t\(£f)Zf  +yl22  (D){  i=0 

THE  CHARACTERISTIC  EQUATION 

The  general  form  of  solution  of  equations  (26)  is  an  elliptic  whirling  motion  that  can  be  represented  by 

z^CiW+Cke**' 

2f=Cie~iZit+C2ei<ait  ► 

ft=C36*«/*+C4e~^ 


(26) 


(27) 


Special  cases  of  this  motion  include  whirling  in  a circle  (C2=C4=0)  and  linear  vibration  (Ci— C2,  C3=C4).  Substi- 
tution of  equations  (27)  in  equation  (26)  gives 


[■<4.11  ('ico/)  Ci~\~  A An  C2-\-Ai2(io)/)  C3]eIw/*-)-  [An  (— iw/)  C2+ A^4n(— iuf)Cx-\-An{— *i5/)  Ci]e~*"/*==0 

[A21  (ioif)  Ci  ^422  (io)/)  C3]  ei<afl  ~b  [A2i  ( — io)/)  C2 + ^422  ( — iv/)  C4]  e -,w/* = 0 


(28) 


In  order  for  equations  (27)  to  be  a solution  of  equations 
(26),  equations  (28)  must  be  satisfied  for  each  value  of  t. 
The  coefficient  of  each  time  factor  eiu>fl  or  e~i73fl  must  there- 
fore separately  vanish.  Because  each  bracketed  expression 
represents  a complex  quantity  that  vanishes,  its  complex 
conjugate  also  must  vanish.  The  condition  for  a solution 
can  therefore  be  expressed  by  the  vanishing  of  the  first 
bracketed  terms  and  the  complex  conjugates  of  the  second 
bracketed  terms.  Hence, 


Auiiuf)  C\ + kAxi^iw^Ci^r  Ai2(i<j)f)Cz 

A21  Ci  + A22(icof)  O3 

AAu(ic0f)Ci-\-An(i<j)f)C2 

A21  (ico/)C2 


=0 

=0 

-\-Ai2(io)f)C4=0 
A22  i%(jOf)  C\ = 0 


y (29) 


where  An(iuf)  is  the  complex  conjugate  of  An(— iZ>f)  and  is 
obtained  from  An(iuf)  by  changing  ia>  to  — ico  without 
changing  iuf.  The  characteristic  equation  giving  the  rota- 
tional speeds  is  the  determinant  of  the  coefficients  of  Ci,  £2, 
C3,  and  C4  equated  to  zero.  With  the  second  and  third 


columns  interchanged  for  symmetry,  the  determinant 
becomes 


A„ 

A 12 

A An 

0 

A2i 

A 22 

0 

0 

AAU 

0 

An 

A12 

0 

0 

A21 

A22 

The  expanded  form  of  this  determinant  is 
(AnA22  ^4i2^12i)  (AuA22  -4i2^2i)  — AAiiAAnA22A22=0  (31) 
where 

An~ —<*)/+ i\a  (co,— oj)  -\~ 

An=  — co/+ tco/X/d-  ^Xa(w/+<o) 

AAn = A A„ = — ^ W/2 +ico/AX/+^^ 
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•^12^21 — -i  12-4-21 , ~ ox  W/4 — A3W/4 

2(1+^) 

A22—  — ( o>f — <o)2-|-iA0(«/ — co)  +co2Ai  + A2 

A-22== CO)  2 — f~^)  “}“G02Ai  A2 

The  roots  co/  of  this  equation  are  the  characteristic  whirling 
speeds  of  the  rotor. 

For  the  case  of  isotropic  supports, 

A^n=0 

and  the  equations  of  motion  are  satisfied  by  equations  (27) 
with  O2=Ca=0. 

The  characteristic  equation  is  then  simply 

^4.11-^4-22 — ^4i2^42i=0  (3  2) 

In  a rotating  coordinate  system,  the  complex  coordinates  are 
za  and  where 

zf—  zaeiu)t 
fi=0ie*"' 

Then 

Dzf~  (Dza+icoza)eib>t 

If  the  whirling  speed  in  rotating  coordinates  is  represented 
by  «„,■ 

za=Cieia°t 

The  characteristic  equation  is  then  obtained  by  substituting 
coaT*w  for  o)fi 

Au(a)a-\~  u)  A22  (^4"^)  * — -4i2(^a-}-co)yl2i(a)a-hw)  = 0 (33) 

The  characteristic  equation  can  thus  be  stated  in  terms  of  a 
whirling  speed  in  either  the  fixed  or  the  rotating  coordinate 
system. 

METHOD  OF  APPLYING  THEORY 

APPLICATION  NEGLECTING  DAMPING 

In  plotting  curves  for  use  in  applications  of  the  theory,  it 
is  convenient  to  consider  one  of  the  pylon  bending  fre- 
quencies o)t=^Kx/Mx  as  a reference  frequency  and  to  refer 
all  other  frequencies  as  well  as  the  rotational  speed  a 0 to  the 
reference  frequency  as  unit.  The  number  of  independent 
parameters  is  thus  reduced  by  1.  All  quantities  in  equa- 
tions (31)  to  (33)  are  then  expressed  nondimensionally. 

The  natural  whirling  speeds  and  the  three  types  of  vibra- 
tion— ordinary,  self  excited,  and  shaft  critical — can  now  be 
predicted  from  a study  of  the  roots  of  equation  (31)  in 
which  co/  is  considered  a function  of  co  for  fixed  values  of  the 
other  parameters. 

The  case  of  no  damping  will  be  considered  first.  Because 
equation  (31)  with  damping  terms  omitted  is  of  the  fourth 
degree  in  co/  and  of  only  the  second  degree  in  co2,  it  may  be 
solved  conveniently  by  first  choosing  values  of  «/  and  then 
solving  the  equation  for  co2.  Similar  indirect  methods  can 


be  used  with  equations  (32)  and  (33).  Special  methods  to 
be  used  when  damping  is  included  will  be  discussed  later. 

The  meaning  of  equations  (31)  to  (33)  will  be  illustrated 
by  examples.  The  real  part  of  cor  will  be  plotted  against  co 
for  selected  values  of  the  parameters  Ai,  A2,  A3,  and  s.  The 
simplest  case  is  that  in  which  the  mass  of  the  blades  is  so 
small  that' any  force  on  the  pylon  due  to  blade  motions  is 
negligible.  The  pylon  motions  are  then  independent  of  the 
blade  motions.  This  case  is  obtained  by  putting  A3=0. 
The  characteristic  equation  (31),  (32),  or  (33)  then  factors 
into  expressions  yielding  straight  lines  and  hyperbolas. 

An  example  of  a rotor  with  particular  values  of  the  param- 
eters is  plotted  as  long-dash  lines  in  figure  1-2.  The  hori- 
zontal straight  lines  correspond  to  pylon  bending  and  the 
slanting  hyperbolas  correspond  to  hinge  deflection.  Each 
curve  represents  the  trend  of  one  of  the  real  roots  co/.  As 
A3  increases  slightly  from  zero,  the  greatest  changes  in  the 
curves  occur  in  the  vicinity  of  the  intersections  of  the 
straight  lines  with  the  hyperbolas.  Here  each  branch 
breaks  away  from  the  intersection  and  rejoins  ihp  other 
branch.  At  a gap,  such  as  C in  figure  1-2,  the  number  of 
real  roots  of  the  frequency  equation  is  reduced  by  1-2. 
The  missing  roots  are  complex  conjugate  numbers,  and  one 
of  them  must  have  a negative  imaginary  part,  which  implies 
a self-excited  vibration. 

Consider  the  interpretation  of  figure  1-2  as  co  is  gradually 
increased  from  zero.  At  zero  rotational  speed,  the  values 
of  co/  are  the  natural  frequencies  that  could  be  excited  as 
ordinary  vibration  by  applied  vibrating  force.  Positive  and 
negative  values  occur  in  pairs  of  equal  magnitude  and  cor- 
respond to  linear  vibration  modes  represented  in  complex 
notation  as 

Zf—c(e  + e " / e) 

As  co  increases  from  zero,  the  positive  and  negative  values 
of  co/  no  longer  are  equal  in  magnitude.  The  normal  modes 
are  therefore  whirling  motions  with  angular  velocities  equal 
to  the  plotted  values  of  cor. 

The  shaft  critical  speed  is  the  rotational  speed  at  which 
to/=co  and  hence  is  given  by  the  point  A where  a 45°  line 


CO 


Figure  1-2. — The  effect  of  coupling  between  pylon  and  hinge  motions. 
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through  the  origin  intersects  the  co/-curve.  This  speed  cor- 
responds to  the  peak  for  vibrations  excited  by  unbalance  in 
the  rotating  system.  As  co  increases  above  the  shaft  critical 
speed,  the  modes  of  whirling  are  stable  until,  for  the  case  of 
no  damping,  the  value  of  «,  becomes  complex  at  the  value  of 
co  at  which  a vertical  line  is  tangent  to  the  plotted  curve. 
This  point  B is  the  beginning  of  the  self-excited  range.  At 
the  point  D,  the  motion  again  becomes  stable.  The  real 
part  of  c cf  is  plotted  in  the  region  C as  a short-dash  line. 
The  complex  roots  in  the  region  C have  been  calculated  and 
plotted  in  figure  1-3. 

The  point  E,  at  which  co/=0,  is  of  some  interest.  At  this 
speed,  a vibration  of  the  blades  could  be  excited  by  a steady 
force  (co/=0,  coa  = — co),  such  as  the  force  of  gravity  if  the 
plane  of  the  rotor  is  not  horizontal. 

Because  the  most  important  information  to  be  obtained 
from  the  frequency  equation  is  the  critical  value  of  co  for  the 
shaft  critical  and  self-excited  vibrations,  a set  of  charts  that 
gives  this  information  for  a large  variety  of  values  of  the 
physical  parameters  has  been  prepared.  These  charts  are 
given  in  figures  1-4  to  1-6,  which  correspond  to  values  of 
stiffness  ratio  Ky/Kx=s  of  1,  ® , and  0,  respectively.  The  use 
of  the  charts  is  illustrated  by  a numerical  example.  Suppose 
the  values  of  the  parameters  for  a certain  rotor  are  A^O.07, 
A2— 0.22,  A3=0.1,  5=1,  and  cor=155  cycles  per  minute.  A 
straight  line,  such  as  AB  in  figure  1-4,  is  first  drawn  to  repre- 
sent the  function  cotyj+Ao.  This  line  intersects  contours 
A3=0.1  at  co2=0.77  for  the  shaft  critical  point  and  co2=1.6 
and  4.85  for  the  beginning  and  for  the  end  of  the  self-excited 
range,  respectively.  With  a reference  frequency  of  155 
cycles  per  minute,  these  values  correspond  to  actual  rota- 
tional speeds  of  136,  196,  and  342  rpm. 

All  possible  values  of  A1;  A2,  and  A3  are  thus  covered  by 
suitably  changing  the  straight  line  AB.  The  general  effect 
of  the  stiffness  ratio  s is  not  large;  any  case  can  therefore  be 
estimated  with  a fail*  degree  of  accuracy  by  use  of  figures  1-4 
to  1—6. 

POSSIBILITY  OF  AVOIDING  OCCURRENCE  OF  VIBRATION 

Figures  1-4  to  1-6  can  also  be  used  for  the  inverse  problem 
of  finding  the  values  of  the  parameters  that  are  required  to 
obtain  given  values  of  critical  rotational  speed.  These 
figures  show  that  to  eliminate  entirely  the  self-excited  in- 
stability requires  that  be  equal  to  or  greater  than  1. 


Figure  1-3. — The  complex  frequency  in  the  unstable  range  for 
A,  = 0.07,  A2=0.22,  a3=0.1,  and  s=l. 


Figure  1-4. — Stability  chart  for  s—l. 

The  shaft  critical  instability  can  be  entirely  eliminated  only 
with  a value  of  Al  in  a small  range  near  4 and  with  s=  ® or 
$=0.  These  values  of  Ai  differ  radically  from  present 
designs  in  which  a typical  value  is  0.07. 

The  satisfactory  requirement  of  keeping  the  instabilities 
outside  the  operating  range  of  rotational  speed  is  found  by 
first  picking  a reasonable  value  of  the  pylon  frequency 
V Kx/Mx  to  fix  the  scale  unit  for  co  and  by  then  observing  the 
combinations  of  Ai  and  A2  that  can  be  used  to  avoid  the 
critical  A3-contours. 

EFFECT  OF  DAMPING 

The  effect  of  damping  has  been  included  in  equation  (31) 
through  the  parameters  A/,  AA/,  Aa,  and  A^.  A method  of 
computation  similar  to  thq,t  used  in  flutter  theory  appears 
preferable  to  attempting  to  solve  the  equation  directly  for  co/. 
The  beginning  and  the  end  of  an  unstable  range  can  be  found 
by  the  following  method:  At  a limit  point  between 'a  stable 
and  an  unstable  speed  range,  the  value  of  osf  is  "real.  Equa- 
tion (31)  is  first  separated  into  real  and  imaginary  parts  with 
co/  considered  real.  Each  part  is  considered  a functional 
relation  between  go/  and  co  and  is  plotted  for  a given  set  of 
values  of  the  parameters.  The  intersections  of  the  real  and 
the  imaginary  equations  give  the  rotor  speeds  and  frequencies 
corresponding  to  the  beginning  and  the  end  of  the  unstable 
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ranges.  In  the  computations,  it  is  preferable  to  choose 
values  of  w,  and  to  solve  the  equations  for  the  corresponding 
values  of  «. 

The  explicit  form  for  computation  in  the  simplest  case  of 
isotropic  supports,  with  damping  in  the  pylon  and  in  the 
hinges  but  not  in  the  rotating  shaft  (Aa— 0),  is  obtained  from 
equation  (32)  rearranged  as  follows: 

For  the  real  equation 

a>2-2BRa>+CR=0  (34) 


Figure  1-6. — Stability  chart  for  $=0. 

where 

B,= [W/_2Vv  (_w'2+§)] 

and 

°,=  ~1^A1  [v  (_W/2+§)+  (_W'2+A2)] 


w — BR  db ^BR  — Or 


where 


Br- 


1-Aj 


A/A^ 


2 (-«/+ 


M) 


and 


The  real  and  imaginary  equations  for  the  most  general  case 
of  equation  (31)  can  be  written,  respectively,  as  follows: 

Aa2  (1 — A]  )2w6  + [Ri  (1  Ai ) 2 + Aa22?3]  a>4  + (RiRz — /i/3 + Aa27?2 — 

R5W+RJi2- IxI2-Ra+ V«/8=0  (36) 

(7i  (1 — Ai  )2 + Aa2/3]  co4  + (Rilz + 223/i + A//2 — Is)o)2-\-Ril2 + 

B27i-/4=0  (37) 


Gr 


<*f 


1-Aj 


A3W/2-)-A/A^\ 

‘M  ) 


For  the  imaginary  equation 

w*- 2BIw+CI=0 


where 
M.M, 


f>  MXMy  / j,  1 KX\  / 2 | Ky\ 

Kl~  M2  V '+Mjy  U'+Mj 


(35) 


“/ 


(i4'+x-)(x'»+x*) 


526597—60 


-19 


280 


REPORT  1351 — NATIONAL  ADVISORY  COMMITTEE  FOR  AERONAUTICS 


+ 


Mx4'+x*) 


R2=  (— w/+  A 2) 2— «/2X/32 


72=2( — W/2+  A?)ojf\p 

«3=-2(1-A,)(-co/+A2)-4W/2+A/ 

/3=  — 2(1  — Ai)w/A^-|-4w/X^ 

/?4=2oj/A3  [(-«/+§)  (-^/2+A2)-co/2(X/+Xa)X3] 

/4=2w/A3  i co/X3+w/(X/+X0)(— w/2+A2)J 

jBs=2&)/A3  [—  (1— At)  — «/  ~ XaX/j J 

75=2oj/4A3[— (1  — A1)oj/(X/+Xa)  — 2X^1 

Examples  of  calculated  cases  with  damping  are  shown  in 
figures  1-7  to  1-9.  The  presence  of  small  amounts  of  damp- 
ing in  both  the  pylon  and  the  hinge  degrees  of  freedom  does 
not  greatly  change  the  predictions  that  would  be  made  from 


Figure  1-7. — Plot  of  real  and  imaginary  equations  for  a typical  case. 
8=1;  Ai  = 0.07;  A2=0.22;  and  A3=0.198. 


Figure  1-8. — Plot  of  real  and  imaginary  equations  for  case  of  s~^} 
Ai  = 0.07,  A2=0.22,  and  A =0.198. 


0 1.0  2.0  3.0 


O) 

Figure  1-9. — Effect  of  damping  for  case  of  $=1,  Ai=0.07,  A2=0.22, 

and  A3=  0.198. 


the  equations  with  no  damping.  The  plot  of  the  real  equa- 
tion is  practically  the  same  as  the  plot  obtained  when  damp- 
ing is  neglected.  The  intersections  of  the  curves  of  the 
imaginary  and  the  real  equations  with  any  reasonable  value 
of  X//X/ 3 are  near  the  points  that  would  be  considered  the 
limits  of  the  unstable  range  if  damping  were  neglected. 
Increasing  the  amount  of  damping  decreases  the  gap  between 
the  limits  of  stability  until  the  unstable  range  is  finally 
eliminated.  An  approximate  solution  for  the  amount  of 
damping  required  to  eliminate  the  self-excited  instability  is 
obtained  by  requiring  that  the  damping  be  at  least  large 
enough  to  make  the  curve  of  the  real  equation  pass  through 
the  point  where  wf—  1 and  w is  the  value  given  by  the  equa- 
tion 


1 — o> — *y  co2Ai+A2 

The  values  required  in  the  case  of  s — have  been  computed 
and  plotted  in  figure  1-10.  The  elimination  of  self-excited 
vibration  by  damping  thus  looks  promising  and  merits 
further  study  with  reference  to  specific  application. 


0 .1  .2  .3  .4  .5  .6 


a2 

Figure  1-10. — Damping  required  to  eliminate  self-excited  oscillation 

for  $ = 00 . 
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LIMITATIONS  AND  FURTHER  DEVELOPMENTS  OF  THE 

THEORY 

POLAR  SYMMETRY 

An  important  idea  in  the  rotor  vibration  theory  is  the 
concept  of  polar  symmetry.  This  concept  implies  the  ab- 
sence of  a preferred  direction  in  the  plane  of  the  rotor.  A 
rotor  of  three  or  more  equal  blades  has  polar  symmetry.  A 
rotor  of  two  blades  or  one  with  unequal  centering  springs 
does  not  have  polar  symmetry.  A pylon  for  which  KX—KV) 
BX=BV,  and  mx=mv  has  polar  symmetry.  The  possibility 
of  solving  the  rotor  vibration  problem  in  terms  of  exponential 
or  trigonometric  functions  depends  upon  the  existence  of 
polar  symmetry  in  the  rotating  parts  or  in  the  nonrotating 
parts  or  in  both.  The  general  case  of  no  polar  symmetry 
would  lead  to  Mathieu  functions  or  something  similar. 

TWO  BLADES 

A brief  comparison  between  the  two-blade  and  the  general 
case  is  presented  herein.  Polar  s}unmetry  of  the  pylon  is  as- 
sumed. The  shaft  critical  speed  is  obtained  by  substituting 
co0=0  in  the  characteristic  equation  as  expressed  in  a rotating 
coordinate  system.  For  one  or  two  blades,  the  equation 
obtained  is 

[(-“’+§)  <3s> 


The  first  bracketed  factor  gives  the  beginning  of  a self-ex- 
cited  range  and  the  second  factor  gives  the  end  of  the  range. 

Equation  (38)  can  be  compared  with  the  following  equation 
for  the  shaft  critical  speed  of  a rotor  with  three  or  more  equal 
blades  and  polar  symmetry: 

(-"“+§)  <»> 

A useful  chart  based  on  equation  (39)  is  given  in  figure  I— 11 ; 
some  experimental  results  of  tests  of  a simple  model  are 
given  in  figure  1-12.  These  tests  demonstrate  the  essential 
difference  between  the  two-blade  and  the  general  case. 

Langley  Aeronautical  Laboratory, 

National  Advisory  Committee  for  Aeronautics, 
Langley  Field,  Va.,  August  24,  1956. 
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CHAPTER  II 

THEORY  OF  MECHANICAL  OSCILLATIONS  OF  ROTORS  WITH  TWO  HINGED  BLADES 

By  Arnold  M.  Feingold 


SUMMARY 

The  mechanical  stability  of  a rotor  having  two  vertically 
hinged  blades  mounted  upon  symmetrical  supports , that  is, 
of  equal  stiffness  and  mass  in  all  horizontal  directions , is 
investigated  and  reported  herein . The  frequency  equation  is 
derived  and  shows  the  existence , in  general,  of  two  ranges  of 
rotational  speeds  at  which  instability  occurs.  The  lower  region 
of  instability  is  bounded  by  two  shaft  critical  speeds.  At  rotor 
speeds  within  this  region,  self-excited  divergence  of  the  rotor 
takes  place  analogous  to  the  instability  exhibited  by  a rotating 
shaft  that  is  elliptical  in  cross  section.  Within  the  second 
instability  range,  the  rotor  system  undergoes  self-excited  oscilla- 
tions. Charts  are  presented  giving  the  boundary  points  of 
both  instability  regions  for  a large  variety  of  values  of  the  physical 
parameters.  The  effect  of  damping  is  also  included  in  the 
analysis. 

INTRODUCTION 

In  chapter  I,  Coleman  gives  an  analytical  study  of  the 
mechanical  stability  of  a rotor  having  three  or  more  verti- 
cally hinged  blades,  mounted  on  flexible  supports.  It  was 
shown  that,  in  addition  to  the  usual  shaft  critical  speeds, 
self-excited  vibrations  occurred  over  a range  of  rotational 
speeds.  Experiments  with  rotary-wing  aircraft  have  con- 
firmed the  soundness  of  the  analysis. 

The  present  chapter  is  an  investigation  of  the  stability 
of  the  two-blade  rotor  mounted  on  symmetrical  supports. 
As  will  be  shown  later,  the  results  differ  from  those  for  a 
three-blade  rotor.  The  reason  for  the  different  behavior 
lies  in  the  inherent  asymmetry  of  a rotor  with  only  two 
blades.  Motion  of  the  center  of  mass  of  the  blades  of  a 
two-blade  rotor  with  respect  to  the  rotor  hub,  due  to  small 
hinge  deflections  of  the  blades,  must  be  normal  to  the  line 
of  the  blades.  This  restraint,  which  does  not  appear  in  a 
rotor  of  three  or  more  blades,  results  in  the  rotor  system 
having  different  dynamic  properties  along  and  normal  to 
the  line  of  the  blades.  Therefore,  with  supports  that  have 
equal  stiffness  and  mass  in  all  directions  attached  to  a two- 
blade  rotor,  two  principal  vibration  axes  of  the  rotor  hub 
can  still  be  distinguished.  No  preferred  vibration  axes  can 
be  distinguished  for  a three-blade  rotor  mounted  on  sym- 
metrical supports.  This  distinction  shows  up  physically  in 
the  shape  of  the  vibration  modes.  Whereas  a three-blade 
rotor  whirls  in  a circle,  a two  blade  rotor  whirls  in  an 
ellipse,  of  which  the  principal  axes  are  along  and  normal  to 
the  line  of  the  rotor  blades. 

A two-blade  rotor  can  be  expected  to  show,  in  addition 
to  some  features  of  a three-blade  rotor,  some  of  the  charac- 
teristics of  a rotating  shaft  that  is  elliptical  in  cross  section. 
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Such  a shaft,  mounted  on  symmetrical  bearings,  is  known 
to  have  two  critical  speeds,  which  correspond  to  each  of  the 
two  principal  stiffnesses.  (See,  for  example,  ref.  1.)  For 
all  rotational  speeds  between  the  critical  speeds,  the  shaft  is 
unstable  and  diverges.  It  will  be  shown  that  an  exactly 
similar  phenomenon  exists  for  a two-blade  rotor.  The 
existence  of  this  region  of  instability  for  a two-blade  rotor  is 
predicted  in  chapter  I,  in  which  the  formula  for  the  shaft 
critical  speeds  bounding  this  instability  range  is  given.  In 
addition  to  this  region  of  instability,  a second  range  of 
instability  analogous  to  that  exhibited  by  a three-blade 
rotor  is  also  present. 

Only  the  case  of  symmetrical  supports  is  analyzed  in  the 
present  report.  In  the  case  of  asymmetric  supports,  the 
equations  of  motion  are  linear  differential  equations  that 
are  difficult  to  solve  because  the  coefficients  vary  periodi- 
cally with  the  time  (Mathieu  type).  Similar  equations  are 
obtained  in  the  problem  of  a rotating  elliptical  shaft  mounted 
on  asymmetric  bearings.  (See  ref.  1.) 

SYMBOLS 

a radial  position  of  vertical  hinge 

b distance  from  vertical  hinge  to  center  of  mass  of 

blade 

B damping  force  per  unit  velocity  of  rotor-hub 

displacement 

damping  force  per  unit  angular  velocity  of  blade 
displacement  about  hinge 
D time-derivative  operator,  djdt 

F dissipation  function 

I moment  of  inertia  of  blade  about  hinge, 

mbbfl+~^ 

K spring  constant  of  rotor-hub  displacement 

Kfi  spring  constant  of  blade  self-centering  spring 

m effective  mass  of  pylon 

mb  effective  mass  of  rotor  blade 

M total  effective  mass  of  blades  and  pylon,  m+2mb 

r radius  of  gyration  of  blade  about  its  center  of  mass 

s arbitral'}7  parameter 

t time 

T kinetic  energy 

Ti,  T2  kinetic  energies  of  rotor  blades 

Ts  kinetic  energy  of  rotor  hub 

V potential  energy 

x,  y displacements  of  rotor  hub  in  rotating  coordinate 
system 
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Xa,  Ya  rotating  coordinate  axes 

Xf}  Yf  fixed  coordinate  axes 

x0,  Vo  values  of  x and  y when  £=0 

xu  yi  displacement  of  first  rotor  blade  in  fixed  coordinate 
system 

x2,  y2  displacement  of  second  rotor  blade  in  fixed  co- 
ordinate system 

ft,  ft  angular  displacements  of  blades  about  their  hinges 

n &(ft+ft) 

Oo~  2 

, i(ft-ft) 
e'~ 2 

$i  value  of  ft  when  £=0 


t 

1 

co  angular  velocit}7  of  rotor  (the  dimensionless  ratio  co/cor  is 
called  co  in  applications) 

coa  natural  frequency7  of  rotor  system  observed  in  rotating 
coordinate  system  (used  in  nondimension al  form  in 
applications) 

co/  natural  frequency  of  rotor  system  in  fixed  coordinate 
system  (nondimensional  in  applications) 
cor  reference  frequency, « yjK/M 

MATHEMATICAL  ANALYSIS 

Four  degrees  of  freedom  of  the  system  are  considered — 
horizontal  deflection  of  the  rotor  hub  in  the  x-  and  y-direc- 
tions,  and  hinge  deflections  ft  and  ft  of  the  blades  in  the 
horizontal  plane  of  the  rotor  hub.  The  rotor  is  assumed 
to  rotate  at  a constant  velocity  o>. 

Deflection  of  the  rotor  hub  may  be  due  either  to  the  bend- 
ing of  a flexible  pylon  or  to  a rocking  of  the  rotor  craft  upon 
its  landing  gear. ' Ground-resonance  vibrations  usually  in- 
volve landing-gear  flexibility.  The  mathematical  treatment 
is  the  same  in  both  cases,  but  the  values  of  several  of  the 
physical  parameters  will  depend  upon  which  mode  is  being 
investigated.  In  this  chapter,  the  terms  “rotor  supports” 
and  “pylon”  will  be  used  interchangeably  to  denote  the 
nonrotating  structure  coupled  with  the  rotor  blades. 

The  mathematical  treatment  herein  differs  from  that  in 
chapter  I,  in  which  are  used  the  complex  notation  and  the 
notion  of  “whirling  speeds,”  that  is,  directional  frequencies 


resulting  from  the  use  of  complex  numbers.  Although  the 
method  of  chapter  I is  valuable  for  systems,  such  as  the 
three-blade  rotor  on  symmetrical  supports,  which  have  cir- 
cular modes  of  vibration,  it  offers  little  advantage  for  the 
present  problem,  in  which  the  rotor  performs  elliptical  mo- 
tion. Rectangular  coordinates  accordingly  are  used  in  the 
present  report  and  frequencies  are  used  instead  of  whirling 
speeds.  In  comparing  the  results  of  the  present  report  with 
those  of  chapter  I,  care  should  be  taken  to  distinguish  be- 
tween frequencies  and  whirling  speeds.  Whirling  speeds 
have  directional  significance;  whereas  frequencies  are  essen- 
tially positive  quantities  and  do  not  give  any  immediate 
information  concerning  the  direction  of  whirl  of  the  vibration. 

The  equations  of  motion  are  set  up  in  a coordinate  system 
rotating  at  the  velocity  «.  Let  the  deflection  of  the  rotor 
hub  be  represented  by  x and  y in  rotating  coordinates.  (See 
fig.  II— 1 in  which  the  intersection  of  the  coordinate  axes 
represents  the  undisturbed  position  of  the  rotor  hub.)  The 
disturbed  positions  of  the  two  blades  in  fixed  coordinates  are 

xl=(xJraJrb  cos  ft)  cos  cot—  (y+b  sin  ft)  sin  cot 
Vi  =(yJrb  sin  ft)  cos  <ot~\-(x-\  a+6  cos  ft)  sin  cot 

and 

x2=(x-a—b  cos  ft)  cos  cot-{y—b  sin  ft)  sin  cot 
V2~(y—b  sin  ft)  cos  cot+(x—a—b  cos  ft)  sin  cot 

The  kinetic  energies  of  the  two  rotor  blades  are 

T,=\mb  [*,,+y1*+^(«+ft)*| 

and 

T,=\m>  [i22+2/22+r2(co+/32)2] 

The  kinetic  energy  of  the  pylon  is 


T»=\m  [£2+y2+«2(z2+2/2)— 2a>(xy— xij)] 


Figure  II— 1. — Simplified  mechanical  system  representing  rotor. 
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Because  only  small  displacements  from  the  equilibrium 
position  are  considered,  the  trigonometric  expressions  con- 
taining Pi  and  P 2 may  be  expanded  as  power  series  and  only 
the  terms  that  lead  to  quadratic  terms  in  the  energy  expres- 
sions need  be  retained.  Thus 

sin  ft =0i 


and 


Pi2 

cos  Pi=l~~ 


sin  P2—P2 


$<? 

COS  02=1—— - 

New  variables  introduced  to  replace  Pi  and  p2  are 

0o=4  (fc+A) 

0i=2  (ft  ft) 

where  6X  represents  the  shift,  due  to  hinge  motion,  of  the  cen- 
ter of  mass  of  the  two  blades  with  respect  to  the  rotor  hub. 
The  introduction  of  0O  and  6X  results  in  a partial  decoupling 
of  the  equations  of  motion. 

The  total  kinetic  energy  of  the  system  is 


t^tx+t2+ts 


Only  the  quadratic  terms  will  be  retained  in  the  kinetic- 
energy  expression,  because  the  terms  of  lower  degree  vanish 
in  the  Lagrange  equations  of  motion.  Then 

T=^M[x2+y2+w2(x2+y2)--  2w(xy—  xy)]+mb 

2o>*y91+2Uxe1-2u>x61+(l+ Q (0o2+0,2)-co2  |(0o2+0i2)] 
The  potential  energy  of  the  system  is 

V=±K(x*+y*)+  f*(ft2+ft2) 

=±tf(*2+y2)+^(V+0i2) 


tional  to  velocity  displacements  of  the  rotor  hub  in  a fixed 
coordinate  s}Tstem,  and  (2)  damping  in  the  blade  hinges. 
The  dissipation  function  F then  becomes 

F=  l#[x2+y2+a)2(a:2+i/2)  — 2w{xy- xy)}  +^(0o2+0i2) 


where  B is  the  damping  force  per  unit  velocity  of  rotor-hub 
displacement  and  Bp  is  the  damping  force  per  unit  velocity 
of  a rotor-blade  displacement  about  the  blade  hinge. 

The  Lagrange  equation  of  motion  for  the  variable  x is 

d_  fbT\  _ bT  bV,bF= 
dt  \dz  / bx  bx  bx 


The  use  of  similar  expressions  for  y,  0O,  and  0i  lead  to  the 
following  equations  of  motion: 

(p2— X J£-  a>Ddi  — (^D+j£C0^  y— 0 (1) 

(2) 

(2“D+H“)  *+2-m  )„=0 

(3) 

[(1+p)fl!+^D+"!5+^]*-“0  W 

where 


Equation  (4)  can  be  solved  independently  of  the  others 
because  it  is  an  equation  in  only  one  variable  0O.  Equation 
(4),  which  also  was  obtained  in  the  study  of  the  three-blade 
rotor  (chapter  I),  represents  blade  motion  with  the  blades 
moving  in  phase,  uncoupled  with  pylon  motion.  Motion  in 
this  mode  is  damped  and  does  not  lead  to  instability. 

Assuming  solutions  of  the  form 


x=x0ei<aat 

y 

0i==0!  el(aJ 

0 J 


(5) 


Two  types  of  damping  of  the  rotor  system  are  assumed  to 
exist:  (1)  damping  in  the  rotor  supports,  which  is  propor- 


and substituting  these  solutions  in  equations  (1)  to  (3)  gives 
the  characteristic  or  frequency  equation 


— c Ca — 

2wcoa 

2cocoa — i\oj 


4A3oxoa 

— 03  a + iXj S«a + A2  + AxCO2 
— 2A3(toa2  + co2) 


2coc 0a — i\o) 


— 03a  — CO2  ~ |—  i AcOa  + 1 


= 0 


where  the  nondimensional  parameters 


Ai 


(6) 
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have  been  introduced,  and  the  rotational  velocity  co  and  the 
frequency  wa  have  also  been  made  nondimension al  by  using 
<ar=^K/M  as  reference  frequency. 

The  frequency  o>a  generalty  is  a complex  number,  of  which 
the  real  part  is  the  frequency  of  the  vibration  and  the 
imaginary  part  determines  the  rate  of  damping  of  the  vibra- 
tion. If  the  imaginary  part  of  wa  is  negative,  the  vibration 
increases  in  amplitude  with  time  and  the  rotor  is  unstable. 

DISCUSSION  OF  FREQUENCY  EQUATION 

CASE  OF  ZERO  DAMPING 

If  the  damping  parameters  A and  A^  are  neglected,  the 
frequency  equation  (6)  may  be  expanded  to 

2A3(o>2  + CJa2—  1)  + [4w2o>a2—  (w2  + 

^a2— 1)2][— 2A3(co2  + coa2  + l)+wa2— A2— A!CO2]=0  (7) 

where  coa  is  the  natural  frequency  of  the  rotor  system  in  a 
coordinate  system  rotating  with  the  rotor.  (Although  equa- 
tion (7)  is  a cubic  equation  in  both  w2  and  wa2,  rectangular 
hyperbolas  of  the  form  coa2=c o2+s,  where  s is  an  arbitrary 
parameter,  intersect  equation  (7)  at  only  two  values  of  co2. 
For  purposes  of  computation,  therefore,  equation  (7)  can  be 
reduced  to  a quadratic  equation  in  <xr  by  replacing  coa2  witli 
oj2+S.) 

The  solutions  for  zero  damping  (eq.  (5))  represent  motion 
of  the  pylon  in  an  ellipse  expressed  relative  to  the  rotating 
coordinate  axes.  In  fixed  coordinates,  the  pylon  would 
move  in  an  ellipse  precessing  at  the  velocity  co.  This  motion 
can  be  resolved  into  simultaneous  circular  motion  at  the 
two  frequencies  |o>  + wa|  and  \oj — o>a|,  in  which  the  vertical 
lines  indicate  that  the  quantity  inside  is  to  be  considered 
positive.  If  the  pylon  is  subjected  to  a harmonic  force 
in  the  fixed  coordinate  system  of  frequency  resonance 
will  occur  at  each  of  the  frequencies 

CO/^lwzbcUaj 

The  frequency  uf  will  be  referred  to  as  the  natural  frequency 
of  the  rotor  system  in  fixed  coordinates. 

The  graph  of  the  frequency  equation  (7)  for  a typical 
set  of  values  of  the  parameters  is  given  in  figure  II-2  in 
rotating  coordinates  and  in  figure  II-3  in  fixed  coordinates. 
For  zero  coupling  between  the  blades  and  rotor  hub — that 
is,  when  A3  equals  zero — equation  (7)  factors  into  straight 
lines  and  a hyperbola,  which  are  shown  as  long-dash  lines 
in  figures  11-2  and  II-3.  The  straight  lines  represent  hub 
motion  and  the  hyperbola  represents  blade  motion.  A 
small  increase  in  A3  results  in  a breaking  away  of  the  curves 
at  their  intersections  to  form  two  self-excited  regions.  It 
is  interesting  to  compare  figure  II-3  with  figure  II— 4,  which 
is  the  graph  of  the  natural  frequencies  of  a three-blade 
rotor  having  the  same  values  of  A1?  A2,  and  A3. 

The  shaft  critical  speeds,  or  natural  frequencies  that 
would  be  in  resonance  with  an  unbalance  in  the  rotor  system, 
are  found  by  putting  ua—0  in  equation  (7).  Figure  11-2 
shows  two  such  speeds,  at  points  A and  B (shown  also  in 
fig.  II— 3),  that  bound  a region  in  which  cua  is  a pure  imaginary 
number.  If  o>a  is  a complex  root  of  the  characteristic 


Figure  II-2. — Natural  frequencies  of  a two-blade  rotor  in  rotating 
coordinates  for  case  of  A^O.05,  A2=0.20,  and  A3=0.I0, 


Figure  II-3. — Natural  frequencies  of  a two-blade  rotor  in  fixed  coor- 
dinates for  case  of  Ai  = 0.05,  Aj=0.20,  and  A3=0.10. 


equation,  the  complex  conjugate  of  coa  will  also  be  a root  and 
one  of  the  two  roots  will  have  a negative  imaginary  part 
implying  instability.  The  rotor  system  will  thus  be  un- 
stable for  all  rotational  speeds  between  the  two  shaft  critical 
speeds.  Because  wa  is  a pure  imaginary  number  in  this 
region,  the  frequency  of  the  resultant  self-excited  vibration 
is  zero  in  a rotating  coordinate  system — similar  to  the  shaft 
critical  speeds— and  will  appear  as  a self-excited  divergence 
of  the  rotor. 

The  equation  of  the  shaft  critical  speeds  is 

[(1  - a)2)  ( A2  + AlW2)  - 2A3w4](1  - o>2)  = 0 (8) 

The  first  factor  gives  the  lower  shaft  critical  speed.  The 
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- — - Region  of  instability 
A Shaft  critical  speeds 
C,D  Limits  of  instability 
region 

E Response  excited  by  constant 
force 


D 


Figure  II-4. — Natural  frequencies  of  a three-blade  rotor  in  fixed  coor- 
dinates for  case  of  Ai  — 0.05,  A2=0.20,  and  A3  = 0.10. 

second  factor,  which  depends  on  only  the  reference  frequency, 
marks  the  end  of  the  range  of  instability  and  is  the  second 
shaft  critical  speed.  Formula  (8)  and  an  experimental 
verification  of  it  are  given  in  chapter  I.  A convenient 
graph  of  equation  (8)  is  given  in  figure  II— 5.  It  will  be 
noticed  that^it  is  impossible  to  remove  the  two  shaft  critical 
speeds  or  the  instability  region  between  them  by  any  possible 
change  of  the  parameters  Ab  A2,  or  A3;  that  is,  without  the 
introduction  of  damping,  self-excited  vibrations  will  always 
occur  below  the  rotational  speed  o>r. 

Instability  also  occurs  in  a range  of  rotational  speeds 
greater  than  <or.  This  range  is  shown  in  figures  II-2  and 
II-3  as  the  region  bounded  by  the  points  C and  D and  is 
similar  in  origin  to  the  self-excited  region  exhibited  by  the 
three-blade  rotor.  In  this  region,  the  roots  of  the  frequency 
equation  are  complex  and  self-excited  vibrations  will  take 
place.  Unlike  the  three-blade  rotor,  however,  the  rotor 
hub  will  be  seen  from  a stationary  position  to  be  simultane- 
ously executing  self-excited  vibrations  at  two  different 
frequencies.  Physically,  of  course,  the  rotor  is  moving  in 
an  ellipse  at  the  frequency  coa  while  precessing  at  the  velocit}7 

O). 

A chart  showing  the  lower  and  upper  limits  of  this  in- 
stability region  for  a wide  choice  of  values  for  the  parameters, 
Ai,  A2,  and  A3  is  given  in  figure  II-6.  The  chart  is  used 
by  drawing  a straight  line  that  represents  the  function 
(1— 4A3)co2  plotted  against  AI<o3+A2.  The  intersections  of 
this  straight  line  with  the  proper  A3-curves  give  the  desired 
values  of  «.  The  short-dash  line  on  the  chart  illustrates  the 
method  for  the  parameters  of  figure  II— 2. 

The  position  of  the  instability  region  is  very  sensitive 
to  the  values  of  A3.  (See  fig.  II— 7.)  As  A3  increases,  the 
region  of  instability  occurs  at  greater  rotational  speeds  and 

moves  to  infinity  for  A3=~(l  — Ax).  For  values  of  A3 


0 .2  A .6  .8  1.0 


Figure  II-o. — Shaft  critical  speeds. 

greater  than  ^(1  — Aj) — that  is,  when  the  total  effective  mass 

of  the  rotor  blades  is  greater  than  the  effective  mass  of 
the  rotor  supports — the  self-excited  region  does  not  appear. 

At  certain  rotational  speeds,  co/=0.  At  such  speeds 
resonance  may  be  excited  by  a steady  force,  constant  in 
direction,  acting  on  the  pylon  or  blades — for  example, 
gravity  acting  on  a tilted  rotor.  The  two-blade  rotor  has 
two  such  speeds,  shown  as  points  E and  F in  figures  II-2 
and  II-3.  The  mathematical  condition  for  such  points  is 
that  cof=  0 or  wa2=o ? in  equation  (7).  The  equation  giving 
the  rotational  speeds  at  which  this  condition  may  occur  is 

(A1co2+A2)(4co2-1)-coV(4-16A3)-1]  = 0 (9) 

Equation  (9)  is  plotted  in  figure  II-8,  which  is  used  similarly 
to  figure  II-6.  If  A2=0,  then  point  E occurs  at  to  = 0.  If 

A3^i(l— Aj),  as  pointed  out  in  reference  2,  then  point  F 

occurs  at  cj~  °° . 

EFFECT  OF  DAMPING 

The  effect  of  damping  will  be  determined  in  the  same  man- 
ner as  for  the  three-blade  rotor  in  chapter  I.  When  the 
damping  parameters  A and  are  retained,  equation  (6)  in 
expanded  form  can  be  separated  into  powers  of  cca  having  real 
and  imaginary  coefficients.  The  terms  of  equation  (6)  with 
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A|<j2+A2 

Figure  II— 6. — Stability  chart  for  second  instability  region. 
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Figure  II— 7. — Effect  of  coupling  parameter  A3  for  case  of  Ai  = 0.05 

and  A2=0.20. 

real  coefficients  are 

2A3(oj2+aJa2— l)  + [4ct)2wa2— (w2+«fl2— 1)2][— 2A3(co2  + wa2+l)  + 
ajfl2— A2— A!  co2]  + X2(  — coa2+ A2+ Axw2)  (w2  — cO  — 2\\ptoa2  (a>2— 

coa2+l)  (10) 

526597— GO — —20 
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Figure  II-8. — Rotational  speeds  at  which  vibration  could  be  excited 
by  steady  force. 

The  terms  with  imaginary  coefficients  are 

[(co2 — coa2-f"l)  (Aico2-f-A2 — coa2)-j-A3  (3oo4 — 2co2ooa2 — 

^a4)]+^4+wa4+ 1— 2co2coa2— 2coa2~2co2— X2  (coa2— co2)  ^ (11) 

At  a boundary  between  stability  and  instabilit}^  Wa  is  real. 
Such  points  are  the  intersections  of  the  equations  formed  by 
setting  expressions  (10)  and  (11)  separately  equal  to  zero 
and  plotting  them  on  the  same  coordinate  axes.  Figure  II-9 
shows  a calculated  case  of  damping.  The  imaginary  equa- 
tion is  plotted  for  several  values  of  the  ratio  of  the  damping 
parameters  X/X^  with  X2  assumed  to  be  negligible.  It  is  seen 
that,  for  large  values  of  X/X^  the  boundaries  of  the  higher 
range  of  instability  are  not  far  different  from  the  boundaries 
found  by  neglecting  damping.  Small  values  of  X/X^ — that  is, 
when  most  of  the  damping  is  concentrated  in  the  blade 
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Figure  II— 9. — Plot  of  real  and  imaginary  equations  for  cas6  of  A^O.05, 
A2  = 0.20,  A3=0.10,  and  XX^O. 
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hinges- — lead  to  a beginning  of  the  instability  at  lower 
rotational  speeds. 

For  small  amounts  of  damping,  the  plot  of  the  real  equation 
is  practically  the  same  as  when  damping  is  neglected.  By 
introducing  sufficient  damping,  however,  the  higher  insta- 
bility region  may  be  eliminated.  (See  fig.  11-10.)  The  two 
shaft  critical  speeds  and  the  instability  region  between  them 
can  also  be  removed  by  putting  enough  damping  into  the 
rotor  supports,  although  a large  amount  of  damping  is 
required. 

BRIEF  DESCRIPTION  OF  VIBRATION  MODES 

If  damping  is  neglected,  the  shape  of  the  free  vibration 
modes  can  be  found  from  the  equations  of  motion  (eqs.  (1) 
to  (4))  and  the  form  of  the  solution  (eq.  (5)).  The  rotor 
hub  generally  moves  in  an  elliptical  path  in  rotating  coordi- 
nates although,  at  certain  speeds,  the  motion  may  become 
circular  or  linear.  At  zero  rotational  speed,  two  of  the  three 
modes  involve  hub  motion  normal  to  the  line  of  the  blades, 
with  concomitant  blade  motion.  In  the  third  mode,  the 
blades  do  not  move  about  their  hinges  and  the  rotor  hub 
moves  in  a straight  line  parallel  to  the  line  of  the  blades  at  a 
frequency  equal  to  ur. 

At  the  first  shaft  critical  speed,  the  rotor  hub  diverges  in  a 
direction  normal  to  the  line  of  the  blades;  whereas,  at  the 
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Figure  II— 10. — Plot  of  real  and  imaginary  equations  for  case  of 
Ai  = 0.05,  A2— 0.20,  A3=0.10,  and  X = X$, 


second  shaft  critical  speed,  the  hub  diverges  parallel  to  the 
blades. 

The  forced  responses  of  the  system  to  a vibrator  attached 
to  the  pylon  can  also  easily  be  determined  and  show  that 
those  responses  tying  closest  to  the  lines  «/=l  are  the 
strongest.  When  the  coupling  parameter  A3  is  zero,  no 
response  occurs  along  the  lines  w/=|2w±l|.  This  last  con- 
clusion is,  of  course,  necessary  if  the  theory  is  to  give  the 
correct  results  for  the  degenerate  case  of  massless  rotor 
blades. 

CONCLUSIONS 

The  mechanical  stability  of  a rotor  having  two  vertically 
hinged  blades  mounted  upon  symmetrical  supports  has  been 
investigated  and  reported  in  this  chapter.  This  investigation 
indicated  that  the  main  features  of  such  a rotor  system  may 
be  summarized  as  follows: 

1.  The  vibration  modes  are  generally  elliptical,  as  opposed 
to  circular  for  the  three-blade  rotor.  The  ellipse  precesses 
at  a speed  co  as  observed  from  a fixed  position;  the  result  is 
six  resonant  or  natural  frequencies  in  a fixed  coordinate 
system  for  a given  rotor  speed  as  against  four  natural  fre- 
quencies for  the  three-blade  rotor. 

2.  The  asymmetry  of  the  two-blade-rotor  system  gives 
rise  to  a range  of  rotor  speeds  in  which  self-excited  divergence 
of  the  rotor  occurs.  This  instability  region  is  bounded  by 
two  shaft  critical  speeds.  A three-blade  rotor,  in  contrast, 
has  only  one  shaft  critical  speed  with  no  associated  instability 
region. 

3.  The  two-blade  rotor  has  a second  region  of  rotational 
speeds  at  which  self-excited  vibrations  occur. 

Langley  Aeronautical  Laboratory, 

National  Advisory  Committee  for  Aeronautics, 
Langley  Field,  Va.,  July  27,  1956. 
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CHAPTER  III 


THEORY  OF  GROUND  VIBRATIONS  OF  A TWO-BLADE  HELICOPTER  ROTOR  ON  ANISOTROPIC  FLEXIBLE 

SUPPORTS  (REVISED) 

By  Robert  P.  Coleman  and  Arnold  M.  Feingold 


SUMMARY 

An  extension  of  previous  work  on  the  theory  of  self-excited 
mechanical  oscillations  of  hinged  rotor  blades  has  been  made . 
Previously  published  papers  cover  the  cases  of  three  or  more 
rotor  blades  on  elastic  supports  ( such  as  landing  gear)  having 
either  equal  or  unequal  support  stiffness  in  different  directions 
and  the  case  of  one-  or  two-blade  rotors  on  supports  having 
equal  stiffness  in  all  horizontal  directions.  The  missing  'Case 
of  one  or  two  blades  on  unequal  supports  has  been  treated. 

The  mathematical  treatment  of  this  case  is  considerably  more 
complicated  than  the  other  cases  because  of  the  occurrence  of 
differential  equations  with  periodic  coefficients.  The  charac- 
teristic frequencies  are  obtained  from  an  infinite-order  deter- 
minant. Recurrence  relations  and  convergence  factors  are  used 
in  finding  the  roots  of  the  infinite  determinant. 

The  results  show  the  existence  of  ranges  of  rotational  speed  at 
which  instability  occurs  {changed  somewhat  in  position  and 
extent)  similar  to  those  possessed  by  the  two-blade  rotor  on 
equal  supports.  In  addition , the  existence  of  an  infinite  num- 
ber of  instability  ranges  which  occurred  at  low  rotor  speeds  and 
which  did  not  occur  in  the  cases  previously  treated  is  shown. 

Simplifications  occur  in  the  analysis  for  the  special  cases  of 
infinite  and  zero  stiffness  in  one  of  the  axes.  The  case  of  in- 
finite stiffness  in  one  axis  is  also  of  special  interest  because  it  is 
mathematically  equivalent  to  a counterrotating  rotor  system 
A design  chart  for  finding  the  position  of  the  principal  self- 
excited-instability  range  for  the  case  of  infinite  support  stiffness 
in  one  direction  is  included  for  the  convenience  of  designers.  It 
is  expected  that  designers  will  be  able  to  obtain  sufficiently  ac- 
curate information  by  considering  only  the  cases  of  infinite  and 
zero  support  stiffness  along  one  direction  together  with  the  cases 
treated  previously. 

INTRODUCTION 

It  is  known  that  rotating-wing  aircraft  may  experience 
violent  vibrations  while  the  rotor  is  turning  and  the  aircraft 
is  on  the  ground.  It  has  been  found  that  these  vibrations 
can  be  explained  without  considering  aerodynamic  effects 
and  that  they  are  due  to  mechanical  coupling  between  hori- 
zontal hub  displacements  and  blade  oscillations  in  the  plane 
of  rotation.  A theoretical  analysis  of  this  vibration  problem 
is  given  in  chapters  I and  II.  Chapter  I deals  with  rotors 
having  three  or  more  equal  blades  on  general  supports  and 
chapter  II  deals  with  two-blade  rotors  on  supports  having 
the  same  stiffness  in  all  directions. 

Although  in  actual  two-blade  rotary-wing  aircraft,  the 
stiffness  of  the  supports  along  the  longitudinal  direction  is 
certainly  different  from  the  lateral  stiffness,  the  equality  of 


the  stiffnesses  was  assumed  in  chapter  II  because  it  permitted 
the  mathematical  simplification  of  dealing  with  differential 
equations  having  constant  coefficients  and  it  was  believed 
that  a theory  employing  such  an  assumption  would  be  suffi- 
cient to  indicate  the  nature  of  the  most  violent  types  of 
ground  instability. 

The  present  chapter  gives  a theoretical  investigation  of  the 
general  case  of  a two-blade  rotor  mounted  upon  supports  of 
unequal  stiffness  along  the  two  stationary  principal  axes. 
It  thus  generalizes  the  problem  of  chapter  II,  and  rounds  out 
the  studies  of  ground  resonance  begun  in  chapter  I.  As  was 
shown  in  chapter  II,  a two-blade  rotor  possesses  different 
dynamic  properties  along  and  normal  to  the  line  of  the  blades. 
Equations  of  motion  with  constant  coefficients  for  the  prob- 
lem treated  in  chapter  II  could  be  obtained  by  using  a 
coordinate  system  rotating  with  the  rotor.  This  procedure 
succeeded  because  the  supports  were  assumed  isotropic  (equal 
stiffness  in  all  directions).  When  the  supports  are  aniso- 
tropic, however,  it  is  impossible  to  avoid  the  appearance  of 
periodic  coefficients  in  the  equations  of  motion. 

The  present  method  of  solving  the  differential  equations 
of  motion  follows  closely  the  process  employed  in  reference  1 
for  a vibration  problem  in  two  degrees  of  freedom.  The 
form  of  solution  is  expressed  by  an  exponential  factor  times 
a complex  Fourier  series.  Substitution  of  the  formal  solu- 
tion into  the  equations  of  motion  yields  an  infinite  set  of 
algebraic  equations  and  an  infinite-order  determinant  for  the 
determination  of  the  Fourier  coefficients  and  the  character- 
istic frequencies.  The  subsequent  analysis  is  concerned  with 
methods  of  finding  the  roots  of  the  infinite  determinant. 

Although  the  present  chapter  did  not  originally  include 
the  effects  of  damping  on  rotor  instability,  Mr.  George  W. 
Brooks  has  prepared  appendix  B to  indicate  how  effects  of 
damping  may  be  included  in  the  analyses. 

It  is  expected  that  designers  will  be  able  to  obtain  suffi- 
ciently accurate  information  by  considering  only  the  cases 
of  infinite  or  zero  support  stiffness  along  one  direction 
together  with  the  cases  of  chapters  I and  II.  In  order  to 
avoid  the  necessity  for  extensive  calculations,  a design  chart 
is  included  giving  the  location  of  the  principal  self-excited- 
instability  range  for  the  case  of  infinite  support  stiffness  in 
one  direction. 

DERIVATION  OF  THE  EQUATIONS  OF  MOTION 

The  symbols  used  in  this  chapter  are  defined  in  appendix  A. 

The  equations  of  motion  are  obtained  from  Lagrange’s 
equations  and  from  the  expressions  for  kinetic  and  potential 
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energy.  Four  degrees  of  freedom  of  the  rotor  system  are 
considered:  components  of  deflection  of  the  rotor  hub  in  the 
plane  of  rotation,  and  hinge  deflections  of  the  two  rotor 
blades  about  their  vertical  hinges.  All  motions  are  thus 
assumed  to  occur  in  the  plane  of  the  rotor.  The  rotor  is 
assumed  to  rotate  at  a constant  angular  velocity  co.  The 
analysis  can  be  applied  to  rotors  without  hinges  by  assuming 
an  effective  spring  stiffness  and  hinge  position  to  represent 
the  elastic  deflection  of  the  blade. 

The  pertinent  physical  parameters  are: 
a radial  position  of  vertical  hinge 

b distance  from  vertical  hinge  to  center  of  mass  of 

blade 

mb  mass  of  rotor  blade 

m effective  mass  of  rotor  supports 

r radius  of  gyration  of  blade  about  center  of  mass 

KX)  Ky  spring  constants  of  the  rotor  supports  along  the  X- 
and  F-directions,  respectively 
Kp  spring  constant  of  hinge  self-centering  spring 

Let  the  origin  of  the  X}  F-coordinate  system  be  placed  at 
the  undisturbed  position  of  the  rotor  hub.  At  time  i equal 
to  0,  the  line  through  the  blade  hinges  and  rotor  hub  is 
assumed  parallel  to  the  X-axis.  After  a time  interval  t, 
let  the  rotor  hub  deflection  be  z and  hinge  deflections  be 
and  02,  respectively,  where  z is  the  complex  position  coor- 
dinate measured  in  a coordinate  system  rotating  with  the 
rotor.  (See  fig.  III-l.)  Then  the  positions  of  the  centers 
of  mass  of  the  two  blades,  as  measured  in  fixed  coordinates, 
will  be,  respectively, 


Zi—iz-^-a^rbe^e^1 

z2—{z—a—bei^)ei<,>t 


(1) 


The  kinetic  energy  of  the  rotor  system  T can  be  written  as 

T=\  m»  •^2iS1+z222+?'2  £(co+/31)2+(a>+J32)2J^-  + 

m(z-\-iwz)(z—iuz)  (2) 


Figure  III— 1 . — Simplified  mechanical  system  representing  rotor. 


The  first  term  in  equation  (2)  represents  the  kinetic  energy 
of  the  rotor  blades,  including  the  energy  due  to  rotation,  and 
the  second  term  is  the  contribution  of  the  rotor  hub. 

Upon  expanding  equation  (1)  into  power  series  in  0!  and 
02  (only  small  deflections  from  equilibrium  being  considered) 
and  substituting  into  equation  (2),  there  is  obtained 

T—i  M (z  -\-io)z)  (z—icSz)  mb  ^—(01—02)(ico2&2— 

i(x)^bz-\- cob z “j ~o}bz)~\-  (0i — 02)  (biz -\~o)bz -f~ cobz — biz')  -f- 

(62+r2)(/312+/322)-a6co2(012+ft2)J  (3) 


where  only  the  terms  that  are  quadratic  in  the  variables  have 
been  retained,  and  M represents  the  total  mass  of  the  rotor 
system. 

The  potential  energy  of  the  system  V is  given  by 


V=&  0V+ft2)+f  zz-^f  (>^“‘+Pe-2i“‘)  (4) 


where  K is  the  average  stiffness  and  A K is  a measure  of  the 
difference  of  the  two  principal  stiffnesses;  that  is, 


K-- 


Ky+Kx 


A K- 


Ky  — KX 


As  in  chapters  I and  II,  simplifications  in  the  analysis  are 
introduced  by  replacing  the  hinge  variables  0r  and  02  by  the 
following  new  variables: 

00=5  08,+ A) 


0i — 2 (ft  ft) 

In  terms  of  these  new  variables  the  expressions  (3)  and  (4) 
become,  respectively, 

T~^(z~\-iooz)  (i—  £(2— icoi)  (i$i— <o0i)  — 

(Z+UOZ)  (i*,+«01)+(l+£)  (0o2  + 0,2)-f  CO2  (0o2  + 0,2)] 

(5) 

and 

F=f  22+^  (0o2+0i2)-^  (22e2i"‘+22e-2i"‘)  (6) 


B}r  use  of  the  Lagrangiari  form  of  the  equations  of  motion 


d_ 

dt 


_^+^=0 
dx  ' dx 


the  following  equations  of  motion  for  the  rotor  system  are 
finally  obtained: 

#o+  (w2Ai+ A2)0o— 0 (7) 

(Z?+to)*a+tM(O+to)*8i+^8-^M-,‘-,=0  (8) 
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TC  a TC 


the  form  of  an  exponential  factor  times  a periodic  function 
of  time.  Particular  solutions  are  of  the  form 


(Z?+ico)2z-(Z)-to)2i+2i^l-t-^)  (Z)2+A1co2+A2)01=O  (10) 


where  the  notation 


has  been  used,  and  the  following  combinations  of  the  original 
parameters  have  been  introduced: 

2m  6 


Equations  (7)  to  (10)  do  not  include  damping  terms. 
The  general  equations  for  the  damped  case  are  derived  in 
appendix  B and  it  is  shown  that  both  the  case  for  no  damping 
and  anisotropic  supports,  which  is  treated  in  the  present 
chapter,  and  the  case  for  damping  and  isotropic  supports, 
which  was  treated  in  chapter  II,  are  readily  obtained  as 
special  cases  of  the  generalized  equations  by  neglecting 
appropriate  terms. 

Equation  (7)  can  be  solved  independently  of  the  others 
since  it  is  an  equation  in  0O  alone.  The  equivalent  equation 
appeared  also  in  chapters  I and  II,  and  its  solution  repre- 
sents in-phase  motion  of  the  blades  with  no  resultant  reaction 
(except  torsion)  at  the  rotor  hub.  This  motion  will  not  be 
further  considered  in  this  chapter. 

The  problem  is  thus  resolved  into  the  solution  of  the  three 
simultaneous  equations  (8)  to  (10).  It  will  be  noted  that 
the  terms  with  periodic  coefficients  in  equations  (8)  and  (9) 

disappear  if  0,  that  is,  if  KV=KX.  Equations  (8)  and 

(9)  are  thus  reduced  to  the  problem  treated  in  chapter  II. 


z^e^PiD+e-^Qit)  " 
2=eiw^(0+^(/)  ► 

0i=e^R(t)- 


(ID 


where  coa  is  known  as  the  characteristic  exponent,  and  P(t ), 
Q(t ),  and  R(t)  are  periodic  functions  of  period  ir/co. 

Since  P(t),  Q(t ),  and  R(t)  are  periodic  functions  of  t,  they 
can  be  represented  by  complex  Fourier  series,  and  equations 
(11)  become 


2 = it  -4,6 « ■ + S B - <2'"+-a>  « I 

— 00  — 00  I 


Z = it-hyiAie  - (2 to+S*)  it 


(12) 


01  = Xj  (7i 6 **-(■- S (7ie“(a“+«a)  U 


where  Ah  Bl}  and  Ct  are  complex  constants. 

Equations  (11)  and  (12)  show  that,  when  the  rotor  system 
is  stable  and  coa  is  real,  the  motion  not  only  is  not  simple 
harmonic  as  was  the  case  in  chapters  I and  II,  but,  in  general, 
is  not  even  periodic.  The  motion  can  be  said  to  consist 
of  a fundamental  frequency  coa  plus  “harmonics”  of  frequency 
o)a-\~2 loo  where  l is  any  integer.  From  equations  (12)  ibis 
seen  that  the  value  of  ua  is  not  uniquely  determinate,  since 
coa+2Zco  also  satisfies  equations  (12).  (The  imaginary  part 
of  coa  is  definite,  however.)  It  can  be  shown  furthermore 
that,  corresponding  to  each  value  of  wa,  — a?a  is  also  a solu- 
tion. Only  those  three  values  of  cofl  for  which  the  real  parts 
lie  between  0 and  cu  need  therefore  be  considei'ed.  These 
values  wall  be  referred  to  hereinafter  as  the  three  “principal” 
values  of  coa.  These  values  of  ua  differing  from  the  principal 
value  by  2 lw,  or  having  opposite  sign,  will  be  referred  to  as 
“harmonics”  of  the  corresponding  principal  value. 

Since  z has  been  defined  as  a position  coordinate  in  a 
rotating  frame  of  reference,  the  values  of  coa  can  be  inter- 
preted as  the  natural  frequencies  of  the  rotor  system  in 
rotating  coordinates. 


FORM  OF  SOLUTION  OF  EQUATIONS  OF  MOTION 

The  equations  of  motion  (eqs.  (8)  to  (10))  are  similar  in 
mathematical  properties  to  Mathieu’s  equation,  which 
occurs  in  the  analysis  of  vibrating  systems  of  one  degree  of 
freedom  with  variable  elasticity.  (See  ref.  2.)  A general- 
ized form  of  Mathieu’s  equation  was  solved  analytically  by 
Hill.  (See  ref.  3,  pp.  413-417.)  An  extension  of  Hill’s 
method  has  been  applied  in  reference  1 to  a problem  involv- 
ing two  degrees  of  freedom,  and  a further  development  of 
the  method  of  reference  1 is  followed  in  the  present  paper. 

Equations  (8)  to  (10)  constitute  a system  of  linear  differ- 
ential equations  with  periodic  coefficients.  Three  second- 
order  equations  possess  six  linearly  independent  solutions 
that,  according  to  the  Floquet  theory  (ref.  3,  p.  412),  are  of 


SOLUTION  OF  EQUATIONS  OF  MOTION 

DETERMJNANTAL  EQUATION 

If  the  formal  solution  (eqs.  (12))  is  combined  with  the 
equations  of  motion  (eqs.  (8)  to  (10)),  and  the  coefficients 
of  each  exponential  time  factor  is  separately  equated  to  zero, 
an  infinite  set  of  homogeneous  equations  is  obtained.  These 
equations  can  be  separated  into  two  independent  sets.  Each 
equation  of  one  set  is  the  conjugate  of  an  equation  of  the 
other  set,  and  only  one  set  need  be  considered.  Thus 

fii  [ct»a— |—  (2^-fl)co]2(7j=0 


(13) 
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-K+(2Z+l)«]^J  + [a,a+(2Z-l)W]*BJ+2^1+0[-(«(1+2M2+A1co*+A2]C'(  = O (15) 

where  l takes  on  all  integral  values  from  — oo  to  °° . 

In  order  that  the  values  of  Ah  Bh  and  Cx  not  equal  zero,  the  determinant  of  the  coefficients  of  Ah  Bh  and  Ct  must  be 
zero.  This  determinantal  equation  is 


- 

. 

. 

4,  —4 

O-i,  -3 

0 

0 

0 

0 

0 

0 

0 

-3,  -4 

0-3,  -3 

O- 3.  -2 

0 

0 

0 

0 

0 

0 

0 

0-2,  -3 

O'- 2,  -2 

O- '2,  -l 

0 

0 

0 

0 

0 

0 

0 

O-l , -2 

O-i , _i 

O-i , 0 

0 

0 

0 

0 

0 

0 

0 

Oo,  -1 

0 0, 0 

Go,  1 

0 

0 

0 

0 

0 

0 

0 

a\ , 0 

Gi,  1 

Ol , 2 

0 

0 

0 

0 

0 

0 

0 

do , 1 

O2,  2 

G2,  3 

0 

0 

0 

0 

0 

0 

0 

O3,  2 

G3,  3 

O3 , 4 

0 

0 

0 

0 

0 

0 

. 0 ■ 

G4,  3 

&4,  4 

(16) 


where 


ft-4,-4—  — 1- 


KJM 


(co0 — 3oj)2 

G_  4.-3~  Aj 

/ 3wV 
a_3’"4_VcOa-2j 

i i AiCo2TA2 

8-3  ' ' (oia — 2aj)2 

_(  »«-»Y 

O- 2,-3“  A3 

. a-2-"2~  1 + (Wfl-co)» 

akjm 


a_2,  - 1 — 


(a’„  co)2 


0—1,  —2  = 


A K/M 
(coa— co)2 


, , K/M 

fl-i.  -1  — 


G_  1,0 — A3 

_/w«— c*>Y 

Ajco2+ Ao 


Go,  o = “ 1 + 


Oo, 


( Wa+wV 


O/i,© — A3 


Oi,  1 — — 1- 


K/M 

(oa+co)2 


AK/M 
a'-*  K+«)2 

( coa+a>Y 

a3-2"U+2W; 

AKIM 

G2,  1 “ / . NO 

(Wa+co)2 

u V+A, 

3'3  1 + (coa+2co)2 

, , K/M 
G2,2=  1+/  , n2 

(oja+co)2 

_/ tog+3coY 

3,4  \coa+2co/ 

02,3  — A3 

®4, 3=  A3 

, ; k/m 

a44"“1+(cott+3o,)* 

The  determinant  has  been  somewhat  simplified  by  multi- 
plying and  dividing  the  rows  and  columns  by  various 
quantities,  and  the  parameter  A3  has  been  substituted  for 
m/2 


its  equivalent  ■ 


l+(r/6)2 

Let  this  infinite  determinant  be  A(wa).  The  problem 
consists  in  solving  the  equation  A(o>a)=0  for  its  roots  coa. 
These  roots  will  be  infinite  in  number,  consisting  of  the  three 
principal  values  of  coa  plus  all  their  harmonics.  The  values 
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of  uJ-yjK/M,  as  a function  of  u/^K/M,  are  seen  to  depend 
only  on  the  values  of  the  three  nondimensional  parameters, 


\ Ag 
Al’  K/M’ 


and  A3  and  the  stiffness-ratio  parameter  AK/K. 


A determinant  of  infinite  order  has  meaning  only  insofar 
as  it  is  defined  as  the  limit  of  a determinant  of  finite  order. 
Define  A n(coa)  as  the  determinant  of  order  6n— 3 formed 
from  a square  array  of  A(wa)  centered  on  the  term 


— 14~Aia?  ~j^A2.  This  term,  which  originally  was  associated 

^ a 

with  C0  in  equation  (15),  will  be  referred  to  hereinafter 
as  the  “origin”  of  the  infinite  determinant  A(wa).  The 
choice  of  this  term  as  center  of  A(wa)  is  purely  arbitral,  and 
it  was  selected  solely  for  reasons  of  symmetry. 

Thus 

A (ooa)=lim  An(coc)  (17) 

n-><» 


The  limiting  values  of  the  roots  of  the  equation 

A„(o>a)  = 0 


as  n becomes  infinite  will  be  the  values  of  the  roots  of  the 
equation 

A(o>a)  = 0 


The  method  of  calculating  the  roots  of  A(cofl)=0,  by  suc- 
cessively calculating  the  roots  of  Ara(wa)  = 0 for  larger  values 
of  n,  is  entirety  too  tedious.  Instead,  the  method  reference  1 
will  be  followed.  This  method  involves  the  calculation  of  the 
value  of  A(wfl)  for  several  specified  values  of  wa.  The  roots 
of  A(wa)  =0  can  then  be  obtained  from  a trigonometric 
equation  involving  the  roots  and  the  calculated  values  of 
A(o?a)  • 

AUXILIARY  DETERMINANTS  AND  RECURRENCE  RELATIONS  FOR 
CALCULATING  A(w0) 

Before  the  trigonometric  equation  is  derived,  it  is  con- 
venient to  have  a systematic  numerical  procedure  for  de- 
termining the  value  of  Atya).  As  n becomes  infinite,  the 
terms  of  A„(coa)  extend  to  infinity  both  above  and  below  the 
origin.  By  expanding  An(a >a)  in  terms  of  the  elements  of 
the  column  containing  the  origin,  it  can  be  expressed  in 
terms  of  auxiliary  determinants  that  extend  to  infinity  in 
only  one  direction.  Kecurrence  relations  can  then  be  ob- 
tained that  give  the  value  of  these  auxiliary  determinants. 


The  auxiliary  determinants  are  minors  of  A„(wa)  and  are 
defined  as  follows: 

Cn(o>a)  determinant  of  order  3n—2  consisting  of  the  terms 
below  and  to  the  right  of  the  origin;  that  is,  de- 
terminant having  first  row  and  column  beginning 

with  term  “l+y^r^ 

(wG+co)2 

Dntya)  determinant  of  order  3n— 3 formed  from  Cn(ua)  by 
omitting  last  row  and  column 

En(o>a)  determinant  of  order  3^—4  formed  from  D„tyG)  by 
omitting  last  row  and  column 

in(coa)  determinant  of  order  3n—3  formed  from  Cn(o3a)  by 
omitting  first  row  and  column 

Mn{ coa)  determinant  of  order  3n— 4 formed  from  Xn(coG)  by 
omitting  last  row  and  column 

Nn(ua)  determinant  of  order  3n—  5 formed  from  Mn(coa ) by 
omitting  last  row  and  column 

The  following  three  determinants  will  also  be  needed : 

Gn(o>a)  determinant  of  order  3^—4  formed  from  Ln( a>G)  by 
omitting  first  row  and  column 

Hn( (x)a)  determinant  of  order  3n—  5 formed  from  6^(o>a)  by 
omitting  last  row  and  column 

7",j(cog)  determinant  of  oidei  3 6 formed  fiom  Zi7^(ct)G)  by 
omitting  last  row  and  column 

Determinants  similar  to  the  foregoing  can  be  formed  in 
the  same  manner  from  the  upper  half  of  Aw(a>G).  Denote 
these  determinants  by  the  subscript  —n  instead  of  n.  It  is 
seen,  however,  that  their  values  can  be  obtained  from  the 
values  of  the  determinants  already  defined  from  the  lower 
half  of  A ntya),  by  merely  replacing  wG  with  — wG  (for  example, 
C-n(0}a)  = Cn(—  0>a)). 

Expanding  An(ua)  in  terms  of  the  elements  of  the  column 
containing  the  origin  gives 

A„K)  =(- 1 + tytA2)  C'nK)  On{~Wa)~ 

A3  (18) 

The  auxiliary  determinants  <7„(coG),  Dn(coa),  and  En(coa) 
satisfy  the  following  recurrence  relations  (obtained  by  ex- 
panding each  in  terms  of  the  elements  of  its  last  row) : 


E.w-{-i+k+g^3V1, } o.-w-hyg^;„|,p.-w 


(19) 


The  determinants  Ln{ coa),  Mn(wa),  and  Nn(wa)  and  also  the  system  GJwa),  Hn(u> a),  and  /„(coa)  satisfy  the  same  recurrence 
relations  as  Cn( o>„),  Dn( o>a),  and  En(wa),  respectively. 

The  values  of  these  nine  determinants  can  be  found  from  the  recurrence  relations  (eqs.  (19))  and  the  following 
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initial  values,  obtained  directly  from  equation  (16): 


K/M 

(wa+co)2 


Combining  equations  (22a),  (22b),  and  (22c)  until  equation 
(21a)  and  dividing  through  by  CQkn~l  gives 

k= 2A3— 1 (23) 


K/M  T (AK/M J2 

(coa+w)2J  (wa+w)4 


N 2 («a) — — 1 


K/M 

(coa+co)2 


K/M  1 r Ai(02+A2~1  . / C0a+Ctf\2 

(wa+«)2JL  («a+2«)2J  3 \o)a+2co/ 


H2(o>a)  = — 1-f 


A1cj2H-A2 

(coa+2co)2 


AiCo24~A2  . 
(coa+2oj)2J  L 


K/M  / qja-h3aj\2 

(wa+3co)2_  \coa-(-2aj/ 


f (20) 


By  use  of  the  initial  conditions  (eqs.  (20)),  the  recurrence 
relations  (eqs.  (19)),  and  equation  (18),  the  value  of  An(coa) 
can  be  calculated.  The  value  of  A(coa)  will  then  be  the 
limiting  value  of  An(cca)  as  n becomes  infinite. 

^ THE  BEHAVIOR  OF  A„(Wo)  FOR  LARGE  VALUES  OF  n 

So  far  it  has  been  tacitty  assumed  that  the  determinant 
A(coa),  as  defined  in  equations  (16)  and  (17),  is  convergent, 
and  further,  that  it  remains  a function  of  o>a  in  the  limit  as  n 
becomes  infinite;  that  is,  it  is  not  identically  equal  to  zero, 
independent  of  the  value  of  coa.  It  will  now  be  shown  that 
the  function  An(wa)  does  become  zero  in  the  limit,  independent 
of  coa,  but  that  when  An(a >a)  is  divided  by  an  appropriate 
function  of  n , a new  function  Fn(o>a)  will  be  obtained  which 
will  be  convergent  and  remain  an  unambiguous  function  of 
o?a  in  the  limit. 

The  derivation  of  the  appropriate  function  by  which  to 
divide  An(a>0)  evidently  depends  upon  the  behavior  of  Are(o>a) 
as  n becomes  very  large.  As  n becomes  infinite,  the  recur- 
rence relations  (eqs.  (19))  become 

Cn=-Dn-AzEn  (21a) 

Dn—  En  A3(7m_i  (21b) 

En=  Cn-l  (21c) 


Thus,  by  use  of  equation  (18),  it  is  seen  that  for  large  values 
of  n,  An(coa)  varies  as  k2n . Since  b}T  definition  A3  must  have  a 
value  between  0 and  1/2,  k 2 must  lie  between  0 and  1.  Thus, 
in  the  limit, 

lira  An(wj=0 


independent  of  ua. 
Consider  the  function 


FnM 


An(«q) 

k2n 


The  equation  Fn(ua)= 0 will  obviously  have  the  same  roots 
for  coa  as  does  A„(wa)=0.  The  function  Fn(wa)  has  the 
advantage,  however,  as  is  seen  from  the  preceding  discussion, 
of  remaining  an  unambiguous  function  of  ua  in  the  limit  as  n 
becomes  infinite.  Define  this  limit  as 

F(wa)=Hm  Fn(u>a) 

co 


—lim 

CO 


A„(co„) 

ktn 


(24) 


The  primary  problem  can  now  be  redefined  as  the  problem 
of  determining  the  roots,  infinite  in  number  and  consisting  of 
»o,,  “a,:  and  a >a3  and  all  their  harmonics,  of  the  equation 


F(coa)  = 0 (25) 

EVALUATION  OF  ROOTS  OF  EQUATION  (25) 

The  following  trigonometric  expression  for  F(ua)  will  now 
be  derived  : 

FM=lim*0>- 

a>  K 

i j?.  [sin‘  (S)-*111’  (^)1 

* -’(sMs) 


(26) 


with  identical  equations  for  Ln,  Mn,  and  N„  and  for  G„,  //„, 
and  In-  Equations  (21)  are  readily  solvable  since  they 
constitute  a system  of  difference  equations  with  constant 
coefficients.  They  are  satisfied  by  solutions  of  the  form 

C„=Cokn  (22a) 

where  C0  is  some  arbitrary  constant  and  k is  a constant  to  be 
determined.  From  equations  (21c)  and  (21b),  respectively, 


and 


En=  — C0kn~l 

Dn=C0kn-1-A3C0kn-1 

= Co(l—A3)kn~1 


(22b) 


(22  c) 


The  function  F( o>a)  is  seen  from  equation  (24)  and  equation 
(16)  to  be  periodic  of  period  2 to,  to  have  roots  ± (coai±2s«), 
±(«<j2±2sco),  and  ±(<oaa±2sto)  where  s is  any  integer,  to 
have  second-order  poles  at  wa=±2$co,  and  to  have  fourth- 
order  poles  at  toa=  ± (s+ l)co.  Liouville's  function  theorem 
states  that  a function  of  a complex  variable  (in  this  case, 
coa)  that  is  analytic  everywhere  in  the  complex  plane,  in- 
cluding the  region  at  infinity,  must  be  a constant.  It  will 
be  shown  that  F(o>a)  is  finite  at  infinity  (except  if  «a  proceeds 
to  infinity  along  the  real  axis).  If  the  poles  along  the  real 
axis  could  be  eliminated  by  forming  a suitable  function  of 
F( «„),  without  at  the  same  time  introducing  new  poles,  then 
that  function,  by  Liouville’s  theorem,  must  be  a constant. 

Such  a function  of  F( o>a),  which  is  analytic  everywhere  in 
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the  complex  plane,  is 


J («*) 


F( 

A,)  sin5 

/ 

\ 2co 

^ COS4 

( ™<A 
\2a>y 

3 

n 

. 2 / 7TC0a\ 

Lsm  \2^> 

-sin2  ^ 

^a.\ 

, WJ 

(27) 


where  <ofli,  and  coa 3 are  the  three  principal  values  of  coa. 
The  function  J(coa)  is  therefore  a constant.  The  value  of 
J(o)a ) found  by  making  coa  approach  infinity  along  the  imagi- 
nary axis  is 

JM  = F(*>) 


where  F( <® ) is  the  value  of  F(coa),  as  coa  becomes  infinite. 

The  value  of  F(  <» ) can  be  found  by  letting  coa— > oo  in  Are(co«) 
and  then  letting  n— » oo . From  the  form  of  Ara(  co ) it  follows 
that 

A„(  <x>)=N2n{  oo  )=  — C2n( 00 ) 


The  recurrence  relations  defining  Cn(°°)  are  the  same  as 
equations  (21).  The  expressions  Dn  and  En  may  be  elimi- 
nated from  equations  (21),  and,  therefore,  Cn  may  be  given 
as  follows: 

Cn—  (1  2A3)(77Z_i 


The  initial  conditions  (eqs.  (20))  reduce  to  Ci=  — 1,  from 
which  it  follows  immediately  that 


A»( 00  )=  (1  — 2A3)2”-1 

= k2n-l 

from  equation  (23).  Therefore 

A ( oo ) L2n-1  1 

F( 00 ) = lim  -pr=r  (28) 

> co  ft  71  —y  co  A.  ft 


Thus  equations  (27)  and  (28)  lead  to  the  evaluation  of 
equation  (26). 

After  equation  (26)  has  been  obtained,  the  problem  of  de- 
termining cuQi  cofl2,  and  o>a3  may  be  considered  theoretically 
complete  inasmuch  as  equation  (26)  is  really  an  identity  in 
03a.  Suppose  that  coa  is  assigned  any  specific  value  in  equation 
(26)  and  F(cca)  is  computed  to  a certain  degree  of  accuracy. 
If  these  computations  are  made  for  two  more  values  of  coa, 


all  different,  equation  (26)  will  have  yielded  three  equations 
in  the  three  unknowns  cov  coa2,  and  co^.  These  equations 
can  then  be  solved  for  the  principal  values  of  coa.  Any 
degree  of  accuracy  may  be  achieved  by  carrying  out  the 
computations  for  F(wa)  to  a sufficiently  large  value  of  n. 

The  foregoing  procedure  can  be  systematized  by  rewriting 
equation  (26)  as 


*(?>£  Os')] 

=iFWsi„.(5)cos{^) 


(29) 


A convenient  choice  for  the  three  arbitrary  values  of  coa  is 
coa— 0,  co,  and  co/2.  The  explicit  definitions  of  K( 0),  K(  1), 
and  K(  1/2)  then  become 


K( 0) sin-  (=£)  sin’  (=£)  sin’  (^*) 

(£)][.- 


sin’(^)] 

ir(l/2)-[i-,in’(5)][i_ 


y (30) 


The  equations  for  evaluating  K( 0),  K{  1),  and  K(\j2)  are 
ff<0,=  lim  [tfW  sin’  (§*)  «**(§*)] 

K(1,=f:~[if'("-)Bin’(S)cos‘(2')]  • <31) 
Km~0z>  [w?w  sin!  (?)  c“'(i£‘)l 

Carrying  out  the  limiting  operations  indicated  in  equations 
(31)  and  using  the  auxiliary  determinants  (7„(coa),  Dn( coa), 
and  so  forth,  give 


K(0)  — lim 

n->oo 


f 7r2[(Ai<o2-f  A2)(7b2(0)— 2A3to2Z),1(0)(?,,(0)] 
\ — 4w2(l— 2A3)2”-1 


} 


K(l/2)=lim 


L 16(1— 2A3)2"-2  _ 


(32) 


I- 


H 


4 (A  ito2— f-  A;) 


' O.  (I)  0,  [l,  (-f)  C,  (| )+9I.  (I)  O.  (^)] ' 

-8(l-2A3)2?i-1 


where  the  quantities  in  brackets  are  conveniently  represented  by  K(0)n,  K{ l)n,  and  K( 1/2)*,  respectively.  The  quantities 
K(  ) n are  used  in  numerical  computations  as  approximations  to  the  functions  K(  ). 
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The  formulas  (32)  for  K( 0),  i£(l),  and  K(  1/2)  converge 
slowly  with  increasing  n.  The  convergence  can  be  speeded 
up  greatl}7  by  making  use  of  the  concept  of  convergence  fac- 
tors used  in  reference  1.  A convergence  factor  for  K{  )n  is 
a function  of  n approaching  the  limit  1 as  n becomes  infinite, 
which,  when  multiplied  by  K(  )n , gives  an  expression  which 
converges  rapidly  with  increasing  values  of  n to  the  values  of 
K(  ).  The  details  of  the  derivation  of  an  appropriate  con- 
vergence factor  for  K (0)B  will  be  found  in  appendix  C.  Con- 
vergence factors  for  K{  1)„  and  K( l/2)n  are  derived  in  a simi- 
lar fashion.  The  resultant  expressions  are 


71 — > co 


K(  0),sin*^ 


than  or  equal  to  1.  The  conditions  for  stability  can  be  ex- 
pressed directly  in  terms  of  K( 0),  K(  1),  and  K(l/2)  by  means 
of  their  definitions  (eqs.  (30)).  The  three  equations  (30)  are 
formally  equivalent  to  a single  cubic  equation 


7?-\-bx2-\-cx+d=Q 


the  roots  xi}  x2,  and  xz  of  which  are  sin2 


and  so  forth,  and  the  coefficients  b}  c , and  d of  which  arc 
functions  of  K(0),  K(  1),  and  K(  1/2)  where 


26=4Z(0)  +4^(1)  -8K(I)-3 
2c  = -6^(0)  -2^(1) +8^(1)+ 1 


K(l)=lim 

1 


h l(1/2  )=lim 

n->co 


K{  1)„  cos1 


LSX'-'sfu’TJ 

■K~(1/2)WC0S  t/Q  ~[ 

2n  Y i I 

L A v (2j— i)vJ  J 


(33) 


where 


<2= 


2I(i 


A3)  + Aico2+  A2+2  A3co2 
co2(l — 2A3) 


For  a given  value  of  n,  the  quantities  in  brackets  are  found 
to  be  better  approximations  to  the  respective  values  of  K(  ) 
than  K(  )n  alone. 

The  method  of  obtaining  the  values  of  coa  may  be  sum- 
marized as  follows.  By  use  of  the  initial  conditions  (eqs. 
(20))  and  the  recurrence  relations  (eqs.  (19)),  the  values  of 
the  determinants  £7„(0),  Ln( 0),  Gn(— «),  Cn(w/2),  Cn(— co/2), 
X„(«/2),  and  Ln(— co/2)  can  be  computed  for  increasing  values 
of  n.  With  the  substitution  of  these  values  into  equations 
(33)  and  with  the  use  of  equations  (32),  approximate  values 
of  K( 0),  K(  1),  and  K{  1/2)  can  be  computed.  The  process 
appears  to  be  rapidly  convergent  with  n,  especially  for 
large  values  of  c The  values  of  coai,  coaj,  and  a?a3  can 
then  be  found  from  equations  (31),  the  definitions  of  JSl(0), 
K(  1),  and  K(  1/2). 


CONDITIONS  FOR  STABILITY 


From  equation  (13)  the  condition  for  stability  of  the  sys- 
tem is  seen  to  be  that  all  three  values  of  <oa  must  be  real 
numbers.  If  any  one  of  them  is  complex  or  pure  imaginary, 
then  one  of  the  terms  in  the  solution  (eqs.  (11))  will  increase 
indefinitely  with  the  time,  the  motion  therefore  being  unsta- 


ble. 


This  condition  implies  that  the  expressions  sin 


and  sin2 


all  are  real  positive  numbers  less 


d=K(  0) 

After  some  manipulations  involving  the  Descartes  rule  o] 
signs,  the  necessary  and  sufficient  conditions  for  stability  are 
found  to  be 


0^~K(0)^1 

-l^SK(l/2)^l  ” (34) 

A=l8bcd-Ab3d+b2c2-4c3-27d3^0j 

The  quantity  A is  the  discriminant  of  the  cubic  equation. 

SPECIAL  CASES  OF  GENERAL  THEORY 

Three  special  cases  of  the  general  theory  are  of  interest. 
These  cases  are  the  cases  for  which  one  of  the  principal 
stiffnesses  Kv  is  respectively  zero,  equal,  or  infinite  in 
magnitude  in  comparison  with  the  second  principal  stiffness 
Kx. 

CASE  OF  Ky=Kx 

The  case  of  Kv—Kx  has  been  treated  in  chapter  II.  II 
KV—KX}  equations  (8)  to  (10)  reduce  to  the  equations  oi 
chapter  II.  In  this  special  case,  the  motion  of  the  rotoi 
system  becomes  simple  harmonic,  since  all  the  coefficients 
Ah  Bh  and  C%  in  equations  (12)  are  identically  zero  except 
Ao,  Bo,  and  Co . 

CASE  OF  Ku=0 

The  special  limiting  case  of  Kv=0  is  of  interest  in  the  case 
of  a pylon  of  which  the  stiffness  is  negligible  along  one 
principal  direction  with  interest  centered  on  the  frequencies 
involving  the  other  principal  stiffness.  In  the  case  of  Ky—  0 
the  function  K{  1)  as  given  by  equations  (32)  becomes 
identically  zero.  This  result  is  also  evident  from  the  original 
definition  of  if(l)  as  given  in  equation  (28),  because  one  oi 
the  values  of  «a,  say  wa3,  is  of  necessity  equal  to  ±co.  (ii 
will  be  recalled  that  coa  is  the  frequency  as  measured  ir 
rotating  coordinates.  In  fixed  coordinates  it  would  be 
zero.) 
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It  is  possible  to  give  much  simpler  stability  criterions  for 
this  case  because  there  are  only  two  if-functions,  K{ 0)  and 
£l(1/2),  and  two  values  of  coa,  o>ai  and  coa2,  to  be  determined. 
The  new  if- functions  may  be  defined  as  follows : 


■ ^=sKi?)siKs)=_^(o) 

/ Tr<j}a  \ /*■«.  \ 1 + 2^(0)  ~ 

^=COs2(^f)COs2(^f)= 2 

In  terms  of  Ky  and  K2,  the  criterions  for  stability  become 


0 ^ 1 (36a) 

(36b) 

V&V#2^1  (36c) 


Given  the  values  of  ifj  and  if2,  the  values  of  cofll  and  o)a.2 
can  be  determined  from  equations  (35).  A graph  of  the 
relation  in  equations  (35)  is  given  in  figure  III-2  by  means 
of  which  the  real  values  of  coai  and  o>C2  can  be  read  off  directly 
once  Ki  and  K2  are  known. 


A graph  showing  the  variation  of  Kx  and  if2  with 


Kx/M* 


for  the  typical  parameters  A^O.l,  A2=0,  A3=0.1,  and 
Ky— 0,  is  shown  in  figure  III-3.  By  use  of  figure  III— 2 the 
values  of  cofll  and  coa.2  can  be  obtained.  These  values  are 
shown  in  figure  III-4  plotted  against  Calcula- 

tions are  carried  down  to  . = - — 0.5.  The  general  behavior 

yKx/M 

below  this  speed  is  discussed  in  the  section  entitled  “General 
Behavior  of  Rotor  System  as  a Function  of  Rotor  Speed.” 


CASE  OF  » 


Figure  III-3. — Graph  of  Kx  and  K2  as  functions  of  rotor  speed  for 
A^O.l,  A2=0,  A3=0.1,  and  Ky=  0. 


Figure  III— 4. — -Principal  values  of  coa  plotted  against  rotor  speed  « 
for  case  of  Ai  — 0.1,  A2=0,  A3  = 0.1,  and  Kv— 0. 


The  formulas  for  the  limiting  case  of  Ky—  cannot  be 
obtained  conveniently  from  the  general  theory.  Instead  of 
carrying  out  the  limiting  process,  it  appears  preferable  to 
begin  by  treating  the  problem  as  one  of  only  three  degrees  of 


Figure  III— 2. — Chart  for  obtaining  principal  value  of  coa  from  values 
of  K\  and  K2.  Kv—  0 or  Kv—  ». 


freedom  (two  hinge-deflection  coordinates  and  one  hub- 
position  coordinate  x)  and  by  developing  the  theory  along 
lines  similar  to  those  used  for  the  general  treatment.  In 
this  way  a system  of  two  simultaneous  equations  with 
periodic  coefficients  is  obtained,  with  the  variables  Qx  and  x . 
These  equations  are  solved  in  a manner  similar  to  that  for 
the  general  case,  the  treatment  being  simpler,  however,  since 
the  solution  has  only  two  principal  values  of  coa. 

The  details  of  the  solution  of  the  equations  of  motion, 
together  with  the  final  formulas  for  the  if -functions,  includ- 
ing convergence  factors,  are  given  in  appendix  D.  It  is 
found  that  the  same  Kx  and  K2  occur  as  for  Ky= 0.  The 
criterions  for  stability  are  exactly  the  same  as  those  for 
Kv— 0,  the  conditions  of  equations  (36).  Figure  III-2  can 
also  be  used  to  determine  the  values  of  wa  from  the  values  of 
Kx  and  K2. 


A graph  giving  the  variation  of  Kx  and  K2  with  f°r 

the  parameters  A^O.l,  A2=0,  A3=0.1,  and  Ky—  <=»  is 
shown  in  figure  III-5.  In  figure  III— 6 the  values  of 
UaJ-yjKx/M  and  °>aJ^Kx/M  are  shown  plotted  against 
co/V^/M. 
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Figure  III— 5. — Graph  of  Kx  and  K2  as  functions  of  the  rotor  speed  w 
for  Ai  = 0.1,  A2=0,  A3=0.1,  and  Ku=  co. 


Figure  II 1-6. — Principal  values  of  wa  plotted  against  rotor  speed  a> 
for  case  of  Aj  = 0.1,  A2=0,  A3=0.1,  and  Kv=  co. 


DISCUSSION  OF  RESULTS 

TYPES  OF  INSTABILITY 

Instability  may  occur  as  a result  of  the  violation  of  any 
one  of  the  stability  criterions  of  equations  (34).  Violation 
of  each  condition  is  associated  with  a different  type  of  in- 
stability, which  would  show  up  differently  in  the  motion  of 
the  rotor  system.  Experience  with  computations  indicates, 
however,  that  the  criterions  of  most  practical  importance  for 


helicopters  are 


A^O 
-K(  0)^0 
K(  1)^0 

Similarly,  the  important  criterions  in  the  limiting  cases  of 
Ky=0  and  Kv=  co  are 


0 

K 2^0 

If  the  condition  0 or  is  violated,  the 

other  conditions  being  satisfied,  then  «ai  and  cofl2  will  be  com- 
plex conjugates,  and  the  rotor  system  will  execute  self- 
excited  vibrations  at  frequencies,  in  general,  incommensurate 
with  the  rotor  speed.  (Higher  harmonics  will  also  be  pre- 
sent.) This  type  of  instability  will  be  referred  to  herein- 
after as  a “self-excited  vibration.” 

If  the  stability  condition  —K( 0)^0  (or  i?i^0)  alone  is 
violated,  then  one  of  the  values  of  wa  will  be  a pure  imaginary 
number.  Physically,  the  rotor  system  will  execute  self- 
excited  vibrations  having  a basic  frequency,  as  seen  in  rotat- 
ing coordinates,  of  zero.  This  behavior  is  similar  to  the 
ordinary  critical-speed  behavior  of  a shaft.  Frequencies  at 
higher  harmonics  2 na>  will  also  be  present.  This  type  of 
instability  will  be  referred  to  as  a “self-excited  whirling.” 

The  third  stability  condition  if(l)^0  cannot  be  violated 
since  K(  1)  as  given  by  equation  (32)  cannot  be  negative. 
However,  K(  1)  can  be  exactly  equal  to  zero.  (A  similar 
statement  applies  to  K2.)  At  such  a point,  where  the  rotor 
system  is  on  the  border  line  between  stability  and  instability, 
one  of  the  values  of  o>a  will  be  equal  to  ±<o.  In  fixed  coordi- 
nates this  result  means  that  the  rotor  system  will  have  a 
natural  frequency  equal  to  zero.  The  rotor  system  will, 
therefore,  be  in  resonance  with  a steady  force — a force  of 
zero  frequency.  The  amplitude  of  the  zero-frequency  term 
for  the  hub  motion  in  such  a situation  can  be  shown  to  be 
zero,  but  the  blades  will  oscillate.  Also,  higher  harmonic 
terms,  notably  the  term  of  frequency  2w  (in  nonrotating 
coordinates),  will  show  up  in  the  hub  motion.  This  type 
vibration,  which  is  a resonance  phenomenon  and  not  a self- 
excited  vibration,  will  be  called  a “steady-force  resonance” 
vibration. 

Each  of  the  vibrations  described — self-excited  vibrations, 
self-excited  whirling,  and  a steady-force  resonance  vibra- 
tion— appeared  in  the  discussion  of  the  two-blade  rotor  on 
equal  supports  (chapter  II);  however,  there  the  motions 
were  simple  harmonic,  no  higher  harmonics  being  present. 

GENERAL  BEHAVIOR  OF  ROTOR  SYSTEM  AS  A FUNCTION  OF  ROTOR  SPEED 

The  approximate  location  of  the  instability  regions  can 
easily  be  found  by  examining  the  limiting  case  of  A3— 0, 
that  is,  the  case  of  zero  coupling  between  the  blade  and  hub 
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motions.  For  simplicity,  the  discussion  is  also  restricted  to 
the  case  of  free  hinges  (A2=0)  and  Kv=  ° The  Kt  and 
K2  functions  become 

K,= cos'd^sin^i^) 

Eliminating  the  rotor  speed  co  from  equations  (37)  gives 

+ £ -=i 

sin2  (|  VaT)  cos2  (^  VY) 

which  considered  as  an  equation  in  the  variables  Kx  and  K2 
represents  a straight-line  segment  (one  of  the  lines  in  fig. 
III-2)  terminated  by  the  Kx  and  K2  axes.  The  segment  can 
be  shown  to  be  tangent  to  the  curve  V^+a/^2—  1-  As  w 
decreases,  the  representative  point  moves  up  and  down  the 
line  segment,  performing  an  infinite  number  of  such  oscilla- 
tions as  co  approaches  zero.  Whenever  Kx~ 0,  the  point  is 
at  a self-excited-whirling  speed.  The  corresponding  speed  is 

_{KjM 


where  s represents  any  positive  integer.  Thus  a self-excited 
whirling  will  occur  when  the  rotor  speed  is  approximately 
equal  to  1,  H,  }{,  % and  so  forth  of  the  natural  frequency 
of  the  hub  tJKJM.  Similarly  it  can  be  shown  that  there 
will  be  a steady-force  resonance  vibration  whenever  the  rotor 
speed  is  approximately  equal  to  % K,  % and  so  forth 
of  the  hub  natural  frequency  V Kx/M . Finally  self-excited 
vibrations  will  occur  at  rotor  speeds  approximately  equal  to 

4kjm 

CO  — 7= 

2s + 1 — VAi 

Figure  III— 7 shows  the  general  pattern  of  .response  fre- 
quency plotted  against  rotor  speed  for  a small  value  of  the 
mass-ratio  parameter  A3.  Along  the  horizontal  parts  of  the 
curves,  blade  motion  predominates  over  pylon  motion. 
Pylon  motion  predominates  along  the  slanting  parts. 

Although  the  foregoing  discussion  was  developed  for  the 
case  of  Kv= <»,  it  is  believed  to  apply  equally  well  to  the 
case  of  Kv— 0 and  also  to  the  general  case  of  KV^KX  if  the 
rotor  hub  is  considered  to  have  two  natural  frequencies 
-yjKjM  and  each  frequency  having  associated  with 

it  an  infinite  set  of  instability  ranges  located  at  approximately 
the  speeds  given. 

COMPARISON  OF  RESULTS  FOR  DIFFERENT  VALUES  OF  Ky/Kx 

Figures  III— 4 and  III-6  give  the  principal  values  of 
coJ^lKJM  plotted  against  the  rotor  speed  c o/^KJM  for 
Kv= 0 and  Kv  = oo } respectively,  both  calculated  for  the 


Figure  III— 7. — Typical  pattern  of  response  frequencies  against  rotor 
speed  co  for  a small  value  of  the  mass-ratio  parameter  A3. 


same  set  of  parameters  AI;  A2,  and  A3.  The  calculations 

have  been  carried  down  to  - ^—=0.4.  The  similarity 

between  the  two  curves  is  striking.  So  far  as  the  calcula- 
tions have  been  carried,  each  system  shows  the  presence  of 
one  self-excited-vibration  instability  range,  one  self-excited- 
whirling  instability  range,  and  one  stead}r-force  resonance 
speed  A.  If  the  calculations  were  carried  to  lower  values 
of  co,  further  instability  ranges  and  steady-force  resonance 
speeds  would  appear. 

For  comparison,  the  response  frequencies  of  a two-blade 
rotor  on  equal  supports  ( Ky~Kx ) for  the  same  set  of  param- 
eters is  shown  in  figure  III-8.  The  frequencies  were  calcu- 
lated from  the  formula  in  chapter  II.  Down  to  . =0.5, 

-yfKjM 

this  chart  is  very  similar  to  figures  III-4  and  III-6.  In 
addition  it  shows  one  range  of  rotational  speed  at  which 
self-excited-vibration  instability  occurs,  one  range  of  rota- 
tional speed  at  which  self-excited-whirling  instability  occurs, 
and  one  range  of  rotational  speed  at  which  a steady-force 
resonance  speed  occurs.  Figure  III-8  differs  principally 
from  the  figures  for  Kvt^Kx  in  that  it  shows  no  further 
instability^  ranges  at  low  values  of  co. 
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Figure  IIT-8. — Response  frequencies  of  a two-blade  rotor  on  sym- 
metric supports  for  Ai  = 0.1,  A2=0,  A3=0.1,  and  KV=KZ. 


In  chapters  I and  II  charts  are  presented  giving  the  loca- 
tion of  the  self -excited-vibration  instability  range  for  various 
values  of  the  parameters  Au  A2,  and  A3.  A similar  chart  for 
the  case  of  a two-blade  rotor  with  Ky=  is  given  in  figure 
III-9.  In  using  the  chart,  a straight  line  is  drawri  repre- 
senting the  variation  of  with  the  function 

The  intersections  of  this  line  with  the  appropriate  A3  curves 
give  the  beginning  and  end  points  of  the  instability  range. 
The  dashed  line  in  figure  III-9  indicates  the  stability  ranges 
for  the  parameters  of  figure  III— 6* 

Some  observations  concerning  the  relative  location  and 
extent  of  the  various  instability  ranges  in  figures  III— 4, 
III— 6,  and  III— 8 appear  to  be  applicable  to  a wide  range  of 
values  of  the  parameters  Ah  A2,  and  A3.  Thus  the  self-ex- 
cited-vibration  instability  range  in  the  case  of  Ky—Kx  (fig. 
III-8)  is  wider  (and  hence  the  vibration  probably  more 
severe)  than  the  corresponding  ranges  in  the  cases  of  Ky=0 
and  Kp=  °° . (See  figs.  III-4  and  III— 6.)  Also,  this  in- 
stability range  occurs  at  lower  rotor  speeds  in  the  case  of 
Kv=  oo  than  it  does  in  the  cases  of  Ky=Kx  and  Ky= 0. 
The  self-excited-whirling  instabilit}^  range  is  considerably 
narrower  for  Ky~  oo  than  it  is  for  the  Ky=Kx  case,  and  it  is 
still  narrower  in  the  Ky~ 0 case. 

In  the  general  case  of  Kyj^Kx  the  location  and  extent  of 
the  instability  ranges  can  be  found  fairly  accurately  by 
considering  the  problem  as  the  superposition  of  two  problems, 
one  of  finding  the  significant  rotor  speeds  referred  to 


4KJM  as  reference  frequency  with  Ky  assumed  infinite  and 
the  other  of  finding  the  significant  rotor  speeds  referred  to 
•yjKJM  as  reference  frequency  with  Kx  assumed  zero. 
With  the  foregoing  discussion  as  a guide,  sufficiently  accurate 
design  information  can  be  obtained  without  extensive  cal- 
culations for  each  value  of  Ky/Kx  encountered  in  practice. 


EFFECT  OF  DAMPING 

Although  the  effect  of  damping  has  not  been  examined 
mathematically,  because  complications  would  be  introduced 


Figure  II 1-9. — Chart  giving  position  of  the  main  instability  range  for 

Kv=  oo. 

in  the  analysis,  several  inferences  from  the  damping  investi- 
gationsjn  chapters  I and  II  can  probabty  be  safely  applied 
to  the  rotor-S37stem  studies  in  the  present  report.  The* 
numerous  instability  ranges  occurring  at  low  rotor  speeds, 
which  are  very  narrow  and  represent  a mild  type  of  insta- 
bility, are  probably  completely  eliminated  by  the  presence 
of  a slight  amount  of  damping  in  the  rotor  system.  The 
primary  self-excited- vibration  instability  range  can  probably 
be  narrowed  and  eliminated  by  introducing  sufficient  damp- 
ing into  both  the  rotor  supports  and  the  blade  hinges. 

APPLICATION  TO  DUAL  ROTORS 

It  is  easily  shown  that  the  analysis  for  the  case  of  Ky=  co 
applies  also  to  the  case  of  a counterrotating  rotor  system 
consisting  of  two  equal  two-blade  rotors  revolving  at  equal 
speeds  and  acting  equally  upon  the  same  flexible  member. 
The  rotors  may  be  on  the  same  shaft  or  on  different  shafts 
so  long  as  the  nonrotating  flexible  member  is  the  same  for 
both  rotors.  The  supports,  moreover,  may  have  unequal 
stiffness  in  the  X-  and  in  the  7-direetions,  provided  that  the 
undeflected  blade  positions  make  equal  angles  with  a principal 
stiffness  axis. 

The  proof  consists  in  showing  that  the  energy  expressions 
for  the  dual-rotating  system  can  be  separated  into  two  inde- 
pendent sets  of  terms,  each  of  which  is  of  the  same  form  as 
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for  a single  rotor  with  Ky=  <» . The  resulting  equations  of 
motion  will  thus  also  be  the  same. 

The  separation  is  accomplished  by  introducing  new  vari- 
ables 

^0  2 ^®pos 

and 

Vo  2 ^ 

where  the  subscripts  pos  and  neg  refer  to  the  0's  defined  for 
the  rotor  turning  in  the  positive  direction  and  for  the  rotor 
turning  in  the  opposite  direction,  respectively.  The  energy 
expressions  become 

"V 

T=^Mx2+2mb  2&(Zi  sin  iot+w£i  cos  <oi)  + 

(i+£)  (ii2+&2)-f  «*  di2+£o2)]+ 
iMy2+2m;,  £2^(171  cos  wt-uin  sin  wt)+  y (38) 
(l+^j)  w*  (’?i2+’7o2)J 

v= ^ (Ir+^+^+WO  +1  Kxx*+\  KvV * 

where  M is  the  total  mass  of  the  system  (M=m+4ra&). 

From  equations  (38)  it  is  seen  that  £ is  coupled  only  with  a; 
and  7j  is  coupled  only  with  y.  Equations  (38)  yield  equa- 
tions of  motion  of  the  same  form  as  equations  (D2)  and  (D3). 

The  stability  properties  for  the  dual-rotating  case  are  thus 
exactly  the  same  as  in  the  case  of  Kv—  for  the  single- 
rotating  two-blade  rotor.  In  particular,  figure  III-9  can  be 
used  to  find  the  location  of  the  primary  self -excited-vibration 
instability  range.  The  value  of  A3  for  the  dual-rotating 

rotor  is  defined  as  A3= ^ 2\  rather  than 

(m+4m>)  ^1+^2 J 

A3= 2\  as  f°r  lhe  single-rotating  rotor.  All 

(■ m+2mb ) (l+^j) 

other  parameters  are  the  same  for  both  cases. 

The  quantity  & sin  cot  can  be  interpreted  physically  as  the 
z-component  of  the  displacement  of  the  center  of  gravity  of 
the  blades  due  to  hinge  deflections.  The  quantity  rji  cos  cot 
is  the  corresponding  ^/-component.  The  separation  of  the 
variables  means,  physically,  that  the  motion  of  the  system 


can  be  separated  into  two  independent  modes,  each  of  which 
involves  linear  motion  of  the  supports  along  one  of  the 
principal  stiffness  axes. 

Similar^,  the  stability  of  counterrotating  rotor  systems  of 
six  or  more  equal  blades  can  be  determined  from  the  results 
of  chapter  I with  Kv=*> . 

CONCLUSIONS 

The  following  conclusions  are  indicated  by  the  results  of 
an  investigation  of  the  problem  of  vibration  of  a two-blade 
helicopter  rotor  on  supports  that  have  different  stiffnesses 
along  the  two  principal  stiffness  axes : 

1.  Many  speed  ranges  are  found  in  which  self-excited 
oscillations  can  occur.  These  oscillations  are  of  two  types — 
self-excited  vibration  and  self-excited  whirling.  There  are 
also  many  speeds  at  which  steady-force-resonance  vibration 
may  occur. 

2.  A stability  chart  which  shows  the  self-excited  vibration, 
self -excited  whirling,  and  steady -force  resonance  speeds  of 
the  highest  rotor  speed  for  each  support  natural  frequency 
for  a two-blade  rotor  on  anisotropic  supports  is  similar  in 
appearance  to  a stability  chart  for  a two-blade  rotor  on 
isotropic  supports.  However,  for  the  same  rotor  parameters, 
the  instability  regions  are  changed  somewhat  in  position  and 
extent. 

3.  Mild  self-excited-whirling  speed  ranges  exist  at  rotor 
speeds  approximately  % }{,  and  so  forth  of  each 
support  natural  frequency.  Steady-force  resonance  speeds 
exist  at  approximately  %,  }{,  %,  and  so  forth  of  each 
support  frequency.  Self-excited  vibrations  also  occur  at 
certain  low  rotor  speeds.  All  these  mild  instability  ranges 
are  probably  eliminated  by  the  presence  of  moderate  amounts 
of  damping  in  the  system. 

4.  A familiarity  with  typical  results  of  limiting  cases  of  the 
support-spring  constants  Kv=  oo;  Ky=KX}  and  Kv— 0 
should  enable  a designer  to  avoid  extensive  calculations  of 
cases  of  unequal  support  stiffness.  In  the  general  case  of 
unequal  support  stiffness,  the  location  and  extent  of  the 
instability  ranges  can  be  found  fairly  accurately  by  con- 
sidering the  problem  as  the  superposition  of  two  problems, 
one  of  finding  significant  rotor  speeds  referred  to  one  support 
frequency  V Kxj'M  as  reference  frequency  with  Ky  assumed 
infinite  and  the  other  of  finding  the  significant  rotor  speeds 
referred  to  the  other  support  frequency  V KJM  as  reference 
frequency  with  Kx  assumed  zero. 

5.  The  analysis  of  a four-blade  counterrotating  rotor 
system  in  which  the  rotors  cross  along  the  principal  stiffness 
axes  of  the  rotor  supports  leads  to  the  same  equations  as 
those  considered  for  the  special  case  of  Kv— <»,  and  the 
stability  properties  are  given  by  the  investigation  of  that 
special  case. 

Langley  Aeronautical  Laboratory, 

National  Advisory  Committee  for  Aeronautics, 
Langley  Field,  Va.,  August  1956. 


APPENDIX  A 

SYMBOLS 


a 

radial  position  of  vertical  hinge 

V 

Oo.o,  tto,  1,  and  so  forth 

elements  of  determinant  defined 

x,  V 

in  equation  (16) 

Ai > Bi,  Gi 

Fourier  coefficients  in  equations 

(12) 

Xt,Vt 

Bi,  Ci 

complex  conjugates  of  Ah  Bh 

and  Ch  respectively 

b 

distance  from  vertical  hinge  to 

X,  Y 

center  of  mass  of  blade 

Cn(o)a),  DM,  and  so  forth 

minors  of  the  determinate  Are(o>a) 

D 

time-derivative  operator,  ~ ! 

z 

F(o)a)=lim  FM 

7l-+co 

' 

F (o')  — ^nfaa) 

f n{wa)  ~ £ 2n 

z 

3,  n,  S 

integers 

dl,  P2 

JM 

function  of  F(coa)  defined  by 

a 

equation  (27) 

LA 

k= 2A3— 1 
K(uia/w) 

function  of  cojco  defined  in 

A(coa) 

equation  (29) 

K{ 0),  K(  1),  K{  1/2) 

functions  defined  by  equations 

(3°) 

kuk2 

functions  defined  b}r  equations 

80=7;  (01+&) 

(35) 

z 

Kx,  Kv 

spring  constants  of  the  rotor 
supports  along  the  X - and  In- 

(/3,-ft) 

directions,  respectively 

n, 

K 

average  stiffness  of  rotor  sup- 

Al"/  r2\ 

4 Kv+Kx 
ports,  2 

\1+t0 

> 

1 

1 

H 1 

A - * 

1X2  / r2\ 

2 

m662(l+^j 

K„ 

spring  constant  of  blade  self- 

centering  spring 
effective  mass  of  rotor  supports 

A,-  M 

m 

A J,  , P\ 

m b 

mass  of  rotor  blade 

\l+¥) 

M 

total  mass  of  two -blade  rotor 

system,  m+2m* 

£l>  £o,  Vh  VO 

P(t),  Q(t),  R(t) 

periodic  functions  defined  in 

equations  (11) 

M 

p{t),  m,  m) 

complex  conjugates  of  P(t ),  Q(t)} 

and  R(t),  respectively 

CO 

0. 

constant  defined  in  equations 

(33) 

r 

radius  of  g3U’ation  of  blade  about 

center  of  mass 

t 

time 

T 

kinetic  energy 

w a2 ) ^03 

potential  energy 
deflection  of  rotor  hub  measured 
in  fixed  X,F-coordinate  sys- 
tem 

deflection  of  rotor  hub  measured 
in  rotating  A^F-coordinate 
system 

fixed  rectangular  coordinate 
axes  taken  parallel  to  the  prin- 
cipal stiffness  directions  of  the 
rotor  hub 

complex  position  coordinate  of 
the  rotor  hub  in  rectangular 
coordinate  system  rotating 
with  angular  velocity,  xr-\-iyT 
complex  conjugate  of  xT—iyT 
angular  hinge  deflections  of  rotor 
blades,  respectively 
discriminant  of  cubic  equation 
x?Jtbx2-\-cx+d=  0 
determinant  of  infinite  order 
defined  by  equation  (16) 
determinant  of  order  6?i— 3 
formed  from  A(coa) 


blade  variables  for  counterro- 
tating rotor 
2m* 

mass  ratio, 

’ M 


constant  angular  velocity  of 
rotor 

characteristic  exponent  or  nat- 
ural frequency  of  rotor  sys- 
tem as  viewed  in  coordinates 
rotating  at  angular  velocity  to 
principle  values  of  coa 
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APPENDIX  B 

THE  GENERAL  EQUATIONS  OF  MOTION  FOR  TWO-BLADE  ROTORS 

By  George  W.  Brooks 


GENERAL  CASE 

The  present  chapter,  although  it  generalizes  the  theory 
of  ground  vibrations  of  two-blade  rotors  by  treating  the  case 
of  anisotropic  supports,  does  not  consider  the  effects  of  damp- 
ing. Chapter  II  treated  the  case  of  isotropic  supports  or 
equal  pylon  stiffness  in  all  horizontal  directions  and  included 
damping.  The  more  general  case  is  one  which  involves  the 
treatment  of  the  two-blade  rotor  with  anisotropic  supports 
and  damping.  The  equations  of  motion  for  this  case,  derived 
in  the  complex  coordinate  notation  of  the  present  report,  are 
given  in  this  appendix. 

The  equations  for  the  kinetic  and  potential  energies  of  the 
rotor  system  are  given  by  equations  (5)  and  (6)  of  chapter 
III  as  follows : 

(z—ioSz)-\-mb  (idi—ud i)  — 

(z-\-ia>z)  (^i+o?0i) +^1+ OV+0i2) — ^ to2(0o2+0i2) J 

(Bl) 

F=f  22+^  (0o2+0i2)-“  (zV'“‘+£2<r2<"‘)  (B2) 

Two  types  of  damping  of  the  rotor  system  are  assumed 
to  exist:  (1)  damping  in  the  rotor  supports  which  is  propor- 
tional to  the  translational  velocity  of  the  rotor  hub  and  (2) 
damping  of  the  rotation  of  the  blades  about  the  drag  hinges. 
The  damping  dissipation  function  is  then 

[zz+rfzz+iu  (zz—zz)]+~~  (0o2+^i2)  (B3) 


where  two  additional  combinations  of  parameters  have  been 
introduced,  namefy, 


SPECIAL  CASE— ZERO  DAMPING 

If  damping  is  neglected,  Xj3=X=0  and  the  equations  of 
motion,  (B5)  to  (B8),  reduce  to 

( D 2 *T  co2  A i + A 2)  — 0 (B  9) 

[(Z?+to)2+JP | z-^ze-^'+ifiiD+iwYe l=0  (BIO) 

2e2i"‘+[(£-to)2+J]  0 (Bll) 

(P+»»)*«-(Z>-to)*?+2i  (l+p)  (£>2+A,co2+A2)01=O 

(Bl2) 

which  are  the  equations  of  motion  (eqs.  (7)  to  (10))  for  the 
case  treated  in  the  present  chapter. 

SPECIAL  CASE  OF  ISOTROPIC  SUPPORTS 

If  Kx—Kyy  then  AK=0  and  equations  (B5)  to  (BS)  reduce 
to 

(D2-\-D\^~boo2A1JrA2)60=0  (Bl3) 


where  B is  the  damping  force  per  unit  velocity  of  rotor- 
hub  displacements  and  is  the  damping  torque  per  unit 
angular  velocity  of  blade  motion  about  the  drag  hinge. 

By  using  the  Lagrangian  form  of  the  equations  of  motion 


d_  bF  W 

dt  \dx  ) 


(B4) 


and  using  as  variables  0O,  z)  2,  and  d1}  respectively,  the  fol- 
lowing equations  of  motion  for  the  rotor  S37stem  are  obtained: 

(Z)2-|-Z^/3 + co2A!  -T  A2)  0O — 0 (B5) 

^(Z?+iw)2+X(Z)+^)+-^J  z — ze~2iut^i^(D^ioi)26i—0 

(B6) 

-^2e2<“‘+[(Z>-ico)2+A(Z?-to)+^]l-iM(Z?-to)^i=° 

(B7) 

(D+iw)2z-(D-io>)2z+2i  (l+p)  (7?2+#X/3+AJ<o2+A2)01=O 

(B8) 


^(Z?+iw)2+X(Z)+'to) +^1  z~\-in(D-{-i<i})26i= 0 (B14) 

[(Z7 — io>)  2-f X (D — io})  2 — in  (D  — iu)  26i= 0 (B 1 5) 

(D io>)2z-(D-io>Yz+2i  (l+p)  (Z?2+£>X^+A1co2+A2)0,=O 

(B16) 

Equation  (Bl3)  involves  only  the  in-phase  motion  of  the 
blades,  can  be  solved  separately,  and  will  not  be  further 
considered  here.  If  z and  z are  expressed  in  the  equivalent 
notations  x-j-iy  and  x—iy,  respectivel}7,  and  equations  (B14) 
and  (B15)  are  added  together,  equation  (1)  of  chapter  II  is 
obtained.  Equation  (2)  of  chapter  II  is  obtained  by  direct 
substitution  and  equation  (3)  is  obtained  by  subtraction  of 
equation  (B15)  from  equation  (B14).  Thus  the  equations 
of  motion  for  the  case  treated  in  chapter  II  as  well  as  for  the 
case  treated  in  the  present  report  are  shown  to  be  special 
cases  of  the  general  equations  of  motion,  equations  (B5)  to 
(B8),  for  a rotor  mounted  on  anisotropic  supports  with  hub 
and  blade-hinge  damping. 


APPENDIX  C 

DERIVATION  OF  THE  CONVERGENCE  FACTOR  FOR  K( O) 


A convergence  factor  for  0( 0)  is  found  by  finding  a simpler 
function  6n  that  changes  with  n in  nearly  the  same  way  as 
0( 0)„.  Then,  if  G denotes  lira  Gn,  the  expression 

K(0)nG 

Gn 

for  a given  value  of  n is  a better  approximation  to  K( 0)  than 
is  K(0)n  alone.  A suitable  form  for  Gn  is  found  from  a study 
of  the  behavior  of  K(0)n  for  large  values  of  n . 

The  behavior  of  K{ 0)n  is  studied  by  first  observing  the 
behavior  of  <7n(0)  and  Ln( 0)  for  large  values  of  n and  then 
inferring  the  behavior  of  K(0)n  from  the  appropriate  relation 
of  equations  (32).  In  the  discussion  of  equations  (22)  it  was 
shown  that,  as  n becomes  infinite,  the  ratio  Cn+ilCn 
approaches  the  value  k (eq.  (22a)).  A closer  approximation 


to  the  value  of  this  ratio  can  be  written  as 

OUiffl). 


cn(  0) 


'(H-sl) 


(Cl 


where  P and  Q are  constants  to  be  determined. 
Equations  (19)  become,  for  o>a=0, 


, : [ 1''  (2n+ 1 

D,„ («-[-’  ' A'"'+A! 


A' 


KfM  ] Dn( 0) - A3  (^)^(O)  ] 
]/^(0)-A3(?^)2ai(0) 


(2n)V 


r (C2; 


£’,+,(0)=[-l+;gffl^-,]o.(0) 


where  the  second  term  in  the  equation  for  En(wa)  in  equation; 


(19)  has  been  neglected  as  being  of  higher  order  in  powers  of  l/n  than  the  terms  retained.  Eliminating  E( 0)  and  D(0, 
from  the  equations  (C2)  results  in 


q,+1(o)  r , KjM  nr 

Cn(  0)  L +(2ti+1)vJL 


Ai^+Ao-]  r 
(2 n)  V J L 


-1 


K/M  1 , r/271-lvr  KJM  -1 
-l)vj  3\\  2n  ) L ~h(2?i+l)2co2J 


(2n 


+ 


/2«+lV 
\~2n~ ) 


(2n 


KjM  p 


Upon  expanding  this  expression  into  powers  of  l/n  and  retaining  terms  up  to  and  including  those  in  l/n2 


Ct-fi(O) 14-2A  1 

0,(0)  “ + 3 (2 n)2 


[■ 


2^+A^+A* 


“ 2 A; 


<^-oJ 


Comparing  equation  (C3)  with  equation  (Cl)  results  in 

P=0 


Q= 


2M(1_A3)+Al“2+A2+2A3“2 


o2(l — 2A3) 


Similarly 

Therefore,  from  equations  (32) 


-O+i  (o) 


0(0) 


l 


--k  \ 1 


« 1 


(2n)2J 


O(0)K+1  O Q V 
0(0),  v 4 n2J 


Hence,  an  approximate  value  of  0(0)  can  be  obtained  from 

0(0)  _O(0)  n+ 1 0(0)  „+2  0(0)  n±  3 


O(0)n_  0(0),  0(0), +1 0(0) „+2 

sin2^! 


,nfi-g-Y=  V-2-A 

MV  4 j2)  V *Q»-y  Q 
iVW'J 


Y 


(C3 


(C4 


The  right-hand  side  of  equation  (C4),  which  is  seen  to  be  of  the  form  G/Gn,  is  a convergence  factor.  This  convergenc 
factor  is  the  one  used  in  equations  (33). 
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APPENDIX  D 


MATHEMATICAL  ANALYSIS  FOR  THE  CASE  OF  Ky=  oo 


In  terms  of  the  variables  0O}  6l}  and  x)  the  expressions  for 
the  kinetic  and  potential  energy  are 


i+j£)  (0o2+0i2)- 

co2|(0o2+0i2)-2a:(01  sin.wi+w0i 

cos  „,)] 

r=^x2+^(0o2+012) 

The  three  equations  of  motion  are 

0o+  (co2  A i -f-  A2)  0o— 0 

(Dl) 

K ( 1 2 

sin  cot)~0 

(D2) 

2 x sin  cjid-0xd-(£o2Ai  + A2)^i — 0 
1+¥  . 

(D3) 

Equation  (Dl)  is  identical  with  equation  (7).  Equations 
(D2)  and  (D3)  constitute  a system  of  two  linear  second-order 
differential  equations  with  periodic  coefficients. 

Equations  (D2)  and  (D3)  are  satisfied  by  solutions  of  the 
form 


x=  S Atei(“«+l(a)t 

1=  — CO 

0,=  S 

l—  ~ co 


(D4) 


where  l takes  on  all  odd  integral  values  and  At  and  Bm 
are  constants  to  be  determined  along  with  the  two  principal 
values  of  wa  (a>ai  and  o>a2).  The  constants  At  and  Bl+l  in 
equations  (D4)  are,  of  course,  different  from  those  in  equa- 
tions (12). 

Combining  equations  (D4)  with  equations  (D2)  and  (D3) 
and  setting  the  coefficients  of  the  various  exponential  time 
factors  equal  to  zero  give 


The  determinantal  equation  is  then  equal  to 


®-3,  -3 

a'-3.  -2 

0 

0 

0 

0 

0 

(1-2,  -3 

®-2,  -2 

a -2,-1 

0 

0 

0 

0 

0 

d—\%  —2 

a-t.-i 

®— 1.0 

0 

0 

0 

0 

0 

®0,-l 

®o.o 

«o.  1 

0 

0 

0 

0 

0 

®1.0 

d>\,\ 

®1,2 

0 

0 

0 

0 

0 

(I2, 1 

® 2,2 

11 2,3 

0 

0 

0 

0 

0 

®3,2 

®3,3 

• 

• 

• 

• 

• 

• 

• 

= A(co0)  =0 
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KJM 


(<*>„—  3co)2 


_ ■,  , Aiio2+A2 

$0,0 1 “1  2 


a -2, -2  — “ 


coa — 3co\2 
a;* — 2co/ 


1 , w2A1+A2 
a_2._2— H-k_2cj)2 


a n KzjM 

aiA~  1+K+a>)2 


O'-  1,  - 2 — “ 


/ COg  + tuV 

\“a+2w/ 


a_i  _i= — l-|- 


7C/M 


(««,— u)2 


$2  2 — — 1 " 


co2Ai+A2 


(co„+2co)2 


$-1,0  — ' 


__  coa-|-3co 
<t2,3  (coa+2co)2 


_ «\2 


a3’3_  1+K+3co)2 


The  term  — 1+- 


*A,+A,  - 


will  be  taken  as  the  origin  of  the 


determinant. 

Define  An(u>a)  as  the  determinant  of  order  4n-l  formed  by 
taking  a square  array  from  A(coa)  centered  on  the  origin.  Then 


A(c oa)  = lim  An(o)a) 

71  > oo 


Define  auxiliary  determinants  from  Aft(coa)  as  follows: 
Cn(ua)  determinant  of  order  2n~l  consisting  of  the  terms  to 
the  right  of  and  below  the  origin  term 
Dn{ o)a)  determinant  of  order  2n-2  obtained  from  Cn(o>a)  by 
omitting  its  last  row  and  column 
Mn(wa)  determinant  of  order  2n-2  obtained  from  Cn{o>a)  by 
omitting  its  first  row  and  column 
Nn(c oa)  determinant  of  order  2n~3  obtained  from  Dn( coa)  by 
omitting  its  first  row  and  column 
The  determinants  Cn(ua)  and  Dn( coa)  satisfy  the  following 
recurrence  relations: 


Cn(ua)  l+[Ua+(2n-l)o>]2}Dn(-u>“) 

A3  [~(0a+  (2 n— 1)(0~[2  „ . , 

2 L«b+(2»-2)«J  J 

ti  / i _ f"  ii  10  Ai  + A2  \ n / \ 


Dn(ua)- 


f , ■ co2Ai+A2 
\ M«a+(2n-2)<o]2 

A3  fwa+(2n—  3)af|2  r->  / \ 

2 U.+  (2»-2)coJ 


}a,_  iW- 


The  recurrence  relations  (eqs.  (D5)  ) are  also  satisfied  b« 
M„( coa)  and  with  A(f  and  iV  replacing  £7  and  D 

respectively.  The  initial  values  are 


Ci(ua)  — “-1+ 


KJM 


K+u)2 


2 (k>a)  — j^l  — 


Kx/M 


(oja+co)2 


1_a3( 

( Wfl+wV 

2 

\wa+2u) 

at  / \ -1  1 Ai~h A 2 

a2k)-  i+^^i2 


M2(wa) 


_ P1  C02A,  + A2~|  r _ KxjM_  ~|  A3  / C0a+3a)\2 
L K+2<o)2JL  (coa+3co)2J  W+W 


Expanding  A„(a>„)  in  terms  of  the  elements  of  the  columr 
containing  the  origin  gives 


+ Cn(-Ua)CJUa)~ 


cnMMn(-^~(^y  cn(-Ua)MM 


As  n becomes  infinite,  or  as  ua  becomes  infinite,  the  recur- 
rence relations  (eqs.  (D5)  ) approach 


Cn=-Dn-f 


2?.-i 


Equations  (D6)  are  satisfied  by  a solution  of  the  form 
Cn=Ckn 

D,=-c(k+j*y*- 1 


where  k satisfies  the  equation 


P-(l-A3)&+^-=  0 


The  larger  root  of  equation  (D8)  will  be  denoted  by  k and 
the  smaller  root  by  kx.  Although  the  complete  solution  ol 
equation  (D6)  is  of  the  form 


Cn=Ck*+C%n 


for  large  values  of  n the  term  in  kx  becomes  negligible  com- 
pared with  the  term  in  k . 

With  the  same  values  for  k,  Mn  and  Nn  will  have  solutions 
similar  to  those  of  equations  (D7).  Thus  as  n becomes 
infinite  An(wa)  will  vary  as  the  quantity  k2n. 

Define  the  function 


F(o>a) =lim  Fn(ua) = lim 


A n\^aJ  — ,2n 

n-*  co  71— >co  ft 

The  function  F(ua)  is  periodic  in  o>a  of  period  2&>,  has  roots 
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±(&>ai±2s«),  ±(w„2d L2s<o),  and  second-order  poles  at  (coa±s<o)  for  all  integral  values  of  s.  Furthermore,  F(ua)  approaches 
the  limit 

E=  lim  F(u a) = lim  Fn(<o) 

U3  a — > 00 


=lim 

n->oo 


p2n(j^}_ 

k2n  ki2 — k 2 


as  wa  becomes  infinite  in  a direction  other  than  along  the  real  axis. 
Form  the  function 


sin 


J(ua)=F(ua) 


(?) 


(09) 


The  function  J( cott)  is  an  analytic  function  of  ua  everywhere.  Hence,  bjr  Liouville’s  theorem,  J(o>a)  is  a constant.  By 
letting  <oa— >+ oo  along  the  imaginary  axis,  it  is  seen  that  ./(«„)  - - — 4/*.'. 

Substituting  —4E  for  J(coa)  into  equation  (D9)  results  in 


lim  \ 

7i->ro  fe2n  1 


= -iE 


X?) 


Introducing  K functions  defined  similarly  to  those  used 
for  the  case  Ky— 0 gives 


sin2 


— lim 

6Ja— >0 


if 2= cos2 


=lim 

wa— >0) 


(DIO) 


Carrying  out  the  limit  processes  indicated  in  equations  (DIO) 
gives 


Finally,  upon  introducing  appropriate  convergence  factors, 
the  following  quantities  needed  in  equations  (36)  are  ob- 
tained : 


where 


K2=lim 

7l->co 


r 


) 


K2n  cos2 

^ 7ri2\ 

C2~) 

r R 2 “ 

r i ...  _ 

r; 

iL  (2i-i)l 

r*= 


-^+a)2  A x + A2+ u2  ( 1 + kt — k) 
co2(k— k{) 


Ki=lim  Kin 

71— >oo 

, . nr2(<o2A,  + A2)  Cn\0)-A3wWCn(0)Nn(0) 

nZ  L -4^(00) 


■K-2 — l%T(\i  IC.2^ 

71— > oo 
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EFFECT  OF  FUEL  VARIABLES  ON  CARBON  FORMATION  IN  TURBOJET-ENGINE  COMBUSTORS 1 


By  Edmund  R.  Jonash,  Jerrold  D.  Wear,  and  William  P.  Cook 


SUMMARY 

The  effects  of  juel  'properties  and  of  a number  of  fuel  additives 
on  combustion-chamber  carbon  deposition  and  exhaust-gas 
smoke  formation  were  investigated  in  a single  tubular  turbojet- 
engine  combustor.  Limited  tests  were  conducted  with  a number 
of  the  fuels  in  several  full-scale  turbojet  engines  to  verify  single- 
combustor data. 

At  operating  conditions  simulating  an  engine  with  a com- 
pressor pressure  ratio  of  4 a t an  altitude  of  20,000  feet  and 
zero  flight  speed  {condition  A) , carbon  deposits  and  exhaust- 
gas  smoke  densities  in  the  single  combustor  correlated  with  three 
empirical  fuel  factors:  smoke-volatility  index , smoke  point , and 
NACA  K factor  ( function  of  distillation  characteristics  and 
hydrogen-carbon  ratio) . The  best  correlations  of  deposits  were 
obtained  with  smoke  point  and  NACA  It  factor.  At  a condition 
of  higher  inlet  air  pressure  and  temperature  simulating  an 
engine  with  a compressor  pressure  ratio  of  7 at  sea  level  and  a 
dight  Mach  number  of  0.87  {condition  B ),  the  deposits  and 
smoke  densities  did  not  satisfactorily  correlate  with  any  of  the 
fuel  factors  considered.  Further , only  the  data  obtained  at 
condition  A correlated  with  limited  full-scale-engine  deposit 
data  obtained  with  the  same  fuels.  Deposits  obtained  at  the 
higher  pressure  and  temperature  were  considerably  less  uni- 
form, and  it  is  likely  that  large  formations  broke  off  the  com- 
bustor walls  during  the  test  runs . 

Carbon  deposits  in  the  single  combustor  were  significantly 
reduced  at  condition  A by  the  addition  of  organo-metallic  com- 
pounds, commercial  fuel  additives  that  usually  contained  organo- 
metallic  compounds,  and  oxygen-bearing  compounds.  Organo- 
metallic  compounds,  particularly  those  containing  lead  or  iron, 
were  most  effective:  dicyclopentadienyliron  reduced  deposits  of  a 
base  fuel  as  much  as  80  percent.  The  relative  effectiveness  of 
the  additives  depended  on  the  properties  of  the  base  fuel.  None 
of  the  additives  significantly  affected  exhaust-gUs  smoke  con- 
centration. 

INTRODUCTION 

Carbon  deposition  in  the  vcombus tors  of  turbojet  engines 
constitutes  an  important  operational  problem,  since  such 
deposition  can  impair  (1)  combustion  performance  by  affect- 
ing air  and  fuel  distribution,  (2)  starting  performance  by 
fouling  ignition  electrodes,  and  (3)  liner  durability  by  causing 
liner  cracking  and  warping.  The  presence  of  carbon  as 
smoke  in  the  exhaust  gases  of  turbojet  engines  is  less  impor- 
tant; it  does  not,  in  general,  impair  engine  performance,  but 
it  may  be  objectionable  from  a tactical  or  a nuisance  stand- 
point. Deposits  and  smoke  may  be  minimized  by  proper 


combustor  design  and  by  selection  of  fuel  properties.  How- 
ever, presently  known  remedies  are  not  completely  com- 
patible with  other  combustor  performance  requirements  and 
with  fuel  availability.  Experiments  aimed  toward  develop- 
ing means  of  controlling  carbon  formation  by  limiting  fuel 
characteristics  and  by  using  fuel  additives  are  reported 
herein. 

Many  investigations  have  been  conducted  in  both  small- 
scale  and  full-scale  combustors  in  an  effort  to  develop  a 
satisfactory  means  of  predicting  the  carbon-forming  pro- 
pensity of  turbojet  fuels  from  results  of  simple  laboratory 
fuels  tests.  Much  of  this  work  is  summarized  in  reference  1. 
Approximate  relations  were  found  between  deposits  and 
several  empirical  factors  derived  from  fuel  properties.  Smoke 
point,  measured  with  a simple  laboratory  wick  lamp,  and 
NACA  K factor,  an  empirical  function  of  distillation  char- 
acteristics and  hydrogen-carbon  ratio,  gave  the  most  accurate 
predictions  of  deposits  for  the  data  presented  in  reference  1. 
A “smoke-volatilit}7  index”  {SVT)  is  currently  included  in 
military  procurement  specifications  to  limit  carbon-deposition 
tendencies  of  jet  fuels.  This  index,  which  is  a function  of 
the  distillation  characteristics  and  smoke  point  of  the  fuel, 
is  easily  determined  and  also  has  shown  a satisfactory  degree 
of  correlation  with  deposits.  The  relation  between  smoke- 
volatility  index  and  carbon  formation  in  turbojet  combustors 
with  jet  fuels  varying  widely  in  physical  and  chemical 
properties  is  examined  herein.  Also  the  relations  obtained 
with  the  smoke-volatility  index  are  compared  with  those 
obtained  with  smoke  point  and  the  NACA  K factor. 

Twenty  fuels  were  tested  in  a single  tubular  turbojet  com- 
bustor operated  at  conditions  simulating  an  engine  with  a 
compressor  pressure  ratio  of  4 at  zero  flight  speed  and  an 
altitude  of  20,000  feet.  The  fuels  included  a number  of 
production  JP-3  and  JP-4  fuel  samples  and  a number  of 
fuels  specially  blended  to  provide  wide  variations  in  “fuel 
quality.”  In  order  to  examine  the  effect  of  operating  con- 
ditions on  deposition,  and  hence  on  the  general  applicability 
of  the  fuel  factors,  six  fuels  were  tested  in  the  same  combustor 
at  conditions  simulating  operation  in  an  engine  with  a com- 
pressor pressure  ratio  of  7 at  a flight  Mach  number  of  0.87 
at  sea  level.  The  data  obtained  are  generally  limited  to 
carbon  deposition  in  the  combustion  chamber;  however,  some 
information  is  included  on  exhaust-gas  smoke  concentration 
with  several  of  the  fuels.  Limited  data  obtained  with  some 
of  the  fuels  in  several  full-scale  engines  are  presented  and 
compared  with  the  single-combustor  results. 


* Supersedes  recently  declassified  NACA  Research  Memorandums  E52G11  by  Edmund  R.  Jonash,  Jerrold  D.  Wear,  and  William  P.  Cook;  E52H21  by  Edmund  R.  Jonash,  Jerrold  D 
Wear,  and  William  P.  Cook;  E53D15  by  Jerrold  D.  Wear;  E54H23  by  Vincent  F.  Hlavjn  and  William  P.  Cook;  E55D28  by  Edmund  R.  Jonash,  Helmut  F.  Butze,  and  William  P.  Cook; 
E55F30a  by  Edmund  R.  Jonash  and  William  P.  Cook;  and  E55J31  by  Edmund  R.  Jonash,  William  P.  Cook,  and  Jerrold  D.  Wear. 
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The  use  of  a fuel  additive  capable  of  markedly  reducing 
carbon  deposition  in  combustion  chambers  would  allow  wider 
variations  in  jet  fuel  properties  and  hence  greater  fuel 
availability.  A large  variety  of  fuel  additives  has  been 
suggested  for  preventing  and  removing  carbon  deposits  in 
commercial  furnaces  and  diesel  engines.  Several  investiga- 
tions in  turbojet  combustors  have  indicated  at  least  moderate 
success  with  materials  such  as  amyl  nitrate,  thiophene,  and 
organo-metallic  compounds  (refs.  2 to  8).  Carbon-deposition 
studies  with  some  of  the  more  promising  fuel  additives  were 
conducted  at  the  NACA  Lewis  laboratory,  and  the  results 
of  these  studies  are  presented  herein.  The  additives  in- 
cluded four  organo-metallic  compounds,  ten  commercial 
fuel  additives  (most  of  which  contained  organo-metallic 
compounds),  and  nine  oxygen-bearing  compounds.  The 
additives  were  blended,  in  most  cases,  with  a No.  2 furnace 
oil.  Limited  data  were  also  obtained  with  some  of  the 
additives  blended  with  JP-3  and  JP-4  fuels.  Several  ad- 
ditives were  examined  in  more  than  one  concentration  to 
determine  the  effect  of  concentration.  All  experiments  were 
conducted  at  the  conditions  simulating  an  engine  with  a 
pressure  ratio  of  4.  The  exhaust-gas  smoke  concentration 
was  also  measured. 

FUELS  AND  ADDITIVES 

The  fuels  used  in  this  investigation  are  described  in  table  I. 
They  are  designated  by  NACA-assigned  numbers.  Engine 
operating  experience  with  fuels  containing  small  concentra- 
tions of  high-boiling  aromatic  hydrocarbons  has  shown  that 
these  components  contribute  markedly  to  carbon  deposition. 


TABLE  I.— FUELS  USED  IN  INVESTIGATION 


Fuel 

Fuel  type 

Description 

(a) 

(b) 

50-264 

JP-3  ’ 

“Low  quality”  > 

51-353 

JP-3 

90  Weight-percent  50-264  plus  10  weight-percent  triisopro- 

pylbenzene;  high-boiling  single-ring  aromatic  blend 

52-50 

JP-3 

90  Weight-percent  50-264  plus  10  weight-percent  of  mixture 

of  a-  and  0-monomethylnaphthalene;  high-boiling  dy- 
cyclic  aromatic  blend 

52-32 

JP-4 

60  Weight-percent  50-264  plus  40  weight-percent  triiso- 

pro  pylbenzene;  high-boiling  single-ring  aromatic  blend 
with  H-C  ratio  very  similar  to  52-50 

52-53 

JP^ 

“High-quality” 

90  Weight-percent  52-53  plus  10  weight-percent  of  mixture 

52-105 

JP-4 

of  a-  and  jS-monomethylnaphthalene;  high -boiling  di- 
cyclic aromatic  blend;  base  fuel  for  additive  tests 

52-117 

JP-4 

“JFigh  quality”;  blended  from  high-purity  isoparaflinic 
hydrocarbons 

52-117  With  low-boiling  aromatic  substituted  for  15  percent 

52-118 

JP-4 

isoparaffins  of  corresponding  boiling  range 

52-119 

JP-4 

52-118  With  polyethylbenzene  substituted  for  isoparaffins 

of  corresponding  boiling  range 

52-120 

JP-4 

52-118  With  methylnaphthalene  substituted  for  isoparaffins 

of  corresponding  boiling  range 

52-166 

JP-3 

“Low  quality” 

52-28 

JP-4 

52-30 

JP-3 

52-76 

JP-4 

54-108 

JP-4 

)Used  in  single-combustor  and  full-scale-engine  tests 

54-109 

JP^ 

54-110 

JP-4 

54-111 

JP-4 

52- 288 

53- 49 

21 

|“High  quality” 

54-41 

JP-4 

“Low  quality”;  base  fuel  for  additive  tests 

49-162 

JP-3 

49-224 

High-boiling 

aromatic 

■Base  fuels  for  additive  tests 

53-193 

55-89 

jFurnace  oils 

a NACA  designation. 

b “Fuel  type”  refers  only  to  volatility  characteristics.  Many  of  these  fuels  do  not  fall 
within  MIL-F-5624B  specifications  in  all  respects. 


The  effects  of  high-boiling  single-ring  and  dicyclic  aromatic 
hydrocarbons  on  deposition  were  investigated  with  fuels  50- 
264,  51-353,  52  -32,  52-50,  52-53,  and  52-105  prepared  at  the 
NACA  Lewis  laboratoiy.  The  effects  of  low-  and  high- 
boiling  single-ring  aromatics  and  high-boiling  dicyclic 
aromatics  on  deposition  were  investigated  with  fuels  52-117, 
52-118,  52-119,  and  52-120,  which  were  distributed  b}^  the 
Coordinating  Research  Council  as  a part  of  a cooperative 
research  program  on  carbon  deposition.  Fuels  54-108,  54- 
109,  54-110,  and  54-111  were  similarly  distributed  by  the 
Coordinating  Research  Council  to  study  the  reliability  of  the 
smoke-volatility  index  as  a measure  of  the  carbon-forming 
propensity  of  JP-4  fuels.  Most  of  the  remaining  fuels  were 
JP-3  and  JP-4  fuels  of  both  high  and  low  quality  with  respect 
to  carbon-forming  tendencies;  many  were  obtained  from 
refinery  production  batches.  Fuels  49-162,  49-224,  53-193, 
and  55-89  were  base  fuels  for  most  of  the  additive  tests; 
52-105  and  54-41  were  also  used  as  base  fuels  in  some  of 
these  tests. 

Fuel  52-30  (JP-3)  is  indicated  herein  as  a fuel  tested  in 
both  the  single  combustor  and  in  a full-scale  engine.  Actu- 
ally, the  full-scale  test  was  conducted  with  two  different 
batches  of  JP-3  fuel.  Fuel  52-30  was  blended  from  these 
two  batches,  in  the  same  proportions  as  used  in  the  full-scale 
engine.  The  components  of  the  blend  had  similar  physical 
and  chemical  properties. 

Analyses  of  the  fuels  examined  are  presented  in  table  II. 
Smoke-volatility  index  ( SVI ) is  defined  as 

SVI= Smoke  point+0.42(vol. -percent  fuel  boiling  under 

400°  F) 

Military  fuel  procurement  specification  MIL-F-5624B, 
which  contains  an  SVI  limitation,  requires  that  smoke  point 
be  determined  by  method  2107  of  specification  VV-L-791. 
Most  of  the  fuels  listed  in  table  II  were  tested  before  the 
acceptance  of  this  method.  The  smoke  points  reported  for 
these  fuels  were  measured  with  the  modified  Davis  factor 
lamp  described  in  reference  9.  The  two  test  methods  agree 
reasonably  well,  and  no  distinction  is  made  between  them  in 
this  report. 

The  NACA  K factor  (table  II)  is  a function  of  the  vola- 
tility and  hydrogen-carbon  ratio  of  the  fuel : 

TT  \ ar\r\\  rri  <-r\  (H/C)  0.207 

*^((+600X0.7)  IB/C)— 0.259 

where  t is  the  volumetric  average  boiling  temperature  (°F), 
and  H/C  is  the  hydrogen-carbon  ratio.  Values  of  the  K 
factor  were  estimated  from  an  enlargement  of  figure  3 of 
reference  1. 

Although  the  mechanism  by  which  additives  might  reduce 
carbon,  formation  is  not  understood,  it  has  been  suggested 
that  the  presence  of  an  oxygen-bearing  compound  in  the  area 
where  carbon  is  formed  may  result  in  oxidation  of  the  carbon. 
Some  success  has  been  obtained  in  experiments  with  alkyl 
nitrates,  particularly  amyl  nitrate  (ref.  5).  Other  means  of 
providing  an  oxygen-bearing  compound  would  be  fuel- 
soluble  organo-metallic  compounds,  which,  when  burned, 
will  produce  a metallic  oxide.  The  additives  listed  in  table 
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a Determined  by  combustion  furnace. 
b Method  not  listed. 

° Estimated  from  aniline-gravity  constant. 
d Determined  by  modified  Davis  factor  lamp  (ref.  9). 

• Determined  by  method  2107  of  specification  VV-L-791. 
f Ref.  1. 
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TABLE  III— COMPOSITIONS  OF  ADDITIVE  BLENDS 


Additive 

Composition 

Additive  concentrations 

NACA 

base 

fuel 

By  volume, 
Gal  additive 
1000  Gal  fuel 

By  weight,  per- 
cent by  weight  of 
blend 

Materials  of  known  composition 

n-Propyl  nitrate. 

4. 12, 8. 27 
4. 32. 8 68 
4.  52, 9.  08 
30.9 

0. 5, 1.0 
0. 5,1.0 
0. 5,1.0 
3.7 

53-193 

53-193 

53-193 

55-89 

Isooctyl  nitrate. . 
n-Butyl  nitrate.. 

Technical  grade 

Amyl  nitrite 

29.4  Weight-percent 
isoamyl  nitrite, 

70.6  weight-percent 
n-amyl  nitrite. 

28. 1 

2.  76 

55-89 

2-Nitropropane... 
Nitrobenzol 

Technical  grade 

Technical  grade. . - ... 

30.9 

30.9 

3.5 

4.2 

55-89 

55-89 

55-89 

terf-Butyl  hydro- 
peroxide. 

60  Weight-percent 
solution  in  tert- 
butyl  alcohol. 

30.9 

3.1 

Diethyl  ether 

Pure  grade 

30.9 

2.5 

55-89 

Dicyclopenta- 

dienyliron. 

30  Weight-percent 
iron. 

0 005,0  01,0.03, 
0.04,0.  05 

53-193 

Cadmium  naph- 
thenate. 

10  Weight-percent 
cadmium. 

0.2 

53-193 

Lead  naphthe- 
nate. 

37  Weight-percent 
lead. 

0. 0025,0.005 
0. 01,0. 10 

52-105 

0. 0025, 0. 005 

49-224 

Tetraethyl  lead.. 

64  Weight-percent 
lead. 

0 00145, 
0. 00292 

49-224 

Commercial  additives  1 

A 

Lead,  copper  .. 

1.0 

0.  50,1.0 
1.0 

0. 106 

0. 0531,0. 1062 
0. 1062 

53-193 

53- 193 

54- 41 

B 

Copper,  calcium 

1.0 

0.0982 

53-193 

53-193 

C 

Chromium 

0. 91 

0. 1000 

D 

Calcium,  sodium 

0.  25 
.25 

0. 0299 
.0299 

53- 193 

54- 41 

E 

Cobalt 

1.06 

0. 1096 

53-193 

F._  

Lead,  cobalt 

1.0 

0. 0970 

0.05,0. 10,0.  21 

53-193 

49-162 

G 

Calcium 

0.  50,1.0 

0. 0488,0.0975 

53-193 

H 

Lead 

2.50 

0.  283 

53-193 

I 

Lead 

2.50 

0.266 

53-193 

J 

Lead . . 

2.50 

0.  259 

53-193 

i Composition  is  result  of  qualitative  spectroscopic  analyses. 


Ill  that  are  of  known  composition  were  chosen  to  represent 
a variety  of  oxygen-bearing  organic  materials,  including  four 
alkyl  nitrates,  an  alkyl  nitrite,  two  nitro-compounds,  a 
peroxide,  an  ether,  and  a variety  of  organo-metallic  com- 
pounds of  iron,  cadmium,  or  lead.  Two  different  compounds 
of  lead  were  tested,  lead  naphthenate  and  tetraethyl  lead. 
The  commercial  additives  listed  in  table  III  varied  in  their 
intended  application.  They  included  diesel  fuel  additives, 
gasoline  additives,  and  oil  furnace  cleaners.  None  were 
developed  specifically  for  turbojet  combustor  application, 
but  all  were  intended  to  remove  or  retard  carbon  and  soot 
formation  resulting  from  the  combustion  of  low-grade  fuels. 
In  most  cases  these  additives  contained  only  a small  concen- 
tration of  an  active  ingredient  in  a fuel-soluble  carrier. 
They  were  examined  spectroscopically  to  determine  their 
principal  elemental  constituents. 

The  additive  concentrations  investigated  (table  III)  were 
based  on  published  and  unpublished  test  data  obtained  from 
other  laboratories  and  on  recommendations  by  the  manu- 
facturers of  the  additives.  In  several  cases  a number  of 


Figure  1. — Liner  and  dome  of  J33  single  combustor  used  in  carbon- 
deposition  investigation. 


additive  concentrations  were  investigated;  in  many  cases 
the  quantity  of  additive  available  limited  the  number  of  tests 
conducted.  Since  the  experiments  were  made  over  a period 
of  years,  several  different  base  fuels  were  employed.  The 
base  fuels  were  chosen  for  their  high  carbon-forming  pro- 
pensity. 

APPARATUS  AND  PROCEDURE 

SINGLE  COMBUSTORS 

Installation. — The  single-combustor  tests  were  conducted 
with  the  J33  liner  and  dome  assembly  shown  in  figure  1. 
The  liner  and  dome  from  a production  engine  were  welded 
together  to  assure  consistent  alinement  of  parts  in  each  test. 
The  facility  in  figure  2(a)  was  used  for  tests  at  low  inlet  air 
pressure  and  temperature,  and  that  in  figure  2(b)  for  the 
higher  inlet  air  pressure  and  temperature.  The  combustor 
liner  and  dome  were  installed  in  a housing  similar  to  the  J33 
combustor  housing,  except  that  circular  inlet  and  exhaust 
transition  sections  were  used.  Airflow  rate  and  air  pressure 
in  the  combustor  were  controlled  by  remotely  operated 
valves  in  the  combustor  inlet  and  outlet  ducting.  Water- 
spray  nozzles  in  the  exhaust  ducts  cooled  the  gases  prior  to 
their  passage  through  the  exhaust  control  valves. 

The  desired  combustor-inlet  air  temperature  was  obtained 
by  using  either  electric  preheaters  (fig.  2(a))  or  a gasoline- 
fired  heat  exchanger  (fig.  2(b)).  The  gasoline-fired  heat 
exchanger  consisted  of  a series  of  coiled  Inconel  tubes,  con- 
nected in  parallel,  through  which  the  high-pressure  air 
flowed.  The  tubes  were  heated  externally,  in  crossflow,  by 
combustion  gases  from  an  auxiliary  turbojet  combustor. 
Airflow  and  fuel-flow  rates  to  the  combustor  were  measured 
by  means  of  square-edged  orifice  plates  (installed  according 
to  ASME  specifications)  and  calibrated  rotameters,  re- 
spectively. 


(a)  Low-pressure  facility.  (b)  High-pressure  facility.  >- 

Figure  2. — Single-combustor  installation  and  auxiliary  equipment. 
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Section  A-A 
Combustor- inlet 
total- pressure  probes 


Section  B-B 
Combustor -in  let 
thermocouples 


Section  C-C 
Combustor- outlet 
thermocouples 


(o) 

(a)  Low-pressure  facility. 


Combustor-inlet  totol-pressure  probes, 
plane  x-x,  ond  thermocouples,  plane  yy 


reference  plane 


(b) 

(b)  High-pressure  facility. 

Figure  3. — Cross  section  of  single-combustor  installation  showing  auxiliary  ducting  and  location  of  temperature-  and  pressure-measuring 

instruments  in  instrumentation  planes. 
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Combustor  temperature  and  pressure  instrumentation. — 

Diagrammatic  cross  sections  of  the  combustor  and  its  auxil- 
iary ducting  and  the  position  of  instrumentation  planes  in 
the  test  installation  are  shown  in  figure  3.  Thermocouples 


(O) 

(a)  Low-pressure  facility. 


and  total-pressure  tubes  in  each  instrumentation  plane  were 
located  at  centers  of  equal  areas.  Construction  details  of 
the  temperature-  and  pressure-measuring  instruments  arc 
shown  in  figure  4.  In  the  low-pressure  installation  iron- 
constantan  thermocouples  were  used  to  measure  combustor- 
inlet  air  temperature  (sec.  B-B,  fig.  3(a)),  and  Chromel- 
Alumel  thermocouples  to  measure  combustor-outlet  gas 
temperature  (sec.  C-C,  fig.  3(a)).  The  pressure  and  tem- 
perature data  were  obtained  by  means  of  manometers  and 
automatic-balancing  potentiometers,  respectively.  In  the 
high-pressure  facility  the  inlet  air  and  exhaust  gas  tempera- 
tures were  measured  by  Chromel-Alumel  thermocouples 
(plane  y-y,  fig.  3(b)),  and  by  platinum-13-percent-rhodium- 
platinum  thermocouples  (sec.  B-B,  fig.  3(b)),  respectively. 
The  supports  for  the  platinum-rhodium-platinum  thermo- 
couples were  made  of  brass  and  were  cooled  by  a stream  of 
high-pressure  air  bled  from  the  combustion-air  supply  up- 
stream of  the  orifice.  Inlet  air  and  exhaust  gas  total  pres- 
sures were  measured  by  the  probes  shown  in  figure  4(b) 
connected  to  strain-gage  pressure  transducers.  All  com- 
bustor pressures  and  temperatures  were  indicated  on 
automatic-balancing  potentiometers. 
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(b)  High-pressure  facility. 

Figure  4.— Construction  details  of  temperature-  and  pressure-measuring  instruments. 
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Figure  5.— Diagram  of  smoke  meter. 


Smoke  measurements. — In  the  low-pressure  facility, 
exhaust  gas  samples  were  withdrawn  through  a single 
total-head  probe  centrally  located  in  the  exhaust  duct.  In 
the  high-pressure  facilityr  the  samples  were  obtained  from  a 
three-point  total-head  probe  located  in  the  exhaust  duct. 
The  apparatus  used  to  determine  the  relative  quantity  of 
smoke  in  the  exhaust  gases  was  a modification  of  a commer- 
cially available  smoke  tester  (shown  diagrammatically  in 
fig.  5).  The  meter  consisted  essentially  of  an  air-cooled 
filter  press  containing  a paper  filter  disk,  and  an  automatic 
metering  system.  The  gas  sample  was  metered  through  a 
sonic-flow  orifice;  the  flow  duration  was  controlled  by  a 
solenoid  valve  actuated  by  an  electric  timer.  A pressure- 
regulating valve  maintained  constant  upstream  orifice  pres- 
sure. Location  of  the  filter  upstream  of  the  control  equip- 
ment eliminated  the  possibility  of  depositing  soot  on  the 
control  valves  and  orifice.  The  relative  amounts  of  exhaust- 
gas  smoke,  reported  as  “smoke  density,”  were  measured  by  a 
transmission  densitometer.  The  values  reported  represent 
the  difference  in  optical  density  between  the  smoke-covered 
and  the  clean  filters. 

Experimental  procedure. — The  single-combustor  tests 
were  conducted  at  the  following  combustor  operating  con- 
ditions: 


Condition 

A 

B 

Inlet  air  total  pressure,  lb/sq  in.  abs 

Inlet  air  temperature,  °F .. . 

Airflow  rate,  lb/sec _ 

26.5 
271 
2. 87 
1100 
110 
0.012 
4 

141.0 

640 

12.0 

1800 

130 

0.018 

1.5 

E xhaust  gas  temperature,  °F 

Combustor  reference  velocity,  ft /sec . 

Approximate  fuel-air  ratio..  . . 

Run  time,  hr . . 

Approximate  simulated  full-scale-engine  conditions: 
Compressor  pressure  ratio . 

4 

on 

20,000 

0 

7 

100 

0 

0.  87 

Engine  rpm,  percent  rated . 

Altitude,  ft 

Flight  Mach  number 

test  conditions;  no  attempt  was  made  to  investigate  the 
effect  of  any  individual  operating  parameter.  Twenty  fuels 
were  tested  at  condition  A,  and  six  JP-4  fuels  were  tested  at 
condition  B.  The  run  time  was  decreased  to  1.5  hours  at 
condition  B because  of  limited  supplies  of  several  of  the  fuels 
and  because  of  the  limited  life  of  the  combustor  liner  at  the 
higher  pressure  and  temperature.  All  additive  tests  were 
conducted  at  condition  A. 

For  carbon-deposition  measurements,  the  combustor  liner 
and  dome  assembly,  including  the  ignition  plug,  was  cleaned 
with  mechanical  rotating  brushes  and  weighed  on  a torsion- 
type  balance  before  the  test  run.  After  the  prescribed 
period  of  operation  the  assembly  was  reweighed;  the  differ- 
ence in  weight  represented  the  amount  of  carbon  deposition 
reported  herein.  Generally,  at  least  one  check  test  was 
conducted.  The  exhaust-gas  smoke  density  was  measured 
at  intervals  during  each  run.  The  values  of  smoke  density 
reported  herein  are  averages  of  the  several  individual  measure- 
ments made  during  each  test  run. 

After  each  test  with  a fuel-additive  blend,  the  fuel  system 
was  drained  and  purged  with  the  base  fuel  to  remove  any 
residual  additive.  One  or  more  check  runs  with  the  base 
fuel  were  made  between  tests  with  each  of  the  additives  to 
determine  the  effectiveness  of  the  purge  and  the  reproduci- 
bility of  the  base-fuel  deposits. 

FULL-SCALE  ENGINES 

Three  full-scale  turbojet  engines  were  run  at  various  engine 
conditions  in  the  carbon-deposition  investigation. 
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Combustor  reference  velocity  is  based  on  the  maximum 
cross-sectional  area  of  the  combustor,  the  weight  flow  of  air, 
and  the  density  of  the  air  at  combustor-inlet  conditions. 
The  conditions  were  chosen  to  represent  two  widely  different 


(a)  Engine  I. 

(b)  Engine  II. 

(c)  Engine  III. 

Figure  6. —Diagrams  showing  relative  locations  of  combustors  in 
full-scale  engines  (looking  downstream). 
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Figure  7.— Carbon  deposits  in  J33  single-combustor  liner  after  4-hour 
run  with  fuel  49-224. 


Engine  I. — Engine  I had  a centrifugal-flow  compressor 
with  a pressure  ratio  of  4 and  14  individual  tubular  com- 
bustors. The  combustor  numbers,  sparkplug  locations,  and 
direction  of  compressor  rotation  are  shown  schematically  in 
figure  6(a).  The  engine  was  operated  at  sea  level  at  zero 
flight  speed  on  a cyclic  operating  schedule.  The  operating 
cycle  consisted  in  approximately  5 minutes  at  idle  engine 
speed  (4000  rpm)  followed  by  15  minutes  at  takeoff  speed 
(11,500  rpm).  The  idle  time  included  the  time  for  accelera- 
tion and  deceleration.  There  was  no  regularly  scheduled 
shutdown  period.  The  performance  of  the  engine  was  in- 
vestigated at  6000  rpm  before  each  day  of  operation  to 
ascertain  constancy  of  performance.  The  intended  run 
time  for  each  test  was  50  hours.  Both  new  and  used  com- 
bustor liners  and  used  domes  were  cleaned,  if  necessary,  but 
not  weighed  before  any  one  test.  After  the  completion  of 
the  test,  the  liners  and  domes  were  weighed,  cleaned  with 
wire  brushes,  and  reweighed.  The  difference  in  weight  was 
considered  the  weight  of  the  carbon  deposited. 

Engine  II. — Engine  II  had  an  axial-flow  compressor  with 
a pressure  ratio  of  5 and  eight  individual  tubular  combustors 
(fig.  6(b)).  The  engine  was  operated  at  sea-level  static  con- 
ditions for  a total  time  of  25  hours.  This  time  was  divided 
into  seven  3-hour  periods  followed  by  a 4-hour  period.  At 
the  beginning  and  end  of  each  period,  the  engine  was  oper- 
ated for  5 minutes  at  rated  conditions  (7600  rpm) ; during  the 
rest  of  each  period,  it  was  operated  at  90-percent  rated  speed. 
Following  each  period  of  operation,  the  engine  was  shut 
down  for  approximately  2 hours.  The  new  combustor  liners 
used  for  the  investigation  were  weighed  before  and  after  25 
hours  of  operation,  and  the  increase  in  weight  was  considered 
as  the  weight  of  the  carbon  deposited. 


Engine  III. — Engine  III  had  an  axial-flow  compressor 
with  a pressure  ratio  of  5.2  and  eight  individual  tubular 
combustors  (fig.  6(c)).  This  engine  was  operated  at  sea- 
level  static  conditions  for  a total  time  of  37  hours  and  47 
minutes.  The  maximum  running  time  for  any  one  day  was 
about  \%  hours,  which  included  running  at  engine  speeds 
from  3000  to  7950  rpm.  About  75  percent  of  the  total 
operating  time  was  at  7950  (rated)  rpm,  and  the  other  25 
percent  at  engine  speeds  varying  between  3000  and  7950 
rpm.  The  complete  test  covered  a time  period  of  about  1# 
months.  Combustor  liners,  which  had  been  previously 
used,  were  cleaned  with  wire  brushes  and  then  weighed 
before  and  after  the  complete  test.  The  increase  in  weight 
was  considered  as  the  weight  of  the  carbon  deposited. 

RESULTS 

EFFECT  OF  FUEL  PROPERTIES  ON  CARBON  DEPOSITS 
IN  SINGLE  COMBUSTORS 

A photograph  of  carbon  deposits  obtained  in  the  J33 
combustor  during  a 4-hour  test  run  with  fuel  49-224  is 
presented  in  figure  7.  The  deposits,  which  were  concentrated 
in  the  upstream  end  of  the  liner  around  the  fuel-injection 
nozzle  and  the  sparkplug,  weighed  about  34  grams.  Carbon- 
deposition  data  obtained  in  this  type  combustor  with  21 
fuels  are  presented  in  table  IV.  At  the  lower  inlet  air 
pressure  and  temperature  (condition  A),  average  deviations 
in  individual  test  results  from  average  test  results  varied 
from  1 to  16  percent.  At  condition  B the  average  devia- 
tions were  greater,  varying  from  8 to  30  percent. 


TABLE  IV— SINGLE-COMBUSTOR  DEPOSITS  WITH  FUELS 
VARYING  IN  PHYSICAL  AND  CHEMICAL  PROPERTIES 


NACA 

fuel 

Carbon  deposit, 
g 

Average 

varia- 

tion, 

% 

(*) 

Run 

Average 

1 

2 

3 

4 

5 

Condition  A 

50-264 

9.2 

12.8 

11.6 

10.4 

11.0 

11 

51-353 

13.5 

15.4 

14.3 

14.4 

5 

52-28 

b,<>2.5 

52-30 

*3.7 

52-32 

16. 1 

17.9 

17.5 

17.2 

4 

52-50 

14  4 

13.9 

14.0 

14.1 

1 

52-53 

2.2 

2.4 

2.3 

4 

52-76 

« 7. 4 

52-105 

6.4 

6.8 

6.6 

3 

52-117 

1.1 

1.2 

1.3 

1.2 

5 

52-118 

4.8 

5.4 

4.9 

5.0 

5 

52-119 

6.8 

6.8 

6. 1 

6.6 

5 

52-120 

11  4 

12  0 

13. 1 

12.2 

5 

52-166 

b 7. 2 

b 7. 7 

b 7. 1 

b 7. 3 

3 

53-49 

bf«6.9 

54-41 

21.4 

23.3 

24.0 

28.0 

26.8 

24.7 

9 

54-108 

16.2 

17.0 

16.3 



_ 

16.5 

2 

54-109 

13.9 

15.3 

15.5 



14.9 

5 

54-110 

8 1 

6 4 

6.4 

7.0 

11 

54-111 

b 8. 9 

b 6. 0 

b9. 0 

b 8. 0 

16 

Condition  B 

52-288 

3.3 

2.4 

2.9 

16 

54-41 

7.0 

9.2 

6.3 

7.5 

15 

54-108 

5.2 

2.8 

4.0 

30 

54-109 

11.0 

9.0 

10.0 

10 

54-110 

6 3 

5.4 

5.9 

8 

54-111 

2.3 

3.5 

2.9 

21 

« Arithmetical  average  percent  variation  of  individual  carbon-deposition  value  from 
arithmetical  average  deposition. 

»>  Gray  deposits, 
o Average  of  two  or  more  tests. 
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Gray  deposits  were  obtained  with  fuels  52-28,  52-166, 
53-49,  and  54-111.  As  will  be  noted  in  a later  section  of 
this  report,  similar-colored  deposits  were  observed  in  tests 
with  fuels  containing  small  amounts  of  lead  or  cadmium. 
Spectrographic  analysis  of  the  deposits  with  fuel  54-111 
at  condition  A indicated  lead,  which  is  assumed  to  have 
been  present  in  the  fuel  as  a contaminant.  The  deposits 
with  this  fuel  at  condition  B showed  no  evidence  of  lead. 
It  is  very  possible  that  the  lead  was  present  in  the  fuel  as 
tetraethyl  lead,  the  antiknock  additive  used  in  aviation 
gasoline.  The  high  inlet  air  temperature  at  condition  B 
may  have  vaporized  this  volatile  compound  so  rapidly 
that  no  significant  quantity  reached  the  carbon-forming 
areas  of  the  liner  walls.  Another  possible  explanation  for 
the  inconsistency  is  that  the  fuel  was  received  in  fourteen 
55-gallon  drums,  only  a part  of  which  may  have  been 
contaminated. 


Smoke-volatility  index 


Average  deposits  obtained  at  conditions  A and  B are 
plotted  against  smoke- volatility  index,  smoke  point,  and 
NACA  K factor  in  figure  8.  At  condition  A the  deposits 
generally  increased  with  decreasing  smoke-volatility  index 
or  smoke  point  and  with  increasing  K factor.  The  solid 
symbols  of  figure  8 denote  deposits  that  showed  evidence 
of  metal  contamination.  These  data  points  were  not  con- 
sidered in  the  fairing  of  the  correlation  curves.  Tailed 
symbols  in  figure  8 denote  deposit  data  obtained  in  earlier 
phases  of  the  investigation.  At  condition  B the  general 
trends  are  the  same  as  those  at  condition  A;  however,  the 
deviations  from  a mean  correlation  curve  are  much  greater. 

EFFECT  OF  FUEL  PROPERTIES  ON  CARBON  DEPOSITS 
IN  FULL-SCALE  ENGINES 

Engine  I. — The  carbon  deposits  obtained  with  three  test 
fuels  in  engine  I are  presented  in  table  V(a).  The  values 
represent  results  of  a single  test  with  each  fuel.  Locations 
of  the  heaviest  deposits  are  as  shown  in  figure  6(a).  No 
relation  between  the  relative  quantities  of  carbon  and  the 
circumferential  position  of  the  combustor  is  evident.  Emis- 
sion spectra  of  gray  powder  deposits  obtained  from  the 
downstream  end  of  liners  after  the  test  with  fuel  52-2S 
indicated  that  these  deposits  contained  a large  amount  of 
lead.  Similar  deposits  were  noted  with  this  fuel  in  the 
single-combustor  tests  (table  IV). 

Fuel-nozzle  filter  plugging  during  the  first  test  with  fuel 
52-76  limited  the  fuel  flow  to  the  engine  to  such  an  extent 
that  the  desired  engine  speed  could  not  be  maintained;  the 
test  was  terminated  after  37  hours  and  54  minutes.  This 


(a)  Condition  A:  Inlet  air  pressure,  26.5  pounds  per  square  inch  (b)  Condition  B:  Inlet  air  pressure,  141.0  pounds  per  square  inch 
absolute;  inlet  air  temperature,  271°  F;  reference  velocity,  110  feet  absolute;  inlet  air  temperature,  640°  F;  reference  velocity,  130  feet 

per  second;  outlet  temperature,  1100°  F.  per  second;  outlet  temperature,  1800°  F. 


Figure  8. — Relation  between  average  carbon  deposits  in  single  tubular  combustor  and  empirical  fuel  factors. 
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run  is  not  included  in  the  analysis  of  data  but  is  shown  in 
table  Y(a)  only  to  indicate,  approximately,  the  effect  of 
time  and  the  reproducibility  of  the  amount  of  carbon  ob- 
tained from  a single  fuel.  In  a second  test  with  fuel  52-76 
the  desired  number  of  running  hours  was  obtained,  although 
some  filter  plugging  did  occur.  A considerable  amount  of 
carbon  remained  on  the  ignition  plugs  after  fuel  52-76  was 
used. 

Engine  II. — The  carbon  deposits  obtained  in  engine  II 
with  a minimum-quality  JP-3  fuel  (50-264)  are  presented 
in  table  V(b).  The  values  represent  results  of  a single  test. 
Carbon  deposits  were  found  in  the  dome  end  of  the  combustor 
and  on  the  fuel  nozzle.  There  was  some  evidence  of  greater 


Figure  9. —Carbon  deposits  obtained  in  combustor  7 of  full-scale 
engine  III  with  fuel  52-76. 


TABLE  V.— FULL-SCALE-ENGINE  DEPOSITS  WITH  VARIOUS 

FUELS 

(a)  Three  fuels  in  engine  I. 


Fuel  52-30 

Fuel  52-28 

Fuel  52-76 

Run  time 

Combustor 

49  hr  20  min 

37  hr  54  min 

50  hr  30  min 

Carbon  deposition,  g 

Liner 

Dome 

Liner  a 

Dome 

Liner 

Dome 

Liner  • 

Dome 

1 

4.2 

22.7 

4.8 

13.3 

8.9 

19.3 

7.9 

19.2 

2 

6.2 

16.1 

4.6 

7.8 

7.7 

12.7 

.6 

1.5 

3 

7.7 

10.0 

5.9 

7.9 

4.9 

11.2 

9.8 

19.1 

4 

7.4 

12.9 

4.8 

5.1 

.7 

1.8 

5.8 

13.4 

5 

7.3 

20.5 

7.2 

14.1 

8.6 

13.0 

7.8 

15.3 

6 

7.0 

13.7 

3.4 

8.2 

14.1 

15.3 

18.0 

22.3 

7 

8.0 

17.8 

4.8 

13.1 

7.4 

17.6 

7.7 

12.4 

8 

3.7 

25.3 

6.0 

6.3 

8.4 

21.0 

9.1 

11.9 

9 

6.3 

15.4 

4.4 

11.9 

7.2 

10.5 

10.1 

15.2 

10 

5.7 

25.0 

5.6 

7.7 

8.0 

11.9 

7.3 

12.3 

11 

3.9 

10.4 

4.0 

9.4 

7.3 

16.2 

11.5 

15.6 

12 

4.4 

13.1 

5.0 

6.8 

6.3 

15.1 

14.0 

24.3 

13 

5.4 

17.1 

5.7 

7.5 

9.3 

16.0 

10.2 

11.0 

14 

5.8 

11.4 

7.0 

16.5 

9.0 

21.7 

12.4 

14.0 

Total  

83.0 

231.4 

73.2 

135.6 

107.8 

203.3 

132.2 

207.5 

Average  per 

liner  or  dome.. 

5.9 

16.5 

5.2 

9.7 

b 8. 2 

b 15. 5 

clO.l 

« 15.9 

Average  per 

combustor 

22.4 

14.9 

b 23.  7 

0 26.0 

a New  liners. 

b Values  of  combustor  4 not  used  in  averages,  because  partly  plugged  fuel-nozzle  Alter 
resulted  in  a lean  mixture  and  consequently  a decrease  in  carbon  deposits. 

« Values  of  combustor  2 not  used  in  averages. 


(b)  Fuel  50-264  in  engine  II.  Hun 
time,  25  hours. 


Combustor 

Carbon,  g 

1 

9.4 

2 

7.9 

3 

8.5 

4 

12.6 

5.  

10.7 

6 

9.  1 

7.  

5.0 

8 

9.2 

Total 

72.4 

Average 

9. 1 

(c)  Fuel  52-76  in  engine  III.  Hun 
time,  37  hours  47  minutes. 


Combustor 

Carbon,  g 

1 

5.2 

2 

5. 7 

3 

10.0 

4 

8.6 

5 

4.6 

6 

3.8 

42. 1 

8 

2.2 

Total 

82.2 

Average. 

10.3 

TABLE  VI.— SINGLE-COMBUSTOR  EXHAUST-GAS 
SMOKE  DATA 


deposition  in  combustion  chambers  located  at  the  bottom 
of  the  engine.  A much  larger  amount  of  soot  was  found 
in  the  exhaust  muffler  than  had  been  obtained  from  previous 
tests  of  this  duration  with  a production  JP-3  fuel. 

Engine  III. — Carbon  deposits  obtained  in  engine  III  with 
a minimum-quality  JP-4  fuel  (52-76)  are  shown  in  table 
Y(c).  The  values  represent  results  of  a single  test.  The 
large  deposit  weight  obtained  in  combustor  7 (fig.  6(c)) 
was  caused  by  a large  deposit  on  one  of  the  sparkplugs, 
as  shown  in  figure  9.  Abnormally  large  deposits  in  combus- 
tors using  the  type  of  sparkplug  shown  in  figure  9 have  been 
obtained  previously.  Several  of  the  liners  were  severely 
warped  after  the  test  and  had  to  be  replaced. 

During  the  test  with  this  fuel,  the  exhaust  cooling  water 
draining  from  the  exhaust  muffler  was  black.  Inspection  of 
the  inside  of  the  muffler  showed  large  quantities  of  soot ; one 
total-pressure  rake  was  plugged  with  soot.  This  amount  of 
exhaust  soot  was  much  greater  than  that  normally  en- 
countered with  production  JP-4  fuel. 

526597—60 22 


NACA  fuel 

54-108 

54-109 

54-110 

54-111 

Condition 

A 

B 

A 

B 

A 

B 

A 

B 

Smoke  density.. 

0.14 

0.28 

0. 18 

0.31 

0. 07 

0. 13 

0. 13 

0.12 

.10 

.37 

. 14 

.28 

.06 

.18 

.13 

.10 

.14 

.29 

. 12 

.41 

.09 

.13 

.15 

. 18 

. 13 

.46 

.05 

.11 

.16 

.21 

. 19 

.03 

.09 

.16 

.20 

.03 

.11 

.18 

.20 

.04 

.13 

.13 

. 14 

.05 

.07 

.10 

- 

.... 

* 

.... 

— 

Average  smoke 

density 

0.15 

0.  31 

0. 16 

0.  37 

0.05 

0. 16 

0.11 

0. 13 

Average  devia- 

tion, % 

20 

12 

19 

19 

30 

16 

16 

17 

EFFECT  OF  FUEL  PROPERTIES  ON  SMOKE  FORMATION 

Exhaust-gas  smoke  data  were  obtained  only  in  the  single 
combustor  with  fuels  54-108,  54-109,  54-110,  and  54-111 
(table  VI).  In  most  cases  two  or  three  determinations  were 
made  during  each  carbon-deposit  test  run.  Average  per- 
centage deviations  varied  from  12  to  30  percent.  Because  of 
inaccuracies  in  the  smoke  measurement  technique,  the 
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Smoke  point,  mm 


EFFECT  OF  ADDITIVES  ON  CARBON  DEPOSITION 
AND  EXHAUST-GAS  SMOKE 

The  effect  of  a number  of  fuel  additives  on  carbon  deposi- 
tion and  exhaust-gas  smoke  concentration  was  investigated 
in  the  single  turbojet  combustor  at  condition  A.  The  tests 
were  conducted  over  a considerable  period  of  time  with  a 
number  of  different  base  fuels.  In  some  cases  the  base  fuel 
was  changed  to  determine  the  effect  of  some  additives  on  the 
carbon-forming  properties  of  different  fuel  compositions. 
In  other  cases,  the  supply  of  base  fuel  was  depleted  and  new 
supplies  varied  in  composition. 

The  results  obtained  in  tests  with  23  different  additives 
are  presented  in  table  VII.  With  base  fuels  49-162,  49-224, 
52-105,  54-41,  and  55-89,  representing  a wide  variety  of  fuel 
properties,  reproducibility  was  considered  satisfactory;  the 
average  deviations  in  individual  test  runs  from  the  average 
deposit  obtained  in  all  runs  with  the  particular  base  fuel 
ranged  from  2 to  21  percent.  Base  fuel  53-193  was  used 
during  several  periods  of  the  investigation.  During  any  one 
period,  reproducibility  with  this  fuel  was  also  satisfactory, 
with  average  deviations  from  1 percent  (run  series  15)  to 
14  percent  (run  series  28  through  43).  However,  the  average 
base-fuel  deposit  obtained  in  each  of  the  several  periods  of 
operation  differed  considerably:  The  average  deposit  in 
run  series  15  was  20.5  grams;  in  run  series  28  through  43  it 
was  28.3  grams;  and  in  run  series  44  through  53,  35.6  grams. 
The  large  difference  may  be  partly  attributed  to  aging, 
which  would  increase  the  gum  content  of  the  fuel  and  may 
affect  deposits  (ref.  10). 

Multiple  additive  test  runs  were  conducted  where  sufficient 
quantities  of  the  additive  were  available.  For  the  multiple 


NACA  K factor 

Figure  10. — Relation  between  exhaust-gas  smoke  density  obtained 
with  JP-4  fuels  and  empirical  fuel  factors. 

larger  percentage  deviations  generally  occurred  at  lower 
values  of  smoke  density.  Average  smoke  densities  are 
plotted  in  figure  10  against  smoke-volatility  index,  smoke 
point,  and  NACA  K factor.  At  both  conditions  exhaust-gas 
smoke  density  decreased  with  increasing  smoke-volatility 
index  or  smoke  point  and  with  decreasing  K factor.  A 
reasonable  correlation  was  obtained  only  at  condition  A, 
however;  and  only  the  data  for  this  test  condition  were  used 
to  fair  the  curves  in  figure  10. 


Additive 

n- Propyl  nitrate 
/7-Butyl  nitrate 
Amyl  nitrote 
Isooctyl  nitrate 
Amyl  nitrite 
2-Nitropropane 
Nitrobenzol 

te/7-Butyi  hydroperoxide 
Diethyl  ether 


Cadmium  nophthenote 

.2 

^ 1 ! 

Lead  nophthenote 

f .005 
l .005 

i 

Tetraethyl  lead 

.00292 

NACA  bose  fuel 

(table  I) 

[0.106 

yyyyyyA 

H 49-162 

Additive  A 

. 1 062 
l -1062 

^ 49-224 

Additive  B 

.0982 

18  52-105  i 

Additive  C 

.1000 

Wm 

H 53-193  or  55-89 

Additive  D 

r .0299 
1 .0299 

Wm 

[B]  54-41 

Additive  E 

.1096 

Additive  F 

f .0970 

I 

1 .10 

Additive  G 

.0488 

Additive  H 

.283 

Additive  I 

.266 

yyyy 

Additive  J 

.259 

yyyy  , 

i i 

0 40 

Carbon  deposit, 


80 

Additive  • 


120  160 
Bose-fuel  deposit  - 


Base-fuel  deposit 


Figure  11.- 


-Relative  effectiveness  of  23  additives  in  reducing  turbojet 
combustion-chamber  carbon  deposits. 
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a Average  variation  of  individual  carbon-deposit  values  from  average  deposit  value. 
b Average  deposit  minus  over-all  average  base-fuel  deposit 
Over-all  average  base-fuel  deposit 
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tests  the  mean  deviation  of  deposits  in  individual  test  runs 
from  the  average  deposit  values  varied  from  0 to  18  percent. 
The  percent  changes  in  deposit  from  the  base-fuel  deposit 
are  based  upon  average  deposit  values  obtained  with  the 
base  fuel  during  the  period  of  testing  with  the  particular 
additive.  For  test  run  series  28  through  43  the  average 
base-fuel  deposit  value  of  28.3  (obtained  from  runs  28,  30, 
33;  36;  37,  and  43)  was  used  for  additive  data  obtained  in 
intervening  test  runs.  Similarly,  for  runs  44  through  53  an 
average  base-fuel  deposit  value  of  35.6,  obtained  from  run 
series  46,  49,  51,  and  53,  was  used. 

The  relative  effectiveness  of  the  additives  in  reducing 
carbon  deposits  is  compared  in  figure  11.  Average  carbon 
deposits,  in  percentage  of  base-fuel  deposits,  are  shown  only 
for  the  additive  concentrations  that  gave  the  largest  reduc- 
tions in  deposit.  In  general,  the  oxygenated  compounds 
(alkylated  nitrates,  amyl  nitrite,  nitropropane,  nitrobenzol, 
tert- butyl  hydroperoxide,  and  diethyl  ether)  were  con- 
siderably less  effective  than  the  organo-metallic  compounds 
and  the  commercial  additives,  which  were  also  primarily 
organo-metallic.  The  most  effective  oxygenated  compound, 
isooctyl  nitrate,  reduced  base-fuel  deposits  almost  30  percent, 
while  the  most  effective  organo-metallic  compound,  dicyclo- 
pentadienyliron,  reduced  base-fuel  deposits  about  80  per- 
cent. Additive  A,  the  most  effective  of  the  commercial 
additives,  reduced  base-fuel  deposits  74  percent.  A quali- 


5$ 


(a)  Organo-metallic  and  commercial  compounds. 


0'S 


(b)  Oxygenated  compounds.  Base  fuel,  53-193. 

Fi  outre  12. — Effect  of  additive  concentration  on  carbon  deposit 
in  single  J33  combustor. 


tat-ive  spectroscopic  analysis  of  additive  A showed  that  it 
contained  lead  and  copper  (table  III). 

A comparison  of  results  obtained  with  a number  of  addi- 
tives (A,  D,  and  lead  naplithenate)  that  were  tested  in  more 
than  one  base  fuel  indicates  that  the  relative  effectiveness 
of  an  additive  varied  markedly  with  the  base  fuel.  For 
example,  additive  A in  No.  2 furnace  oil  (53-193)  reduced 
deposits  74  percent:  the  same  concentration  of  additive  A 
in  the  same  furnace  oil  at  a much  later  date  (aged  fuel) 
reduced  deposits  57  percent;  and  the  same  additive  in  a 
high-carbon-forming  JP-4  fuel  (54-41)  reduced  deposits 
38  percent. 

The  effect  of  additive  concentration  on  carbon  deposits  was 
determined  with  nine  of  the  additives.  Figure  12  shows  that 
the  effect  of  additive  concentration  on  deposits  was  not 
consistent.  For  some  additives  (dicyclopentadienyliron  and 
lead  naplithenate),  small  concentrations  produced  the  large 
reductions  in  deposits.  A high  concentration  of  lead 
naphthenate  in  fuel  52-105  produced  deposits  greater  than 
those  obtained  with  the  base  fuel  alone. 

Deposits  obtained  with  additive  blends  containing  lead  or 
cadmium  were  colored  gray  or  vellow-gray  in  some  areas  of 
the  combustor  liner.  The  deposits  obtained  with  dicyclo- 
pentadienyliron were  reddish.  These  colorations  indicate 
the  presence  of  metal  and  metal  oxides.  The  deposits  were 
not  chemically  analyzed. 

Exhaust-gas  smoke  data  were  obtained  with  many  of  the 
base  fuels  and  additive-base-fuel  blends;  these  data  are 
presented  in  table  VII.  Large  variations  m smoke  ratings 
were  observed  with  the  base  fuels,  and  the  smoke  ratings  of 
the  additive  blends  were  generally  within  the  ranges  obtained 
with  the  base  fuels.  Hence,  no  effect  of  the  additives  on 
smoke  concentration  is  apparent. 

DISCUSSION 

EMPIRICAL  RELATIONS  BETWEEN  CARBON  DEPOSITS  AND  FUEL 
PROPERTIES 

Single-combustor  carbon  deposits  obtained  at  inlet  air 
temperature  and  pressure  simulating  operation  of  an  engine 
with  a compressor  pressure  ratio  of  4 at  a 20,000-foot  altitude 
(condition  A)  correlated  reasonably  well  with  any  of  three 
empirical  fuel  factors — smoke-volatility  index,  smoke  point, 
and  NACA  K factor.  The  data  included  in  the  correlations 
were  obtained  over  a considerable  period  of  time,  and  there 
is  some  indication  that  the  more  recent  data  (plain  symbols, 
fig.  8(a))  define  a correlation  curve  at  a slightly  higher  level 
of  deposit.  The  correlations  applied  equally  well  to  JP-3 
and  JP-4  fuels. 

The  relative  accuracy  of  the  three  fuel-factor  correlations 
can  be  judged  by  examining  deviations  of  the  deposit  data 
from  the  correlation  curve.  The  deviations  for  condition  A 
are  as  follows: 


Fuel  factor 

Av. 

deviation, 

07 

/0 

Max. 

deviation, 

% 

Smoko-volatility  index 

27 

95 

Smoke  point 

17 

67 

NACA  A' factor - 

12 

30 
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The  average  deviations  were  calculated  from  the  equation 

Average  deviation^ X100 

where  y—yc  is  the  absolute  difference  between  the  deter- 
mined and  predicted  values  of  carbon  deposit,  yc  is  the  pre- 
dicted value,  and  n is  the  number  of  determinations. 

Data  for  fuels  suspected  of  being  contaminated  were  not 
included  in  these  calculations.  Based  on  average  deviation 
or  maximum  deviation,  both  the  smoke  point  and  the  K 
factor  gave  more  accurate  deposit  correlations  than  the 
smoke-volatility  index;  the  smallest  deviations  were  obtained 
with  the  K factor.  Smoke  point  and  K factor  were  also  the 
most  accurate  of  about  ten  factors  examined  in 'reference  1. 
It  should  be  pointed  out  that  simplicity,  as  well  as  accuracy, 
is  an  important  criterion  for  a satisfactory  fuel  procurement 
specification.  The  determination  of  an  accurate  value  of 
hydrogen-carbon  ratio,  required  to  compute  the  K factor,  is 
considerabty  more  difficult  than  the  measurement  of  smoke 
point. 

The  range  of  fuel  properties  included  in  the  correlations  of 
figure  8(a)  is  much  greater  than  that  normally  considered  for 
jet-engine  fuels.  For  example,  fuel  54-41  had  accelerated 
and  existent  gum  contents  about  6 times  those  allowed  by 
current  procurement  specifications.  This  particular  fuel 
produced  the  high  values  of  maximum  deviation  noted  in  the 
smoke-point  and  smoke-volatility-index  correlations.  Data 
of  reference  10  show  that  high  values  of  gum  content  can 
cause  increased  deposits  that  may  not  be  predicted  by  em- 
pirical fuel  factors.  Bestricting  the  range  of  fuel  properties, 
in  order  to  maintain  other  desirable  fuel  characteristics, 
would  be  expected  to  reduce  deviations  considerably. 

At  a higher  inlet  air  temperature  and  pressure  simulating 
an  engine  with  a compressor  pressure  ratio  of  7 operating  at 
sea  level  (condition  B),  deposits  did  not  satisfactorily  corre- 
late with  any  of  the  fuel  factors.  Preliminary  examination 
of  other  fuel  characteristics  that  could  affect  carbon  deposi- 
tion (ref.  1)  did  not  yield  any  better  correlation  of  the  data. 
The  mean  straight  lines  drawn  through  the  data  in  figure 
8(b)  are,  however,  approximately  parallel  to  the  correspond- 
ing correlation  lines  for  condition  A (fig.  8(a)).  In  reference 
1 1 deposit  data  obtained  at  several  different  operating  condi- 
tions in  an  annular  combustor  also  gave  approximately 
parallel  correlation  lines  with  K factor.  The  poor  correlation 
obtained  with  the  condition  B data  may  be  the  result  of  more 
erratic  carbon-deposition  patterns  that  were  observed  at 
high  inlet  air  temperature.  At  this  condition  carbon  was 
deposited  in  isolated  areas  around  the  upstream  end  of  the 
combustion  chamber,  and  some  of  the  heavier  deposits  may 
have  broken  away  from  the  walls.  In  comparison,  at  low 
inlet  air  temperature  conditions  carbon  was  generally  found 
uniformly  deposited  in  a sizable  area  around  the  fuel  nozzle 
of  this  combustor. 

The  full-scale-engine  data  obtained  in  this  investigation 
are  too  limited  to  ascertain  the  applicability  of  the  correla- 
tions to  full-scale  engines.  Additional  unpublished  carbon- 
deposit  data  for  three  full-scale  engines  are  presented  in  table 


VIII.  Two  of  the  engines  (types  I and  III)  were  of  the  same 
type  as  used  in  the  present  investigation.  Engine  IV  had  an 
axial-flow  compressor  of  6.8  pressure  ratio  and  an  annular 
prevaporizing  combustor.  The  engines  were  operated  10 
hours  at  static  sea-level  conditions  on  cyclic  operating  sched- 
ules. The  deposits  listed  are  average  values  for  each  com- 
bustion chamber  of  engine  types  I and  III  or  each  vaporizer 
tube  of  the  annular  vaporizing  combustor  (type  IV).  Com- 
parison of  the  data  of  tables  VIII  and  IV  shows  that  deposit 
deviations  in  the  full-scale  engines  are  considerably  greater 
than  those  in  the  single  combustor. 

TABLE  VIII.— FULL-SCALE-ENGINE  CAKBON  DEPOSITS 


Average 

carbon 

Average 

variation, 

percent 

NACA  fuel 

deposit,  g 

OO 

(b) 

Engiue  I 

54-108 

45.9 

10 

54-109 

45.3 

12 

54-110 

39.0 

11 

54-111 

43.0 

15 

Engine  IU 

54-108 

10.4 

74 

54-109 

3.2 

74 

54-110 

1.9 

65 

54-111 

0.0 

33 

Engine  IV 

54-108 

2.28 

18 

54-109 

2. 15 

28 

54-110 

1.57 

26 

54-111 

1.69 

32 

» Arithmetical  average  deposits  iu  each  com- 
bustor or  fuel  vaporizer. 

b Arithmetical  average  percent  variation  of 
deposits  in  individual  combustion  chambers, 
or  fuel  vaporizers,  from  arithmetical  average 
deposit  values. 

The  carbon-deposit  data  obtained  with  three  fuels  in  the 
type  I full-scale  engine  at  the  NACA  Lewis  laboratory  (table 
V(a))  and  the  full-scale-engine  data  of  table  VIII  are  plotted 
against  smoke-volatility  index,  smoke  point,  and  NACA 
K factor  in  figure  13.  Data  for  the  two  type  I engines  would 
not  be  expected  to  fall  on  a single  curve,  since  different  oper- 
ating conditions  were  used.  The  three  fuel  factors  correlated 
the  limited  full-scale-engine  (types  I,  III,  and  IV)  deposit 
data  with  about  equal  accuracy.  Percentage  deviations  for 
the  full-scale-engine  correlations  were  not  computed  because 
of  the  limited  number  of  fuels  tested.  Carbon  deposition  in 
the  full-scale  engines  was  affected  to  a varying  degree  by 
changes  in  fuel  properties.  For  example,  deposits  in  engine 
IV  increased  only  about  46  percent  and  those  in  engine  III 
about  450  percent  when  the  smoke-volatility  index  was 
decreased  from  56  to  44. 

Although  less  quantitative  in  nature,  the  results  obtained 
in  full-scale  engines  II  and  III  tested  at  the  NACA  Lewis 
laboratory  exhibited  similar  trends.  In  engine  II  (table 
V(b)),  much  more  soot  was  observed  in  the  exhaust  muffler 
with  fuel  50-264  (5rT//=45.5,  smoke  point  ===17. 2,  K=  331) 
than  with  a number  of  production  batches  of  JP-3  having 
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Figure  13.— Relation  between  carbon  deposits  in  full-scale  turbojet 
engines  and  empirical  fuel  factors. 


properties  very  similar  to  those  of  fuel  52-30  (SVI=  66, 
smoke  point=32.3,  K—  277).  In  the  type  III  full-scale 
engine  (table  V(c))  much  more  soot  was  observed  in  the 
exhaust  muffler,  along  with  a greater  tendency  toward  spark- 


plug folding,  with  fuel  52-76  (SVI=5 1,  smoke  point=16.5, 
2£= 316)  than  with  production  fuels  similar  to  52-28  ( SVI= 
78,  smoke  point=40.0,  K—  252). 

The  order  of  carbon  deposition  among  the  fuels  in  the 
single  combustor  at  condition  A was  the  same  as  in  the  full- 
scale  engines;  however,  figure  13  shows  that  percentage 
changes  in  the  deposit  values  between  the  fuels  were  not  the 
same.  Except  for  engine  III,  deposits  in  the  single  com- 
bustor increased  at  a more  rapid  rate  as  “fuel  quality”  de- 
creased. The  variation  in  sensitivity  between  the  single 
combustor  and  the  full-scale  engine  is  at  least  partly  attrib- 
utable to  differences  in  operating  conditions.  The  full-scale 
engines  were  operated  on  cyclic  test  schedules,  whereas  the 
single  combustor  was  operated  at  constant  test  conditions. 
Also,  the  combustor  inlet  and  outlet  passage  configurations 
were  different  in  the  single  combustor  and  in  the  full-scale 
engines.  At  the  higher  pressure  and  temperature  single- 
combustor condition  B,  no  relation  between  single-combustor 
and  full-scale-engine  data  is  apparent.  The  reasons  for 
this  inconsistency  are  probably  related  to  the  erratic 
deposition  in  the  single  combustor  at  condition  B. 

Neither  the  absolute  level  of  deposition  nor  the  relative 
effects  of  fuel  factors  on  these  deposits  should  be  used  to 
distinguish  between  good  and  bad  combustor  design  in  the 
full-scale  engines  tested.  In  addition  to  carbon  deposition, 
a number  of  other  performance  requirements  (e.g.,  combus- 
tion efficiency  and  stability,  structural  durability,  and  ease 
of  manufacture)  enter  into  final  combustor  designs  for 
turbojet  engines. 

The  empirical  fuel  factors  examined  in  this  investigation 
represent  the  volatile  characteristics,  the  h}fflro gen-carbon 
ratio,  and  the  smoke  point  of  the  fuel.  In  reference  1, 
which  summarizes  early  carbon-deposit  research  in  labora- 
tory combustors,  many  additional  fuel  properties  were 
observed  to  affect  deposits.  Approximate  relations  between 
deposits  and  fuel  properties  such  as  aromatic  content,  aniline 
point,  and  specific  gravity  are  reported.  Many  of  these  other 
properties  are,  for  petroleum  fuels,  interrelated  with  distil- 
lation characteristics,  hydrogen-carbon  ratio,  or  smoke  point. 
For  example,  aromatic  content  of  a fuel  directly  influences 
the  hydrogen-carbon  ratio.  Tests  to  determine  the  effects  of 
adding  specific  single-ring  and  dicyclic  aromatic  hydrocarbons 
to  jet-type  fuels  (fuel  blends  51-353,  52-32,  52-50,  52-105, 
52-118,  52-119,  and  52-120)  revealed  that  the  smoke- 
volatility  index,  smoke  point,  and  K factor  satisfactorily 
predicted  changes  m carbon  deposition. 

Other  properties  of  jet  fuels  (e.g.,  sulfur  content  and  gum 
content)  are  not  related  to  the  fuel  factors.  The  effects  of 
sulfur  and  gum  on  deposits  were  investigated  in  studies 
reported  in  reference  10.  Limited  data  indicated  that 
moderate  amounts  of  gum  did  not  influence  deposits;  very 
high  gum  contents,  well  above  those  permitted  in  current 
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jet  fuels,  will  cause  increased  deposits.  Although  the  data 
were  not  conclusive,  it  appeared  that  one  form  of  sulfur 
(mercaptan)  significantly  increased  deposits  while  another 
form  (disulfide)  had  no  effect. 

EMPIRICAL  RELATIONS  BETWEEN  EXHAUST-GAS  SMOKE  AND  FUEL 

PROPERTIES 

The  measured  values  of  smoke  density  were  generally  very 
low  and  may  be  of  questionable  significance.  Nevertheless, 
they  did  vary  with  fuel  properties  in  much  the  same  way  as 
did  carbon  deposition;  that  is,  smoke  formation  generally 
decreased  with  an  increase  in  smoke-volatility  index  or  smoke 
point  and  with  a decrease  in  K factor.  Satisfactory  relations 
were  obtained  only  at  condition  A.  While  these  results  indi- 
cate that  smoke  formation  and  carbon  deposition  are  affected 
by  the  same  factors,  experience  has  shown  that  design 
features  tending  to  alleviate  the  carbon-deposition  problem 
frequently  aggravate  the  smoke  problem,  and  vice  versa. 
Also,  data  presented  in  reference  12  show  that,  while  fuel 
volatility  affected  smoke  density  in  a single  combustor,  the 
effects  were  very  different  at  different  operating  fuel-air 
ratios.  This  might  explain  the  fact  that  correlations  with 
fuel  factors  were  obtained  at  one  condition  and  not  at 
another  in  the  present  investigation.  It  should  also  be 
pointed  out  that  the  empirical  fuel  factors  considered  were 
developed  for  carbon  deposition  and  not  for  exhaust-gas 
smoke. 

EFFECT  OF  ADDITIVES  ON  CARBON  FORMATION 

The  fuel  additives  investigated  represent  a fairly  wide 
variety  of  organo-metallic  compounds,  oxygen-bearing  com- 
pounds, and  commercial  compounds  recommended  for  use 
in  reciprocating  engines  and  furnaces  to  reduce  carbonaceous 
deposits  and  smoke.  Spectroscopic  analyses  of  the  com- 
mercial compounds  showed  that  most  of  them  contained  some 
organo-metallic  materials.  Most  of  the  additives  tested 
significantly  reduced  carbon  deposits  of  the  base  fuel.  None 
of  them  produced  effects  on  exhaust-gas  smoke  concentration 
that  could  be  considered  significant  in  view  of  the  variations 
in  smoke  concentrations  observed  with  the  base  fuel. 

Among  the  additives  tested,  the  oxygenated  compounds 
were  generally  the  least  effective  in  reducing  deposits  in  the 
single  combustor.  The  most  effective  oxygenated  com- 
pound, isooctyl  nitrate,  reduced  base-fuel  deposits  almost 
30  percent  in  a 1-percent-by-weight  blend.  Most  of  the 
organo-metallic  compounds  and  the  commercial  additives 
reduced  deposits  50  percent  or  more.  Additives  A,  B,  and 
J,  which  reduced  base-fuel  deposits  around  70  percent,  were 
the  most  effective  of  the  commercial  additives.  Tests  with 
tetraethyl  lead  and  with  lead  naphthenate  showed  smaller 
but  still  very  significant  reductions.  The  most  effective 
compound  tested  was  dicyclopentadienyliron,  known  com- 
mercially as  “Ferrocene.”  This  material  reduced  deposits 
in  all  concentrations  tested;  the  largest  reduction  was  80 


percent,  obtained  with  the  highest  additive  concentration 
tested  (0.05  percent  by  weight)  in  a No.  2 furnace  oil  (fuel 
53-193). 

The  weights  of  deposits  reported  include  any  metallic 
deposits;  therefore,  actual  reductions  in  carbon  deposits 
obtained  with  additives  containing  organo-metallic  com- 
pounds m&y  have  been  somewhat  greater  than  reported. 
Furthermore,  since  the  density  of  metallic  deposits  would  be 
expected  to  exceed  the  density  of  carbon  deposits,  the  volume 
of  deposits  ma}r  be  reduced.  The  volume,  rather  than  the 
weight,  of  deposits  probably  determines  the  effects  on  com- 
bustor performance. 

The  results  showed  that  the  relative  effectiveness  of  addi- 
tives varied  when  they  were  used  with  different  base  fuels. 
However,  the  experimental  data  do  not  indicate  a relation 
between  the  effectiveness  of  an  additive  and  the  carbon- 
forming propensity  of  the  fuel.  Thus,  the  choice  of  the  best 
additive  for  use  in  jet  fuels  must  result  from  tests  with  as 
many  widely  different  fuels  as  are  obtainable  under  the 
existing  fuel  procurement  specifications. 

The  effectiveness  of  an  additive  may  also  be  expected  to 
vary  with  combustor  design,  since  the  environment  in  which 
the  carbon  is  formed  may  vary  considerably.  For  example, 
in  a vaporizing-type  combustor  carbon  forms  inside  the 
vaporizing  tubes  as  well  as  in  the  flame  zone.  The  deposits 
have  been  found  to  be  of  different  composition,  indicating 
differences  in  mode  of  formation.  Unpublished  data  have  in 
fact  shown  different  effects  of  additives  on  deposits  in  the 
flame  zone  and  in  the  vaporizing  tubes  of  prevaporizing 
combustors. 

Effectiveness  in  reducing  deposits  is  not  the  only  factor 
to  be  considered  in  choosing  an  additive.  Other  factors 
include  possible  effects  on  fuel-  and  combustion-system  com- 
ponents, ease  of  handling,  solubility  in  jet  fuel,  storage  and 
high-temperature  stability,  availability,  and  cost.  There  is 
no  information  available  to  indicate  whether  the  additives 
would  be  affected  by  a water-displacement  storage  system. 
Very  limited  data  obtained  with  fuel  52-105  and  the  blend 
of  0.005-percent  lead  naphthenate  in  52-105  indicated  that 
the  addition  of  the  lead  naphthenate  caused  small  increases 
in  both  preformed  gum  (3  to  6 mg/100  ml)  and  accelerated 
gum  (10  to  14  mg/100  ml).  These  data  indicate  the  need  to 
investigate  this  factor. 

Limited  field  experience  has  indicated  marked  corrosion 
difficulties  in  the  exhaust  section  of  turbojet  engines  oper- 
ating with  fuels  containing  tetraethyl  lead,  such  as  high- 
octane  aviation  gasoline.  Effects  of  other  metallic  additives, 
such  as  the  dicyclopentadienyliron,  on  engine  operation  have 
not  been  examined. 

All  the  additives  tested  are  relatively  easy  to  handle  and 
sufficiently  soluble  in  jet  fuel,  but  the  relative  availability 
and  cost  of  the  additives  are  unknown. 
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SUMMARY  OF  RESULTS 

An  investigation  of  the  effects  of  fuel  properties  and  fuel 
additives  on  carbon  deposition  of  JP-3  and  JP-4  type  fuels 
in  turbojet-engine  combustors  gave  the  following  results: 

1-  At  operating  conditions  simulating  an  engine  with  a 
compressor  pressure  ratio  of  4 at  a 20,000-foot  altitude  and 
zero  flight  speed,  carbon  deposits  and  exhaust-gas  smoke 
density  correlated  with  three  empirical  fuel  factors:  smoke- 
volatility  index,  smoke  point,  and  NACA  K factor.  More 
accurate  correlations  of  deposits  were  obtained  with  smoke 
point  and  NACA  K factor. 

2.  Single-combustor  deposit  data  at  the  preceding  condi- 
tions also  correlated  reasonably  well  with  limited  full-scale- 
engine  deposit  data.  Deposition  in  different  engines  and  in 
the  single  combustor  was  not,  however,  equally  sensitive  to 
changes  in  fuel  properties. 

3.  At  higher  pressure  and  temperature  operating  condi- 
tions simulating  an  engine  with  a compressor  pressure  ratio 
of  7 at  sea  level  and  Mach  0.87,  neither  deposits  nor  smoke 
density  satisfactority  correlated  with  any  of  the  fuel  factors 
considered.  Also,  the  deposit  data  obtained  at  these  condi- 
tions did  not  correlate  with  full-scale-engine  data. 

4.  A number  of  fuel  additives,  including  organo-metallic 
compounds,  commercial  additives,  and  oxygenated  com- 
pounds, significantly  reduced  combustion-chamber  carbon 
deposits.  The  most  effective  additives  were  those  containing 
organo-metallic  compounds,  particularly  lead  and  iron  com- 
pounds. The  most  effective  additive,  dicvclopentadiemdiron, 
reduced  deposits  of  the  base  fuel  by  approximately  80 
percent. 

5.  Limited  tests  showed  that  the  relative  effectiveness  of 
the  additives  may  vary  markedly  with  properties  of  the 
base  fuel. 

6.  None  of  the  additives  tested  produced  significant  effects 
on  the  exhaust-gas  smoke  concentration. 

Lewis  Flight  Propulsion  Laboratory 

National  Advisory  Committee  for  Aeronautics 
Cleveland,  Ohio,  October  28,  1957 
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AN  EXPERIMENTAL  INVESTIGATION  OF  STING-SUPPORT  EFFECTS  ON  DRAG  AND  A 
COMPARISON  WITH  JET  EFFECTS  AT  TRANSONIC  SPEEDS  1 


By  Maurice  S.  Cahn 


SUMMARY 

Results  are  presented  of  an  investigation  of  sting-support 
interference  on  afterbody  drag  at  transonic  speeds . Stings  with 
varying  diameter , cone  angle , and  cylindrical  length  were  tested 
at  the  rear  of  a model  with  various  afterbody  shapes.  The  data 
were  obtained  at  an  angle  of  attack  of  0°  and  at  Mach  numbers 
from  0.80  to  1.10.  In  general , the  addition  of  a sting  was  found 
to  cause  a drag  reduction.  A method  is  presented  whereby 
approximate  sting-interference  corrections  may  be  made  to  models 
with  afterbodies  and  sting  supports  of  size  and  scale  similar  to 
those  of  this  investigation , provided  the  boundary  layer  is  turbu- 
lent at  the  model  base  and  the  Reynolds  numbers  are  of  the  same 
order  of  magnitude.  Reynolds  number  of  the  tests  presented 
varied  from  15.0X10 6 to  174X10 6 based  on  body  length. 

Sting  effects  are  compared  with  data  of  jet  effects  on  the  same 
afterbodies'.  The  results  of  this  comparison  indicate  that , for 
the  more  gradually  contoured  afterbodies , a sting  shape  can  be 
found  which  will  duplicate  the  jet  effects , but  that  for  blunt 
afterbodies  no  solid  sting  shape  will  duplicate  the  jet  effects. 

INTRODUCTION 
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pressure 
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jet  total  temperature,  °F 
station  along  longitudinal  axis 
afterbody  boattail  angle,  deg 
sting  cone  half-angle,  deg 


A large  part  of  wind-tunnel  testing  involves  the  use  of 
rear  sting-supported  models.  Experimental  data  for  sting- 
support  effects  on  model  characteristics  are  needed  in  order 
to  estimate  more  exactly  free-ffight  conditions.  A recent 
summary  of  information  on  sting-support  interference  (ref. 
1)  presents  a comprehensive  study  of  sting  effects  at  super- 
sonic speeds;  however,  as  noted  in  reference  1,  the  acute 
problem  at  transonic  speeds  requires  more  experimental  data. 
An  investigation  has  been  conducted  in  the  Langley  8-foot 
transonic  tunnel  to  evaluate  some  of  the  effects  of  sting-sup- 
port  configuration  on  the  drag  characteristics  of  a systematic 
series  of  afterbodies.  The  tests  were  conducted  at  an  angle 
of  attack  of  0°  through  the  Mach  number  range  from  0.80 
to  1.10  for  stings  with  varying  cone-angle,  length,  and  diam- 
eter. The  sting  effects  determined  are  compared  with  data 
of  jet  effects  on  the  same  afterbodies. 

SYMBOLS 

A cross-sectional  area 

CxyCtyCz  representative  constant  values  of  DJI 


SUBSCRIPTS: 

A afterbody 

b base 

s « sting 

co  free  stream 

/?  boattail 

l local 

max  model  maximum 

APPARATUS  AND  METHODS 

WIND  TUNNEL 

This  investigation  was  conducted  in  the  Langley  8-foot 
transonic  tunnel,  which  has  a dodecagonal  slotted  test 
section.  Continuous  testing  up  to  a Mach  number  of  1.10 
was  possible  for  these  models.  Details  of  the  test  section 
are  presented  in  reference  2.  Characteristics  of  the  airstream 
are  given  in  reference  3,  wherein  the  maximum  deviation 
from  the  indicated  free-stream  Macli  number  is  shown  to 
be  ±0.003. 


1 Supersedes  recently  declassified  NACA  Research  Memorandum  L5GFlSa  by  Maurice  S.  Cahn,  1956. 
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MODELS 

The  models  used  in  the  investigation  were  bodies  of 
revolution  that  consisted  of  a single  forebody  with  inter- 
changeable afterbodies.  These  bodies  had  fineness  ratios  of 
10  or  10.6,  depending  on  the  choice  of  afterbod}7.  They 
were  supported  in  the  tunnel  as  shown  in  figure  1 by  two  45° 
swept  struts.  These  struts  had  chords  of  11.25  inches  and 
NACA  65-010  airfoil  sections  measured  parallel  to  the 
airstream.  Their  leading  edges  intersected  the  bodies  21.7 
inches  from  the  nose. 

Eight  afterbody  configurations  (identified  herein  as 
afterbodies  A to  H)  were  designed,  with  the  exception  of 
afterbody  E,  on  the  basis  of  the  following  equation  (see 

fig.  2) : 


where 

r radius  at  any  station 

rmax  maximum  radius 

rb  radius  at  base 

%a  distance  from  afterbody  origin  to  any  station 

xQ  distance  from  afterbody  origin  to  end  of  cylindrical 
section 

X\  distance  from  afterbody  origin  to  body  base 

boattail  angle 


The  design  values  of  the  afterbody  variables  are  given  in 
table  I.  Drawings  of  the  afterbody  shapes  are  shown  in 
figure  3.  Afterbody  E,  while  not  of  this  afterbody  family, 
is  included  since  it  provides  a low  boattail  angle  otherwise 
not  available  for  the  bodies  having  a fineness  ratio  of  10.0. 
Tabulated  in  table  II  are  the  ordinates  from  which  the  body 
shapes  were  constructed.  A sketch  of  the  body  shapes 
appears  as  figure  4. 

The  models  were  instrumented  with  26  static-pressure 
orifices  in  each  of  three  rows  located  0°,  45°,  and  72°  from 
the  plane  of  symmetry.  Orifice  distribution  was  the  same 
in  each  row.  Also,  two  diametrically  opposite  base-pressure 
orifices  were  located  a short  distance  inside  the  model  base 
annulus. 

STINGS 

The  stings  were  constructed  of  wood  and  were  attached  to 
the  rear  of  the  models  by  means  of  an  adapter  contained 
within  the  sting  and  the  afterbody.  The  models  were  tested 
with  no  sting  and  with  the  stings  shown  in  figure  5.  These 
stings  included  configurations  having  conical  half-angles 
from  0°  to  10°  and  no  cylindrical  sections  ahead  of  the  cone, 
stings  with  conical  half-angles  of  5°  and  cylindrical  sections 
ahead  of  the  cone  varying  from  0 to  13.40  inches,  and  cy- 


TABLE  I.— AFTERBODY  DESIGN 


Afterbody 

rmax.  in. 

xi,  in. 

P,  deg 

rb,  in. 

2*0 

A 

2.5 

15. 70 

S 

0. 836 

2.81 

B 

• 2.5 

15.  70 

16 

.836 

2.  81 

C 

2.5 

15.  70 

24 

.836 

2. 81 

D 

2.5 

15.  70 

45 

.836 

2.81 

E 

2.5 

19.  55 

7.  7 

1.256 

Not  defined 
by  eq.  (1) 

F 

2.5 

12.  72 

16 

1. 182 

2.  51 

G 

2.5 

12.  72 

24 

1.182 

2.51 

H 

2.5 

12.  72 

45 

1.182 

2.51 

Figure  3. — Afterbody  shapes  investigated.  All  dimensions  are  in 

inches. 
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TABLE  II.* — BODY  ORDINATES 


(a)  Forebody  Ordinates 


Station  x,  in. 

Radius,  r, 
in. 

Station  x,  in. 

Radius,  r, 
in. 

0.  300 

0. 139 

12. 000 

1.854 

.450 

.179 

15. 000 

2.  079 

.750 

.257 

18. 000 

2.  245 

1.500 

.433 

21.  000 

2. 360 

3.  000 

.723 

24. 000 

2.438 

4.500 

.968 

27.  000 

2.486 

6. 000 

1.183 

30.  000 

2.  500 

9. 000 

1.  556 

30. 480 

2.500 

(b)  Afterbody  Ordinates 


Station  x,  in. 

Radius,  r,  in. 

Afterbody  A 

Afterbody  B 

Afterbody  C 

Afterbody  D 

Afterbody  E 

Afterbody  F 

Afterbody  G 

Afterbody  H 

30. 48 

2.500 

2.  500 

2.  500 

2.500 

2.500 

2.500 

2.500 

2.500 

33  12 

2.478 

36  12 

2.414 

37. 31 

2.  500 

2.500 

2.  500 

2.  500 

2.500 

2.  500 

2.  500 

39  12 

2.  305 

40. 12 

2.  500 

2.500 

2.500 

2.  500 

2. 499 

2.  500 

2.  500 

42. 12 

2.  278 

2. 469 

2.  495 

2.500 

2. 137 

2.  446 

2.  488 

2.500 

44. 12 

2.030 

2.  364 

2.  458 

2.  500 

2.  293 

2. 414 

2.  498 

45. 12 

1.  877 

46!  12 

1. 772 

2. 176 

2.  350 

2.  496 

2.031 

2.211 

2. 469 

48. 12 

1.506 

1.901 

2. 130 

2.  459 

1.  516 

1.  654 

1.814 

2.235 

50. 03 

1.257 

1.182 

1. 182 

1.182 

50!  12 

1.  235 

1.  534 

1.752 

2.  268 

r 1 -in 

1 098 

1 315 

1. 490 

2.013 

01.  lx 

52.12 

! 960 

l!  073 

1. 172 

1.  545 

53.01 

.836 

.836 

.836 

.836 

- 

- 50.03 


53.01 


Figure  4. — Body  shapes. 


linclrical  stings  with  diameters  varying  from  0.84  to  2.36 
inches.  The  overa.ll  length  of  all  stings  was  26  inches. 

TESTS  AND  MEASUREMENTS 

Various  stings  were  tested  with  each  afterbody  at  an  angle 
of  attack  of  0°.  For  each  configuration,  the  Mach  number 
was  varied  in  0.05  increments  from  0.80  to  1.10.  In  order 
to  compare  sting  effects  with  jet  effects,  an  ethylene-air 
burner  was  exhausted  through  the  base  of  the  model  with 
no  sting  in  place.  The  total  temperature  of  the  jet  exhaust 
gas  was  1,200°  F.  Data  were  taken  for  ratios  of  the  jet  total 
pressure  to  free-stream  static  pressure  varying  from  2 to  ap- 
proximately 10  at  free-stream  Mach  numbers  of  0.80,  0.90, 
1.00,  and  1.10.  Reynolds  number  based  on  body  length 
varied  from  15.0  X 106  to  17.4  X 106.  (See  fig.  6.)  All 
pressures  were  photographically  recorded  from  multiple  tube 
manometers. 

REDUCTION  OF  DATA 

The  pressure  coefficients  of  these  tests  were  numerically 
integrated  to  obtain  values  of  afterbody  pressure  drag  co- 


efficient which  are  based  on  body  frontal  area.  The  stings 
used  in  this  investigation  had  no  effect  on  the  forebody 
pressure  drag  as  will  be  shown  in  the  section  entitled  “Re- 
sults and  Discussion.”  Base  drags  were  obtained  by  as- 
suming that  measured  base  pressures  acted  over  the  entire 
model  base. 

PRECISION 

Total-drag-coefficient  errors  due  to  possible  inaccuracies 
in  measurement  and  to  tunnel-empty  stream  nonuniformities 
are  estimated  generally  to  be  less  than  0.005  at  subsonic 
speeds  and  not  more  than  0.010  at  supersonic  speeds. 

The  magnitude  of  the  sting  effects  may  be  somewhat 
affected  by  tunnel-wall  disturbances  above  M=1.0.  A de- 
tailed analysis  of  shock  reflections  of  this  type  may  be  found 
in  reference  3. 


RESULTS  AND  DISCUSSION 

DESCRIPTION  OF  FLOW  PHENOMENA 

Prior  to  presentation  of  these  results,  a brief  discussion 
of  the  flow  mechanism  occurring  at  the  model  base  is  con- 
sidered to  be  desirable.  Inasmuch  as  the  flow  separates 
from  the  body  at  the  model  base,  a region  of  low-energy  air 
is  created  immediately  behind  the  base.  As  a consequence, 
the  streamline  adjacent  to  the  wake  has  essentially  a con- 
stant pressure.  The  way  in  which  the  pressure  at  the  base 
arrives  at  its  steady  value  can  be  illustrated  by  considering 
a cylindrical  afterbody.  If  in  some  way  an  external  stream 
is  immediately  imposed  on  this  afterbody,  the  base  pressure 


330 


REPORT  1353 — NATIONAL  ADVISORY  COMMITTEE  FOR  AERONAUTICS 


L 26.00 A 

Figure  5. — Sting  shapes  investigated.  All  dimensions  are  in  inches. 


will  in  the  first  instant  be  equal  to  the  free-stream  static 
pressure.  (See  fig.  7 (a).)  After  some  time,  because  of 
viscous  mixing,  the  external  stream  aspirates  the  base  region 
and  lowers  its  pressure.  The  free  stream  is  turned  inward 
with  an  accompanying  increase  in  velocity.  Viscous  mix- 


Figure  6. — Variation  of  Reynolds  number,  based  on  body  length,  with 

Mach  number. 


ing,  now  being  strengthened,  causes  more  aspiration  of  the 
base  region  with  further  turning  inward  of  the  free  stream. 
Opposing  this  effect  is  the  increase  in  pressure  in  the  wake 
where  the  external  stream  must  be  turned  to  become  hori- 
zontal again.  Since  the  base  region  is  also  affected  by  this 
wake  pressure  rise,  a base  pressure  is  established  when  the 
two  opposing  effects  are  in  equilibrium.  (See  fig.  7 (b).) 

Boattailing,  if  not  so  great  as  to  cause  separation  ahead  of 
the  base,  will  cause  an  increase  in  base  pressure.  (See  fig.  7 
(c).)  This  increase  in  base  pressure  results  from  an  increase 
in  compression  over  the  body  as  well  as  from  the  fact  that 
less  wake  region  is  exposed  to  the  aspiration  effects  of  the 
external  stream.  Placing  a sting  in  the  rear  of  a model,  in 
addition  to  causing  less  wake  exposure,  requires  the  external 
stream  to  be  turned  outward  more  rapidly.  (See  fig.  7 (d).) 
These  effects  result  in  a base-pressure  increase.  Increasing 
the  sting  cone  angle  or  moving  the  sting  cone  closer  to  the 
base  thus  causes  a further  increase  in  the  turning  rate  of  the 
external  stream  near  the  base  and  results  in  a further  base- 
pressure  increase. 

A sting  also  has  effects  on  the  body  pressures  ahead  of  the 
model  base  that  are  similar  to  the  sting  effects  on  base  pres- 
sure. These  effects,  which  are  transmitted  through  the  body 
boundary  layer,  become  smaller  with  increasing  distance  up- 
stream of  the  base,  as  is  shown  in  figure  8.  In  figure  8 are 
typical  pressure  distributions  over  the  bod}7-  with  and  without 
a sting.  The  pressure  coefficients  for  the  orifice  row  along 
the  plane  of  symmetry  are  shown  for  afterbodies  B and  D at 
four  Mach  numbers.  The  two  afterbodies  represent  a blunt 
and  a gradually  contoured  rear  end  configuration,  and  the 
sting  is  the  one  which  had  the  largest  effect.  These  results 
indicate  that  the  sting  did  not  affect  the  body  pressures  for- 
ward of  the  60-percent  station. 

EFFECT  OF  STING  CONFIGURATION  ON  BASE  PRESSURE 

In  figure  9,  base  pressure  coefficients  are  presented  as  a 
function  of  sting  half-angle,  length,  and  cross-sectional-area 
parameters.  As  previously  stated,  the  presence  of  a sting 
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M,  Ad 


M,  Pa 


(a)  Cylindrical  afterbody  immediately  after  starting  of  external  stream, 
(b)  Cylindrical  afterbody  fully  developed  flow. 

(c)  Boattailed  afterbody. 

(d)  Boattailed  afterbody  with  sting. 

Figure  7. — Sketch  of  flow  mechanism  at  base. 


results  in  changes  in  base  pressure  as  well  as  similar  changes 
in  body  pressures  upstream  of  the  base.  Consequently,  as 
would  be  expected,  the  variations  in  afterbody  drag,  which 
will  be  discussed  in  the  following  sections,  are  similar  to 
changes  in  base  pressure. 

EFFECT  OF  STING  CONFIGURATION  ON  DRAG 

Sting  cone-angle  effect. — Figure  10  shows  the  effect  of 
sting  half-angle  on  afterbody  pressure  drag.  Presented  at 
Mach  numbers  from  0.80  to  1.10  are  curves  of  base,  boattail, 
and  total  afterbody  pressure  drag  coefficients  as  a function  of 
sting  half-angle  for  each  body  tested.  The  length  l of  the 
cylindrical  section  ahead  of  the  sting  cone  is  zero.  These  data 
show  that  in  spite  of  the  large  differences  in  absolute  drag 
values,  the  curves  are  similar  for  all  afterbodies  in  that  the 
drag  became  lower  with  increasing  sting  cone  angle.  This 


trend  occurred  primarily  because  of  the  more  rapid  rate  of 
turning  of  the  external  stream  with  increasing  sting  cone 
angle.  It  should  be  pointed  out  that  the  downstream  end  of 
the  sting  cones  was  limited  to  a diameter  of  3.75  inches. 

Since  the  curves  of  figure  10  tended  to  be  linear,  slopes  of 
the  total  afterbody  drag  curves  were  taken.  These  slopes  are 
plotted  in  figure  11  and  can  be  used  to  summarize  the  sting 
cone  angle  effect.  For  the  cases  where  the  variation  of  drag 
with  sting  cone  angle  was  not  linear,  the  slopes  were  taken  so 
as  to  favor  the  low-angle  portion  of  the  curves.  For  after- 
bodies B,  C,  and  D,  the  curves  indicate  that  the  sting  cone 
angle  effect  near  the  speed  of  sound  can  be  double  the  effect 
noted  at  higher  and  lower  speeds.  The  subsonic  and  super- 
sonic levels  of  the  angle  effect,  '6Cd,aI^j  for  all  bodies  were  of 
the  order  of  —0.006  with  the  exception  of  afterbody  H. 
Afterbody  H was  effectively  the  most  blunt  afterbody  tested. 
It  can  be  seen  that  increasing  boattail  angle  in  general  caused 
an  increase  in  sting-angle  effect.  This  result  was  attributed 
to  the  increased  turning  rate  required  by  the  external  stream 
at  the  model  base. 

Sting-cone-position  effect. — Figure  12  shows  the  effect  of 
varying  sting-cone  position  along  the  sting  on  base,  boattail, 
and  afterbody  pressure  drag  coefficients.  These  data  were 
obtained  with  cones  of  5°  half-angle  behind  varying  lengths 
of  constant-diameter  cylindrical  sting  sections.  A drag  re- 
duction always  occurred  as  the  sting  cone  was  moved  toward 
the  base  (increasing  Dbjl)  and  caused  an  increased  rate  of 
turning  of  the  external  flow.  Similar  trends,  although  of 
different  magnitude,  were  noted  in  reference  4 for  a some- 
what different  configuration.  It  should  again  be  pointed  out 
that  the  downstream  end  of  the  sting  cones  was  limited  to  a 
diameter  of  3.75  inches. 

The  effect  of  sting-cone  position  lias  been  determined  only 
for  stings  with  a 5°  cone  half -angle.  However,  it  is  believed 
that  reasonable  approximations  of  the  effect  of  varying  cone 
position  for  stings  with  other  cone  angles  can  be  obtained  by 
proper  interpolation  of  the  results  presented  herein.  A 
simple  method  of  achieving  this  can  be  illustrated  by  use  of  a 
typical  plot  of  drag  coefficient  against  sting  angle.  (Sec  fig. 
13.)  The  entire  range  of  angles  and  lengths  is  bounded  by 
the  two  linear  curves  for  Db/l= 0 and  Db/L=  . The  curves 
for  the  intermediate  values  of  Db/l  cannot  cross  over  each 
other  since  the  variation  of  drag  with  sting  length  is  a 
monotonic  function.  Therefore,  it  would  appear  that  the 
drag  for  intermediate  values  of  Db/l  could  be  reasonably 
approximated  with  linear  curves.  Having  the  drag  values 
for  the  intermediate  Db/l  values  for  0—5°  will  allow  these 
approximation  lines  to  be  determined. 

Let  A CD  be  defined  as  the  difference  between  total  after- 
body drag  coefficient  at  an}7  given  Dbjl  and  at  Db/l= 0,  and 
let  A CDtinax  be  the  difference  between  total  afterbody  drag 
coefficient  at  Db/l=  «>  and  Db/l= 0.  Then,  on  the  basis  of 
the  foregoing  discussion  &CD/ACDtmax  for  any  Db/l  may  be 
considered  to  be  approximately  a constant  for  all  values  of  0. 
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Figure  8. — Typical  pressure  distributions  for  orifice  row  along  the  plane  of  symmetry.  Afterbodies  B and  D 
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Figure  10. — Variation  of  base,  boattail,  and  total  afterbody  pressure-drag  coefficient  with  sting  half-angle  with 
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Figure  13.— Illustrative  plot  of  Cd,a  against  0 for  various  values  of  Db/l. 


necessarity  limited.  Therefore,  any  corrections  obtained 
empirically  from  these  results  should  be  restricted  to  stings 
and  afterbodies  similar  in  scale  and  shape  to  those  investi- 
gated. It  is  also  recommended  that  the  results  be  used 
only  for  models  having  Reynolds  number  and  boundary- 
layer  conditions  that  comply  with  those  of  the  present  tests. 
(See  ref.  1.)  The  boundary  layer  was  turbulent  ahead  of  the 
model  base  for  the  present  tests. 

Provided  the  previously  mentioned  limitations  apply,  it  is 
suggested  that  the  derived  general  equation  be  used  for 
obtaining  sting  interference  corrections  in  the  following  man- 
ner. An  afterbody  shape  should  be  selected  from  this  report 
similar  to  the  one  for  which  corrections  are  desired.  The 
correction  due  to  the  presence  of  the  sting  cone  is 

ACD=(--^-)ACD,aaz  (2) 


The  parameter  ACD/ACDtfnax  represents  the  ratio  of  sting-cone 
effect  on  drag  for  a given  sting  length  ( Dbjl ) to  the  maximum 
sting-cone  effect  on  drag.  The  maximum  effect  is  obtained 
when  the  sting  length  is  zero  (Db/l~  co) . Values  of  ACD/ACDt  max 
obtained  from  the  data  of  figure  12  are  presented  in  figure 
14  (a).  Their  variation  with  Db/l  is  shown  for  each  after- 
body configuration  through  the  Mach  number  range.  Values 
of  ACD/ACDiTnaz  for  configurations  having  larger  values  of 
Dbjl  than  those  shown  in  figure  14  (a)  may  be  obtained  in 
figure  14  (b) . These  values  are  plotted  against  the  reciprocal 
of  Dbjl  for  each  afterbody  configuration  through  the  Mach 
number  range.  Figure  15  presents  the  slopes  of  the  linear 
portion  of  the  curves  shown  in  figure  14  (a).  The  magnitude 
of  these  slopes  is  about  1.0  for  all  configurations  tested. 

Sting-size  effect.— The  effect  on  the  base,  boattail,  and 
afterbody  pressure  drag  coefficients  of  varying  the  cross- 
sectional  area  of  a cylindrical  sting  is  presented  in  figure  16 
for  each  afterbody.  No  sting  cone  was  present  on  the  sting 
for  these  data  and  the  effect  of  limiting  the  sting  length  to  26 
inches  is  believed  to  be  negligible.  In  general,  the  effect  of 
increasing  the  sting  size  was  to  decrease  the  drag.  Average 
slopes  of  total  afterbody  pressure  drag  with  the  sting  size 
parameter  are  plotted  against  Mach  number  in  figure  17. 
The  slopes  are  seen  to  vary  from  approximately  zero  to 
-0.05. 

STING-INTERFERENCE  CORRECTIONS 

Inasmuch  as  a large  number  of  afterbodies  and  stings  were 
tested  in  combination,  a general  equation  has  been  derived 
from  the  results  to  provide  corrections  to  wind-tunnel  drag 
measurements  for  sting-interference  effects.  Although  the 
scope  of  the  present  investigation  was  rather  large,  it  was 


where  ACD/AODi7nax  can  be  read  from  figure  14  for  the  proper 
values  of  Dbjl  and  M;  or  for  Dbjl  less  than  0.5,  AOD/ACDtmax 
can  be  approximated  by  using  figure  15. 

Inasmuch  as  the  variation  of  CD  with  sting  angle  is  linear, 

a (^r)  (3) 

where  bCDtAjbQ  can  be  read  from  figure  11  for  the  correct 
value  of  M . 

Substitution  from  equation  (3)  into  equation  (2.)  gives  the 
drag  correction 


ACD^d 


A Cp  \ /bCDi  a\ 
ACDtTnax)  \ bd  J 


(4) 


This  relation  will  correct  data  for  a sting  with  a conical  sec- 
tion to  data  for  a sting  with  only  a cylindrical  section. 

In  order  to  correct  for  the  cylindrical-section  diameter 


ACd= 


aat  bOD,A  - 
AJlA(As/Ab)_ 


(5) 


AC 

where  \ can  be  read  from  figure  17.  The  complete 

0{sis/Jlb) 

sting  correction  then  becomes 


ACd=6 


ACp  \ / bCDtA\  . / As\  bCDtA 
ACDtmaxJ\  bd  r\Aj[b{AsIAb)_ 


(6) 
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Mach  number,  / 

Figure  15. — Variation  of  sting-length  effect  wit 
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Figure  17. — Variation  of  sting-size  effect  with  Mach  number.  ^=0. 


The  correction  thus  obtained  must  be  subtracted  from  the 
total-drag  coefficient  based  on  model  frontal  area.  It  should 
be  noted  that  the  value  of  A CD  will  in  all  cases  be  negative 
and  will  result  in  a drag  increase  when  data  are  corrected  to 
the  sting-off  conch tion.  It  is  estimated  that  the  above 
method  of  obtaining  sting  corrections  will  give  drag-coeffi- 
cient increments  generally  within  0.03  of  the  values  obtained 
by  using  the  actual  data  points. 

Corrections  determined  from  the  present  results  have  been 
calculated  for  a model  discussed  in  reference  5.  In  figure 
18,  the  resulting  corrections  are  compared  with  the  correc- 
tions determined  by  the  method  described  in  reference  5. 
The  model  of  reference  5 had  £=5.6°,  Di,/Dmax=0Al6, 
0=4.2°,  Db/l—  and  AS/.A&=0.85.  Afterbody  E was 
chosen  as  most  closely  approximating  the  model.  The  model 
was  tested  in  a closed-throat  tunnel.  The  sting  corrections 
in  reference  5 were  determined  by  using  decreasing  sting 
sizes  and  extrapolating  the  zero  sting  size.  Figure  18  indi- 
cates good  agreement  between  the  present  results  and  refer- 
ence 5 for  all  configurations  below  a Mach  number  of  0.9. 
Above  this  speed,  indications  are  that  sting  corrections  are 
more  sensitive  to  changes  in  tail  configurations. 
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Figure  18. — Comparison  of  sting  corrections  from  present  test  with 
corrections  obtained  in  reference  5. 

A direct  comparison  with  the  sting  effects  of  references  4 
and  6 could  not  be  made  since  none  of  the  afterbodies  of  this 
report  approximate  the  configurations  of  references  4 and  6. 
However,  it  is  worthy  of  note  that  the  sting  effects  in  refer- 
ences 4 and  6 are  considerably  larger  than  any  of  this  test. 
This  difference  is  a result  of  the  configurations  of  references 
4 and  6 having  larger  values  of  Db/Dmax  (0.737  and  1.00, 
respectively) . 

SIMULATION  OF  JET  EFFECTS  WITH  A STING 

Jet  effects  studies  were  made  on  each  afterbody  including 
tests  on  a sting  which  had  the  shape  of  a free  sonic  jet  expand- 
ing from  the  rear  of  the  bodies.  The  sting  shape  was  deter- 
mined by  measurements  of  a schlieren  photograph  of  a jet 
at  a total-pressure  ratio  of  5 and  a temperature  of  1,200°  F. 
This  sting  having  the  same  size  and  shape  as  the  free  jet 
always  produced  higher  afterbody  pressures  than  the  jet. 
This  result  was  as  might  be  expected,  since  the  sting  could 
produce  the  solid-body  effect  but  not  the  aspirating  effect  of 
the  jet. 

There  is,  however,  a possibility  of  simulating  jet  effects 
with  a sting  of  a different  shape  than  that  of  the  free  jet. 
In  figure  19  is  shown  the  variation  of  afterbody  pressure  drag 
coefficient  with  the  sting  parameters  of  this  investigation 
and  with  jet  total-pressure  ratio  for  a sonic  free  jet  exhausting 
at  1,200°  F. 

Figure  19  indicates  that  for  the  gradually  contoured  after- 
bodies a practical  sting  shape  can  be  made  which  will  produce 
the  same  drag  as  the  jet  at  a given  pressure  ratio.  As  the 
afterbody  shape  becomes  more  blunt,  the  aspiration  effect 
of  the  jet  becomes  increasingly  predominant  on  the  larger 
wake  behind  the  blunt  rear  end,  and  it  becomes  increasingly 
more  difficult  to  simulate  the  jet  effect  with  solid  sting 
shapes.  This  simulation  is  impossible  for  afterbodies  D and 
H for  reasonable  jet-pressure  ratios.  Because  of  the  small- 
diameter  sting  required,  jet  simulation  is  impractical  for 
afterbody  G.  Afterbodies  F and  E would  probably  show 
agreement  between  sting  and  jet  data  at  pressure  ratios  above 
those  presented  since  for  the  higher  jet  pressure  ratios,  the 
free  jet  size  would  increase  and  cause  higher  pressures  rear- 
ward of  the  base. 


AN  EXPERIMENTAL  INVESTIGATION  OF  STING-SUPPORT  EFFECTS  ON  DRAG 
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Figure  19. — Concluded. 
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CONCLUSIONS 


From  an  investigation  to  determine  the  effects  of  sting- 
support  on  several  bod}7  shapes,  the  following  conclusions 
have  been  drawn: 

1.  The  presence  of  a sting  in  general  causes  a drag  reduc- 
tion. 

2.  Increasing  sting  cone  angle,  decreasing  sting  cylindrical 
length  ahead  of  the  sting  cone,  and  in  general  increasing  sting 
diameter  causes  a drag  reduction. 

3.  Sting-cone-angle  effect  increases  with  increasing  boat- 
tail  angle. 

4.  Approximate  sting  interference  corrections  can  be  made 
on  models  with  afterbodies  and  sting  supports  similar  in 


scale  and  geometry  to  those  reported,  provided  the  Reynolds 
number  is  of  the  same  order  of  magnitude  and  the  boundary 
layer  ahead  of  the  model  base  is  turbulent. 

5.  For  graduall}7  contoured  afterbodies,  a sting  can  be 
made  which  mil  duplicate  jet  effects,  but  for  blunt  after- 
bodies no  solid  sting  shape  will  produce  the  same  effect  as 
the  jet. 

Langley  Aeronautical  Laboratory, 

National  Advisory  Committee  for  Aeronautics, 
Langley  Field,  Va.,  June  4->  1956. 
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EFFECT  OF  CHORD  SIZE  ON  WEIGHT  AND  COOLING  CHARACTERISTICS  OF  AIR-COOLED 

TURBINE  BLADES1 


By  Jack  B.  Esgar,  Eugene  F.  Schum,  and  Arthur  N.  Curren 


SUMMARY 

An  analysis  has  been  made  to  determine  the  effect  of  chord  size 
on  the  weight  and  cooling  characteristics  of  shell-supported,  air- 
cooled gas-turbine  blades.  In  uncooled  turbines  with  solid 
blades,  the  general  practice  has  been  to  design  turbines  with  high 
aspect  ratio  (small  blade  chord)  to  achieve  substantial  turbine 
weight  reduction . With  air-cooled  blades,  this  study  shows  that 
turbine  blade  weight  is  affected  to  a much  smaller  degree  by  the 
size  of  the  blade  chord. 

The  heat-transfer  analysis  shows  that  considerable  saving  in 
coolant  flow  is  possible  by  utilizing  a smaller  number  of  large- 
chord  blades  rather  than  a larger  number  of  small-chord  blades 
with  constant  blade  solidity.  Generally,  turbines  with  a blade 
chord  of  only  1 inch  require  about  twice  as  much  coolant  as 
turbines  with  8-inch-chord  blades  for  a turbine-inlet  temperature 
of  2500°  R.  As  the  blade  chord  is  reduced  below  1 inch,  as  it 
might  be  in  small-diameter  engines,  the  coolant-flow  requirements 
increase  very  rapidly.  The  coolant  flow  required  for  a blade 
with  y2-inch  chord  may  be  more  than  twice  that  required  for  a 
1 -inch-chord  blade.  In  addition  to  the  high  coolant  flows  neces- 
sary, the  small-chord  blades  are  often  unable  to  pass  the  required 
coolant  flow  at  the  pressure  levels  encountered  in  engine  opera- 
tion. Although  this  investigation  was  conducted  specifically  on 
corrugated-insert  blades,  the  trends  of  the  results  are  believed  to 
be  general.  The  study  shows  that,  in  air-cooled-turbine  design, 
efforts  should  be  made  to  use  blades  with  as  large  a chord  as 
appears  feasible  with  regard  to  disk  stress  and  aerodynamics. 

INTRODUCTION 

Turbine  blade  chord  is  an  important  consideration  in  the 
design  of  uncooled  turbines,  primarily  because  of  its  effect 
on  turbine  weight.  This  investigation  was  conducted  to  de- 
termine how  blade  chord  affects  the  weight  and  cooling  char- 
acteristics of  air-cooled  turbines.  In  general,  the  number  of 
blades  in  a turbine  can  vary  considerably  without  signifi- 
cantly affecting  the  turbine  performance  as  long  as  the  blade 
solidity  (ratio  of  chord  to  pitch)  is  maintained  constant.  For 
solid  uncooled  turbine  blades,  the  total  airfoil  weight  is  in- 
versely proportional  to  the  number  of  blades  in  the  turbine 
(directly  proportional  to  chord)  for  constant  solidity.  Since 
aerodynamic  performance  is  only  slightly  affected  but  weight 
is  significantly  affected  by  the  number  of  blades,  it  has  been 
common  practice  among  manufacturers  of  uncooled  turbines 
to  use  a large  number  of  short-chord  high-aspect-ratio  blades 


in  their  turbines.  With  the  introduction  of  cooling  into  the 
turbine,  some  of  the  old  rules  are  no  longer  valid,  and  a new 
look  is  required  to  determine  optimum  blade  sizes. 

In  order  to  permit  increases  in  turbine-inlet  temperature 
on  the  order  of  500°  to  1000°  R,  it  is  necessary  to  extend  cool- 
ant passages  well  into  the  blade  leading  and  trailing  edges. 
The  trailing-edge  coolant  passages  usually  cause  a thickening 
of  the  trailing  edge  and  increased  gas-passage  blockage  for 
each  blade.  This  gas-passage  blockage  results  in  an  aero- 
dynamic performance  loss.  The  required  trailing-edge  thick- 
ness for  air-cooled  blades  is  almost  independent  of  blade  size. 
A method  of  reducing  the  total  gas  blockage  for  the  turbine 
is  to  reduce  the  number  of  blades  and  increase  the  chord  to 
maintain  solidity.  As  a result,  the  optimum  number  of 
blades  with  respect  to  aerodynamic  performance  may  there- 
fore decrease  as  trailing-edge  thickness  is  increased. 

Other  factors  may  also  suggest  the  use  of  a smaller  number 
of  larger-chord  blades  in  air-cooled  turbines.  It  is  easier  to 
build  the  required  internal  surface  area  into  larger  blades, 
and  the  total  coolant-passage  flow  area  for  the  turbine  is 
almost  dir  ec  tty  proportional  to  chord  size  (same  as  weight 
being  proportional  to  chord  for  solid  uncooled  blades),  so 
that,  for  a given  flow  rate,  pressure  losses  should  be  smaller 
when  the  chord  is  increased.  In  addition,  total  airfoil  weight 
for  blades  with  a portion  of  the  interior  hollowed  out  is  no 
longer  directly  proportional  to  the  chord  for  constant  solidity. 
If  the  airfoils  were  thin  hollow  shells,  the  total  airfoil  weight 
for  constant-solidity  turbines  would  almost  be  independent 
of  chord  size. 

In  order  to  obtain  a better  understanding  of  the  effects  of 
chord  size  on  air-cooled  turbine  blade  weight,  cooling  effec- 
tiveness, and  cooling-air  pressure  losses,  an  analytical  study 
was  made  of  these  effects  for  corrugated-insert  blades  with 
chords  varying  from  % to  3%  inches.  In  these  studies  two- 
stage  turbine  engines  were  considered,  with  turbine  diameters 
varying  from  15  to  35  inches,  so  that  the  turbine  blade  aspect 
ratios  varied  from  approximately  1 to  4 for  the  range  of 
chords  considered.  Required  coolant  flow  and  pressure 
losses  were  calculated  for  an  engine  with  a sea-level  com- 
pressor pressure  ratio  of  10  flying  at  a Mach  number  of  2.0 
at  50,000  feet.  While  these  results  may  not  be  completely 
general,  the  trends  should  be  indicative  of  the  effect  of  tur- 
bine blade  chord  size  for  a wide  range  of  application. 


Supersedes  NACA  Technical  Note  3923  by  Jack  B.  Esgar,  Eugene  F.  Schum/ and  Arthur  N.  Curren,  1957. 


359 


360 


REPORT  1354 — NATIONAL  ADVISORY  COMMITTEE  FOR  AERONAUTICS 
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cross-sectional  metal  area,  sq  in. 
flow  area,  sq  ft 
turbine  blade  aspect  ratio 
friction  coefficient 
turbine  blade  chord,  ft 

specific  heat  at  constant  pressure,  Btu/(lbl 

(°R) 

diameter,  ft 
pumping  work,  Btu/lb 

constant,  function  of  blade  transition  ratio 
and  Euler  number 
centrifugal  force,  lb 
acceleration  due  to  gravity,  ft/sec2 
effective  inside  heat-transfer  coefficient,  Btu/ 
(sec)  (sq  ft)  (°R) 

blade-to-coolant  heat-transfer  coefficient,  Btu/ 
(sec)  (sq  ft)  (°R) 

gas-to -blade  heat-transfer  coefficient,  Btu/ 
(sec)  (sq  ft)  (°R) 

mechanical  equivalent  of  heat,  ft-lb/Btu 
Kh  constants 

thermal  conductivity,  Btu/(sec)  (ft)  (°R) 

effective  fin  length,  ft 

blade  perimeter,  ft 

mass,  (lb)  (sec2) /ft 

distance  between  fins,  ft 

Nusselt  number 

relative  total  pressure,  lb/sq  ft  abs 
Prandtl  number 
static  pressure,  lb/sq  ft  abs 
heat  flow,  Btu/sec 
Reynolds  number 
radius  from  center  of  rotation,  ft 
surface  area,  sq  ft 
relative  total  temperature,  °R 
static  temperature,  °R 
tip  speed,  ft/sec 
flow  rate,  lb/sec 
distance  from  blade  root,  ft 
corrugation  amplitude,  in. 
exponent,  function  of  blade  transition  ratio 
and  Euler  number 

coolant-passage  aspect  ratio,  ratio  of  corruga- 
tion amplitude  to  half  corrugation  pitch 
metal  density,  lb/cu  in. 
viscosity,  (lb)  (sec)/(sq  ft) 
stress,  psi 
fin  thickness,  ft 
V2  hilkbT 

angular  velocity,  radians/sec 


Subscripts: 
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cooling  air 

blade,  or  based  on  blade  temperature 

corrugations 

effective 

gas 

hub 

inside 

outside 


T turbine 

t tip 

x local  condition  at  x feet  above  blade  root 

ANALYSIS  AND  PROCEDURE 

AIRFOIL  WEIGHT  AND  SURFACE  AREAS 

The  internal  surface  area  per  unit  length  of  span  of  air- 
cooled turbine  blades  depends  upon  the  aerodynamic  profile 
of  the  blade,  the  blade  chord,  and  the  shell  thickness,  as 
well  as  the  type  of  internal  configuration.  As  the  blade 
chord  is  varied,  it  generally  is  not  possible  to  scale  the  blade 
directly  to  make  the  ratio  of  internal  to  external  surface  area 
remain  constant.  There  are  several  reasons  for  this.  First, 
there  are  minimum  practical  dimensions  with  regard  to 
strength  and  fabrication.  It  is  possible  to  vary  shell  thick- 
ness somewhat,  but  there  are  minimum  thicknesses  that 
depend  on  impact  loads  that  the  shell  must  withstand  from 
foreign  objects  in  the  gas  stream  such  as  sand  and  carbon 
flakes.  Minimum  thicknesses  of  both  the  shell  and  internal 
configuration  are  determined  by  structural  rigidity  and  by 
the  effect  of  braze  penetration  for  configurations  that  rely 
on  brazing.  In  addition,  the  individual  coolant-passage  size 
can  be  reduced  only  so  far  and  then  the  cooling-air  pressure 
losses  may  become  exorbitant  or  the  passages  may  become 
plugged  by  brazing  during  fabrication  or  by  small  particles 
of  foreign  matter  in  the  cooling  air.  For  these  reasons,  both 
large  and  small  blades  may  have  an  internal  configuration 
where  each  passage  has  the  same  dimensions. 

A type  of  air-cooled  turbine  blade  that  offers  considerable 
potentiality  for  permitting  substantial  increases  in  turbine- 
inlet  temperature  with  moderate  cooling-airflow  require- 
ments is  the  corrugated-insert  blade  such  as  shown  in  figure 
1(a).  In  this  type  of  blade,  corrugations  of  uniform  ampli- 
tude are  brazed  to  the  inside  surfaces  of  the  blade  shell.  The 
best  corrugation  geometry  is  generally  one  that  provides  a 
maximum  of  surface  area  within  pressure-drop  limitations. 
This  best  corrugation  is  usually  independent  of  blade  chord 
as  long  as  it  can  be  placed  inside  the  blade  cavity,  but  the 
relative  chordwise  length  of  this  corrugation  is  very  much 
dependent  upon  the  blade  chord,  as  illustrated  in  figure  1 


(o ) 


<b) 

(a)  Typical  corrugated-insert  blade. 

(b)  Effect  of  placing  corrugation  in  small-chord  blade. 

Figure  1. — Effect  of  blade  chord  on  air-cooled  blade  inside  heat-transfer 

surface  area. 
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for  two  blades  of  the  same  profile  but  with  different  chord 
lengths. 

The  ratio  of  internal  to  external  surface  area  gives  an  in- 
dication of  blade-cooling  effectiveness.  A practical  method 
of  determining  how  chord  size  affects  the  internal  surface 
area  is  to  make  layouts  of  each  blade  to  be  investigated. 
This  method  was  used  in  this  report  by  using  an  assumed 
outside  blade  profile  at  the  mean  section  shown  in  figure  1, 
where  the  maximum  blade  thickness  is  approximately  15 
percent  of  the  chord.  The  coolant  passage  was  assumed  to 
be  uniform  from  root  to  tip.  The  outside  profile  changed 
slightly  to  permit  taper  in  the  blade  shell.  These  assump- 
tions result  in  a slight  approximation,  because  in  actual 
practice  the  blade  profile  will  change  along  the  blade  span 
more  than  considered  herein,  but  it  is  possible  with  proper 
design  to  maintain  internal  surface  area  approximately  con- 
stant from  root  to  tip.  In  all  cases  it  was  assumed  that 
metal  corrugations  and  the  sheet-metal  island  in  the  center 
of  the  blade  were  of  uniform  thickness  along  the  span.  The 
corrugations  were  assumed  to  be  0.005  inch  thick,  and  the 
island  sheet  metal  0.010  inch  thick.  The  pitch  of  the  corru- 
gations was  assumed  to  be  0.050  inch,  and  the  amplitude 
was  varied  from  0.030  to  0.070  inch.  This  range  of  internal 
geometries  has  been  found  to  have  effective  heat-transfer 
characteristics  from  a study  of  corrugations  by  the  method 
of  reference  1.  The  chordwise  length  of  the  corrugations  in 
each  blade  size  being  known  from  layouts,  the  surface  area 
and  the  cross-sectional  area  were  calculated  from  relations 
given  in  reference  1.  The  blade  shell,  including  leading-  and 
trailing-edge  portions  where  there  were  no  corrugations, 
was  also  included  in  these  calculations.  The  blade  weight 
was  calculated  from  the  cross-sectional  area  using  a metal 
density  of  0.3  pound  per  cubic  inch. 

For  a linear  variation  in  metal  cross-sectional  area  from 
root  to  tip  of  turbine  blades,  an  expression  for  the  centrifugal- 
stress  distribution  in  the  blades  can  be  derived  in  the  follow- 
ing manner.  The  cross-sectional-area  distribution  along  the 
span  can  be  expressed  by 


or 


A— Ax_r— rx 
At  Ax  vt  tx 


A=AX 


o 


Inh. 

rt—rx 


(1) 

(2) 


where  r and  A are  variables.  The  stress  is  obtained  from 


where 


II 

II 

P‘^dM 

Jr x Ax 

(3) 

dM= 

\2TAAr 

9 

c 

(4) 

and  the  constant  12  is  a conversion  from  feet  to  inches.  Com- 
bining equations  (2)  to  (4)  and  integrating  give  the  following 
expression: 


If  it  is  noted  that  Ut=ur  and  if  terms  are  collected,  equation 
(5)  can  be  written. 


12C7|T  / 

9 X 


By  letting  rx=rh  and  Ax—Ah  in  equation  (5a),  the 
centrifugal  stress  at  the  blade  root  can  be  calculated;  and 
by  multiplying  both  sides  of  equation  (5a)  by  (1200/£7*)2  an 
equivalent  root  stress  can  be  obtained.  The  resulting  values 
of  equivalent  root  stress  a(1200/Ut)2  are  then,  of  course, 
the  actual  stresses  for  a tip  speed  of  1200  feet  per  second, 
which  is  a representative  turbine  speed.  The  stress  values 
are  presented  in  this  manner  so  that  they  can  be  quickly 
converted  to  the  stress  that  would  result  for  any  other  tip 
speed  of  interest. 


TABLE  I.— TEMPERATURES,  PRESSURES,  AND  OTHER  CONDITIONS  USED  IN  ANALYSIS 


Assigned  conditions : 

Engine  compressor  pressure  ratio 

Flight  altitude,  ft 

Flight  Mach  number 

Turbine-inlet  temp.,  °R — 

Ram  recovery  pressure  ratio 

Compressor  adiabatic  efficiency 

Turbine  adiabatic  efficiency 

Relative  Mach  number  of  gas  entering  turbine 

Mach  number  of  gas  at  turbine  exit 

Max.  centrifugal  turbine  blade  root  stress  for  taper  factor  of  0.7,  psi 

Second-turbine-stage  hub-tip  radius  ratio 

Turbine  blade  stress-ratio  factor 

Turbine  blade  solidity  at  mean  section  (both  stages) 


10  at  sea-level-static  conditions;  6.3  at  flight  conditions 

50,000 

2.  0 

2500 

0.  87 

0.  85 

0.  85 

0.  6 

0.  5 

30,000 

0.  6 

1.0  (except  fig.  11) 

1. 5 


Calculated  conditions: 

First-turbine-stage  hub-tip  radius  ratio 0.  73 

Turbine  tip  speed  (same  for  both  stages),  ft/sec 1095 

Compressor-discharge  temp,  (blade  root  cooling-air  temp,  for  most  calculations),  °R 1247 

Compressor-discharge  total  pressure,  lb/sq  ft 10,  420 

Static  gas  pressure  at  blade  tip,  lb/sq  ft 7340  (first-stage  rotor) ; 4000  (second-stage  rotor) 

Effective  gas  temperature,  °R 2390  (first-stage  rotor);  2048  (second-stage  rotor) 

Constant  KA  in  gas-to-blade  heat-transfer  coefficient,  eq.  (13) 0.721  (first-stage  rotor);  0.467  (second-stage  rotor) 
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TURBINE  DESIGN 

In  order  to  make  this  analysis  representative  of  conditions 
that  might  be  encountered  in  cooled  turbojet  engines,  a two- 
stage  turbine  was  designed  for  an  engine  with  a sea-level- 
static  compressor  pressure  ratio  of  10.  The  engine  design 
point  was  taken  for  a flight  Mach  number  of  2.0  at  50,000 
feet.  Heat-transfer  calculations  were  also  made  for  these 
conditions.  The  turbine  was  designed  according  to  the 
methods  in  reference  2,  and  temperature  and  pressure  condi- 
tions at  various  stations  through  the  engine  were  calculated 
by  means  of  reference  3.  The  assigned  conditions  and  the 
resulting  calculated  conditions  are  listed  in  table  I.  The 
compressor  pressure  ratio  of  6.3  at  a flight  Mach  number  of 
2.0  would  result  from  constant-mechanical-speed  operation 
for  an  arbitrarily  assumed  compressor. 

The  assigned  turbine  conditions  result  in  a conservative 
turbine  design.  In  a conservative  turbine  there  is  consider- 
able freedom  in  the  choice  of  a blade  profile.  An  assumed 
profile  was  used  in  this  investigation  that  is  believed  to  be 
typical  of  profiles  that  may  be  encountered  in  air-cooled 
engines.  For  the  sake  of  simplicity,  the  same  profile  was 
used  for  both  the  first  and  second  stages  and  for  all  chord 
lengths.  The  profile  is  shown  in  figure  1. 

In  order  to  investigate  a representative  range  of  engines, 
turbine  diameters  of  15,  25,  and  35  inches  were  considered, 
with  a corresponding  size  change  in  the  rest  of  the  engine. 
The  turbine  design  was  the  same  for  all  diameters,  but  of 
course  the  blade  size  varied  with  the  diameter. 


BLADE  COOLANT-FLOW  REQUIREMENTS 

The  coolant-flow  requirements  for  air-cooled  turbine  blades 
depend  on  the  gas-to-blade  heat-transfer  coefficients,  the 
blade  temperature,  the  gas  temperature,  the  coolant  tempera- 
ture at  the  blade  base,  and  the  coolant-passage  geometry. 
In  this  analysis  all  these  factors  except  the  gas  temperature 
vary  for  one  reason  or  another.  The  calculation  methods 
include  each  of  these  effects. 

Gas-to-blade  heat-transfer  coefficient. — The  average 
Nusselt  number  Nu , from  which  the  average  gas-to-blade 
heat-transfer  coefficient  h0  is  obtained,  can  be  found  from  the 
following  correlation  equation  (ref.  4) : 

Nu = F (Re) 2 (Pr) 1 /3  (6) 


The  reference  length  in  the  Nusselt  and  Reynolds  numbers  is 
l0/ 7r,  and  F and  z are  functions  of  transition  ratio  and  Euler 
number  of  the  blade. 

The  Reynolds  number  in  equation  (6)  may  be  written  as 


(7) 


By  combining  equations  (6)  and  (7),  the  gas-to-blade  heat- 
transfer  coefficient  can  be  expressed  by 


The  term  /wg^T7gIAfhgPg  is  a function  of  gas  Mach  num- 
ber and  is  essentially  constant  for  Mach  numbers  between 
0.7  and  1.0  (max.  variation  is  about  9 percent).  A Mach 
number  of  0.7  is  probably  representative  for  most  turbine 
designs;  consequently,  wg-4TngIAfitgPg  was  evaluated  from 


reference  5 for  that  Mach  number.  For  this  investigation 
variations  in  gas  pressure  (due  to  altitude)  and  gas  tem- 
perature were  not  considered.  The  gas  fluid  properties 
kg'b,  and  Pr  can  be  written  as  a function  of  the  blade 
temperature: 


ks.b=K 

(9) 

Pg.t—^h0'7 

(10) 

Pr~K 3 

(ID 

The  perimeter  of  the  blade  used  in  this  analysis  is  2.34(c). 
The  perimeter  can  then  be  expressed  in  terms  of  the  turbine 
tip  diameter  and  the  blade  aspect  ratio  and  hub-tip  radius 
ratio  as  follows: 


l0=  2.34 


(12) 


Substitution  of  equations  (9)  to  (12)  into  equation  (8) 
results  in 


h0 


t 


K, 

.72-0.85 


(13) 


where  KA  is  a grouping  of  all  the  constant  terms  in  equations 
(8)  to  (12). 

In  reference  6,  ten  blade  profiles  were  analyzed,  including 
both  impulse  and  reaction  blades.  An  average  value  of  z 
for  these  ten  blades  is  0.70.  Using  the  value  of  2 for  rotor 
blades,  equation  (13)  becomes 


r _K4 
ao  1 0.34 
lb 


Equations  (13)  and  (14)  can  also  be  written 


h K5  _ K5 
0 41*7j-°*85c1-z  ^-34c0*3 


(14) 


(15) 


In  this  investigation  K4  was  evaluated  for  each  turbine  stage; 
and  then  the  variations  in  h0  with  turbine  diameter,  blade 
aspect  ratio,  and  blade  temperature  were  calculated  by  use 
of  equation  (14).  The  turbine  blade  temperature  tb  varies 
along  the  span  because  of  heating  of  the  cooling  air. 

Blade-to-coolant  heat-transfer  coefficient. — The  boundary- 
layer  flow  inside  air-cooled  blades  may  be  laminar,  turbulent, 
or  in  transition.  In  laminar  flow  the  heat-transfer  correla- 
tion equation  depends  on  the  coolant-passage  aspect  ratio 
a (ref.  7).  For  turbulent  flow  the  Nusselt  number  can  be 
written 


^ 0.0199 
Re  Re 0,2 


(16) 


for  a constant  Prandtl  number  of  0.7  (ref.  8).  In  the  transi- 
tion region  there  is  considerable  uncertainty  as  to  what  the 
heat-transfer  rates  may  be.  In  this  analysis  it  was  assumed 
that  Nu/Re  was  a constant  in  this  transition  region  and  at  the 
same  value  that  results  from  turbulent  flow  for  a Reynolds 
number  of  8000.  This  transition  region  was  assumed  to 
extend  down  to  a Reynolds  number  that  would  also  result 
in  the  same  Nu/Re  in  laminar  flow.  These  heat-transfer 
correlations  are  represented  graphically  in  figure  2 and 
mathematically  in  table  II  (a) . In  this  manner  the  Reynolds 
number  at  which  the  flow  changes  from  laminar  to  transition 
varies  slightly  with  coolant-passage  aspect  ratio.  The  fluid 
properties  of  the  coolant  were  based  on  the  film  temperature. 
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For  finned  coolant  passages  an  effective  heat-transfer 
coefficient  hf  is  required.  The  equation  for  evaluating  hf 
is  given  in  reference  9 as 

, ht  /2  tanh  <f>L  , \ 

— *+m)  m 

The  effective  coefficient  is  related  to  the  inside  coefficient 
by  a function  of  the  metal  thermal  conductivity  and  the 
ratio  of  the  inside  wetted  perimeter  to  the  outside  perimeter. 
For  the  limiting  case  with  infinite  thermal  conductivity, 
equation  (17)  becomes 

hf=~^-T  c 2L+m ) 

(18) 


Equation  (17)  is  evaluated  for  corrugated  surfaces  in 
reference  1 for  corrugations  having  the  same  chordwise 
length  as  the  outside  surface  that  is  exposed  to  the  gas  stream. 
In  corrugated-insert  blades  it  generally  is  not  possible  to 
extend  the  corrugations  around  the  entire  inside  periphery 
of  the  blade.  At  the  leading  and  trailing  edges  there  are 
usually  areas  where  there  is  not  room  to  place  the  corruga- 
tions. For  this  reason,  an  evaluation  of  an  entire  turbine 


blade  using  the  value  of  hf  for  a corrugated  surface  gives 
an  optimistic  answer.  In  this  analysis  it  was  assumed  that 
the  ratio  of  the  effective  coefficient  for  the  entire  blade  to 
that  for  a corrugated  surface  was  the  same  as  the  ratio  of 
the  inside  and  outside  wetted  perimeters  for  the  entire 
blade  to  that  for  the  corrugated  surface,  which  is  expressed 
in  equation  form  as 


where  (hf)c  is  evaluated  from  reference  1 for  the  geometry 
used  in  the  blade.  This  relation  assumes  that  conduction 
effects  are  the  same  for  the  entire  blade  as  they  are  for  the 
corrugations. 

Spanwise  blade  temperature  distribution. — The  local 

blade  temperature  tbfX  can  be  obtained  from  the  following 
heat  balance: 

~^=h'o(tg,e  tb,x)  = (hfJbitb.z  Tat  x)  (20) 

where  TatX  is  the  total  cooling-air  temperature  relative  to  the 
blade  at  distance  x from  the  blade  root.  This  temperature  is 
approximately  equal  to  the  effective  air  temperature  at  this 


TABLE  II.— EXPRESSIONS  FOR  BLADE  COOLANT-PASSAGE  NUSSELT  NUMBER  AND  FRICTION  COEFFICIENT 

(a)  Nusselt  number 


Corrugation 
amplitude,  5', 
in. 

Coolant- 
passage  aspect 
ratio,  a. 

Reynolds 
number,  Re 

Nusselt 
number,  Nu 

Flow  region 

0.  03-0.  07 

1.  25-3.  25 

>8000 

0.  0199-Re0*8 

Turbulent 

0.  07 

3.  25 

1470-8000 

0.  0033 jRe 

Transition 

<1470 

4.  85 

Laminar 

0.  05 

2.  25 

1280-8000 

0.  0033Re 

Transition 

<1280 

4.  22 

Laminar 

0.  03 

1.  25 

1125-8000 

0.  0033 Re 

Transition 

<1125 

3.  72 

Laminar 

(b)  Friction  coefficient 


Corrugation 
amplitude,  Y, 
in. 

Coolant- 
passage  aspect 
ratio,  a 

Reynolds 
number,  Re 

Friction 

coefficient,  4C/r 

Flow  region 

0.  03-0.  07 

1.  25-3.  25 

>8000 

0.  2935 

Re  0.245 

Turbulent 

0.  07 

3.  25 

2130-8000 

0.  03255 

Transition 

<2130 

69.  2 
Re 

Laminar 

0.  05 

2.  25 

1970-8000 

0.  03255 

Transition 

<1970 

64.  16 
Re 

Laminar 

0.  03 

1.  25 

1800-8000 

0.  03255 

Transition 

<1800 

58.  65 
Re 

Laminar 
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Reynolds  number,  Re 

Figure  2. — Heat-transfer  correlations  for  air-cooled-blade  coolant 

passages. 


point  for  subsonic  Mach  numbers.  In  this  analysis  the  blade 
span  was  divided  into  ten  equal  increments,  and  a stepwise 
calculation  procedure  was  used  to  calculate  the  temperature 
at  each  increment.  To  obtain  the  coolant-air  temperature 
rise  in  each  increment,  the  following  heat  balance  was  written: 

q+waE=h0l0Ax(tgte—  tbtX)+V)aE=wacPtaATa  (21) 


where  the  pumping  work  E done  on  the  cooling  air  over 
the  increment  Ax  is 


f (x>2rxAx 

~~gJ~ 


(22) 


Combining  equations  (21)  and  (22)  results  in 


K 1 o Ax  . % - (jP"V x Ax 


The  blade  temperature  used  to  evaluate  film  temperature 
and  fluid  properties  and  to  calculate  Tfa  at  each  increment 
was  that  temperature  calculated  in  the  previous  increment. 
The  spanwise  temperature  variations  in  the  blade  are  gen- 
erally small  enough  that  this  approximation  has  little  or  no 
effect  on  the  final  results. 

Required  cooling  airflow. — The  allowable  blade  tempera- 
ture distribution  for  turbine  blades  depends  on  the  spanwise 
blade  stress  distribution,  the  stress-rupture  properties  of  the 
blade  material,  and  the  stress-ratio  factor,  as  discussed  in 
reference  10.  The  required  cooling  airflow  is  that  which 
results  in  a curve  of  calculated  blade  temperature  against 
blade  span  that  is  tangent  to  a curve  of  allowable  blade 
temperature.  This  cooling  airflow  was  found  b}^  an  iterative 
procedure.  A maximum  difference  of  2°  between  the  cal- 
culated and  allowable  blade  temperature  was  permitted  at 
the  blade  critical  section  (spanwise  position  where  difference 
in  calculated  and  allowable  temperature  is  smallest)  in 
determining  the  required  cooling  airflow. 


BLADE  PRESSURE  LOSSES 

The  cooling-air  pressure  change  through  the  turbine  blades 
was  calculated  by  the  method  of  reference  5 by  using  the 
required  cooling  airflow  from  the  calculations  described  pre- 
viously. The  blade  was  divided  into  five  equal  increments 
for  these  calculations.  The  friction  coefficients  used  were 
the  same  as  those  that  can  be  read  from  figure  3 of  reference  1, 
using  the  same  values  of  coolant-passage  aspect  ratio  a as 
shown  in  figure  2 of  this  report,  except  that  in  the  transition 


region  the  friction  coefficient  was  assumed  to  be  independent 
of  Reynolds  number  in  exactly  the  same  manner  as  Nu/Re 
was  assumed  to  be  independent  of  transition  Reynolds  num- 
ber in  figure  2.  Equations  for  the  friction  coefficient  are 
given  in  table  11(b)  in  terms  of  4(7 fT  for  convenience  in  the 
use  of  the  calculation  procedure  of  reference  5. 

The  cooling-air  pressure  at  the  blade  base  was  assumed  to 
be  90  percent  of  the  compressor-discharge  pressure,  which 
allowed  for  duct  losses  and  some  losses  in  velocity  head.  It 
was  assumed  that,  if  the  calculated  coolant  static  pressure 
at  the  blade  tip  was  equal  to  or  greater  than  the  static  gas 
pressure  at  the  blade  tip  and  if  the  Mach  number  at  the  tip 
was  subsonic,  then  the  blade  was  satisfactory  with  respect 
to  loss.  The  static  gas  pressure  at  the  blade  tip  was  cal- 
culated from  the  turbine  velocity  diagram  that  was  required 
to  drive  the  compressor  at  the  assumed  flight  conditions. 

CALCULATION  PROCEDURE 

The  entire  calculation  procedure  for  this  analysis  was  set 
up  in  equation  form,  including  the  pressure-loss  calculations 
and  the  relation  between  temperature  and  the  100-hour 
stress-rupture  properties  of  A-286  alloy,  the  turbine  blade 
material  assumed  for  this  analysis.  The  calculations  were 
then  made  by  an  IBM  650  Magnetic  Drum  Data  Processing 
Machine.  Temperatures,  pressures,  and  other  conditions 
used  in  this  analysis  are  listed  in  table  I. 

RESULTS  AND  DISCUSSION 

AIRFOIL  WEIGHT,  STRESS,  AND  AREAS 

Weight, — The  total  airfoil  weights  of  all  the  rotor  blades 
in  a turbine  stage  are  plotted  against  blade  aspect  ratio  in 
figure  3 for  both  the  first  and  second  stages  of  the  turbines 
for  turbine  diameters  of  15,  25,  and  35  inches.  Although  the 


(a)  First  stage.  Hub-tip  radius  ratio,  0.73. 

Figure  3. — Variation  of  turbine  blade  airfoil  weight  with  turbine 
diameter  and  blade  aspect  ratio. 
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analysis  presented  in  this  report  is  a study  of  the  effects  of 
blade  chord  on  weight  and  cooling  characteristics  of  air- 
cooled blades,  it  is  more  convenient  to  plot  most  of  the 
results  of  the  analysis  against  blade  aspect  ratio,  because  the 
range  of  aspect  ratio  is  common  to  turbines  of  different 
diameters,  while  the  range  of  chord  size  varies  considerably 
for  different  diameter  turbines. 

The  weight  of  the  air-cooled  blades  is  represented  by  a 
shaded  band.  This  band  covers  the  range  of  weight  values 
for  the  corrugation  configurations  considered  herein.  For 
turbine  diameters  of  25  and  35  inches,  corrugation  amplitudes 
of  0.03,  0.05,  and  0.07  inch  were  considered,  with  an  outside- 
shell  thickness  tapering  from  0.045  inch  at  the  root  to  0.015 
inch  at  the  tip.  For  the  15-inch-diameter  turbine,  corruga- 
tion amplitudes  of  0.03  and  0.05  inch  were  considered,  with 
an  outside-shell  thickness  tapering  from  0.030  to  0.010  inch. 
Also  shown  in  the  figure  are  weights  of  solid  uncooled  blades 
having  the  same  cross-sectional  area  at  the  root  section  of 
the  blade  and  an  aerodynamic  taper  of  3 to  1 from  root  to  tip. 

Two  important  conclusions  may  be  drawn  from  figure  3. 
First,  air-cooled  blades  are  considerably  lighter  than  solid 
blades  having  the  same  root  profile,  particularly  for  large 
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(b)  Second  stage.  Hub-tip  radius  ratio,  0.60. 

Figure  3. — Concluded.  Variation  of  turbine  blade  airfoil  weight 
with  turbine  diameter  and  blade  aspect  ratio. 


Blade  chord,  c , in. 


(a)  Turbine  diameter,  35  inches. 

(b)  Turbine  diameter,  25  inches. 

(c)  Turbine  diameter,  15  inches. 

Figure  4. — Air-cooled-turbine  blade  root  stresses. 

turbine  diameters;  and  second,  as  aspect  ratio  (or  chord)  is 
varied,  the  total  blade  weight  for  the  turbine  is  affected  to  a 
much  smaller  degree  for  air-cooled  blades  than  for  solid 
blades.  Air-cooled  blades  of  very  low  aspect  ratio  can  be 
used,  and  the  total  turbine  blade  weight  will  still  be  lighter 
than  with  solid  blades  of  high  aspect  ratio. 

Airfoil  weight  does  not  show  the  entire  picture  with  regard 
to  turbine  weight,  however.  The  use  of  low-aspect-ratio 
blades  requires  alterations  in  the  turbine  disk  design  to  sup- 
port the  longer  chords.  Generally,  the  longer  chords  will 
probably  result  in  an  increase  in  disk  weight,  so  that  the  total 
turbine  weight  will  increase  with  chord  more  than  indicated 
in  figure  3.  Some  types  of  disk  structure,  such  as  multiple 
disk  wheels,  may  make  it  possible  to  increase  chord  with 
little  or  no  increase  in  disk  weight.  An  evaluation  of  disk 
weight,  however,  is  beyond  the  scope  of  this  report.  A rather 
complete  design  study  is  required  before  representative  vari- 
ations in  disk  weight  with  blade  chord  can  be  made. 

For  constant-solidity  turbines  the  total  airfoil  weight  of 
solid  blades  varies  inversely  as  the  blade  aspect  ratio  to  the 
first  power.  (The  individual  blade  weight  varies  inversely 
as  the  square  of  the  aspect  ratio.)  In  the  study  of  air-cooled 
blades  included  herein,  it  was  found  that  the  total  blade 
airfoil  weight  for  the  turbine  varied  inversely  as  the  aspect 
ratio  to  a power  varying  between  0.1  and  0.65,  depending  on 
the  turbine  diameter.  In  general,  the  lower  exponents  ac- 
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company  the  large  turbines  (larger  physical  size  of  blades). 
For  the  35-inch  turbine  the  exponent  was  found  to  be  about 
0.1  for  the  second  stage  and  about  0.3  for  the  first  stage. 
For  the  15-inch  turbine  the  exponent  was  about  0.5  for  the 
second  stage  and  0.65  for  the  first  stage.  The  reason  for  this 
is  obvious:  With  the  smaller  blades  the  shell  and  corrugations 
occupy  a much  larger  portion  of  the  cross-sectional  area 
(the  proportion  of  flow  area  decreases)  than  with  the  larger 
blades,  so  that  the  small  blades  more  nearly  approach  the 
weight  variation  that  occurs  with  solid  blades. 

Stress. — From  the  root  and  tip  cross-sectional  areas  that 
were  determined  for  each  blade  configuration,  the  centrif- 
ugal root  equivalent  stress  was  calculated.  The  results  are 
plotted  against  both  blade  aspect  ratio  and  chord  in  figure 
4.  Subsequent  figures  are  plotted  in  a similar  manner. 
The  stress  values  are  presented  as  shaded  bands,  and  they 
cover  the  same  range  of  variables  as  discussed  in  connection 
with  figure  3.  For  reference,  root  stresses  are  also  shown  for 
solid  blades  with  tip-to-root  area  ratios  of  0.5  and  0.333. 
The  area  ratios  for  the  air-cooled  blades  vary  with  blade 
size.  The  shells  of  all  the  blades  have  an  area  ratio  of  0.333, 
but  the  sheet  metal  making  up  the  corrugations  and  islands 
in  the  blades  is  untapered.  More  corrugations  can  be  in- 
stalled in  the  larger-chord  blades  (low  aspect  ratio),  which 
will  help  the  heat-transfer  characteristics;  but  the  addition 
of  this  un tapered  sheet  metal  results  in  higher  area  ratios 
and  thus  higher  root  stresses. 

Figure  4 shows  that,  generally,  the  centrifugal  root  stresses 
of  corrugated -insert  air-cooled  blades  will  be  of  the  same 
order  of  magnitude  as  those  for  solid  blades  with  tip-to-root 
area  ratios  varying  from  0.5  to  0.333.  With  low  hub- tip 
radius  ratios  (on  the  order  of  0.60  shown  for  the  second  stage) 
and  for  blade  aspect  ratios  below  2.5  or  3,  the  air-cooled- 
blade  stresses  are  likely  to  be  higher  than  those  for  solid 
blades  with  an  area  ratio  of  0.5.  Figure  4 also  compares  tip- 
to-root  cross-sectional-area  ratios  for  air-cooled  blades  for 
various  coolant-passage  configurations,  blade  aspect  ratios, 
and  hub-tip  radius  ratios;  however,  a comparison  based  on 
root  stress  is  probably  of  more  general  interest. 

Inside  heat-transfer  surface  area. — The  amount  of  surface 
area  that  can  be  placed  inside  air-cooled  turbine  blades 
relative  to  the  blade  outside  surface  area  affects  the  efficiency 
of  blade-cooling.  The  ratio  of  the  wetted  perimeter  on  the 
inside  of  the  blade  to  the  outside  perimeter  is  plotted  in 
figure  5 as  a function  of  blade  chord  and  aspect  ratio,  turbine 
diameter,  and  corrugation  amplitude  Y.  The  ratio  of  perim- 
eters can  vary  by  as  much  as  7 to  1 as  the  blade  chord  is 
varied  from  about  1.5  to  0.5  inch  (aspect  ratio  varying  from 
1.5  to  4)  for  the  15-inch-diameter  turbine.  For  the  larger 
turbine  engines  and  the  corresponding  larger  chords,  the 
ratio  of  perimeters  varies  about  2 to  1 for  the  same  range  of 
aspect  ratio.  If  it  were  possible  to  scale  blade  coolant  pas- 
sages geometrically,  the  ratio  of  inside  to  outside  surface 
area  would  remain  constant  as  chord  is  varied.  As  men- 
tioned previously,  this  is  not  practical  for  turbine  blades. 
The  two  sketches  in  figure  1 illustrate  the  problem  involved 
when  the  blade  chord  is  shortened  and  the  same  corrugation 
geometry  is  used  for  both  blade  sizes.  The  smaller  sketch 
shows  that  it  may  not  even  be  possible  to  attach  separate 


corrugations  to  the  portions  of  the  shell  on  both  the  suction 
and  pressure  surfaces  of  the  blade.  It  is  obvious  that  the 
small  blade  is  impractical  as  shown.  A different  internal 
configuration  is  required,  possibly  one  in  which  the  corru- 
gation amplitude  changes  along  the  chord  so  that  the  corru- 
gations will  contact  both  shell  surfaces.  The  sketch  is  shown 
here  only  to  illustrate  some  of  the  problems  involved  in 
trying  to  obtain  large  internal  surface  areas  in  short-chord 
blades. 

Figure  5 shows  that  in  all  cases  the  ratio  of  heat-transfer 
surface  on  the  inside  of  blades  to  that  on  the  outside  can  be 
increased  substantially  by  increasing  blade  chord  (reducing 
aspect  ratio) . For  very  small  turbine  blades  with  chords 
on  the  order  of  0.5  inch,  the  inside  surface  area  becomes  less 
than  the  outside  surface  area.  This  condition  makes  cooling 
the  turbine  blades  extreme!}7  difficult. 
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Figure  5. — Effect  of  turbine  blade  size  on  inside  heat-transfer  surface 

area. 
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(a)  Turbine  diameter,  35  inches. 

(b)  Turbine  diameter,  25  inches. 

(c)  Turbine  diameter,  15  inches. 


Figure  6. — Effect  of  turbine  blade  size  on  coolant-passage  flow  area. 


The  corrugation  amplitude  also  affects  the  amount  of 
surface  on  the  inside  of  the  blade  for  a fixed  corrugation 
pitch.  It  should  be  noted,  however,  that,  with  respect  to 
area,  frequentty  a corrugation  of  0.07-inch  amplitude  is 
little  or  no  better  than  one  of  0.05-inch  amplitude.  The 
conduction  path  is  longer  with  the  larger  amplitude,  and 
the  inside  heat-transfer  coefficients  will  be  lower  for  a given 
mass  velocity  for  the  large  corrugations,  so  that  the  extra 
heat-transfer  surface  area  with  the  0.07-inch-amplitude 
corrugations  does  not  necessaril}7  result  in  a blade  that 
requires  the  smallest  quantity  of  coolant  flow.  The  large 
amplitude  may  be  advantageous,  however,  because  of  large 
flow  area  and  consequent  smaller  pressure  losses,  as  is 
discussed  subsequently. 

Coolant-flow  area. — The  ratio  of  the  total  coolant-flow 
area  in  the  blades  to  the  gas-flow  area  in  the  turbine  annulus 
gives  an  indication  of  the  quantity  of  compressor  air  that 


can  be  bled  for  turbine  cooling  for  a reasonable  pressure 
drop  through  the  blades;  or,  conversely,  it  gives  an  indication 
of  the  pressure  losses  that  will  be  encountered  in  the  blades 
for  a given  coolant-flow  ratio.  The  ratio  of  blade  coolant- 
flow  area  to  turbine  annulus  area  is  plotted  in  figure  6 as  a 
function  of  blade  chord  and  aspect  ratio,  turbine  diameter, 
and  corrugation  amplitude.  The  trends  here  are  similar 
to  those  for  heat-transfer  surface  area.  As  the  chord  is 
decreased,  the  coolant-flow  area  is  reduced,  which  may  result 
in  pressure-loss  difficulties.  It  will  be  noted,  however,  that 
large-amplitude  corrugations  are  almost  always  an  advantage 
as  far  as  coolant-flow  area  is  concerned. 

BLADE  COOLANT-FLOW  REQUIREMENTS 

Heat-flow  rates. — The  quantity  of  heat  that  must  be 
removed  from  a turbine  blade  by  the  cooling  air  is  a function 
of  the  gas-to-blade  heat- transfer  coefficient,  the  temperature 
difference  between  the  gas  and  the  blade,  and  the  surface 
area.  The  temperature  difference  between  gas  and  blade 
is  essentially  independent  of  blade  chord,  since  allowable 
blade  temperature  is  determined  by  blade  stress  level 
(affected  only  slightly  by  blade  chord)  and  the  stress- 
rupture  properties  of  the  blade  material.  Also,  for  constant- 
solidity  turbines  the  total  blade  surface  area  is  constant. 
Consequently,  the  heat-flow  rate  into  the  blade  is  almost 
solely  a function  of  the  gas-to-blade  heat-transfer  coefficient 
h0.  Equation  (15)  shows  that  h0  varies  inversely  as  the 
blade  chord  to  the  l—z  power. 

It  is  evident,  then,  that  increasing  blade  chord  (or  reducing 
blade  aspect  ratio)  will  reduce  the  cooling  loads  in  blades. 
This  effect  is  shown  on  a relative  basis  in  figure  7.  As  stated 
previously,  it  appears  that  a representative  value  of  2 for 
rotor  blades  is  0.70.  In  reference  11a  value  of  0 of  0.52  is 
given  for  a reaction-type  blade  that  might  be  suitable  for 
stators.  The  curves  in  figure  7 were  obtained  with  these 
values  of  z.  The  figure  shows  that  doubling  the  blade  chord 
will  reduce  the  heat-flow  rate  about  19  percent  for  rotor 
blades  and  about  28  percent  for  stator  blades. 

Required  coolant-flow  rates. — The  combined  effects  of 
the  areas  shown  in  figures  5 and  6 and  the  variations  in  heat 
flow  illustrated  in  figure  7 on  the  coolant  flow  required  to 
cool  blades  for  the  turbines  considered  in  this  analysis  are 
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Figure  7. — Effect  of  turbine  blade  size  on  heat  flow  to  blade. 
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(a)  Turbine  diameter,  35  inches. 
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Figure  8. — Effect  of  turbine  blade  size  on  coolant-flow  requirements. 


shown  in  figure  8,  where  the  ratio  of  coolant  flow  to  turbine 
gas  flow  is  plotted  against  blade  chord  and  aspect  ratio. 
The  figure  shows  that,  invariably,  as  the  blade  chord  is  de- 
creased (increased  aspect  ratio)  the  total  quantity  of  air 
required  for  turbine  cooling  increases  for  a given  corruga- 
tion configuration  in  the  coolant  passage.  The  reasons  for 
this  are,  of  course,  obvious  from  the  discussion  of  previous 
figures.  However,  in  some  cases  the  variations  in  required 
flow  rate  with  blade  chord  and  aspect  ratio  are  quite  large, 
particularly  for  small  turbines,  where  the  chord  may  become 
quite  small.  The  anatysis  shows  that  the  flow  required  for 
blades  with  1-inch  chord  is  generally  about  twice  that  re- 
quired for  blades  with  3-inch  chord.  By  further  reducing 
the  chord  to  0.5  inch,  the  required  coolant  flow  may  become 
over  twice  that  for  blades  with  a 1-inch  chord. 

Figure  8 also  shows  the  effect  of  corrugation  amplitude  on 
required  cooling-airflow  rate.  Generally,  the  effect  of  am- 
plitude is  much  smaller  than  the  effect  of  blade  chord  on 


required  coolant  flow,  particularly  for  the  second  stage  of 
the  turbines.  In  the  second  stage  the.  gas  temperature  is 
reduced  relative  to  that  of  the  first  stage,  so  that  the  cooling 
load  is  less  severe  and  smaller  variations  due  to  either  chord 
size  or  corrugation  amplitude  would  be  expected.  Because 
of  the  small  effect  of  corrugation  amplitude  on  cooling- 
airflow  requirements,  the  required  flow  for  0.05-inch  corru- 
gations is  not  shown  for  the  25-  and  35-inch-diameter  tur- 
bines. A few  calculations  were  made,  which  showed  that 
the  flow  required  for  a corrugation  of  0.05  inch  was  inter- 
mediate between  that  required  for  the  0.07-  and  0.03-inch 
corrugations. 

The  inside  heat-transfer  surface  area  can  usualfy  be  in- 
creased by  increasing  the  amplitude  of  the  corrugations 
(fig.  5).  Large  surface  area  is  usually  desirable  to  improve 
cooling  effectiveness,  but  it  will  be  noted  in  figure  8 that 
slightly  less  cooling  air  is  required  with  the  smaller  corru- 
gation amplitude.  The  larger  surface  area  of  the  large  cor- 
rugations is  more  than  offset  by  the  reduced  hydraulic 
diameter  (which  increases  the  heat-transfer  coefficient)  of 
the  small  corrugations. 

The  effect  of  corrugation  geometry  on  required  cooling  air- 
flow appears  to  have  a different  trend  for  the  15-inch-diameter 
turbine  than  for  the  other  two  diameters.  For  the  larger- 
diameter  turbines  the  difference  in  required  cooling  airflows 
for  the  0.07-  and  0.0 3 -inch-amplitude  corrugations  increases 
with  increasing  aspect  ratio  (decreasing  chord);  but  for  the 
15-inch  turbine  the  required  flows  are  the  same  for  different 
amplitudes  for  an  aspect  ratio  of  4.  This  effect  can  be  ex- 
plained by  the  fact  that,  for  a turbine  blade  with  0.5-inch 
chord,  it  was  not  possible  to  place  any  corrugations  inside 
the  coolant  cavity.  For  this  reason  the  blade  with  0.5-inch 
chord  has  the  same  flow  area  and  same  heat-transfer  area  for 
the  blades  represented  by  both  the  dashed  and  the  dash-dot 
lines.  The  blade  was  actually  a plain  hollow  blade. 

With  respect  to  heat  transfer,  figure  8 shows  that  there  is 
generally  considerably  freedom  in  the  choice  of  the  corruga- 
tion amplitude,  but  pressure  losses  within  the  turbine  blades 
should  also  be  considered.  Figure  8 gives  no  indication  of 
the  supply  pressure  required  to  force  the  cooling  air  through 
the  blades.  It  is  possible  that  under  some  conditions  the 
pressure  available  from  the  engine  compressor  may  be 
insufficient. 

BLADE  PRESSURE  LOSSES 

Coolant  pressure  at  blade  tip. — In  order  to  force  coolant 
through  air-cooled  turbine  blades  that  discharge  the  cooling 
air  at  the  blade  tip,  it  is  necessary  that  the  static  pressure  of 
the  coolant  at  the  tip  be  at  least  as  high  as  the  static  pressure 
of  the  gas  at  the  tip.  In  this  analysis  coolant  pressure  losses 
were  calculated  for  an  inlet  supply  pressure  that  was  as  high 
as  is  considered  feasible  with  the  use  of  compressor  bleed,  in 
order  to  determine  whether  it  would  be  possible  to  force  the 
required  flow  through  the  blade.  This  supply  pressure  was 
90  percent  of  compressor-discharge  total  pressure,  since  it 
seems  likely  that  at  least  a 10-percent  loss  in  pressure  will 
result  from  loss  of  velocity  head  and  duct  losses.  The  cooling- 
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air  temperature  was  assumed  to  be  at  compressor-discharge 
temperature.  The  static  pressure  of  the  cooling  air  at  the 
blade  tip  is  shown  in  figure  9 for  these  conditions  of  inlet 
pressure  and  temperature  and  for  the  flow  rates  shown  in 
figure  8.  The  static  gas  pressure  at  the  blade  tip  is  also  shown 
for  the  first  stage  of  the  turbine.  For  the  second  stage  the 
static  gas  pressure  is  not  shown,  because  it  is  much  below  the 
scale  on  the  curves  (4000  lb/sq  ft,  table  I). 

For  all  cases  shown  except  one,  the  static  cooling-air  pres- 
sure at  the  blade  tip  in  the  first  stage  can  become  less  than 
the  static  gas  pressure  as  the  blade  chord  is  decreased.  This 
pressure  limitation  very  definitely  limits  the  minimum  blade 
chord  that  can  be  tolerated.  There  appear  to  be  no  pressure 
limitations  in  the  second  stage  of  the  turbine. 

Figure  9 shows  that  it  may  be  advantageous  to  use  large- 
amplitude  corrugations  in  turbine  blades  to  reduce  pressure 
losses,  even  though  the  cooling-airflow  requirements  are 
somewhat  higher  (fig.  8).  It  can  be  observed  from  figure  9 
that  under  some  conditions  it  is  possible  to  have  a coolant 
pressure  rise  through  the  blades.  The  supply  total  pressure 
to  the  blades  was  approximately  9400  pounds  per  square 
foot;  yet  for  many  cases  the  tip  static  pressure  is  considerably 
higher  than  the  supply  total  pressure.  This  pressure  rise  is 
a result  of  the  pumping  due  to  rotation. 


(a)  Turbine  diameter,  35  inches. 

(b)  Turbine  diameter,  25  inches. 

(c)  Turbine  diameter,  15  inches. 

Figure  9. — Effect  of  turbine  blade  size  on  static  cooling-air  pressure  at 

blade  tip. 


Coolant  Mach  number  at  blade  tip. — Relatively  low 
coolant-passage  Mach  numbers  are  generally  desirable.  High 
Mach  numbers  in  themselves  are  not  necessarily  a disadvan- 
tage; but  they  cause  static-pressure  losses,  and  the  blades 
may  choke  and  make  it  impossible  to  increase  the  coolant- 
flow  rate  without  increasing  the  coolant  densit}7.  A high 
coolant-passage  Mach  number  gives  little  margin  for  error 
in  the  design.  For  instance,  if  the  Mach  number  is  0.7, 
the  flow  rate  can  only  be  increased  about  9 percent  for  a 
constant  total  pressure  and  temperature  before  choking 
will  occur.  The  coolant  Mach  numbers  at  the  blade  tip  are 
shown  in  figure  10  for  the  same  pressures  and  flows  obtained 
from  figures  8 and  9.  Comparison  of  figures  9 and  10 
shows  that,  when  the  tip  Mach  number  approaches  a value 
of  about  0.4,  the  static-pressure  losses  in  the  blade  may  be- 
come excessive.  Figure  10  gives  further  indication  of  flow 
difficulties  that  can  be  encountered  with  small-chord  blades. 

GENERALITY  OF  RESULTS 

The  results  of  this  analysis  are  presented  for  specific  eugine 
conditions.  Therefore,  the  values  of  blade  aspect  ratio 
or  blade  chord  at  which  cooling  may  become  difficult 
cannot  be  considered  to  be  general.  By  changing  the  turbine 
blade  material,  the  coolant  temperature,  the  turbine-inlet 
temperature,  the  turbine  stress  level,  the  blade  stress-ratio 
factor,  or  other  design  conditions,  cooling  limitations  may 
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(a)  Turbine  diameter,  35  inches. 

(b)  Turbine  diameter,  25  inches. 

(c)  Turbine  diameter,  15  inches. 

Figure  10. — Effect  of  turbine  blade  size  on  cooling-air  Mach  number 

at  blade  tip. 
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be  met  at  entirely  different  conditions  from  those  encountered 
in  this  analysis.  For  example,  the  cooling-airflow  require- 
ments were  calculated  for  the  35-inch-diameter  turbine  for  a 
chord  of  2 inches  and  a coolant-passage  amplitude  for  three 
different  stress-ratio  factors  (ratio  of  design  stress  to  average 
centrifugal  stress).  As  the  stress-ratio  factor  is  increased, 
the  blade  is  designed  for  a higher  stress  level;  and  conse- 
quently it  must  operate  at  a lower  temperature.  As  a 
result,  the  coolant-flow  requirements  increase  with  increasing 
stress-ratio  factor.  Figure  11  shows  the  effect  of  stress-ratio 
factor  on  cooling  airflow,  tip  Mach  number,  and  coolant 
pressure  at  the  tip.  A similar  effect  would  result  from  vary- 
ing the  blade  material.  A material  capable  of  withstanding 
high  temperatures  might  have  the  trend  exhibited  for  a stress- 
ratio  factor  of  1,  while  a material  that  could  not  withstand 
such  high  temperatures  would  exhibit  the  trends  shown  for  a 
higher  stress-ratio  factor.  As  would  be  expected,  the  re- 
quired coolant  flow  and  tip  Mach  number  increase  and  tip 
static  pressure  decreases  with  an  increase  in  stress-ratio 
factor;  but  there  are  no  great  changes  that  would  indicate 
that  the  trends  of  figures  previously  presented  would  vary 
greatly  if  a different  set  of  conditions  were  chosen  for  the 
calculations.  Stress-ratio  factor  would,  of  course,  have  a 
much  larger  effect  for  a blade  chord  that  resulted  in  higher 
tip  Mach  numbers  and  lower  tip  static  pressures. 

Figure  12  shows  how  coolant-flow  requirements,  Mach 
number,  and  tip  pressure  can  be  affected  by  the  coolant 
temperature.  Most  of  the  calculations  for  this  analysis 
were  made  with  a coolant  temperature  of  1247°  R,  which 
corresponds  to  the  temperature  at  the  discharge  of  the  com- 
pressor. By  use  of  an  aftercooling  device,  it  may  be  possible 
to  reduce  the  cooling-air  temperature.  In  figure  12  curves 


are  shown  for  cooling-air  supply  temperatures  of  1247°  and 
1000°  R for  the  first  stage  of  the  35-inch-diameter  turbine. 
A reduction  in  cooling-air  temperature  naturally  reduces  the 
quantity  of  air  required  for  blade-cooling.  The  cooling- 
airflow  reduction  shown  in  figure  12  varies  between  about  20 
and  25  percent  over  the  range  of  blade  chords  investigated. 
At  low  coolant  Mach  numbers  the  Mach  number  reduction 
due  to  reducing  cooling-air  temperature  is  about  the  same 
order  of  magnitude  as  the  reduction  in  cooling  airflow. 
This  effect  on  static  pressure  at  the  blade  tip  is  quite  small. 
For  a blade  chord  of  1 inch,  however,  there  is  a large  differ- 
ence in  tip  Mach  numbers  owning  to  the  cooling-air  tempera- 
ture effect;  but,  as  can  be  seen  from  the  shape  of  the  curves, 
reducing  the  cooling-air  temperature  does  not  allow  a signif- 
icant reduction  in  permissible  blade  chord.  The  results 
shown  in  figure  12  are  similar  to  those  shown  in  figure  11, 
in  that  the  conclusions  that  can  be  drawn  from  this  study 
do  not  appear  to  be  affected  significantly  by  the  value  of 
cooling-air  temperature  used  in  the  analysis. 

It  is  not  within  the  scope  of  this  report  to  investigate  the 
effects  of  turbine  blade  chord  for  all  combinations  of  engine 
conditions.  It  is  believed,  however,  that  enough  conditions 
were  investigated  to  point  out  trends  and  to  indicate  that 
the  use  of  small-chord  blades  can  become  a problem  in  air- 
cooled engines.  Other  blade  configurations  may  possibly 
create  less  of  a problem  than  corrugated  blades  for  small 
chords,  but  even  with  those  configurations  similar  trends 
would  be  expected.  As  turbine-inlet  temperature  is  in- 
creased above  2500°  R,  the  problems  will  become  more 
severe  than  presented  herein  because  of  the  higher  coolant 
flows  that  will  be  required.  It  can  be  concluded  from  this 
study  that  in  the  design  of  air-cooled  turbines  it  is  generally 


Figure  11. — Effect  of  stress-ratio  factor  on  cooling  and  pressure-drop  characteristics  of  turbine  blades.  First  stage  of  35-inch-diameter 

turbine;  chord,  2 inches;  corrugation  amplitude,  0.07  inch. 
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FiGURE  12. — Effect  of  cooling-air  temperature  on  cooling  and  pressure-drop  characteristics  of  turbine  blades.  First  stage  of  35-inch-diameter 

turbine;  corrugation  amplitude,  0.07  inch. 
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desirable  to  utilize  blades  with  as  large  a chord  as  appears 
feasible  from  considerations  of  disk  stress  and  aerodynamics. 

SUMMARY  OF  RESULTS 

The  results  of  this  investigation  of  the  effects  of  chord 
size  on  weight  and  cooling  characteristics  of  air-cooled  turbine 
blades  can  be  summarized  as  follows: 

1.  Air-cooled-turbine  blade  weight  is  affected  to  a much 
smaller  degree  by  the  size  of  the  blade  chord  than  is  the 
weight  of  solid  uncooled  blades. 

2.  When  solidity  is  maintained  constant,  the  heat-transfer 
surface  and  the  flow  area  in  the  coolant  passage  of  air- 
cooled blades  are  considerably  larger  relative  to  the  surface 
and  flow  area  on  the  gas  side  of  the  blades  with  large-chord 
blades  than  with  small-chord  blades.  As  a result,  cooling 
large-chord  blades  should  be  easier. 

3.  Heat-transfer  and  pressure-drop  analyses  show  that 
small-chord  blades  require  a larger  total  amount  of  cooling 
air  for  the  turbine  and  have  higher  pressure  losses  than 
larger-chord  blades.  Cooling  airflow  for  turbines  with  1- 
inch-chord  blades  is  generally  about  twice  that  required  for 
turbines  with  3-inch-chord  blades.  By  further  reducing  the 
chord  to  0.5  inch,  the  required  cooling  airflow  may  become 
more  than  twice  that  for  blades  with  1-inch  chord. 

4.  Cooling-air  pressure  losses  increase  as  blade  chord 
is  reduced,  and  it  may  often  be  impossible  to  pass  the  cooling 
airflow  required  at  the  pressure  levels  available  from  com- 
pressor bleed  to  cool  blades  with  small  chords. 

5.  The  exact  blade  chords  at  which  it  may  no  longer  be 
feasible  to  cool  air-cooled  blades  depend  upon  the  assump- 
tions and  conditions  of  the  analysis,  but  the  trends  indicated 
in  this  report  are  probably  general  for  other  engines,  other 
blade  configurations,  and  other  engine  conditions. 

Lewis  Flight  Propulsion  Laboratory 

National  Advisory  Committee  for  Aeronautics 
Cleveland,  Ohio,  November  13 , 1956 
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A THEORETICAL  AND  EXPERIMENTAL  STUDY  OF  PLANING  SURFACES  INCLUDING  EFFECTS 

OF  CROSS  SECTION  AND  PLAN  FORM  1 


By  Charles  L.  Shuford,  Jr. 


SUMMARY 

A summary  is  given  of  the  background  and  'present  status  of 
the  pure-planing  theory  for  rectangular  fiat  plates  and  V -bottom 
surfaces . The  equations  reviewed  are  compared  with  experi- 
ment. In  order  to  extend  the  range  of  available  planing  data , 
the  principal  planing  characteristics  for  models  having  sharp 
chines  have  been  obtained  for  a rectangular  flat  and  two  V- 
bottom  surfaces  having  constant  angles  of  dead  rise  of  20°  and 
40°.  Planing  data  were  also  obtained  for  flat-plate  surfaces 
with  very  slightly  rounded  chines  for  which  decreased  lift  and 
drag  coeflicients  are  obtained. 

A revision  of  the  theory  presented  in  NACA  Technical  Note 
3233  is  presented  for  the  rectangular  flat  plate.  The  revised 
theory  bases  the  aerodynamic  suction  eflects  on  the  total  lift 
rather  than  solely  on  the  linear  component.  Also  a crossflow 
drag  coeflicient  which  is  dependent  on  the  shape  of  the  chines 
was  found  from  experiment  to  be  constant  for  a given  immersed 
cross  section ; however , for  surfaces , such  as  those  having 
horizontal  chine  flare  or  vertical  chine  strips , the  crossflow 
drag  coefficient  is  constant  only  for  the  chine-immersed  condi- 
tion. The  theory  is  extended  to  include  triangular  flat  plates 
planing  with  base  forward  and  V -shaped  prismatic  surfaces 
having  a constant  angle  of  dead  rise , horizontal  chine  flare , or 
vertical  chine  strips.  A method  is  also  presented  for  estimating 
the  center  of  pressure  for  surfaces  having  either  rectangular  or 
triangular  plan  form.  The  results  calculated  by  the  proposed 
theory  have  been  correlated  only  with  the  data  considered  to  be 
pure  planing;  however , for  conditions  not  considered  pure  plan- 
ing, a method  is  given  for  estimating  the  eflects  of  buoyancy . 
The  agreement  between  the  results  calculated  by  the  proposed 
theory  and  the  experimental  data  is,  in  general,  good  for 
calculations  of  pure-planing  lift  and  center-of -pressure  location 
for  flat  plate,  V -bottom,  and  related  planing  surfaces. 

INTRODUCTION 

Kecent  developments  in  water-based  aircraft  have  resulted 
in  configurations  utilizing  planing  surfaces  operating  at 
angles  of  trim,  length-beam  ratio,  and  Froude  number 
beyond  those  for  which  most  of  the  available  planing  theories 
were  correlated  with  experimental  data.  In  reference  1 
a preliminary  review  of  these  theories  for  a pure-planing 
rectangular  flat  plate  was  made  to  determine  whether 
available  planing  theories  were  adequate  in  estimating  the 


planing  lift  in  these  extended  ranges.  In  addition  to  this 
review,  a modification  and  addition  to  existing  theory  which 
is  useful  in  predicting  the  lift  and  center  of  pressure  for 
pure-planing  rectangular  flat  plates  was  presented. 

The  review  in  reference  1 indicated  there  were  no  data 
available  in  the  extended  ranges  of  combined  high  trim  and 
high  length-beam  ratios;  consequently,  the  principal  planing 
characteristics  for  models  having  sharp  chines  have  been 
obtained  in  these  extended  ranges  for  a rectangular  flat  and 
two  V-bottom  surfaces.  It  was  also  noted  in  reference  1 
that  there  was  a difference  in  the  lift  coefficients  obtained 
from  various  experimental  investigations;  therefore,  data 
have  been  obtained  for  rectangular  flat-plate  surfaces  having 
very  slightly  rounded  chines  to  determine  the  influence  of 
slight  differences  in  construction  at  the  point  of  flow  separa- 
tion on  the  lift  coefficient. 

The  review  of  existing  theories  and  data  has  been  extended 
to  include  those  applicable  to  V-bottom  surfaces.  The 
theory  presented  in  reference  1 for  estimating  the  lift  and 
center-of-pressure  location  of  a pure-planing  rectangular 
flat  plate  has  been  revised  and  extended  to  include  triangular 
flat  plates  planing  with  base  forward  and  V-shaped  prismatic 
surfaces  having  a constant  angle  of  dead  rise,  horizontal 
chine  flare,  or  vertical  chine  strips.  Since  water-based 
aircraft  operate  at  low  Froude  numbers  as  well  as  high 
Froude  numbers,  an  approximate  method  has  also  been  pre- 
sented for  estimating  the  effect  of  buoyancy  on  lift  coefficient. 

SYMBOLS 

A 
At 

b 

Go.b 

Cd,c 

(C'd,c)^=  0 
Cd,s 


aspect  ratio,  j- 
tm 

ratio  of  maximum  beam  to  overall  length  (see 
fig.  40) 

beam  of  planing  surface,  ft 

drag  coefficient  based  on  square  of  beam,  ^ 

crossflow  drag  coefficient 
crossflow  drag  coefficient  for  a cross  section 
having  an  effective  angle  of  dead  rise  of  0° 
drag  coefficient  based  on  principal  wetted  area, 
D_ 
gS 

induced  drag  coefficient,  CLtS  tan  r 
skin-friction  coefficient,  CDtS— CL>S  tan  r 


1 Supersedes  NACA  Technical  Note  3939  by  Charles  L.  Shuford,  Jr.,  1957. 


Preceding  Page  Blgpk 


373 


374 


REPORT  1355 — NATIONAL  ADVISORY  COMMITTEE  FOR  AERONAUTICS 


CL 

Cl,B 

CLfb 

Cl,S 


lift  coefficient 


Lb 


lift  coefficient  due  to  buoyancy,-^  (see 

lift  coefficient  based  on  square  of  beam,  ^ 

lift  coefficient  based  on  principal  wetted  area, 

L 


Cv 

D 

G(0e) 

9 

me) 

L 

Lb 

Lvol 

l 

lc 

k 


kp 

kp 

lm 

N 

9 

R 

S 

V 

p 

Pe 


Pbasic 


P 

T 


Subscript: 
1,2,3,  . . 


qS 

lift  coefficient  due  to  buo}rancy  based  on  total 
wedge-shaped  volumetric  displacement  of  the 


planing  surface,  (see  eqs.  (28)  to  (30)) 

V 

speed  coefficient  or  Froude  number,  -= 

■yjgb 


drag  of  planing  surface,  lb 
dead-rise  function  (applied  only  to  crossflow 
term,  see  fig.  2) 

acceleration  due  to  gravity,  32.2  ft/sec2 
dead-rise  function  (applied  only  to  linear  term, 
see  fig.  1) 

lift  of  planing  surface,  lb 
lift  due  to  buoyancy,  lb 

lift  due  to  buoyancy  based  on  total  wedge- 
shaped  volumetric  displacement  of  the  plan- 
ing surface,  lb 
length  of  planing  surface,  ft 
chine  wetted  length,  ft 
keel  wetted  length,  ft 

mean  wetted  length  (distance  from  aft  end  of 
planing  surface  to  the  mean  of  the  heavy 
spray  line),  ft 

center-of-pressure  location  (measured  forward 
of  trailing  edge),  ft 


nondimensional  center-of-pressure  location 


normal  force,  lb 

free-stream  dynamic  pressure,  -pF2,  Itysq  ft 
Reynolds  number, 

principal  wetted  area  (bounded  by  trailing 
edge,  chines,  and  heavy  spray  line),  sq  ft 
horizontal  velocity,  ft/sec 
angle  of  dead  rise,  radians  unless  otherwise 
stated 

effective  angle  of  dead  rise  (angle  between  a 
straight  line  drawn  from  keel  to  the  chines 
and  the  horizontal),  radians  unless  otherwise 
stated 

basic  angle  of  dead  rise  (angle  between  V- 
shaped  portion  of  model  and  a horizontal  line 
perpendicular  to  keel),  radians  unless  other- 
wise stated 

mass  densit}r  of  water,  slugs/cu  ft 
trim  (angle  between  planing  bottom  and  hori- 
zontal), radians  unless  otherwise  stated 
kinematic  viscosit}7,  sq  ft/sec 


9 used  to  indicate  various  terms  in  equations  for 
lift  coefficient 


REVIEW  OF  EXISTING  PLANING-LIFT  THEORY 

In  reference  1 the  pure-planing  lift  equations  for  rectangu- 
lar flat  plates  presented  in  references  2 to  11  were  reviewed 
and  compared  with  experiment.  In  addition  to  lift  theories 
for  rectangular  flat  plates,  the  present  review  considers  V- 
shaped  surfaces  having  a constant  angle  of  dead  rise  and 
V-shaped  surfaces  having  horizontal  chine  flare. 

Since  publication  of  reference  1,  Farshing  (ref.  12)  pre- 
sented a cubic  equation  for  the  lift  on  rectangular  flat  plates 
derived  from  a consideration  of  deflected  mass  and  based  on 
an  effective  angle  of  attack.  The  equation  has  the  form 

+ [(2.292  — 1.57 1^1)  r — 2.379 — A]CL2-{- 

[2^4+4+ (6.283^-4.584)r]C^-6.283^r=0  (1) 

However,  the  lift  coefficient  obtained  from  equation  (1)  was 
multiplied  by  an  empirical  factor  to  get  better  agreement  with 
experimental  data';  thus, 


Cl,s — (2) 

where 

£=1.359  — tanh  (~^“ ) (2°^rglS0)  (3) 

£=1.359— tanh  (^)+(^f ) tanh  L (18»S,S30°) 

(4) 


and  r is  measured  in  degrees. 

P.  R.  Crewe  of  Sanders-Roe  Ltd.  (British)  in  correspond- 
ence with  the  Langley  Laboratory  proposed  an  equation  for 
rectangular  flat  plates  and  a V-shaped  surface  having  a basic 
angle  of  dead  rise  of  20°  and  horizontal  chine  flare  that  had 
a linear  term  with  a form  analogous  to  airfoil  lifting-surface 
theor}7".  This  equation,  based  on  the  data  of  Kapryan  and 
Weinstein  (ref.  13),  is 


Ol,s  — 


sin  r cos  r 


>v'+©' 


0 


2 sin  t—B  sin2  r 


(5) 


where 

R— 2.67  (H<2.0) 

R=3.0  G4>2.0) 


and  Pbasic  is  the  basic  angle  of  dead  rise  in  radians  for  a model 
having  horizontal  chine  flare. 

In  reference  14,  Korvin-Kroukovsky,  Savitsky,  and 
Lehman  proposed  an  equation  for  rectangular  flat  plates  and 
V-shaped  surfaces  having  a constant  angle  of  dead  rise  that 
was  derived  primarily  on  the  basis  of  the  data  of  Sottorf 
(ref.  15)  and  Sambraus  (ref,  16).  This  formula  can  be 
written  as 


<7£iS=0.012(57.3r)I-1^°-6-0.0065(57.3/3)4  -°'°^07;3t) 
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Locke  (ref.  17)  proposed  that  the  lift  characteristics  of 
rectangular  flat  plates  and  V-shaped  surfaces  having  a 
constant  angle  of  dead  rise  can  be  presented  by  a power 
function  of  the  form 


£**=0.5(1 -“)/&■» 


(7) 


where  K and  77  depend  only  on  aspect  ratio  and  are  obtained 
from  curves  given  in  reference  17. 

Schnitzel'  (ref.  18)  presented  an  equation  for  rectangular 
flat  plates  and  V-shaped  surfaces  which  was  derived  from  a 
consideration  of  two-dimensional  deflected  mass  and  was 
modified  for  three-dimensional  flow  b}7  Pabst’s  empirical 
aspect-ratio  correction  factor  (ref.  19)  and  Bobvleff’s  flow 
coefficients  presented  in  reference  20.  The  equation  can  be 
written  in  the  form: 

ft. s=. 4*  cos'  r sin  t {;,[(§-')  l»'i  i»J + 

(8) 


The  term  4> , which  is  dependent  on  aspect  ratio,  and  the 
term  B , which  is  dependent  on  angle  of  dead  rise,  are  given 
in  references  19  and  20,  respectively.  For  the  case  of  a 
flat-plate  planing  surface,  equation  (8)  reduces  to 


CLtS~4>  sin  r cos2  r+b-88  sin2  T cos 


(9) 


where 


Ik  cr  = cot  T tan  , 


(14) 


which  is  defined  as  the  critical  keel  wetted  length.  For 
surfaces  having  a constant  angle  of  dead  rise  and  a transverse 
step,  the  critical  keel  wetted  length  is  defined  as  the  keel 
wetted  length  at  which  the  Stillwater  line  passes  through 
the  rearmost  point  of  the  chine.  For  the  flat  plate  the  value 
of  the  critical  keel  wetted  length  was  assumed,  after  analysis 
of  experimental  data,  to  be  equal  to  the  beam. 

PROPOSED  THEORY 

LIFT 

In  reference  1 an  equation  for  the  lift  on  a rectangular 
flat  plate  was  developed  from  a consideration  of  linear  and 
nonlinear  components  of  lift  (an  approach  generally  used  in 
low-aspect-ratio  and  slender- body  airfoil  theory).  In  the 
present  report  this  equation  is  revised  and  extended  to 
include  V-bottom  surfaces.  The  equation  is  divided  into 
three  parts:  (1)  a reasonably  accurate  approximation  to  the 
linear  components  of  lift  is  made;  (2)  a method  for  calculating 
the  crossflow  effects  is  presented;  and  (3)  an  estimation  of 
the  aerodynamic  leading-edge  suction  is  made. 

Linear  term. — The  linear  term  is  determined  in  refer- 
ence 1 from  a consideration  of  the  lifting-line  theoiy  and  is 
given  by 


Cl,  1 — 


O.&itAt 

T+A 


(15) 


In  reference  21,  Brown  presented  empirical  equations 
based  on  deflected-mass  considerations  for  rectangular  flat 
plates  and  V-shaped  surfaces  having  a constant  angle  of 
dead  rise.  The  equations  for  a flat  plate  can  be  written  in 
the  form: 


Cl,S  — 


2tt 


cot  ^+*-+(2  cot  +ir)y 


and 


Cz,.s=( L67  sin  r+0.09)  sin  r cos  r^l  — j"^)+ 


27i* 

3 cot  1 lm 

mi 


(10) 


(11) 


For  a surface  having  a constant  angle  of  dead  rise, 


CLtS—  3.6 y cot2/3  sin8r(l— sin  r)  cos  r (lk^lk,cr)  (12) 


and 

CL  s= ^1.67^1 — sin  r+0.09  J sin  t cos  r^l— ^^+ 

0.9 7- sin  r(l — sin  r)  cos3r  (13) 

Ik 


This  relation  gives  the  linear  component  of  lift  on  a pure- 
planing  flat  plate. 

In  references  3 and  18,  a dead-rise  function  was  determined 
from  a consideration  of  an  iterative  solution  made  by 
Wagner  (ref.  2)  for  the  impact  force  on  a V-bottom  surface 
immersing  with  a constant  vertical  velocity.  The  dead-rise 
function  can  be  written 

This  dead-rise  function  (developed  for  application  to  equa- 
tions derived  from  virtual  mass  concepts)  does  not  correlate 
well  with  experiment  when  applied  to  equation  (15)  for 
angles  of  dead  rise  above  approximately  25°.  Therefore, 
another  dead-rise  function  1 — sin  pe  which  correlates  well 
with  experiment  up  to  angles  of  dead  rise  of  50°  is  used; 
thus, 


sin/3e)  (16) 

This  expression  is  for  the  linear  component  of  lift  on  rec- 
tangular flat  and  V-bottom  planing  surfaces.  A comparison 
of  the  dead-rise  function  1— sin  f$e  with  the  dead-rise  function 
based  on  Wagner’s  solution  is  given  in  figure  1. 

Crossflow  effects. — For  a simple  theoretical  considera- 
tion of  the  crossflow  effects,  the  velocity  component  perpen- 
dicular to  the  surface  of  a flat  plate  is  assumed  to  be  of  the 
magnitude  V sin  r.  The  flow  is  projected  into  components 
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perpendicular  to  and  parallel  to  the  planing  surface,  and  the 
drag  force  associated  with  the  flow  perpendicular  to  the 
planing  surface  is  calculated.  The  normal  force  on  a flat 
plate,  therefore,  is 

N=Od,c  | S(F  sin  r)2 

Then 

CLjZ=CD'C  sin2r  cos  t (17) 

is  a lift  coefficient  due  to  crossflow  effects,  and  is  proportional 
to  sin2r.  This  relation  is  the  concept  presented  for  airfoils  by 
Betz  in  reference  22.  The  crossflow  drag  coefficient  CD>c 
used  in  this  elementary  derivation  of  the  crossflow  term  was 
assumed  in  reference  1 to  he  one-half  the  value  0DtC= 2 gen- 
erally used  for  aerodynamic  surfaces.  The  value  of  CDtc 
is  known  to  vary  with  the  shape  of  the  cross  section  and  to  be 
sensitive  to  local  shape  at  the  edges.  Since  the  theoretical 
determination  of  these  effects  is  very  difficult  and  the  simple 
cases  which  have  been  solved  have  not  correlated  with  ex- 
periment, the  analysis  of  suitable  experiments  will  generally 
provide  the  easiest  and  most  accurate  method  of  determining 

Gd,  c- 

For  the  case  of  the  V -bottom  the  theoretical  effect  of  dead 
rise  is  given  by  Bobyleff  in  reference  20  for  a bent  lamina,  the 
section  of  which  consists  of  two  equal  straight  lines  forming 
an  angle.  Bobyleff’s  flow  coefficient,  which  can  be  approxi- 
mated by  cos  f}e  (see  fig.  2),  represents  the  ratio  of  the  result- 
ant pressure  on  a V-bottom  to  that  experienced  by  a flat 
plate  of  the  same  beam  in  normal  flow;  thus, 

Cl, 4=  (<?£,, <0^=0  sin2r  cos  r cos  j 3e  (18) 

which  is  the  crossflow  component  of  lift. 

Suction  component  of  lift. — An  airfoil  has  a suction  com- 
ponent of  lift  due  to  the  large  negative  pressures  produced 
by  the  flow  around  the  leading  edge  of  the  airfoil ; however, 
for  a planing  surface  where  there  is  no  flow  around  the  lead- 
ing edge,  this  suction  does  not  appear.  In  the  strictest  sense 
the  suction  component  of  lift  should  be  based  only  on  the 
linear  term  (see  ref.  1);  however,  comparison  of  experiment 
with  theoiy  indicates  that  better  agreement  is  obtained  if  the 
suction  component  of  lift  is  based  on  CLt2-\-CLA.  Therefore, 
the  lift  is  less  than  that  predicted  b}'  equations  (16)  and  (18) 
by  an  amount 

Cxt5=  (Cl,2+  Cl,a)  sin2r  (19) 

Total  lift. — The  total  lift  on  pure-planing  surfaces  can  be 
obtained  from  the  sum  of  the  linear  component  of  lift  (eq. 
(16))  and  the  crossflow  effects  (eq.  (18))  minus  the  suction 
component  of  lift  (eq.  (19));  thus,  by  combining  terms 

^•s==[lTXcos2r  (1_sin&)]+ 

[(CD,c)f)e= o cos3t  sin2r  cos  /3e] 

Cl,  s~  Cl , e+  Cl,  7 
where 

^■6=°i+ir  cos2t  (i_sin  (2i) 


y (20) 


and 

Cl, (CDiC)^=0  cos3t  sin2r  cos  pe  (22) 

For  equation  (20)  to  predict  adequately  the  lift  on  triangu- 
lar surfaces  planing  with  base  forward,  it  has  been  necessary 
to  define  the  aspect  ratio  as  the  ratio  of  maximum  beam  to 
overall  length;  that  is,  At=b/l. 

APPLICATION  OF  LIFT  THEORY 

In  order  to  use  equation  (20)  to  predict  the  lift  of  planing 
surfaces,  only  the  determination  of  the  proper  value  of  CDtC  is 
required.  Values  of  CD  c for  various  chine  configurations  for 
which  experimental  data  are  available  are  presented  in 
figure  3.  For  a given  model  CD,c  did  not  vary  with  trim  or 
length-beam  ratio.  Also  it  can  be  seen  that,  as  long  as  the 
angle  of  dead  rise  was  constant  for  the  entire  beam,  CDtC 
did  not  vary  with  the  angle  of  dead  rise. 

Rectangular  flat  and  V-bottom  surfaces  having  a constant 
angle  of  dead  rise. — The  crossflow  drag  coefficient  for  the 
sharp-cliine  models  was  determined  from  tests  (from  ref. 
23  and  data  presented  in  the  present  report)  to  be  4/3.  This 
value  is  two-thirds  the  value  given  for  a two-dimensional 
flat-plate  airfoil;  thus,  from  equation  (20) 

Cl,s=  COS2r(l  — sin  &)+!  sin2T  cos3r  cos  @e  (23) 

The  relative  magnitudes  of  the  total  lift  (eq.  (23)),  the 
total  lift  before  removal  of  lift  due  to  leading-edge  suction 

^eq;  (16)  plus  eq.  (18)  with  CDjC~~^,  and  the  crossflow  term 

^eq.  (22)  with  <7DiC=|^is  shown  in  figure  4 for  surfaces  hav- 
ing angles  of  dead  rise  of  0°,  20°,  and  40°. 

Horizontal  chine  flare. — The  total  lift  on  a pure-planing 
V-shaped  prismatic  surface  with  horizontal  chine  flare  similar 
to  the  models  shown  in  figure  5 can  be  determined  from  equa- 
tion (20).  The  crossflow  drag  coefficients  CDtC  determined 
from  data  presented  in  references  13,  24,  and  25  are  given 
in  figure  3. 

Vertical  chine  strips, — The  total  lift  on  a pure-planing 
V-shaped  prismatic  surface  with  vertical  chine  strips  similar 
to  the  models  shown  in  figure  6 can  be  determined  from 
equation  (20).  The  crossflow  drag  coefficients  determined 
from  the  data  presented  in  references  25  and  26  are  given 
in  figure  3. 

Triangular  flat  plate. — The  total  lift  on  a pure-planing 
triangular  flat  plate  planing  with  base  forward  can  be  esti- 
mated from  equation  (23)  if  the  aspect  ratio  is  defined  as  the 
ratio  of  the  maximum  beam  to  the  overall  length  or  At  — bjl; 
thus, 

CL,  8 = T cos2r+|  cos3t  sin2r  (24) 

CENTER  OF  PRESSURE 

The  center  of  pressure  on  a planing  surface  may  be  deter- 
mined from  the  lift  coefficients  given  by  equations  (21)  and 
(22)  and  by  estimating  the  location  of  the  center  of  pressure 
of  these  two  components  of  the  total  lift  coefficient  for  a 
given  planing-surface  plan  form. 
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Rectangular  plan  form. — The  center  of  pressure  of  the 
component  of  lift  given  by  equation  (21)  is  assumed  to  be 
located  at  seven-eighths  of  the  mean  wetted  length  from  the 
trailing  edge  of  the  planing  surface.  This  location  is  between 
the  three-quarter-chord  position  generally  assumed  in  lifting- 
line  theory  and  the  position  obtained  from  the  prediction  of 
no  lift  behind  the  section  maximum  width  for  low-aspect- 
ratio  airfoils  (ref.  27). 

The  center  of  pressure  for  the  lift  due  to  crossflow  effects 
is  generally  assumed  to  be  located  at  the  center  of  the  area 
in  airfoil  theory.  Therefore,  the  center  of  pressure  for  the 
component  of  lift  given  by  equation  (22)  is  assumed  to  be 
located  at  the  center  of  the  mean  wetted  length;  thus, 

\ oCi,6+oCx,7 

(f 0 =8  r 2 (25) 

\l‘m  / calc  U L,S 


where  CL >6  is  given  by  equation  (21),  CLt7  is  given  by  equa- 
tion (22),  and  CIjfS  is  given  by  equation  (20). 

Triangular  plan  form. — The  center  of  pressure  of  the 
component  of  lift  given  by  the  first  term  on  the  right-hand 
side  of  equation  (24)  is  assumed  to  be  located  at  the  mean 
of  the  heavy  spray  line  which  is  approximately  the  section 
of  maximum  wetted  width. 

The  center  of  pressure  for  the  component  of  lift  given  by 
the  second  term  on  the  right-hand  side  of  equation  (24) 
(that  is,  the  crossflow  term)  is  assumed  to  be  at  approxi- 
mately the  center  of  the  wetted  area;  thus, 


Cl,  s+o  Cl,  9 

cTs 


(26) 


and  is  the  center-of-pressure  location  for  triangular  flat 
plates  planing  with  base  forward.  The  value  of  CL,s  is 
determined  from  equation  (24)  where  CL,$  and  CLt9  are  given 
by  the  first  and  second  terms  on  the  right-hand  side  of  equa- 
tion (24),  respectively. 


COMPARISON  OF  PROPOSED  AND  PREVIOUS  PLANING  FORMULAS 

A comparison  of  the  values  of  lift  coefficient  (plotted 
against  trim  for  constant  length-beam  ratio)  calculated  from 
the  proposed  theory  (eq.  (20))  and  from  previous  summarized 
planing  formulas  is  given  in  figures  7 to  10  and  an  index  to  the 
comparison  is  given  in  the  following  table: 


Configuration 

Equation  (20)*  compared  with  planing  for- 
mulas presented  in — 

Lift  coeffi- 
cient values 
presented  in 
figure— 

Reference 

Equation 

4,  5,  6,  and  7 

7(a) 

8,  9,  and  10 

7(b) 

Rectangular  flat  plate 

(7),  (9),  (10),  and  (11) 

7(c) 

(2),  (5),  and  (6) 

7(d) 

1 

7(e) 

11 

** 

V-shaped  surface  having 

(6)  and  (7) 

8(a) 

a constant  angle  of 

(8),  (12),  and  (13) 

8(b) 

dead  rise  of  20° 

V-shaped  surface  having 

(6)  and  (7) 

9(a) 

a constant  angle  of  dead 

(8),  (12),  and  (13) 

9(b) 

rise  of  40° 

V-shaped  surface  having 

(5)*** 

10 

an  angle  of  dead  rise  of 

20°  and  horizontal  chine 

flare  03«=16°) 

A 

* Value  of  Cd,c  of  — (see  eq.  (23))  used  unless  otherwise  noted. 

♦♦Lift  coefficients  were  not  plotted  since  the  results  depended  on  the  airfoil  data  used. 

* "Value  of  Cd.c  of  1.59  used  in  equation  (20). 


In  figure  11  the  values  of  lift  coefficient  (plotted  against 
mean-wetted-length — beam  ratio  for  constant  trim)  cal- 
culated from  the  proposed  theory  (eq.  (23))  and  planing 
formulas  as  presented  in  references  14,  17,  18,  and  21  are 
compared  with  the  data  of  the  present  report  (see  tables 
1(a),  II,  and  III)  and  references  23  and  28  for  models  having 
angles  of  dead  rise  of  0°  (fig.  11(a)),  20°  (fig.  11(b)),  and 
40°  (fig.  11(c)).  Only  the  theories  that  apply  to  both  flat- 
plate  and  V-shaped  surfaces  have  been  compared  in  figure  11. 

It  can  be  seen  from  figures  11  (a)  to  11(c)  that  none  of  the 
planing  formulas  presented  in  references  14,  17,  18,  and  21 
are  adequate  for  estimating  the  lift  coefficients  for  either 
flat-plate  or  V-bottom  planing  surfaces,  whereas  the  lift  co- 
efficients calculated  from  the  equation  proposed  in  the  present 
report  (eq.  (23))  agree  very  well  with  experiment.  The 
equation  presented  in  reference  12  (eq.  (2)),  however,  gives 
a good  approximation  of  the  lift  coefficient  for  a flat  plate. 
(See  fig.  7(d).) 

EXPERIMENTAL  INVESTIGATION 

DESCRIPTION  OF  MODELS 

The  models  used  for  this  investigation  had  a beam  of  4 
inches  and  a length  of  36  inches.  The  models  shown  in 
figure  12  for  a flat  plate  and  surfaces  having  angles  of  dead 
rise  of  20°  and  40°  were  constructed  of  brass  and  are  the 
same  models  investigated  in  references  23  and  28.  Addi- 
tional flat-plate  models  that  had  sharp  chines,  ^4-inch-radius 
chines,  and  Ke-inch-radius  chines  were  constructed  of  plastic. 
(See  fig.  13.)  The  model  with  the  -inch -radius  chines  was 
made  by  rounding  the  chines  on  the  sharp-chine  model  after 
the  tests  with  the  sharp-chine  model  had  been  completed. 
The  plastic  models  were  backed  with  a K-inch  reinforcing 
steel  plate. 

APPARATUS  AND  PROCEDURES 

The  experimental  investigation  was  made  with  the  main 
towing  carriage  in  Langley  tank  no.  2 and  existing  strain-gage 
balances  which  independently  measured  the  lift,  drag,  and 
moment.  The  lift  and  drag  were  measured  with  the  balances 
capable  of  measuring:  (1)  600  pounds  of  lift  and  250  pounds 
of  drag,  and  (2)  1,000  pounds  of  lift  and  600  pounds  of  drag. 
The  moment  was  measured  about  an  arbitrary  point  above 
the  model.  The  tests  were  made  with  the  wind  and  spray 
shield  installed,  as  shown  in  figure  14,  unless  otherwise 
indicated. 

The  wetted  areas  were  determined  from  underwater  photo- 
graphs made  with  a 70-millimeter  camera  mounted  in  a 
waterproof  box  located  at  the  bottom  of  the  tank.  The 
camera  and  high-speed  flash  lamps  were  set  off  by  the  action 
of  the  carriage  interrupting  a photoelectric  beam.  The 
wetted  length  was  obtained  from  markings  on  the  bottom  of 
the  models.  In  order  to  assure  a very  smooth  bottom,  the 
markings  on  the  brass  models  were  erased  except  in  the  region 
of  the  heavy  spray  line.  (See  fig.  15.)  The  plastic  models 
had  markings  each  % inch  for  the  full  length  of  the  models. 

The  force  measurements  were  made  at  constant  speeds  for 
fixed  angles  of  trim.  The  change  in  trim  due  to  structural 
deflection  caused  by  the  lift  and  drag  forces  on  the  model 
was  obtained  during  the  calibration  of  the  balances  and  the 
trim  of  the  model  was  adjusted  accordingly  before  each  run. 
Slight  adjustments  to  lift  and  resistance  to  correct  the  data 
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to  the  desired  trim  were  made  after  completion  of  tests  for 
the  cases  where  the  forces  or  center-of-pressure  location  were 
different  from  the  values  used  to  estimate  the  trim  due  to 
structural  deflection.  The  change  in  trim  due  to  structural 
deflection  did  not  exceed  0.2°  for  most  conditions  although 
in  a few  cases  changes  up  to  0.6°  occurred. 

The  aerodynamic  forces  on  the  model  and  towing  gear 
were  found  to  be  negligible  when  the  wind  screen  was  used. 
The  aerodynamic  tares  were  subtracted  from  the  data  when 
the  wind  screen  was  not  used. 

The  accuracy  of  the  quantities  measured  are  believed  to 
be  within  the  following  limits: 


Lift,  lb ±5.  0 

Resistance,  lb ±3.  0 

Trimming  moment,  ft- lb ±3.  0 

Wetted  length,  ft ±0.01 

Trim,  deg ±0.  15 

Speed,  ft/sec ±0.  20 


The  forces  were  converted  to  coefficient  form  by  using  a 
measured  value  of  density  of  1.942  slugs/cu  ft.  The  kine- 
matic viscosity  measured  during  the  tests  varied  from 
1.53X10"5  sq  ft/sec  to  1.S0X10-5  sq  ft/sec. 

RESULTS  AND  DISCUSSION 

GENERAL 

The  lift  coefficient,  resistance  coefficient,  ratio  of  wetted 
length  to  beam,  ratio  of  center-of-pressure  location  to  mean 
wetted  length,  speed  coefficient,  and  kinematic  viscosity  are 
presented  at  given  trims  in  tables  I to  III  for  all  models. 
The  lift  and  drag  coefficients  are  expressed  both  in  terms  of 
the  square  of  the  beam  and  in  terms  of  principal  wetted  area. 

Sharp  chines. — The  lift  coefficients  and  center-of-pressure 
location  for  the  sharp-chine  models  are  considered  in  the 
section  “Comparison  of  Theory  and  Experiment  for  Lift.” 

The  resistance  data  for  the  sharp-chine  brass  models  having 
constant  angles  of  dead  rise  of  0°,  20°,  and  40°  are  presented 
in  figure  16  as  plots  of  the  variation  of  drag  coefficient 
CD,s  and  induced  drag  coefficient  CD,i  (which  is  equal  to 
CL,s  tan  r)  with  mean-wetted-length — beam  ratios  for  given 
trims.  The  difference  between  the  solid  and  dashed  lines 
represents  the  friction  drag.  (Since  the  data  were  obtained 
for  speeds  above  the  critical  speed  of  wave  propagation  for 
the  6-foot-deep  tank,  there  is  no  wave  drag  due  to  transverse 
waves  included;  however,  there  may  be  some  drag  due  to 
spray  or  other  causes  included  in  this  difference.)  At  high 
trims  and  low  length-beam  ratios  the  induced  drag  exceeds 
the  total  drag  and  indicates  an  apparent  negative  friction 
force.  (This  result  was  previously  reported  in  ref.  23.)  The 
volume  of  forward  spray  is  large  at  high  trims  and  appears  to 
have  a high  forward  velocity  with  respect  to  the  model.  The 
relative  velocity  of  the  model  in  the  region  of  forward  spray 
therefore  is  effectively  reversed  (see  fig.  17)  so  that  the 
friction  drag  due  to  this  spray  acts  in  a direction  opposite 
to  that  of  the  drag  in  the  principal  wetted  area  and  thereby 
reduces  the  total  drag.  Therefore,  at  low  length-beam 
ratios  where  the  friction  drag  is  small,  this  negative  friction 
drag  due  to  forward  spray  may  cause  a negative  friction  force 
at  high  trims. 

The  variation  of  ^ with  trim  for  the  models  having 


sharp  chines  and  constant  angles  of  dead  rise  of  0°,  20°,  and 
40°  is  given  in  figure  18.  At  a trim  of  12°,  the  value  of 

^k~^c  is  approximately  constant  for  all  length-beam  ratios  for 

the  models  having  constant  angles  of  dead  rise  of  0°,  20°,  or 

40°.  At  high  trims,  however,  the  values  of  for  the  flat- 


plate  model  increase  with  increase  in  length-beam  ratio,  are 
approximately  constant  for  a given  trim  for  a model  having  a 
constant  angle  of  dead  rise  of  20°,  and  decrease  with  an  in- 
crease in  length-beam  ratio  for  a model  having  a constant 

angle  of  dead  rise  of  40°.  The  value  of  for  the  flat-plate 


model  decreases  with  increase  in  trim  at  low  length-beam 
ratios  and  increases  with  increase  in  trim  at  high  length- 

beam  ratios;  however,  the  value  of  — —■  decreases  with  in- 


crease in  trim  for  all  length-beam  ratios  for  the  models  hav- 
ing constant  angles  of  dead  rise  of  20°  and  40°. 

Wind  screen  and  spray  shield. — The  lift  coefficient  for 
the  flat-plate  model  with  wind  screen  and  spray  shield 
removed  (aerodynamic  tares  subtracted)  was  approximately 
the  same  as  the  lift  coefficient  obtained  when  the  wind  screen 
and  spray  shield  were  used.  (See  fig.  19.)  At  a trim  of  12° 
the  drag  coefficient  for  the  flat-plate  model  with  the  wind 
screen  removed  was  approximately  the  same  as  the  drag 
coefficient  obtained  with  the  wind  screen  installed  (see  fig. 
20);  however,  for  a trim  of  18°  the  drag  coefficient  of  the  flat 
plate  with  the  wind  screen  removed  was  less  than  that 
obtained  when  the  wind  screen  was  used  even  before  the 
aerodynamic  tares  were  subtracted.  The  value  of  the  dif- 
ference is  in  the  wrong  direction  to  be  explained  by  the  aero- 
dynamic tares.  (The  aerodynamic  tares  subtracted  were 
less  than  the  difference  in  fig.  20.)  The  variation  of  the 
center-of-pressure  location  with  mean  length-beam  ratio  on 
the  flat-plate  model  was  approximately  the  same  for  data 
taken  with  and  without  the  wind  screen  and  spray  shield 
installed.  (See  fig.  21.) 

Speed. — The  effect  of  speed  at  high  trims  (24°)  is  shown 
in  figures  22  to  24.  The  variation  of  lift  coefficient,  drag 
coefficient,  and  center-of-pressure  location  is  approximately 
the  same  for  speeds  of  30  and  60  feet  per  second  for  4-inch- 
beam  prismatic  models  having  constant  angles  of  dead  rise  of 
0°,  20°,  and  40°;  therefore,  there  was  apparently  no  speed 
effect  for  this  range  of  speeds. 

Rounded  chines. — The  effect  of  ^4-inch -radius  and 
inch-radius  chines  on  the  lift  coefficient,  drag  coefficient, 
center-of-pressui’c  location,  skin-friction  coefficient,  and  lift- 
drag  ratio  of  a 4-incli-beam  rectangular  flat  plate  is  shown  in 
figures  25  to  29.  Rounding  the  sharp  chines  of  the  flat-plate 
model  to  radii  of  inch  and  }U  inch  resulted  in  a de- 
crease in  lift  and  drag  coefficients;  however,  the  center-of- 
pressure  location,  skin-friction  coefficients,  and  lift-drag 
ratios  remained  approximately  the  same.  A decrease  in  lift 
of  approximately  5 and  9 percent  resulted  from  rounding  the 
sharp  chines  to  a radii  of  inch  and  }{6  inch,  respectively. 
(See  fig.  25.)  A decrease  in  lift  for  a small  rounding  of  the 
chines  was  also  observed  by  Perry  (ref.  29). 

The  variation  of  skin-friction  coefficient  with  Reynolds 


A THEORETICAL  AND  EXPERIMENTAL  STUDY  OF  PLANING  SURFACES 


379 


number  for  a trim  of  8°  is  presented  in  figure  28  for  a flat- 
plate  model  having  sharp  chines  and  Xe-inch-radius  chines. 
The  agreement  between  the  data  and  the  Schoenherr  turbu- 
lent-flow line  indicates  that,  at  low  trims  and  high  Reynolds 
numbers,  the  drag  can  be  calculated  with  reasonable  accu- 
racy from 

CD,s=C/+CL,s  tan  r (27) 

where  Cf  is  determined  from  the  Schoenherr  turbulent  flow 
line.  (See  ref.  30.)  The  lift-drag  ratios  at  high  trims  are 
influenced  little  by  the  chine  condition;  however,  at  low 
trims  (8°)  the  lift-drag  ratios  for  the  sharp-chine  models  are 
slightly  higher  than  those  for  models  having  rounded  chines. 
(See  fig.  29.) 

Pure  planing. — The  experimental  data  were  considered 
as  pure  planing  if  the  lift  coefficient  due  to  buoyancy  based 
on  the  total  wedge-shaped  volumetric  displacement  of  the 
planing  surface  CL,voi  did  not  exceed  a given  value.  The  lift 
coefficient  due  to  buoyancy  was  calculated  from  the  wedge- 
shaped  volumetric  displacement  of  the  planing  surface  below 
the  level  water  surface  given  by 

Cl,  voi = •y  2Cv2  S^n 
for  rectangular  flat  plates  and 

ft-“-(W^Hv[Tsiil  *+?<*•+«  *“ "]  <*» 

for  rectangular  surfaces  having  dead  rise  and 

CL,  voi  — ^ 3(JV2  s^n  (39) 

for  triangular  fiat  plates  with  straight  leading  edge  and 
pointed  trailing  edge. 

The  allowable  lift  coefficient  due  to  buoyancy  CL,voi , as 
determined  from  equations  (28)  to  (30),  was  arbitrarily 
selected  as  0.01  at  a trim  of  16°.  The  maximum  allowable 
lift  coefficient  due  to  buoyancy  CL,voi  for  other  trims  was 
determined  by  drawing  a straight  line  from  zero  trim  (and 
zero  lift  coefficient  due  to  buoyancy  CL,voi)  through  the 
value  0.01  at  a trim  of  16°  on  a curve  of  the  variation  of  lift 
coefficient  with  trim.  For  the  flat-plate  data  the  maximum 
allowable  lift  coefficient  due  to  buoyancy  CL,voi  selected 
by  this  method  at  a trim  of  2°  varied  from  16  percent  of  the 
predicted  lift  coefficient  at  a length-beam  ratio  of  8 to  3.3 
percent  of  predicted  lift  coefficient  (eq.  (23))  at  a length- 
beam  ratio  of  X-  These  values  decreased  with  increasing 
trim  so  that  at  30°  they  would  vary  from  6.6  percent  at  a 
length-beam  ratio  of  8 to  3.0  percent  at  a length-beam 
ratio  of  % The  permissible  lift  coefficient  for  surfaces  having 
dead  rise  is,  in  general,  a slightly  greater  percentage  of  the 
predicted  lift  coefficient  than  the  values  given  for  the 
rectangular  flat  plate. 


Buoyancy. — The  experimental  lift  coefficients  given  in 
reference  31  less  the  lift  coefficients  calculated  from  equation 
(20)  with  CDtC—l.lb  plotted  against  the  lift  coefficient  due 
to  buoyancy  CL,voi  calculated  from  equation  (28)  are 
plotted  in  figure  30.  Since  equation  (20)  with  CDtC=  1.15 
is  approximately  the  pure-planing  lift  for  the  model  inves- 
tigated in  reference  31  (see  fig.  32  (c)),  the  subtraction  of 
this  value  from  the  experimental  lift  coefficients  should 
indicate  the  amount  of  lift  due  to  buoyancy  present  in  the 
data.  Only  values  of  the  difference  between  the  experi- 
mental lift  coefficient  and  the  calculated  lift  coefficient 
greater  than  0.01  are  considered  since,  for  small  differences 
between  experimental  and  calculated  values,  this  method 
is  not  considered  to  be  sufficiently7  accurate  to  determine 
the  lift  coefficient  due  to  buoyancy  present  in  the  experi- 
mental data;  however,  this  method  should  give  reasonably 
accurate  indications  of  the  lift  coefficient  due  to  buoyancy 
present  in  the  experimental  data  for  the  cases  where  the  lift 
coefficient  due  to  buoyancy7  is  large.  Figure  30  shows  that 
the  magnitude  of  the  lift  coefficient  due  to  buoyancy  for 
different  speeds  is  approximately7  one-half  the  lift  due  to 
buoyancy  based  on  the  total  wedge-shaped  volumetric  dis- 
placement computed  by  equation  (28);  therefore,  a rough 
empirical  approximation  of  the  increase  in  lift  coefficient 
due  to  buoyancy  can  be  calculated  with  reasonable  accuracy 
from 

Cl,b~  2pL'Vo1  (r=S°jCV=3)  (31) 

where  CL,voi  is  given  in  equations  (28)  to  (30).  For  low 
trims  (4°)  a lift  coefficient  due  to  buoyancy  greater  than 
that  given  by  equation  (31)  is  required  to  account  for  the 
additional  lift  coefficient  due  to  buoyancy  as  indicated  by 
the  flagged  symbols  in  figure  30. 

COMPARISON  OF  THEORY  AND  EXPERIMENT 

Lift. — Only  the  experimental  data  indicated  as  pure  planing 
by  the  method  discussed  in  the  preceding  section  are  con- 
sidered for  the  comparison  with  theory.  Also,  the  data 
considered  are  only  for  the  chine-immersed  condition.  The 
theory  is  applicable  to  the  non-chine-immersed  condition; 
however,  for  surfaces  having  other  than  a constant  angle  of 
dead  rise  such  as  those  having  horizontal  chine  flare  or 
vertical  chine  strips,  the  shape  of  the  cross  section  varies, 
and,  therefore,  the  crossflow  drag  coefficient  would  not  be 
the  same  value  as  that  determined  for  the  chine-immersed 
condition.  The  values  were  calculated  from  the  proposed 
theory  as  if  there  were  no  non-chine-immersed  conditions. 
For  the  non-chine-immersed  condition,  the  lift  coefficient 
for  a surface  having  a constant  angle  of  dead  rise  is  approx- 
imately the  value  determined  at  the  instant  of  chine  immer- 
sion and  is  a constant  for  a given  trim  and  angle  of  dead  rise. 
(The  length-beam  ratio  is  approximately  a constant  value 
for  all  non-chine-immersed  conditions  for  a given  trim  and 
angle  of  dead  rise.) 

In  order  to  simplify  the  comparison,  the  data  are  sum- 
marized in  the  following  table: 
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Data  to  be  compared— 

Data  presented 

Configuration 

Description  of  model  used 

Equation  of 

Experimental  data 

in  figure— 

Remarks 

present  paper— 

of  reference— 

4-inch-beam  brass  model 

31  (a) 
31  (b) 
31  (c) 

f Agreement  good  except  at  trims  above  approximately 
\ 30°  at  large  length-beam  ratios 
Agreement  good 

Sharp  chine  plastic  model 
4-inch-beam  brass  model 

(23) 

23 

Various  models 

12,  32,31,33,  34,16, 15, 

31  (d)  to  31  (k) 

Agreement  good;  some  differences  with  wooden 

and  25 

models 

4-inch-beam  plastic  model  with 

Present  paper 

32  (a)  and  32  (b) 

Cn,e  reduced  to  1.15  and  1.20 

Rectangular  flat  plate 

Me -inch -radius  chines  and  MU- 

inch-radius  chines 

(20) 

Models  used  in  reference  data  had  either  slightlv 

rounded  or  roughened  chines  and  reduced  values  of 

Wooden  model  (same  model  used 

31,  32,  and  35 

32  (c)  to  32  (e) 

Cd,c  resulted.  In  case  of  reference  35  the  chines  had 

in  both  ref.  31  and  35) 

greater  chine  radius  or  roughness  as  a result  of  wear 
in  use;  further  reduction  in  Cd,c  resulted. 

With  angle  of  dead  rise  of  20° 

1 

[ 28  and  25 

33 

/Agreement  good  except  for  trims  above  approxi- 

With  angle  of  dead  rise  of  40° 

1 

28  and  25 

34 

\ mately  30° 

Basic  V-surface 

l (23) 

< 

Agreement  good  for  length-beam  ratios  above  3.0; 

below  this  value  the  experimental  data  failed  to 

With  angle  of  dead  rise  of  50° 

J 

l 36 

35 

show  the  usual  increase  in  Cl  as  lm{b  decreased. 
Similar  effect  slightly  evident  in  fig.  34  (b)  for  0=40°. 

V -surface  with  horizon- 

With an  effective  angle  of  dead 
rise  of  16° 

] (20) 

(Cd,{  value  from 
J fig-  3) 

f 13  and  25 

36 

Agreement  good 

tal  chine  flare 

With  an  effective  angle  of  dead 
rise  of  32°47/ 

| 24  and  25 

37 

Agreement  good 

V-surface  with  vertical 

With  an  effective  angle  of  dead 
rise  of  15°33' 

1 (20) 

> ( Cu , c value  from 

J fig-  3) 

J 26 

38 

Agreement  good 

chine  strip 

With  an  effective  angle  of  dead 
rise  of  31°59' 

1 26 

39 

Agreement  good 

Triangular  flat  plate 

Wooden  surfaces  (see  fig.  40) 

(24) 

31  and  unpublished 

41 

Agreement  good  up  to  trims  of  16°.  Values  lower  than 

(base  forward) 

tank  no.  2 data 

those  at  trim  of  20°;  chines  may  be  slightly  rounded 
since  they  are  made  of  wood. 

Some  of  the  experimental  data  that  were  obtained  with 
wooden  models  (for  example,  see  ref.  31)  were  lower  than 
the  values  predicted  by  the  proposed  theory;  this  difference  is 
thought  to  be  due  to  the  influence  of  the  local  shape  at  the 
edges  (slight^  rounded  or  roughened  chines). 

The  effects  of  Reynolds  number,  scale,  and  nonuniform 
chine  radii  on  CDtC  have  not  been  determined  because  of  the 
limited  data  available. 

The  lift  on  various  pure-planing  surfaces  with  rectangular 
or  triangular  plan  forms  similar  to  those  considered  can  be 
estimated  by  changing  the  value  of  the  crossflow  drag 
coefficient  CD>c  for  a given  configuration.  Values  of  the 
crossflow  drag  coefficient  should  be  determined  from  tests; 
however,  reasonably  accurate  approximations  that  are  satis- 
factory for  engineering  calculations  can  probably  be  made 
(see  fig.  3)  that  will  approximate  the  pure-planing  lift  for 
surfaces  similar  to  those  considered  herein. 

For  planing  surfaces  that  vary  considerably  from  those 
considered  herein,  only  data  for  a given  angle  of  trim  and 


aspect  ratio  (for  a given  effective  angle  of  dead  rise)  are 
required  to  determine  the  value  of  CDtC  from  equation  (20). 
(The  experimental  values  of  lift  coefficient,  trim,  aspect 
ratio,  and  effective  angle  of  dead  rise  are  substituted  into 
equation  (20),  which  is  then  solved  for  the  value  of  CD>c.) 
Since  the  value  of  CDtC  is  a constant  for  a given  planing- 
surface  cross  section,  the  lift  coefficient  for  wide  ranges  of 
trim  and  aspect  ratio  can  then  be  estimated.  If  values  of 
CDiC  are  obtained  for  two  or  more  effective  angles  of  dead 
rise  for  a given  type  of  planing  surface,  the  value  of  CDtC  for 
similar  surfaces  having  a different  effective  angle  of  dead 
rise  can  be  estimated  by  interpolation.  Therefore,  in  order 
to  calculate  the  lift  coefficient  from  equation  (20)  for  wide 
ranges  of  trim,  length-beam  ratio,  and  effective  angle  of  dead 
rise  for  a given  family  of  planing  surfaces,  only  a very  few 
test  points  are  required. 

Center-of-pressure  location, — A comparison  of  theory  and 
experiment  for  the  center  of  pressure  is  given  in  the  following 
table: 


Data  to  be  compared — 

Data 

Remarks 

. Configuration 

Description  of  model  used 

Equation  of 
present 
paper  (») 

Experimental  data 
of  reference— 

presented  in 
figure — 

Rectangular  fiat  plate 

4-inch -beam  brass  model 

(25) 

23,  31,  and  25 

42 

Good  agreement 

Basic  V-surface 

With  angle  of  dead  rise  of  20° 

(25) 

25  and  28 

43 

Good  agreement 

With  angle  of  dead  rise  of  40° 

(25) 

25  and  28 

44 

Good  agreement 

With  angle  of  dead  rise  of  50° 

(25) 

36 

45 

Good  agreement 

V-surface  with  horizontal 

With  an  effective  angle  of 
dead  rise  of  16° 

(25) 

13  and  25 

46 

Good  agreement 

chine  flare 

With  an  effective  angle  of 
dead  rise  of  32°47' 

(25) 

24  and  25 

47 

Good  agreement 

! 

V-surface  with  vertical  ! 

With  an  effective  angle  of 
dead  rise  of  15°33' 

(25) 

26 

48 

Good  agreement 

chine  strips 

With  an  effective  angle  of 
dead  rise  of  31°59' 

(25) 

26 

49 

Good  agreement 

Triangular  plan  form 

Wooden  surfaces  (see  fig.  40) 

(26) 

31  and  unpublished 
tank  no.  2 data 

50 

Good  agreement 

The  values  of  Cd,c  for  equation  (25)  were  determined  from  figure  3. 
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CONCLUDING  REMARKS 


The  principal  planing  characteristics  for  models  have  been 
obtained  in  extended  ranges  of  trim  and  length-beam  ratio 
for  a rectangular  flat  plate  and  two  V-bottom  surfaces; 
therefore,  force  approximations  for  water-based  aircraft  can 
be  made  in  these  extended  ranges  with  more  confidence.  The 
data  obtained  for  rectangular-flat-plate  surfaces  having  very 
slightly  rounded  chines  indicated  that  slight  differences  in 
construction  at  the  point  of  flow  separation  can  result  in 
decreased  lift  and  drag  coefficients  obtained  for  a given  flat- 
plate  configuration ; however,  the  center-of-pressure  location, 
skin-friction  coefficients,  and  lift-drag  ratios  remained  approx- 
imately the  same  for  the  trims  tested  (8°  to  18°).  These  data 
showed  that  slight  differences  in  construction  at  the  point 
of  flow  separation  were  probably  the  reason  for  the  differences 
in  experimental  data  obtained  for  a given  configuration 
by  various  experimenters. 

The  proposed  theory  appears  to  predict  with  engineering 
accuracy  the  lift  and  center-of-pressure  location  of  rectangu- 


lar flat  plates,  triangular  flat  plates  planing  with  base  for- 
ward, and  V-shaped  surfaces  having  a constant  angle  of 
dead  rise,  horizontal  chine  flare,  or  vertical  chine  strips.  A 
reasonably  accurate  approximation  can  probably  be  made 
for  the  crossflow  drag  coefficient  of  a given  model  that  will 
result  in  satisfactory  engineering  calculations  of  lift  and 
center  of  pressure  for  pure-planing  surfaces  similar  to  those 
considered  in  the  present  report.  Also,  the  proposed  theory 
(which  can  be  applied  to  both  the  chine-immersed  and  the 
non-chine-immersed  condition)  together  with  the  method  for 
approximating  the  lift  coefficient  due  to  buoyancy  gives  a 
reasonably  accurate  method  for  estimating  the  lift  charac- 
teristics of  planing  surfaces  for  a wide  range  of  conditions. 

Langley  Aeronautical  Laboratory, 

National  Advisory  Committee  for  Aeronautics, 
Langley  Field,  Ya.,  November  28,  1956. 
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TABLE  I 

EXPERIMENTAL  PLANING  DATA  OBTAINED  FOR  A 
RECTANGULAR  FLAT  PLATE 


(a)  Brass  modal  having  sharp  chinos 


Trim , 
t.  deg 

CV 

h 

b 

b 

Ik 

b 

il!L 

lm 

v,  sq  ft/sec 

Co.b 

CL.b 

Cdjs 

Cl.s 

18.22 

1.59 

1.64 

1.66 

0.  705 

1.S0X10-5 

0. 061 

0. 285 

0.  037 

0.174 

18.  13 

2.  60 

2.  72 

2.  74 

.744 

1.80 

.087 

.375 

.032 

. 138 

18.19 

3.68 

3.  74 

3.77 

.714 

1.78 

.108 

.453 

.029 

.121 

12 

18.19 

4.  82 

4.85 

4. 87 

.687 

1.78 

. 126 

.524 

.026 

.108 

18.19 

5.60 

5.  65 

5.6S 

.694 

1.78 

. 141 

. 582 

.025 

.103 

IS.  17 

6.  74 

6.80 

6. 82 

.052 

1.67 

. 156 

.646 

.023 

.095 

18.38 

7.  70 

7.  76 

7.  78 

.663 

1.76 

.171 

.698 

.022 

.090 

18. 13 

1.76 

1.82 

1.  84 

.706 

1.80 

.104 

.389 

.057 

.214 

18.  16 

2.91 

2.  97 

3.  00 

. 698 

1.80 

. 146 

. 517 

.049 

.174 

18.  19 

3.  82 

3.  89 

3. 92 

.700 

1.78 

.175 

.615 

.045 

. 158 

15 

18.  19 

4.98 

5.06 

5.10 

.673 

1.78 

.213 

.739 

.042 

. 146 

IS.  22 

5.  79 

5.  84 

5.  S6 

.669 

1.67 

.234 

.806 

.040 

. 138 

18.  10 

7.  00 

7.  05 

7. 07 

.659 

1.78 

. 261 

.902 

.037 

. 128 

18.32 

7.  74 

7.  80 

7.84 

.660 

1.76 

.281 

.959 

.036 

.123 

18.  13 

1.82 

1.88 

1.92 

.701 

1.80 

. 160 

.485 

.085 

.258 

18.  16 

3.01 

3. 05 

3. 07 

.681 

1.80 

.220 

.656 

.072 

.21.5 

IS.  16 

3.88 

3. 93 

3.  95 

.678 

1.78 

.263 

.786 

.067 

..  200 

IS.  19 

4. 45 

4. 49 

4.  51 

.605 

1.78 

.287 

.853 

.064 

. 190 

IS 

18.13 

5.  92 

5.96 

5.98 

.655 

1.78 

.352 

1.025 

.059 

. 172 

18. 19 

6. 88 

6.  92 

6.  94 

. 646 

1. 67 

.388 

1. 135 

.056 

. 164 

18.  53 

6.91 

7. 00 

7.  04 

.039 

1.  56 

. 385 

1. 141 

.055 

. 163 

18.53 

7.  93 

7.  99 

8.  02 

.640 

1.  56 

.431 

1.270 

. 054 

. 159 

18.19 

8.  02 

8.  07 

S.  10 

. 641 

1. 67 

.444 

1.283 

.055 

. 159 

IS.  13 

1.95 

2.  00 

2.02 

. 676 

1.80 

.220 

.582 

. 113 

.291 

18. 13 

2.  75 

2.  80 

2.82 

. 695 

1.80 

.300 

. 764 

. 107 

.273 

18. 16 

2.  88 

2.  92 

2. 95 

.685 

1.63 

.307 

.780 

.105 

.267 

18. 13 

4.08 

4.  12 

4.  14 

.660 

1.78 

.379 

.964 

.092 

.234 

21 

18. 19 

5.  14 

5. 19 

5.22 

.645 

1.78 

.441 

1.  Ill 

.085 

.214 

18. 04 

5.98 

6.04 

6. 07 

.629 

1.  78 

.495 

1.244 

.082 

.206 

18. 3S 

7.10 

7. 16 

7.20 

.632 

1.56 

.566 

1.425 

.079 

.199 

18.22 

7.13 

7.18 

7.22 

. G38 

1.67 

. 582 

1.429 

.081 

. 199 

18.44 

7.99 

8. 03 

8.05 

.020 

1.76 

.610 

1.510 

.076 

.188 

18.13 

.79 

.82 

.84 

.745 

1.63 

.171 

.387 

.209 

.472 

18. 19 

1.99 

2. 04 

2. 07 

.673 

1.80 

.304 

.685 

. 149 

.336 

18. 16 

3. 12 

3. 16 

3. 19 

.678 

1.80 

.427 

.942 

. 135 

.29S 

18. 13 

4.06 

4. 12 

4. 14 

.044 

1.78 

.511 

1. 121 

. 124 

.272 

18.19 

1 5.16 

5.22 

5.  24 

.633 

1.78 

.606 

1. 315 

. 116 

.252 

24 

IS.  59 

5.94 

6.01 

6.04 

.642 

1.56 

.686 

1.480 

.114 

.246 

18.19 

6. 12 

6. 17 

6.20 

.635 

1.67 

.697 

1.512 

. 113 

.245 

18.  59 

7. 02 

7.09 

7.  12 

. 636 

1.50 

.787 

1.680 

.111 

.237 

18.  50 

8. 10 

8. 15 

8.18 

.610 

1.56 

.864 

1.866 

.107 

.229 

9. 13 

3. 00 

3. 04 

3.07 

. 660 

1.63 

.413 

.912 

.136 

.300 

9. 15 

4.  06 

4.  11 

4.  14 

.635 

1.63 

.514 

1.  122 

.125 

.273 

9.16 

5.  13 

5.21 

5.24 

.628 

1.63 

.604 

1.318 

. 116 

.253 

18.25 

.95 

1.00 

1.02 

. 757 

1.63 

.296 

.520 

.296 

.520 

18. 25 

2. 03 

2.  09 

2.12 

. 662 

1.63 

.493 

.851 

.236 

.407 

18.22 

3. 02 

3. 08 

3. 11 

. 687 

1.63 

.662 

1.  127 

.215 

.366 

18.33 

4.24 

4.  57 

4.36 

.582 

1.56 

.850 

1.474 

.186 

.323 

, 18.32 

5.  37 

5.  44 

5.  51 

.620 

1.56 

1.035 

1.744 

.190 

.320 

30 

18.47 

6.21 

6.  31 

6.36 

.607 

1.  56 

1.  148 

1.986 

.182 

.315 

18.  50 

7. 03 

7.  12 

7.16 

1.56 

2. 177 

.306 

9. 19 

5.  26 

5.33 

5.  36 

. 045 

1.63 

1.002 

1.748 

.188 

.328 

9.16 

4.25 

4.  32 

4.  36 

.649 

1.63 

.829 

1.417 

. 192 

.328 

9.16 

3. 03 

3. 10 

3.16 

.685 

1.63 

.639 

1.  Ill 

.206 

.358 

18.25 

.97 

1.03 

1.06 

.742^ 

1.63 

.381 

.582 

.371 

. 566 

18. 13 

2.00 

2. 06 

2. 09 

.674 

1.63 

.623 

.914 

.303 

.444 

34 

18. 13 

3. 25 

3.  32 

3. 36 

.615 

1.56 

.871 

1.256 

.262 

.378 

IS.  32 

4.  25 

4.37 

4.42 

. 632 

1.  56 

1.124 

1.600 

.257 

.366 

18.28 

5.38 

5. 49 

5.54 

.598 

1.56 

1.351 

1.928 

.246 

. 351 

18.65 

6.  47 

6. 57 

6.62 

1.56 

2. 227 

.339 

34.  Locke,  F.  W.  S.,  Jr.:  Tests  of  a Flat  Bottom  Planing  Surface  To 

Determine  the  Inception  of  Planing.  NAVAER  DR.  Rep. 
1096,  Bur.  Aero.,  Dec.  1948. 

35.  Christopher,  Kenneth  W.:  Effect  of  Shallow  Water  on  the  Hydro- 

dynamic  Characteristics  of  a Flat-Bottom  Planing  Surface. 
NACA  TN  3642,  1956. 

36.  Springston,  George  B.,  Jr.,  and  Sayre,  Clifford  L.,  Jr.:  The  Planing 

Characteristics  of  a V-Shaped  Prismatic  Surface  With  50  De- 
grees Dead  Rise.  Rep.  920,  David  W.  Taylor  Model  Basin, 
Navy  Dept.,  Feb.  1955. 


TABLE  I. — Continued 

EXPERIMENTAL  PLANING  DATA  OBTAINED  FOR  A 
RECTANGULAR  FLAT  PLATE 


(b)  Brass  model  having  sharp  chines;  no  wind  screen 


Trim, 
t,  deg 

CV 

lr 

lm 

h 

l,P 

v,  sq  ft/sec 

CD.b 

Ci.b 

Cd.s 

Cl.s 

b 

b 

b 

lm 

18.28 

1.64 

1.69 

1.72 

0. 761 

l.S0X10-i 

0.  061 

0. 291 

0. 036 

0. 172 

18. 13 

2. 40 

2.44 

2.47 

.754 

1.80 

.081 

.361 

.033 

.148 

18.16 

3.54 

3.  59 

3.  62 

.716 

1.80 

. 101 

.445 

.028 

. 124 

12 

18. 12 

4.  67 

4.72 

4.  75 

.689 

1.  80 

.118 

.519 

.025 

.110 

18. 13 

5.  66 

5.72 

5.  74 

.676 

1.80 

. 132 

.578 

.023 

. 101 

18. 19 

7.80 

7.  86 

7.88 

.637 

1.80 

. 165 

.692 

.021 

.088 

18.18 

6. 87 

6.92 

6.  95 

.663 

1.80 

.152 

.644 

.022 

.093 

18. 13 

1.87 

1.92 

1.94 

.719 

1.80 

. 151 

.493 

.078' 

.257 

18. 19 

2.  88 

2.  94 

2.96 

.705 

1.80 

.206 

.653 

.070 

.222 

18 

18.  13 

4.00 

4.  05 

4. 07 

.666 

1.80 

.259 

.798 

.064 

. 197 

18.  15 

5.  92 

5. 97 

6.  00 

.651 

1.80 

.346 

1.027 

.058 

. 172 

18.  13 

7.  10 

7. 25 

7. 18 

.641 

1.80 

.399 

1.189 

. 055 

. 164 

18.  18 

7.97 

8. 03 

8.  06 

.628 

1.80 

.426 

1.253 

.053 

.156 

(e)  Brass  model  having  sharp  chines;  no  wind  screen  or  spray  shield 

[ 18.28 

1 . 54 

1.59 

1.62 

0.  744 

1.64X10-5 

0.  060 

0.  286 

0.038 

0.180 

18.19 

2.  70 

2.  75 

2.78 

.709 

1.64 

.089 

.388 

.032 

. 141 

12 

{ 18.13 

3.83 

3.88 

3.91 

.688 

1.64 

. 105 

.462 

.027 

. 119 

18.22 

4.  74 

4.80 

4.  82 

. 671 

1.64 

. 120 

.528 

.025 

.110 

l IS.  19 

5.84 

5.89 

5.  92 

.664 

1.64 

. 135 

.595 

.023 

.101 

(d)  Plastic  model  having  sharp  chines 

18.00 

1.24 

1.29 

1.31 

0.725 

1.  78X10-5 

0. 0255 

0.  1542 

0. 0198 

0. 1195 

18.00 

2.  48 

2.  52 

2.54 

.725 

1.78 

.0373 

.2109 

.0148 

.0837 

18.00 

3.  58 

3.62 

3.  64 

.718 

1.78 

.0463 

.2534 

. 0128 

.0700 

S 

18.00 

4.47 

4.52 

4.54 

.712 

1.78 

.0529 

.2811 

.0117 

.0622 

18.00 

5. 30 

5. 34 

5.36 

.708 

1.78 

. 0582 

.3087 

.0109 

.0578 

18.00 

6.  40 

6. 45 

6.  48 

.692 

1.78 

.0671 

.3406 

.0104 

. 0528 

18.00 

7.53 

7.57 

7.59 

.701 

1.78 

.0749 

.3740 

.0099 

.0494 

17.93 

1.58 

1.62 

1.65 

.709 

1.78 

.0611 

.2885 

.0377 

. 1781 

12 

17.  93 

4.01 

4. 06 

4.08 

.680 

1.78 

. 1092 

.4669 

.0269 

.1150 

17.93 

5.  70 

5.  75 

5.  77 

.675 

1.78 

. 1374 

.5773 

.0239 

.1004 

18.  10 

7.77 

7.  82 

7.85 

.666 

1.80 

.1713 

.6889 

.0219 

.0881 

[ 17.86 

1.94 

1.91 

1.86 

. 674 

1.78 

.1606 

.4897 

.0841 

.2504 

18 

1 17.93 

2. 92 

2.  96 

2.  98 

.679 

1.78 

.2196 

.6515 

.0742 

. 2201 

1 17.93 

5. 14 

5. 19 

5.21 

.639 

1.78 

.3166 

.9363 

.0610 

.1804 

l 18.19 

6. 94 

6.  99 

7.02 

.643 

1.80 

.3893 

1.1310 

. 0557 

.1618 
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TABLE  I. — Concluded 


EXPERIMENTAL  PLANING  DATA  OBTAINED  FOR  A 
RECTANGULAR  FLAT  PLATE 

(c)  Plastic  model  having  -inch-radius  chinos 


Trim, 
t,  deg 

Cv 

lc 

b 

Itn 

b 

6 

lev 

Im 

sq  ft/sec 

C/i , fi 

Cl  . b 

Co.s 

Cl.  s 

18.35 

1.79 

1.84 

1.86 

0.711 

1. 67X10"4 

0.0638 

0. 2950 

0.  0347 

0.1603 

18.  13 

2.54 

2.59 

2.62 

.705 

1.67 

.0761 

.3445 

.0294 

.1330 

18. 19 

3.59 

3.64 

3.66 

.708 

1.67 

.0972 

.4222 

.0267 

. 1160 

12 

18. 19 

4.  79 

4.84 

4.  87 

.685 

1.67 

. 1181 

.4995 

.0244 

. 1032 

18. 16 

5.52 

5.56 

5.59 

.663 

1.67 

.1290 

.5399 

.0232 

.0971 

18. 07 

6. 87 

6.92 

6.95 

.663 

1.67 

. 1550 

.6297 

.0224 

.0910 

18.07 

7.  60 

7.  66 

7.69 

.651 

1.67 

. 1662 

. 6764 

.0217 

.0883 

18.28 

2.00 

2. 05 

2.08 

.708 

1.67 

.1615 

.4869 

.0788 

.2375 

18. 19 

2.84 

2.90 

2.93 

.684 

1.67 

.2068 

.6200 

.0713 

.2138 

18. 19 

3.79 

3.84 

3. 86 

.672 

1.67 

.2508 

.7438 

.0653 

. 1937 

18 

18.  19 

4.92 

4.98 

5.00 

.646 

1.67 

.2948 

.8620 

.0592 

. 1731 

18.  13 

5.89 

5.  94 

5.97 

.645 

1.67 

. 3380 

.9789 

.0509 

. 1648 

18.  19 

7.02 

7. 06 

7.  08 

.644 

1.67 

.3911 

1.  1261 

.0554 

. 1595 

, 18.22 

7.  76 

7.82 

7.  84 

.637 

1.67 

.4197 

1.2055 

.0537 

.1542 

(f)  Plastic  model  having  e-inch-radius  chines 

18.13 

1.64 

1.68 

1.58 

0.  712 

1.78X10-5 

0. 0272 

0. 1605 

0. 0162 

0.0957 

18. 13 

2. 13 

2. 18 

2.20 

.751 

1.78 

.0320 

.1820 

.0147 

.0835 

18. 00 

3.50 

3.55 

3.58 

.730 

1.78 

.0437 

.2318 

.0123 

.0653 

8 

18.00 

4.50 

4.54 

4.56 

.720 

1.78 

.0504 

.2624 

.0111 

.0578 

17. 86 

5.38 

5. 43 

5.  45 

.716 

1.78 

.0586 

.2948 

.0108 

.0543 

17.93 

6.49 

6.54 

6.  56 

.706 

1.  78 

.0654 

.3257 

.0100 

.0498 

, 18.00 

7.53 

7.58 

7.  61 

.694 

1.78 

.0713 

.3487 

.0094 

.0460 

18.27 

1.  64 

1.69 

1.71 

.707 

1.80 

.0558 

.2630 

.0330 

.1556 

18. 27 

2.62 

2.68 

2.70 

. 704 

1.80 

.0748 

.3371 

.0279 

. 1258 

18.27 

3.  75 

3.80 

3.83 

.692 

1.80 

.0931 

.4081 

.0245 

. 1074 

12 

18. 33 

4.64 

4.  69 

4.  71 

.689 

1.78 

. 1116 

.4728 

.0238 

. 1008 

18. 20 

5.71 

5. 75 

5.  78 

.678 

1.78 

. 1288 

.5365 

.0224 

.0933 

18. 13 

6.76 

6.82 

6.84 

.674 

1.78 

. 1453 

.5981 

.0213 

.0877 

. 18.13 

7. 81 

7. 86 

7. 89 

.665 

1.78 

. 1651 

. 6626 

.0210 

.0843 

18. 13 

1.75 

1.80 

1.83 

.686 

1.78 

. 1463 

.4466 

. 0813 

.2481 

18.  13 

2.74 

2.79 

2. 81 

.683 

1.63 

. 1987 

.5903 

.0713 

.2118 

18. 13 

4.01 

4.  06 

4.08 

.660 

1.78 

.2498 

.7429 

. 0616 

.1832 

18 

18. 13 

5.02 

5.09 

5.09 

.649 

1.78 

.2917 

. 8566 

.0573 

.1683 

18. 26 

6.22 

6. 26 

6.29 

.641 

1.78 

.3389 

.9786 

.0541 

.1562 

18. 13 

6.  90 

6.95 

6.99 

.642 

1.78 

. 3670 

1.  0627 

.0528 

.1529 

18.  13 

7. 91 

7.96 

7.99 

. 641 

1.78 

.4068 

1. 1677 

.0511 

.1467 

TABLE  II 

EXPERIMENTAL  DATA  OBTAINED  FOR  A PLANING 
SURFACE  HAVING  A 20°  ANGLE  OF  DEAD  RTSE 


Trim, 
r,  deg 

Cv 

le 

b 

b 

h 

b 

l cp 

lm 

v,  sq  ft/scc 

Cd,i 

Cl.\. 

Cd,s 

Cl.s 

18.31 

1.68 

1.90 

2.12 

0.708 

1.76X10-6 

0.051 

0.236 

0.027 

0. 124 

I 

18.  13 

2. 16 

2.39 

2.62 

.721 

1.73 

.065 

.275 

.027 

. 115 

18. 19 

2.29 

2.52 

2.  74 

.725 

1.73 
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TABLE  III 

EXPERIMENTAL  DATA  OBTAINED  FOR  A PLANING 
SURFACE  HAVING  40°  ANGLE  OF  DEAD  RISE 
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Figure  1. — Comparison  of  dead-rise  function  applied  to  linear  term 
with  dead-rise  function  based  on  Wagner's  work. 


Figure  2. — Comparison  of  dead-rise  function  applied  to  crossflow  term 
with  Bobyleff’s  flow  coefficient. 
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Figure  3. — Variation  of  crossflow  drag  coefficient  for  various  types  of 
planing  surfaces. 
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(a)  Flat  plate. 

Figure  4. — Relative  magnitude  of  components  of  proposed  theory. 


(b)  Dead  rise,  20°. 
Figure  4. — Continued. 


Proposed  theory,  total  lift  (eq.  (23)) 

Proposed  theory  before  removal  of  lift 
due  to  leading -edge  suction  effects 
(eq.  (16)  + eq.  (18)  with  Cp^c  - 4/3) 

Crossflow  term  (eq.  (22)  with  Cp fC  4/3) 
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Trim,  r,  deg 


(c)  Dead  rise,  40°. 
Figure  4. — Concluded. 
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(b)  Proposed  theory  and  references  8 to  10. 
Figure  7. — Continued. 


(d)  Proposed  theory  and  references  12,  14,  and  Crewe’s  equation 

(eq.  (5)). 

Figure  7. — Continued. 
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(a)  Proposed  theory  and  references  14  and  17. 

Figure  8. — Variation  of  lift  coefficient  with  trim  for  a surface  having 
an  angle  of  dead  rise  of  20°. 


(a)  Proposed  theory  and  references  14  and  17. 

Figure  9. — Variation  of  lift  coefficient  with  trim  for  a surface  having 
an  angle  of  dead  rise  of  40°. 


(b)  Proposed  theory  and  references  18  and  21. 
Figure  8. — Concluded. 


(b)  Proposed  theory  and  references  18  and  21. 
Figure  9. — Concluded. 
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(a)  Sharp  chines. 

(b)  ^4-inch-radius  chines. 

(c)  J-le-inch-radius  chines. 

Figure  13. — Cross  sections  of  plastic  models. 


Figure  14. — Photograph  of  flat-plate  model  attached  to  towing 

carriage. 


(a)  Flat  plate. 

Figure  15. — Underwater  photographs. 


(b)  Dead  rise,  20°. 
Figure  15. — Continued 
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(c)  Dead  rise,  40°. 
Figure  15. — Concluded. 


b 

(a)  Flat  plate. 

Figure  16. — Comparison  of  total  drag  with  induced  drag. 


(b)  Dead  rise,  20°. 
Figure  16. — Continued. 


b 

(c)  Dead  rise,  40°. 
Figure  16. — Concluded. 
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(a)  1.69. 
b 

(b)  — = 7.86. 

b 

Figure  17. — Spray  photographs  of  flat-plate  model  with  wind  screen 
removed.  Trim,  12°. 
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(a)  Flat  plate. 
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(a)  Flat  plate.  (b)  Dead  rise,  20°.  (c)  Dead  rise,  40°. 

Figure  22. — The  effect  of  speed  on  lift  coefficient. 


0 2468  10  02468  10  02468  10 


X m X m 1/77 

b b b 

(a)  Flat  plate.  (b)  Dead  rise,  20°.  (c)  Dead  rise,  40°. 

Figure  23. — The  effect  of  speed  on  drag  coefficient. 


Jm  J/77. 

b b 

(a)  Flat  plate. 


(b)  Dead  rise,  20°.  (c)  Dead  rise,  40°. 

Figure  24. — The  effect  of  speed  on  center  of  pressure. 
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Figure  25. — -The  effect  of  rounded  chines  on  the  lift  of  a 4-inch-beam 
rectangular-flat-plate  planing  surface. 
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□ Plastic  model  - sharp  chines 
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O Plastic  model  - 1/ 1 6-inch-radius 
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Figure  27. — The  effect  of  rounded  chines  on  the  center  of  pressure  of  a 
4-inch-beam  rectangular  flat  plate. 
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Figure  26. — -The  effect  of  rounded  chines  on  the  drag  of  a 4-inch-beam 
rectangular  flat  plate. 


(a)  Sharp  chines. 

(b)  Ms-inch-radius  chines. 

Figure  28. — Variation  of  skin-friction  coefficient  with  Reynolds 
number.  Trim,  8°. 
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Figure  29. — -Comparison  of  lift-drag  ratios  for  flat-plate  models  having 
sharp  chines  with  flat-plate  models  having  rounded  chines. 


Experiment 


Cv  ft/sec 


(a)  Data  of  present  report  (brass  model) . 

Figure  31. — Comparison  of  proposed  theory  with  experimental  lift 
coefficients  for  rectangular-flat-plate  planing  surfaces. 


Figure  30. — Lift  coefficient  due  to  buoyancy  for  various  speed  coeffi- 
cients. (Data  of  ref.  31.)  Calculated  value  of  Cl,s  wras  determined 
from  equation  (20)  with  CD.c=  1.15  (see  fig.  32  (c)). 
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(h)  Data  of  Locke  (ref.  34). 
Figure  31. — Continued. 
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(f)  Data  of  Wadlin  and  McGehee  (ref.  31). 
Figure  31. — Continued.  x 


Experiment 
Trim,  r,  deg 

o 2 

o 4 

O 6 

v 8 

Proposed  theory 

(eq.  (23) ) 


Experiment 
Q,  b 

o 0.054  ' 

□ .108 
O .218 

Proposed  theory 

(eq.  (23) ) 


Trim,  r,  deg 


(g)  Data  of  Shoemaker  (ref.  33). 
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Figure  31. — Continued. 
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(i)  Data  of  Sambraus  (ref.  16). 
Figure  31. — -Continued. 
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(b)  Data  of  Chambliss  and  Boyd  (ref.  28). 
Figure  33. — Continued. 
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(a)  Data  of  present  report  (brass  model) . 

Figure  42. — Variation  of  center-of-pressure  location  with  mean 
wetted-length-beam  ratio  for  rectangular-flat-plate  planing  surfaces. 


(b)  Data  of  present  report  (sharp-chine  plastic  model). 
Figure  42. — Continued. 


Proposed  theory 

(eq.  (25)  with  CDfC  = 4/3) 


(c)  Data  of  Weinstein  and  Kapryan  (ref.  23). 
Figure  42.— Continued. 
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(d)  Data  of  Wadlin  and  McGehee  (ref.  31). 
Figure  42. — Continued. 


0 2 4 6 8 iO  0 24  68  10 

.1-2  r l2r 


0 .5  1.0  1.5  2.0  2.5 

E m 

b 


(e)  Data  of  Kapryan  and  Boyd  (ref.  25) . 
Figure  42. — Concluded. 
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(a)  Data  of  present  report. 

Figure  43. — Variation  of  center-of-pressure  location  with  mean 
wetted-length-beam  ratio  for  a surface  having  a 20°  angle  of  dead  rise. 


(b)  Data  of  Chambliss  and  Boyd  (ref.  28). 
Figure  43. — Continued. 
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(c)  Data  of  Ivapryan  and  Boyd  (ref.  25) . 

Figure  43. — Concluded. 
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(a)  Data  of  present  report. 

Figure  44. — Variation  of  centei’-of-pressure  location  with  mean 
wet ted-1  eng th-b earn  ratio  for  a surface  having  a 40°  angle  of  dead  rise. 
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(b)  Data  of  Chambliss  and  Boyd  (ref.  28). 
Figure  44.— Continued. 


(c)  Data  of  Kapryan  and  Boyd  (ref.  25) . 
Figure  44. — Concluded. 
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Figure  45.— Variation  of  center-of-pressure  location  with  mean 
wetted-length-beam  ratio  for  a model  having  a 50°  angle  of  dead 
rise.  (Data  of  Springston  and  Sayre  (ref.  36).) 
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(a)  Data  of  Ivapryan  and  Weinstein  (ref.  13). 

Figure  46. — Variation  of  center-of-pressure  location  with  mean 
wetted-length-beam  ratio  for  a surface  having  a basic  angle  of 
dead  rise  of  20°  and  horizontal  chine  flare.  (Effective  angle  of  dead 
rise,  16°.) 
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(b)  Data  of  Kapryan  and  Boyd  (ref.  25). 
Figure  46. — Concluded. 


(a)  Data  of  Blanchard  (ref.  24). 

Figure  47. — Variation  of  center-of-pressure  location  with  mean 
wetted-length-beam  ratio  for  a surface  having  a basic  angle  of  dead 
rise  of  40°  and  horizontal  chine  flare.  (Effective  angle  of  dead 
rise,  32°47'.) 
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(b)  Data  of  Ivapryan  and  Boyd  (ref.  25).  0 .5  1.0  1.5  2.0 

Figure  47. — Concluded.  C* 
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Figure  48. — Variation  of  center-of-pressure  location  with  mean 
wetted-length-beam  ratio  for  a surface  having  a basic  angle  of  dead 
rise  of  20°  and  vertical  chine  strips.  (Effective  angle  of  dead  rise, 
15°33'.)  (Data  of  Kapryan  and  Boyd  (ref.  26).) 
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Figure  49. — Variation  of  center-of-pressure  location  with  mean 
wetted-length-beam  ratio  for  a surface  having  a basic  angle  of  dead 
rise  of  40°  and  vertical  chine  strips.  (Effective  angle  of  dead  rise, 
31°59'.)  (Data  of  Kapryan  and  Boyd  (ref.  26).) 
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Figure  50. — Variation  of  center-of-pressure  location  with  length- 
beam  ratio  for  triangular-flat-plate  surfaces  planing  with  base 
forward.  (Data  of  Wadlin  and  McGehee  (ref.  31)  and  unpublished 
tank  no.  2 data.) 
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INVESTIGATION  OF  SEPARATED  FLOWS  IN  SUPERSONIC  AND  SUBSONIC  STREAMS  WITH 

EMPHASIS  ON  THE  EFFECT  OF  TRANSITION  1 

By  Dean  R.  Chapman,  Donald  M.  Kuehn,  and  Howard  K.  Larson 


SUMMARY 

Experimental  and  theoretical  research  has  been  conducted  on 
flow  separation  associated  with  steps , bases , compression  corners , 
curved  surfaces , shock-wave  boundary -layer  reflections , and  con- 
figurations producing  leading-edge  separation.  Results  were 
obtained  from  pressure-distribution  measurements,  shadow- 
graph observations , high-speed  motion  pictures , and  oil-film 
studies.  The  maximum  scope  of  measurement  encompassed 
Mach  numbers  between  Ofi  and  3.6,  and  length  Reynolds 
numbers  between  4., 000  and  5,000,000. 

The  principal  variable  controlling  pressure  distribution  in 
the  separated  flows  was  found  to  be  the  location  of  transition 
relative  to  the  reattachment  and  separation  positions.  Classi- 
hcation  is  made  of  each  separated  flow  into  one  of  three  regimes : 
“pure  laminar ” with  transition  downstream  of  reattachment , 
“transitional”  with  transition  between  separation  and  reattach- 
ment, and  “turbulent”  with  transition  upstream  of  separation. 
By  this  means  of  classification  it  is  possible  to  state  rather 
general  results  regarding  the  steadiness  of  flow  and  the  influence 
of  Reynolds  number  within  each  regime. 

For  certain  pure  laminar  separations  a theory  for  calculating 
dead-air  pressure  is  advanced  which  agrees  well  with  subsonic 
and  supersonic  experiments.  This  theory  involves  no  empirical 
information  and  provides  an  explanation  of  why  transition  lo- 
cation relative  to  reattachment  is  important.  A simple  analysis 
of  the  equations  for  interaction  of  boundary -layer  and  external 
flow  near  either  laminar  or  turbulent  separation  indicates  the 
pressure  rise  to  vary  as  the  square  root  of  the  wall  shear  stress 
at  the  beginning  of  interaction.  Various  experiments  substan- 
tiate this  variation  for  most  test  conditions.  An  incidental 
observation  is  that  the  stability  of  a separated  laminar  mixing 
layer  increases  markedly  with  an  increase  in  Mach  number. 
The  possible  significance  of  this  observation  is  discussed. 

INTRODUCTION 

Flow  separation  often  is  considered  as  a scourge  to  many 
technical  devices  which  depend  upon  the  dynamics  of  fluids 
for  successful  operation,  inasmuch  as  separation  often  limits 
the  usefulness  of  these  devices.  For  example,  the  maximum 
lift  of  an  airfoil  and  the  maximum  compression  ratio  of  a 
compressor  are  limited  by  the  occurrence  of  separation. 
Separated  regions  can  also  occur  near  a deflected  flap,  around 
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a spoiler  control,  in  an  overexpanded  rocket  nozzle,  behind 
a blunt  base,  on  the  leeward  side  of  an  object  inclined  at 
large  angle  of  attack,  and  near  the  impingement  of  a shock 
wave  from  one  body  upon  the  boundary  layer  of  another. 
Such  occurrences  make  flow  separation  a very  common 
phenomenon  warranting  much  research  effort. 

Of  the  numerous  experimental  results  on  separated  flows, 
a few  have  proved  to  be  applicable  throughout  the  subsonic, 
transonic,  and  supersonic  speed  ranges.  The  first  and  most 
important  result  involves  the  phenomenon  of  boundary-layer 
transition.  In  1914  Prandtl  (ref.  1)  demonstrated  that  the 
pronounced  effects  of  flow  separation  on  the  low-speed  drag 
of  a bluff  body,  such  as  were  observed  earlier  by  Eiffel  (ref. 
2),  are  determined  by  the  type  of  boundary-layer  flow  ap- 
proaching the  separation  point;  that  is,  whether  it  is  laminar 
or  turbulent.  In  the  initial  post-war  years,  a number  of 
independent  investigations  (refs.  3,  4,  5,  and  6)  were  con- 
ducted in  transonic  and  supersonic  wind  tunnels  which 
revealed  similar  marked  effects  on  compressible  flow  fields 
when  the  boundary  layer  approaching  separation  was 
changed  from  laminar  to  turbulent.  These  experiments 
leave  little  doubt  that  separated  flows  with  transition  up- 
stream of  separation  are  fundamentally  different  from  those 
with  transition  downstream. 

From  various  experiments  on  separated  flows,  a second 
general  result  can  be  detected  which  may  not  have  been 
evident  at  the  time  the  various  experiments  were  conducted, 
but  which  is  perceptible  now  through  the  medium  of  hind- 
sight coupled  with  the  findings  of  more  recent  research. 
This  second  result  concerns  the  importance  of  the  location 
of  transition  within  a separated  layer  relative  to  the  position 
of  laminar  separation.  Schiller  and  Linke  (ref.  7)  found 
that  even  under  conditions  where  the  boundary-layer  flow 
remains  laminar  at  separation,  the  pressure  distribution 
about  a circular  cylinder  depends  significantly  on  how  near 
transition  is  to  the  separation  position.  They  observed  that 
an  increase  in  either  Reynolds  number  or  turbulence  level 
moved  transition  upstream  in  the  separated  layer  to  a posi- 
tion closer  to  separation,  and  that  such  movement  consid- 
erably affected  the  drag  and  pressure  distribution.  Closely 
related  to  these  findings  are  some  isolated  observations  that 
transition  location  often  correlates  with  an  abrupt  pressure 
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rise  when  the  separated  layer  is  laminar.  This  correlation 
is  found  within  “separation  bubbles”  on  airfoils  (ref.  8), 
and  in  man}7"  other  cases,  both  at  low  speed  and  supersonic 
speed,  as  is  discussed  in  detail  later.  Thus  with  a separated 
layer  remaining  laminar,  a variation  in  Reynolds  number 
changes  the  location  of  transition  relative  to  the  separation 
point  and  this  varies  the  pressure  rise  associated  with  tran- 
sition; the  consequence  is  an  effect  of  Reynolds  number  on 
pressure  distribution  which  is  especially  pronounced  in  the 
separated  flow  behind  a base.  (See  refs.  5 and  6.)  An 
initial  approach  to  the  computation  of  such  effects  has  been 
made  by  Crocco  and  Lees  (ref.  9)  who  consider  explicitly 
the  movement  of  transition  along  a separated  layer.  The 
synoptic  result  of  these  various  investigations  is  that  the 
location  of  transition  relative  to  separation  is  a variable 
generally  important  to  separated  flows  wherein  the  boundary 
layer  is  laminar  at  separation. 

In  most  previous  experiments  attention  generally  has 
been  directed  to  the  type  of  boundary-layer  flow  existing 
at  separation  and  to  the  relative  distance  between  transi- 
tion and  separation;  less  attention  has  been  given  to  the 
type  of  boundary -layer  flow  existing  at  reattachment  and 
to  the  relative  distance  between  transition  and  reattach- 
ment. (“Reattachment”  is  taken  herein  to  mean  the  local- 
ized zone  wherein  a separated  layer  either  meets  a surface 
or  another  separated  layer.)  At  sufficiently  low  Reynolds 
numbers,  a type  of  separation  can  exist  where  transition 
is  downstream  of  the  reattachment  zone,  or  perhaps  even 
nowhere  in  the  flow  field.  In  order  to  achieve  this  pure 
laminar 2 type  of  separation  in  a low-speed  flow,  however, 
the  Reynolds  number  must  be  very  low  (e.  g.,  the  order 
of  several  thousand  for  a circular  cylinder).  In  view  of 
the  unusually  low  Reynolds  number  required,  and  the  fact 
that  the  reattachment  position  is  not  steady  in  a subsonic 
wake,  it  is  understandable  that  conditions  at  reattachment 
previously  have  received  relatively  little  emphasis  in  inves- 
tigations of  separated  flow.  An  isolated  example  of  pure 
laminar  separation  was  observed  by  Liepmann  and  Fila 
(ref.  10)  behind  a small,  half -cylinder,  roughness  element 
placed  within  a subsonic  laminar  boundary  layer. 

The  present  investigation,  which  is  concerned  in  consider- 
able part  with  flow  conditions  near  reattachment,  was  con- 
ducted in  three  phases  differing  greatly  in  purpose  and 
scope.  Such  division  was  not  planned  but  was  dictated  b}7 
some  rather  surprising  and  encouraging  results  obtained 
during  the  initial  phase  of  experimentation,  coupled  with 
some  major  revisions  in  the  wind-tunnel  facility  made  dur- 
ing the  interval  over  which  the  research  was  conducted. 
The  initial  experiments  (conducted  in  1953)  were  concerned 
with  the  manner  in  which  Reynolds  number  variation  at 
supersonic  speed  affects  the  separated-flow  region  upstream 
of  two-dimensional  steps  of  various  height.  Comparison 
of  the  results  of  the  initial  experiments  with  those  of  other 


2 For  reasons  explained  later,  many  flows  commonly  designated  as  “laminar”  separations 
in  previous  investigations  really  are  affected  significantly  by  the  presence  of  transition  locally 
in  the  reattachment  zone;  such  flows  are  referred  to  herein  as  “transitional”  separations. 
Consequently,  it  is  desirable  for  purposes  of  emphasis  and  contradistinction  to  use  an  unam- 
biguous terminology,  such  as  “pure  laminar,”  for  those  flows  which  truly  are  unaffected 
by  transition. 


experiments  revealed  several  intriguing  similarities  among 
various  separated  flows  on  presumably  unrelated  configura- 
tions. These  similarities  (discussed  in  detail  later)  sug- 
gested that  the  location  of  transition  relative  to  reattach- 
ment might  be  just  as  fundamental  to  any  separated  flow 
as  is  the  location  of  transition  relative  to  separation.  In 
order  to  explore  this  possibility,  a second  phase  of  experi- 
ments was  conducted  with  a variety  of  model  shapes  rather 
than  just  a step.  A third  phase  of  experiments  was  con- 
ducted after  modifications  were  made  to  the  wind  tunnel 
which  enabled  operation  over  an  extended  Mach  number 
and  Reynolds  number  range.  Inasmuch  as  an  ultimate 
hope  was  to  improve  the  understanding  of  separated  flows, 
it  was  thought  mandatory  to  include  measurements  at  sub- 
sonic as  well  as  supersonic  speeds  as  an  integral  part  of  the 
research.  All  measurements  were  made  on  two-dimensional 
models. 

This  report  covers  three  subjects:  (1)  a general  survey  of 
the  experimental  results  grouped  according  to  whether  tran- 
sition is  downstream  of  reattachment,  between  separation 
and  reattachment,  or  upstream  of  separation;  (2)  a descrip- 
tion and  experimental  test  of  a theory  of  the  fundamental 
mechanism  near  reattachment  which  governs  the  dead-air 
pressure  in  a separated  region  (this  theory  is  used  to  pro- 
vide an  explanation  of  why  transition  location  relative  to 
reattachment  is  of  importance  to  separated  flows);  (3)  a 
simple  analysis  and  pertinent  experiments  on  “free  inter- 
action” type  flows  wherein  the  boundary  layer  interacts 
freely  with  an  external  supersonic  flow  in  the  manner  orig- 
inally pictured  by  Oswatitsch  and  Wieghardt  (ref.  11).  A 
preliminary  report  presenting  briefly  some  of  the  salient 
results  of  this  investigation  has  been  published  as  reference  12. 

In  the  three-year  interim  over  which  the  present  experi- 
ments and  theoretical  research  were  conducted,  various 
results  of  other  studies  appeared  which  benefited  and  influ- 
enced the  course  of  this  research.  A thorough  investiga- 
tion of  turbulent  separation  induced  by  steps  and  by  inter- 
action of  oblique  shock  waves  with  the  turbulent  boundary 
layer  on  a wind-tunnel  wall  was  published  by  Bogdonoff 
(ref.  13)  and  by  Bogdonoff  and  Kepler  (ref.  14).  As  a 
result  it  was  deemed  unnecessary  to  investigate  turbulent 
separations  for  these  two  cases,  except  to  provide  incidental 
comparisons  and  checks  with  their  data.  Similarly,  exten- 
sive results  of  Gadd,  Holder,  and  Regan  (ref.  15)  became 
available  for  the  case  of  shock-wave-induced  separation. 
In  these  latter  experiments,  separated  flows  with  transition 
downstream  of  reattachment  were  observed  as  were  fully 
turbulent  flows  and  flows  with  transition  between  separation 
and  reattachment.  The  importance  of  transition  location 
relative  to  reattachment  is  clearly  recognized  by  Gadd,  et 
al.  More  recently,  the  research  of  Korst,  Page,  and  Childs 
(ref.  16)  became  available,  in  which  nearly  the  same  funda- 
mental theoretical  mechanism  was  employed  in  their  calcu- 
lations of  base  pressure  for  thin  turbulent  boundary  layers 
as  that  mechanism  described  and  experimentally  tested 
herein  for  thin  laminar  boundary  la}7ers.  Comparison  of 
results  from  these  various  recent  and  independent  researches 
is  made  later  in  the  report. 
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NOTATION 

T 

local  skin-friction  coefficient,  - 

q 

ratio  of  cSo  at  a given  RXo  to  corresponding  value 
#*o=106 

height  of  step  or  base 

characteristic  streamwise  length  over  which  inter- 
action takes  place 
body  length  (see  fig.  2) 
mass-flow  rate  per  unit  span 
Mach  number 
pressure 
Prandtl  number 

dynamic  pressure, 

reattacliment  point 

Reynolds  number,  ll^-  and  — °— > respectively 

Vo  Vo 

separation  point 
absolute  temperature 
velocity 

distance  along  model  measured  from  leading  edge 
angle  of  attack  relative  to  surface  having  length  L 
ratio  of  specific  heats,  1.40  for  air 
mixing-layer  or  boundary -layer  thickness 
displacement  thickness  of  boundary  layer 
viscosity  coefficient 

kinematic  viscosity,  - 

density 
shear  stress 

SUBSCRIPTS 

conditions  at  beginning  of  interaction  in  supersonic 
flow,  or  at  location  of  minimum  pressure  in 
subsonic  flow 

test-section  stream  conditions 
dead  air 

outer  edge  of  mixing  layer,  or  edge  of  boundary 
layer 

plateau  conditions  (for  laminar  separation),  or 
peak  conditions  (for  turbulent  separation) 
reattachment  point 
separation  point 

(J1  y J \ 

e.  g.,  14 — —M2) 

ratio  of  quantity  to  corresponding  value  at  edge 
of  mixing  layer ^e.  g.,  = 

wall 

SUPERSCRIPTS 

conditions  downstream  of  reattachment  region 
conditions  along  dividing  streamline  of  mixing 
layer. 

APPARATUS  AND  TEST  METHODS 


WIND  TUNNEL 

Experiments  were  conducted  in  the  Ames  1-  by  3-foot 
supersonic  wind  tunnel  No.  1.  This  tunnel  operates  con- 


tinuously with  dry  air  over  a range  of  reservoir  pressures. 
For  the  initial  portion  of  experiments,  the  range  of  tunnel 
pressures  available  was  limited  to  between  2.5  and  30 
pounds  per  square  inch  absolute,  and  the  Mach  number 
was  limited  to  about  2 4.  Revisions  to  the  tunnel  structure, 
flexible-plate  nozzle,  and  drive  motors  were  made  in  1955 
so  that  subsequent  experiments  could  be  made  over  the 
range  of  pressures  between  about  2 and  60  psia  and  at  Mach 
numbers  up  to  about  3.6.  Subsonic  speed  control 
(0.4  < M a,  <0.8)  was  obtained  by  choking  the  flow  down- 
stream of  the  test  section  with  the  flexible,  supersonic 
diffuser. 

MODELS  AND  SUPPORTS 

Several  types  of  models  with  different  supports  and  end 
plates  were  employed,  each  being  designed  to  provide  two- 
dimensional  flow  conditions.  Pressure  orifices  were  located 
at  stations  near  the  center  span,  and,  in  most  cases,  were 
spaced  either  0.05  or  0.10  inch  apart.  The  initial  experiments 
were  conducted  on  step  models  in  an  8-inch-wide  two- 
dimensional  channel  placed  within  the  1-  by  3-foot  test 
section  (see  ref.  17  for  description  of  channel).  Since  use 
of  the  channel  made  model  changes  and  observation  rather 
cumbersome,  subsequent  experiments  were  conducted  with- 
out the  channel  apparatus  by  mounting  the  8-inch  span 
models  on  a sting  from  the  rear,  and  by  attaching  at  both 
tips  relatively  small,  transparent  (lucite),  end  plates.  The 
photograph  in  figure  1 (a)  illustrates  the  latter  method  of 


(b) 


(a)  Photograph  showing  oil-film  accumulation  taken  during  a run  of 
model  CC10°  — 2 with  end  plates. 

(b)  Sketch  of  typical  oil-film-accumulation  line. 

Figure  1.— Typical  model  installations. 
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sting  mounting.  Since  comparison  of  results  obtained  with 
the  two  methods  of  mounting  showed  no  significant  differ- 
ence, all  subsequent  measurements  were  taken  with  this 
latter  method  of  mounting.  For  those  data  presented,  the 
flow  over  the  center  portion  of  the  model  was  judged  es- 
sentially two-dimensional  according  to  three  indications: 
(1)  several  pressure  orifices  locat  ed  span  wise  2 inches  off 
center  revealed  only  small  variations  of  static  pressure;  (2) 
the  pattern  formed  by  oil  film  on  a model  surface  (see  fig. 
1 (b))  was  normal  to  the  flow  direction  over  a sizable  center 
portion  of  span;  and  (3)  at  all  Mach  numbers,  changing 
from  triangular-shaped  to  rectangular-shaped  end  plates 
had  no  effect  on  midspan  pressure  distribution,  and  at  Mach 
numbers  above  about  2.3,  even  the  removal  of  end  plates 
had  no  effect.  End  plates  often  were  not  used  at  the  higher 
Mach  numbers,  as  this  enabled  better  shadowgraphs  to  be 
obtained. 

Photographs  of  several  models  mounted  without  end 
plates  are  presented  in  figures  1 (c),  1 (d),  and  1 (e).  The 
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(e) 

(c)  Model  CC25°  — 2.  (d)  Model  S-4.  (e)  Model  CC25°-5  (trip  4). 

Figure  1. — Concluded. 

geometry,  dimensions,  and  designations  of  the  various 
models  are  given  in  figure  2.  Most  of  the  models  of  figure 
2 consist  of  a basic  flat  plate  to  which  various  wedges  and 
steps  were  fastened  to  form  additional  models.  This  basic 
flat  plate  also  was  used  for  measurements  of  boundary-layer- 
transition  Reynolds  number  to  give  an  indication  of  wind- 


tunnel  disturbance  level.  The  leading-edge  thickness  of  the 
flat  plate  was  determined  opticall}7  to  be  0.005  inch.  The 
leading-edge  thickness  of  the  other  models  (for  which  the 
surface  contour  is  an  integral  part  of  the  basic  plate)  is 
believed  to  be  approximately  the  same. 

TEST  METHODS  AND  TECHNIQUES 

Variation  in  Mach  number. — The  Mach  number  M0 
approaching  an  interaction  region  was  varied  in  several 
ways.  At  subsonic  speed,  the  angle  of  attack  was  held 
fixed  while  adjustment  of  the  diffuser  minimum  area  pro- 
vided variation  in  test-section  Mach  number  M „ . At 
supersonic  speed,  the  angle  of  attack  was  changed  to  provide 
variation  in  M0,  as  illustrated,  and  the  flexible  nozzle  walls 
occasionally  were  repositioned  to  provide  additional  varia- 


tion in  M oo . Only  a few  test-section  Mach  numbers  were 
required  to  achieve  variation  in  M0  from  values  near  1 to 
about  3.6,  inasmuch  as  the  angle  of  attack  for  some  of  the 
models  could  be  varied  by  ±16°.  Thus  a given  M0  could 
be  obtained  with  either  an  expansion  wave  or  a shock  wave 
occurring  at  the  model  leading  edge.  It  was  found  in  most 
cases  that  for  a given  M0  both  types  of  settings  would  yield 
the  same  pressure  distribution  over  the  center-span  portion 
of  the  model.  In  several  cases,  though,  detached  bow  waves 
at  a>0  resulted  from  excessive  flow  deflection  over  the  lower 
surface,  and  this  caused  transition  to  occur  prematurely  on 
the  upper  surface.  Under  such  conditions,  the  pressure 
distribution  in  transitional-type  separations  differed  from 
that  obtained  at  the  same  M0 , but  with  an  expansion  wave 
at  the  leading  edge.  In  some  cases  of  laminar  separation, 
small  differences  in  the  shape  of  pressure  distribution — but 
not  in  the  pressure  rise  to  separation — were  observed  at 
the  same  M0  for  the  two  types  of  settings.  These  small 
differences  are  attributed  to  known  differences  in  tunnel- 
empty  pressure  distribution  at  the  different  nozzle  settings. 

Optical  techniques. — One  or  more  shadowgraphs  were 
taken  for  each  pressure  distribution  in  order  to  determine 
the  location  of  transition.  Relatively  long  exposure  times 
were  used  (%$  to  Koo  sec)  since  the  mean  position  of  transition 
was  desired  rather  than  an  instantaneous  position.  In 
the  first  two  phases  of  experimentation,  film  was  placed 
next  to  a side  window  which  intercepted  near-parallel  light 
passing  through  the  test  section.  Polaroid-Land  film  was 
used.  In  the  third  phase  of  experimentation,  the  film  was 
placed  on  a parallel-motion  mechanism  surrounded  by  light- 
proof bellows  (see  fig.  3).  This  enabled  the  distance  from 
the  model  to  the  film  to  be  adjusted  in  order  to  take  ad- 
vantage of  focusing  effects  induced  by  the  refraction  of 
parallel  light  as  it  passes  through  the  boundary  layer  (for 
an  explanation  of  the  focusing  effects,  see  ref.  18).  Com- 
parison of  figures  4 (b)  with  4 (a)  reveals  the  improvement 
achieved  by  increasing  the  distance  between  the  film  and 
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Model 

designation 

L 

(inches) 

h 

(inches) 

L 

h 

S-l 

1.14 

0.  041 

27.  8 

S-2 

6.55 

0.237 

27.  7 

S-3 

2.60 

0.094 

27.  7 

S-4 

2.73 

0.150 

18.2 

S-5 

5.14 

0.150 

34.  3 

S-6 

2.73 

0.  300 

9.  1 

S-7 

4.70 

0.100 

47.0 

S-8 

4.43 

0.  040 

110.  8 

S-9 

3.30 

0.150 

22.0 

S-10 

6.05 

0.  200 

30.  3 

Model 

9 

L 

R 

l« 

h 

designation 

(degrees) 

(inches) 

(inches) 

(inches) 

(inches) 

CS15°-1 

15 

5.00 

3.25 

0.  84 

1. 16 

CS20°-1 

20 

5.  50 

2.00 

0.68 

1.32 

CS25°-1 

25 

2.63 

3.25 

1.37 

0 

CS30°-1 

30 

5.50 

1.00 

0.  50 

1.  50 

(a) 


(d) 


✓ 


L 4- l 


Model 

designation 

9 

(degrees) 

L 

(inches) 

1 

(inches) 

CC10°-1 

10 

0.75 

2.  50 

CC10°-2 

10 

2.  25 

1.75 

CC10°-3 

10 

2.  60 

1.50 

CC10°-4 

10 

5.00 

2.00 

CC15°-1 

15 

0.  35 

1.10 

CC15°-2 

15 

0.  76 

1.10 

CC15°-3 

15 

1.72 

1.10 

CC20°-1 

20 

0.  34 

0.  80 

CC20°-2 

20 

5.  50 

2.  00 

CC25°-1 

25 

0.28 

1.40 

CC25°-2 

25 

0.  76 

1.40 

CC25°-3 

25 

3.  34 

0.  66 

CC25°-4 

25 

5.00 

2.00 

CC25°-5 

25 

5.  50 

2.  00 

CC35°-1 

35 

0.  056 

2.  70 

CC35°-2 

35 

0.166 

2.  70 

(b) 


■*“  L — 

- — / — - j 

h 

_L 

! i 

t W 

0 

One  model  has  3 bases  in  series — others  have  only  a single 
base.  "L"  is  always  measured  from  the  model  leading  edge  to  the 
particular  base.  is  always  the  length  of  the  unbroken  surface 
downstream  of  the  particular  base. 


Model 

designation 

L 

(inches) 

h 

(inches) 

1 

(inches) 

U) 

(degrees) 

0 

(degrees) 

B-l-a 

0.  20 

0.01 

0.47 

8 

90 

-b 

0.67 

0.03 

1.61 

8 

90 

-c 

2.28 

0.10 

2.  22 

8 

90 

B-2 

2.  00 

0.10 

2.22 

8 

90 

B-3 

0.  20 

0.  09 

3.  30 

35 

145 

(e) 


Crosshatched Clean  model 

Solid Detachable  boundary-layer  trip 


r — L 


L”  is  measured  from  model  leading 
edge  and  includes  length  of  boundary- 
layer  trip. 


Wire  trip 
(0.015”  dia.) 


|*0.13” 


trip  1 


Saw-tooth 

roughness 


0.3”  — ; 


Strip  of  fine  mesh 
, „ screen  0.  5"  wide 


0.05"  base 


Base  trip 


trip  3 


trip  4 


(c) 


( / , is  positive  when  leading  edge  of  shock  generator  is  ahead  of  leading  edge 
of  flat  plate) 


Model 

designation. 

L 

(inches) 

(inches) 

1 i 

(inches) 

1 s 

(inches) 

0 

(degrees) 

a 

(degrees) 

1 3°-l 

1.1 

1.00 

1.14 

0.  93 

4.0 

-1.0 

1 5°-l 

1.0 

1.00 

1.14 

0.93 

4.0 

+1.0 

I 6 . 5°-l 

0.9 

1.00 

1.14 

0.  93 

4.0 

+2.5 

I 8°-2 

1.8 

-0.25 

0.  96 

0.  75 

4.0 

+4.0 

(0 


(a)  Step  models.  (d)  Curved  surfaces. 

(b)  Compression  corners.  (e)  Base  models. 

(c)  Boundary-layer  trips.  (f)  Incident  shock  models. 


Figure  2. — Model  configurations  and  dimensions, 
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Figure  3. — Adjustable  shadowgraph  mount  with  light-tight  bellows. 


(a)  Shadowgraph  next  to  tunnel  window.  Flat  plate  model;  Afo=3.0; 

p*=24.5  psia. 

(b)  Shadowgraph  30  inches  from  tunnel  window.  Flat  plate  model; 

Af o=3.0;  p*=24.5  psia. 

(c)  Shadowgraph  next  to  tunnel  window.  CS15°— 1;  M0=  3.0; 

pt— 3 psia. 

(d)  Shadowgraph  42  inches  from  tunnel  window.  CS15°  — 1 ; M Q—  3.0; 

pt=  3 psia. 

Figure  4. — Effect  on  shadowgraph  appearance  of  variation  in  distance 
between  model  and  shadowgraph  film. 

the  flat-plate  model.  The  white  line,  indicating  the  nature 
of  boundaiy-layer  flow,  is  displaced  from  the  surface  where 
it  can  be  better  observed.  Comparison  of  figures  4 (d) 
with  4 (c)  reveals  the  improvement  achieved  in  visualizing 
the  separated  flow  over  a curved  surface  model  by  increasing 
the  film-to-model  distance. 

High-speed  motion  pictures  (Fastax)  were  taken  of  the 
shadowgraph  field  in  order  to  ascertain  the  relative  steadi- 
ness of  various  separated  flows.  The  parallel  light  was  of 


sufficient  intensity  to  permit  pictures  of  several  thousand 
frames  per  second  to  be  taken  from  the  shadowgraph  pattern 
cast  on  a ground-glass  screen.  Runs  at  various  frame 
speeds  up  to  6000  frames  per  second  showed  that  flow 
unsteadiness  could  be  detected  readily  at  speeds  near  2000 
frames  per  second. 

Transition  determination  from  shadowgraphs. — Two 

methods,  depending  upon  tunnel  pressure,  were  used  to 
detect  transition  from  the  shadowgraphs.  At  low  tunnel 
static  pressures,  with  small  film-to-model  distances,  transition 
location  appeared  as  the  “end”  of  the  laminar  (white)  line 
on  the  shadowgraphs.  At  high  tunnel  static  pressures, 
with  small  film-to-model  distances,  or  at  arbitrary  pressure 
with  large  film-to-model  distances,  optical  refraction  effects 
are  large,  and  a technique  used  by  Pearcey  (ref.  18)  was 
empkyed  to  locate  transition.  Under  these  conditions  the 
white  laminar  line  appears  displaced  from  the  surface  by  a 
distance  large  compared  to  the  boundary -layer  thickness. 
For  flow  over  a flat  plate,  the  apparent  displacement  is 
nearly  constant  from  the  surface  as  long  as  the  layer  remains 
laminar,  since  the  density  profiles  are  nearly  similar  along 
the  plate  length.  An  example  is  illustrated  in  figure  5 (a). 


(a)  Transition  beginning  near  rear  of  plate.  M0=  2.0;  RL=  1.9X106. 

(b)  Transition  region  on  plate.  A/c=2.9;  #L  = 2.3X10®. 

(c)  Transition  region  on  plate.  il/0=3.3;  #L=2.8X10®. 

Figure  5. — Shadowgraphs  indicating  type  of  boundary-layer  flow  and 
location  of  transition  on  the  flat  plate  model. 

When  the  Reynolds  number  is  increased  so  that  transition 
is  completed  on  the  plate,  the  white  line  converges  to  the 
surface  in  the  transition  region.  Examples  of  this  are 
illustrated  in  figures  5 (b)  and  5 (c).  The  beginning  of 
convergence  represents  the  beginning  of  transition  effects  on 
the  density  profile  and  is  taken  as  the  beginning  of  transition 
itself.  The  end  of  convergence,  where  the  white  line  practi- 
cally meets  the  surface,  represents  the  first  position  where 
the  density  profile  has  its  maximum  gradient  close  to  the 
surface  (compared  to  a laminar  profile)  and  is  taken  as  the 
end  of  transition.  Under  high  refraction  conditions,  there- 
fore, both  the  beginning  and  end  of  transition  often  could 
be  ascertained  approximately.  As  an  example,  the  results 
of  transition  determinations  by  this  method  for  the  flow 
over  a flat  plate  (leading-edge  thickness  0.005  in.)  are  pre- 
sented in  figure  6.  The  method  employed  in  determining 
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(a)  Lower  supersonic  Mach  number  range. 

(b)  Higher  supersonic  Mach  number  range. 


Figure  6. — Reynolds  number  of  transition  on  a flat  plate  in  the  Ames 
1-  by  3-foot  wind  tunnel  No.  1.  (Leading  edge  approximately  0.005 
in.  thick.) 

the  beginning  and  end  of  transition  for  these  data  is  illus- 
trated in  figure  5 (b).  The  transition  Reynolds  number  is 
plotted  as  a function  of  the  Reynolds  number  per  unit 
length,  inasmuch  as  this  variable  appears  to  be  more  sig- 
nificant than  the  Mach  number.  For  example,  at  stream 
Mach  numbers  above  2.0,  the  curves  for  both  beginning 
and  end  of  transition  are  independent  of  Mach  number 
when  plotted  in  this  fashion.  These  curves  will  be  used 
later  in  comparison  with  other  data. 

Boundary-layer  trips. — A common  experience  in  supersonic 
wind-tunnel  operation  is  that  larger  and  more  severe  trips 
are  required  as  the  supersonic  Mach  number  is  increased. 
This  trend  is  reported  in  detail  by  Winter,  Scott-Wilson,  and 
Davies  (ref.  19)  who  find  that  the  required  wire  diameter  for 
tripping  the  boundary  layer  increases  roughly  exponentially 
with  Mach  number  (an  interpretation  of  this  trend  is  given 
later  as  it  involves  a result  from  the  present  research). 
Moreover,  merely  placing  a disturbance  at  some  stream  wise 
position  on  a model  does  not  insure  a fixed  transition  loca- 
tion. For  example,  in  the  present  investigation,  at  Mach 
numbers  near  3 the  wire  trips  often  did  not  effect  transition 
until  a short  distance  before  the  separation  position.  Undei 
these  conditions  the  effective  origin  of  the  turbulent  layer 
varied  with  tunnel  pressure  in  an  unknown  manner  over  the 
plate  length  between  the  wire  and  the  separation  position. 
Data  obtained  on  the  effects  of  Reynolds  number  variation 
are  uncertain  under  such  conditions. 

In  the  course  of  experimentation  various  full-span  bound- 


ary-layer trips  were  used  depending  primarily  on  the  Mach 
number.  At  subsonic  and  moderate  supersonic  Mach  num- 
bers a 0.015-inch-diameter  wire  (trip  1)  placed  0.13  inch 
from  the  leading  edge,  as  sketched  in  figure  2 (c),  was  ade- 
quate to  effect  transition  near  the  wire.  At  the  higher  super- 
sonic Mach  numbers  a trip  more  severe  than  a small  wire 
was  needed.  On  several  models  tested  in  this  higher  Mach 
number  range  during  the  second  phase  of  experiments,  the 
upstream  portion  of  the  model  plate  was  corrugated  by  saw- 
toothed machining  (see  trip  2 in  fig.  2 (c))  and  on  one  model 
a section  of  wire  screen  also  was  added  (trip  3).  During  the 
third  phase  of  research  a “base  trip,”  consisting  of  a small 
wedgelike  attachment  to  the  leading  edge,  was  emplo}7ed 
(see  trip  4 in  fig.  2 (c)  and  photograph  in  fig.  1 (e)).  A pres- 
sure orifice  was  installed  in  this  base  in  order  to  determine 
when  the  trip  fixed  transition.  A plot  of  the  base  pressure 
as  a function  of  tunnel  pressure  revealed  the  tunnel  pressure 
above  which  transition  was  fixed  near  the  trip.  ' 

Surface  oil-film  technique. — A useful  technique  employed 
in  the  course  of  research  was  an  oil-film  method  for  deter- 
mining quantitatively  the  location  of  separation  (and  hence 
the  pressure  rise  to  a separation  point).  It  is  known  that 
liquids  coated  on  a surface  will  accumulate  along  a line  of 
separation.  The  flow  upstream  of  separation  washes  liquid 
downstream,  whereas  reverse  flow  downstream  of  separation 
washes  liquid  upstream.  In  order  to  make  this  technique 
quantitative  and  to  minimize  interference,  ver}7  small  amounts 
of  liquid  are  required.  To  detect  minute  accumulations  of 
liquid,  light  at  glancing  incidence  was  employed.  This  en- 
abled an  accumulation  to  be  detected  of  height  much  smaller, 
for  example,  than  the  mouth  of  a pitot  tube.  Silicone  oil 
(Dow  Corning  DC  200-10)  was  employed,  sometimes  mixed 
with  regular  h}rdro carbon  oil.  Thin  films  of  this  oil  were 
mobile  yet  would  not  evaporate  even  after  four  or  five  hours 
of  continuous  tunnel  operation.  It  was  found  possible  either 
to  coat  portions  of  a model  before  a run  or  to  emit  oil  from 
an  orifice  during  a run.  The  minute,  threadlike  lines  of  ac- 
cumulation, which  were  observed  readily,  could  not  be  photo- 
graphed well  during  tunnel  operation.  For  photographic 
purposes,  the  surface  oil  film  for  the  model  in  figure  1 (a) 
(possibly  not  visible  in  half-tone  reproduction)  was  allowed 
to  accumulate  in  larger  amounts  than  for  most  quantitative 
measurements.  A typical  accumulation  pattern  is  sketched 
in  figure  1 (b). 

The  oil-film  technique  for  determining  the  separation 
point  is  believed  to  be  more  sensitive  than  the  pitot-probe 
technique.  Using  a Stanton,  tube  0.005  inch  high,  for  ex- 
ample, Gadd,  et  al.,  (ref.  15)  could  determine  only  roughly 
the  laminar  separation  point  and,  hence,  were  unable  to 
detect  an}7  Reynolds  number  dependence  on  the  pressure  rise 
to  separation.  As  will  be  seen  later,  the  oil-film  technique 
readily  enables  the  Reynolds  number  dependence  to  be  de- 
termined as  well  as  quantitative  values  of  rather  good  ac- 
curacy for  the  pressure  rise. 

Extensive  use  of  the  oil-film  technique  revealed,  under 
certain  test  conditions,  an  anomalous,  double-accumulation 
pattern  which  was  difficult  to  interpret.  Some  details  of  the 
research  conducted  to  resolve  this  anomalous  behavior  are 
described  in  Appendix  A. 
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RESULTS  AND  DISCUSSION  PERTAINING  TO  RELATIVE 
TRANSITION  LOCATION 

GENERAL  SURVEY  ILLUSTRATING  DOMINANT  IMPORTANCE  OF  RELATIVE 
TRANSITION  LOCATION 

Results  of  initial  experiments. — As  noted  previously,  the 
initial  experiments  were  conducted  on  step  models  in  a two- 
dimensional-channel  apparatus;  they  clearly  revealed  the 
basic  importance  of  transition  location  relative  to  a reattach- 
ment position.  Transition  location  was  found  to  correlate 
closely  with  an  abrupt  rise  in  pressure  when  transition  was 
between  separation  and  reattachment.  A typical  example 
of  this  is  illustrated  in  figure  7 (a).  The  pressure  distribu- 


x_ 

L 


(a)  Transition  upstream  of  reattachment.  S-7;  M0=  1.9; 
ftL=0.92X106. 

(b)  Transition  downstream  of  reattachment.  S-8;  M0=  1.9; 

Rl= 0.87X10°. 

Figure  7. — Typical  results  from  two-dimensional  channel  illustrating 
importance  of  transition  location  relative  to  reattachment. 


tion  in  this  type  of  separation  was  affected  markedly  by 
variations  in  Reynolds  number.  In  contradistinction,  no 
abrupt  rise  in  pressure  was  observed  when  transition  was 
downstream  of  the  reattachment  point  (step  shoulder) ; figure 
7 (b)  represents  a typical  example  of  this.  The  step  height 
in  figure  7 (b)  is  smaller  than  that  in  figure  7 (a)  and  is 
sufficiently  small  so  as  not  to  bring  about  transition.  The 
pressure  distribution  for  this  pure  laminar  type  of  separation 
was  affected  only  slightly  by  variations  in  Reynolds  number. 


These  contrasting  characteristics  show  that  the  location  of 
transition  relative  to  reattachment  is  of  critical  importance 
at  least  to  the  separated  flow  ahead  of  a step. 

The  results  of  the  initial  experiments  revealed  some  intri- 
guing similarities  between  various  results  of  experiments  on 
separated  flow  from  several  other  sources  involving  entirely 
different  object  shapes.  The  trend  observed,  of  a slight  in- 
fluence of  Reynolds  number  on  pure  laminar  separations,  was 
the  same  as  the  trend  which  could  be  interpreted  from  the 
base-pressure  experiments  of  Reller  and  Hamaker  (ref.  20). 
Also,  the  trend  of  large  influences  of  Reynolds  number  for 
transitional  separations  was  the  same  as  that  which  could 
be  interpreted  from  many  previous  measurements  of  base 
pressure.  Crocco  and  Lees  (ref.  9)  make  essentially  this 
interpretation,  only  with  reference  to  transition  upstream 
of  a “critical”  location  in  the  wake  rather  than  upstream  of 
reattachment.  Consequently,  it  seemed  possible  that  transi- 
tion location  relative  to  reattachment  might  be  generally 
important  to  separated  flows  and  that  there  might  be  some 
characteristics  common  to  a variety  of  separated  flows  having 
the  same  relative  transition  location.  The  second  phase  of 
experiments  was  conducted  with  various  model  shapes  in 
order  to  investigate  this  possibility.  Some  of  the  more 
salient  results  are  surveyed  below;  they  relate  to  the  corre- 
lation between  transition  and  abrupt  pressure  rise,  to  the 
relationship  between  type  of  pressure  distribution  and  rela- 
tive transition  location,  and  to  the  effect  of  Reynolds  num- 
ber variation  on  separated  flows. 

Correlation  between  transition  and  occurrence  of  abrupt 
pressure  rise. — Transition  was  determined  from  shadow- 
graphs in  two  different  ways  (described  in  the  section 
APPARATUS  AND  TEST  METHODS).  Under  condi- 
tions of  low  pressure  and  low  optical  refraction,  the  mean 
location  of  transition  was  taken  as  the  end  of  the  familiar 
white  line  adjacent  to  a surface.  Altogether  about  170 
cases  of  this  type  were  examined  corresponding  to  different 
combinations  of  Mach  number,  Reynolds  number,  and 
model  shape.  Figure  7 (a)  represents  one  example,  and 
various  others  are  shown  in  figure  8 3 for  subsonic  as  well  as 
supersonic  flow.  The  terminal  location  of  the  white  line  is 
near  an  abrupt  pressure  rise  in  each  case.  There  is  suffi- 
ciently close  coincidence  of  the  two  locations  to  associate 
the  location  of  transition  with  that  of  a rapid  rise  in  pressure. 
Emphasis  is  placed  on  the  fact  that  the  correlation  for  sub- 
sonic flow  (figs.  8 (a)  and  8 (b))  is  much  the  same  as  that  for 
supersonic  flow.  This  attests  to  the  fundamental  impor- 
tance of  transition  for  separated  flows. 

As  explained  previously,  both  the  beginning  and  the  end 
of  transition  could  often  be  determined,  when  optical  refrac- 
tion was  high,  by  the  beginning  and  end  of  convergence  of 
the  white  line  toward  a solid  surface.  Altogether,  about 
95  cases  of  this  type  were  examined  for  various  combina- 
tions of  Mach  number,  Reynolds  number,  and  model  shape. 
Some  typical  examples  are  shown  in  figure  9.  In  most  of 
these  examples  transition  occurs  in  an  adverse  pressure 
gradient,  and  the  streamwise  extent  of  the  transition  region 

3 In  these  and  other  figures,  a separation  point  determined  from  an  oil  film  observation  is 
represented  by  a filled  symbol.  Separation  pressure  rises  determined  from  a correlation 
(presented  later)  of  measurements  on  a variety  of  model  shapes  are  represented  by  a short 
line. 
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(a)  S-9;  Ai w = 0.47 ; a=  — 4° ; #L=0.47X106. 

(b)  S-9;  Ai 00  = 0.76;  a=— 4°;  RL=0.50X  106. 
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(c)  CC10°  — 2;  A/0=  1.4;  RL= 0.33X106. 

(d)  CS25°  — 1 ; A/e=  1.7;  J?L=0.26X  10«. 


(e)  CC150  — 2;  A/0=1.7;  #z=0.058X  10«. 

(f)  CC25°-3;  A/o=2.0;  #L=0.44X106. 


Figure  8. — Correlation  of  transition  with  abrupt  pressure  rise;  low  tunnel  pressures. 
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is  much  shorter  than  on  a flat  plate.  In  all  cases  the  abrupt 
pressure  rise  occurs  near  the  transition  region,  so  that  a 
marked  pressure  rise  again  is  associated  with  transition. 

It  is  interesting  that,  in  subsonic  flow  over  step  models, 
separation  bubbles  often  were  observed  on  the  flat  surface 
well  upstream  of  the  step.  An  example  is  illustrated  in 
figure  8 (b).  In  such  cases,  oil  film  accumulated  at  two 
streamwise  locations;  the  upstream  separation  is  that  of  a 
laminar  layer  and  locates  the  upstream  portion  of  the 
bubble;  the  downstream  separation  (not  evident  in  shadow- 
graph) is  that  of  a turbulent  layer  as  it  approaches  the  step. 
Turbulent  reattachment  presumably  occurs  somewhere 
between  the  two  experimentally  determined  positions  of 
separation. 

The  correlation  of  the  location  of  transition  with  that  of 
an  abrupt  pressure  rise  has  been  observed  previously  in 
many  isolated  cases.  Experiments  at  low  subsonic  speeds 
conducted  on  circular  cylinders,  spheres,  and  airfoils,  as 
reported  by  Fage  (ref.  21),  showed  similar  close  correlation 
of  transition  location  (determined  by  surface  shear  data 
from  a Stanton  tube)  with  an  inflection  point  in  pressure 


distribution  which  just  preceded  an  abrupt  pressure  rise.4 
Analogous  correlation  also  was  noticed  in  transonic  flow  by 
Ackeret,  Feldmann,  and  Rott  (ref.  4),  in  supersonic  shock- 
induced  separations  by  Gadd,  Holder,  and  Regan  (ref.  15), 
and  in  subsonic  separation  bubbles  on  airfoils  by  Gault 
(ref.  8). 

In  spite  of  the  many  observations  of  correlation  between 
transition  location  and  abrupt  pressure  rise — as  evidenced 
in  figures  7 to  9 and  in  previous  experiments — it  is  not 
necessary  that  transition  in  a separated  layer  be  accom- 
panied by  a rapid  pressure  rise,  or  that  abrupt  rises  in 
pressure  necessarily  indicate  transition.  If  transition  is  far 
upstream  of  reattachment,  and  only  slightly  downstream 
of  separation,  then  transition  can  occur  in  the  mixing  layer 
under  conditions  of  nearly  constant  pressure.  An  example 
of  this  is  shown  in  figure  10  (a)  in  which  transition  is  com- 

4 In  retrospect,  it  would  be  expected  that  for  such  correlation  to  have  existed,  transition 
would  have  occurred  within  a small  '"separation  bubble”  in  these  early  experiments.  This 
expectation  was  indicated  by  Bursnall  and  Loftin  (ref.  22).  Such  bubbles  have  been  ob- 
served frequently  on  airfoils  but  rarely  on  a sphere  or  circular  cylinder.  A direct  confirma- 
tion of  the  existence,  not  often  appreciated,  of  a small  separation  bubble  on  the  upstream 
half  of  a circular  cylinder  in  the  supercritical  Reynolds  number  range  is  reported  by  Gault 
(ref.  8)  who  used  a liquid  film  to  detect  separation. 


(a)  CC10°  — 3;  Ma= 0.78;  <*=-4°;  fiz,=0.75X  10°. 
(b)  B- 2;  M „=1.7;  RL= 0.57X106. 


(c)  CC10°  — 2;  M 0=2.7;  RL=  1.05X  106. 

(d)  CS2o°— 1;  M„=2.1;  1.13X  109. 


Figure  9. — Correlation  of  transition  with  abrupt  pressure  rise;  high  tunnel  pressures. 
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(a)  Abrupt  rise  near  reattachment  of  turbulent  layer.  S-9;  Mm  = 0A7 ; a=3°;  RL=0.Q8X  106. 
(b)  Abrupt  rise  near  reattachment  of  thin  laminar  layer.  CC20°  — 1;  M0= 3.0;  RL=0.01SX  108 


Figure  10. — Examples  of  abrupt  pressure  rise  not  correlated  with  the  location  of  transition. 
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(a)  S— 3 ; Ma=  2.3;  #L=0.20X  106. 


(b)  S— 3 ; A/0=2.3;  ftL=0.46X108.  (c)  S-4  (trip  1);  A/0=2.3;  RL=  1.52X  108. 


Figure  11. — The  three  regimes  for  a step;  M0=2.3. 
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(a)  S-3;  M0=3.5;  =0.65X  10«. 

(b)  S— 2;  Ma=  3.6;  RL=  1.53X  10«. 

(c)  S-10  (trip  4);  M0= 3.3;  RL= 2.12X106. 


Figure  12. — The  three  regimes  for  a step;  M0« 3.5. 


pleted  well  upstream  of  reattachment  and  the  pressure  rise 
is  brought  about  by  a fully  turbulent  layer  as  it  reattaches. 
If  a reattaching  layer  is  laminar  and  very  thin,  it  also  can 
bring  about  an  apparent  rapid  rise  in  pressure  and  not  be 
indicative  of  transition.  An  example  of  this  is  presented 
in  figure  10  (b)  for  which  transition  is  downstream  of  the 
field  of  view.  (A  theory  for  the  pressure  rise  of  a thin,  pure 
laminar,  reattaching  layer  is  given  later.)  In  view  of  these 
observations,  the  pertinent  conclusions  drawn  from  the 
close  correlation  often  observed  between  transition  and  an 
abrupt  pressure  rise  is  as  follows:  Once  transition  is  between 
separation  and  reattachment — and  is  relatively  close  to 
reattachment — there  is  an  abrupt  pressure  rise  associated 
with  transition;  hence,  any  change  in  a parameter  which 
experience  has  shown  to  affect  transition  (such  as  Reynolds 
number,  surface  roughness,  turbulence  level,  etc.)  can  also 
change  pressure  distribution  directly  through  its  change  in 
the  location  and  magnitude  of  the  steep  pressure  rise. 

Representative  pressure  distributions  for  the  three  regimes 
and  results  of  high-speed  motion  picture  studies. — As  the 
importance  of  transition  location  relative  to  reattachment 
is  now  manifest,  and  the  importance  of  transition  location 
relative  to  separation  has  long  been  known,  it  is  clear  that 
distinction  should  be  made  for  any  given  object  shape 


between  the  three  regimes  of  flow  separation;  “pure  laminar” 
where  transition  is  downstream  of  reattachment,  “transi- 
tional” where  transition  is  between  reattachment  and 
separation,  and  “turbulent”  wdiere  transition  is  upstream 
of  separation.  Within  the  scope  of  this  study,  all  three 
regimes  were  observed  for  most  of  the  model  shapes,  as  the 
following  table  illustrates: 


Regimes  observed  in  present  study 

Model 

Pure  laminar 

Transitional 

Turbulent 

Step  . . 

M>1,  M<1 
M>  1.  M<1 
M>1 
Ai>l 
M>1 
M>  I 

M>1,  M<1 
Af>l,  M<1 
M>1 
M>1 
M>1 
M>  J 

M>1,  MCI 
M>1,  MCI 
M>1 
M>1 

Compression  corner 

Base  - - 

Curved  surface  _ 

Oblique  shock 

Leading-edge  separation 

Studies  were  not  conducted  with  the  turbulent  regime  for 
leading-edge  separation,  or  with  the  turbulent  regime  for 
oblique-shock-induced  separation.  Much  data  are  avail- 
able for  this  latter  case  in  references  14  and  15. 

Shadowgraphs  and  corresponding  pressure  distributions 
for  the  three  regimes,  at  both  supersonic  and  subsonic  speeds, 
are  illustrated  in  figures  11  through  17  for  various  models 
and  various  Mach  numbers.  Figure  11,  which  shows  the 
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step  in  supersonic  flow,  reveals  as  well  as  any  the  basic  dif- 
ferences between  the  three  regimes.  The  pure  laminar 
regime  (fig.  11  (a))  has  a plateau  of  nearly  constant  pressure 
representing  a dead-air  region.  The  separation-point  pres- 
sure, ps,  and  the  plateau  pressure,  ppi  are  of  the  order  of 
15  and  30  percent  greater,  respectively,  than  the  pressure 
p0  just  upstream  of  the  separated  region.  For  some  step 
models,  pressures  were  measured  at  a few  points  on  the 
step  face  and  were  usually  found — for  the  pure  laminar 
regime — to  be  the  same  as  the  dead-air  pressure  (see  fig.  7 (b) 
for  example).  In  a few  cases,  a very  small  pressure  rise  was 
observed  in  the  corner  and  on  the  step  face.  It  is  thought 
that  there  always  is  a small  region  near  the  step  shoulder 
where  pressures  on  the  face  locally  are  higher  than  the  dead- 
air  pressure,  since  a portion  of  the  separated  layer  presumably 
must  be  brought  to  rest  on  the  step  face.  If  the  separated 
layer  at  separation  is  thick,  then  the  expected  magnitude  of 
pressure  increase  would  be  small,  and  if  it  is  very  thin,  then 
the  area  over  which  the  pressure  increase  would  occur  would 
be  confined  to  a small  area  near  the  shoulder.  This  may 
explain  why  a significant  pressure  variation  over  the  step 
face  is  not  often  measured.  High-speed  motion  pictures 
(taken  at  M0= 2.3  with  2000  to  6000  frames  per  sec.)  indi- 
cated the  pure  laminar  separation  over  a step  to  be  steady. 


Most  of  these  characteristics  for  pure  laminar  separation 
over  a step  differ  from  those  for  transitional  separation  illus- 
trated in  figure  11  (b).  In  the  transitional  regime  the  bound- 
ary layer  is  still  laminar  at  separation  so  the  pressure  rise 
to  separation  remains  about  the  same  as  for  pure  laminar 
separation,  but  the  role  of  transition  is  to  bring  about  much 
greater  pressure  rises  before  reattachment  occurs  at  the 
step.  Pressure  variation  on  the  step  face,  now  easily  meas- 
urable, amounts  to  the  order  of  0.1  p0  (see  fig.  7 (a)  for 
example).  As  Lange  (ref.  23)  has  noticed  previously,  this 
variation  implies  that  sizable  subsonic  velocities  exist  within 
the  reverse  flow  region  just  upstream  of  the  step.  High- 
speed motion  pictures  indicated  the  flow  to  be  unsteady  in 
the  region  between  transition  and  reattachment  on  the  step. 
Such  unsteadiness  might  be  expected  since  transition  itself 
is  fundamentally  a nonstationary  phenomenon.  In  spite  of 
this  unsteadiness,  the  white  line  indicative  of  laminar  flow 
appeared  reasonably  steady  over  most  of  its  length  whenever 
transition  was  relatively  far  from  separation  and  relatively 
close  to  reattachment.  At  higher  Reynolds  number,  though, 
where  transition  was  close  to  separation,  the  angle  of  separa- 
tion appeared  unsteady  in  the  motion  pictures  as  did  the 
flow  downstream  of  transition. 

These  qualitative  flow  conditions  again  alter  on  passing 
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(a)  S-3;  il/w  = 0.61 ; <*=  — 4.5°;  tfL  = 0.106X  10*. 

(b)  S-3;  A/oo  = 0.61;a=-4.5°;  RL= 0.358 X 106. 

(c)  S-3  (trip  1);  Ma  = 0.61;  <*=-4.5°;  RL  = 0.407  X 106. 


Figure  13. — The  three  regimes  for  a step  in  subsonic  flow;  Moo  = 0.61. 
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(a)  CC25°  — 2;  Af„=2.7;  fit=0.033X  10«.  (b)  CC25°-4;  A/„=2.6;  f?L=0.33X  10«. 


(c)  CC25°-5  (trip  4);  M0= 2.7;  f?L=  1.65X  10«. 


Figure  14.- — -The  three  regimes  for  a compression  corner;  2.7. 


(a)  CC10°-4;Af.  = 0.5;a=-4o;/Bi=0.17X10«.  (b)  CC10°-4;  Mm=0.5)  a=  -4°;  flt=0.43X  10«. 

(c)  CC10°  — 4;  M„  = 0.5;  «= -4°;  RL=  1.22X  10«. 


Figure  15. — The  three  regimes  for  a compression  corner  in  subsonic  flow;  Mm= 0.5. 
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(a)  B-2;  A/„=2.0;  Bi=0.17X106.  (b)  B-2;  Af„=2.0;  B,,=0.50X  10«. 


(c)  B-l-c  (trip  1);  M„= 2.0;  RL=0:Z9XW. 


Figure  16. — -The  three  regimes  for  a base;  M„=2.0. 


(a)  CS25°—  1;  Af.=  2.7;  Bi=0.16X109.  (b)  CS25°-1  (trip  1);  M„=  2.7;  Bt=0.21X10«.  (c)  CS25°-1  (trip  1);  M.= 2.7;  RL=  0.96X10'. 

Figure  17. — The  three  regimes  for  a curved  surface;  Af0=2.7 
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to  the  turbulent  regime  illustrated  in  figure  11  (c).  The 
pressure  rise  to  separation  now  is  much  larger  (about  five 
times  larger),  as  should  be  expected.  A plateau  in  pressure 
(characteristic  of  dead  air)  does  not  occur  since  the  eddying 
motion  of  the  turbulent  layer  energizes  the  air.  Pressures 
on  the  step  face  were  found  to  vary  in  much  the  same  man- 
ner as  for  the  transitional  regime.  The  flow  field  observed 
in  high-speed  motion  pictures  was  not  perfectly  steady  like 
the  laminar  separation  was,  but,  compared  to  the  transi- 
tional separation,  the  turbulent  separation  was  relatively 
steady.  Shock  waves  occasionally  appeared  to  move 
slightly  but  no  appreciable  movement  of  the  separated  layer 
could  be  detected.  This  degree  of  steadiness  of  turbulent 
separation  upstream  of  a step  appears  much  the  same  as 
that  observed  by  Bogdonoff  and  Kepler  (ref.  14). 

The  data  in  figures  12  through  17  for  steps,  compression 
corners,  bases',  and  curved  surfaces  show  several  similarities 
within  a given  regime  to  the  characteristics  just  described 
for  a step  at  2.3.  It  is  emphasized  that  certain  quali- 
tative similarities  exist  irrespective  of  model  shape  or  Mach 
number,  or  whether  the  flow  is  subsonic  or  supersonic  (cf., 
e.  g.,  figs.  11  and  13).  Pure  laminar  separations  ((a)  por- 
tions of  figs.  11  through  17)  usually  involve  small  pressure 
changes  and  relatively  gradual  pressure  gradients.  They 
are  steady  when  observed  in  motion  pictures  at  several 
thousand  frames  per  second.5  The  transitional  separations 
For  the  different  configurations  ((b)  portions  of  figs.  11  to  17) 
involve  severe  pressure  gradients  near  transition  and  usually 
were  observed  to  be  unsteady.  The  only  transitional-type 
separation  of  those  investigated  which  appeared  steady  was 
that  over  the  base(e.  g.,  fig.  16  (b)).  The  various  turbulent 
separations  (figs.  11  (c)  to  17  (c))  are  associated  with  abrupt 
pressure  variation  near  both  separation  and  reattachment. 
They  were  observed  to  be  relatively  steady  flows  except  for 
the  compression  corners,  which  were  rather  unsteady  in 
several  cases  at  Mach  numbers  near  shock  detachment. 

A general  feature  worth  noting  concerns  the  proximity  of 
shock  waves  to  the  boundary  layer  in  the  various  types  of 
separated  flow.  For  pure  laminar  separations  the  shock 
wave  associated  with  separation,  as  well  as  the  shock  wave 
associated  with  reattachment  on  a flat  surface,  does  not 
enter  or  originate  within  the  boundary  layer  (see  figs.  14  (a), 
16  (a),  and  18  (a)).  The  coalescence  of  compression  wave- 
lets into  a shock  wave  occurs  at  a considerable  distance 
from  the  boundary  layer.  In  these  cases,  there  obviously 
is  no  direct  interaction  of  shock  wave  and  boundary  layer; 
there  is,  however,  strong  interaction  of  the  supersonic 
external  flow  and  the  boundary  layer.  When  pure  laminar 
separation  is  induced  by  the  reflection  of  an  incident  shock 
wave  from  a laminar  boundary  layer,  the  incident  wave 
necessarily  enters  and  locally  interacts  with  the  viscous  layer 
near  the  station  of  impingement,  but  the  shock  waves  formed 
near  separation  and  reattachment  do  not  originate  within 
the  viscous  layer  (see  fig.  18  (a)).  It  is  only  after  transition 
moves  upstream  of  a reattachment  position,  thereby  bring- 
ing about  a steep  pressure  rise,  that  a shock  wave  originates 

* Obviously,  not  all  pure  laminar  separations  are  steady  in  subsonic  flow.  It  is  well  known 
that  the  separated  flow  behind  a cylinder  develops  into  an  unsteady  vortex  trail  even  at 
Reynolds  numbers  near  100  where  the  separated  flow  is  entirely  laminar. 


partially  within  the  boundary-layer  flow  near  reattachment 
on  a surface  (see  figs.  11  (b)  through  IS  (b)).  Similarly, 
only  after  transition  moves  upstream  of  separation  does  a 
shock  wave  originate  partially  within  the  boundary-layer 
flow  near  separation. 

In  the  process  of  varying  tunnel  pressure,  the  conversion 
from  transitional-type  to  turbulent- type  separation  often 
was  observed  to  be  irregular  and  unstead}7.  During  such 
conversion,  shadowgraphs  were  blurred  since  relatively  long 
exposure  times  were  used.  The  pressure  distribution  was 
not  smooth  since  the  various  orifice-tube  connections  were 
not  identical,  and  thus  responded  differently  to  the  fluctuat- 
ing pressure.  An  example  illustrating  these  characteristics 
is  shown  in  figure  19  (a)  in  comparison  to  an  example  of 
steady  turbulent  flow  (fig.  19  (b)).  Also,  during  such  con- 
version between  transitional  and  turbulent  regimes,  oil  film 
did  not  accumulate  along  a threadlike  line  as  it  otherwise 
did.  Instead,  oil  wandered  irregularly  over  the  plate  in  a 
jagged,  random  fashion.  It  is  interesting,  perhaps,  to  note 
that  similar  unsteady  conversions  have  long  been  observed. 
In  the  fundamental  paper  on  spheres  by  Prandtl  (ref.  1) 
wherein  smoke  was  used  to  determine  the  line  of  separation, 
the  same  type  of  unsteady  flow  with  jagged  separation  line 
was  observed  during  the  conversion  from  the  transitional 
regime  to  the  turbulent  regime.  It  is  possible  that  certain 
of  the  unsteady  flow  phenomena  sometimes  found  on  various 
practical  devices  are  intimately  related  to  the  unsteadiness 
found  on  these  models  of  simple  shape  when  conditions 
were  such  that  the  flow  was  on  the  verge  of  conversion 
between  transitional-type  and  turbulent-type  separation. 

Representative  Reynolds  number  effects  for  the  three 
regimes. — As  previously  remarked,  a variation  in  Reynolds 
number  was  found  to  have  only  a minor  effect  on  pure 
laminar  separations.  This  is  illustrated  in  figure  20  (a). 
The  ordinate  is  the  pressure  rise  \pf  — p\  across  the  reattach- 
ment region  divided  by  the  pressure  p'  just  downstream  of 
reattachment.  The  quantity  p is  measured  at  an  arbitrary 
fixed  point  in  the  separated  region.  Some  of  the  pure 
laminar  separations  are  seen  to  be  affected  to  a negligible 
extent  by  variation  in  Reynolds  number.  This  is  consistent 
with  a theory  to  be  developed  shortly  which  indicates  that 
the  lack  of  dependence  on  Reynolds  number  is  a charac- 
teristic of  pure  laminar  separations  for  which  the  boundary- 
layer  thickness  at  separation  is  zero  or  negligible.  Other 
curves  in  figure  20  (a)  show  a small  Reynolds  number  effect 
which  amounts  at  the  most  to  about  a K-power  variation. 
In  these  cases  the  boundary-layer  thickness  at  separation  is 
not  negligible.  Generally  speaking,  though,  the  pure  laminar 
separations  investigated  are  affected  only  to  a small  extent 
by  variation  in  Reynolds  number. 

As  might  be  anticipated,  transitional- type  separations 
behave  differently  than  the  pure  laminar  separations  when 
subjected  to  variation  in  the  Reynolds  number.  The  effect 
of  Reynolds  number  on  various  transitional-type  separations 
is  shown  in  figure  20  (b).  Some  of  these  flows  are  affected 
markedly  by  variation  in  Reynolds  number.  When  such 
large  variations  were  found,  it  was  observed  that  transition 
was  relatively  near  reattachment.  For  example,  the  lower 
Reynolds  number  portion  of  the  filled-circle  data  points 
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(a)  I6.5°-1;  M0=2A;  #L  = 0.054X  106.  (b)  16.5°  - 1;  Af0=2.4;  flL=0.176X  106. 

Figure  18. — Pure  laminar  and  transitional  separations  induced  by  an  incident  shock  wave;  il/0=2.4. 


L L 

(a)  Conversion  from  transitional  to  turbulent  separation;  S-6  (trip  1);  Af„=2.1;  #L=0.39X  109. 
(b)  Turbulent  separation  established;  S-6  (trip  1);  M0= 2.1;  RL=0.51XW. 

Figure  19. — Example  of  unsteady  flow  during  conversion  from  transitional  to  turbulent  flow. 
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shows  large  effects  and  corresponds  to  transition  relatively 
near  reattachment,  whereas  the  higher  Reynolds  number 
portion  corresponds  to  transition  relatively  near  separation 
and  shows  much  less  effect.  In  most  cases,  a movement  of 
transition  upstream  of  reattachment  (brought  about  by  an 
increase  in  Reynolds  number)  increases  the  pressure  rise 
through  the  reattachment  region. 

Turning  now  to  turbulent  flows  for  which  transition  is 
upstream  of  separation,  the  characteristic  influence  of  Rey- 
nolds number  again  changes  rather  strikingly.  The  effect 
of  the  variation  in  Re}molds  number  on  various  turbulent 
separations  is  shown  in  figure  20  (c).  For  this  type  of 
separation,  the  effects  of  Reynolds  number  are  either  small 
or  negligible. 

The  typical  effects  of  Reynolds  number  variation  for  the 
three  separation  regimes  also  can  be  clearly  seen  from 
complete  pressure  distributions.  Some  example  pressure 
distributions  for  pure  laminar  separations  over  a compression 
corner  at  various  Reynolds  numbers  are  shown  in  figure  21 
(a).  These  pressure  distributions  are  only  slightly  affected 
by  variation  in  Reynolds  number,  as  would  be  anticipated 
from  the  trend  illustrated  in  figure  20  (a).  Some  example 
pressure  distributions  for  transitional  separations  over  a 
curved  surface  at  various  Reynolds  numbers  are  shown  in 
figure  21  (b).  These  data  show  a large  effect  of  variation 
in  Reynolds  number  just  as  do  the  data  in  figure  20  (b). 
For  example,  the  pressure  drag  coefficient  of  the  curved 
surface  would  change  by  a factor  of  about  4 over  the  range 
of  Reynolds  numbers  (0.16  to  0.81  X106)  represented.  Also 
in  agreement  with  the  trend  of  figure  20  (b)  for  transitional 
separations,  it  is  seen  from  figure  21  (b)  that  the  changes  in 
final  pressure  rise  with  Reynolds  number  are  larger  when 
transition  is  relatively  near  reattachment  (Re}molds  numbers 
from  0.16  to  0.36X106)  than  when  transition  is  relatively 
near  separation  (Reynolds  numbers  from  0.36  to  0.81  X106). 
Some  example  pressure  distributions  in  turbulent  separation 
at  various  Reynolds  numbers  are  shown  in  figure  21  (c). 
As  previously  noted  in  figure  20  (c),  the  observed  dependence 
on  Reynolds  number  is  small. 

The  characteristic  influences  of  Reynolds  number  varia- 
tion as  illustrated  for  these  different  models  also  can  be 
illustrated  by  a single  model.  A special  model  consisting  of 
three  bases  in  series  was  investigated  on  which  all  three 
separation  regimes  were  found  to  occur  simultaneously  at 
21  psia  tunnel  pressure,  as  may  be  deduced  from  study  of 
figure  22.  Although  the  results  obtained  with  this  special 
model  are  instructive,  they  do  not  reveal  any  new  feature 
over  and  above  those  already  illustrated  in  figures  11 
through  17. 

Representative  Mach  number  effects  for  the  three  re- 
gimes.— Pressure-distribution  curves  for  pure  laminar 
separation  over  a step  in  the  Mach  number  range  between 
1.3  and  3.1  are  presented  in  figure  23  (a).  These  curves  are 
for  Rl=0. 13X106.  The  various  curves  qualitatively  are 
similar,  and  exhibit  only  a small  effect  of  Mach  number  on 
the  streamwise  length  of  dead-air  region. 

Pressure-distribution  curves  for  transitional  separation 


over  a step  in  the  Mach  number  range  between  1.3  and  3.3 
are  presented  in  figure  23  (b)  for  Rh  «0.6X106.  These 
curves  show  that  transition  moves  downstream  as  the  Mach 
number  is  increased.  At  M0=1.3  the  separated  laminar 
layer  is  relative^  unstable,  resulting  in  transition  near  sepa- 
ration and  a large  pressure  rise  above  the  plateau  pressure; 
at  M0—  3.3  the  separated  laminar  layer  is  much  more  stable, 
resulting  in  transition  near  reattachment  and  only  a small 
pressure  rise  above  the  plateau. 

The  effect  of  Mach  number  on  the  pressure  distribution 
over  a step  in  turbulent  flow  at  Mach  numbers  between  2.0 
and  3.4  is  presented  in  figure  23  (c).  These  data  correspond 
to  2.6  X106.  The  streamwise  extent  of  the  interaction 
region  is  seen  to  be  not  significantly  affected  by  variations 
in  Mach  number  over  the  range  investigated.  The  peak 
pressures,  though,  are  strongly  dependent  on  Mach  number. 

Significance  to  wind-tunnel  testing. — From  one  viewpoint 
it  is  fortunate  that  a variety  of  separated  flows,  such  as 
supersonic  .flow  behind  a base,  or  subsonic  flow  in  a corner, 
or  the  flow  induced  by  a strong  shock  wave  impinging  on  a 
boundary  layer,  turn  out  actually  to  be  dominated  largely 
by  a single  variable,  namely,  the  location  of  transition 
relative  to  reattachment  and  separation  positions.  On  the 
other  hand,  from  the  viewpoint  of  wind-tunnel  testing  of 
prototype  models,  it  is  unfortunate  that  a variable  like 
transition,  which  is  so  elusive  to  control  and  difficult  to 
predict,  turns  out  to  be  so  important.  Nevertheless,  merely 
an  understanding  of  the  dominating  influence  of  transition 
on  separated  flows  can  be  helpful.  For  example,  it  is  clear 
that  the  proper  simulation  in  a wind  tunnel  of  any  flow 
involving  separation  in  flight,  such  as  large-deflection  control 
effectiveness,  buffeting,  or  high  angle-of-attack  force  charac- 
teristics, would  require  the  relative  transition  location  to  be 
duplicated  between  wind  tunnel  and  flight.  If  the  relative 
transition  location  is  either  downstream  of  reattachment 
(pure  laminar  separation)  or  upstream  of  separation  (turbu- 
lent separation),  then  the  precise  position  of  transition  does 
not  critically  affect  the  pressure  distribution  provided  the 
relative  location  is  duplicated;  but,  if  transition  is  between 
separation  and  reattachment  (transitional- type  separation), 
then  the  precise  position  is  important. 

The  requirement  of  matching  relative  transition  location 
between  wind  tunnel  and  flight  appears  particularly  impor- 
tant at  hypersonic  speeds.  Inasmuch  as  a separated  laminar 
mixing  layer  is  relatively  stable  at  hypersonic  Mach  numbers 
(see  next  section),  transition  can  often  occur  near  reattach- 
ment in  this  speed  range.  Under  such  conditions,  the  type 
of  separation  could  be  transitional  in  the  wind  tunnel  yet 
pure  laminar  in  flight,  or  vice  versa.  Even  if  a separation  is 
transitional  both  in  wind  tunnel  and  in  flight,  the  type  of 
flow  field  can  be  sensitive  to  variations  in  Reynolds  number 
when  transition  is  near  reattachment,  as  was  illustrated  by 
figures  20  (b)  and  21  (b).  In  the  past,  interest  has  focused 
more  on  flow  at  lower  Mach  numbers  where  transition  is 
relatively  near  separation,  under  which  conditions  a close 
matching  of  relative  transition  location  for  transitional 
separations  is  not  so  important. 
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Figure  20. — Concluded. 


Figure  20. — Characteristic  effect  of  Reynolds  number  variation  on 
pressure  differential  for  the  three  regimes. 


Figure  21. — Reynolds  number  effect  on  pressure  distribution  for  the 
three  flow  regimes. 


526597—60 29 


440 


REPORT  1356 — NATIONAL  ADVISORY  COMMITTEE  FOR  AERONAUTICS 


Figure  21. — Continued. 


Figure  21. — Concluded. 


(b) 


° /?/=3psio 


D Pt- 6psio 


O Pf- 12  psio 


(a)  Pressure  distribution;  MQ=  2.0. 


(b)  Representative  shadowgraphs  of  flow  over  base  c;  M0— 2.0. 


Figure  22. — Model  having  three  bases  in  series  illustrating  characteristic  Reynolds  number  effect  for  each  flow  separation  regime. 
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(a)  Pure  laminar  separation;  Rl  « 0.13X  10°. 

(b)  Transitional  separation ; RL  » 0.60  X 10°. 


Figure  23. — Effect  of  Mach  number  on  the  pressure  distribution  on  a 
step  for  the  three  flow  regimes. 

REYNOLDS  NUMBER  RANGE  FOR  PURE  LAMINAR 
SEPARATIONS 

As  the  investigation  progressed,  it  became  evident  that 
the  prevalence  of  pure  laminar-type  separations  increased  as 
the  Mach  number  was  increased.  In  order  to  put  these 
qualitative  observations  on  a quantitative  basis,  data  from 
various  models  were  examined  to  determine  the  maximum 
Reynolds  number  up  to  which  pure  laminar  separation  was 
found  at  each  Mach  number.  Such  determinations  from 
shadowgraphs  agreed  well  with  corresponding  determinations 
from  a break  in  the  curves  of  dead-air  pressure  plotted  against 
u0L/v0.  The  values  so  obtained  for  ( u0L/v0)max  were  differ- 
ent for  various  models,  but  for  each  model  they  consistently 
showed  strong  dependence  on  Mach  number  as  illustrated 
in  figure  24  (a)  for  various  step  and  base  models.  Also  in- 
cluded in  this  figure  are  two  data  points  (at  M0—  4 and 
M0= 4.5)  determined  from  an  examination  of  various  un- 
published spark  photographs  obtained  by  Reller  and  Ha- 
maker  during  their  investigation  (ref.  20)  of  base  pressure 
on  bodies  of  revolution,  and  one  data  point  determined  from 
Kavanau’s  experiments  on  base  pressure  (ref.  24).  The 
close  agreement  of  data  from  bodies  of  revolution  with  that 
from  two-dimensional  models  is  regarded  as  accidental. 
Also  shown  in  figure  24  (a)  for  purposes  of  comparison  are 
two  curves  representing  the  Reynolds  number  for  the  be- 
ginning and  the  end  of  transition  on  an  attached  boundary 
layer  over  a flat  plate.  These  two  curves  correspond  to  a 
Reynolds  number  per  inch  of  0.3 X106,  as  obtained  from  a 
cross  plot  of  the  data  of  figure  6. 


Figure  23. — -Concluded. 


Since  models  of  different  geometry'  have  different  lengths 
of  separated  layer  relative  to  the  model  length,  it  would 
seem  more  significant  to  consider  a Reynolds  number  based 
on  some  typical  length  of  separated  layer,  rather  than  on 
model  length.  A pertinent  length  easy  to  determine  from 


pressure  distributions  is  the  length  Ax  as  shown.  The  max- 
imum Reynolds  number  for  the  pure  laminar  regime 
( u0Ax/p0)ma'x  is  plotted  as  a function  of  Mach  number  in 
figure  24  (b).6  It  is  evident  from  figure  24  (b)  that  the  sta- 
bility of  a laminar  mixing  layer  increases  markedly  with  an 
increase  in  Mach  number.  In  subsonic  flow  the  separated 
laminar  layer  is  stable  only  to  about  a Reynolds  number 
u0Axlv0  of  60,000,  whereas  at  Mach  numbers  near  4 it  is 
stable  to  a Reynolds  number  of  about  a million. 


6 In  a preliminary  report  of  this  research  (ref.  12)  a slightly  different  length,  xr-x„  between 
the  reattachment  location,  xT,  and  separation  location,  xr,  was  used  in  place  of  Ax.  The 
length  Ax  can  be  precisely  determined;  the  length  xr-x « was  only  approximate. 
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For  purposes  of  comparison  in  figure  24  (b) , the  two  curves 
are  shown  which  represent  the  Reynolds  numbers  for  be- 
ginning and  end  of  transition  on  a flat  plate.  These  tran- 
sition data  are  directly  comparable  to  the  separated-flow 
data  from  the  present  experiments,  inasmuch  as  they  were 
obtained  in  the  same  wind  tunnel,  with  essentially  the  same 
model  leading-edge  thickness,  at  approximately  the  same 
tunnel  pressures,  and  under  identical  conditions  of  essen- 
tially constant  pressure  and  zero  heat  transfer.  The  data  are 
not  comparable,  however,  to  flight  conditions.  Flight  con- 
ditions involve  different  rates  of  heat  transfer,  and  different 
levels  of  external  disturbance.  Consequently,  the  quanti- 
tative values  for  Reynolds  number  in  figure  24  (b)  are  not 
of  central  importance.  Instead  the  important  item  is  that, 
compared  to  an  attached  laminar  boundary  layer,  the  sta- 
bility of  a separated  laminar  mixing  layer  increases  markedly 
with  an  increase  in  Mach  number. 

It  is  noted  that  the  data  of  figure  24  correspond  to  models 
having  relatively  extensive  regions  of  separated  flow;  that 
is,  they  represent  separated  flows  wherein  the  length  of  sep- 
arated layer  Ax  is  roughly  0.5  to  0.7  of  the  model  length  L. 
If  a separated  flow  extends  over  only  a small  portion  of  the 
model  length,  then  the  data  in  figure  24  might  not  be  closely 
applicable.  An  example  illustrating  this  is  presented  in 
figure  25.  Here  the  step  height  is  0.009L  and  Ax  is  the  order 
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(a)  Reynolds  number  based  on  model  length. 


Figure  24. — Maximum  Reynolds  number  for  pure  laminar  type 
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(b)  Reynolds  number  based  on  length  of  separated  layer. 


Figure  24. — Concluded. 


of  0.3L.  Over  the  Mach  number  range  investigated,  these 
pure  laminar  separations  extend  to  higher  Reynolds  num- 
bers than  for  the  main  body  of  data  representing  relatively 
extensive  separated  regions. 

Although  the  conventional  neutral  stability  theory — 
which  considers  only  infinitesimal  two-dimensional  disturb- 
ances— is  not  a theory  for  transition,  it  has  indicated  certain 
trends  which  transition  also  follows  in  some  cases.  For 
example,  surface  cooling  stabilizes  a laminar  boundary  layer 
according  to  both  neutral  stability  calculations  and  transi- 
tion experiments.  Neutral  stability  calculations  for  the 
laminar  mixing  layer  in  compressible  flow  have  been  made 
by  Lin  (ref.  25)  who  finds  complete  stability  at  Mach  num- 
bers above  2.5  for  conditions  of  zero  heat  transfer.  It  can 
be  said  then  that  neutral  stability  theory  for  certain  re- 
stricted types  of  disturbances  indicates  a strong  stabilizing 
effect  of  Mach  number  on  laminar  mixing  layers  in  accord- 
ance with  the  present  experiments 

The  experimental  result  that  the  stability  of  a separated 
laminar  mixing  layer  increases  markedly  with  an  increase  in 
Mach  number  provides  an  explanation  of  an  experimental 
characteristic  commonly  encountered  in  conducting  wind- 
tunnel  tests.  In  attempting  to  trip  the  laminar  boundary 
layer  for  certain  wind-tunnel  tests,  it  has  been  found  that 
the  diameter  of  wire  required  increases  markedly  at  the 
higher  Mach  numbers.  This  can  be  attributed  directly  to 
the  increase  in  stability  of  separated  laminar  mixing  layers. 
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Figure  25. — Maximum  Reynolds  number  for  pure  laminar  separation 
on  step  of  small  height;  A/L= 0.009. 

If  a given  wire  does  not  effectively  trip  the  boundary  layer, 
then  the  baselike  separated  flow  downstream  of  the  wire,  as 
well  as  the  steplike  separated  region  upstream  of  the  wire, 
are  of  the  pure  laminar  type.  As  soon  as  transition  moves 
upstream  of  reattachment  in  the  baselike  separation  down- 
stream of  the  wire,  then  the  wire  trip  has  effectively  pro- 
moted transition.  Thus,  the  maximum  Reynolds  number 
for  pure  laminar-type  separation  downstream  of  the  wire 
corresponds  precisely  to  the  minimum  Reynolds  number  re- 
quired to  fix  transition.  Winter,  Scott-Wilson,  and  Davies 
(ref.  19)  have  determined  quantitatively  from  experiments 
with  different  wire  diameters  the  critical  Reynolds  number 
(based  on  wire  diameter)  which  will  fix  transition  for  various 
Mach  numbers.  If  their  data  are  converted  to  a Reynolds 
number  based  on  Ax , the  length  of  separated  laminar  layer 
upstream  and  downstream  of  the  wire  (Ax  is  roughly  20 d 
for  conditions  of  their  experiments),  then  a direct  comparison 
can  be  made  with  the  data  shown  in  figure  24.  Their  data 
have  the  same  trend  as  the  data  in  figure  24,  but  fall  about 
a factor  of  4 below.  This  situation  is  consistent  with  ob- 
servations from  the  present  experiments,  inasmuch  as  the 
data  in  figure  24  represent  only  certain  configurations  and 
the  data  for  other  configurations  are  different  (as  in  fig.  25). 
A wire  trip  represents  one  configuration  which  is  not  con- 
ducive to  the  promotion  of  extensive  laminar  separation. 

The  trend  of  increasing  stability  of  separated  laminar 
layers  with  increasing  Mach  number  may  be  practically 
significant  inasmuch  as  separated  laminar  flows  have  certain 
uncommon  characteristics  which  might  be  advantageous. 
After  the  trend  evident  in  figure  24  was  observed,  it  ap- 
peared desirable  to  investigate  theoretically  the  heat-transfer 


and  skin-friction  characteristics  of  certain  simple  pure 
laminar  separations.  Such  analysis  is  presented  in  a separate 
report  (ref.  26)  which  indicates  that  the  heat  transfer  and 
skin  friction  are  less  than  those  of  a comparable  attached 
laminar  boundary  layer. 

MECHANISM  DETERMINING  PRESSURE  IN  SEPARATED 
REGIONS  AND  THEORETICAL  EXPLANATION  FOR  IM- 
PORTANCE OF  TRANSITION  LOCATION  RELATIVE  TO 
REATTACHMENT 

Prior  to  further  discussion  of  experimental  results,  a 
digression  is  made  here  in  order  to  develop  a theory  of  the 
mechanism  which  determines  the  dead-air  pressure  in  a 
separated  region.  This  theory  is  used  subsequently  to 
provide  an  explanation  of  the  principal  experimental  result 
of  the  preceding  section;  namely,  that  transition  location 
relative  to  a reattachment  position  is  of  crucial  importance 
to  separated  flows. 

THEORETICAL  ANALYSIS  OF  LEADING-EDGE  SEPARATION 

In  order  to  establish  a separated  flow  amenable  to  a 
simple  theoretical  calculation  which  requires  no  empirical 
knowledge,  and  which  would  thereby  be  helpful  in  analyzing 
the  mechanism  governing  pressure  in  separated  regions,  a 
special  type  of  model  was  investigated  which  produced 
leading-edge  separation.  This  type  of  separation  actually 
represents  a limiting  case  both  of  separations  behind  a base 
and  of  separations  in  a compression  corner,  the  limit  being 
taken  in  each  case  as  the  distance  x8,  from  leading  edge  to 


(i)  Leading -edge  separation 


separation,  approaches  zero.  Leading-edge  separation  is 
relatively  easy  to  analyze  because  the  complicated  course  of 
boundary-layer  development  in  the  region  of  pressure  varia- 
tion between  the  boundary-layer  origin  and  its  position  of 
separation  need  not  be  considered.  Also,  calculations  of  the 
laminar  mixing  layer  already  are  available  (ref.  27)  for 
flows  of  this  type  wherein  the  boundary-layer  thickness  at 
separation,  is  zero,  and  the  pressure  is  essentially  constant. 
These  theoretical  calculations  would  apply  directly,  provided 
that  transition  is  excluded  from  consideration. 

Before  developing  the  basic  idea  for  calculating  dead-air 
pressure,  it  is  advantageous  to  outline  the  results  of  the 
laminar-mixing-layer  theory  which  forms  the  basis  for  such 
calculations.  Typical  streamlines  in  the  viscous  mixing 
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region  and  a representative  velocity  profile  are  depicted 
below.  A uniform  stream  of  velocity  ue,  Mach  number 
Me,  and  pressure  pt  mixes  with  a dead-air  region  (of  pressure 
Pd=Pe)  having  dimensions  large  compared  to  the  thickness 
8 of  the  mixing  layer.  The  mixing-layer  thickness  grows 


parabolically  with  distance  from  the  origin  of  mixing  just 
as  a laminar  boundary  layer  grows,  but  the  rate  of  growth 
is  roughly  three  times  that  of  a corresponding  boundary 
layer.  The  velocity  profiles  at  different  streamwise  stations 
are  similar;  hence,  the  velocity  ratio  ulue  along  the  dividing 
streamline  does  not  change  with  Reynolds  number  or  with 
distance  from  separation.  One  consequence  of  this  fact 
soon  will  appear.  Moreover,  this  velocity  ratio  changes 
only  slightly  with  variation  in  Mach  number  and  in  tem- 
perature-viscosity relationship.  Computed  values,  reference 
27,  of  u/ue  are  obtained  by  solving  the  familiar  nonlinear 
differential  equation  of  Blasius  with  unfamiliar  boundary 
conditions.  Some  values  are  tabulated  as  follows: 


In  order  for  a particle  along  a streamline  within  the  mixing 
layer  to  be  able  to  overcome  the  pressure  rise  through  the 
reattachment  zone  and  to  pass  downstream,  its  total  pressure 
Pt  must  be  greater  than  the  terminal  static  pressure  p'  at 
the  end  of  the  reattachment  zone.  As  sketched  above,  par- 
ticle (a)  passes  downstream  in  this  manner.  Particle  (b), 
however,  has  a low  velocity  with  corresponding  low  total 
pressure  and  is  reversed  before  the  pressure  rises  frompd  to  p' . 
The  dead-air  pressure  is  determined  by  requiring  7 that  the 
total  pressure  along  the  dividing  streamline  as  it  approaches 
the  reattachment  zone 


Computed  values  of  u*=u/«#  (ref.  27) 

Mach  number, 

M. 

for 

for  m*-  i *°-7® 

0 

0.  587 

0.  587 

1 

.587 

.588 

2 

.587 

.591 

3 

.587 

. 593 

5 

.587 

.597 

In  subsequent  calculations,  the  ratio  ulue=u*  appears  often. 
From  the  table,  it  is  clear  that  the  single  value  = 0.587, 
corresponding  to  the  linear  temperature-viscosity  relation- 
ship, is  a reasonable  approximation  for  all  conditions.  It 
is  noted  that  the  tabulated  values  of  u * involve  no  empirical 
constants  and  are  exact  within  the  framework  of  the 
boundaiy-layer  equations. 

In  the  calculation  of  dead-air  pressure,  the  essential 
mechanism  is  considered  to  be  a balance  between  mass 
flow  scavenged  from  the  dead-air  region  b}r  the  mixing  layer 
and  mass  flow  reversed  back  into  the  dead-air  region  by  the 
pressure  rise  through  the  reattachment  zone.  For  steady 
flow  the  dividing  streamline  at  separation  as  calculated  from 
mixing-layer  theory  must  also  be  a dividing  streamline  at 
reattachment.  If  this  were  not  the  case  air  would  be  either 
continually  removed  from  or  continually  injected  into  the 
dead-air  region,  and  the  scavenged  mass  flux  would  not 
balance  the  reversed  mass  flux.  The  pertinent  conditions 
are  illustrated  of  the  reattachment  zone  and  of  the  corre- 
sponding pressure  distribution. 


Pt  = Pe 
=Pd 


(1) 


be  equal  to  the  terminal  static  pressure  p'.  Thus  the  flow 
is  divided  into  two  regions:  a viscous  layer  wherein  the  pres- 
sure is  assumed  to  be  constant,  and  a reattachment  zone 
wherein  the  compression  is  assumed  to  be  such  that  not  much 
total  pressure  is  lost  along  the  dividing  streamline.  This 
yields 


Pd = 


O+V33') 


7/(7  — 1) 


(2) 


To  cast  this  equation  into  a convenient  form,  it  is  necessary 
to  relate  M to  the  terminal  Mach  number  M',  or  to  the  Mach 
number  M,  along  the  outer  edge  of  the  mixing  layer.  From 
the  mixing-layer  calculations  in  which  the  Prandtl  number  is 
assumed  to  be  unity,8  the  Mach  number  M along  the  dividing 
streamline  is  related  to  the  corresponding  velocity  u by  the 
Busemann  isoenergetic  integral  of  the  energy  equation  if  the 

7 As  is  discussed  later,  essentially  the  same  idea  also  has  been  employed  effectively  to  cal- 
culate base  pressure  for  turbulent  boundary  layers  in  a recent  paper  by  Korst,  Page  and 
Childs  (ref.  16). 

8 As  long  as  temperature  profiles  or  heat-transfer  characteristics  are  not  considered,  the 
assumption  Pr=l  provides  a satisfactory  approximation  for  air.  For  example,  at  AT'=2  the 
calculated  value  of  pdlp'  for  Pr= 0.72  (the  approximate  value  for  air)  is  only  0.025  below  that 
for  Pr=l.  Consequently,  the  analysis  for  Pr =0.72  is  not  presented  here  as  it  is  much  more 
complex,  and  does  not  yield  a final  equation  in  closed  form. 
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dead-air  temperature  Td  is  equal  to  the  outer  stream  total 
temperature. 

(3) 


and  by  the  Crocco  integral  if  Td  differs  from  Tte.  (See  ref. 
27.)  At  present,  the  dead-air  temperature  is  considered 
equal  to  the  recovery  temperature  (Tte  for  Pr=l),  so  that 
Busemann’s  integral  for  a perfect  gas  yields 


(U/Ue)2  Me2 


(4) 


By  taking  the  limit  of  equation  (8)  as  M'—> 0,  there  results 


Vd-Vf  _ Vd-y'  _ lim  2 


Iv'M'2 


' 0 y M'2 


-A 


I 17(7-1) 


7-1'  M'2 
2 (1— w*2) 


■w* 


1 — w*2 


(9) 


or,  since  u*  =0.587, 


P*~P' 


-0.526 


(10) 


Combining  the  above  two  equations  gives  an  equation  for 
dead-air  pressure 

„ l+(l-i*2)^Me2 

Vd_  £ 

V>  l+^M/ 

where  7t*=0.587.  Since  u*  is  independent  of  Re3Tnolds 
number,  pd  also  is  independent  of  Reynolds  number.  Body 
shape  affects  pd  only  through  its  effect  on  pr ) the  reference 
pressure. 

A more  convenient  equation  for  pd/p ' can  be  obtained  by 
expressing  Me  in  terms  of  the  Mach  number  M'  which  exists 
just  downstream  of  the  reattachment  zone.  Because  the 
outer  edge  of  the  laminar  viscous  layer  curves  smoothly,  the 
trailing  shock  wave  does  not  form  within  or  near  this  viscous 
layer,  and  the  flow  along  this  outer  edge  is  isentropic. 
Hence  the  values  of  M'  and  pf  for  two-dimensional  flow  are, 
in  the  terminology  of  reference  28,  the  same  as  the  “equivalent 
free-stream  conditions”  appi'oaching  separation.  For  isen- 
tropic flow  along  the  outer  edge  of  the  viscous  layer 


Bv  combining  this  with  equation  (5),  there  results 

M'2=(l—u*2)  Me2  (7) 

which  yields  the  simple  physical  interpretation  that  the 
Mach  number  ratio  across  the  laminar  reattachment  zone 
M'/Me  is  a constant  equal  to  (1—  S*2)1/2=0.81.  Equations 
(5)  and  (7)  provide  an  explicit  equation  for  dead -air  pressure. 


Equation  (10)  for  incompressible  flow,  just  like  equation  (8) 
for  compressible  flow,  would  apply  irrespective  of  the  Rey- 
nolds number  or  the  shape  of  the  dead-air  region. 

The  chief  approximations  and  restricting  assumptions  made 
in  the  foregoing  analysis  should  be  noted.  One  essential 
approximation  is  that  the  compression  is  isentropic  along  the 
dividing  streamline  through  the  reattachment  zone.  Actu- 
ally there  would  be  some  change  in  total  pressure.  Another 
approximation  is  that  the  dividing  streamline  terminates  at 
a point  where  the  pressure  is  pr  rather  than  at  the  reattach- 
ment point  where  the  pressure  is  pr.  Considering  these  two 
facts,  the  fundamental  equation  corresponding  to  equation 
(2)  would  be 


where  7)=pT[pt  is  a factor  (not  necessarily  less  than  unity) 
representing  the  “efficiency”  of  compression  relative  to  that 
of  an  isentropic  process.  It  is  evident  that  the  use  of  p'  in 
equation  (2) — rather  than  the  use  of  pTjn — entails  the  disre- 
gard of  two  factors:  the  pressure  rise  downstream  of  reat- 
tachment and  the  viscous  effects  on  the  compression  along 
the  dividing  streamline.  Aside  from  these  approximations 
it  is  to  be  remembered  that  the  substitution  u*  =0.587  in 
equation  (8)  is  restricted  to  steady,  two-dimensional,  pure 
laminar,  separated  flows  having  zero  boundary-layer  thick- 
ness at  the  separation  point.  If  the  boundary-layer  thick- 
ness at  separation  were  sizable,  equation  (8)  would  still 
apply,  but  the  velocity  profiles  at  different  stations  along  the 
mixing  layer  would  not  be  similar  and  u*  would  not  be  0.587. 
The  value  of  u*  would  have  to  be  calculated  by  solving  the 
partial  differential  equations  of  viscous  flow  for  each  case. 

EXPERIMENTAL  RESULTS  FOR  FLOWS  WITH  NEGLIGIBLE 
BOUNDARY-LAYER  THICKNESS  AT  SEPARATION 


7/(r-n 

(5) 


Pd  = 

V 9 


l+^M'2 

M72" 
2 (1-m*2) 


7/(7  —1) 


(8) 


This  equation  was  presented  in  reference  12  without  deri- 
vation. 

The  foregoing  theory  also  would  apply  to  low-speed  flow. 


There  are  two  features  of  the  theory  which  can  be  tested 
quantitatively  by  present  experiments:  the  absence  of  a de- 
pendence on  Re}rnolds  number,  and  the  calculated  depend- 
ence on  Mach  number.  Three  typical  shadowgraphs  from 
the  experiments  on  leading-edge  separation  are  shown  in 
figure  26.  Unless  specified  otherwise,  the  measurements  cor- 
respond to  an  attached  bow  wave  as  in  figures  26  (a)  and 
26  (c)  rather  than  to  a detached  wave  as  in  figure  26  (b). 
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In  principle,  equation  (8)  should  apply  equally  well  to  both 
types  of  bow  wave,  as  long  as  M'  and  p'  are  known.  In 
figure  27  the  measured  variation  of  pjp'  with  Reynolds  num- 
bers at  M'  = 1.8,  where  the  bow  wave  is  detached,  is  com- 
pared with  the  value  calculated  from  equation  (8).  There 


(a)  CC35°-2;  Ma>  = 2.3;  «=  15°;  A/'«  1.5;  10.9X  103. 

(b)  CC35°  — 2;  Ma  = 2.3;  a=35°;  A/'« 2.0;  R=^y  = 9.2X103. 

(c)  CC20°-1;  Mce  = 2.3;  a=  — 5°;  A/'«  1.3;  R=~  = 22.8X103. 


Figure  26. — Pure  laminar  separations  with  negligible  boundary-layer 
thickness  at  separation. 


Figure  27. — Absence  of  significant  Reynolds  number  effect  on  dead-air 
pressure  for  wedge  models  with  leading-edge  laminar  separation. 


is  seen  to  be  no  marked  variation  with  Reynolds  number.  A 
similar  absence  of  such  variation  also  was  observed  at  other 
Mach  numbers  investigated  (1.3  to  2.0).  It  is  apparent  also 
from  figure  27  that  the  calculated  and  experimental  values 
agree  rather  well.  Agreement  of  this  nature  extends  to  the 
other  Mach  numbers  investigated,  as  is  shown  in  figure  28 
where  the  various  data  points  plotted  at  each  Mach  number 
represent  measurements  at  different  Reynolds  numbers.  The 
several  data  points  corresponding  to  a detached  bow  wave 
fall  somewhat  below  the  general  trend,  but  not  far  below. 
Considering  the  simple  nature  of  the  theory  and  the  fact  that 
the  calculation  involves  no  empirical  information  or  adjust- 
able constants,  the  observed  correspondence  of  theoiy  and 
experiment  is  quite  satisfactory.  This  establishes  consider- 
able confidence  in  the  mechanism  postulated  for  the  cal- 
culations. 


Although  the  present  experiments  did  not  include  cases  of 
pure  laminar  leading-edge  separation  at  low  speeds,  some  re- 
cent experiments  of  Roshko  (ref.  29)  approximate  such  con- 
ditions and  provide  further  test  of  the  theory.  In  order 
largely  to  avoid  the  usual  unsteadiness  of  subsonic  wakes, 
Roshko  employed  the  splitter-plate  technique.  His  data  for 
cylinders  and  a flat  plate  normal  to  the  flow  are  shown  in 
figure  29.  These  data  do  not  show  any  significant  dependence 
either  on  body  shape  or  Reynolds  number.  This  lack  of  de- 
pendence is  in  accord  with  the  theory.  For  quantitative 
comparison  with  the  theory,  it  is  assumed  that  pf=pm 
which  is  indicated  to  be  closely  the  case  by  several  stream- 
wise  wake  pressure  distributions  presented  by  Roshko.  The 
agreement  exhibited  in  figure  29  is  quite  good.  The  close 
agreement  should  be  viewed  with  reservation  inasmuch  as  the 
splitter  plates  did  not  always  render  the  flow  perfectly  steady, 
and  the  mixing  layer  may  not  be  entirely  laminar.  The 
Reynolds  numbers  are  low  enough  though  (5,000  to  17,000), 
so  that  extensive  laminar  flow  would  be  expected  along  the 
mixing  layer. 


Figure  28. — Comparison  of  theory  and  experiment  for  pure  laminar 
separations  with  negligible  boundary-layer  thickness  at  separation. 


PyP' 

q' 

or 

Pd-P* 

Qco 


Figure  29. — Comparison  of  theory  with  experiments  of  Roshko 
conducted  at  low  speed;  Af'«0. 


For  incompressible  flow,  a comparison  of  the  present  theory 
can  be  made  with  a numerical  solution  to  the  full  Navier- 
Stokes  equations  obtained  by  Kawaguti  (ref.  30)  for  the 
steady  flow  over  a circular  cylinder  at  Reynolds  number  40. 
His  solution  yields  a value  of  —0.55  for  the  pressure  coeffi- 
cient at  the  rear  of  the  cylinder.  The  corresponding  experi- 
mental value  (ref.  30)  is  about  the  same.  This  is  surprisingly 
close  to  the  value  — 0.526  obtained  from  the  present  theory. 
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Additional  evidence  as  to  the  soundness  of  the  basic  calcu- 
lation method  is  provided  by  an  independent  theoretical  anal- 
ysis of  Korst,  Page,  and  Childs  (ref.  31),  which  became  avail- 
able during  preparation  of  reference  12.  In  their  analysis, 
the  same  basic  method  is  used  for  calculating  dead-air  pres- 
sure. Since  they  were  concerned  with  fully  turbulent  flow 
rather  than  with  pure  laminar  flow,  their  results  complement 
the  results  of  the  present  research.  A direct  comparison  of 
their  equations  with  equation  (8)  cannot  be  made  since  they 
did  not  present  an  explicit  equation  for  dead-air  pressure, 
but  a comparison  can  be  made  of  the  various  assumptions 
employed  in  the  two  analysis.  Such  comparison  indicated 
only  small,  relatively  unimportant  differences  in  the  two  cal- 
culation methods.  For  calculating  the  velocity  ratio  u* 
along  the  dividing  streamline  they  employed  a simplified 
equation  since  the  rigorous  equations  for  turbulent  flow  are 
unsolvable.  They  obtain  values  of  u*  for  turbulent  flow 
ranging  between  0.62  at  zero  Mach  number  to  apparently 
1.00  at  infinite  Mach  number,  whereas  the  corresponding 
value  for  laminar  flow  is  0.59,  as  noted  earliei.  They 
used  the  oblique  shock  equations  across  the  reattachment 
region,  whereas  the  isentropic  equations  are  applied  above 
for  pure  laminar  flow.  The  dead -air  pressure  was  calculated 
by  equating  the  total  pressure  along  the  dividing  streamline 
to  the  static  pressure  downstream;  this  is  the  essential  idea 
common  to  both  analyses.  They  obtain  very  close  agreement 
with  base  pressure  measurements  for  turbulent  flow  over  a 
wide  range  of  conditions,  and  this  strengthens  further  the 
simple  idea  common  to  the  two  calculations. 

It  is  noted  that  the  values  of  pdjpf  in  figure  28  for  pure 
laminar  separations  with  5a~0  are  not  much  greater  than 
for  turbulent  base  pressure  measurements  (ref.  17)  with 
From  the  theoretical  viewpoint,  this  arises  because 
the  corresponding  values  of  u*  are  not  greatly  different. 
Thus,  a thin  reattaching  laminar  layer  can  undergo  a pressure 
rise  comparable  to  that  of  a thin  reattaching  turbulent 
layer.  Hence,  with  the  movement  of  transition  from 

downstream  to  upstream  of  reattachment  would  not  marked- 
ly alter  such  flows.  Experiments  confirm  this.  For  example, 
at  Reynolds  numbers  beyond  those  shown  in  figure  27,  at 
which  the  separations  on  both  CC35°— 1 and  CC35°  — 2 
were  transitional,  the  values  of  pd/pf  were  only  slightly 
smaller.  On  the  other  hand,  when  8S  is  relatively  large  and 
u*  for  laminar  flow  is  much  less  than  0.587  (corresponding 
to  5,=0),  then  the  movement  of  transition  from  downstream 
to  upstream  of  reattachment  can  markedly  alter  flow  con- 
ditions. 

In  regard  to  theoretical  methods  for  calculating  dead-air 
pressure  in  a separated  flow,  it  is  noted  that  there  is  one 
aspect  of  the  Crocco-Lees  theory  (ref.  9)  which  appears  to 
be  at  variance  with  both  the  present  theory  and  with  certain 
experiments.  This  aspect  is  discussed  in  Appendix  B. 

AN  EXPLANATION  OF  THE  IMPORTANCE  OF  TRANSITION  LOCATION 
RELATIVE  TO  REATTACHMENT 

The  basic  mechanism  assumed  in  the  calculations  of  dead- 
air  pressure  appears  well  confirmed  and  thus  can  be  used 
now  to  provide  an  explanation  of  one  of  the  main  experi- 
mental results  described  earlier,  namely,  an  explanation  of 
why  a separated  flow  changes  markedly  when  transition 

526597—60 30 


moves  upstream  of  the  reattachment  position.  For  equi- 
librium, the  basic  requirement  is  that  the  mass  flow  scav- 
enged (m,fal)  from  the  dead-air  region  by  the  mixing  layer 
balance  the  mass  flow  reversed  ( mTt9 ) by  the  pressure  rise 
through  the  reattachment  zone.  This  can  be  made  clear  by 
considering  the  variation  of  mscav  and  mTe9  with  dead-air 
pressure  for  conditions  removed  from  equilibrium.  It  is 
assumed  temporarily  that  transition  is  slightly  downstream 
of  reattachment.  For  simplicity  the  external  flow  is  assumed 
to  be  supersonic  and  two-dimensional.  If  pdlp'  is  near 
unity  the  mixing  layer  is  long  and  msca9  is  large 


since  it  depends  on  the  product  peue  as  well  as  the  length  of 
mixing;  but  if  pdjp'  is  near  zero,  the  mixing  layer  is  short, 
peue  is  small, 


pd  lower  than  equilibrium 
mscav  <K-  mrev 


and  mscav  is  small.  Thus  the  scavenged  air  increases  as  pd 
increases,  as  illustrated.  The  reversed  flow,  however, 
follows  an  opposite  trend; 


if  pdlp'  is  near  unity,  the  pressure  rise  p'—pd  is  small  and 
mTt9  is  small,  but  if  pdlp'  is  near  zero  the  pressure  rise  is 
large  and  mTev  is  large;  hence,  mre9  decreases  as  pd  increases, 
as  illustrated  in  the  mass-flow  curves.  Intersection  of  the 
curves  determines  pd  for  equilibrium  (provided  no  mass  flow 
is  injected  or  removed  by  external  means).  If  transition 
were  now  to  move  suddenly  to  a new  position  slightly  up- 
stream of  reattachment,  say,  to  the  position  of  the  dotted 
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line  in  the  lower  right  portion  of  the  following  sketch  repre- 
senting the  equilibrium 


Equilibrium  pd\  r 
mscav  ~ mrev 


condition,  then  mSCGV  would  be  affected  only  negligibly  since 
the  distance  between  transition  and  reattachment  is  negli- 
gible compared  to  the  distance  between  separation  and 
transition.  The  new  mxcav  curve  (dotted  line  in  the  above 
mass-flow  curves)  would  be  close  to  the  corresponding  mscav 
representing  transition  slightly  downstream  of  reattachment 
(solid  line  in  the  above  mass-flow  curves).  Because  of  the 
turbulence,  however,  the  mTtv  curve  would  be  much  lower. 
The  energy  imparted  to  the  low-velocity  portion  of  the 
mixing  layer  would  be  much  increased  by  the  transport  of 
eddies  from  the  outer  stream  and  this  energizing  process 
would  greatly  reduce  the  amount  of  air  reversed  for  a given 
pressure  ratio  Pdlp'  • The  new  equilibrium  dead-air  pressure 
would  be  represented  by  the  intersection  of  dotted  mass-flow 
curves.  As  transition  moves  upstream  of  reattachment , 
therefore,  the  ratio  Pd!p'  would  be  expected  to  decrease 
substantially.  This  agrees  with  the  experimental  observa- 
tions described  earlier,  irrespective  of  whether  the  separation 
is  induced  by  a base,  compression  corner,  curved  surface, 
step,  or  an  incident  shock  wave. 

Transition  actually  should  begin  to  affect  a separated 
flow  as  soon  as  it  occurs  in  the  small  recompression  region 
downstream  of  the  reattachment  point,  even  if  negligible 
turbulence  exists  upstream  of  the  reattachment  point.  In 
this  region,  where  the  pressure  is  between  pT  and  p',  the 
introduction  of  turbulence  would  permit  a greater  pressure 
rise  p'—pr  to  occur  after  the  reattachment  point,  and  this 
would  change  the  dead-air  pressure.  Obviously  transition 
is  not  a steady,  point  phenomenon,  but  is  spread  over  some 
distance.  Strictly  speaking  then,  the  pure  laminar  regime 
would  end  as  soon  as  appreciable  turbulence  occurs  in  the 
downstream  portion  of  a reattachment  zone.  A separated 
flow  that  is  laminar  only  to  the  reattachment  point  could  be 
quite  different  from  the  pure  laminar  type,  which  is  defined 
as  being  laminar  through  the  reattachment  zone. 

CHARACTERISTICS  INDEPENDENT  OF  THE  MODE  OF 
INDUCING  SEPARATION  (FREE  INTERACTIONS) 


not  free  from  indirect  influences)  of  downstream  geometry, 
and  are  free  from  complicating  influences  of  the  mode  of 
inducing  separation,  arbitrarily  will  be  termed  “free  inter- 
actions” for  brevity.  In  the  present  section,  some  pressure 
distributions  are  compared  first  for  a given  bod}’  in  super- 
sonic and  in  subsonic  flow.  Free  interaction  is  observed  in 
supersonic  separation,  though  not  in  subsonic  separation 
on  this  bod}’.  A simple  analysis  is  then  made  of  the  Reynolds 
number  dependence  of  free  interactions  in  supersonic  flow. 
Subsequent  to  this  analysis,  various  experimental  results 
are  presented  and  compared  with  the  analysis  where  possible. 

RESULTS  FOR  VARIOUS  SEPARATED  FLOWS 

Difference  between  subsonic  and  supersonic  separa- 
tions.— A fundamental  difference  between  subsonic  and 
supersonic  separations  can  be  seen  from  pressure  distribu- 
tions obtained  at  various  Reynolds  numbers  in  subsonic 
and  in  supersonic  flow  for  a given  model  geometry.  Meas- 
ured distributions  for  laminar  separation  ahead  of  a 10° 
compression  corner  in  subsonic  flow  are  shown  in  figure  30  (a) 


During  the  course  of  experimentation,  it  was  observed 
that  certain  characteristics  of  separated  flows  did  not  depend 
on  the  object  shape  or  on  the  mode  of  inducing  separation. 
Similar  observations  previously  have  been  made  in  the  re- 
searches of  Gadd,  Holder,  and  Regan  (ref.  15)  and  of  Bog- 
donoff  and  Kepler  (ref.  14).  Any  phenomenon  near  separa- 
tion which  is  independent  of  object  shape  would  not  depend 
on  geometric  boundary  conditions  which  describe  the  flow 
downstream,  but  would  depend  only  on  the  simultaneous 
solution  of  the  equations  for  flow  in  the  boundary  layer 
together  with  the  equations  for  flow  external  to  the  boundary 
layer.  Such  flows  that  are  free  from  direct  influences  (though 


(a)  Subsonic;  CC10°  — 3;  0.4< A/„<0.8;  a=—  4°. 

(b)  Supersonic;  CC10°  — 2;  Ma— 2.0. 

Figure  30. — Comparison  of  subsonic  and  supersonic  flows  at  various 
Reynolds  numbers. 

together  with  the  calculated  distribution  that  would  exist 
in  an  incompressible,  inviscid  fluid  (dotted  line).9  At  these 
subsonic  speeds  (0.4  <Mm  <0.8)  variation  in  Reynolds 
number  brings  about  only  small  changes  in  pressure  dis- 

9 These  calculations  were  made  with  small-disturbance  theory  by  superimposing  the  ap- 
propriate thickness  pressure  distributions  for  wedges  with  the  appropriate  lift  pressure  dis- 
tribution for  an  inclintd  flat  plate. 


INVESTIGATION  OF  SEPARATED  FLOWS  WITH  EMPHASIS  ON  THE  EFFECT  OF  TRANSITION  449 


tribution  and  no  measurable  change  in  pressure  rise  to 
separation  (( ps—Po)/qo  is  equal  to  0.08  ±0.005  for  all  R). 
Moreover,  the  distribution  is  roughly  that  which  would 
exist  in  an  inviscid  flow,  as  represented  by  the  dotted  line. 
In  contrast,  the  pressure  distributions  shown  in  figure  30  (bj, 
which  also  were  obtained  on  a 10°  compression  corner,  in 
the  same  wind  tunnel,  and  over  the  same  Reynolds  number 
range,  exhibit  relatively  large  changes  in  pressure  distribu- 
tion as  well  as  easily  measurable  changes  in  the  position  of 
and  the  pressure  rise  to  separation.  Further  contrast  is 
exhibited  by  the  disparity  between  the  measured  distribu- 
tions at  supersonic  speed  and  the  calculated  distribution 
for  inviscid  flow  (a  constant  pressure  with  discontinuous 
jump  as  indicated  by  the  dotted  line).  These  data  illustrate 
how  the  pressure  distribution  in  subsonic  flow  near  and  up- 
stream of  separation  is  determined  primarily  by  the  inviscid 
flow  pressure  distribution  about  the  object  shape,  and  only 
secondarily  by  the  Reynolds  number  dependent  interaction 
between  boundary  layer  and  external  flow;  whereas,  in  super- 
sonic flow,  the  pressure  distribution  near  separation  is  de- 
termined primarily  by  a Reynolds  number  dependent  inter- 
action (free  interaction)  and  only  secondarily  by  the  inviscid 
flow  pressure  distribution. 

Only  in  supersonic  flow  were  free  interactions  commonly 
observed  in  the  present  experiments.  The  fact  that  they 
were  not  observed  at  subsonic  speed  does  not  necessarily 
mean  that  free  interactions  cannot  occur  at  such  speeds. 
Lighthill  (ref.  32)  has  made  an  analysis  of  the  incompressible 
flow  upstream  of  a step,  which,  in  effect,  assumes  that  the 
pressure  distribution  is  determined  by  interaction  of  bound- 
ary layer  and  external  flow.  In  the  present  experiments, 
relatively  small  steps  were  employed  and  the  pressure  dis- 
tribution was  determined  primarily  by  the  geometry  of  the 
model,  and  only  secondarily  by  interaction  phenomena. 
Consequently,  the  present  experiments  and  LighthilPs 
theory  for  incompressible  flow  upstream  of  a step  are  not 
comparable.  It  would  appear  possible,  by  using  a step 
with  larger  ratio  of  step  height  to  plate  length,  and  a model 
with  smaller  leading-edge  angle,  that  the  pressure  distribu- 
tion in  subsonic  flow  might  be  determined  primarily  by 
interaction  phenomena  and  only  secondarily  by  external 
constraints  imposed  through  model  geometry. 

Simplified  analysis  for  free-interaction  regions, — If  a 
pressure  distribution  is  determined  locally  by  free  inter- 
action of  boundary  layer  and  external  supersonic  flow, 
then  the  applicable  equations  are  the  momentum  equation 
for  steady  flow  in  the  viscous  layer  coupled  with  the  follow- 
ing equation  for  external  supersonic  flow: 


V V inviscid 


Pe^e 


VS? 


rj  dx 


(ii) 


This  equation  would  apply  for  both  laminar  and  turbulent 
flow.  For  the  special  case  of  free  interaction  in  regions 
where  the  inviscid  pressure  distribution  (first  term  in  eq. 
(11))  is  constant  or  is  small  compared  to  the  interaction 
term,  certain  information  about  the  effects  of  Reynolds 
number  can  be  extracted  from  order-of-magnitude  argu- 


ments alone.  Since  the  rate  of  bound aiy-layer  growth  is 
small,  equation  (11)  for  a free  interaction  is  written  as 


V—Vo__  2 (W_ 

& ~Vm02—  i dx 


(12) 


The  subscript  o designates  conditions  at  the  beginning  of 
interaction,  that  is,  at  the  downstream-most  point  upstream 
of  which  the  pressure  is  sensibly  the  same  as  the  inviscid 
flow.  If  li  is  a length  characteristic  of  the  streamwise  ex- 
tent of  free  interaction,  then  order-of-magnitude  considera- 
tions applied  to  equation  (12)  yield 


V—Vo 3* 

<lo 


Turning  now  to  the  equation  for  viscous  flow,  the  usual 
boundary-layer  momentum  equation 


bu  . bu  dp  , br 
pUte+pV&y-~Tx+^j 


(14) 


would  apply  provided  the  transverse  pressure  gradients 
within  the  layer  are  small  compared  to  the  streamwise 
gradients.  This  would  be  the  case  for  laminar  flow  but  is 
questionable  for  turbulent  flow,  since  the  detailed  surveys 
of  Bogdonoff  and  Kepler  (ref.  14)  at  M0= 2.9  reveal  the 
average  transverse  gradient  near  separation  to  be  larger,  in 
fact,  than  the  streamwise  gradient.  Since  large  curvature 
of  streamlines  is  required  for  large  transverse  pressure  gra- 
dients, and  since  the  streamlines  must  approach  straight  lines 
in  the  immediate  vicinity  of  a straight  wall,  it  follows  that 
only  in  the  outer  part  of  a boundary  layer  is  the  streamline 
curvature  large  near  separation  and  the  turbulent  boundary- 
layer  equations  locally  questionable.  For  this  reason,  the 
boundary-layer  equation  is  applied  at  the  wall  where  it 
becomes 


^ /dr\ 

dx  \byjw 


(15) 


This  application  places  emphasis  on  the  low-velocity  part  of 
the  boundary  layer,  which  appears  desirable  in  analyzing  the 
flow  approaching  separation.  By  applying  order-of-magni- 
tude considerations  to  equation  (15)  there  results  for  constant 
Mach  number  M0, 


V Vo  Tw  r wo 

rs^/ />*/ 

li  5 <5* 


(16) 


In  this  last  step,  the  wall  shear  rwo  at  the  beginning  of  inter- 
action has  been  taken  as  a measure  of  the  variable  wall 
shear  rw.  What  this  and  the  previous  steps  amount  to  is  the 
consideration  of  a family  of  similar  flows  having  a fixed  Mach 
number,  but  differing  in  the  Reynolds  number. 

Mach  number  dependent  factors  have  been  omitted  from 
equation  (16)  since  they  arise  from  density  variations  across 
the  boundary  layer  and  would  be  smoothly  varying  functions 
of  M0.  I n contrast,  the  factor  (VM02— 1)_1  arising  from 
density  variations  along  the  edge  of  the  boundary  layer  was 
retained  in  equation  (13)  since  it  is  a singular  function  at 
M0=  1,  and  would  be  the  dominant  factor  if  M0  is  only 
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slightly  greater  than  1.  By  multiplying  equations  (16)  and 
(13)  there  results 


P~Pq_  ( V*  y C'» 

2»  K/iojM'1—  l) 


(17) 


and,  by  dividing  them,  there  results 


U 

8* 


A So V4 

\Two^M02—  1/ 


(18) 


For  convenience,  the  ratio  of  skin  friction  at  a given 
Reynolds  number  to  skin  friction  at  a Reynolds  number  of 
one  million,  is  introduced 


(c/„) 

(pfo)  .ft  =10® 


(19) 


At  constant  M0y  then,  equations  (17)  and  (18)  become 

Vo 

k _L 


(17a) 

(18a) 


Equation  (17a)  was  originally  presented  in  reference  12 
without  derivation.  Curves  of  as  a function  of  Reynolds 
number  are  shown  in  figure  31  for  both  laminar  and  turbu- 
lent boundary  layers.  The  curves  for  laminar  layers  rep- 
resent a (Rx^-Y*  variation.  The  curves  for  turbulent  la}7ers 
represent  the  variation  indicated  by  the  Karman-Schoenherr 
equation  applicable  to  incompressible  flow.  A more  accurate 
variation  applicable  to  compressible  turbulent  flow  is  un- 
known at  present. 

The  above  results,  as  regards  variation  with  Reynolds 
number,  would  apply  to  the  pressure  rise  in  either  laminar 
or  turbulent  flow,  provided  the  flow  is  determined  by  free 
interaction  and  not  complicated  by  influences  of  downstream 
geometry;  they  would  apply  to  the  separation  pressure  rise 
(Vi~Vo)>  t°  the  peak  or  plateau  pressure  rise  (pp— p0),  and 
to  the  over-all  configuration  pressure  rise  for  incipient  sepa- 
ration if  such  rises  were  determined  by  free  interaction.  For 
the  particular  case  of  pressure  rise  to  a laminar  separation 
point,  equation  (17a)  agrees  with  the  first  analysis  of  this 
problem  made  by  Lees  (ref.  33),  who  obtained  a Rx~y*  vari- 
ation. Subsequent  analyses  have  obtained  different  results 
(e.  g.,  Rx~*  variation  in  ref.  34).  It  should  be  noted  that 
the  approach  used  above  considers  interaction  of  boundary 
layer  and  external  flow  to  be  the  heart  of  the  problem  (as 
also  is  considered,  though  in  more  detail,  in  refs.  9,  33,  and 
35).  Other  approaches  to  the  problem  of  boundary-layer 
separation  in  supersonic  flow  have  disregarded  this  interac- 
tion (e.  g.,  refs.  36,  37,  and  38). 

Experiments  on  effects  of  geometry,  Reynolds  number, 
and  Mach  number  for  laminar  separation. — Inasmuch  as  the 
pressure  distribution  in  laminar  separation  depends  on 
Reynolds  number  and  Mach  number,  it  is  necessary  in  as- 
sessing the  effects  of  model  geometry  to  hold  these  numbers 
fixed.  Some  pressure  distributions  obtained  with  four  dif- 
ferent models — a step,  a compression  corner,  a curved  sur-  | 


(a)  Laminar  flow. 

(b)  Turbulent  flow. 

Figure  31. — Square  root  of  local  skin  friction  as  function  of  Reynolds 

number. 


face,  and  an  incident  shock  model — are  presented  in  figure  32 
for  the  fixed  conditions  of  M0= 2.3  and  /?Xo=0.20X106. 
The  dotted  lines  rising  from  terminal  data  points  designate 
the  eventual  rise  in  pressure  observed  as  the  separated 
laminar  layer  either  begins  to  reattach  or  to  be  affected  by 
transition.  It  is  evident  that  the  pressure  distribution  does 
not  depend  significant^7  on  the  mode  of  inducing  laminar 
separation  (this  independence  will  be  further  substantiated 


-.4  0 .4  .8  1.2  1.6  2.0  2.4 


Figure  32. — Independence  of  pressure  distribution  and  method  of 
inducing  laminar  separation;  M0  — 2.3;  /?xo=0.20::fc  01X  106. 
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in  subsequent  figures).  Such  pressure  distributions  repre- 
sent free  interactions. 

To  assess  the  influence  of  Reynolds  number,  only  the 
Mach  number  is  held  fixed.  As  is  illustrated  by  the  data 
in  figure  33  for  M0= 2.3,  the  curves  for  various  Reynolds 


Figure  33. — Effect  of  Reynolds  number  on  pressure  distribution  in 
laminar  separation;  A/c=2.3. 


numbers  are  qualitatively  similar  but  quantitatively  quite 
different.  An  analogous  spread  of  the  curves  was  observed 
at  the  other  supersonic  Mach  numbers  investigated.  For 
quantitative  comparison  with  results  from  the  simple  di- 
mentional  analysis,  the  pressure  at  separation,  ps,  and  the 
plateau  pressure,  pp , are  plotted  in  figure  34  as  a function 
of  RXo.  Common  reference  lines  (dashed)  are  shown  in  both 
figures  34  (a)  and  34  (b),  from  which  it  appears  that  both  ps 
and  pp  approximately  follow  the  same  curve  irrespective  of 
whether  transition  is  upstream  or  downstream  of  reattach- 
ment. Actually,  when  the  type  of  separation  changes  from 
pure  laminar  to  transitional,  the  distance  x0  changes,  but  not 
the  relation  between  pressure  and  RXo.  It  is  noteworthy 
that  the  result  from  the  simple  order-of-magni tilde  analysis 
of  free  interactions  (Ap/p0~V^^(#r<,)“,/4  f°r  laminar  flow) 
is  in  good  agreement  with  the  experimental  data  over  the 
wide  range  of  RXq  investigated  (1.2X104  to  1.2X106). 

Attention  is  called  to  several  restrictions  pertinent  to  the 
correlation  of  the  laminar  pressure  rise  data  of  figure  34. 
One  such  restriction  is  to  two-dimensional  flow.  The  oil- 
film  technique  revealed  readily  any  flow  that  was  not  two- 
dimensional.  Shadowgraphs  likewise  indicated  occasional 
departures  from  two-dimensional  flow.  An  example  of  this, 
where  the  shadowgraph  indicates  multiple  separation  lines 
(and  the  oil  film  similarly  indicated  lack  of  two-dimensional- 
ity) is  shown  in  figure  35.  The  downstream  geometry  of 
this  particular  model  was  not  uniform  across  the  span. 
Under  such  conditions  the  peak-pressure  rise  was  found  to  be 
less  (up  to  about  30  percent)  than  for  the  correlated  data  of 
figure  34.  In  figure  36  some  data  are  presented  which 
illustrate  an  additional  restriction  for  correlation  of  transi- 
tional data,  namely,  that  transition  not  be  too  close  to 
separation.  In  this  figure  the  pressure  at  three  different 
points  is  plotted  for  a step  model : the  pressure  at  separation 
the  plateau  pressure  pv , and  the  pressure  measured  in 
the  step  corner  pc.  At  Reynolds  numbers  below  105  the 


(a)  Pure  laminar  separation;  A/0=2.3. 

(b)  Transitional  separation;  M0—  2.3. 

Figure  34. — Effect  of  Reynolds  number  on  pressure  rise  to  separation 
and  plateau  pressure. 


Figure  35. — Shadowgraph  indicating  lack  of  two-dimensional  flow; 
S — 3;  Af o=3.0;  tfL=0.57X  10«. 


separation  is  of  the  pure  laminar  type,  since  pc  does  not  differ 
from  pv ; both  ps—p0  and  pp—p0  are  close  to  the  dashed  lines 
representing  the  correlation  of  figure  34.  Between  Reynolds 
numbers  of  105  and  about  2.5X105,  the  separation  is  of  the 
transitional  type  since  pc  rises  well  above  pp,  but  both 
p$—p0  and  Pp—po  still  follow  the  same  Rx~ ^ variation  as 
the  correlated  data.  Above  Rx0= 2.5X105,  the  separation 
type  remains  transitional,  and  the  pressure  distributions 
(not  shown)  reveal  transition  to  be  approaching  closely  the 
separation  point.  Both  ps  and  pp  depart  from  the  correlated 
data  above  this  Reynolds  number.  When  transition  is  close 
to  separation,  the  flow  in  the  neighborhood  of  separation 
would  not  be  expected  to  be  steady  and  often  was  not. 
Examination  of  various  data  obtained  in  the  present  experi- 
ments revealed  two  sufficient  conditions  for  correlation: 
(1)  that  the  pressure  distribution  have  a length  of  sensibly 
constant  plateau  pressure  not  less  than  about  1.5  times  the 
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Figure  36. — Data  illustrating  restriction  for  correlation  of  transitional 
data;  S — 3;  il/0=  2.3. 


Figure  37. — Correlation  of  pressure  distribution  for  laminar  separation 
for  various  model  configurations  and  Reynolds  numbers;  Ma=  2.3. 


singularity  (M02—l)~X  should  dominate  in  equation  (17) 
and  the  plateau  pressure  rise  (pP—p0)/(lo  should  asymptoti- 
cally follow  a (M02—l)-X  variation  as  M0  approaches  unity. 
Hence  ( pP—p0)IPo  should  asymptotically  follow  a M02(M02— 
\)~'A  variation.  The  dotted  line  in  figure  38  represents 


length  over  which  it  takes  the  pressure  to  rise  from  p0  to  pv\ 
(2)  that  the  disturbance  due  to  transition — as  measured  by 
the  magnitude  of  pressure  rise  above  the  laminar  plateau — 
not  exceed  two  to  three  times  the  pressure  rise  to  the  laminar 
plateau.  No  necessary  conditions  for  correlation  could  be 
observed  from  the  data  obtained,  but  it  would  be  expected 
from  theoretical  considerations  that  the  laminar  separation 
should  be  steady  and  have  at  least  a short  length  of  plateau. 
These  various  restrictions  may  account  for  the  lack  of 
consistency  in  some  previous  measurements  of  pressure  rise 
in  laminar  separation. 

The  fact  that  ( Pj—Po)/Po  and  ( pP—Po)IPo  in  laminar  llow 
vary  nearly  as  \Cf~~Rx-Xy  in  agreement  with  the  simple 
dimensional  analysis,  encourages  a further  test  of  the 
analysis  by  examination  of  the  entire  pressure  distribution. 
In  laminar  flow  5*  '^x(Rx)~'A'^'xCf,  so  that  equation  (18a)  for 
the  characteristic  interaction  distance  //  becomes 


Ir 


<5*  ^ XoCf 

VC/ 


cf 


(19) 


Since  A plp0^^Cf}  it  follows  that  correlation  of  the  pressure- 
distribution  curves  would  be  expected  by  plotting  [{p— p0)j 
Po\(C/)-iA  versus  [(x— x0)lxg\(i!f)-X.  A plot  of  the  data  in 
figure  33  using  these  special  coordinates  is  shown  in  figure 
37.  Data  from  a compression  corner,  a curved  surface,  two 
steps,  and  an  incident  shock -wave-induced  separation  are 
included  in  this  figure.  The  various  pressure  distributions  in 
the  special  coordinate  system  appear  independent  of  Rey- 
nolds number  as  well  as  independent  of  object  shape  in 
conformity  with  the  simple  analysis  of  free  interactions. 

In  view  of  the  correlation  observed  for  Reynolds  number 
effects  on  the  pressure  distribution  in  laminar  separation, 
it  follows  that  the  essential  results  pertaining  to  pressure 
rises  can  be  obtained  from  a plot  of  the  quantities  [(ps—p0)/ 
Po]{tf)~'A  and  [(pp— Po)/Po\(Cf)-y*  as  functions  of  Mach  num- 
ber. Such  a plot  is  shown  in  figure  38.  Near  M0=  1 the 


Figure  38. — Effect  of  Mach  number  on  characteristics  of  laminar 
separation  for  a series  of  model  configurations  and  Reynolds 
numbers. 


such  a variation.  Unfortunately  the  data  do  not  extend  to 
sufficiently  low  Mach  numbers  to  test  critically  the  predicted 
increase  in  pressure  rise  near  M0=  1.  Over  the  range  of 
data  obtained,  however,  there  is  surprising  consistency  with 
the  theoretical  variation.  This  consistency  accidentally  ex- 
tends to  supersonic  Mach  numbers  much  higher  than  could 
be  expected  from  a knowledge  of  the  assumptions  made  in 
the  analysis. 

Experiments  on  effects  of  geometry,  Reynolds  number,  and 
Mach  number  for  turbulent  separation. — The  pressure 
distributions  for  turbulent  separation  over  a step,  a compres- 
sion corner,  and  a curved  surface  are  shown  in  figure  39  (a). 
These  distributions  are  for  a constant  Mach  number  of  2.0 
and  a constant  Reynolds  number  of  3.1  X106.  Onlv  the 
model  shape  differs  for  these  three  pressure  distributions. 
The  three  curves  are  essentially  the  same  up  to  the  separa- 
tion point,  but  beyond  this  they  begin  to  depart  from  each 
other.  It  is  evident  also  from  figure  39  (a)  that  the  separated 
flow  over  a step  is  the  only  flow  of  those  investigated  which 
exhibits  a definite  peak  in  the  pressure  distribution  within 
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the  separated  region.  Analogous  results  are  presented  in 
figure  39  (b)  for  three  similar  configurations  at  a Mach 
number  of  3.0.  In  this  case  the  three  curves  practically 
coincide  for  a short  distance  downstream  of  separation,  but 
do  not  coincide  at  the  station  where  the  peak  in  pressure 
occurs  for  the  step.  This  result  is  similar  to  one  of  Bogdonoff 
and  Kepler  (ref.  14)  who  compared  distributions  for  a step 
and  a strong  incident  shock. 

It  is  evident  already  that  there  is  an  essential  difference 
between  the  qualitative  characteristics  of  laminar  separations 
and  turbulent  separations.  Since  turbulent  separations 
follow  a single  curve  only  as  far  downstream  as  the  separation 
point  (or  perhaps  a little  farther),  only  the  flow  up  to  the 
separation  point  would  represent  free  interaction;  the  flow 
downstream  of  separation,  and  hence  the  peak  pressure, 
would  not.  A possible  exception  might  be  the  step  which 
shows  a definite  peak  pressure,  but  the  other  configurations 
investigated  definitely  do  not  represent  free  interaction 
phenomena  downstream  of  the  point  of  separation.  In 
contrast,  for  laminar  separations  the  pressure  distribution 
well  downstream  of  separation — including  the  plateau  pres- 
sure— represents  a free-interaction-type  flow  for  all  of  the 
various  configurations  tested. 

In  order  for  the  pressure  distributions  up  to  separation  to 
represent  a free  interaction  independent  of  the  mode  of  in- 
ducing separation,  it  is  necessary  that  (lie  flow  be  steady. 


(a)  M0=  2.0;  RXq=  3.1X106 

Figure  39. — Effect  of  body  shape  on  the  pressure  distribution  for 
turbulent  separation  at  a fixed  Mach  number  and  Reynolds 
number. 


Figure  39. — Concluded. 

Actually,  the  curved-surface  model  (represented  by  diamond 
symbols)  in  figure  39  (b)  shows  a little  irregularity  in  pressure 
distribution  which  is  attributed  to  a slight  unsteadiness  of 
the  turbulent  separation  over  this  particular  model.  At 
Mach  numbers  lower  than  that  represented  in  figure  39  (b), 
the  turbulent  separation  on  this  model  was  sufficiently  un- 
steady to  bring  about  both  irregularities  in  pressure  distri- 
bution as  well  as  sizable  departures  from  the  mean  curves 
representing  steady  turbulent  separations.  An  example  is 
illustrated  in  figure  40  (a)  which  corresponds  to  a Mach 
number  of  2.4.  Since  the  turbulent  separation  on  the 
curved-surface  model  is  unsteady,  the  interaction  takes  place 
over  a much  larger  streamwise  distance  that  for  the  steady 
turbulent  separations  (on  the  step  and  the  compression 
corner).  Evidence  of  the  unsteadiness  is  provided  by  the 
jagged  pressure  distribution  and  b}r  the  lack  of  sharpness  in 
the  corresponding  shadowgraph  in  figure  40.  It  should  be 
emphasized  that  most  of  the  turbulent  separations  were 
relatively  steady  and  unsteadiness  to  the  degree  illustrated 
in  figure  40  was  more  an  exception  than  a rule. 

In  assessing  the  effects  of  variation  in  Reynolds  number 
on  turbulent  separations  it  is  necessary  to  keep  the  model 
shape  and  the  Mach  number  fixed.  This  requirement  is 
unlike  the  case  for  laminar  separation  where  only  the  Mach 
number  needed  to  be  held  fixed.  Some  pressure  distribu- 
tions at  various  Reynolds  numbers  are  shown  in  figure  41  for 
turbulent  separation  over  a step  at  a Mach  number  of  2.0. 
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(a)  Pressure  distribution. 


S— 10  (trip  4) 


CC20°-2  (trip  4) 


CS30°-I  (trip  4) 

(b) 

(b)  Shadowgraphs. 


Figure  40. — Effects  of  flow  unsteadiness  on  the  pressure  distribution  and  the  corresponding  shadowgraphs  for  turbulent  separation;  il/0=2.4; 

=2.7X10°. 


Figure  41. — Effect  of  Reynolds  number  on  the  pressure  distribution 
for  a step  with  turbulent  separation;  Afo=2.0. 


The  step  model  is  selected  inasmuch  as  it  is  the  only  model 
of  those  investigated  which  exhibits  a clearly  defined  peak 
in  pressure  distribution.  The  data  of  figure  41  cover  a 
range  in  Reynolds  number  corresponding  to  a variation  by  a 
factor  of  about  7 to  1,  and  show  no  large  effect  of  such  varia- 
tion. These  particular  data  do  show,  however,  a small  but 
consistent  effect  in  the  direction  of  decreasing  peak  pressure 
with  increasing  Reynolds  number.  The  trend  of  decreasing 
pressure  rise  with  increasing  Reynolds  number  is  the  same 
as  that  predicted  by  the  simple  analysis  for  free  interactions 
which  indicates  the  pressure  rise  to  vary  as  y[Ff.  A quanti- 
tative comparison  of  this  theoretical  result  with  the  measure- 
ments on  step  model  S-10  (trip  4)  over  the  M0  range  between 
2.0  and  3.4  is  presented  in  figure  42.  The  various  lines  shown 
represent  a variation  proportional  to  for  turbulent  flow. 
At  a Mach  number  of  2.0  the  data  indicate  somewhat  less 
variation  than  but  at  Mach  numbers  near  3 they 
indicate  somewhat  greater  variation.  Part  of  the  experi- 
mental variation,  particularly  at  the  higher  Mach  numbers, 
is  due  to  the  fact  that  the  effective  origin  of  the  turbulent 
boundary  layer  was  not  always  at  the  boundary-layer  trip. 
At  low  tunnel  pressures,  where  the  boundary-layer  trip  was 
not  completely  effective,  transition  could  be  anywhere  be- 
tween the  trip  and  the  beginning  of  separation.  Data  points 
taken  under  these  conditions  are  represented  by  filled  symbols 
in  figure  42.  For  such  points  the  Reynolds  number  plotted 
is  somewhat  greater  than  the  effective  Reynolds  number  of 
the  turbulent  boundary  layer;  consequently,  small  arrows 
have  been  attached  to  these  points,  indicating  the  direction 
in  which  they  would  move  if  plotted  as  a function  of  the  true 
effective  Reynolds  number.  It  is  noted  that  these  points 
with  arrows  correspond  to  a pure-laminar-type  separation 
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777T^77^^ 
S-IO  (trip  4) 


Open  symbol  — Transition  near  base  of  the  boundary- 
layer  trip. 

Filled  symbol- Transition  location  between  the  base  of  the 
boundary -layer  trip  and  the  beginning  of 
pressure  rise;  therefore  the  correct 
Reynolds  number  is  less  than  the  value, 
shown. 


Figure  42. — Reynolds  number  effect  on  the  peak  pressure  ratio  for  a step  with  turbulent  separation  at  various  Mach  numbers. 


behind  the  base  of  the  trip  (as  determined  by  measurements 
of  base  pressure  on  the  trip)  but  to  a fully  turbulent  separa- 
tion over  the  step. 

Although  the  data  in  figures  41  and  42  for  model  S-10 
(trip  4)  show  a consistent  decrease  in  peak  pressure  rise  with 
increasing  Reynolds  number,  not  all  of  the  data  for  turbulent 
separations  showed  this  trend.  Model  S-5  (trip  2)  revealed 
no  appreciable  variation  in  pv—p0  with  RXq  over  the  range  of 
M0  and  RX()  investigated.  Similarly,  Love  (ref.  39)  found 
no  appreciable  variation  of  pv—p0  with  RXq  over  a wide  range 
of  M0  and  RXq.  On  the  other  hand,  the  several  compression- 
corner  and  curved-surface  models  investigated  herein  ex- 
hibited essentially  the  same  trend  of  decreasing  pp—p0  with 
increasing  RXq  as  model  S-10  (trip  4).  The  reason  for  these 
different  results  is  not  known.  These  apparent  discrepan- 
cies, however,  are  consistent  with  the  interpretation  that  the 
flow  downstream  of  supersonic  turbulent  separation — unlike 
the  flow  downstream  of  supersonic  laminar  separation — 
usually  is  not  a free-interaction  phenomenon,  and,  thus 
should  not  necessarily  follow  a variation  approximately 
as  Va~/. 

In  figure  43  a comparison  is  made  between  the  measured 
variation  with  Reynolds  number  of  the  pressure  rise  to  a 
turbulent  separation  point  and  the  theoretical  variation 
predicted  by  the  analysis.  In  this  comparison,  various  model 
shapes  are  employed  inasmuch  as  ps—p0  (unlike  pv—p0 ) is» 
regarded  as  being  determined  by  free  interaction.  Experi- 


mental data  of  Gadd,  Holder,  and  Regan  (ref.  15)  are  shown 
in  figure  43  by  the  dashed  lines.  The  calculated  trend  pro- 
portional to  is  seen  to  be  in  approximate,  though  not 
accurate,  agreement  with  the  various  measurements. 

As  a further  test  of  the  dimensional  analysis  for  turbulent 
free  interactions,  pressure  measurements  can  be  plotted  in 
coordinates  which  should  make  the  pressure  distributions — 
at  least  up  to  the  separation  point — independent  of  both 
Reynolds  number  and  object  shape.  According  to  equations 
(17)  and  (18),  the  quantity  [(p— Po)/Po\€f~1/2  should  be 
plotted  against  (x—x0)/(8*Cf~1/2)i  just  as  in  the  case  of  laminar 
separation.  In  the  absence  of  better  information,  8*/x0  for 
turbulent  flow  is  taken  as  proportional  to  Cf.10  The  appro- 
priate longitudinal  coordinate  is  then  [(x—x0)/x0]Cf~1/2.  A 
replot  of  the  data  of  figure  41  in  these  appropriate  coordinates 
is  presented  in  figure  44.  By  observing  that  p/p0  is  plotted 
in  figure  41  and  A plp0  in  figure  44,  it  is  seen  that  the  small 
spread  due  to  variation  of  Reynolds  number  is  approximately, 
though  not  entirely,  accounted  for  by  the  simple  analysis. 
The  same  coordinates  which  correlate  the  pressure  distribu- 
tion in  laminar  separation  up  to  the  plateau  pressure,  also 
correlate  reasonably  well  the  turbulent  separation  data  up 
to  at  least  the  separation  pressure. 

The  effect  of  Mach  number  on  the  pressure  rise  to  the 

»°  Approximate  formulae  for  incompressible  turbulent  flow  with  1/7-power  velocity  profile 
are:  6*~8~x(Rx)~lfi  and  These  combine  to  give  8*Jx~cf.  If  more  refined  analysis 

is  made,  such  as  by  combining  the  wall  law  with  the  velocity  defect  law  for  incompressible 
flow,  then  5 */x  is  proportional  to  about  the  1.2  power  of  cr.  At  present,  appropriate  formulae 
for  compressible  flow  are  not  accurately  known;  hence  the  simplest  relation  5*/x~c/  is  used. 
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Figure  44. — Correlation  of  pressure  distribution  at  various  Reynolds 
numbers  for  turbulent  separation  over  a step;  M0=  2.0. 


turbulent  separation  point  of  various  models  is  shown  in 
figure  45.  The  pressure  rise  ( ps—p0)/Po  is  divided  by  ’ 
as  this  would  roughly  account  for  the  influence  of  Reynolds 
number.  Data  from  various  sources  for  steps,  compression 
corners,  and  incident  shock  reflections  are  included  in  this 
figure.  Twro  different  techniques  w^ere  employed  in  measur- 
ing the  separation  point  as  indicated  in  the  figure  legend. 
The  Reynolds  number  range  for  the  data  from  the  present 
investigation  is  0.3  to  6.0X106;  vdiereas  for  the  data  of 
Bogdonoff  it  is  approximately  8 to  36X106  and  for  the 
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Figure  45. — Effect  of  Mach  number  on  pressure  rise  to  separation 
point  for  turbulent  flow  for  steps,  compression  corners,  and  incident 
shocks. 
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data  of  Gadcl,  Holder,  and  Regan  it  is  from  2 to  8X 106.  Al- 
though there  is  considerable  scatter  in  the  measurements 
(since  the  pressure  rise  to  the  separation  point  is  a difficult 
quantity  to  measure  accurately),  there  is  no  systematic  trend 
discernible  between  the  various  configurations.  This  is 
consistent  with  the  view  that  the  pressure  rise  to  a separation 
point  in  supersonic  turbulent  flow  is  a free-interaction  phe- 
nomenon and  should  be  independent  of  the  mode  of  inducing 
separation. 

The  effect  of  Mach  number  on  peak  pressure  rise  for  steps 
in  turbulent  flow  is  shown  in  figure  46.  Data  from  experi- 


Figure  46. — Effect  of  Mach  number  on  peak  pressure  ratio  for  steps 
with  turbulent  separation. 


ments  of  Bogdonoff  (ref.  13)  and  Love  (ref.  39)  are  included 
in  this  figure.  Two  extremes  are  represented  for  BogdonofTs 
data  at  each  Mach  number;  they  correspond  to  the  smallest 
and  largest  step  heights  used  in  his  experiments.  At  Mach 
numbers  above  about  2.6  the  present  measurements  for  S-6 
(trip  1)  show  considerably  higher  values  of  pv—p0  than  do  the 
measurements  of  Bogdonoff  and  Love.  The  large  spread 
of  data,  as  represented  by  the  crosshatched  area,  is  attributed 
primarily  to  the  effect  of  boundary-layer  thickness  on  pv—p0- 
Models  for  which  the  step  height  h is  considerably  smaller 
than  80  (e.  g.,  the  lower  data  points  of  Bogdonoff  in  fig.  46) 
yield  peak  pressure  values  only  slightly  greater  than  the 
separation  pressure,  whereas  the  model  with  the  largest 
ratio  h/8  (model  S-6  with  trip  1 for  which  h/8~6)  yields 
the  largest  values  for  peak  pressure.  The  upper  limit  of 
BogdonofTs  data  corresponds  to  an  intermediate  case  of 
A/5«2. 

CONCLUSIONS 


Sufficiently  wide  variations  in  model  geometry  (steps,  bases, 
compression  corners,  curved  surfaces,  shock  reflections) 
were  covered  to  regard  the  conclusions  as  rather  general, 
although  some  of  these  conclusions  may  not  apply  for  an 
initial  boundary-layer  history  of  strongly  rising  or  falling 
pressure. 

1.  For  a given  model  shape,  the  location  of  transition 
relative  to  the  reattachment  and  separation  positions  is 
dominant  in  controlling  the  characteristic  features  of  pres- 
sure distribution  irrespective  of  Mach  number  and  Reynolds 
number.  This  dominance  leads  to  classification  of  each 
separated  flow  into  one  of  three  types:  pure  laminar,  transi- 
tional, and  turbulent. 

2.  Pure  laminar  separations  (transition  downstream  of 
reattachment  zone)  were  stead}7  in  a supersonic  stream  and 
depended  only  to  a relatively  small  extent  on  Reynolds 
number.  The  dead-air  pressure  for  pure  laminar  separations 
having  negligible  boundary-layer  thickness  at  separation 
can  be  calculated  from  a simple  theory  involving  no  empirical 
information;  the  theory  is  applicable  to  both  subsonic  and 
supersonic  flow. 

3.  Transitional  separations  (transition  between  separation 
and  reattachment)  generally  were  unsteady  and  often  de- 
pended markedly  on  Reynolds  number.  In  transitional 
separations  an  abrupt  pressure  rise  often  occurs  at  the 
location  of  transition,  especially  when  transition  is  only  a 
short  distance  upstream  of  reattachment. 

4.  Turbulent  separations  (transition  upstream  of  separa- 
tion) depended  only  to  a minor  extent  on  Reynolds  number. 
Most  of  the  supersonic  turbulent  separations  were  relatively 
steady  compared  to  transitional  separations. 

5.  The  stability  of  a separated  laminar  mixing  layer 
increases  markedly  with  an  increase  in  Mach  number.  As 
a result,  pure  laminar  separations,  which  are  uncommon 
at  subsonic  speed,  may  become  of  some  practical  interest  at 
hypersonic  speed.  Because  of  this  marked  increase  in 
stability,  laminar  separations  warrant  additional  research 
in  hypersonic  flow. 

6.  In  a region  where  boundary  layer  and  external  flow 
interact  freely,  a simple  analysis  indicates  that  pressure 
rises  vary  as  the  square  root  of  the  skin  friction.  Experi- 
ments at  supersonic  speed  substantiated  this  result  accurately 
for  laminar  separation,  and  approximately  for  turbulent 
separation. 

7.  The  pressure  rise  to  separation  is  independent  of  the 
mode  of  inducing  separation  for  either  laminar  or  turbulent 
separation  in  supersonic  flow.  The  plateau  pressure  rise  in 
laminar  separation  is  similarly  independent,  but  the  peak 
pressure  rise  in  turbulent  separation  depends  significantly 
on  model  geometry. 


The  conclusions  which  follow  were  drawn  mainly  from 
experiments  with  boundary  layers  of  essentially  constant 
pressure  preceding  a two-dimensional  separated  region. 
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APPENDIX  A 


ANOMALOUS  OIL-FILM  OBSERVATIONS 


When  the  oil-film  technique  was  used,  two  threadlike  lines 
of  accumulation  sometimes  occurred  simultaneously.  They 
were  never  observed  in  laminar  separation,  but  only  in  tur- 
bulent separation,  and  only  over  a certain  Mach  number 
range.  Both  lines  of  accumulation  were  stable,  repeatable, 
and  normal  to  the  stream  direction  of  flow.  They  were 
displaced  streamwise  a distance  equivalent  to  several  bound- 
ary-layer thicknesses.  Depending  upon  test  conditions,  the 
downstream  line  could  appear  by  itself,  the  two  lines  could 
appear  simultaneously,  or  the  upstream  line  could  appear 
by  itself.  The  upstream  line  corresponded  to  a pressure 
rise  of  about  0.3  p0 , whereas  the  downstream  line  corre- 
sponded to  between  0.6  p0  and  1.0  p0  rise,  depending  on  the 
Mach  number.  Comparable  measurements  of  Bogdonoff 
and  of  Gadd,  derived  from  a different  technique  of  location  of 
separation  (near-surface  pitot-pressure  surveys)  corresponded 
to  the  downstream  line.  To  determine  directly  whether  the 
two  techniques  inherently  produce  different  results,  Professor 
S.  M.  Bogdonoff  volunteered  cooperation  by  trying  the  oil- 
film  technique  with  the  Princeton  apparatus  on  which  the 
pitot-pressure  surveys  previous^  had  been  made.  He  imme- 
diately confirmed  his  earlier  result  on  pressure  rise  to  separa- 
tion at  M0= 2.9  (corresponding  to  the  downstream  line  in 
the  present  experiments),  and  did  not  find  any  evidence  of 
a second  line.  Although  this  left  unexplained  the  simulta- 
neous occurrence  of  two  lines,  it  did  remove  suspicion  of 
excessive  probe  interference  and  place  suspicion  on  the  phys- 
ical significance  of  the  upstream  line  of  oil  accumulation. 
It  appeared  possible  that  the  upstream  line  did  not  accumu- 
late at  a separation  position,  but  actually  represented  a 
second,  stable,  equilibrium  position,  due  to  wind  forces 
acting  downstream  and  buoyancy  forces  acting  upstream. 
Sizable  buoyancy  forces  arise  from  the  large  streamwise 
pressure  gradients  near  turbulent  separation.  (The  gradi- 
ents near  laminar  separation  are  an  order  of  magnitude 
smaller.) 
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By  regarding  the  thread  of  oil  as  a cylinder  of  fixed  di- 
mensions in  a wind  stream  of  density  pw  and  velocity  pro- 
portional to  (du/dy)W)  the  drag  per  unit  span  would  be  pro- 
portional to  Pw(bul'by)w2.  The  upstream-acting  buoyancy 
force  would  be  proportional  to  (dp/dx)  ^ (p0/50) , so  that 

*_buoyance  forces  p0  Vo 

~~  wind  forces  ^ /du\2^ ( x0  \ / cfp0u02\ 2 

(Wp-W.  wr\~) 

or,  since  pw=peTe/Tw~p0T0  (approximately), 

R 1/5 

A JlXO 

r~xoPo%2u0i 

For  fixed  M0  and  x0)  r ~ p0llbIPo2(Po~l,b)2/^Po ~7/5*  From  this 
brief  analysis  three  inferences  can  be  drawn:  first,  an  increase 
in  tunnel  pressure  for  fixed  M0  and  x should  decrease  the 
importance  of  buoyancy  forces;  second,  an  increase  in  model 
length  for  fixed  M0  and  p0  should  decrease  the  importance 
of  buoyancy  forces  since  r~x0mfx0~x0~A/5;  third,  for  fixed 
x0  and  p0}  the  variation  of  r with  an  increase  in  M0  is  domi- 
nated by  the  decrease  in  p0  and  cf ; hence  an  increase  in  Mach 
number  should  increase  the  importance  of  buoyancy  forces. 
In  view  of  these  inferred  trends,  a special  model  (S-5  with 
trip  2)  having  double  the  length  x0  was  constructed.  Whereas 
the  regular  models  exhibited  the  upstream  line  above  about 
M0=  1.9,  the  larger  model  exhibited  such  lines  above  about 
M0= 2.5.  This  is  consistent  with  both  the  second  and  third 
inferences  above.  It  was  found  also  that  increasing  tunnel 
pressure  caused  the  upstream  line  to  disappear.  This  is 
consistent  with  the  first  inference.  Consequently,  it  is 
deduced  that  the  upstream  line,  which  corresponded  to  a 
pressure  rise  of  Ap/po=0.3±0.1,  is  not  a separation  line  but 
represents  a second  position  for  stable  equilibrium  of  buoy- 
ancy forces  and  wind  forces. 


APPENDIX  B 

SPECIAL  EXPERIMENTS  PERTAINING  TO  THE  CROCCO-LEES  THEORY 


The  Crocco-Lees  theory  (ref.  9)  is  unusually  broad  in 
scope,  covering  laminar-,  transitional-,  and  turbulent-type 
separations.  Because  of  this  extensiveness,  many  untested 
approximations  are  introduced  in  their  analysis  where 
appropriate  experimental  data  are  missing  and  cannot  pro- 
vide a guide.  Also,  because  of  the  broad  scope,  it  is  impor- 
tant to  supplement  this  theory  wherever  possible  with  perti- 
nent experimental  information.  The  present  experiments 
suggest  a way  in  which  the  Crocco-Lees  theory  for  base 
pressure  might  be  improved.  This  possible  improvement 
may  have  no  bearing,  however,  on  the  Crocco-Lees  theory 
for  other  types  of  separation. 

In  the  Crocco-Lees  analysis  the  wake  thickness  is  an 
important  variable  appearing  throughout  their  analysis;  it 
determines,  among  other  things,  the  initial  condition  for  inte- 
gration of  their  differential  equation  which  governs  the  dead- 
air  pressure.  On  the  other  hand,  the  theory  of  this  report 
indicates  that  the  total  wake  thickness  of  a separated  region 
would  not  influence  the  dead-air  pressure. 

The  special  experiments  designed  to  provide  a decisive  test 
of  the  importance  of  the  thickness  of  wake  were  conducted 
during  the  initial  experiments  (1953)  on  models  with  triangu- 
lar inserts  as  is  illustrated.  The  two-dimensional  channel 
appratus  was  employed. 


The  experimental  test  conditions  were  especially  selected  to 
be  in  a Reynolds  number  range  where  in  the  separation  was 
of  the  transitional  type,  and  wherein  the  Crocco-Lees  theory 
would  indicate  the  dead-air  pressure  to  be  sensitive  to 
changes  in  the  initial  wake  thickness  A+6.  If  the  total 
thickness  of  wake  were  dominant  in  determining  base  pres- 
sure, then  the  dead-air  pressure  for  a fixed  Reynolds  number 
R (based  on  the  chord  length  c of  the  airfoil)  should  correlate 
roughly  as  a function  of  the  parameter  h/8,  or  as  a function 
of  the  equivalent  parameter  c/(fb[R)  where  c is  the  model 
length.  On  the  other  hand,  if  the  thickness  of  wake  is 
totally  unimportant,  it  would  be  expected  that  the  dead-air 
pressure  would  be  unaffected  by  the  triangular-shaped 


inserts  and  would  correlate  much  better  when  plotted  as  a 
function  of  HI 8,  or  of  the  equivalent  parameter  c/(H^fR). 
The  experimental  data  plotted  in  figure  47  are  definitive  in 


(a)  h as  characteristic  length. 

(b)  H as  characteristic  length. 

Figure  47. — -Base  pressure  measurements  for  transitional  type  separa- 
tion with  various  wedge  inserts  in  the  dead-air  region;  M0= 2.0. 

showing  that  H is  the  essential  characteristic  length  in  the 
problem;  and  hence  that  the  total  wake  thickness  is  not 
important  in  determining  base  pressure.  It  is  believed  that 
in  the  Crocco-Lees  theory  the  base  height  should  more 
appropriately  be  introduced  in  a way  which  determines  the 
length  of  mixing  layer,  rather  than  in  a way  which  determines 
the  initial  thickness  of  the  wake. 
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EXPERIMENTAL  DETERMINATION  OF  EFFECTS  OF  FREQUENCY  AND  AMPLITUDE  ON  THE 
LATERAL  STABILITY  DERIVATIVES  FOR  A DELTA,  A SWEPT,  AND  AN  UNSWEPT 

WING  OSCILLATING  IN  YAW  1 

By  Lewis  R.  Fisher 


SUMMARY 

Three  wing  models  were  oscillated  in  yaw  about  their  vertical 
axes  to  determine  the  effects  of  systematic  variations  of  fre- 
quency and  amplitude  of  oscillation  on  the  in-phase  and  out- 
of-phase  combination  lateral  stability  derivatives  resulting 
from  this  motion.  The  tests  were  made  at  low  speeds  for  a 60° 
delta  wing,  a 4-5°  swept  wing , and  an  unswept  wing;  the  swept 
and  unswept  wings  had  aspect  ratios  of  4- 

The  results  indicate  that  large  changes  in  the  magnitude  of  the 
stability  derivatives  due  to  the  variation  of  frequency  occur  at 
high  angles  of  attack,  particularly  for  the  delta  wing.  The 
greatest  variations  of  the  derivatives  with  frequency  take  place 
for  the  lowest  frequencies  of  oscillation ; at  the  higher  frequencies, 
the  effects  of  frequency  are  smaller  and  the  derivatives  become 
more  linear  with  angle  of  attack. 

Effects  of  amplitude  of  oscillation  on  the  stability  derivatives 
for  the  delta  wing  were  evident  for  certain  high  angles  of  attack 
and  for  the  lowest  frequencies  of  oscillation.  As  the  frequency 
became  high,  the  amplitude  effects  tended  to  disappear. 

The  algebraic  addition  of  the  component  derivatives  de- 
termined in  separate  investigations  were  generally  in  good 
agreement  with  the  combination  derivatives  obtained  herein. 
The  major  contributions  to  the  out-of-phase  derivatives  are 
made  by  the  sideslipping  acceleration  derivatives,  whereas 
the  contribution  to  the  in-phase  derivatives  are  made  chiefly 
by  the  sideslipping  velocity  derivatives . 

INTRODUCTION 

Recent  investigations  have  shown  that  stability  deriva- 
tives of  large  magnitude  exist  at  high  angles  of  attack  for 
wings  undergoing  rotary  accelerations  in  yaw  or  transverse 
accelerations  in  sideslip.  The  results  of  one  such  investiga- 
tion are  presented  in  reference  1 for  which  wing  models 
were  forced  to  oscillate  in  a pure  yawing  motion  (zero  side- 
slip) at  a constant  frequency  of  oscillation.  The  stability 
derivatives  resulting  from  this  investigation  include  the 
rate  of  change  of  yawing-  and  rolling-moment  coefficients 
with  yawing  velocity  CHr  w and  CXf  w and  the  rate  of  change 
of  yawing-  and  rolling-moment  coefficients  with  yawing- 
acceleration  Cn'r  a and  Crr  a,  where  the  subscript  « indicates 
oscillatory  derivatives.  These  derivatives  were  measured 


for  a 60°  delta  wing,  a 45°  sweptback  wing,  and  an  unswept 
wing;  the  swept  and  unswept  wings  had  aspect  ratios  of  4. 

The  same  wing  models  were  oscillated  in  a pure  sideslipping 
motion  for  the  investigation  of  reference  2.  The  measured 
stability  derivatives  resulting  from  this  type  of  motion  in- 
cluded the  yawing-  and  rolling-moment  coefficients  due  to 
sideslipping  velocity  Onp  w and  w and  the  yawing-  and 
rolling-moment  coefficients  due  to  sideslipping  acceleration 
CUp  w and  Cip  u.  These  derivatives  were  measured  primarily 
at  one  frequency  of  oscillation;  however,  some  limited  data 
involving  a variation  of  oscillation  frequency  in  reference  2 
indicated  that  the  sideslipping  derivatives  at  high  angles  of 
attack  were  dependent  upon  frequency.  The  results  pre- 
sented in  reference  3 substantiated  these  effects  of  frequency 
at  high  angles  of  attack  on  the  lateral  stability  derivatives 
for  a similar  set  of  wings.  Reference  3 also  includes  a com- 
prehensive discussion  of  the  probable  origin  of  the  accelera- 
tion derivatives  of  large  magnitude,  and  reference  4 points 
out  the  importance  of  including  these  derivatives  in  dynamic 
stability  calculations,  particularly  at  high  angles  of  attack 
where  the  derivatives  assume  large  magnitudes. 

A reasonably  simple  oscillation-test  technique  for  extract- 
ing the  lateral  stability  derivatives  for  a model  is  the  method 
of  oscillating  the  model  in  yaw  about  its  vertical  wind  axis. 
Since  the  motion  of  the  model  is  then  a combination  of 
yawing  and  sideslipping,  the  stability  derivatives  measured 
by  this  technique  are  the  combination  derivatives  CUr  w — 
GnjttU,  G,r  a-Oih  u,  One tU+k2Cn,  a,  and  C^^+trC,-^  where 
k is  the  reduced  frequency  parameter  <ab{2V.  The  present 
investigation  employed  this  technique  for  the  purpose  of 
determining  the  effects  of  a systematic  variation  of  frequenc}r 
and  amplitude  of  oscillation  on  the  resulting  combination 
stability  derivatives.  Furthermore,  in  order  to  establish  the 
relative  importance  of  the  individual  derivatives  which  form 
the  combination  derivatives,  the  results  of  the  investigation 
of  reference  1 and  of  additional  tests  similar  to  those  of  ref- 
erence 2 are  compared  individually  and  as  an  algebraic  sum 
with  the  results  of  the  present  investigation.  These  compar- 
isons provide  an  indication  of  the  degree  to  which  the  results 
of  the  individual  sideslipping  and  yawing  tests  are  additive 
and  attest  to  the  linearity  of  the  aerodynamic  phenomena 
responsible  for  the  large-magnitude  derivatives. 


» Supersedes  recently  declassified  NACA  Research  Memorandum  L56A19  by  Lewis  R.  Fisher,  1950. 
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SYMBOLS 

The  data  are  referred  to  the  system  of  stability  axes  and 
are  presented  in  the  form  of  standard  coefficients  of  forces 
and  moments  about  the  quarter-chord  point  of  the  mean 
aerodynamic  chord  of  each  wing  tested.  (See  fig.  1.)  The 
coefficients  and  symbols  used  herein  are  defined  as  follows: 
b span,  ft 

c local  chord,  ft 

c mean  aerodynamic  chord,  ft 

CD  drag  coefficient,  Dra g/gS 

CL  lift  coefficient,  Liit/qS 

Ci  rolling-moment  coefficient,  Rolling  moment /qSb 

Cm  pitching-moment  coefficient,  Pitching  moment /qSc 

Cn  yawing-moment  coefficient,  Yawing  moment /qSb 

k reduced-frequency  parameter,  ub/2V 

q dynamic  pressure,  lb/sq  ft 

r rate  of  change  of  yaw  angle,  \p , radians/sec 

r yawing  acceleration,  dxpjdt 

S wing  area,  sq  ft 

t time,  sec 

V free-stream  velocity,  ft/sec 

a angle  of  attack,  deg 

P angle  of  sideslip,  radians  or  deg 

P rate  of  change  of  sideslip  angle,  d/3 jdt 
P0  amplitude  of  sideslip,  deg 

p mass  density  of  air,  slugs/cu  ft 

\p  angle  of  yaw,  radians  or  deg 

^ rate  of  change  of  yaw  angle,  c ty/dt 


Y 


Figure  1. — System  of  stability  axes.  Arrows  indicate  positive  forces, 
moments,  and  angular  displacements.  Yaw  reference  is  generally 
chosen  to  coincide  with  initial  relative  wind. 


rpo  amplitude  of  yawing  oscillation  measured  from  zero 
yaw,  deg 

co  circular  frequency  of  oscillation,  radians/sec 

Derivatives:  Following  are  formulas  for  the  lateral  stability 
derivatives  used  in  presenting  the  results.  All  derivatives 
are  nondimensionalized  (1/radians). 


r _dC, 
^ bp 

p _ Wn 
^ ^rb\ 

\2V) 

p do, 

\2Vj 

r,  d Cn 

\4F2/ 

_bCt 

bp 

r _ 

lr  Vrb\ 

p . _ ^(7; 

p _ d C, 

The  subscript  co  used  with  a derivative  denotes  the  oscillatory 
derivative. 

APPARATUS  AND  MODELS 

OSCILLATION  APPARATUS 

The  equipment  used  to  oscillate  the  models  consisted  of 
the  motor-driven  flywheel,  connecting  rod,  crank  arm,  and 
model-support  strut  shown  schematically  in  figure  2 and 
photographically  in  figures  3 and  4.  The  connecting  rod 
was  pinned  to  an  eccentric  center  on  the  flywheel  and  trans- 
mitted a sinusoidal  yawing  motion  to  the  support  strut  by 
means  of  the  crank  arm.  Because  the  models  were  mounted 
to  the  support  strut  at  their  assumed  centers  of  gravity,  the 
oscillation  was  forced  about  the  vertical  wind  (or  stability) 
axis  of  the  models.  The  apparatus  was  driven  by  a 1 -horse- 
power direct-current  motor  through  a geared  speed  reducer. 


Figure  2. — Sketch  of  oscillation-in-yaw  equipment. 
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Figure  3. — Oscillation-in-yaw  equipment  on  top  of  tunnel  test  section. 


The  frequency  of  oscillation  was  varied  by  changing  the 
voltage  supplied  to  the  motor,  and  the  amplitude  of  oscilla- 
tion was  varied  by  adjusting  the  throw  of  the  eccentric  on 
the  flywheel. 

Because  the  reduced  frequency  of  the  tests  of  reference  2 
differed  from  that  of  reference  1,  some  additional  tests 
similar  to  those  of  reference  2 were  made  for  this  investi- 
gation at  a reduced  frequency  which  corresponded  to  that 
of  reference  1.  The  results  in  reference  2 were  obtained 
from  freely  damped  sideslipping  oscillation  tests  in  which  the 
motion  was  forced  by  a set  of  coil  springs.  For  these  addi- 
tional tests,  however,  the  coil  springs  were  replaced  by  a 
flywheel  and  crank  mechanism  similar  to  that  used  for  the 
yawing-oscillation  tests.  The  resulting  motion,  therefore, 
was  a continuous  sideslipping  oscillation  of  constant  ampli- 
tude. Check  tests  for  comparable  frequencies  indicated 
that  the  derivatives  measured  by  either  technique  were 
about  the  same. 

MODELS 

The  models  tested  were  the  three  wings  used  for  the  in- 
vestigations of  references  1 and  2 and  are  shown  in  figure  4. 
These  models  included  a 60°  delta  wing,  a 45°  sweptback 
wing,  and  an  unswept  wing  (fig.  5).  The  swept  and  un- 
swept wings  had  aspect  ratios  of  4,  taper  ratios  of  0.6,  and 
rounded  tips.  Each  of  the  three  wings  was  constructed  from 
%-inch  plywood  and  had  essentially  a flat-plate  airfoil  sec- 
tion with  a circular  leading  edge  and  a beveled  trailing  edge 
(fig.  5 (d)).  The  trailing  edges  of  all  wings  were  beveled  to 
provide  a t railing-edge  angle  of  10°  that  was  constant  across 
the  span.  Model  dimensions  are  shown  in  the  sketches  of 
the  three  wings  presented  in  figure  5,  and  other  pertinent 
parameters  are  listed  in  the  following  table: 


Item 

Delta  Wing 

Swept  wing 

Unswept 

wing 

Aspect  ratio.  _ _ _ 

2.  31 

4.  0 

4.0 

Taper  ratio 

0 

0.  6 

0.  6 

Sweep  angle,  deg___ 

(At  L.  E.)  60 

(At  c/4)  45 

(At  c/4)  0 

Dihedral  angle,  deg_ 

0 

0 

0 

Twist,  deg  _ _ _ 

0 

0 

0 

Airfoil  section  _ _ _ 

Flat  plate 

Flat  plate 

Flat  plate 

Area,  sq  in.  _ ___  _ 

561.  20 

324 

324 

Span,  in 

36.  00 

36 

36 

Mean  aerodynamic 

chord,  in 

20.  79 

9.  19 

9.  19 

(a)  60°  delta  wing. 

(b)  45°  swept  wing. 

(c)  Unswept  wing. 

Figure  4. — Models  in  tunnel  test  section. 


RECORDING  OF  DATA 

The  data  obtained  in  this  investigation  were  recorded  by 
means  of  the  equipment  described  in  the  appendix  of  refer- 
ence 1.  Briefly,  the  rolling  and  yawing  moments  acting  on 
the  model  during  oscillation  were  measured  by  means  of 
resistance-type  strain  gages  mounted  on  the  oscillating  strut 
to  which  the  model  was  attached.  The  moments  were 
modified  by  a sine-cosine  resolver  driven  by  the  oscillating 


464 


REPORT  1357 — NATIONAL  ADVISORY  COMMITTEE  FOR  AERONAUTICS 


.Circular  leading  edge 
[-3/4 

j 


(d) 

Section  A-A 

(a)  Delta  wing. 

(b)  Swept  wing. 

(c)  Unswept  wing. 

(d)  Airfoil  section  (all  models). 

Figure  5. — Sketches  of  the  three  wing  models  investigated. 

All  dimensions  are  in  inches. 

mechanism  so  that  the  out-put  signals  of  the  strain  gages 
were  proportional  to  the  in-phase  and  out-of-phase  com- 
ponents of  the  strain-gage  signals.  These  signals  were  read 
visually  on  a highly  damped  direct-current  meter  and  the 
aerodynamic  coefficients  were  obtained  by  multiplying  the 
meter  readings  by  the  appropriate  constants,  one  of  which 
was  the  system  calibration  constant.  The  additional  side- 
slipping oscillation  tests  required  for  the  present  investiga- 
tion made  use  of  this  new  equipment  rather  than  the  equip- 
ment used  in  the  investigation  of  reference  2. 


Center  line 


/ 


10°  bevel 


\ 

-4.28- 


TESTS 

All  tests  were  conducted  in  the  6-  b}^  6-foot  test  section 
of  the  Langley  stability  tunnel  at  a dynamic  pressure  of  24.9 
pounds  per  square  foot  which  corresponds  to  a Mach  number 
of  0.13.  The  Reynolds  number  based  on  the  mean  aerody- 
namic chord  was  approximately  1.6X106  for  the  60°  delta 
wing  and  0.71  X106  for  the  swept  and  unswept  wings. 

The  oscillation  tests  with  the  delta  wing  were  conducted 
for  nominal  frequencies  of  oscillation  of  0.5,  1.0,  2.0,  3.0, 
and  3.3  cycles  per  second.  These  frequencies  correspond  to 
values  of  the  reduced-frequency  parameter  k of  0.033,  0.065, 
0.130,  0.195,  and  0.215.  The  amplitudes  of  oscillation 
for  each  of  these  frequencies  was  ±2°,  ±4°,  ±6°,  ±8°,  and 
±10°  for  the  delta  wing.  For  the.  swept  and  unswept  wings, 
the  reduced  frequency  of  0.195  and  the  amplitude  of  8°  were 
omitted  from  the  tests. 

The  in-phase  and  out-of-phase  yawing  and  rolling  moments 
were  measured  for  the  delta  wing  in  angle-of-attack  incre- 
ments of  4°  from  a=0°  to  a=16°  and  thereafter  in  2°  in- 
crements up  to  c*=32°.  For  the  swept  wing,  these  measure- 
ments were  taken  in  increments  of  4°  from  a=0°  to  a=20° 
and  also  at  a— 10°,  18°,  and  22°.  For  the  unswept  wing, 
the  measurements  were  taken  in  increments  of  2°  from  a=0° 
to  a=16°. 

For  each  amplitude,  frequency,  and  angle-of-attack  con- 
dition, both  a wind-on  test  and  a wind-off  test  were  made. 
The  effects  of  the  inertia  of  the  model  were  eliminated  from 
the  data  by  subtracting  the  results  of  the  wind-off  tests 
from  those  of  the  wind-on  tests. 

The  value  of  reduced-frequency  parameter  k of  0.215  (or 
3.3  cycles  per  second)  was  selected  because  it  corresponded 
to  the  reduced  frequency  of  the  tests  of  reference  1.  The 
tests  of  reference  2 were  made  at  lower  values  of  the  reduced 
frequency.  In  order  to  arrive  at  a better  basis  of  comparison 
for  frequency,  the  additional  tests  made  by  the  method 
similar  to  that  of  reference  2 were,  for  k= 0.22  and  /30=±6°. 
These  tests,  however,  were  made  by  the  forced-oscillation 
method  rather  than  the  free-oscillation  method  used  in 
reference  2. 

RESULTS  AND  DISCUSSION 
PRESENTATION  OF  RESULTS 

In  figure  6 are  shown  the  lift,  drag,  and  pitching-moment 
coefficients  as  functions  of  angle  of  attack  for  the  three 
wings  tested.  These  data  are  taken  from  reference  2 and  are 
for  a dynamic  pressure  of  39.8  pounds  per  square  foot,  which 
is  somewhat  higher  than  the  dynamic  pressure  used  for  the 
present  tests.  The  static  variations  of  rolling  moment  and 
yawing  moment  with  sideslip  angles  up  to  ±10°  are  presented 
in  figure  7 for  given  angles  of  attack.  These  data  exhibit 
no  extreme  nonlinearities  in  the  range  of  sideslip  angles 
being  considered. 

The  data  measured  during  these  oscillation  tests  are  pre- 
sented for  the  delta  wing  in  figure  8,  for  the  swept  wing  in 
figure  9,  and  for  the  unswept  wing  in  figure  10.  These  data 
are  for  four  combination  lateral  stability  derivatives  resulting 
from  the  combined  oscillatory  yawing  and  sideslipping  motion 
employed  for  the  tests.  The  derivatives  are  shown  as  func- 
tions of  angle  of  attack  for  five  frequencies  of  oscillation  of 
the  delta  wing  and  four  frequencies  of  oscillation  for  the 
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Figure  6. — Lift,  drag,  and  pitching-moment  characteristics  as  a function  of  angle  of  attack  for  the  unswept,  the  45°  swept,  and  the  60°  delta 

wings.  5=40  lb/sq  ft. 


swept  and  unswept  wings.  Each  part  of  figures  8,  9,  and  10 
presents  the  data  for  a different  amplitude  of  oscillation  from 
^0==±2°  to  ^o~±10°.  In  these  figures  the  static  deriva- 
tives Cnp  and  Cip  are  also  shown  for  comparison  with  the 
oscillatory  derivatives  Cn0U)+k2Cnh(a  and  CI(jo}+k2Ci;U) 
respectively.  The  static  derivatives  were  taken  from  refer- 
ence 2 and  were  measured  at  Reynolds  numbers  slightly 
higher  than  those  for  the  present  tests. 

The  effects  of  the  reduced-frequency  parameter  k on  the 
measured  stability  derivatives  are  shown  for  the  three  wings 
in  figures  11  to  14.  These  cross-plotted  data  are  given  for 
four  angles  of  attack  for  each  wing.  The  measured  stability 
derivatives  are  also  cross-plotted  as  functions  of  amplitude 
of  oscillation  for  the  three  wings  in  figures  15  to  18  for  the 
same  angles  of  attack  given  in  figures  11  to  14. 

In  figure  19,  the  values  of  the  derivative  Cnr  w measured 
during  the  tests  of  reference  1 are  added  algebraically  to  the 
values  of  the  derivative  Cn^  w measured  by  means  of  tests 
similar  to  those  of  reference  2.  The  sums  of  these  deriva- 
tives are  compared  with  experimental  values  of  CHr 
for  a corresponding  frequency  and  amplitude  of  oscillation. 
Figures  20,  21,  and  22  present  similar  comparisons  for  the 
derivatives  C,r  a-Ct.  CnfS„+WC„Ko,  and 
respectively. 


Although  the  following  discussion  has  been  divided  into 
sections  on  the  effects  of  angle  of  attack,  of  frequency,  and 
of  amplitude,  it  should  be  pointed  out  that,  because  of  the 
apparent  interrelationship  among  all  three  quantities,  it  is 
not  possible  to  isolate  the  discussion  concerning  these  pa- 
rameters without  discussing  the  related  quantities  as  well. 
However,  each  of  the  following  sections  concerns  itself 
primarily  with  the  effect  of  the  parameter  being  considered. 

EFFECT  OF  ANGLE  OF  ATTACK 

In  the  discussion  of  the  effects  of  angle  of  attack  on  the 
measured  stability  derivatives,  it  is  convenient  to  separate 
the  low  range  of  angle  of  attack  from  the  high  range  of  angle 
of  attack.  This  division  takes  place  at  a — 18°  for  the  delta 
wing,  at  a ~ 10°  for  the  swept  wing,  and  at  a«S°  for  the  un- 
swept wing.  These  are  the  angles,  for  the  respective  wings, 
below  which  frequency  effects  appear  to  be  relatively  small 
and  above  which  frequency  effects  are  relatively  large. 
(See  figs.  8,  9,  and  10.)  In  figure  6,  these  angles  of  attack 
are  shown  to  correspond  to  the  angles  at  which  initial  changes 
take  place  in  the  lift-curve  slopes  for  each  wing;  this  change 
in  slope  indicates  that  these  are  the  angles  of  attack  at  which 
flow  separation  has  begun.  Reference  3 shows  that  the 
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Figure  7. — Variation  of  yawing-moment  and  rolling-moment  coefficients  with  angle  of  sideslip  for  q—  25  lb/sq  ft. 


magnitude  of  these  stability  derivatives  depends  substantially 
upon  the  degree  of  separation  present  on  the  wing. 

The  data  shown  in  figures  8,  9,  and  10  are  presented  as 
functions  of  the  nominal  values  of  the  uncorrected  angle  of 
attack.  The  same  angles  of  attack  corrected  for  jet- 
boundary effects  are  shown  in  figure  6.  The  largest  effects 
of  frequency  on  the  stability  derivatives  take  place  in  the 
high  angle-of-attack  range  for  each  wing.  At  low  angles  of 
attack,  a variation  of  reduced  frequency  had  a slight  effect 
on  the  magnitude  of  the  derivatives  but,  at  high  angles  of 
attack,  frequency  had  a determining  effect  on  the  magnitude 
and,  in  some  instances,  on  the  sign  of  the  derivatives.  These 
results  are,  generally,  in  agreement  with  the  effects  of  angle 
of  attack  and  frequency  presented  in  reference  3 for  a set  of 
wings  of  similar  plan  form  as  those  tested  for  this  investiga- 
tion. 

Damping  in  yaw. — The  damping-in-yaw  derivative  Cnro>— 
Cnju  has  small  negative  values  at  low  angles  of  attack  for 
each  of  the  three  wings  tested  (figs.  8,  9,  and  10).  At  high 
angles  of  attack,  the  derivative  becomes  large  and  negative 
for  the  delta  and  swept  wings  (figs.  8 and  9),  with  the  largest 


negative  values  resulting  for  the  lowest  frequencies  of  oscilla- 
tion. For  the  unswept  wing  (fig.  10),  the  derivative  becomes 
positive  at  high  angles  of  attack,  with  the  largest  positive 
values  resulting  for  the  lowest  frequencies  of  oscillation. 
The  derivatives  obtained  for  the  swept  wing  at  its  highest 
angle  of  attack  are  substantially  smaller  than  those  measured 
for  the  delta  wing  at  its  highest  angle  of  attack.  The 
absolute  magnitudes  of  (7„r  w — Cn^  a for  the  unswept  wing 
are  likewise  much  smaller  than  for  the  swept  wing  at  the 
highest  angle  of  attack  for  each  wing. 

Rolling  moment  due  to  yawing. — The  parameter  repre- 
sentative of  the  rolling  moment  due  to  yawing  Clf  CX[ $ u is 

small  and  generally  positive  at  low  angles  of  attack  for  the 
delta  and  swept  wings  (figs.  8 and  9).  As  the  angle  of  attack 
is  increased,  the  derivative  increases  positively  for  these 
wings,  with  the  largest  values  being  realized  for  the  lowest 
frequencies  of  oscillation.  With  an  increase  in  frequency, 
the  derivative  tends  to  become  more  nearly  linear  with 
increasing  angle  of  attack.  The  magnitudes  of  the  deriva- 
tive reached  for  the  swept  wing  are  not  so  large  as  those  for 
the  delta  wing  at  the  highest  angle  of  attack  for  each  wing. 


+ k 2 C, 
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Angle  of  attack,  a,  deg  Angle  of  attack,  a,  deg 


(a)  dt  2°. 

Figure  8. — Stability  derivatives  measured  during  oscillation  for  delta  wing. 
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(a)  i£o—  i 2°. 

Figure  9. — Stability  derivatives  measured  during  oscillation  for  swept  wing. 
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(c)  i 6°. 

Figure  9. — Continued. 


i 
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(a)  ^0=±2°.  (b)  ^o=±4°. 

Figure  10.— Stability  derivatives  measured  during  oscillation  for  unswept  wing. 


In  the  case  of  the  unswept  wing  (fig.  10),  CiT<a—  is 
generally  small  and  positive  at  low  angles  of  attack,  except 
for  perhaps  the  lowest  frequency  of  oscillation  for  which 
some  small  negative  values  were  measured.  At  high  angles 
of  attack,  CiT  for  the  unswept  wing  becomes  large 

and  negative  with  the  magnitude  of  the  derivative  again 
depending  upon  frequency.  At  <x=14°  for  this  wing,  the 
variation  of  the  derivative  with  angle  of  attack  tends  to 
reverse  itself.  At  this  angle  of  attack,  figure  6 indicates 
this  wing  to  be  completely  stalled. 

Directional  stability. — The  directional-stability  parameter 
Q aj+i2Cynr*w  for  the  delta  and  the  swept  wings  is  positive 
and  increases  with  angle  of  attack  at  low  angles  of  attack 
(figs.  8 and  9).  At  the  high  angles  of  attack,  and  for  the 
lowest  frequencies  of  oscillation,  the  derivative  decreases 


and,  for  certain  conditions,  reverses  sign  and  becomes  nega- 
tive. The  higher  frequencies  reduce  this  trend  toward  the 
negative  direction  and  make  the  variation  of  the  derivative 
with  angle  of  attack  more  nearly  linear.  The  derivative  for 
the  unswept  wing  is  a small  positive  value  at  low  angles  of 
attack  and  increases  positively  as  the  angle  of  attack  is 
increased  through  the  high  range  (fig.  10).  Frequency  has 
only  a small  effect  on  this  derivative  for  this  wing  at  high 
angles  of  attack  but,  again,  the  lower  test  frequencies  produce 
the  largest  values  of  the  derivative. 

The  values  of  the  static  derivative  Cn&  are  also  shown  in 
figures  8,  9,  and  10  for  comparison  with  the  oscillatory  values 
of  «•  These  static  derivatives  were  measured 

for  the  investigation  of  reference  2 at  slightly  higher  Reynolds 
numbers  than  those  for  the  present  tests.  The  values  of 
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Angle  of  attack,  a,  deg  Angle  of  attack,  a,  deg  Angle  of  attack,  a,  deg  Angle  of  attack,  a,  deg 


(c)  v^o=  ±6°. 


Figure  10. — Concluded. 


(d)  \pQ — ± 10°. 


Cnfi  exhibit  the  same  trend  with  angle  of  attack  as  is  shown  by 
the  oscillatory  derivative  at  the  lowest  frequencies. 

Effective  dihedral. — The  effective  dihedral  parameter 
Cip  cj+FCTir-  w is  negative  at  zero  angle  of  attack  and  increases 
negatively  as  the  angle  of  attack  is  increased  in  the  low 
angle-of-attack  range  for  all  three  wings.  For  the  delta  and 
swept  wings  (figs.  8 and  9),  the  variation  with  angle  of  attack 
tends  to  reverse  itself  at  high  values  of  a and,  for  the  lowest 
frequencies  of  oscillation,  the  reversal  causes  a definite 
reduction  in  the  derivative  and  a change  of  sign  under  certain 
conditions.  As  the  frequency  is  increased,  the  derivative 
tends  to  become  more  nearly  linear  with  angle  of  attack,  at 
least  for  the  delta  wing  (fig.  8).  In  the  case  of  the  swept 
wing  (fig.  9),  the  derivative  becomes  positive  at  high  angles 
of  attack  for  all  frequencies  with  the  possible  exception  of  the 


highest  frequency  for  which  the  derivative  approaches  zero 
magnitude  at  a«16°  and  then  increases  in  the  negative 
direction  at  higher  angles  of  attack.  The  derivative  for  the 
unswept  wing  continues  increasing  in  the  negative  direction 
as  the  angle  of  attack  is  increased  to  its  largest  value  (fig.  10). 
The  largest  negative  values  of  the  derivative  were  obtained 
for  the  lowest  frequency  of  oscillation. 

The  values  of  the  static  derivative  Cifi  from  reference  2 
are  shown  in  figures  8,  9,  and  10  for  comparison  with  the 
oscillatory  derivatives  The  static  values  of 

Cip  had  about  the  same  variation  with  angle  of  attack  as  is 
shown  by  the  oscillatory  derivatives.  The  change  of  sign 
of  Ci £ for  the  swept  wing  occurred  at  a somewhat  higher 
angle  of  attack  than  it  did  for  the  oscillatory  deriviatve. 
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Check  tests,  however,  indicated  that  the  proper  Reynolds 
number  would  shift  this  angle  of  attack  to  the  lower  value 
shown  by  the  oscillation  data. 

EFFECT  OF  FREQUENCY 

Damping  in  yaw. — The  effect  of  frequency  on  the  damping 
in  yaw  CnT  w is  shown  in  figure  11  for  the  delta,  swept, 

and  unswept  wings.  These  cross  plots  are  presented  for 
four  angles  of  attack  for  each  wing  and  for  all  amplitudes  of 
oscillation.  At  a— 18°  for  the  delta  wing,  frequency  has 
little  or  no  effect  on  the  damping  (fig.  11  (a))  but,  for  each 
succeedingly  higher  angle  of  attack,  the  effect  of  frequency 
is  to  make  the  overall  variation  of  CnT  Gn^ tW  greater  as 
the  angle  of  attack  is  increased.  The  largest  values  of  the 
derivative  result  for  the  smallest  values  of  the  reduced 
frequency  for  each  angle  of  attack.  For  the  swept  wing 
(fig.  11  (b)),  frequency  has  only  a slight  effect  on  the  deriv- 
ative at  a=  18°  and  a somewhat  larger  effect  at  a— 22°. 
These  curves  show  trends  with  frequency  similar  to  those 
for  the  delta  wing  with  the  difference  being  that  the  frequency 
effects  are  much  smaller.  The  results  for  the  unswept  wing 
in  figure  11  (c),  in  general,  indicate  no  frequency  effects  on 
Cnr  w up  to  the  highest  angle  of  attack  at  which  tests 

were  made. 

Rolling  moment  due  to  yawing. — The  parameter  for  the 
rolling  moment  due  to  yawing  Cir  is  shown  as  a 

function  of  reduced  frequency  in  figure  12  for  the  three  wings. 
There  is  little  effect  of  frequency  indicated  for  the  delta 
wing  at  a~  18°  but,  as  the  angle  of  attack  increases  there- 
after, the  variation  due  to  frequency  became  greater  for  each 
successive  angle  of  attack.  The  largest  effects  of  frequency 
were  found  at  the  lower  frequencies  of  oscillation  for  each 
angle  of  attack. 

A small  frequency  effect  on  the  derivative  is  indicated  for 
the  swept  wing  in  figure  12  (b)  at  a=18°  and  a somewhat 
larger  effect  at  a=22°.  These  changes  due  to  frequency 


Figure  11. — The  effect  of  reduced-frequency  parameter  on  damping 

in  yaw. 


(b)  Swept  wing. 
Figure  11. — Continued. 
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(c)  Unswept  wing. 
Figure  11. — Concluded. 


are  similar  to  but  are  much  smaller  than  those  indicated  for 
the  delta  wing  in  figure  12  (a)-.  The  unswept  wing  in  figure 
12  (c)  exhibits  values  of  Cir  M— Cy  which  vary  slightly  with 
frequency  at  the  two  higher  angles  of  attack  in  a manner 
opposite  to  the  variations  shown  by  the  delta  and  swept 
wings.  The  derivative  becomes  less  negative  as  the  fre- 
quency is  increased  rather  than  more  negative  as  in  the 
plots  for  the  delta  and  swept  wings. 

Directional  stability. — The  derivative  Cn^  a>+^20rffr-  w is 
shown  in  figure  13  as  a function  of  the  reduced  frequency  for 
four  angles  of  attack  for  each  of  the  three  wings.  As  the 
frequency  parameter  is  increased  from  its  lowest  value  at 
a— 18°  for  the  delta  wing  (fig.  13  (a)),  a slight  positive  in- 
crease in  the  derivative  occurs.  This  effect  of  frequency 
becomes  larger  at  the  higher  angles  of  attack  until,  at 
a=32°,  CH  w+£2<7w;ft()  may  be  either  negative  (at  the  lowest 
frequencies)  or  positive  depending  on  the  frequency.  For 
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(a)  Delta  wing. 

Figure  12. — The  effect  of  reduced-frequency  parameter  on  rolling 
moment  due  to  yawing. 
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(b)  Swept  wing. 

Figure  12. — Continued. 


the  swept  wing  in  figure  13  (b),  the  directional  stability 
varies  with  frequency  at  the  higher  angles  of  attack  in  the 
manner  of,  but  not  as  much  as  for,  the  delta  wing.  No 
particular  effects  of  frequency  on  this  derivative  are  indi- 
cated for  the  unswept  wing  in  figure  13  (c)  at  an}7  angle  of 
attack. 

The  values  of  the  static  stability7  derivative  Cn ^ appear  in 
figure  13  as  the  value  of  CnQ  u + k2Cn;  w for  k=0.  In  general, 

526597 — GO 32 


(c)  Unswept  wing. 
Figure  12. — Concluded. 


(a)  Delta  wing. 

Figure  13. — The  effect  of  reduced-frequency  parameter  on  directional- 
stability  derivative. 


the  variation  of  the  oscillatory  derivative  with  the  frequency 
parameter  approaches  the  static  Cn0  for  each  angle  of  attack 
for  all  wings.  This  approach  to  zero  frequency  appears  to 
be  somewhat  smoother  for  the  larger  amplitudes  of  oscillation 
than  for  the  smaller  amplitudes. 

Effective  dihedral. — The  effect  of  the  frequency  parameter 
on  Ctf. is  shown  in  figure  14.  The  frequency  effect 
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(b)  Swept  wing. 
Figure  13. — Continued. 
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(c)  Unswept  wing. 

Figure  13. — Concluded. 

that  is  indicated  at  a=18°  for  the  delta  wing  (fig.  14  (a)) 
becomes  larger  for  each  angle  as  the  angle  of  attack  is  in- 
creased. At  high  frequencies  of  oscillation,  the  derivative 
has  about  the  same  magnitude  regardless  of  the  angle  of 
attack  but,  at  the  low  frequencies,  the  derivative  becomes 
more  nearly  positive  as  the  angle  of  attack  grows  larger. 
For  the  two  highest  angles  of  attack,  the  derivative  becomes 
positive  at  the  lowest  frequency  of  oscillation. 

The  results  for  the  swept  wing  in  figure  14  (b)  indicate 
that  the  effective  dihedral  derivative  generally  has  higher 
positive  values  than  for  the  delta  wing  but  that  the  effect 
of  frequency  is  roughly  the  same.  The  unswept  wing  in 
figure  14  (c)  shows  little  effect  of  frequency  except  at  a=16° 
where  the  frequency  effect  appears  to  be  somewhat  dependent 
upon  amplitude  of  oscillation.  For  the  largest  amplitudes, 
the  derivative  becomes  less  negative  as  the  frequency  is 
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(a)  Delta  wing. 

Figure  14. — The  effect  of  reduced-frequency  parameter  on  effective- 
dihedral  derivative. 
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(b)  Swept  wing. 

Figure  14. — Continued. 

increased;  for  the  smallest  amplitude,  however,  the  deriva- 
tive in  general  becomes  more  negative  at  the  higher  frequen- 
cies of  oscillation. 

The  extreme  nonlinearities  which  occur,  particularly  for 
low-frequency  and  small-amplitude  oscillations  such  as  are 
shown  for  the  unswept  wing  in  figure  14  (c),  may  be  at  least 
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Figure  14. — Concluded. 

partially  the  fault  of  the  data-reduction  process  employed. 
Because  the  measured  moments  were  divided  by  the  fre- 
quency and  the  amplitude  in  order  to  evolve  the  derivative 
form,  small  errors  of  measurement  tend  to  be  exagger- 
ated for  low-frequency  and  sm all-amplitude  conditions  of 
oscillation . 

The  oscillatory  values  of  i in  general,  tend  to 

approach  the  static  values  of  Cit 9 for  all  wings,  especially  for 
the  higher  amplitudes  of  oscillation.  The  static  is  shown 
in  figure  14  as  the  k= 0 value  of  the  oscillation  derivative. 

EFFECT  OF  AMPLITUDE 

The  effect  of  the  variation  of  amplitude  on  the  oscillatory 
derivatives  under  consideration  is  not  as  clear  cut  or  con- 
sistent as  is  the  effect  previously  discussed  of  the  variation 
of  frequency.  The  amplitude  effects  that  appear  in  the  data 
are  interdependent  with  both  frequency  and  angle  of  attack 
in  that  certain  trends  with  amplitude  may  appear  at  one 
angle  or  one  range  of  amplitude  variation,  whereas  reverse 
trends  may  appear  at  a slightly  different  angle  of  attack  or 
another  range  of  the  amplitude  variation. 

Damping  in  yaw. — The  effects  of  amplitude  on  the 
damping-in-yaw  derivative  CnT  u—On^  are  presented  in 
figure  15.  When  amplitude  effects  on  the  damping  in  yaw 
do  occur,  they  appear  to  be  most  important  at  the  lowest 
values  of  k.  For  those  angles  of  attack  at  which  an  ampli- 
tude effect  is  in  evidence,  this  effect  diminishes  as  the  k is 
increased  and  generally  disappears  at  the  highest  frequen- 
cies. For  example,  in  figure  15  (a)  where  CnT  (a—  Cn^t<a  is 
shown  as  a function  of  oscillation  amplitude  for  the  delta 
wing,  certain  effects  of  amplitude  are  indicated.  For  the 


(a)  Delta  wing. 

Figure  15. — The  effect  of  amplitude  on  damping-in-yaw  derivative. 


lowest  frequency  (&=0.033)  at  a=18°  a slight  reduction  in 
damping  takes  place  as  the  amplitude  is  increased  from 
^0=2°  to  ^o=6°,  but  as  the  amplitude  is  increased  further 
the  damping  remains  constant.  At  a=24°  for  the  lowest 
frequency,  the  damping  increases  as  the  amplitude  becomes 
larger  than  4°,  whereas  at  a=28°  and  a— 32°  the  damping 
generally  increases  at  low  amplitudes  but  decreases  and  then 
levels  off  at  the  larger  amplitudes.  Higher  frequencies  of 
oscillation  tend  to  diminish  the  amplitude  effect  until  at  the 
highest  frequency  the  damping  shows  a variation  with  ampli- 
tude only  at  a— 32°,  and  this  effect  is  small. 

The  swept  wing  in  figure  15  (b)  exhibits  an  effect  of  ampli- 
tude on  the  damping  only  at  a=22°  for  the  lower  frequencies 
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(b)  Swept  wing. 
Figure  15. — Continued. 
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of  oscillation.  The  unswept  wing  in  figure  15  (c)  shows  some 
effects  at  low  frequencies  and  small  amplitudes  of  oscillation- 
Rolling  moment  due  to  yawing. — The  effects  of  the  oscilla- 
tion amplitude  on  CiT u,  which  are  indicated  in  figure 
16,  are  similar  to  those  described  for  Cn  —Cn-  . For  the 
delta  wing  at  a=  18°,  the  derivative  has  higher  positive  values 
with  increased  amplitude,  although  as  the  frequency  is  in- 
creased, this  effect  is  diminished.  At  a— 24°,  the  greatest 
change  in  the  derivative  takes  place  at  the  large  amplitudes 
and  the  lowest  frequency,  whereas  at  a— 28°,  the  greatest 
change  takes  place  at  the  small  amplitudes  and  the  lowest 
frequency. 


(c)  Unswept  wing. 
Figure  15. — Concluded. 
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(a)  Delta  wing. 

Figure  16. — The  effect  of  amplitude  on  rolling  moment  due  to  yawing. 


(c)  Unswept  wing. 

Figure  16. — Concluded. 

Directional  stability. — The  variation  of  the  directional- 
stability  derivative  Cnfta+k?C„f  a with  amplitude  is  shown 
in  figure  17.  The  delta  wing  (fig.  17  (a))  exhibits  amplitude 
effects  for  all  frequencies  of  oscillation  at  a= 28°  and  a= 32° 
which  are  about  equal  in  magnitude  but  opposite  in  direction. 
At  a=28°,  an  increase  in  amplitude  generally  reduces  the 
derivative,  whereas  at  a=32°,  an  increase  in  amplitude 
increases  the  positive  values  of  the  derivative. 
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(a)  Delta  wing. 

Figure  17. — The  effect  of  amplitude  on  directional-stability  derivative. 


deg  v//Q1  deg 

(b)  Swept  wing. 

Figure  17. — Continued. 

For  the  swept  wing  at  a=22°  (fig.  17  (b)),  an  increase  of 
amplitude  gives  slightly  higher  positive  values  of  the  deriva- 
tive for  the  lowest  frequency;  for  the  highest  frequency  a 
reverse  effect,  although  slight,  is  indicated. 

Effective  dihedral. — The  effect  of  amplitude  on  the  effec- 
tive-dihedral parameter  Cip  w+&2C\r  a is  shown  in  figure  18. 
For  the  delta  wing  at  a=18°,  and  for  the  lowest  frequency 
of  oscillation,  an  increase  in  amplitude  reduces  the  magnitude 
of  the  derivative  at  low  amplitudes,  whereas  at  the  higher 


(c)  Unswept  wing. 
Figure  17. — Concluded. 


(a)  Delta  wing. 

Figure  18. — The  effect  of  amplitude  on  effective-dihedral  derivative. 


amplitudes,  the  magnitude  of  the  derivative  remains  about 
constant  with  amplitude.  At  o:=240,  for  the  lowest  fre- 
quency (k= 0.033),  increasing  the  amplitude  reduces  the 
derivative.  A reversal  in  the  variation  with  amplitude  is 
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(b)  Swept  wing. 
Figure  18. — Continued. 


indicated  at  a—  28°  for  this  frequency;  and  at  a= 32°  the 
derivative  increases  in  magnitude  throughout  the  amplitude 
range. 

The  data  for  the  swept  wing  at  a=22°  (fig.  18  (b))  shows 
a reversal  in  trend  with  amplitude  between  the  lowest  and 
highest  frequencies  of  oscillation.  The  derivative  for  the 
unswept  wing  at  the  higher  angles  of  attack  (fig.  18  (c)) 
exhibits  large  variations  due  to  amplitude  and  reversals  in 
trend  between  the  low  and  high  amplitudes  of  oscillation. 
These  variations  with  amplitude  are  strongly  dependent 
upon  frequency. 

COMPARISON  OF  EXPERIMENTAL  DERIVATIVES  AND 
ADDITION  OF  COMPONENT  DERIVATIVES 

The  derivatives  CUr  w,  Cn-  u,  CXr  and  Cx-  w were  measured 
at  k=0.22  and  at  an  amplitude  ^0=8°  for  the  investigation 
of  reference  1.  The  derivatives  Cn&  Gn^  w,  Cifi  w,  and 
Cu  were  determined  by  a series  of  tests  similar  to  those  of 
reference  2.  The  latter  were  forced-oscillation  tests  with 
k= 0.22  and  an  amplitude  of  sideslip  /30=6°.  These  indi- 
vidual derivatives,  and  the  appropriate  algebraic  additions 
thereof,  are  compared  in  figures  19  to  22  with  the  correspond- 
ing combination  derivatives  measured  in  the  present  investi- 
gation for  k= 0.22  and  ^0=6°.  In  general,  the  comparisons 
are  good.  In  figure  19,  the  experimentally  combined 
damping-in-yaw  derivative  for  the  delta  wing  is  just  a little 
smaller  than  the  sum  of  the  individual  derivatives  through 
the  angle-of-attack  range.  The  comparisons  for  the  swept 
and  unswept  wings  are  also  generally  in  good  agreement. 
Figure  19  indicates  for  these  wings  that  the  Cn . w derivative 


is  larger  in  absolute  magnitude  than  the  Cnj  w derivative  at 
high  angles  of  attack  and  therefore  is  the  major  contributor 
to  the  damping  in  yaw  as  determined  in  these  tests. 

For  the  delta  wing,  the  algebraic  sum  of  the  individual 
derivatives  Ciruj  and  (7^  6 (fig.  20)  appears  to  have  somewhat 
higher  positive  values  by  an  almost  constant  increment 
through  the  angle-of-attack  range  than  the  experimentally 
obtained  combination  derivative.  For  the  swept  wing,  the 
added  derivatives  also  have  higher  positive  values  than  the 
experimental  derivatives  up  to  <*=16°,  and  for  the  unswept 
wing  at  all  angles  of  attack  greater  than  zero.  Figure  20 
indicates  that,  at  least  for  the  delta  and  swept  wings,  (7^  w 
contributes  a greater  portion  to  the  combination  derivative 
than  does  Ct  . 

T , W 

The  algebraically  added  derivatives  Gn $ w and  k2C„f  a are 
presented  in  figure  21  as  a function  of  angle  of  attack  and 
are  compared  with  the  experimental  combination  derivatives. 
Although  Gni  w can  have  large  magnitudes  of  its  own,  as 
demonstrated  by  the  investigation  of  reference  1,  the  multi- 
plication of  this  derivative  by  k2  would  be  expected  to  reduce 
the  significance  of  this  term  in  the  determination  of  the 
directional  stability  parameter  except  for,  perhaps,  extremely 
large  values  of  the  reduced  frequency  or  the  derivative 
Figure  21  shows  this.  A:2  <7^  w contribution  to  be  small 
relative  to  the  large  Gn0  (a  contributions  for  the  delta  and  the 
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Figure  10. — Comparison  of  the  component  and  the  combination  de- 
rivatives making  up  the  damping  in  yaw.  A;  = 0.22;  iA0=±6°  or 
±8°. 


unswept  wings  at  high  angles  of  attack.  The  swept  wing 
has  relatively  small  values  of  Cng  a which  are  of  about  the 
same  magnitude  as  k2C„r-  u for  most  of  the  high-angle-of- 
attack  range. 

The  contribution  of  k2C,-w  to  the  effective  dihedral 
derivative  is  also  small  relative  to  Cig  u for  the  delta  and  the 
unswept  wings  (fig.  22).  At  lower  frequencies  of  oscillation, 
the  k2Cv  contribution  to  the  derivative  would  be  of  less 
significance  still,  since  the  k2  factor  would  reduce  to  relative 
unimportance  even  Ct-  a derivatives  of  very  large  magnitude 
as  k approached  zero.  The  nonlinear  variation  with  angle 
of  attack  shown  by  Clft  m-\-k2CK  „ for  the  swept  wing  can  be 
attributed  to  the  Glg  a portion  of  the  derivative. 

The  particular  model  yawing  motion  employed  for  these 
tests  was  such  that  the  amplitude  of  the  sideslipping  motion 
was  the  negative  of  the  amplitude  of  the  yawing  motion  so 
that  ft)/iAo—  — I ■ Airplane  lateral  motions  may  be  made  up 
of  any  ratio  of  these  amplitudes,  although  motions  wherein 
j30/^o~— 1 occur  quite  frequently.  When  this  ratio  is  close 
to  —1  and  when  the  phase  relationship  between  the  separate 
motions  is  small,  then  the  stability  derivatives  may  be  com- 
bined in  the  airplane  lateral  equations  of  motion  in  the  forms 


Figure  20. — Comparison  of  the  component  and  the  combination 
derivatives  making  up  the  rolling  moment  due  to  yawing.  &=0.22; 
>Ao=  ± 6°  or  ±8°. 


used  herein.  The  resulting  agreement  between  the  addition 
of  the  separately  determined  13  and  \p  derivatives  and  the 
combination  derivatives  measured  herein  indicates  that  for 
0O/^O=  — 1}  at  least,  and  for  k= 0.22,  the  aerodynamic 
phenomena  responsible  for  the  individual  derivatives  are 
linear  to  a large  degree  in  that  the  individual  derivatives  are 
approximately  additive.  For  low  values  of  the  reduced 
frequency,  however,  it  is  possible  that  the  individual  deriva- 
tives may  not  add  up  quite  as  well  as  at  the  high  reduced 
frequency  because  of  the  large  effects  of  frequency  and 
amplitude  which  exist  at  low  frequencies  and  which  indicate 
lessening  linearity. 
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Figure  21. — Comparison  of  the  component  and  the  combination 
derivatives  making  up  the  directional  stability.  fc=0.22;  ^o=±6° 
or  ±8°. 


CONCLUSIONS 


A delta  wing,  a swept  wing,  and  an  unswept  wing  were 
oscillated  in  yaw  about  their  quarter-chord  points  in  order 
to  determine  the  separate  effects  of  frequency  and  amplitude 
on  the  combination  lateral  stability  derivatives  resulting 
from  this  motion.  The  results  of  this  investigation  indicate 
the  following  conclusions: 

1.  The  frequency  of  oscillation  had  a determining  influence 
on  the  lateral  stability  derivatives  for  the  delta  wing  at  high 
angles  of  attack.  The  largest  changes  in  the  variations  of 
the  derivatives  with  angle  of  attack  took  place  for  the  lowest 
frequencies  of  oscillation;  as  the  frequency  increased,  the 
effects  of  frequency  became  smaller,  and  the  curves  of  the 


Figure  22. — Comparison  of  the  component  and  the  combination 
derivatives  making  up  the  effective  dihedral.  k= 0.22;  iAo==b6°  or 
±8°. 

derivatives  plotted  against  angle  of  attack  became  more 
linear.  Similar  effects  of  frequency,  but  to  a smaller  extent, 
were  shown  for  the  derivatives  of  the  swept  wing.  The 
derivatives  for  the  unswept  wing  were  apparently  influenced 
only  slightly  by  frequency. 

2.  The  effect  of  amplitude  of  oscillation  on  the  lateral 
stability  derivatives  appears  to  depend  substantially  upon 
the  angle  of  attack  of  the  wing  and  upon  the  frequency  of 
oscillation.  Some  large  effects  of  amplitude  were  shown  on 
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the  derivatives  for  the  delta  wing  at  high  angles  of  attack 
and  for  the  lowest  frequency  of  oscillation.  As  the  frequency 
was  increased  to  its  highest  value,  these  effects  of  amplitude, 
in  general,  disappeared.  Similar  amplitude  effects  were 
indicated  for  the  swept  wing  to  a lesser  degree,  but,  in  general, 
did  not  appear  for  the  unswept  wing. 

3.  A comparison  of  the  present  results  with  the  results  of 
previous  investigations  for  a corresponding  frequenc}7  and 
amplitude  indicated  that  the  derivatives  taken  with  respect 
to  sideslip  angular  velocity  jS  are  somewhat  larger  in  absolute 
magnitude  than  the  derivatives  taken  with  respect  to  yawing 
angular  velocity  r,  with  which  they  are  generally  combined. 
The  derivatives  taken  with  respect  to  yawing  angular  accel- 
eration r , although  of  large  magnitude  themselves,  lose  signifi- 
cance when  combined  with  the  derivatives  taken  with  respect 
to  sideslip  /3  because  of  their  multiplication  by  the  square  of 
the  reduced-frequency  parameter.  Hence,  in  the  range  of 
frequencies  being  considered,  the  in-phase  stability  deriva- 
tives are  determined  primarily  by  the  /3  derivatives.  As  the 
frequency  of  oscillation  became  smaller,  the  combination 
in-phase  derivatives  approached  the  static  (zero  frequency) 
/?  derivatives. 

4.  The  algebraic  addition  of  the  component  derivatives 
gave  results  which  were  generally  in  good  agreement  with  the 


derivatives  obtained  in  combination  for  the  present  investi- 
gation. These  results  indicate  that  the  aerodynamic  phe- 
nomena responsible  for  these  derivatives  are  linear  to  a large 
degree. 

Langley  Aeronautical  Laboratory, 

National  Advisory  Committee  for  Aeronautics, 
Langley  Field,  Va.,  January  6,  1956 . 
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ON  FLOW  OF  ELECTRICALLY  CONDUCTING  FLUIDS  OYER 
A FLAT  PLATE  IN  THE  PRESENCE  OF  A 
TRANSVERSE  MAGNETIC  FIELD  1 

By  Vernon  J.  Rossow 


SUMMARY 

The  use  of  a magnetic  field  to  control  the  motion  of  electrically 
conducting  fluids  is  studied . The  incompressible  boundary - 

layer  solutions  are  found  for  flow  over  a flat  plate  when  the 
magnetic  field  is  fixed  relative  to  the  plate  or  to  the  fluid.  The 
'equations  are  integrated  numerically  for  the  effect  of  the  trans- 
verse magnetic  field  on  the  velocity  and  temperature  profiles , 
and  hence , the  skin  friction  and  rate  of  heat  transfer. 

It  is  concluded  that  the  skin  friction  and  the  heat-transfer 
rate  are  reduced  when  the  transverse  magnetic  field  is  fixed 
relative  to  the  plate  and  increased  when  fixed  relative  to  the  fluid. 
The  total  drag  is  increased  in  all  of  the  cases  studied. 

INTRODUCTION 

It  has  been  said  that  a fluid  at  a very  high  temperature  is 
like  a universal  solvent  which  cannot  be  contained.  A 
possible  method  of  containing  this  fluid  is  suggested  when 
it  is  noted  that  at  such  a high  temperature  it  would  surely 
contain  ions  and  quite  probably  also  free  electrons.  The 
fluid  would  then  be  an  electrical  conductor.  The  invisible 
hand  of  electrical  and  magnetic  fields  can  then  be  used  to 
induce  forces  on  the  fluid  such  that  it  is  prevented  from 
coming  in  direct  contact  with  a wall  which  it  would  dissolve. 

A somewhat  similar  technique  has  been  in  use  for  some 
time  in  the  metal  purification  industry.  It  employs  a high- 
frequency  magnetic  field  which  causes  eddy  currents  in  a 
lump  of  molten  metal  which  in  turn  react  with  the  imposed 
magnetic  field.  The  metal  is  thereby  suspended  in  space 
if  the  imposed  magnetic  field  is  made  strong  enough. 

Another  example  is  the  so-called  “perhapsatron”  described 
briefly  in  reference  1.  A gas  in  a doughnut  shaped  container 
is  heated  to  a high  temperature  by  an  electrical  current  dis- 
charge. Through  the  use  of  the  interaction  of  the  resulting 
ion  current  and  a magnetic  field,  the  hot  gas  is  prevented  from 
coming  in  contact  with  the  surface  of  the  vessel.  An  appli- 
cation of  similar  principles  was  used  in  thermonuclear  fusion 
experiments  in  the  Soviet  Union.  The  techniques  and 
results  described  very  briefly  in  reference  2 indicate  that  it 
was  possible  to  keep  the  hot  fluid  from  the  walls  and  to 
concentrate  the  hot  gases  quickly  so  as  to  generate  a focusing 
shock  wave. 

i Supersedes  NACA  TN  3971  by  Vernon  J.  Rossow,  1957. 


These  examples  indicate  the  possibilities  which  may  be 
realized  through  the  use  of  a magnetic-field  force  on  a flowing 
conducting  fluid.  A number  of  situations  exist  in  aero- 
dynamics wherein  a magnetic  or  electrical  field  might  be 
used  to  alleviate  high  convective  heat-transfer  rates  to  a wall. 
Such  problems  arise  in  the  flow  of  air  in  the  boundary  layer 
and  in  the  vicinity  of  stagnation  regions  of  an  aircraft  moving 
at  very  high  speeds.  If  the  velocit}^  is  high  enough  the  air  is 
ionized  and,  therefore,  electrically  conducting.  See,  for 
example,  references  3 and  4.  Other  examples  are  those 
associated  with  the  flow  of  the  combustion  products  (which 
are  hot  and  generally  electrically  conducting,  refs.  5 through 
7)  in  the  propulsion  units  of  aircraft. 

The  extent  to  which  a given  heating  problem  can  be 
alleviated  is  as  yet  difficult  to  determine.  It  would  be  well 
if  a few  theoretical  results  were  available  to  evaluate  the 
effect  of  a magnetic  field  on  the  drag  and  heat-transfer  rate. 
An  attempt  to  include  all  the  aerodynamic  features  of  the 
flow  of  air  over  or  inside  an  aircraft  plus  the  magneto- 
hydrodynamic (or  more  correctly,  magneto-aerodynamic) 
effects  would  render  the  problem  so  complicated  as  to  make 
its  solution  difficult  if  not  impossible.  It  is  felt  that  a few 
simple  basic  theoretical  solutions  would  point  out  the 
advantages  or  disadvantages  and  yield  a rough  estimate  of 
the  various  quantities  entering  the  problem.  It  is  the 
purpose  of  this  report  to  present  the  results  of  several  such 
solutions  which,  it  is  hoped,  will  extend  the  information 
already  available  so  that  such  estimates  can  be  made. 
Several  applications  of  the  results  are  indicated. 

PRINCIPAL  SYMBOLS' 

— > — > 

b,B  magnetic  induction,  lines/sq  in. 

cf  local  skin-friction  coefficient 

Cv  heat  capacit}7  of  air  at  constant  pressure, 

Btu/slug  °F 

— ^ 

E electric  field  intensity,  volts/in. 

' E total  energy,  OvT-\~ 

erf  error  function 

erfc  complementary  error  function,  1-erf 

f0  dimensionless  Blasius  boundary-layer 

stream  function 


Preceding  Page  Blank 
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dimensionless  stream  function,  equation 
(26) 

force,  lb 

local  heat-transfer  coefficient,  Btu/sec  ft2 
°F 

— > 

magnetic  intensity,  — > (ampere)  (turns) /in. 
electric  current,  amp 

electric  current  density  in  the  fluid,  amp/sq 
in. 

electric  current  density  associated  with 
generation  of  magnetic  field,  amp/sq  in. 
thermal  conductivity,  Btu/sec  ft2  °F/ft 
characteristic  length 

magnetic  parameter,  per  in. 

vB02 

) per  sec 

P 

magnetic  Hartmann  number,  \ ^ 

V p 

pressure,  lb/sq  in. 

BVZ 

pU 

Reynolds  number 
Laplace  transform  variable 
time,  sec 
temperature,  °R 

velocity  components  in  x,y,z  directions 
Laplace  transform  of  velocity  u (see  eq. 
(14)) 

velocity,  ft/sec 

coordinate  axes,  x alined  with  free  stream 


VX 


excess  charge  density,  coulomb/cu  in. 

magnetic  viscosity, 

coefficient  of  viscosity,  slugs/ft  sec 
magnetic  permeability,  (volt)  (second)  / 
(ampere)  (inch) 

kinematic  viscosity,  ->  ft2/sec 

x 

density  of  fluid,  slugs/cu  ft 
conductivity,  mhos/in. 
shear  stress,  lb/sq  in. 
stream  function 


SUBSCRIPTS 

basic  quantity 
free  stream 
magnetic  induction 
electron 

at  plate,  77— ?/— 0 

SUPERSCRIPTS 

vector  quantity 


( )'j  ( )",  ( )'"  derivatives 


HISTORICAL  REVIEW  OF  MAGNETO-HYDRODYNAMICS 

The  earliest  known  published  works  treating  a problem  in 
the  flow  of  an  electrically  conducting  fluid  through  a mag- 
netic field  are  those  of  Hartmann  and  of  Hartmann  and 
Lazarus  in  references  8 and  9.  Since  that  time  a number  of 
theoretical  and  experimental  studies  have  been  carried 
out.  Some  of  these  pertain  to  the  flow  of  a conducting  fluid 
but  a larger  number  relate  to  the  dynamics  of  ionized  clouds 
or  stars.  No  attempt  will  be  made  here  to  include  a com- 
plete discussion  of  the  latter  group.  However,  much  can 
be  learned  by  studying  the  papers  on  the  flow  of  conducting 
fluids.  These  papers  will  be  divided  into  several  groups 
according  to  the  type  of  problem  treated. 

1.  Flow  in  a channel  (refs.  8 through  19). 

2.  Flow  about  bodies  of  various  shapes  (refs.  20  through 

22). 

3.  Related  papers  on  astronomy  (refs.  23  through  26). 

The  various  papers  will  be  reviewed  briefly  on  a group  basis 
and  reference  to  particular  papers  given  only  in  special 
instances. 

FLOW  IN  CHANNEL 

Following  his  invention  of  the  electromagnetic  pump  2 in 
1918,  Hartmann,  reference  8,  developed  equations  which 
describe  the  steady-state  flow  inside  a channel  in  the  presence 
of  a magnetic  field  or  a magnetic  and  electrical  field.  Inter- 
est was  stimulated  in  problems  of  this  type  when  it  was  found 
in  reference  9 that  a turbulent  stream  could  be  stabilized  to 
the  extent  that  it  could  be  forced  to  return  to  a laminar  flow. 
Such  a sequence  of  events  is  opposite  to  the  usual  form  of 
transition  when  a magnetic  field  is  not  present.  Further 
investigations  by  other  authors,  references  10  through  19, 
substantiated  these  results  and  led  to  the  introduction  of 

terms  such  as  “magnetic  viscosity/’  A==— “magnetic 

47 rcqt 

Hartmann  number,”  M=BU  I - and 

V m pu 

A rigidity  of  the  fluid  is  brought  about  by  a coplan ar 
magnetic  field  so  that  stabilization  is  achieved  because  the 
conducting  fluid  experiences  a force  which  resists  the  motion 
across  the  magnetic  lines  of  force  (ref.  13).  For  example 
if  the  main  fluid  flow  direction  is  parallel  to  the  magnetic 
lines  of  force,  no  interaction  takes  place  unless  some  devia 
tion  or  instability  arises.  In  this  event,  a restraining  force 
will  be  induced  which  is  proportional  and  opposite  to  the 
velocity  component  perpendicular  to  the  lines  of  force, 
tending  to  damp  out  the  initial  instability. 

Wien  the  magnetic  field  is  perpendicular  to  the  flow 
direction,  a change  is  brought  about  in  the  velocity  distribu- 
tion. This  may  make  the  fluid  flow  more  stable  or  unstable 
to  transition  to  turbulence.  In  the  case  of  flow  of  an  elec- 
trically conducting  fluid  through  a transverse  magnetic  field 
in  a two-dimensional  channel  (refs.  9 and  14),  the  change  in 
the  velocity  profile  had  a very  favorable  effect  on  transition. 
Such  is  not  always  expected  to  be  the  case  in  other  flow 
problems. 

2 Electromagnetic  pumps  are  used  in  atomic  energy  plants  to  transfer  radioactive 
solutions  from  one  place  to  another  (e.  g.,  see  p.  32  of  Atomic  Power — a Scientific  American 
book,  Simon  and  Schuster  Inc..  New  York,  1955). 
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These  two  techniques  which  increase  the  stability  of  fluid 
flowing  in  a two-dimensional  channel  were  studied  theoreti- 
cally in  references  13  and  14.  The  transition  boundaries 
are  given  in  graphical  form  for  a range  of  the  magnetic 
parameter.  It  was  observed  that  a considerable  increase  in 
laminar  run  could  be  achieved  at  the  higher  values  of  the 
magnetic  parameter. 

FLOW  ABOUT  BODIES  OF  VARIOUS  SHAPES 

The  papers  describing  the  external  flow  of  a conducting 
fluid  about  bodies  are  small  in  number.  The  three  references 
listed,  20  through  22,  describe  the  flow  of  a conducting  fluid 
around  a circular  cylinder  and  a sphere  in  the  presence  of  a 
magnetic  field;  the  third  paper  treats  the  stability  of  the 
flow  between  rotating  cylinders.  Streamlines  are  shown  in 
the  first  two  cases  and  the  stability  boundar}^  for  the  latter 
case.  Problems  in  this  category  are  naturally  more  difficult 
than  the  unidirectional  channel  flow  problems  discussed  in 
the  previous  section. 

RELATED  PAPERS  ON  ASTRONOMY 

A need  for  understanding  the  motion  of  electrically  con- 
ducting fluids  (ionized  clouds)  has  been  felt  by  astronomers 
for  some  time.  The  dimensions  and  quantities  considered 
are  generally  not  reproducible  in  the  laboratory  or  in  the 
earth’s  atmosphere;  however,  some  of  the  equations  and 
results  may  be  applied  to  aerodynamic  problems. 

In  reference  23,  Batchelor  investigated  the  possibility  of 
spontaneous  magnetic  fields  arising  in  a conducting  medium 
as  a result  of  turbulence.  He  found  that  unless  47rju<™>l 
such  fields  cannot  occur.  In  all  foreseeable  problems  in 
aerodynamics  Awpav  is  many  orders  of  magnitude  less  than  1, 
ruling  out  spontaneous  magnetic  fields  in  a fluid  due  to 
turbulence. 

The  manner  and  velocity  at  which  pressure  waves  are 
propagated  in  an  ionized  fluid  and  other  cosmic  problems 
are  treated  in  references  24  through  26.  The  results  of 
these  studies  on  wave  propagation  may  be  useful  in  studying 
interference  problems  on  high-velocity  aircraft. 

MAGNETO-AERODYNAMIC  EQUATIONS 

The  equations  which  describe  the  flow  of  an  electrically 
conducting  fluid  in  the  presence  of  magnetic  and  electrical 
fields  will  now  be  discussed.  The  equations  are  simplified 
to  the  extent  that  the  flow  is  assumed  to  be  incompressible 
and  to  have  constant  properties  ( CP)  p,  k)  throughout  the 
flow  field.  In  all  cases  except  one,  the  electrical  conductivity 
of  the  fluid  is  assumed  to  be  constant. 

MOMENTUM-TRANSPORT  EQUATIONS 

The  momentum-transport  equations  for  the  flow  of  a 
viscous  incompressible  fluid  consist  of  a combination  of  the 
force  terms  arising  from  the  excess  charge  density  0,  and  in- 
duced magnetic  effect  due  to  the  motion  of  the  conducting 
fluid  through  magnetic  lines  of  force  (see,  e.  g.,  refs.  23  and 
27)  and  the  usual  Navier-Stokes  relations  (see,  e.  g.,  ref.  28). 
In  equation  form,  these  force  terms  are, 

F=dE+]xB 


where  the  term  6E  results  from  the  electrostatic  force  on  the 

excess  charges  due  to  the  presence  of  an  imposed  electric 
—> 

field  E . The  second  term  describes  the  force  on  the  fluid 
due  to  the  interaction  of  the  electric  current,  j,  in  the  fluid 

and  the  magnetic  induction  B.  The  differential  equation 
can  be  written  in  vector  notation  as 


DU  6E 
Dt  p 


^ jXH-b-'g rad  p—v^U 
p P 


(1) 


where  p is  the  fluid  density,  0 is  the  excess  charge  density, 
and  ju  is  the  magnetic  permeability.  The  substantial  deriva- 
tive DjDt  is  associated  with  the  use  of  spatial  coordinates. 
A simplified  version  of  Maxwell’s  equations  appropriate  for 
the  present  problem  is 


div  Ii=b]  div  J=0;  pH~B  (2a) 


curl  H=4tirJ  (2b) 

A reduced  form  of  the  generalized  Ohm’s  law  is,  from 
reference  29, 

j=a(E+JlUXH)  (2c) 

The  more  complete  form  given  as  equation  2-22  in  reference 
29  includes  additional  terms  accounting  for  gravity  and  pres- 
sure gradient  effects.  Both  of  these  factors  will  be  assumed 
negligible  in  this  analysis.  It  will  also  be  assumed  that  the 
conductivity,  <r,  does  not  have  directional  properties. 

The  continuity  equation  is 


div  U—0  (3) 

Equation  (2b)  expresses  the  relation  between  the  magnetic 
intensity  H and  the  total  electric  current  density  J ’ The 

— > — y 

distinction  between  the  current  densities  j and  J lies  in  their 
location  and  action.  Consider  first  the  situation  when  the 

— y 

fluid  is  stationary  and  the  electric  field  intensity  E is  zero. 
The  current  density  in  the  fluid  is  then  zero.  The  magnetic 

field  strength  H0  or  magnetic  induction  B0=pHo  is  a result 
— > 

of  an  electric  current  J0  outside  of  the  fluid.  The  current 

density  J0  could  be  thought  of  as  an  electric  current  in  a 

coil  or  electromagnet  outside  the  flow  region  producing  a 

magnetic  field  of  a given  number  of  lines  of  force  per  unit 

— > — > 

area.  The  relation  between  J0  and  H0  is  given  by  equation 

(2b).  The  basic  magnetic  field  strength  will  be  designated 
— > 

as  II 0. 

When  a conducting  fluid  moves  through  the  magnetic 

— > 

lines  of  force,  B0,  the  positive  and  negative  charges  are  each 
accelerated  in  such  a way  that  their  average  motion  gives 

rise  to  an  electric  current  j=aUX B,  where  B=B0-\-b.  The 
— > 

quantity  b is  the  magnetic  induction  resulting  from  the  elec- 
— > ~y 

trie  current  j in  the  fluid.  In  this  analysis  b will  be  con- 
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sklered  as  a perturbation  on  the  basic  field  strength  and 
negligible  in  comparison  with  B0\  that  is,  from  equation  (2b), 


— > — > ^ — > — > — > 

curl  (B0 + 6)  = 4 ttm  (J0  + j)  = 4 tipj 
or 

— > — > 

curl  B0=4lttJlJ0 


curl  &=4ir/ij 

— > — > 
where  B0^>b. 

— > 

If  an  electric  potential  E were  to  be  imposed  across  the 

— > — > 

flow  field,  the  current  densit}7  would  be  changed  by  j = aE. 

However,  the  boundary  conditions  will  be  taken  so  that  the 
— ^ — > — > — > 

impressed  potential,  E , is  zero.  Therefore,  7 = 0- UXB0]  that 

is,  the  electric  current  is  proportional  to  the  voltage  generated 
by  the  relative  motion  of  the  fluid  and  magnetic  field. 

The  fluid  is  assumed  to  be  ionized  and  thereby  an  electrical 
conductor.  However,  within  any  small  but  finite  volume  the 
number  of  particles  with  positive  and  negative  charges  are 
nearly  equal.  The  total  excess  charge,  0,  in  this  small  but 
finite  volume  will  be  taken  as  equal  to  zero.  It  has  been 
shown  in  reference  17  that  a very  small  increase  in  viscosity 
is  realized  due  to  the  increased  ordered-migration  velocities 
of  positive  and  negative  ions  in  the  presence  of  the  electric 
field.  This  effect  will  be  neglected  and  the  electrostatic  force 


term,  BE  will  be  assumed  to  be  identically  zero. 

The  induced  electromagnetic  force  term,  jXB0  will  now 
be  related  to  the  local  velocity  vector.  The  procedure  used 
in  references  10,  19,  and  22  which  results  in  the  magnetic 
ZH2 

parameter  (rafi°  of  electromagnetic  and  inertia  forces) 


and  the  magnetic  viscosity  X = - — = will  not  be  used.  In- 
stead a procedure  will  be  followed  which  will  lead  to  the 

aB2l 

magnetic  parameter,  Q=—jj>  used  by  references  7,  9,  11,  12, 
and  13. 

— > — > 

A relation  between  jXB  and  the  velocity  is  obtained  from 
equation  (2).  It  will  be  assumed  that: 

(1)  Magnetic  field  lines  are  perpendicular  to  free-stream 
velocity. 

(2)  Permeability  p is  constant  throughout  the  fluid. 

(3)  The  assumptions  already  made  are  that  the  excess 

charge  density  0 and  imposed  electric  field  intensity  E are 
assumed  to  be  zero. 

—4 

(4)  Induced  magnetic  field  b is  negligible,  linearizing  the 
induced  magnetic  force  term. 

The  first  assumption  is  not  highly  restrictive  since  the  per- 
pendicular component  of  the  magnetic  field  is  the  only  part 
contributing  a force  which  will  change  the  laminar  velocity 
profile.  The  other  assumptions  are  reasonable  physical 
approximations. 

If  these  assumptions  are  used  together  with  equation  (2c), 
the  induced  magnetic  force  term  becomes 


22<^=-°(uxB0)xB0  (5) 

p p \ / 


From  vector  relations, 


~2^=~~p  (pXB^  XB0=-p  ^u(b0-B0)-B0  (il-tf)] 

— > 

However,  it  has  been  assumed  that  B0  is  perpendicular  to 

— > 

the  free-stream  velocity  Ua  (assumption  (1)).  In  the  prob- 
lems treated,  the  local  velocity  direction  differs  a negligible 

— > — > 

amount  from  the  free-stream  direction  so  that  B0-U~ 0 and 
the  linearized  magneto-hydrodynamic  force  term  becomes 


_jXBo=a_^lf}=  mJJ  JJ  (6) 

P P 

The  parameter  3 m is  related  to  the  viscous  Reynolds  num- 
ber and  the  Hartmann  number  of  references  8 through  12  by 

a B0H  aB2P  1 M2 

PUm  jLt  pUJ  Re 

p 

Equation  (1)  may  then  be  written  as 

DU  <jB0 2 1 , 

U+ - grad  V=W2U  (7) 

ui  p p 


In  the  development  of  equation  (7),  it  was  assumed  that 
the  velocity  of  the  magnetic  field  is  zero.  Since  only  the 
inductive  force  is  being  considered,  the  second  term  becomes 
CfB  2 / \ 

— — \U—UBj  for  a magnetic  field  in  uniform  translation, 


— ^ 

where  UB  is  the  velocity  of  the  magnetic  field. 

When  electrical  currents  flow  in  a plasma  it  is  well  to 
define  the  conditions  at  the  solid  boundaries  of  the  flow 
field.  The  problems  treated  are  assumed  to  be  two-dimen- 
sional with  the  electric  current  flowing  from  and  to  infinity 
parallel  to  a flat  plate  and  perpendicular  to  the  stream 
direction.  The  configuration  may  also  be  thought  to  con- 
sist of  flow  in  a wide  channel  with  the  two  side  walls  as 
conductors  connected  by  a conductor  of  negligible  resistance 
located  outside  of  the  influence  of  the  flow  field.  The  flow 
in  the  middle  of  such  a channel  should  approximate  the 
two-dimensional  type  of  flow  being  analyzed.  Such  phe- 
nomena as  charge  accumulation  and  boundary  effects  at  the 
walls  will  be  assumed  negligible. 


THERMAL  ENERGY  TRANSPORT  EQUATION 

The  differential  equation  describing  the  relationship  be- 
tween the  convection  and  conduction  of  thermal  energy 
and  the  work  done  on  an  electrically  conducting  fluid  in  the 
presence  of  a magnetic  field  is  found  by  considering  the 


3 From  electric  motor  equations,  it  can  be  shown  that 


and  therefore 


<7  n02«= 


force 

PXvelocity 


aBJl-  ( jiff o~  \ TT  „ / magnetic  pressure^  / 
pUm  KpUco*)^  m } Vdynamic  pressure^  ^ 


magnetic  Reynolds 
number 
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energy  entering  and  leaving  an  elementary  cubic  box.  The 
result  is  given  by 


n dt  , . j 2 . Dp . r0ry&»Y  i i /^Y"l 

T+,+z* M L(w  +(,*)  +(.*)  J 

(bv  . duV  /dw  doV  . /bu  dw\2\ 


(8) 


The  derivation  of  equation  (8),  with  the  exception  of  the 
second  term  on  the  right  of  the  equal  sign,  can  be  found, 
for  example,  in  reference  28.  The  term  on  the  left  of  the 
equal  sign  takes  account  of  the  enthalpy  transported  by 
the  motion  of  the  fluid  or  by  convection.  The  first  term  on 
the  right  represents  heat  conducted  from  one  element  of 
fluid  to  the  next  by  molecular  motion.  The  expression, 
j2/a,  is  the  heat  added  by  the  electrical  current  produced 
by  the  motion  of  the  fluid  through  magnetic  lines  of  force 
or  by  an  imposed  electrical  field  (see  eq.  (2c)).  The  re- 
maining terms  arise  when  work  is  done  on  the  fluid  by 
either  pressure  or  shear  forces.  The  symbol  DjDt  is  the 
substantial  derivative  of  the  particular  quantity  and  v2 
denotes  the  Laplacian. 

If  the  general  expression  for  the  electric  current  density, 
as  given  by  equation  (2c),  is  inserted  into  the  expression 
for  the  heat  added  by  electrical  means,  the  result  is 


A2  / -4  — >\2 

}-=a{E+UXB)  (9) 

It  has  been  assumed  that  the  electric  field  E is  zero  and  that 
the  magnetic  field  lines  are  perpendicular  to  the  free-stream 
direction.  To  a good  approximation  in  the  problems  to  be 
considered,  equation  (9)  can  then  be  written  as 

—=aUiB02  (10) 

a 


where  U 2 must  be  written  as  (if7—  UB )2  when  relative  motion 
exists  between  the  magnetic  field  and  the  plate.  Equation 
(8)  is  then 


pC^=wt+°u*b.'+j£+il 


M£ 


dwY 

dx) 


+ 


/d»V 

w 


+ 


/dw  V 

\W_ 


+ 


/dv  du\2  I /dw  . dv\2  . /du  dvj\2\ 

\di+dij)  + +Vc>2+W  ) 


(ID 


viscosity,  and  has  the  same  electrical  conductivity  through- 
out. A third  case,  in  which  the  magnetic  field  is  fixed  on 
the  plate  and  a compensating  pressure  gradient  exists  in  the 
fluid,  will  be  shown  to  be  equivalent  to  the  case  wherein  the 
magnetic  field  is  fixed  relative  to  the  fluid.  The  problem, 
wherein  the  fluid  conductivity  varies  will  not  be  considered. 
The  fluid  and  plate  will  be  assumed  to  be  initially  at  rest. 
At  time  t— 0,  the  plate  will  move  impulsively  with  a given- 
velocity. 


MAGNETIC  FIELD  FIXED  RELATIVE  TO  THE  PLATE 

At  time  £<0,  the  fluid,  plate,  and  magnetic  field  are  as- 
sumed to  be  everywhere  stationary.  At  time  t= 0 and  for 
all  later  times  the  plate  and  magnetic  field  are  moving  at- 
velocity  (fig.  1).  The  problem  is  to  find  the  velocity- 

time history  of  the  fluid. 


Figure  1. — Flat  plate  moving  impulsively  through  a fluid  in  the 
presence  of  a transverse  magnetic  field. 


The  velocity  in  a given  y— constant  plane  does  not  change 
with  x . It  can  then  be  reasoned  that  the  vertical,  v,  and 
transverse,  w,  velocities  are  zero  or  negligible  together  with 
the  pressure  gradients  in  all  directions.  Equation  (7)  then 
reduces  to 


bu 

bf 


<rB02 

P 


U=V 


b2u 

W 


(12) 


IMPULSIVE  MOTION  OF  A FLAT  PLATE 

The  impulsive  motion  of  an  infinite  flat  plate  4 in  a viscous 
fluid  serves  as  a model  for  the  boundary  layer  on  a semi- 
infinite flat  plate.  The  advantages  of  working  the  problem 
of  the  impulsive  motion  of  a flat  plate  are  that  it  is  simple 
enough  to  yield  a result  in  closed  form  and  suggests  the 
proper  choice  of  parameters  to  be  used  on  the  more  compli- 
cated problem  of  a semi-infinite  flat  plate. 

The  velocity  profiles  will  be  found  for  two  cases.  In  the 
first  it  wall  be  assumed  that  the  magnetic  lines  of  force 
are  fixed  relative  to  the  plate,  and  the  second  relative  to  the 
fluid.  In  both  cases  the  fluid  is  of  uniform  density  and 

< This  problem  is  often  referred  to  as  the“Kayleigh  problem”  when  the  fluid  is  incom- 
pressible and  nonconducting. 


Since  the  magnetic  field  is  moving  and  the  fluid  is  initially 
at  rest  the  relative  motion  must  be  accounted  for.  Equation 
(12)  is  then 


du  . oB0 2 
dt' 


{u—uj 


d2u 

w 


(13) 


The  boundary  conditions  are 


u=um,  y= 0,  *>0 


u= 0,  y>0,  t~0 


The  Laplace  transform  of  the  velocity  u is  defined  as 


u— 


e~studt 


(14) 
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Applying  the  Laplace  transformation  (see,  e.  g.,  refs. 
30  and  31)  to  the  first  term  in  equation  (13)  gives 


@h; 


5‘  ^ dt=+ue~st 


=su 


j 00 

+s  I 
0 Jo 


Uu  (It 


If  the  other  terms  of  equation  (13)  are  treated  similarly, 
the  transformed  equation  is 


- d2u  , mxua 
sn—v  ’ 


or 


dy2 

<Pu_-  (s+m1 
dy2 


=u 


(*?)- 


-mxu 


vs 


(15) 


The  solution  to  equation  (15)  is  the  sum  of  the  solution  of  the 
homogeneous  equation  plus  the  particular  solution,  that  is, 


_ 771  xu 

u 


miua 


s(s+mi)  s(s+nii) 


Vs+mi 

... 


+0,H‘-¥\ 


The  constant  C2  is  chosen  equal  to  zero  to  fit  the  boundary 
condition  that  u must  be  finite  at  y—  oo . The  integration 
constant  Ci(s)  is  found  from  the  boundary  condition  at 
y—  0;  that  is,  on  the  plate 

Tty  — 0 Tt  m 

The  Laplace  transform  of  um  is  ujs.  Therefore 


7Yli 


and 


— mxu 

u— 


s(s+m  i)  s+mi 


Is+mi 


(16) 


Equation  (16)  can  be  inverted  with  the  aid  of  reference  30. 
Combining  several  terms  gives 


u=u„(l -e-^erf^j 


(17) 


The  symbol  erj  denotes  the  error  function  of  the  argument. 
The  error  function  is  discussed  in  reference  31  and  tabulated 
extensively  in  reference  32.  Typical  velocity  profiles  are 
shown  in  figure  2 (a).  If  mx  is  set  equal  to  zero,  equation  (17) 
reduces  to  the  result  for  the  Rayleigh  problem;  that  is, 


Ti—uS^—erf\ 


y\ 

2-yfri) 


The  velocity  is  a function  of  y/2-^/vi  onty  and  therefore  a 
single  profile  suffices.  However,  when  a magnetic  field  is 
acting  on  the  fluid,  the  velocity  profiles  are  not  similar 
because  they  change  with  time  according  to  e~mt.  The  fluid 
at  infinity  is  accelerated  by  the  magnetic  field  so  that  the 
entire  mass  of  fluid  is  accelerated  by  the  magnetic  field.  It 
is,  in  fact,  accelerated  more  rapidly  than  when  the  only  force 
is  the  viscous  action  between  layers. 


(a)  Magnetic  field  fixed  relative  (b)  Magnetic  field  fixed  relative 
to  plate.  to  fluid. 

Figure  2. — Boundary-layer  velocity  profiles  on  a flat  plate  set  into 
motion  impulsively. 


The  skin-friction  coefficient  is  expressed  as 
jijbu/by)  |y.'o 


cr- 


puJI  2 


so  that,  from  equation  (17), 


2v 

cf=~ — 7 = e~mit 


(18) 


(19a) 


Values  of  C/  are  shown  in  graphical  form  in  figure  3.  When 
mx  is  zero,  equation  (19a)  reduces  to  the  skin  friction  for  the 
nonelectromagnetic  Rayleigh  problem. 


(vmy 


Figure  3. — Skin  friction  parameter  as  a function  of  a magnetic 

parameter. 

The  change  in  the  velocity  profile  is  a result  of  the  force 
exerted  by  the  magnetic  field  on  the  fluid.  The  reaction  on 
the  unit  generating  the  magnetic  field  is  expressed  as 

A’/unit  area=  I aB02{ua—u)dy=aB02e~m't  \ erf  — dy 
J Jo  2 -yjvt 

(19b) 

The  force  per  unit  area  goes  to  infinity  as  the  upper  limit  of 
integration  goes  to  infinity  because  the  magnetic  field  extends 
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undiminished  an  infinite  distance  from  the  plate.  Thereby, 
an  infinite  amount  of  fluid  is  accelerated,  resulting  in  an 
infinite  force. 


MAGNETIC  FIELD  FIXED  RELATIVE  TO  THE  FLUID 

At  all  times  less  than  zero  the  fluid,  magnetic  field,  and 
plate  are  assumed  to  be  at  rest.  At  time  £=0  the  plate 
begins  moving  with  velocity  u—um  but  the  magnetic  field 
remains  at  rest.  The  differential  equation  is  the  same  as 
equation  (12)  because  there  is  no  relative  motion  between 
the  fluid  at  y=° ° and  the  magnetic  field. 

M+miU~vw  (20) 


The  boundary  conditions  are 

u=uca  a t y—0  t>0 


u=0  at  y^> 0 t— 0 


Applying  the  Laplace  transformation  to  equation  (20), 
as  was  done  in  the  previous  section,  yields  the  transformed 
equation 


V 


d2u 
dy 2 


=w(s+mi) 


The  solution  to  this  ordinary  differential  equation  is 


u—C\(s)e 


v~ 


+ 02e 


+v 


s+mi 


where  the  constant  C2  is  set  equal  to  zero  because  of  the 
requirement  of  a finite  velocity  at  y =<».  The  integration 
constant,  <7i($),  is  found  from  the  boundary  condition  at 
y= 0,  t>0,  as 


Equation  (20)  can  be  written  as 


u= 


- ys+wii 

e dv 


(5+mi)— mi 

This  equation  can  be  inverted  with  the  aid  of  reference  30  as 


Hhe 


-■V= 


erfc 


l.Wt, 


- erfc 


(21) 


The  symbol  erfc  denotes  the  complementary  error  function 
defined  as  1— erf  (see,  e.  g.,  p.  370  of  ref.  31).  The  velocity 
is  once  again  dependent  on  more  than  one  parameter  so  that 
a single  similar  profile  cannot  be  drawn.  Several  profiles 
are  shown  in  figure  2 (b).  The  fluid  at  y=*>  is  not  disturbed 
in  this  case  because  the  velocity  across  the  magnetic  lines 
is  zero.  In  the  vicinity  of  the  plate  the  induced  magnetic 
force  counteracts  the  acceleration  force  of  viscosity  resulting 
in  an  increased  rate  of  shear  at  the  walls  as  expressed  by  the 
skin-friction  coefficient. 

C/=£  (Vv  erNmit+j7z)  (22) 


Even  at  time,  t=  oo } a friction  force  acts  on  the  plate — a situ- 
ation contrary  to  the  previous  case  and  the  Rayleigh  problem. 
Values  computed  by  equation  (22)  are  shown  in  figure  3. 
The  force  on  the  magnetic  field  is  given  by 

r*  oo 

F/unii  area= J aB02udy  (23) 


where  u is  given  by  equation  (21).  The  force  is  finite  in  this 
case. 

Another  case  which  may  be  of  interest  arises  when  the 
magnetic  field  is  fixed  on  the  plate  but  a pressure  gradient 
compensates  for  the  action  of  the  magnetic  field  at  y—  <» . A 
flow  of  this  character  may  be  imagined  to  exist  in  the  early 
stages  of  boundary-layer  formation  on  the  walls  of  a two- 
dimensional  channel.  The  conducting  fluid  is  assumed  to  be 
pumped  through  a channel  containing  a stationary  transverse 
magnetic  field.  A pressure  gradient  arises  automatically  to 
compensate  for  the  resistance  of  the  magnetic  field.  The 
equations  then  describe  the  boundary  layer  as  a function  of 
time,  after  the  pump  has  started.  For  this  case  equation  (7) 
reduces  to 


bu 

bi 


s i dp__  bhi 
5 p bx  V by2 


The  pressure  gradient  i is  found  by  examining  the  bound- 
ary condition  mentioned  above  at  y=  <» . At  y=  <» 


Therefore,  at  y—  <», 


bu 
bi 1 


b2u 

<*/ 


u=Q 


, 1 bp  A 

“miU«+p^=0 


and  the  above  equation  becomes  equation  (12).  Since  the 
boundary  conditions  are  the  same  as  when  the  magnetic  field 
was  fixed  relative  to  the  fluid,  the  results  shown  in  figures 
2 (b)  and  3 apply  here  also. 

BOUNDARY  LAYER  ON  A SEMI-INFINITE  FLAT  PLATE 

In  the  analysis  of  the  boundary  layer  on  a flat  plate  moving 
impulsively,  it  was  found  that  the  shape  of  the  boundary- 
layer  velocity  profile  changes  with  time,  necessitating  a new 
calculation  at  each  instant.  Therefore,  a simple  transforma- 
tion of  the  coordinates  would  not  yield  a similar  solution 
wherein  all  profiles  could  be  drawn  as  one.  It  is  then  to  be 
expected  that  in  the  flow  of  an  incompressible  fluid  over  a 
semi-infinite  flat  plate  in  the  presence  of  a magnetic  field,  a 
similar  solution  will  not  exist.  Since  the  boundary-layer 
solution  of  Blasius  is  not  known  in  closed  form  and  the 
velocity  profiles  at  two  different  stations  along  the  plate  are 
not  similar,  a numerical  solution  to  a series  expansion  is 
found  by  the  method  used  in  reference  33.  The  first  or 
zero-order  term  is  found  to  be  the  same  as  the  Blasius  solu- 
tion which  is  well  known  and  is  tabulated,  for  example,  on 
page  103  of  reference  28.  The  first  nonzero  term  will  be 
calculated  for  the  cases  studied  here. 

The  boundary-layer  velocity  and  temperature  profiles  will 
be  found  for  three  cases.  The  conductivity  of  the  fluid  is 
assumed  to  be  uniform  throughout  the  flow  field  in  the  first 
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and  second  cases.  A particular  variation  is  assumed  in  the 
third  case.  The  magnetic  field  is  fixed  relative  to  the  plate 
in  the  first  and  third  cases  and  relative  to  the  fluid  in  the 
second  case.  A fourth  case  is  shown  to  be  equivalent  to  the 
second.  In  all  cases  the  fluid  will  be  assumed  to  be  incom- 
pressible and  to  have  a Prandtl  number  of  1.® 

MAGNETIC  FIELD  FIXED  RELATIVE  TO  THE  PLATE 

Velocity  profile. — The  magnetic  field  lines  of  force  are 
assumed  to  be  perpendicular  to  the  free-stream  direction  and 
to  begin  at  the  leading  edge  of  the  plate  as  indicated  in 
figure  4.  An  experimental  setup  may  be  imagined  to  consist 
of  a wing  or  flat  plate  in  a stream  of  conducting  fluid  such  as 
mercury,  sodium,  or  salt  water.  A magnetic  field  is  impressed 
across  the  flow  field  using  either  a permanent  or  electro- 
magnet. 


Figure  4. — Fluid  flowing  past  a semi-infinite  flat  plate  in  the  presence 
of  a transverse  magnetic  field. 

On  the  basis  of  the  usual  boundary-layer  assumptions, 
equation  (7)  reduces  to 


bu  , bu  . b2u 

uis;+vfy+m'u=vw 


(24) 


The  boundary  conditions  are  that  u—  0 at  y= 0 and  u=um 
upstream  of  the  plate.  At  y=*> , bu/by— 0 and  bu/bz  = — m^ 
Outside  of  the  boundary  layer  the  continuity  equation 
requires  that  bv/by=m1;  therefore,  v ->oo  as  y-> ».  If  the 
flow  field  is  restricted  to  the  vicinity  of  the  surface  of  the 
flat  plate,  no  real  difficulty  arises.  In  an  actual  problem 
the  magnetic  field  will  not  extend  uniformly  to  large  distances 
from  the  plate.  At  the  location  where  the  magnetic  field 
strength  dies  out  another  viscous  layer  will  develop.  This 
slip  layer  will  be  ignored.  Equation  (24)  is  the  same  as  the 
incompressible  boundary-layer  equation  except  for  the 
additional  term  vfixu.  As  was  done  in  the  Blasius  boundary- 
layer  solution,  the  transformation, 


where  the  exact  form  of  m is  yet  to  be  determined.  If  the 
expression  (21)  is  expanded  in  a power  series  in  the  odd 
power  terms  contributed  by  the  first  and  second  parts  cancel 
each  other.  Also,  if  these  terms  are  carried  along  in  the 
following  analysis,  the  corresponding  functions  are  found  to 
be  zero.  Therefore,  only  whole  powers  of  mx  will  be 
considered  in  what  follows. 

The  velocity  components  and  their  derivatives  are  found 
from  equations  (25)  and  (26)  as 

u_<ty_  ^ brj 

by  d£  by '‘by  by 

U=ua>  [fof + (mx)2//  . . .]  (27) 

^ b)p  _ b\j/bi;  bpbr] 

bx  d£  bx  br]  bx 

^Uo+mxf2'  + (mx)%'+  ...]- 
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Similarly, 
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^[2mxf2'+4(mx)2f4'+  . . .]  (29a) 

b%L  I'LL 

^=u^^U°"  + mxf2''  + (mx)2f/'+  . . .]  (29b) 

b^u  n ^ 

ty2=  -^Uo'"+mxj2"'+(mz)%"'+  . . .]  (29c) 

When  equations  (27)  through  (29)  are  substituted  into 
equation  (24)  and  the  like  powers  of 


mx 


aBt*  M* 

pua  Rex 


(30) 


are  equated,  the  following  differential  equations  result: 

Vo'"— Jo" Jo  ■ (31) 

1^"  =io'  oji  2-fVo"  -\-jo  (32a) 


is  introduced.  The  stream  function,  \p,  is  defined  as 
L'=^umvx[f0+^fmxfl+mxJ2Jt-(mx)3/%+(inx)%  . . .]  (26) 

where  the  functions  /«,,  /„  /2,  ...  are  functions  of  v only. 
The  series  expansion  in  Vmx  is  suggested  by  equation  (21), 


//'  '=2////  +/27  2' 1/2/2" — 1/4/0"  +U  (32b) 

etc. 

The  boundary  conditions  are 

f o=f 2-/4—  • . . =0  at  77=0 
J 0'  ~j 2'  —j a ~ . . . =0  at  77=0 
//=  1 and /2'=  — 1 at  7,=oo 
— . . . =0  at  77=00 


5 Recent  theoretical  computations  by  Hansen  (ref.  34)  indicate  that  when  the  air  is  ionized 
up  to  20  or  25  percent,  a more  realistic  value  for  the  Prandtl  number  would  be  about  0.3. 
When  the  gas  becomes  fully  ionized,  the  Prandtl  number  drops  off  to  the  order  of  0.01. 
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The  differential  equations  for/2  and/4  are  linear  ordinary 
differential  equations  with  variable  coefficients.  Since  the 
coefficients  (Blasius  solution)  are  not  known  in  closed  form, 
the  equations  must  be  integrated  numerically.  Only  the 
functions/2  and/4  of  the  series  will  be  found  because  the  work 
involved  is  sizable  and  it  is  the  intent  of  this  study  to  find 
the  over-all  trends  and  gross  effects  rather  than  precise 
results. 

The  Runge-Kutta  method  was  used  to  integrate  both  the 
homogeneous  and  nonhomogen eous  forms  of  equations  (32a) 
and  (32b).  The  integration  is  started  at  the  surface  of  the 
plate  using  two  boundary  conditions  and  then  assuming  a 
value  for  /,"  and  /4".  The  correct  solution  is  found  by  a 
proper  combination  of  the  numerical  solutions  to  the  homo- 
geneous and  nonhomogeneous  equations.  The  factor  by 
which  the  homogeneous  equation  is  to  be  multiplied  is  found 
from  the  boundary  condition  at  i?=°°.  The  numerical 
results  for/2  and/4  are  tabulated  in  table  X (a).  The  velocity 
profiles  shown  in  figure  5 (a)  indicate  that  the  flow  separation 
at  mx= 0.5  will  probably  not  be  predicted  if  a sufficient 
number  of  terms  are  taken  in  the  series  (27).  The  first 
three  terms  (//,  //,  and  /„')  describe  the  velocity  in  the 
boundary  layer  quite  well  up  to  at  least  mx= 0.2. 

The  skin-friction  coefficient  and  the  displacement  5*  of  an 
incoming  streamline  are 


0.664  — 1.789  mx+0.706  m2x2—  ♦ ■ 


- (33a) 


8*=mxy+  (1.73+0.54  mx+ 1.34  mV+  . . • )-y/^ 


The  unit  generating  the  magnetic  field  is  assumed  to  be 
carried  by  the  aircraft.  The  drag  on  this  unit  caused  by 
the  magnetic-field-fluid  interaction  is 


F/ unit  area=J  <rB2udy 


Substituting  equation  (27), 


F/ unit  area=<r2?02  (f0'+mxj V 


+ ...  )dy 


=<xB„2^ua>vx  (f0+mxj2+  . . . ).*■»-  (33c) 

The  force  is  finite  only  for  a conducting  layer  of  finite 
thickness. 

Temperature  profile. — When  the  pressure  gradients  are 
reasoned  to  be  everywhere  zero  and  the  usual  two- 
dimensional  boundary-layer  assumptions  are  made,  equa- 
tion (11)  reduces  to 

If  total  energy  is  defined  as 

E—CvT-\-%  (35) 


(a)  Velocity. 

(b)  Temperature  distribution  for  a cool  wall,  T„=  T„. 

(c)  Temperature  distribution  for  an  insulated  wall. 

Figure  5. — Boundary-layer  profiles  for  fluid  flowing  over  a semi- 
infinite flat  plate  with  a transverse  magnetic  field  fixed  relative  to 
the  plate. 

equations  (24)  and  (34)  can  be  combined  to  yield  a differential 
equation  for  the  transport  of  total  energy  E;  that  is,  if 
equation  (24)  is  multiplied  by  u,  added  to  equation  (34),  and 
the  Prandtl  number,  Pr,  is  assumed  to  be  1, 

bE , bE  b2E 
U bx~^V  by  V by2 


(35) 


(36) 
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TABLE  I.— MAGNETIC  FIELD  FIXED  RELATIVE  TO  PLATE 


(a)  Stream  function 

(b)  Temperature  func- 
tion for  cold  plate 

(c)  Temperature  func- 
tion for  insulated  plate 

V 

ft 

h' 

ft" 

h 

V 

U" 

r2 

7Y 

Tt 

7Y 

«o>V2Cp 

Woo  2/2  Cp 

Ua>V2Cp 

Uco*l2Cp 

0 

.2 

.4 

.6 

.8 

1.0 

1.2 

1.4 
1.6 
1.8 
2.0 
2.2 

2.4 
2.6 
2.8 

3.0 

3.2 

3.4 

3.6 

3.8 

4.0 

4.2 

4.4 

4.6 

4.8 

5.0 

5.2 

5.4 

5.6 

5.8  j 

6.0 

6.2 

6.4 

6.6 

6.8 

7.0 

7.2 

7.4 

7.6 
7.8 

8.0 

8.2 

8.4 

8.6 

0 

-.018 
-.071 
-.  159 
-.281 
-.433 
-.615 
-.824 
-1.055 
-1.306 
-1.573 
-1.852 
-2. 138 
-2. 429 
-2.720 
-3. 010 
-3.294 
-3.  572 
-3.841 
-4.  102 
-4.  354 
-4.  598 
-4.833 
-5.  062 
-5.  284 
-5.  501 
-5.713 
-5.  923 
-6. 129 
-6.  334 
-6.  537 
-6.  739 
-6.  940 
-7.  141 
-7.  342 
-7.  542 
-7.  743 
-7.  943 
-8. 143 
-8.  343 
-8.  543 
-8.  743 
-8.943 
-9. 143 

0 

-.178 
-.354 
-.525 
-.687 
-.839 
-.978 
-1. 102 
-1.209 
-1.298 
-1.367 
-1.416 
-1.446 
-1.458 
-1.454 
-1.435 
-1.406 
-1.369 
-1.327 
-1.283 
-1.239 
-1.197 
-1.159 
-1. 125 
, -1.097 
-1.073 
-1.054 
-1.039 
-1.028 
-1.019 
-1.013 
-1.009 
-1.006 
-1.004 
-1.002 
-1.001 
-1.001 
-1.001 
-1.0 
-1.0 
-1.0 
-1.0 
-1.0 
-1.0 

-0. 894 
-.888 
-.868 
-.835 
-.789 
-.730 
-.660 
-.579 
-.489 
-.394 
-.296 
-.  197 
-.103 
-.017 
.059 
. 121 
.168 
.201 
.218 
.222 
.216 
.200 
. 180 
. 156 
.131 
. 107 
.085 
.065 
.049 
.036 
.026 
.018 
.012 
.008 
.005 
.003 
.002 
.001 
.001 

0 

0 

0 

0 

0 

0 

.007 
.027 
.059 
.099 
. 144 
. 189 
.230 
.261 
.279 
.280 
.261 
.221 
.159 
.076 
-.024 
-.  139 
-.264 
-.393 
-.523 
-.649 
— . 767 
-.874 
-.968 
-1.049 
-1. 117 
-1.173 
-1.217 
-1.251 
-1.277 
-1.296 
-1.309 
-1.319 
-1.326 
-1.330 
-1.333 
-1.335 
-1.336 
-1.337 
-1.337 
-1.338 
-1.338 
-1.338 
-1.338 

0 

.069 
. 132 
.183 
.216 
.228 
.218 
. 184 
.127 
.050 
-.044 
-.148 
-.257 
-.363 
-.460 
-.541 
-.602 
-.640 
-.653 
-.642 
-.611 
-.564 
-.505 
-.440 
-.373 
-.307 
-.247 
-.  194 
-.148 
-.  Ill 
-.081 
-.057 
-.040 
-.027 
-.018 
-.012 
-.008 
-.005 
-.003 
-.002 
-.001 
0 
0 
0 

0. 353 
.336 
.287 
.213 
. 117 
.068 
Ill 

-.228 
-.338 
-.431 
-.500 
-.539 
-.544 
-.514 
-.450 
-.358 
-.247 
-.  125 
-.005 
. 106 
. 199 
. 269 
.314 
.335 
.334 
.316 
.285 
.248 
.208 
. 168 
. 132 
.101 
.075 
.054 
.038 
.026 
.017 
.011 
.007 
.004 
.002 
.001 

0 

0 

0 

-.047 
-.046 
-.001 
.087 
.213 
.370 
.553 
.754 
.962 
1.169 
1.367 
1.549 
1.707 
1.840 
1.944 
2. 021 
2. 074 
2. 105 
2. 118 
2. 119 
2. 112 
2. 099 
2. 083 
2. 068 
2.  054 
2.  041 
2. 030 
2.  022 
2.  016 
2.011 
2. 007 
2. 005 
. 2. 003 
2.  002 
2. 001 
2. 001 
2. 000 
2.  000 
2.  000 
2.000 
2. 000 
2. 000 
2. 000 

-0. 352 
-.115 
. 116 
.336 
.538 
.715 
.859 
.965 
1.028 
1.047 
1.020 
.954 
.854 
.730 
.593 
.453 
.321 
.205 
.108 
.033 
-.020 
-.054 
-.072 
-.078 
-.075 
-.068 
-.058 
-.047 
-.037 
-.028 
-.021 
-.015 
-.010 
-.007 
-.004 
.003 
.002 
.001 
.001 

0 

0 

0 

0 

0 

0 

.024 

.094 

.209 

.364 

.554 

.771 

1.006 

1.  250 
1.492 
1.722 
1.930 
2. 108 
2.253 
2. 359 
2.429 
2.464 
2.469 
2. 451 
2.414 
2.367 
2.315 

2.  262 
2.212 
2.167 
2.128 
2. 096 
2. 070 
2.  050 

• 2. 035 

2. 024 
2.016 
2.011 
2.  007 
2.  005 
2. 003 
2.  002 
2.002 
2.  001 
2.000 
2.000 
2.  000 
2. 000 
2. 000 

0 

.236 
.465 
.679 
.867 
1.024 
1. 139 
1.207 
1.224 
1. 187 
1. 102 
.973 
.811 
.628 
.440 
.259 
.096 
-.039 
-.143 
-.213 
. -.253 
-.267 
-.260 
-.239 
-.210 
-.177 
-.144 
-.  113 
— . 087 
-.064 
-.047 
-.033 
-.022 
-.015 
-.010 
-.006 
-.004 
-.002 
-.001 
-.001 
0 
0 
0 
0 

Although  the  temperature  distribution  is  altered  by  the 
presence  of  the  magnetic  field  because  u and  v are  affected, 
the  total  energy  of  the  conducting  fluid  is  not.  The  kinetic 
energy  removed  by  the  force  of  the  magnetic  field  is  exactly 
equal  to  the  heat  generated  by  the  electric  current,  inde- 
pendent of  the  field  strength  B„  and  the  conductivity  a . An 
analogy  may  be  drawn  by  considering  a similar  situation  for 
an  electric  motor.  Assume  the  motor  to  be  rotating  at  a 
given  speed.  The  power  is  then  turned  off  and  the  arma- 
ture is  short-circuited.  The  motor  will  decelerate  at  a given 
rate  depending  on  the  field  strength,  resistance  of  the  circuit, 
and  rotational  speed,  just  as  in  the  fluid  flow  problem.  The 
temperature  rise  of  the  wires,  insulation,  etc.,  however,  de- 
pends only  on  the  initial  kinetic  energy  of  the  rotor.  If  the 
conductivity  of  the  wires  (or  fluid)  is  reduced,  the  time  re- 
quired to  stop  the  motion  will  be  increased  but  the  total 
fl<r  or  joule  heat  is  not  changed. 

A first-order  estimate  of  the  influence  of  the  magnetic 
field  on  the  temperature  profile  can  be  found  from  equation 
(34)  together  with  equations  (25)  through  (29)  and  table 
I (a).  Assume  that 

T=T0(ij)-\-T2(ri)mo.  + T4(Ti)m2x2+  . . . (37) 

where,  T2,  Tit  . . . are  functions  only  of  ij=«  ■+  — and 

\ vx 

Ti=T3=T5  . . . =0  as  in  the  part  of  the  problem  dealing 
with  the  velocity  profile.  The  derivatives  of  the  tempera- 


ture with  respect  to  x and  y are  found  as 

dT=dTd^  dTdv 
dx  dx'br]  dx 


||=i[mzT2+2mW4+  ...- 

%(T0'  + mxT2'+m2x2Ti,+  . . . )J 

c)T  dT  dr)  I vl 

^=5-,4=V^(7V+m^,+m2W+  ' 


r (38) 


When  the  various  expressions  are  inserted  into  equation  (34) 
and  terms  containing  like  powers  of  mx  are  equated,  the 
differential  equations  for  T„  and  T2  are 


Pr 


I T0'f.  uJ(f0"Y 

o 1 ynr  — " 


0. 


(39) 


Tifc 


■f-r  + T2+- f2T0'+~  (//*+2/."/*")=0  (40) 


The  boundary  conditions  are 
T —T 

J o — 1 to 

T„=T„ 

T2"=T2'=0  at 
T2= 0 


at  rj  — 0 
at  77  = 00 

7J~  00 

at  77=0 
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The  solution  to  equation  (39)  was  first  found  by  Pohlhausen 
and  is  discussed  on  page  246  ff.  of  reference  28.  The  func- 
tion T0(ri)  is  the  temperature  profile  for  a boundary  layer 
on  a flat  plate  and  is  given  by  (assuming  Pr=>  1) 


:(1  -//*)  (41) 


The  derivative  of  T0  to  be  inserted  into  equation  (40) 
becomes 


Tw-T„ 


2 nj  2 \ 

m i “'co  r / \ 

nr  “i  /nr  Jo  ) 
/ 


For  simplicity,  the  temperature  of  the  plate  will  be  assumed 
to  be  the  same  as  that  of  the  fluid  far  from  the  plate;  that 
is,  Tw—T „.  Equation  (40)  then  becomes  (Pr=  1) 

TV'+f  T./~f0'T2+-^  [§ Mo" Q-/o')+  (/.T+2/.'V  "]=0 


Equation  (43)  was  integrated  numerically  by  the  same 
method  used  for  equation  (32a)  and  the  results  are  tabulated 
in  table  I (b).  Several  temperature  profiles  are  shown  in 
figure  5 (b).  The  quantity  of  heat  transferred  to  the  plate 
per  unit  time  is 


2 fy/v-O 


The  local  convective  heat-transfer  rate  is  (Pr=  1) 

h=  2 (0.664-0.704  mx—  ...  + ...) 

uJ2Cv  2y[Bex 

(44b) 

In  the  limit  as  the  conductivity  or  field  strength  vanishes 
(m-»0),  equation  (44b)  reduces  to 

t\  fo  P'-'P  MSol 


or  by  virtue  of  equation  (33a) 

h)m= o=2  (45b) 

Equation  (45b)  is  often  identified  as  Reynolds  analogy. 
A similar  relation  of  equal  simplicity  was  not  found  for  the 
problems  treated  in  this  paper. 

The  differential  equation  for  flow  over  an  insulated  plate 
is  obtained  from  equation  (40)  by  introducing  the  proper 
expression  for  T0'.  The  solution  of  equation  (39)  for  the 
insulated  plate  case  is  (see,  e.  g.,  ref.  28) 


and  therefore, 


Tt ^oo  r t r n 

0 Q JO  JO 


Equation  (40)  then  becomes,  for  the  insulated  plate  case 
(Pr=l), 

[|  fifo'fo " - (/»') 2 - 2/o "/a"] = 0 


The  temperature  profiles  (table  I (c))  for  several  values  of 
mx  are  shown  in  figure  5 (c).  It  is  to  be  noted  that  the  re- 
covery temperature  is  not  altered  by  the  magnetic  field. 
Such  a result  is  to  be  expected  since  the  magnetic  field  and 
the  fluid  at  the  wall  do  not  interact. 

MAGNETIC  FIELD  FIXED  RELATIVE  TO  THE  FLUID 

Velocity  profile. — In  this  case  the  magnetic  lines  of  force 
move  past  the  plate  at  the  free-stream  velocity.  The  fluid, 
which  is  decelerated  by  the  viscous  action  of  the  plate,  re- 
ceives a push  from  the  magnetic  field  which  counteracts  the 
viscous  effect.  Such  a situation  exists  when  a plate,  vane, 
or  wing  moves  through  a stationary  electrically  conducting 
fluid  and  magnetic  field.  The  boundary  layer  on  a wing  of 
an  aircraft  flying  in  the  ionosphere  over  the  magnetic  poles 
of  the  earth  could  be  considered  to  correspond  to  this 
case.  Under  these  circumstances,  equation  (7)  reduces  to 

bu . bu  . aB0 2 , v b2u  ,Ar. . 

(47) 

If  the  transformation  of  coordinates  and  the  stream  function 
described  by  equations  (25)  and  (26)  are  introduced  into 
equation  (47),  a set  of  ordinary  linear  differential  equations 
with  variable  coefficients  is  found  for  /2,  /4,  . . . 

• (48a) 


/4 ' " = 2////  +////  - i fj 4' ' - 1 A/,' ' - 1 fJo"+.U  (48b) 


The  boundary  conditions  are 

/.=/.=/«=  ...  =0 
s:=s*'=u=  ....  =o 

//=  1 and //=//=  . . 


at  77— 0 
at  77= 0 
= 0 at  r;  = oo 


The  integration  for  /2  and  /4  was  carried  out  by  the  same 
method  described  in  the  previous  section  and  the  results  are 
tabulated  in  table  II  (a).  Several  velocity  profiles  are  shown 
in  figure  6 (a).  The  difference  between  the  first-  and  second- 
order  curves  is  small  at  small  values  of  mx.  However,  the 
separation  of  the  wix=0.5  curves  indicates  that  the  series 
expression  (27)  does  not  converge  rapidly.  More  than  two 
terms  in  the  series  must  then  be  used  if  the  velocity  profile 
is  to  be  predicted  accurately  at  values  of  mx  higher  than 
about  0.2.  The  local  skin-friction  coefficient  is 

0.664+2.293  mx— 2.768  m2x2Jr  . 
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0 .4  .6  1.2 


u 


(a)  Velocity. 

(b)  Temperature  distribution  for  a cool  wall,  Tw=Tm. 

(c)  Temperature  distribution  for  an  insulated  wall. 

Figure  6. — Boundary-layer  profiles  for  fluid  flowing  over  a semi- 
infinite flat  plate  with  a transverse  magnetic  field  fixed  relative  to 
the  fluid. 


and  the  displacement  thickness  is 
,5*=  (1.73-2.21  mx+o. 22  m¥- 


(49b) 


The  disturbance  caused  b}^  viscous  action  on  the  plate 
results  in  a force  on  the  magnetic  field,  which  is  given  by 


F/ unit  area 


-r 


aB02(um—u)dy 


From  equations  (27),  (66),  and  table  II  (a), 


Cl)-*  ® 

Fj unit  area=<rSoyuOTyxJo  (1—  //— ma;//-  . 

= (1.73-2.21  rax+5.22  mV- 
) a B0\l Uw  vX 

= auJ*B0 2 


. )drj 


r (49c) 


The  force  would  appear  as  a reaction  on  the  unit  generating 
the  magnetic  field  and  not  on  the  model  which  disturbs  the 
fluid. 

Equation  (47)  is  identical  with  the  differential  equation 
for  the  case  when  the  magnetic  field  is  fixed  with  respect  to 
the  plate  and  a pressure  gradient  exists  just  strong  enough 
to  compensate  for  the  electromagnetic  effects  at  r\=  oo. 
The  boundary  conditions  and,  hence,  also  the  numerical 
results  of  table  II  (a)  and  figure  6 (a)  can  be  applied  to  this 
problem. 

Temperature  profile. — Since  the  magnetic  field  lines  are 
now  moving  relative  to  the  plate,  the  expression  for  the 
electric  current  in  the  fluid  is 


j—(xB0(u — um) 


The  equation  for  the  transport  of  thermal  energy  in  the 
boundary  layer  then  becomes 


dT 

dx 


dT 


puC^+pvC,— 


v ,,  ,,  pCj,  b2T  , /duV 


(50) 


If  equations  (47)  and  (50)  are  combined  to  describe  the 
transport  of  total  energy  in  the  boundary  layer  (Pr=l) 


bE 

bx 


bE 

by 


Pu  :kz+P»  ^+v,a(u-uJ<jB02=fi 


b2E 

by2 


(51) 


where,  as  before,  E~CPT+  — 

z 


It  is  seen  that  the  presence  of 


the  magnetic  field  adds  energy  to  the  local  element  by  doing 
work  on  the  fluid  retarded  by  viscosity.  The  magnitude  of 
the  work  depends  on  the  velocity,  electrical  conductivity, 
and  field  strength. 

When  the  transformation  of  coordinates,  equation  (25), 
and  the  series  expansion,  equation  (37),  are  inserted  into 
equation  (50),  a set  of  differential  equations  is  obtained  for 
T0)  T2,  T4i  . . . The  relation  for  T0  is  the  same  as  equation 
(39)  and  that  for  T2  is 


^ +§r/-/<,'r2+|/2r/+^-2[(i-//)2+2//72,,]=o  (52a) 
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(a)  Stream  function 

(b)  Temperature  func- 
tion for  cold  plate 

(c)  Temperature  func- 
tion for  insulated  plate 

V 

h 

V 

ti' 

U 

V 

/<" 

Tt 

T2' 

T2 

T2' 

W CO 

U oo  "/^p 

tt  oo  V2  Cp 

Uco2/2  Cp 

0 

0 

0 

1.147 

0 

0 

-1.384 

0 

2.022 

3.228 

0 

.2 

.022 

.210 

.953 

-.028 

-.275 

-1.362 

.337 

1.370 

3.163 

-.631 

.4  • 

.081 

.382 

.773 

-.110 

-.542 

-1.300 

.555 

.821 

2. 985 

-1.121 

.6 

.172 

.520 

.606 

-.243 

-.793 

-1.205 

.672 

.370 

2.  723 

-1.477 

.8 

.287 

.626 

.453 

-.425 

-1.022 

-1.080 

.709 

.014 

2.  403 

-1.710 

1.0 

.420 

.702 

.312 

-.650 

-1.  224 

-.932 

.684 

-.253 

2. 047 

-1.830 

1.  2 

.566 

.752 

.186 

-.913 

-1.394 

-.765 

.613 

-.438 

1.677 

-1.851 

1.  4 

.719 

.777 

.072 

-1.205 

-1.529 

-.584 

.513 

-.549 

1.312 

-1.786 

1.  6 

.876 

.781 

-.028 

-1.522 

-1.626 

-.394 

.398 

-.  596 

.967 

-1.652 

1.  8 

1.031 

.767 

-.  113 

-1.854 

-1.686 

-.202 

.279 

-.  589 

.654 

-1.466 

2.0 

1. 181 

.737 

-.184 

-2. 193 

-1.708 

-.014 

. 165 

-.541 

.383 

-1.245 

2.  2 

1.325 

.694 

-.241  • 

-2.  534 

-1.692 

.165 

.064 

-.464 

.158 

-1.006 

2.  4 

1.458 

.642 

-.282 

-2. 868 

-1.643 

.327 

-.019 

-.369 

-.019 

-.766 

2.  6 

1.581 

.582 

-.310 

-3. 189 

-1.563 

.467 

-.083 

-.  269 

-.  149 

-.539 

2.8 

1.691 

.519 

-.323 

-3.  492 

-1.458 

.580 

-.  127 

-.172 

-.237 

-.337 

3.6 

1.788 

.454 

-.324 

-3.  771 

-1.333 

.663 

-.153 

-.087 

-.286 

-.  166 

3.  2 

1.873 

.390 

-.314 

-4.  024 

-i.  195 

.713 

-.163 

-.016 

-.305 

-.030 

3.4 

1.944 

.329 

-.296 

-4.  248 

-1.050 

.732 

-.161 

.036 

-.301 

.069 

3.6 

2.  004 

.272 

-.270 

-4.  444 

-.904 

.722 

-.  149 

.072 

-.280 

.134 

3.8 

2. 054 

.221 

-.240 

-4.  610 

-.763 

.687 

-.133 

.092 

-.249 

.171 

4.0 

2.093 

. 176 

-.208 

-4.  749 

-.630 

.632 

-.  114 

.099 

-.213 

.184 

4 2 

2. 124 

.138 

-.176 

-4.  863 

-.511 

.565 

-.094 

.097 

-.177 

. 180 

4.  4 

2.149 

.105 

-.  145 

-4.  954 

-.405 

.490 

-.075 

.089 

-.  142 

.166 

4.6 

2.167 

.079 

-.117 

-5. 026 

-.315 

.413 

-.058 

.077 

-.111 

.144 

4.8 

2.181 

.058 

-.092 

-5.  081 

-.240 

.339 

-.044 

.064 

-.084 

.120 

5.  0 

2. 191 

.042 

-.071 

-5. 123 

-.179 

.271 

-.033 

.051 

-.063 

.097 

5.2 

2.198 

.030 

-.053 

-5. 154 

-.130 

.212 

-.024 

.040 

-.  045 

.076 

5.4 

2.203 

.021 

-.039 

-5. 176 

-.093 

.161 

-.017 

.030 

-.  032 

.057 

5.  6 

2.206 

.014 

-.028 

-5. 192 

-.065 

.120 

-.012 

.022 

-.022 

.042 

5.8 

2.  209 

.009 

-.020 

-5.203 

-.045 

.087 

-.008 

.016 

-.015 

.030 

6.  0 

2.  210 

.006 

-.013 

-5. 210 

— . 030 

.061 

-.005 

.011 

-.010 

.021 

6.2 

2.211 

.004 

-.009 

-5.  215 

-.020 

.043 

-.003 

.007 

-.006 

.014 

6.4 

2.212 

.002 

-.006 

-5.  218 

-.013 

.029 

-.002 

.005 

-.004 

.010 

6.6 

2.  212 

.001 

-.004 

-5.  220 

-.008 

.019 

-.002 

.003 

-.003 

.006 

6.8 

2.  212 

.001 

-.002 

-5.  222 

-.005 

.012 

-.001 

.002 

-.002 

.004 

7.0 

2.  213 

0 

-.002 

-5.  522 

-.003 

.008 

0 

.001 

-.001 

.002 

7.  2 

2.  213 

0 

-.001 

-5.  223 

-.002 

.005 

0 

.001  - 

-.001 

.002 

7.4 

2.  213 

0 

-.001 

-5.  223 

-.001 

. 003 

0 

0 

0 

.001 

7.6 

2.  213 

0 

0 

-5.223 

-.001 

.002 

0 

0 

0 

.001 

7.8 

2.  213 

0 

0 

-5.  223 

0 

.001 

0 

0 

0 

0 

8.0 

2.213 

0 

0 

-5.  223 

0 

.001 

0 

0 

0 

0 

8.2 

2.213 

0 

0 

-5.  224 

0 

0 

0 

0 

0 

0 

8.4 

2. 213 

0 

0 

-5.  224 

0 

0 

0 

0 

0 

0 

8.6 

2.  213 

0 

0 

-5. 224 

0 

0 

0 

0 

0 

0 

When  the  expression  (42)  is  inserted  into  equation  (52a)  and 
it  is  assumed  that  Tw=  7’„  and  Pr=  1,  the  result  is 


bation  profiles  are  obtained  by  inserting  equation  (46b)  into 
equation  (52a). 


T2"+^T2'-f0'T2+  t?-T|  fj0"  (+//)+ 

2 CPL  i \i  J (52b) 

(1— /</)2+2//'/2"J==0 

The  boundary  conditions  are 

?2=0  at  t?=0 
T2=0  at  rj=  co 


7Y'+f  2V-//T 2- 


' 26' 


UL'fo"^  [(i-//)2+2//72"]=o 

(54a) 


Several  typical  temperature  profiles  (table  II  (c))  are  shown 
in  figure  6 (c).  The  recovery  temperature  at  the  wall  is 
changed  due  to  th &j2l<r  or  joule  heating  caused  by  the  relative 
motion  between  the  magnetic  field  and  the  fluid  at  the  plate ; 
that  is,  the  recovery  temperature  at  the  wall  is  given  by 


The  numerical  integration  of  equation  (52b)  was  carried 
out  by  the  method  used  earlier  and  the  results  are  tabulated 
in  table  II  (b).  The  temperature  profiles  shown  in  figure  6 
(b)  correspond  to  the  same  values  of  mx  shown  for  the  veloc- 
ity profiles  in  figure  6 (a).  The  temperature  gradient  and 
the  heat  transfer  to  the  wall  are,  respectively, 

J—  (0.332+2.022  mx+  7 . . ) 

&yJv.o  2 Cv\lvxK 

h= — (0.664+4.044  mx+  . . .)  (53) 

uJj2Cp  2 ^Rez 


Tr)v^=T0+lSU  rax+  ...  — ... 

T,)y=o=Tro+g+  (1+3.228  mx-\-  (54b) 

The  heat  transferred  to  the  plate  may  also  be  written  as 
where  Tr  is  the  recovery  temperature  given 
by  equation  (54b)  and  Tw  is  the  wall  temperature.  Since 
the  magnetic  field  increases  Tr  as  well  as  ry  the  heat-transfer 
rate  is  increased  in  two  ways. 

MAGNETIC  FIELD  FIXED  RELATIVE  TO  PLATE— FLUID  OF  VARIABLE 
CONDUCTIVITY 


The  recovery  temperature  for  an  insulated  plate  is  altered 
by  the  relative  motion  between  the  magnetic  field  and  the 
fluid  at  the  plate.  The  differential  equation  for  the  pertur- 


Velocity profile. — Numerous  problems  in  fluid  dynamics 
exist  wherein  the  electrical  conductivity  of  the  fluid  or  the 
strength  of  the  magnetic  field  changes  with  distance  from 
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the  surface.  The  magnetic  field  strength  can  be  varied 
somewhat  by  the  design  of  the  apparatus.  It  is  possible  to 
adjust  not  only  the  strength  of  the  field  but  also  the  variation 
with  distance  from  or  along  the  surface  within  certain  phys- 
ical limits.  A first  approximation  to  the  shape  and  magni- 
tude of  most  magnetic  fields  would  be  a uniform  magnetic 
field  of  constant  magnitude  throughout  the  flow  field.  Such 
a magnetic  system  will  once  again  be  chosen  for  this  case. 

The  electrical  conductivity  of  the  fluid  would  be  expected 
to  vary  in  a complicated  manner  in  directions  along  and 
perpendicular  to  the  surface  and  from  one  situation  to  the 
next.  The  constant  value  chosen  for  the  conductivity  in  the 
two  previous  cases  is  not  realistic.  The  conductivity  will 
vary  under  actual  conditions  of  flow  in  a boundary  layer. 
This  will  surely  change  the  skin  friction  and  heat  transfer 
from  that  found  in  the  last  two  cases.  A logical  variation 
will  be  studied  in  this  section  to  see  how  large  an  effect  a 
variable  conductivity  will  have  on  cf  and  h . 

It  is  to  be  expected  that  the  conductivity  will  vanish  at 
the  outer  edge  of  the  boundary  layer  and  reach  a maximum 
somewhere  near  the  surface.  The  equations  which  can  be 
used  to  determine  the  number  of  ions  (and  hence  conductiv- 
ity) in  a stream  at  high  temperature  or  under  circumstances 
wherein  combustion  is  taking  place,  are  cumbersome. 
Therefore,  a simple,  approximate,  analytical  relation  for 
the  electrical  conductivity  as  a function  of  temperature 
between  the  plate  and  outer  edge'  of  the  boundary  layer 
was  not  found.  The  conductivity  of  air  after  the  passage 
of  a normal  shock  wave  has  been  measured  in  a shock  tube 
and  reported  on  page  339  of  reference  3.  The  conductivity 
is  reproduced  in  figure  7.  At  Mach  numbers  above  20,  the 
results  are  approximated  by  a straight  line. 

In  view  of  the  lack  of  knowledge  of  the  variation  of  a in 
the  boundary  layer,  a linear  relation  between  the  velocity 


decrement  and  the  conductivity  will  be  chosen  for  this 
case.  Therefore,  it  will  be  assumed  that 


<r=a0 


(55) 


where  a0  is  the  conductivity  at  the  surface,  where  u= 0. 
Whether  equation  (55)  is  realistic  is  uncertain.  Inserting 
the  expression  (55)  into  equation  (24)  gives 


bu  . bu  mxu , , b2u 

U^r — rv  > — u)  = y — 

bx  by  K J dy2 


(56) 


As  before,  an  ordinary  differential  equation  for  each  of  the 
functions  /2,  /4,  . . . results  when  the  variables  in  equations 
(25)  and  (26)  are  inserted  into  equation  (56)  and  like  powers 
of  mx  are  equated. 


ft' =fo'U -|/i ' +//  (1  • -//)  ‘ (57a) 


/«' ' ' =2////  +//// -\f0W  '-|/2/2' ' 

The  boundary  conditions  are, 


—fiV'+fS-Wfo' 

(57b) 


fo=f2~f4=  • . . =0  when  77=0 
fo'=f2'=f/=  ...  =0  when  rj— 0 
//=!,  • • . =0  when  77=00 


The  numerical  integration  of  equation  (57a)  was  carried 
out  for  by  the  method  used  in  the  other  cases  and  the 
results  are  tabulated  in  table  111(a).  Typical  boundary- 
layer  velocity  profiles  are  shown  in  figure  8(a).  The  local 
skin-friction  coefficient  is 


0.664—0.627  . . . 

^Rex 


and  the  displacement  thickness  is 
<$*=(1.73+0.97  mx+ 


(58a) 


(58b) 


The  force  on  the  unit  generating  the  magnetic  field  is 
expressed  by 

(1  —fo'—mxfi'—..  .)(/»'+ 

mxj2'-\-  . . . )c?7?/unit  area 


The  integral  is  evaluated  through  the  use  of  equation  (57a) 
and  table  III  (a)  as 


F=<rB0\/ua,vx  (0.664+0.649  mx-\-  . . . )lb/unit  area  (59a) 
or,  integrating  from  the  leading  edge  to  x, 

| xo0B^junvx  (0.664+0.390  mx-\-  . . . )lb/unit  width 

(59b) 


Figure  7. — Electrical  conductivity  of  air  as  a function  of  shock  wave 
Mach  number  as  found  in  reference  3. 
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(a)  Velocity. 

(b)  Temperature  distribution  for  a cool  wall,  Tw=  Tm . 

(c)  Temperature  distribution  for  an  insulated  wall. 

'iotjbe  8. — Boundary-layer  profiles  for  fluid  flowing  over  a semi- 
infinite flat  plate  with  a transverse  magnetic  field  fixed  relative  to 
the  plate-fluid  of  variable  conductivity. 


Equation  (59a)  or  (59b)  expresses  a drag  force  on  the  plate 
which  is  to  be  added  to  the  friction  drag.  In  coefficient 
form,  the  local  drag  per  unit  area  on  the  plate  due  to  the 
magnetic  field  is 


VdX 

(1.328+1.299  mx+  ...  ) (60a) 

When  equations  (58a)  and  (60a)  are  added,  the  net  local 
force  coefficient  to  a first  order  in  rax  is 


(0.664+0.701  mx+  . . . ) (60b) 

The  interference  of  the  magnetic  field  reduces  the  skin  friction 
at  the  expense  of  a higher  drag. 

Temperature  profile. — The  thermal-energy  transport 
equation  is  reduced  in  the  manner  used  in  the  previous 
cases.  The  electrical  or  joule  heating  is  now  described  by 


Equation  (11)  is  then 


n c)T  n 
PCvu^+pvCT  dy 


C )T 


C^o 


(61) 


If  equation  (56)  is  multiplied  by  u and  added  to  equation 
(61),  the  resulting  equation  for  the  transport  of  total  energy 
is  identical  with  equation  (36).  Once  again,  the  tempera- 
ture distribution  is  changed  but  the  total  energy  of  the 
fluid  is  not  altered  by  the  presence  of  a magnetic  field. 

The  change  of  variables  ?,  y,  the  stream  function,  and 
temperature  expansion  given  by  equations  (25),  (26),  and 
(37),  respectively,  are  now  introduced  into  equation  (61). 
A set  of  linear  ordinary  differential  equations  for  T0,  1\, 
T4,  ...  is  obtained  for  this  case  when  like  powers  of  mx 
are  equated.  The  expression  for  T0  is  once  again  the  same 
as  equation  (39).  The  differential  equation  for  T2  is 


JoT,' 


Pr 


-//r2+|/2r/+^f 


[(i-/;)//2+2//7/')=o 

(62) 


If  it  is  assumed  that  Pr=  1 and  the  expression  for  T0'  is 
inserted  into  equation  (62),  the  result  is 


■j/Tt+ 


% BM"  a -//)//2+2//7/']=0  (63) 

Numerical  integration  of  equation  (63)  was  carried  out 
by  the  method  used  for  the  previous  cases.  The  results 
are  presented  in  table  III  (b)  and  several  temperature 
profiles  are  shown  in  figure  8 (b).  The  coefficient  for  the 
convective  heat-transfer  rate  is  given  b}- 

(0.664-0.206  mx-  ...  + ...)  (64) 


526597 — 60 33 
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TABLE  III.— MAGNETIC  FIELD  FIXED  RELATIVE  TO  PLATE— VARIABLE  CONDUCTIVITY 


(a)  First-order  stream  function 

(b)  Temperature 
function  for 
cold  plate 

(c)  Temperature 
function  for 
iusulated  plate 

V 

ft 

W 

h" 

Ti 

TV 

Ti 

7 y 

ttcc2/2Cp 

Moo  */2Cp 

M oo  */2  (J p 

V oo  2/2  Cp 

0 

0 

0 

-0.313 

0 

-0. 103 

0 

0 

.2 

-.006 

-.002 

-.307 

-.012 

-.021 

.008 

.082 

.4 

-.025 

-.  122 

-.289 

-.009 

.056 

.032 

. 158 

.6 

— . 055 

-.  177 

-.262 

.009 

.122 

.071 

.221 

.8 

-.095 

-.  226 

-.  226 

.039 

. 173 

.120 

.268 

1.0 

145 

-.267 

-.  1S5 

.077 

.207 

.176 

.295 

1.2 

-.202 

-.300 

-.  139 

. 121 

.223 

.236 

.300 

1.4 

-.264 

-.323 

-.092 

. 165 

.220 

.295 

.283 

1.6 

-.330 

-.337 

—.045 

. 20S 

.199 

.348 

.246 

1.8 

-.398 

-.341 

0 

.244 

. 163 

.392 

. 193 

2.0 

-.466 

-.  337 

.004 

.272 

. 117 

.424 

. 128 

2.2 

-.532 

-.325 

.077 

.290 

.064 

.443 

.056 

2.4 

-.596 

-.307 

. 106 

.298 

.010 

. 447 

-.015 

2.6 

— . 655 

-.283 

. 128 

.294 

-.041 

.437 

-.081 

2.8 

-.709 

-.256 

.143 

.282 

-.085 

.415 

138 

3.0 

— . 757 

-.226 

. 150 

.261 

118 

.383 

ISO 

3.2 

-.799 

-.  196 

. 150 

.235 

-.  140 

.344 

-.208 

3.4 

-.835 

-.  167 

. 144 

.206 

-.  151 

.301 

-.221 

3.6 

— . S66 

-.  139 

.134 

. 175 

-.  152 

.256 

-.221 

3.8 

-.891 

-.  113 

.121 

. 146 

-.  145 

.213 

-.210 

4.0 

-.  911 

-.090 

.106 

.118 

-.  132 

.173 

-.191 

4.  2 

-.927 

-.071 

.090 

.093 

-.  115 

.137 

167 

4.4 

-.  940 

-.054 

. 075 

.072 

-.097 

.106 

141 

4.6 

-.949 

-.041 

.060 

.054 

-.079N  ; 

.080 

-.116 

4.8 

-.  950 

-.030 

.047 

.040 

-.063 

.060 

-.092 

5.0 

-.961 

-.022 

. 036 

.029 

-.048 

.043 

-.072 

5.2 

-.965 

-.015 

.027 

.020 

-.036 

.031 

-.054 

5.4 

-.968 

-.011 

.020 

.014 

-.027 

.021 

-.040 

5.6 

-.970 

-.007 

.014 

.009 

-.019 

.015 

-.029 

5.8 

-.971 

-.  005 

.010 

. 006  1 

-.013 

.010 

-.020 

6.0 

-.  972 

-.003 

.007 

.004 

-.009 

.006 

-.014 

6.2 

-.  972 

-.002 

.005 

.003 

-.006 

.004 

-.009 

6.4 

-.972 

-.001 

.003 

.002 

-.004 

.003 

-.006 

6.6 

-.973 

-.  001 

.002 

.001 

-.003 

.002  | 

-.004 

6.8 

-.  973 

0 

.001 

.001 

-.002 

.001 

-.002 

7.0 

-.973 

0 

.001 

0 

-.001 

.001 

-.001 

7.2 

-.973 

0 

0 

0 

-.001 

0 

-.001 

7.4 

-.973 

0 

0 

0 

0 

0 

0 

7.6 

-.973 

0 

0 

0 

0 

0 

0 

7.8 

-.973 

0 

0 

0 

0 

0 

0 

8.0 

-.973 

0 

0 

0 

0 

0 

0 

8.2 

-.973 

0 

0 

0 

0 

0 

0 

8.4 

-.973 

0 

.0 

0 

0 

0 

0 

8.6 

-.973 

0 

0 

0 

0 

0 

0 

The  influence  of  the  magnetic  field  on  the  heat-transfer 
rate  and  skin  friction  is  not  so  large  in  this  case  as  in  either 
of  the  two  previous  cases  (eqs.  (33a),  (44b),  (49a),  and 
(53)).  From  these  results  it  is  apparent  that  the  change  in 
the  heat-transfer  rate  and  the  skin  friction  is  strongly 
dependent  on  the  manner  in  which  the  conductivity  (or 
magnetic  field  strength)  vary  through  the  boundary  layer. 
A magnetic  field,  which  changes  in  strength  with  distance 
from  the  surface  and  a variable  conductivity  are  to  be 
expected  in  the  real  physical  situation. 

The  differential  equation  for  flow  over  an  insulated  plate 
is  obtained  by  substitution  of  equation  (46b)  into  equation 
(62). 


fgf  Mo'f.”+-c J [(1  -/.')/.'2+ 2/."/i"]=0 


The  temperature  profiles  for  several  values  of  mx  are  shown 
in  figure  8 (c)  and  tabulated  in  table  III  (c).  As  would  be 
expected,  the  recovery  temperature  at  the  wall  is  not  altered 
by  the  magnetic  field  because  there  is  no  relative  motion 
between  the  fluid  at  the  wall  and  the  magnetic  field. 


MAGNETIC  PARAMETER 

UNITS 

The  importance  of  the  magneto-hydrodynamic  effect 
depends  on  the  size  of  the  magnetic  parameter  m=aB02lpum. 
The  usual  engineering  units  are:  a in  mhos/inch;  B0  in  lines/ 
square  inch;  p in  slugs/cubic  foot;  and  um  in  feet/second.  If 
each  of  these  quantities  is  expressed  as  such,  the  parameter 


mx  will  be  dimensionless  only  if  multiplied  by  a factor  which 
relates  the  various  dimensional  quantities.  When  the  cor- 
rect conversion  factors  are  inserted,  reference  27, 


ra=1.529X10“12 


or 


m —6.432X10 


per  inch  (65a) 


per  inch  (65b) 


where  p0— 0.002378  slugs/ft3  is  the  air  density  at  sea  level. 

Another  method  of  finding  the  conversion  factor  for  m is 
to  combine  the  electric  motor  equations  (ref.  35) 


8.8507  X 10  ”8  B0li  lb 

(66a) 

E=BoluX10~8  volts=— r 

at 

(66b) 

so  that 

F”“-8.8507X10-».B.=  !bs'C 
ur  in.4 

or 

forced3  (8.8507)  (1728)  10-16  aB0 2 

per  inch 

m p*(p/p>2  0.002378  (p/Po)u 

=6.432 X10-10  , — per  inch 

(P/PoJU  oo 
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In  words,  the  parameter  m expresses  the  ratio  of  electro- 
magnetic force  density  to  dynamic  pressure. 

The  value  of  m can  easily  vary  over  many  orders  of  mag- 
nitude. However,  the  density  p and  velocity  u associated 
with  a particular  vehicle  are  generally  fixed  within  relatively 
narrow  limits.  It  remains,  then,  to  adjust  the  conductivity 
and  magnetic  field  strength  so  that  the  desired  characteristics 
are  achieved.  The  limits  for  the  magnetic  field  strength  lie 
between  zero  and  a maximum  (discounting  astroplivsical 
possibilities)  of  about  105lines/sq  in.  The  electrical  con- 
ductivity depends  on  the  fluid  considered  and  can  vary  over 
wide  limits  from  very  small  values  for  insulators  to  approxi- 
mately 105  mhos/inch  for  metals.  The  results  of  several 
investigations  of  the  conductivity  of  gases  will  be  discussed 
in  the  next  section. 

ELECTRICAL  CONDUCTIVITY 

The  information  on  the  electrical  conductivity6  of  gases 
under  the  special  conditions  of  this  report  is  not  large. 
However,  it  is  known  that  the  air  around  a missile  will  be 
a conductor  if:  (1)  the  energy  imparted  to  the  air  is  great 
enough  to  ionize  it;  (2)  metal  is  ablated  from  the  missile; 
(3)  the  missile  is  in  the  ionosphere  where  the  air  is  ionized 
by  radiation  from  the  sun;  or  (4)  other  special  devices  are 
used  to  ionize  the  air,  such  as  irradiation  by  high  energy 
particles. 

The  electrical  conductivity  of  air  behind  a normal  shock 
wave  has  been  measured  in  a shock  tube  and  is  reported  on 
page  339  of  reference  3.  The  results,  replotted  in  figure 
7,  indicate  conductivities  of  the  order  of  1 to  5 mhos/inch 
for  air  behind  strong  shock  waves. 

Firings  of  ultraspeed  pellets,  references  36  through  39,  in- 
dicate that  another  phenomenon  will  enter  the  problem  of 
conductivity.  Photographs  and  spectrographs  taken  with 
special  cameras  show  that  metal  is  eroded  or  ablated  from 
the  pellet  and  swept  off  the  model  into  the  wake  where  it 
burns.  Since  the  metal  is  in  a liquid  spray  or  vapor  form 
while  it  is  in  the  vicinity  of  the  pellet,  the  conductivity  there 
would  be  increased  by  a sizable  amount.  It  would  be  diffi- 
cult to  estimate  the  orders  of  magnitude  to  be  expected. 
The  tests  show  that  the  air  can  be  made  a conductor  by 
ionization  of  itsTnolecules  and  atoms  and/or  by  metal  vapor 
or  spray  eroded  from  the  surface  of  the  vehicle.  It  is  pointed 
out  in  reference  40  that  the  latter  effect  predominates  when 
meteors  enter  the  earth's  atmosphere. 

The  air  in  the  ionosphere  is  partially  ionized  by  radiation 
from  the  sun  so  that  it  is  a conductor  without  addition  of 
energy  from  the  aircraft.  The  amount  of  ionization  at 
various  altitudes  and  the  total  number  of  particles  are  listed 
in  tables  2 and  9 of  reference  41.  A rough  estimate  of  the 
conductivity  is  found  from  reference  7 as 

<x=  Ueh-  ~ 3 X 10"16  n ^ mhos/inch  (67) 

meUe  N 

0 Good  electrical  conductors  arc  always  good  heat  conductors.  The  ratio  may  be  expressed 
approximately  as  (ref.  7), 


where  k is  the  coefficient  of  thermal  conductivity,  k is  Boltzmann’s  constant,  and  e is  the 
charge  on  an  electron 


where  e,  le,  me , and  Ue  are  the  charge,  mean  free  path  length, 
mass,  and  velocity,  respectively,  of  the  electron  and  N0  and  N 
are  the  particle  density  at  sea  level  and  the  altitude  in  ques- 
tion. The  factor  n is  the  electron  density.  The  values  for 
<j  range  from  10“4  mhos/in.  at  62  miles  altitude  to  about  32 
mhos/in.  at  250  miles  altitude. 

The  large  variety  in  fuels  makes  it  difficult  to  bracket  the 
magnitude  of  the  conductivity  of  combustion  products  but 
information  is  available  for  several  cases.  It  was  reported 
in  reference  5 that  the  conductivity  of  the  jet  from  a 50- 
pound  thrust  acid-aniline  rocket  motor  was  measured  as 
being  about  10-6  mhos/in.  It  was  added,  however,  that  the 
addition  of  a small  amount  of  an  impurity  such  as  sodium 
would  strikingly  increase  the  electron  density. 

A discussion  is  given  in  reference  6 of  similar  experiments 
and  theory  on  the  combustion  of  hydrocarbon  fuels.  The 
experimental  evidence  required  that  the  number  of  electrons 
in  the  combustion  products  (1011  to  1014  per  cc)  be  several 
orders  of  magnitude  greater  than  predicted  theoretically 
(10s  to  109  per  cc).  The  maximum  conductivity  can  be 
estimated  by  equation  (67)  to  be  roughly  10"2  mhos/inch. 

Although  the  conductivities  discussed  are  low  compared 
with  those  of  metals,  they  appear  to  be  large  enough  so  that 
appreciable  magneto-hydrodynamic  forces  can  be  exerted. 
If  the  conductivity  is  too  low  for  a specific  case,  it  may  be 
possible  that  alkaline  salts  or  some  other  additive  can  be 
used  to  increase  the  number  of  free  electrons  and  ions. 

APPLICATIONS 

The  possibility  of  using  a magnetic  field  to  prevent  a hot 
fluid  from  coming  in  contact  with  a wall  which  it  would  dis- 
solve or  destroy  was  discussed  in  the  introduction.  The 
extent  to  which  this  can  be  accomplished  is  measured  directly 
by  the  parameter  m=((rB02/puco).  The  larger  the  parameter 
m is,  the  more  effectively  the  “fluid  suspension”  process  can 
be  carried  out.  The  influence  of  the  magnetic  field  on  the 
fluid  is  expressed  in  equations  (33),  (44),  (49),  (53),  (58),  . . . 
by  the  product  mx.  The  distance  x represents  an  “adjust- 
ment distance”  required  before  the  fluid  responds  a given 
amount  or  adjusts  to  the  magnetic  lines  of  force.  If  the 
magnetic  parameter  is  very  large,  the  adjustment  distance 
will  be  very  small  and  the  fluid  will  follow  the  magnetic 
lines  of  force  quite  closely  as  indicated  in  figure  9.  The 
magnetic  force  restrains  any  motion  across  the  lines  of  force 
because  the  inertia  forces  are  insignificant  in  comparison.  In 
this  limit  the  magnetic  lines  of  force  are  the  same  as  invisible 
solid  boundaries. 


Wires 'v  '-Magnetic  lines 

Figure  9. — Sketch  of  fluid  of  high  electrical  conductivity  flowing"over 

a surface. 
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If  the  parameter  m is  very  small  the  adjustment  distance 

becomes  very  large  and  the  influence  of  the  magnetic  field 
becomes  negligible. 

The  numbers  quoted  in  the  last  section  for  the  conductivity 
and  field  strength  indicate  that  most  of  the  applications  will 
lie  between  the  two  extreme  limits. 

FLOW  OVER  A HIGH-SPEED  VEHICLE 

Magneto -aero dynamic  effects  may  be  used  to  alter  the 
external  flow  over  aircraft.  Examples  which  illustrate  the 
changes  in  the  boundary  layer  will  now  be  discussed.  It  will 
be  pointed  out  that  the  skin  friction  on  an  aircraft  might  be 
reduced  by  judicious  use  of  a magnetic  field  either  to  inhibit 
transition  to  turbulent  flow  or  to  alter  the  boundary-layer 
profile. 

It  has  been  shown  in  reference  13  that  the  Reynolds  num- 
ber of  transition  is  raised  when  a coplanar  magnetic  field  is 
applied.  The  results  of  reference  13  can  be  used  as  a rough 
estimate  for  flows  of  the  boundary-layer  type  when  the  par- 
ticular velocity  distribution  may  be  approximated  by  a para- 
bolic profile.  This  is  permissible  since  a coplanar  magnetic 
field  does  not  change  the  velocity  profile,  which  is  not  so  for 
the  cases  considered  in  this  paper. 

The  results  of  reference  14  for  a transverse  magnetic  field 
apply  to  a two-dimensional  channel  and  should  not  be  used 
for  flows  of  the  boundary-layer  type  because  of  the  change 
induced  by  the  magnetic  field  on  the  velocity  profile.  For 
the  flow  in  the  two-dimensional  channel  the  change  in  the 
velocity  profile  was  largely  responsible  for  the  resistance  to 
turbulence.  The  same  will  not  always  be  true  for  other  types 
of  flow  fields.  It  will  then  in  general  be  necessary  to  carry  out 
a stability  calculation  in  order  to  determine  whether  a trans- 
verse magnetic  field  tends  to  stabilize  or  destabilize  the 
boundary  layer.  A situation  wherein  the  magnetic  field 
destabilizes  the  flow  field  is  presented  in  reference  26, 
warning  one  that  the  presence,  of  a magnetic  field  does  not 
always  decrease  the  likelihood ! of  transition. 

The  numerical  results  of  table  I and  the  equations  (33) 
and  (44)  may  be  used  to  estimate  the  effects  of  a magnetic 
field  attached  to  an  aircraft  on  boundary  layers  of  uniform 
electrical  conductivity.  The  model  analyzed  theoretically 
will  probably  never  be  duplicated  in  a physical  situation. 
However,  circumstances  may  arise  wherein  the  conductivity 
and  magnetic  field  are  such  that  they  vary  only  slightly  or 
are  almost  uniform  in  a layer  of  finite  depth.  This  might 
occur,  for  example,  (1)  in  the  boundary  layer  of  high-speed 
aircraft;  (2)  in  the  region  between  the  surface  of  a blunt 
body  and  its  shock  wave;  (3)  in  local  regions  near  an  aircraft 
when  material  is  being  ablated  from  the  surface;  or  (4)  in 
the  ionosphere  wherein  air  is  ionized  by  radiation  from  the 
sun  (ref.  41)  and  is  then  a uniform  conductor,  provided  the 
influence  of  the  aircraft  is  small.  The  fact  that  the  layer  is 
of  finite  thickness  causes  the  equations  to  be  in  error  at  the 
interface.  However,  if  the  conducting  layer  is  relatively 
thick  the  equations  would  serve  as  a good  estimate  in  the 
vicinity  of  the  surface. 

The  second  semi-infinite  flat  plate  case  which  was  analyzed, 
equations  (49)  and  (53),  could  be  thought  to  correspond  to 
flight  over  the  magnetic  poles  of  the  earth  or  through  some 


other  magnetic  field.  The  electrically  conducting  fluid 
could  come  about  by  the  same  processes  mentioned  in  the 
previous  paragraph.  As  before,  the  magnetic  field  strength 
and  electrical  conductivity  will  probably  not  correspond 
exactly  to  the  model  analyzed.  A close  approximation  is 
obtained  when  an  aircraft  flies  through  the  ionosphere  over 
one  of  the  magnetic  poles  of  the  earth  (provided  the  influence 
of  the  aircraft  on  the  electrical  conductivity  of  the  air  and 
on  the  magnetic  field  is  small).  Since  the  earth’s  magnetic 
field  is  small  (B0— 4 lines/sq  in.  from  ref.  42),  effects  of  this 
type  are  generally  negligible  in  the  lower  reaches  of  the 
ionosphere.  At  the  higher  altitudes  the  magnetic  parameter 
is  large  enough  to  cause  a change  in  the  heat- transfer  rate 
but  at  those  altitudes  the  mean  free  path  is  so  large  that  the 
continuum  flow  analysis  of  this  report  is  no  longer  applicable. 

If  the  air  in  the  boundary  layer  is  ionized  by  frictional 
heating,  the  conductivity  of  the  air  will  change  with  distance 
from  the  surface  (fig.  10).  The  actual  variation  to  be 
expected  would  be  difficult  to  predict  theoretically.  The 


Ficure  10. — Aircraft  moving  through  the  atmosphere  at  high  speed. 

solution  for  a boundary  layer  with  variable  electrical  con- 
ductivity found  in  a previous  section  of  this  paper  (eqs. 
(58),  (59),  (60),  and  (64))  and  tabulated  in  table  III  can  be 
used  as  an  approximate  answer.  Equation  (58)  shows  that 
the  skin  friction  can  be  reduced  by  a sizable  amount  at  the 
expense  of  increased  total  drag  (see  eq.  (60)).  The  advan- 
tages of  using  a magnetic  field  lie  in  the  possibility  of  reducing 
the  aerodynamic  heating,  as  expressed  by  equation  (64). 

The  preceding  discussion  dealt  with  the  advantages  that 
may  be  achieved  by  reducing  the  skin  friction,  heat  transfer, 
or  turbulence.  Favorable  effects  may  also  be  obtained  by 
increasing  the  displacement  thickness  of  the  boundary  layer. 
Such  a device,  figure  11,  could  be  used  on  the  lower  surface 
of  a wing  or  body  to  induce  forces  for  lift,  control  purposes, 
or  drag.  The  magnitude  of  these  forces  is  easily  changed 
by  increasing  or  decreasing  the  field  strength  which  in  turn 
increases  or  decreases  the  displacement  thickness. 

Several  additional  problems  arise  when  magneto-hydro- 
dynamic  effects  are  used.  The  system  generating  the 
magnetic  field  will  need  to  be  cooled  since  its  parts  will 
dissipate  power.  Also,  the  weight  of  the  unit  required  to 
generate  a magnetic  field  of  sufficient  strength  may  be  too 
large  to  consider,  or  of  such  a size  that  any  advantages  are 
nullified.  If  the  slow  moving  fluid  is  hot  enough  to  radiate 
energy,  a sizable  quantity  of  heat  may  be  transferred  even 
though  the  hot  fluid  is  not  in  contact  with  the  surface.  An 
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Figure  11. — Schematic  diagram  indicating  use  of  magnetic  field  to 

build  up  the  boundary  layer  on  a wing  for  lift  or  control  purposes. 

evaluation  of  this  effect  would  require  a more  complete 
analysis  than  the  solutions  developed  in  this  paper. 

Whether  the  applications  just  discussed  can  actually  be 
made  depends  on  the  magnitude  of  the  quantities  entering 
the  parameter  m.  Consider,  for  example,  an  aircraft  moving 
through  the  upper  atmosphere  at  25,000  feet  per  second. 
From  figure  7,  a conductivity  of  not  over  5 mhos/inch  is  to  be 
expected.  If  p/p0  is  taken  as  10"4,  and  the  above  values  are 
inserted  into  equation  (65b), 

m=6.43X10-10^-«10-9So2 

In  figures  5,  6,  and  8,  it  is  seen  that  the  product  mx  should  be 
of  the  order  of  0.1  for  a notable  magneto-aerodynamic 
effect  to  be  brought  about.  If  x is  taken  as  about  100 
inches,  the  magnetic  field  strength,  B0)  should  be  around 
1000  lines  per  square  inch  so  that  the  product  mx  is  equal 
to  0.1.  A magnetic  field  of  such  a strength  is  not  unreason- 
able. 

FLOW  IN  PROPULSION  UNITS 

The  discussion  on  the  reduction  of  skin  friction  and  heat- 
transfer  rate  to  the  walls  of  an  aircraft  by  electromagnetic 
forces  applies  as  well  to  the  internal  flow  of  reaction  engines. 
It  may  be  added  that  a uniform  magnetic  field  across  the 
jet  stream  corresponds  to  the  channel  flow  problems  studied 
in  references  8 to  12  and  14.  In  general,  imposing  such  a 
field  increases  the  skin  friction,  equation  (49a),  and  lowers 
the  thrust  because  of  the  interference  of  the  magnetic  field. 
A compensating  influence  is  realized  through  a reduction  in 
turbulence  in  the  stream  (see,  e.  g.,  refs.  9 and  14)  which 
lowers  the  skin  friction,  heat  transfer,  and  probably  the 
noise  level  of  jet  engines.  Shallow  magnetic  fields  appear  to 
be  the  most  promising  for  reducing  the  heat  transfer  if  the 
flow  is  nearly  laminar. 

The  cases  and  illustrations  considered  so  far  have  assumed 
that  an  electric  potential  E has  not  been  applied  across 
the  fluid.  To  do  so  would  add  another  force  term  (see  eq. 
(2))  to  equations  (7)  and  (11).  If  a source  of  power  is 
available,  a combined  electric  and  magnetic  field  can  be 
used  to  maneuver  the  fluid.  A possible  apjDlication  would 
be  to  use  the  combined  fields  to  induce  an  electric  motor 
action  to  obtain  very  high  exhaust  velocities. 


CONCLUDING  REMARKS 

The  laminar  boundary-layer  solutions  presented  in  this 
paper  for  the  flow  of  an  incompressible  electrically  conducting 
fluid  over  a flat  plate  indicate  the  changes  that  will  be 
brought  about  by  a transverse  magnetic  field.  It  has  been 
found  that  the  skin  friction  and  heat-transfer  rate  are  re- 
duced if  there  is  no  relative  motion  between  the  plate  and  the 
magnetic  field.  The  skin  friction  and  heat-transfer  rate  in- 
creased in  the  case  where  relative  motion  was  assumed.  In 
all  the  cases  studied  the  total  drag  was  increased. 

The  product  of  the  magnetic  parameter  m and  an  adjust- 
ment distance  x is  the  quantity  which  determines  the  effec- 
tiveness of  the  magnetic  field  to  change  the  heat-transfer 
rate.  Other  studies  have  shown  that  a magnetic  field  will  in 
certain  cases  inhibit  transition  to  turbulent  flow  and  thereby 
retain  a lower  heat-transfer  rate. 

All  the  cases  studied,  except  one,  assume  that  the  con- 
ductivity and  magnetic  field  did  not  change  with  distance 
from*  the  surface.  A more  realistic  case  of  a variable  conduc- 
tivity was  considered  in  one  example  where  a special  variation 
was  chosen.  The  reduction  in  heat- transfer  rate  and  skin 
friction  for  a given  value  of  mx  was  not  as  large  as  when  the 
conductivity  was  constant.  This  points  out  the  importance 
of  considering  the  way  in  which  the  conductivity  and  mag- 
netic field  strength  change  with  distance  from  the  surface. 

Ames  Aeronautical  Laboratory 

National  Advisory  Committee  for  Aeronautics 
Moffett  Field,  Calif.,  Mar . IS , 1957 
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THIN  AIRFOIL  THEORY  BASED  ON  APPROXIMATE  SOLUTION  OF  THE  TRANSONIC  FLOW 

EQUATION  1 

By  John  R.  Spreiter  and  Alberta  Y.  Alksne 


SUMMARY 

The  present  paper  describes  a method  for  the  approximate 
solution  oj  the  nonlinear  equations  of  transonic  small  disturb- 
ance theory.  Although  the  solutions  are  nonlinear , the  analysis 
is  sufficiently  simple  that  results  are  obtained  in  closed  analytic 
form  for  a large  and  significant  class  of  nonlifting  airfoils. 
Application  to  two-dimensional  flows  with  free-stream  Mach 
number  near  1 leads , for  instance , to  general  expressions  for 
the  determination  of  the  pressure  distribution  on  an  airfoil  of 
specified  geometry  and  for  the  shape  of  an  airfoil  having  a 
prescribed  pressure  distribution  and  gives,  furthermore,  the 
correct  variation  of  pressure  with  Mach  number  at  Mach 
number  1 . For  flows  that  are  subsonic  everywhere , the  method 
yields  a pressure-correction  formula  that  is  more  accurate  than 
the  Prandtl-  Glauert  rule  and  compares  favorably  with  existing 
higher  approximations.  For  flows  that  are  supersonic  every- 
where, the  method  yields  the  equivalent,  in  transonic  approxi- 
mation, of  simple  wave  theory.  Results  obtained  by  application 
of  these  general  expressions  are  shown  to  correspond  closely  to 
existing  solutions  and  to  experimental  data  for  a wide  variety 
of  airfoils . 

INTRODUCTION 

The  difficulty  of  solving  the  nonlinear  equations  of  motion 
of  a compressible  inviscid  gas  has  led  to  widespread  use  of 
approximate  methods  in  the  practical  solution  of  the  prob- 
lems of  airfoil  theory.  The  simplest  and  most  versatile 
approximate  method  is  that  based  on  a complete  linearization 
of  the  equations  and  stems  from  the  pioneering  work  of 
Munk,  Prandtl,  Glauert,  Ackeret,  and  others  (see  refs.  1 and 
2 for  a resume).  Although  this  linear  theory  of  compressible 
flow  lias  been  extensively  developed  in  recent  years  and  is 
widely  used  in  aeronautical  applications,  it  has  two  limita- 
tions that  are  of  significance  in  the  present  discussion.  First, 
linearized  theory  gives  only  a first  approximation  that  is 
correct  for  airfoils  of  small  thickness  ratio.  This  limitation 
is,  in  some  respects,  of  continually  diminishing  significance  as 
the  aeronautical  engineer  is  forced  to  use  thin  wings  and 
slender  bodies  to  avoid  heavy  penalties  in  wave  drag.  If  the 
airfoil  is  not  sufficiently  thin,  however,  corrections  are  neces- 
sary and  higher  order  theories  have  been  developed  to  fill  the 
need  (see  ref.  3 for  a resume).  Second,  and  more  important 
for  the  present  discussion,  linearized  theory  requires,  in 
general,  that  the  Mach  number  be  sufficiently  removed  from 
unity  that  the  flow  is  either  purely  subsonic  or  purely  super- 


sonic. If  both  subsonic  and  supersonic  velocities  occur  in 
different  parts  of  a single  flow  field,  the  flow  is  said  to  be 
transonic  and  the  results  of  neither  linear  theory  nor  the 
existing  higher  order  theories  are,  even  qualitatively,  in 
agreement  with  the  experimentally  observed  flows. 

Transonic  flows  have  been  studied  successfully  by  considera- 
tion of  a simplified,  although  still  nonlinear,  theory  that  was 
originally  conceived  in  an  effort  to  provide  a useful  first 
approximation  for  the  pressures  and  forces  on  thin  wings 
and  slender  bodies  in  inviscid  flows  with  free-stream  Mach 
number  very  near  unity  (see  ref.  4 for  a short  resume). 
More  recent  developments  described  in  references  5,  6,  7,  8, 
and  elsewhere  have  shown  that  the  useful  range  of  this  theory 
can  be  extended  to  include  subsonic  and  supersonic  flows  if 
slightly  different  approximations  are  emplo3red  in  the  deriva- 
tion of  the  fundamental  equations.  Although  the  resulting 
theory  is  commonly  designated  as  transonic  small  disturbance 
theory,  or  more  briefly  as  transonic  flow  theor}7*,  it  is  actually 
a unified  theory  for  subsonic,  supersonic,  or  transonic  flow 
around  thin  wings  and  slender  bodies,  and  is  moreover,  the 
simplest  theory  proposed  to  date  that  is  capable  of  yielding 
reliable  results  throughout  that  Mach  number  range. 

This  formulation  of  transonic  flow  theory  provides  a set 
of  equations  that  differs  from  that  of  linear  theory  by  the 
addition  of  one  nonlinear  term  in  the  differential  equation 
for  the  perturbation  potential  and  in  the  shock  relation.  If 
the  flow  is  purely  subsonic  or  purely  supersonic,  solutions  of 
the  equations  of  transonic  flow  theory  can  be  sought  by 
application  of  existing  methods  for  approximating  the  solu- 
tions of  the  exact  equations  of  compressible  inviscid  flow. 
If  the  flow  is  transonic,  however,  the  results  obtained  by 
application  of  these  methods  are  at  wide  variance  with  those 
observed  experimentally  and  it  is  necessaiy  to  devise  new 
and  appropriate  methods  of  solution.  Although  methods  of 
the  successive  approximation  type  have  recently  been  de- 
veloped that  can  be  applied  to  transonic  flows  (e.  g.,  refs.  9 
and  10),  the  principal  method  that  has  been  employed  in 
the  theoretical  analysis  of  such  flows  involves  the  use  of  the 
hodograph  transformation  by  means  of  which  the  nonlinear 
equation  for  the  perturbation  potential  is  transformed  into 
a linear  differential  equation  of  mixed  elliptic-hyperbolic 
type,  the  Tricomi  equation.  Although  the  resulting  bound- 
ary-value problem  is  still  very  difficult  to  solve,  this  method 
lias  been  applied  with  considerable  success  in  the  study  of 
transonic  flow  around  wedge  and  flat-plate  airfoils  and  a 
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number  of  specific  results  have  been  given  in  recent  3rears 
by  Guderley  and  Yoshihara,  Yincenti  and  Wagoner,  Cole, 
and  others  (see  ref.  11  for  a resume).  Extension  of  this 
method  to  permit  calculation  of  transonic  flows  around 
arbitrary  airfoils  with  curved  boundaries  appears,  however, 
to  be  a difficult  task. 

The  present  analysis  is  based  on  a novel  method  of  ap- 
proximation that  avoids  most  of  the  difficulties  of  existing 
procedures  while  still  preserving  much  of  the  nonlinear 
effects  in  the  solution.  Sufficient  simplicity  is  gained  b}r 
restricting  attention  to  surface  pressures  and  to  flows  that 
are  either  purely  subsonic,  purely  supersonic,  or  have  a free- 
stream  Mach  number  near  1,  that  results  can  be  obtained  in 
closed  analytical  form  for  both  the  direct  problem  of  calcu- 
lating the  pressure  distribution  on  an  airfoil  of  given  shape, 
and  the  inverse  problem  of  calculating  the  shape  of  an  airfoil 
associated  with  a given  pressure  distribution.  Inasmuch  as 
the ‘magnitude  of  the  errors  introduced  by  use  of  the  ap- 
proximation procedures  is  not  evaluated  in  all  cases  by 
mathematical  considerations,  the  usefulness  and  accuracy 
of  the  results  are  demonstrated  by  the  calculation  of  the 
pressure  distribution  and  drag  for  many  different  airfoil 
shapes  and  by  comparison  with  existing  theoretical  and 
experimental  results. 

Of  the  theoretical  results  available  for  comparison,  only 
two  are  exact.  The}7  are  the  simple-wave  solution  for  super- 
sonic flows  without  shock  waves,  and  the  variation  of  pres- 
sure with  Mach  number  at  Mach  number  1.  The  present 
method  yields  both  of  these  results  exactly  within  the 
framework  of  transonic  small  disturbance  theory. 

Although  the  existing  results  mentioned  above  for  wedge 
airfoils  at  Mach  number  1 contain  certain  approximations 
beyond  those  implicit  in  the  use  of  the  equations  of  tran- 
sonic flow  theory,  the  influence  of  these  approximations 
appears  to  be  minor  and  the  results  are  generalty  considered 
to  be  very  nearly  exact  solutions  of  these  equations.  The 
present  method  produces  results  for  this  case  that  are  in 
substantial  agreement  with  these  previous  theoretical  re- 
sults. In  contrast  to  the  hodograph  methods,  the  necessary 
steps  are  sufficiently  simple,  moreover,  that  results  can  also 
be  obtained  for  sonic  and  near  sonic  flow  around  arbitrary 
airfoils  with  curved  boundaries.  Since  previous  theoretical 
information  for  such  cases  is  meager,  comparisons  are  made 
with  a large  number  of  experimental  results.  In  general, 
the  theoretical  results  found  by  application  of  the  present 
method  lie  within  the  range  of  experimental  scatter  of  the 
data. 

In  the  subsonic  range,  no  exact  solutions  are  available  for 
flow  around  a thin  airfoil.  Comparisons  are  made,  there- 
fore, with  pressure  correction  formulas,  such  as  that  of 
Karm&n-Tsien,  and  with  higher  approximations  obtained 
by  iteration  methods. 

A simple  heuristic  account  of  the  general  method  and 
extensive  discussion  of  the  results  are  contained  in  the 
main  text.  Additional  details  concerning  the  undertying 
basis  for  the  general  procedures  are  contained  in  the  Ap- 
pendix. 
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PRINCIPAL  SYMBOLS 


speed  of  sound 

speed  of  sound  in  the  free  stream 
pressure  coefficient,  — — — 

[MJ{ 7+1)]*^ 

t2/3 

chord 

section  pressure  drag  coefficient,  — - — 

~UJc 

r5/3  Cd 


pressure  drag 
Mj(y+ 1) 


local  Mach  number 
free-stream  Mach  number 

exponent  in  the  relations  for  airfoil  ordinates 
given  by  equations  (56)  and  (61) 
static  pressure 
free-stream  static  pressure 
resultant  local  velocity 
maximum  thickness  of  profile 
free-stream  velocity 

perturbation  velocity  components  parallel  to  x 
and  0 axes,  respectively 

value  of  u obtained  by  solution  of  equation  (21) 
value  of  u obtained  by  solution  of  equation  (8) 
value  of  u obtained  by  solution  of  equation  (39) 
value  of  x at  ■ which  parabolic  and  hyperbolic 
solutions  are  joined 

Cartesian  coordinates  where  x extends  in  the  di- 
rection of  the  free-stream  velocity] 
value  of  x at  which  the  local  velocity  is  sonic 
ordinates  of  the  upper  surface  of  the  airfoil 
gamma  function 

ratio  of  specific  heats,  for  air  y=1.4 
semiapex  angle  of  wedge  airfoil 


pressure  gradient, 

1 —MJ—ku 
MJ—  1 -\-ku 

7 c )u 


dCv 

d(xjc) 


Mj—l 

WJl 7+ltyp 

free-stream  density  of  air 
thickness  ratio,  tjc 
perturbation  velocity  potential 


SUBSCRIPTS 

values  associated  with  critical  Mach  number 
values  associated  with  incompressible  flow  or  with 

Af„= 0 

values  given  by  linearized  compressible  flow 
theory 


thin-  airfoil  theory  based  on  approximate  solution  of  the  transonic  flow  equation 
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= 1 values  associated  with  Mm  — 1 
Zmaz  values  associated  with  maximum  ordinate  of  air- 
foil 

= o values  associated  with  £m=0,  or  with  = 1 

FUNDAMENTAL  EQUATIONS  AND  BOUNDARY  CONDITIONS 


is  recognized  by  the  sign  of  the  total  coefficient  of  < pxx , as 
follows: 


I—MJ—MJ- 


,7+1 


Ua 


<Px 


>0  elliptic  (subsonic) 

<0  hyperbolic  (supersonic) 


(4) 


Consider  the  steady  flow  of  an  inviscid  compressible  gas 
past  an  arbitrary  thin  symmetrical  nonlifting  airfoil,  and 
introduce  Cartesian  coordinates  x and  z with  the  x axis  paral- 
lel to  the  direction  of  the  free-stream,  as  illustrated  in  figure  1. 


z 


r-Ax) 


Figure  1. — View  of  airfoil  and  coordinate  system. 


Let  the  free-stream  velocity  and  density  be  Uoo  and  pm,  the 
perturbation  potential  be  <p,  and  the  perturbation  velocity 
components  parallel  to  the  x and  z axes  be  (px , or  u,  and  <pZ)  or 
w,  where  the  subscript  indicates  differentiation.  The  bound- 
ary conditions  require  that  the  perturbation  velocities  vanish 
at  infinity,  and  that  the  flow  be  tangential  to  the  wing  sur- 
face. The  first  condition  indicates  that  (p  is  constant  at 
infinity.  The  latter  condition  can  be  approximated  for 
thin  wings  by 

(i) 

where  Z represents  the  ordinates  of  the  airfoil  upper  surface. 
The  pressure  coefficient  (7P  is  likewise  approximated  to  first 
order  by 

O _ P~1 ^ __  O <P*  _ o U 

- U Um  (2) 

2 00 


These  relations  are  familiar  from  linear  theory,  but  apply 
equally  for  transonic  thin  airfoil  theory.  The  differential 
equation  for  <p  is  not  the  same  as  in  linear  theory,  however, 
but  is 

(l-MJ-MJ  ft)  ft*+ft,= 0 (3) 

where  Mm  is  the  Mach  number  of  the  undisturbed  flow  and 
7 is  the  ratio  of  specific  heats  (1.4  for  air).  It  is  useful  to 
note  that  the  coefficient  of  <pxx  corresponds,  in  the  present 
approximation,  to  1 — M2  where  M is  the  local  Mach  number. 

Knowledge  of  methods  for  obtaining  solutions  of  equation 
(3)  is  meager,  not  only  because  the  equation  is  nonlinear, 
but  because  it  can  change  type  (elliptic,  hyperbolic),  depend- 
ing on  the  value  of  and  <px.  This  change  of  type  is  an 
essential  feature  of  transonic  flow,  since  subsonic  flows  are 
represented  by  elliptic  equations  and  supersonic  flows  by 
hyperbolic  equations.  If  both  types  of  flow  occur  in  a single 
flow  field,  it  is  apparent  that  the  differential  equation  must 
change  type.  In  the  present  case,  the  type  of  the  equation 
526597 — 60 34 


An  important  quantity  in  the  discussion  of  compressible 
flows  is  the  critical  pressure  coefficient  CPcr  associated  with 
the  local  occurrence  of  sonic  velocity.  The  appropriate 
relation  is  found  by  combination  of  equation  (2)  and  the 
relation  obtained  by  equating  the  coefficient  of  <pxx  in  equation 
(3)  to  zero,  and  is 


y 2(1—  MJ) 
MJ( 7+1) 


(5) 


In  transonic  and  supersonic  flows,  it  is  also  necessary,  in 
general,  to  provide  an  additional  equation  for  the  discon- 
tinuous changes  in  velocity  that  occur  at  shock  surfaces. 
The  necessary  equations,  when  simplified  to  the  form  con- 
sistent with  the  approximations  of  transonic  flow  theory, 
reduce  to 


[l-MJ-MJ^  (+p)]  K-^)2+  (wa-w^=0 


y (6) 


<Pa=<Pb 


where  the  subscripts  a and  b refer  to  the  values  on  the  two 
sides  of  the  shock  surface.  With  the  exception  of  the 
Appendix  and  minor  references  in  the  main  text,  equation 
(6)  is  not  employed  explicitly  in  the  following  analysis  and 
discussion  because  attention  is  confined  to  (a)  purely  sub- 
sonic flows  in  which  no  shocks  occur,  (b)  purely  supersonic 
flows  in  which  shock  waves  can  be  approximated  with  good 
accuracy  by  isentropic  compressions,  and  (c)  flows  with 
free-stream  Mach  number  near  1 in  which  the  shock  waves 
are  situated  either  downstream  or  far  upstream  of  the  airfoil. 

The  remainder  of  the  present  paper  is  concerned  with  the 
approximate  solution  of  the  preceding  equations  and  with 
comparison  of  the  results  obtained  in  specific  applications 
with  existing  theoretical  and  experimental  results.  Purely 
supersonic  flows  are  discussed  first  because  the  method  of 
approximation  yields  the  exact  equivalent,  in  transonic 
approximation,  of  simple  wave  theory.  Purely  subsonic 
flows  are  discussed  next  because  of  the  close  relationship 
between  the  results  for  this  and  the  preceding  case.  Flows 
with  free-stream  Mach  number  near  1 are  treated  last. 

SUPERSONIC  FLOWS 

APPROXIMATE  SOLUTION  OF  EQUATIONS 

It  is  convenient  in  the  analysis  of  supersonic  flows  to  intro- 
duce the  symbol  as  an  abbreviation  for  the  negative  of 
the  coefficient  of  (pxx 


\h=MJ-  1 1 +ku>  0 (7) 

co 

and  rewrite  equation  (3)  in  the  form: 


— Xff»Px;r+  <Pzz  = 0 


(8) 
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It  is  now  assumed  that  \H  is  neither  zero  nor  infinite  and  that 
it  varies  sufficiently  slowly  that  its  derivatives  can  be  dis- 
regarded so  that  it  can  be  considered,  temporarily,  as  a 
constant.  At  this  stage,  the  problem  is  equivalent  to  that 
encountered  in  linearized  supersonic  airfoil  theory  (it  is 
identical  if  \H  is  replaced  by  MJ—  1)  and  the  solution  uH  at 
the  airfoil  surface  is 


uH 


UmdZ 

dx 


(9) 


Differentiation  yields 


evaluate  C by  use  of  the  result  indicated  by  equation  (9) 
that  u— 0 where  dZ/dx=0  for  any  nonsingular  \H  thus 

(13) 


whence 

*=K“(M-’“i)+[<M-’-i)“-5»-f T} (i4) 

The  corresponding  relation  for  the  pressure  coefficient  Cp  is 
obtained  by  combination  of  equations  (2)  and  (14),  and  is 


duH U m d?Z  n 

~d^~  ^dx* 

If,  now,  MJ-l-\-ku  is  restored  in  place  of  \H  so  that,  in 
effect,  the  local  value  for  \H  is  used  at  each  point  and  the 
subscript  H on  u is  dropped,  equation  (10)  becomes 


du Um  d2Z 

dx~  ^lM  J-1+ku  dx 2 


(11) 


It  is  immediately  apparent  that  a certain  degree  of  arbi- 
trariness is  displayed  in  the  preceding  steps  and  that  differ- 
ent results  will  be  obtained  depending,  for  instance,  on 
whether  MJ—  \-\-ku  is  substituted  for  \H  in  equation  (10) 
as  above,  or  in  equation  (9),  or  in  other  equations  obtained 
by  further  differentiation  or  integration  of  equation  (9). 
It  is  shown  in  the  Appendix,  however,  that  the  error  involved 
in  the  preceding  steps  can  be  assessed  exactly  by  examina- 
tion of  the  remainder  terms  that  have  been  omitted  in 
writing  equations  (9)  and  (10).  The  advisability  of  using 
equation  (11)  is  assured  by  the  fact  that  the  error  is  shown 
to  vanish,  in  the  absence  of  shock  waves,  if  \H  is  replaced  by 
MJ—l+ku  in  equation  (10),  but  not  in  equation  (9).  This 
conclusion  becomes  immediately  evident,  furthermore,  upon 
recognition  of  the  fact  that  equation  (11)  is  the  counterpart, 
in  transonic  small  disturbance  theory,  of  a fundamental 
differential  equation  that  occurs  in  the  analysis  of  Prandtl- 
Meyer  and  simple  wave  flows  (see,  e.  g.,  ref.  12,  p.  87  or 
ref.  13,  pp.  190  and  212).  Equation  (11)  is  a nonlinear 
ordinary  differential  equation  for  u that  can  be  solved 
easily  by  separation  of  variables.  The  result  is 


2 / \3/2  dZ 

=~uZ£+0  (12) 


where  C is  a constant  of  integration.  In  applications  of 
equation  (12)  to  flows  that  are  supersonic  everywhere, 
perhaps  the  most  logical  method  for  the  evaluation  of  this 
constant  is  to  use  the  expression  between  u and  dZ/dx 
provided  at  the  leading  edge  by  the  transonic  approximation 
to  the  shock  relation,  that  is  by  equation  (6)  with  ua  and  wa 
equated  to  zero,  ub  to  (u)x~ o,  and  wb  to  (dZfdx)x=o.  The 
result  given  by  equation  (12)  with  C evaluated  in  this  way 
corresponds,  to  the  degree  of  approximation  afforded  by 
use  of  transonic  small  disturbance  theory,  to  shock-expansion 
theoiy.  An  alternative  procedure  that  leads  to  a somewhat 
simpler  result  possessing  very  nearly  equal  accuracy  is  to 


^+«fr>  <-> 

It  should  be  noted  that  the  restriction  to  supersonic  flow 
imposed  in  the  evaluation  of  C and  in  the  inequality  of 
equation  (7)  requires  that  equation  (15)  is  to  be  applied  only 
to  cases  for  which  the  quantity  in  square  brackets,  that  is, 
[(MJ - 1)3/2-  (S/2)MJ(y+ 1)  (dZ/dx)l  is  positive. 

COMPARISON  WITH  EXISTING  HIGHER  APPROXIMATIONS 

Equation  (15)  is  recognized,  by  comparison  with  equation 
(3-15)  of  reference  3,  page  387, 2 as  the  precise  equivalent, 
in  the  transonic  small  disturbance  approximation,  of  simple 
wave  theory  for  the  surface  pressure  on  an  airfoil  in  super- 
sonic flow.  Exact  simple  wave  theory  is  known,  moreover, 
to  be  perfectly  adequate  for  all  practical  purposes  up  to  a 
Mach  number  of  3,  which  is  considerably  in  excess  of  the 
present  range  of  interest.  Within  this  Mach  number  range, 
the  results  obtained  by  use  of  simple  wave  theory  are  almost 
identical  with  those  obtained  by  use  of  shock-expansion 
theory.  Comparisons  of  the  variations  of  Cv  with  dZjdx  in- 
dicated by  exact  simple  wave  theoiy  and  by  equation  (15) 
are  shown  in  figuie  2 for  several  Mach  numbers  from  1 to  2. 
As  might  be  anticipated,  the  two  sets  of  results  are  in  close 
agreement  for  Mach  numbers  near  1,  and  differ  by  an  in- 
creasing amount  with  increasing  Mach  number. 

Although  the  necessary  calculations  are  very  easy  to  ac- 
complish in  any  given  case,  simple  wave  theoiy  is  not  always 
used  in  actual  practice.  Many  calculations  are  based  on 
linear  theory  or  Busemanrds  second-order  theory.  Conse- 
quently, an  additional  set  of  graphs  is  shown  in  figure  3 in 
which  the  curves  of  figure  2 are  repeated  together  with  the 
corresponding  curves  calculated  by  use  of  first-  and  second- 
order  theory.  No  comparisons  are  shown  for  Mm  = 1 because 
the  latter  theories  indicate  infinite  pressures.  It  can  be  seen 
that  equation  (15)  furnishes  a better  approximation  than 
linear  theory  throughout  the  entire  range  of  variables  shown 
on  figure  3 and  a better  approximation  than  second-order 
theory  for  Mach  numbers  less  than  about  1.4.  It  can  be 


2 Comparison  discloses  that  the  quantity  A/m3(Y-H)  that  appears  in  equation  05)  is  repre- 
sented by  7-H  in  equation  (3-15)  of  reference  3.  The  difference  is  associated  with  a corre- 
sponding difference  in  the  coefficient  ft  of  the  nonlinear  term  of  equation  (3).  Although  the 
two  coefficients  are  identical  at  M„  = 1,  and  might  appear  to  be  equally  consistent  with  the 
other  assumptions  of  transonic  flow  theory,  it  has  been  shown  in  references  5,  6,  7,  8,  and  else- 
where that  the  approximation  obtained  by  use  of  A/^^-H)  is  much  the  better  of  the  two  for 
Mach  numbers  other  than  1 . 
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Figure  2. — Comparison  of  results  indicated  by  present  theory  and  by 
exact  simple  wave  theory. 


seen  that  second-order  theory  furnishes  a very  poor  approxi- 
mation for  Cp  at  Mach  numbers  approaching  unity. 

In  order  to  explore  this  behavior  further,  two  additional 
curves  labeled  “third  order”  and  “fourth  order,”  calculated 
using  the  formulas  of  references  14  and  15,3  are  included  on 
the  graph  of  figure  3,  even  though  they  must  be  interpreted 
in  a somewhat  more  restricted  sense  than  the  other  curves. 
To  be  more  precise,  the  third-order  curve  is  restricted  to  air- 
foils for  which  dZ/dx  is  zero  at  the  leading  edge,  and  the 
fourth-order  curve  to  airfoils  for  which  both  dZjdx  and 
d2Z/dx2  are  zero  there.  It  is  clear  from  this  sketch  that  the 
accuracy  of  second-order  theory  at  Mach  numbers  near 
unity  is  not  improved  by  addition  of  higher  order  terms. 
The  explanation  resides  in  the  fact  that  the  larger  values  of 
\dZjdx\  shown  on  the  graphs  of  figure  3 exceed  the  radius  of 
convergence  of  the  power  series  expansion  for  Cv  for  all  but 
the  highest  Mach  number  shown.  With  the  noted  restric- 
tions on  the  leading  edge,  the  higher  order  results  of  figure  3 
are  equivalent  to  the  first  few  terms  of  a power  series  ex- 
pansion, in  terms  of  dZ/dx , of  the  expression  for  Cv  indicated 
by  exact  simple  wave  theory.  The  radius  of  convergence 
of  the  series  depends,  of  course,  on  the  Mach  number  and  is 
given  by  the  value  of  \dZjdx\  associated  with  the  occurrence 
of  sonic  flow  or,  in  terms  of  the  curves  shown  on  figures  2 and 
3,  with  the  termination  of  the  left  end  of  the  exact  curve. 
The  failure  of  higher  order  theories  at  negative  dZ/dx  is  thus 
of  purely  mathematical  origin  and  has  no  direct  physical 
significance. 


ADDITIONAL  PROPERTIES  OF  APPROXIMATE  SOLUTION 


Equation  (15)  has  some  additional  interesting  properties 
worth  noting.  Of  the  two  major  components  of  the  right- 
hand  side,  the  first  is  recognized  upon  comparison  with 
equation  (5)  as  the  expression  for  CVct.  Since  the  remaining 
term  is  zero  when  Cp=CPcr,  it  follows  that  the  expression  for 
the  critical  value  for  dZjdx  associated  with  the  occurrence  of 
sonic  velocity  at  a given  Mach  number  is 


dZ\  _2(M„*-1)» 
Ax)c  r 3MJ(  7+1) 


(16) 


It  follows,  furthermore,  that  a curve' representing  the  varia- 
tion of  Cv  with  Mo,  for  a.  given  dZjdx , and  hence  a given 
point  on  the  airfoil,  approaches  infinite  slope  as  Cv  approaches 

C,a- 

An  alternative  form  for  equation  (15)  that  is  useful  for 
some  purposes  is  the  following  which  expresses  Cp  in  terms  of 
the  linear-theory  solution  CVl  rather  than  dZjdx. 


MJ( 7+1) 
Mj—l 


(17) 


where 


a, 


H 


2 dZ 
dx 


This  relation  can  be  written  in  somewhat  more  concise  form 
if  expressed  in  terms  of  the  transonic  similarity  parameters 
Cv  and  thus 


where 

7t  JMJh± PI*  r t - Mj-i 

v~  t*  p’  7+1)t]» 

and  t refers  to  the  thickness  ratio.  Critical  values  for  Cv 
and  CP  corresponding  to  the  local  occurrence  of  sonic 
velocity  are  easily  recognized  to  be  the  following: 

Gv=  2f»,  CVL=  §£„  (19) 

SUBSONIC  FLOWS 

APPROXIMATE  SOLUTION  OF  EQUATIONS 

The  procedure  described  in  the  preceding  section  will  now 
be  applied  to  the  analysis  of  subsonic  flows.  Thus,  introduce 
the  symbol  \E  as  an  abbreviation  for  the  coefficient  of  <pxx 

\E=  1 <px=  1 -MJ-ku>  0 (20) 

and  rewrite  equation  (3)  as  follows: 


X E<Pxx~b<Pzz—0  (21) 

If  it  is  again  assumed  that  \E  is  neither  zero  nor  infinite  and 
that  it  varies  sufficiently  slowly  that  its  derivatives  can  be 
disregarded,  the  problem  is  equivalent  to  that  encountered 


3 Attention  of  those  who  refer  to  reference  15  is  called  to  the  fact  that  the  first  term  appearing 
in  the  fourth-order  coefficient  oi  of  equation  (29)  should  be  2/3  rather  than  1/3.  This  term  is 
written  correctly  in  the  numerical  example  given  in  equation  (135). 
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Figure  3. — Comparison  of  results  indicated  b\7  present  theory  and  by  the  method  of  successive  approximations  for  supersonic  flow. 


in  linearized  subsonic  airfoil  theory  and  the  solution  uE  at 
the  airfoil  surface  is 


u~  Cc  dZ/d£  d Uj 

xVx;  Jo  x £ 


(22) 


where  the  subscript  i refers  to  the  values  for  Ma= 0. 
Differentiation  yields 

duE__  1 dut 
dx  ^ 


If,  in  the  same  manner  as  described  for  the  supersonic  case, 
1 —MJ—ku  is  restored  in  place  of  \E  so  that,  in  effect,  the 
local  value  for  \E  is  used  at  each  point,  and  the  subscript 
E on  u is  chopped,  equation  (23)  becomes 


du_ 1 dut 

'yll—M.J—ku  dx 


(24) 


(23) 


As  in  the  previous  discussion  of  supersonic  flows,  the  error 
terms  are  omitted  in  writing  the  preceding  relations,  but  are 
included  in  a more  complete  presentation  of  the  equations 
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given  in  the  Appendix/  Once  again,  the  resulting  relation  is 
a nonlinear  ordinary  differential  equation  that  can  be  solved 
readily  by  separation  of  variables 

— Jj(l  -Mj-kuy^Ui+C  (25) 

In  applications  to  flows  that  are  subsonic  everywhere,  the 
constant  of  integration  C is  evaluated  by  use  of  the  result 
indicated  by  equation  (22)  that  ^=0  where  0 for  any 
nonsingular  \E,  thus 

c'=-Jfc(1~M“2)3/5  (26) 


In  this  way,  the  following  relation  is  obtained  between  u and 
ut 

1 (27) 

The  corresponding  relation  for  the  pressure  coefficient  Cp  is 
obtained  by  combination  of  equations  (2)  and  (27)  and  is  4 


Cp  AT.*  (t+1) 


■dMJ(y+l)CPi 


{(l-Mj)-[ 

12/3^ 

J > 


(l-J/J)*«+ 


(28) 


where 


In  the  same  way  as  noted  for  supersonic  flows  following 
equation  (15),  the  restriction  to  subsonic  flow  imposed  in  the 
evaluation  of  C and  by  the  inequality  of  equation  (20) 
requires  that  equation  (28)  be  applied  only  to  cases  where  the 
quantity  in  the  square  bracket  is  positive. 

This  result  possesses  several  simple,  but  interesting, 
properties.  First  of  all,  the  leading  term  of  an  expansion 
of  equation  (28)  in  a series  involving  ascending  powers  of 
CPi  is  precisely  the  familiar  Prandtl-Glauert  rule  of  linearized 
subsonic  compressible  flow  theory 


a 


a 


Vi 


Vl 


Vi  ~mk 


(29) 


The  coefficients  of  succeeding  terms,  however,  do  not  agree 
with  those  given  by  the  method  of  successive  approximation. 
Next,  the  first  of  the  two  major  components  of  the  right- 
hand  member  of  equation  (28)  is  recognized,  just  as  in  the 
supersonic  case,  as  the  expression  for  the  critical  pressure 
coefficient  CVcr.  Since  the  remaining  term  is  zero  when 
Cp=CPcr,  it  follows  that  the  expression  for  the  critical  value 
for  CPi  associated  with  the  occurrence  of  sonic  velocity  at 
a given  Mach  number  M ^ is 


It  may  be  noted  that  this  value  is  just  two-tliirds  of  that 
obtained  by  use  of  equation  (5)  together  with  the  Prandtl- 
Glauert  rule.  It  follows,  furthermore,  that  a curve  illus- 
trating the  variation  of  CP  with  for  a given  CPV  and 
hence  a given  point  on  the  airfoil  surface,  approaches  infinite 
slope  as  Cp  approaches  CPer.  This  latter  behavior  signifies 
that  a power  series  expansion  of  the  result  will  only  converge 
for  Mach  numbers  less  than  the  critical.  Last,  the  following 
result  is  obtained  if  equation  (28)  is  expressed  in  terms  of  the 
subsonic  linear  theory  solution  CPh  rather  than  Cp 


n _-2(l -MJ)  r,  , 3 Mj(y+\) 
v 7+1)  V L U 1 -MJ 


where 


'VL 


n 


(31) 


Note  that  the  relation  between  Cp  and  CVL  indicated  by 
equation  (31)  for  subsonic  flows  is  precisely  the  same  as 
given  by  equation  (17)  for  supersonic  flows.  It  follows 
immediately  that  the  corresponding  expression  in  terms 
of  the  transonic  similarity  parameters  Cp  and  £„  given  by 
equation  (18)  applies  to  subsonic,  as  well  as  supersonic 
flows.  In  order  to  illustrate  the  nature  of  the  results 
indicated  by  equation  (18),  a plot  of  the  variation  of  CP 
with  for  various  CVL  V|f»|  is  shown  in  figure  4.  Although 
the  remarkable  symmetry  about  £^  = 0 is  a consequence  of 
expressing  the  results  in  terms  of  the  transonic  similarity 
parameters,  the  general  symmetry  remains,  although  in 
somewhat  distorted  form,  when  Cp  is  plotted  as  a function 
of  for  constant  CPL  V|l—^«2|-  Such  a plot  is  shown 
in  figure  5. 


Figure  4. — Variation  of  reduced  pressure  coefficient,  CP>  with  the 
similarity  parameter,  for  various  values  of  CVl  Vl£»l- 

COMPARISON  WITH  EXISTING  HIGHER  APPROXIMATIONS 


n 4 (1  -Af,*)*" 
3 MJ{ 7+1) 


(30) 


* Attention  is  called  to  the  fact  that  this  same  relation,  except  for  replacement  of  A/00a(7-f-l) 
by  7+1  for  the  same  reasons  as  noted  in  footnote  2,  has  been  found  independently  by  Kusu- 
feawa  by  application  of  the  WKB  method  of  approximation  to  the  equations  of  transonic 
flow  theory.  This  result,  together  with  a number  of  applications,  is  published  in  the  Sep- 
tember 1957  issue  of  the  Journal  of  the  Physical  Society  of  Japan. 


The  remainder  of  the  present  section  on  subsonic  flows  is 
concerned  with  an  evaluation  of  the  degree  of  accuracy 
achieved  b}7  use  of  equation  (28).  This  discussion  is  handi- 
capped somewhat  by  the  fact  that  all  other  theories  for 
subsonic  flows  around  airfoils  are  also  approximate  and  that 
no  exact  solutions  are  known.  Perhaps  the  most  widely 
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Figure  5. — Variation  of  Cv  with  Mm  for  various  values  of  CVl-\l\Mm2—]\. 


used  higher  approximation  is  the  Karman-Tsien  rule.  (See 
refs.  3 and  16  for  a resume.)  Although  the  traditional 
derivation  of  the  Karman-Tsien  rule  is  based  on  the  hodo- 
graph  method,  it  is  not  without  interest  to  observe  that  the 
Karman-Tsien  rule  can  be  obtained  by  use  of  the  present 
procedures  together  with  the  three  assumptions  introduced 
in  the  original  derivation.  These  are:  (a)  that  7 can  be 
approximated  by  —1  in  the  expression  for  the  speed  of 
sound,  (b)  that  the  perturbation  velocities  are  small,  and 
(c)  that  the  Mach  number  can  be  considered  small  in  the 
evaluation  of  additional  effects  of  compressibility  beyond 
those  indicated  by  linear  theory.  The  starting  point  is 
equation  (3)  with  the  coefficient  of  <pxz  replaced  by  the  approx- 
imate relation  for  1 — M2,  where  M is  the  local  Mach  num- 
ber, afforded  by  use  of  assumptions  (a)  and  (b).  The 
necessary  relation  can  be  derived  from  the  energy  equation 


a2  - (f  _ a,J  . U J 
7-1+2  ~7-li"  2 

where 

q2=(Um+u)2+w2 


(32) 


by  setting  7=  — 1,  whence 

a2=aJ-UJ+(j2 

and 

1 1 — | = ” l+2MJ(ujTJJ  (33) 


Note  that  this  approximation  does  not  permit  the  attain- 
ment of  M=  1 with  finite  q/Um  and  with  M „ different  from 
unity.  Substitution  of  this  relation  for  1 —M2  in  place  of 
\E  in  equation  (23)  and  integration  yields 

uz+°  (34) 

The  constant  of  integration  is  again  evaluated  by  setting 
w=0  where  tt,=0,  whence  G equals  unity.  Solution  for 
u and  introduction  of  the  relation  between  u and  Cv  given 
by  equation  (2)  yields 


n=_Oj^_(, o \~ 

v yll=MJ  \ 4 Pi) 


C\ 


V 1 —Mm2  + (1/4)M<b2C3 


(35) 


Pi 


Replacement  of  MJ  in  the  second  term  in  the  denominator 
by  2(l— \/l— 2)  is  consistent  with  assumption  (c)  and 
leads  directly  to  the  familiar  expression  for  the  Karman- 
Tsien  rule 


C9= 


CVi 


Vl-MJ  + ( l-yh-Mj)  (C,tl  2) 


(36) 


This  rule,  in  common  with  the  Prandtl-Glauert  rule  and  the 
present  result  given  in  equation  (28),  is  termed  a pressure 
correction  formula  because  Ov  is  given  in  terms  of  Cv.  and 
Mm  with  no  further  dependence  on  airfoil  shape.  A com- 
parison of  the  variations  of  Cv  with  Mm  indicated  by  these 
three  relations  is  shown  in  figure  6.  A great  many  other 
pressure-correction  formulas  having  widely  varying  proper- 
ties have  also  been  proposed  in  recent  years.  One  that 
yields  results  in  closer  agreement  with  equation  (28)  than 
the  Prandtl-Glauert  or  the  Karman-Tsien  rule  has  been 
given  by  Garrick  and  Kaplan  in  reference  17.  A curve 
illustrating  their  results  is  included  on  figure  6. 

A second  important  method  that  has  been  used  to  obtain 
higher  approximations  for  subsonic  pressure  distributions  on 
thin  airfoils  is  the  method  of  successive  approximation  in 
which  the  solution  is  expressed  in  a power  series  in  thickness 
ratio.  In  this  method,  the  first  term  is  the  result  given  by 
linear  theory,  and  the  coefficients  of  successive  terms  are 
determined  by  iteration.  Higher  approximations  cannot  be 
expressed  in  terms  of  GVi  and  M.m  in  such  a simple  and  uni- 


Figure  6. — Comparison  of  results  indicated  by  present  theory  and  by 
various  pressure  correction  formulas  for  subsonic  flow. 
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versal  manner  as  with  the  pressure-correction  formulas,  but 
depend  on  the  airfoil  shape  in  a more  explicit  manner.  Al- 
though a relatively  simple  and  general  procedure  for  the 
evaluation  of  the  second  approximation  has  recently  been 
given  by  Van  Dyke  (ref.  18),  the  determination  of  the  third 
approximation  has  been  accomplished  for  only  a few  special 
shapes.  One  of  these  is  the  nonlifting  symmetrical  circular- 
arc  section  for  which  the  second  approximation  has  been 
given  by  Hantzsche  and  Wendt  (ref.  19)  and  the  third  ap- 
proximation by  Asaka  (refs.  20,  21,  and  22). 5 Figure  7 
shows  a comparison  of  the  variations  of  Cv  with  M#  at  the 
midpoint  of  such  an  airfoil  having  a thickness  ratio  r of  0.10, 
as  indicated  by  equation  (28)  and  by  the  first,  second,  and 
thh*d  approximations.  It  can  be  seen  that  the  results  ob- 
tained by  use  of  equation  (28)  are  identical  to  those  given 
bv  the  first  approximation  (or  linear  theory)  for  small  Mach 
numbers,  but  depart  therefrom  with  increasing  Mach  num- 
ber and  are  much  closer  to  the  higher  approximations  for 
Mach  numbers  near  the  critical.  It  should  be  noted  that 
the  curves  labeled  first,  second,  and  third  order  represent 
the  results  indicated  by  successive  approximations  to  the 
solution  of  the  exact  equation  for  inviscid  compressible  flow. 
It  is  also  of  interest  to  compare  the  results  indicated  by 
equation  (28)  with  those  indicated  by  successive  approxima- 
tions to  the  solution  of  the  simplified  equations  of  transonic 
small  disturbance  theory.  The  latter  results  can  be  cal- 
culated by  use  of  the  following  expression,  which  is  readily 
derived  from  Asaka’s  result  by  taking  the  limiting  form  con- 
sistent with  the  approximations  of  transonic  flow  theory: 


r _ s r 
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V 2/d- 


1\(7  +DMJ 
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0.6339 


(y+iyMj  , 
(1— M,2)7/*t  + 


(37) 


It  can  be  seen  that  the  curve  in  figure  8 indicated  by  equation 
(28)  is  somewhat  higher  than  even  that  representing  the 
third  approximation,  but  evaluation  of  its  accuracy  remains 
difficult  because  neither  the  exact  solution  nor  an  upper 
bound  for  the  results  is  provided  b}r  the  classical  method  of 
successive  approximation.  Attention  is  called  to  the  fact 
that  recent  developments  in  transonic  flow  theory  permit  the 
establishment  of  an  upper  bound  by  application  of  an  alter- 
native method  of  successive  approximation  that  involves  the 
solution  of  quadratic,  rather  than  linear,  equations  at  each 
step  of  the  iteration  process.  This  process,  based  on  the 
methods  employed  in  reference  9.  is  described  in  the  Appen- 
dix, and  additiona)  results  are  given  for  the  specific  case 
considered  in  figure  8. 


4 The  results  for  the  third  approximation  given  in  the  present  report  differ  from  those 
obtainable  directly  from  the  expressions  given  in  either  reference  20  or  21  and  22  due  to  the 
correction  of  some  misprints.  These  corrections  have  been  verified  by  correspondence  with 
the  author,  and  are  published  in  the  January  1958  issue  of  the  Journal  of  the  Physical  Society 
of  Japan. 
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Figure  7. — Comparison  of  the  variation  of  Cv  with  Mm  at  the  mid- 
point of  a circular-arc  airfoil,  as  indicated  by  present  theory  and  by 
application  of  the  method  of  successive  approximations  to  the  exact 
equations  for  inviscid  subsonic  flow. 
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Figure  8. — Comparison  of  the  variation  of  Cp  with  Mffl  at  the  mid- 
point of  a circular-arc  airfoil  in  subsonic  flow,  as  indicated  by  present 
theory  and  by  application  of  the  method  of  successive  approximations 
to  the  transonic  equation. 

FLOWS  WITH  FREE-STREAM  MACH  NUMBER  NEAR  1 

The  analyses  of  supersonic  and  subsonic  flows  given  in  the 
preceding  sections  have  started  by  introduction  of  a symbol  X 
for  the  coefficient  of  <pxx  and  the  assumption  that  X is  non- 
singular and  varies  sufficiently  slowly  that  it  can  be  regarded 
as  a constant  in  the  initial  stages  of  the  analysis.  Since  the 
results  so  obtained  terminate  if  X=0,  or  physically  if  sonic 
velocity  occurs  in  the  flow  field,  it  is  immediately  clear  that 
some  change  is  necessary  to  study  flows  with  free-stream 
Mach  number  near  1 where  the  transition  from  subsonic  to 
supersonic  flow  is  an  essential  feature.  The  technique 
adopted  is  to  introduce  the  symbol  \P  as  an  abbreviation  for 
the  coefficient  of  <px  rather  than  <pxx,  thus 

Xp=M,2^dfe=*g  (38) 

whence  equation  (3)  may  be  written  as  follows: 

<Pn—  Xp?x=  — {l—MJ)<pxx=jP  (39) 
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If  attention  is  confined  to  flows  with  free-stream  Macli 
number  1 so  that  the  right-hand  side  of  equation  (39)  van- 
ishes and  if  XP  is  replaced  by  a constant,  the  resulting  relation 
given  by  equation  (39)  is  a linear  partial  differential  equation 
of  parabolic  type  that  is  familiar  from  the  study  of  one- 
dimensional unsteady  conduction  of  heat.  If  approximate 
solutions  for  flows  with  free-stream  Mach  number  1 are 
sought  in  this  way,  the  analysis  proceeds  through  considera- 
tions that  are  generally  applied  to  parabolic  differential 
equations,  and  is,  in  some  sense,  intermediate  between  the 
mixed  elliptic-hyperbolic  type  of  the  transonic  equation. 
The  idea  of  using  the  equation  for  heat  conduction  for  the 
study  of  transonic  flows  in  this  way  is  not  new,  but  apparently 
originated  with  Oswatitscli,  who  suggested  it  to  Behrbohm 
for  the  analysis  of  internal  flows  of  nozzles  (refs.  23  and  24) 
The  same  idea  has  been  applied  more  recently  by  Oswatitscli 
and  Keune  (refs.  25,  26,  and  27)  to  calculate  the  flow  around 
the  forepart  of  slender  bodies  of  revolution  at  free-stream 
Mach  number  1,  and  they  have  shown  that  the  results  are 
in  remarkable  agreement  with  those  measured  on  the  front 
half  of  a circular-arc  body  of  revolution.  Although  the 
parameter  XP  is  regarded  throughout  as  a constant,  and 
various  means  are  proposed  for  the  selection  of  an  appropriate 
value,  it  develops  that  the  numerical  result  for  the  pressures 
on  the  forward  part  of  typical  smooth  bodies  of  revolution 
depends  so  slightly  on  the  actual  choice  that  almost  any 
reasonable  value  can  be  used  for  XP. 

If  flows  with  free-stream.  Mach  number  different  from 
unity  are  considered  so  that  the  right-hand  side  of  equation 
(39)  remains,  and  if  XP  is  again  replaced  by  a constant,  the 
resulting  differential  equation  is  linear  and  is  of  elliptic  or 
hyperbolic  type  depending  on  whether  the  free-stream  Mach 
number,  rather  than  the  local  Mach  number,  is  less  than  or 
greater  than  unity.  Maeder  and  Thommen  (ref.  28)  have 
suggested  that  this  linearized  equation,  or  its  counterpart 
in  three  dimensions,  be  applied,  together  with  a new  and 
arbitral  rule  for  the  selection  of  a value  for  XP,  to  calculate 
the  pressure  distribution  on  complete  bodies  of  revolution 
and  on  airfoils  in  two-dimensional  flows.  The  selection  of 
an  appropriate  value  for  XP  is  much  more  critical  for  these 
problems  than  for  those  discussed  originally  by  Oswatitscli 
and  Keune,  however,  and  the  replacement  of  XP  by  a constant 
results  not  only  in  serious  loss  of  accuracy  in  many  applica- 
tions, but  also  in  loss  of  certain  essential  general  features  of 
the  solution.  In  general,  results  obtained  by  replacing  XP, 
or  du/dx,  with  a constant  appear  to  be  remarkably  accurate 
if  the  resulting  values  calculated  for  du/dx  are,  indeed,  nearly 
constant  over  most  of  the  chord.  If,  on  the  other  hand, 
du/dx  varies  substantially  over  the  chord,  no  choice  of  a 
single  value  for  XP  will  suffice  to  provide  a useful  result. 
This  point  is  developed  further  in  the  course  of  the  following 
discussion  and  in  the  Appendix.  Some  criticisms  of  the 
above  procedure,  although  principally  from  a different  point 
of  view,  have  appeared  in  a note  by  Miles  (ref.  29). 

In  the  present  analysis,  it  is  assumed  once  again  that  XP 
is  nonsingular  and  that  it  varies  sufficiently  slowly  that  it 
can  be  considered  as  a constant  in  the  initial  stages  of  the 
analysis  in  which  a nonlinear  ordinary  differential  equation 
is  established  for  u on  the  airfoil  surface.  The  final  result 


for  u is  determined  by  integration  of  this  differential  equation 
and  restores,  to  a large  degree,  the  effects  of  the  variation 
of  XP  along  the  chord.  The  result  for  the  first  stage  of  the 
analysis  requires  the  solution  of  equation  (39)  subject  to  the 
boundary  conditions  given  in  equation  (1)  and  can  be  ob- 
tained by  application  of  standard  procedures.  The  solution 
has  two  distinct  forms  depending  on  the  sign  of  XP.  The 
form  associated  with  positive  XP  is  appropriate  for  applica- 
tion to  regions  where  the  flow  is  accelerating,  whereas  that 
associated  with  negative  XP  may  be  appropriate  for  applica- 
tion to  regions  where  the  flow  is  decelerating.  The  analysis 
of  accelerating  flow  will  be  developed  first.  The  direct 
problem  in  which  the  airfoil  shape  is  specified  and  the  pres- 
sure distribution  is  sought,  and  the  inverse  problem  in  which 
the  pressure  distribution  is  specified  and  the  associated  air- 
foil shape  is  sought  are  discussed  for  each  case. 

ACCELERATING  FLOWS,  DIRECT  PROBLEMS 

Approximate  solution  of  equations  for  arbitrary  airfoil 
shape. — A relation  for  u at  the  airfoil  surface  derived  by 
consideration  of  equation  (39)  with  positive  XP,  the  boundary 
conditions  stated  in  equation  (1),  and  the  form  of  Green's 
theorem  associated  with  the  left  side  of  equation  (39)  (see 
Appendix)  is 


uP= 


d C*dZJd | i £>  f+»  p 

dxJo-Jx— \p  daj-*, ( 

u~_  r /dz\  4+  r*  vz/de  i 
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The  two  alternative  expressions  for  uP  are  completely  equiv- 
alent. The  first  is  more  concise  and  will  be  used  in  the 
following  equations,  but  the  second  is  often  somewhat  sim- 
pler to  evaluate.  If  the  free-stream  Mach  number  is  unit}7*, 
the  double  integral  vanishes  and  uP  can  be  calculated  directly. 
The  result  so  obtained  corresponds  to  that  found  by  appli- 
cation of  Maeder  and  Thommen’s  proposal  of  reference  28. 
(It  should  be  noted,  however,  that  the  general  expression  for 
<p  given  in  reference  28  is  incorrect  owing  to  improper  treat- 
ment of  plus  and  minus  signs.) 

If  the  free-stream  Mach  number  is  not  unity,  equation 
(40)  is  an  integral  equation,  and  it  might  appear  that  little 
progress  toward  a solution  has  been  made.  If  attention  is 
confined  to  the  vicinity  of  the  airfoil  and  to  Mach  numbers 
near  unity,  however,  it  is  only  necessary  to  approximate 
<p#  well  locally  and  it  is  sufficient  to  substitute  \P/k  for  ^ 
or  d u/d£  in  the  double  integral.  The  integral  can  then  be 
evaluated  and  the  following  relationship  results: 


u„  d ndz/dt  u 

MJi 7+1)  JfcdzJ 0 


(41) 


If,  once  again,  kux  is  restored  in  place  of  XP  so  that,  in  effect, 
the  local  value  is. used  at  each  point,  and  the  subscript  B on 
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u is  dropped,  a simple  nonlinear  ordinary  differential  equa- 
tion is  obtained  for  u 


(1  ~MJ)Ua 


Ua 


y+1)  A/ irk(dufdx ) dx 


C*  dZjdj 

Jo 


(42) 


Equation  (42)  can  be  written  in  the  following  form  upon 
rearranging  the  terms  and  squaring  both  sides. 


[* 
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As  in  the  other  cases,  equation  (43)  can  be  solved  readily  by 
separation  of  variables,  and  the  constant  of  integration  can 
be  evaluated  by  introduction  of  the  additional  condition 
that  equation  (41)  provides  the  correct  location  x=x*  for 
the  sonic  point,  or  point  where  u=  (1—  M<»2)  C7«/Mo>2(y+1)  . 
The  result  is 


(1  3 UJ 

7+1)  J irMJ(y+l) 


where  x*  is  the  value  for  x for  which 


I rm^o 
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(45) 


This  method  of  evaluation  of  the  constant  of  integration  is 
completely  analogous  to  that  employed  in  the  analysis  of 
subsonic  and  supersonic  flows,  and  is  necessary  in  the  analysis 
of  flows  with  free-stream  Mach  number  near  1 in  order  to 
avoid  infinite  pressure  gradients  at  the  point  of  sonic  velocity 
on  smooth  airfoils.  This  method,  moreover,  provides  a 
mechanism  for  the  introduction  of  direct  upstream  depend- 
ence on  airfoil  shape  in  the  subsonic  region,  and  its  exclusion 
in  the  supersonic  region.  The  corresponding  relation  for  the 
pressure  coefficient  Cp  is  obtained  by  combination  of  equa- 
tions (2)  and  (44)  and  is 


„ -2(1  -MJ)  or  3 
MJ{ 7+1)  7+1) 


(46) 


An  alternative  expression  in  terms  of  the  transonic  similarity 
parameter  is 
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(47) 


The  variation  of  CP  with  £«>  expressed  by  equation  (47)  is 
exact,  within  the  approximation  of  transonic  small  disturb- 
ance theory,  for  flows  with  free-stream  Mach  numbers  very 
near  unity,  and  is  associated  with  the  fact  that  the  local 


Figure  9. — View  of  single-wedge  airfoil  and  principal  dimensions. 


Macli  number  distribution  on  an  airfoil  is  independent  of 
the  free-stream  Mach  number  at  values  of  the  latter  near 
unity.  This  phenomenon  has  been  discussed  previously  in 
references  30,  31,  6,  and  elsewhere. 

Once  Cp  is  known,  the  pressure  drag  d can  be  readily 
calculated  by  use  of  the  following  relation 


(l 


Cd  = 


(48) 


Application  to  single-wedge  airfoils. — Sufficient  theoretical 
and  experimental  results  are  available  at  the  present  time  to 
provide  considerable  insight  into  the  accuracy  and  usefulness 
of  equation  (46)  or  (47).  The  shape  for  which  the  greatest 
amount  of  information  is  available  is  the  single-wedge 
profile  for  which  both  theoretical  and  experimental  pressure 
distributions  are  available.  Thus,  consider  a single-wedge 
profile  of  maximum  thickness  t and  chord  c/2  as  illustrated 
in  figure  9.  The  ordinates  of  the  airfoil  upper  surface  are 


Z=t^=rx  for  0<z<c/2  ^ 

Z=t/2=Tc/2  for  xj>cj2  J 

and  the  semiapex  angle  8 is  equal,  to  the  order  of  accuracy  of 
thin  airfoil  theory,  to  r.  Substitution  of  equation  (49)  for 
Z into  equations  (45)  and  (46)  provides  that  the  sonic  point 
is  at  the  shoulder  (x*=c/ 2)  and  that  the  pressure  distribution 
on  the  surface  of  the  wedge  at  free-stream  Mach  numbers 
near  1 is 


p _[MJ( 7+l)J* 
th 


Cp~ 2 (ir  ln  c/2) 


(50) 


A plot  of  the  results  for  Mach  number  1 is  shown  in  figure 
10  together  with  the  corresponding  theoretical  results  given 
by  Guderley  and  Yosliihara  in  reference  32.  Although  some 
approximations  are  introduced  in  the  course  of  the  latter 
analysis,  the  results  are  generally  regarded  as  virtually  an 
exact  solution  of  the  equations  of  transonic  small  disturbance 


x/c 


Figure  10. — Theoretical  and  experimental  pressure  distributions  for 
single-wedge  airfoils  at  free-stream  Mach  number  1. 
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Figure  11. — ‘Summary  of  other  theoretical  results  for  transonic  flow 
past  single-wedge  airfoils. 


theory.  Also  included  in  figure  10  are  experimental  results 
for  A/®  = 1 obtained  in  the  Langley  annular  transonic  wind 
tunnel  and  reported  by  Habel,  Henderson,  and  Miller  in 
reference  33. 

Since  the  comparisons  shown  in  figure  10  indicate  that 
equation  (50)  provides  an  approximate  solution  for  the  pres- 
sure distribution  on  a single-wedge  profile  at  — 1 that  is 
probably  satisfactory  for  most  purposes,  and  since  the  varia- 
tion of  Cp  with  £co  given  by  equation  (47)  or  (50)  is  exact, 
within  the  framework  of  transonic  small  disturbance  theory, 
at  Af»  = l,  the  principal  question  remaining  in  the  evaluation 
of  the  degree  of  approximation  afforded  by  use  of  equation 
(50)  is  to  define  the  range  of  £«,  or  Mach  number,  over 
which  it  applies.  Accordingly,  figure  11  has  been  prepared 
to  summarize  the  results  given  previously  by  Guderley  and 
Yoshihara  for  Mach  number  1 (ref.  32),  by  Vincenti  and 


Wagoner  for  Mach  numbers  slightly  greater  than  unity 
(ref.  34),  and  by  Yoshihara  for  Mach  numbers  slightly  less 
than  unity  (ref.  35).  The  latter  two  sets  of  results  were  ob- 
tained by  lengthy  numerical  calculations  and,  together  with 
the  results  for  Mach  number  1,  are  generally  regarded  as 
being  very  close  to  those  that  would  be  given  by  exact  solu- 
tions of  the  equations  of  transonic  small  disturbance  theory. 
The  results  are  plotted  in  terms  of  Cp— 2foo  so  that  the  pres- 
sure distributions  for  Mach  numbers  very  near  unity  should 
determine  a single  line.  It  can  be  seen  that  the  variation 
of  Cv  with  £®  indicated  by  equation  (47)  or  (50)  holds  until 
the  absolute  value  of  £®  is  nearly  one-half.  At  greater 
values,  the  results  begin  to  tend  toward  those  associated 
with  purety  subsonic  or  purely  supersonic  flows,  and  equa- 
tions (47)  and  (50)  are  no  longer  applicable. 

Experimental  measurements  of  the  flow  around  single- 
wedge profiles  at  free-stream  Mach  numbers  both  less  than 
and  greater  than  unity  have  been  made  by  Liepmann  and 
Bryson  and  reported  in  references  30  and  31.  Results  were 
obtained  for  three  different  profiles  having  semiapex  angles 
of  414°,  7%°,  and  10°.  Plots  of  the  experimental  pressure 
distributions  for  the  test  Mach  numbers  closest  to  unity  for 
each  profile  are  shown  in  figure  12  together  with  the  theo- 
retical pressure  distribution  calculated  by  use  of  equation 
(50).  Additional  experimental  data  for  other  Mach  numbers 
are  not  included  on  figure  12  since  those  shown  are  already 
for  values  of  that  are  somewhat  outside  the  range  of  valid- 
ity of  equation  (50).  Only  the  theoretical  results  given  by 
equation  (50)  are  included  since  examination  of  the  data 
reveals  that  these  results  differ  less  from  the  theoretical  re- 
sults shown  on  figure  11,  for  Mach  numbers  near  unity,  than 
the  experimental  curves  differ  from  either  set  of  theoretical 
curves,  or  even  than  the  experimental  curves  differ  among 
themselves.  Perhaps  the  most  prominent  discrepancy  is 
that  which  occurs  near  the  shoulder.  Theory  indicates  that 
sonic  velocity  (Cv— 2£a>  — 0)  occurs  at  the  shoulder,  whereas 
the  experimental  data,  particularly  that  of  Liepmann  and 
Bryson,  consistently  indicate  that  sonic  velocity  occurs  for- 
ward of  the  shoulder.  It  is  interesting  to  observe  that  this 
discrepancy  is  greatest  for  the  thinnest  airfoil  tested. 

The  foregoing  results  may  be  contrasted  with  those  ob- 
tained by  direct  use  of  equation  (41)  in  which  case  Cp— 2£ra 


x/c 


Figure  12. — Theoretical  and  experimental  pressure  distributions  for  three  single-wedge  airfoils  at  free-stream  Mach  numbers  near  1. 
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is  found  to  be  proportional  to  1 It  is  clear  from  this 

comparison  that  there  is  no  constant  with  which  can  be 
replaced  that  would  provide  a satisfactory  solution  for  the 
pressure  distribution  on  a single-wedge  airfoil  at  free-stream 
Mach  numbers  near  unity. 

The  pressure  drag  of  single-wedge  profiles  at  Mach  num- 
bers near  1 can  be  found  easily  by  integration  of  equation 
(48)  with  the  relations  given  by  equations  (49)  and  (50) 
substituted  for  Z and  Cp . The  result  is 


[M.-(,+l)r «m-Ci=2u+2(iy  r (|)=2S.+1.758  (51, 


where  r represents  the  gamma  function.  This  result  com- 
pares very  favorably  with  the  value  of  1.75  for  £w=0,  or 
Mach  number  1,  given  by  Cole  in  reference  36  as  that  ob- 
tained by  numerical  integration  of  the  pressure  distribution 
given  by  Guderley  and  Yoshihara  in  reference  32.  Cole’s 
own  theory  for  the  drag  of  a single-wedge  airfoil  at  high 
subsonic  speeds,  which  is  fundamentally  somewhat  less  ac- 
curate than  Guderley  and  Yoshihara’s  theory,  gives  the  value 
1.67  for  £<0  = 0. 

Application  to  biconvex  circular-arc  airfoils. — In  addition 
to  data  for  three  single-wedge  profiles,  Bryson  also  gives  in 
reference  30  experimental  results  for  transonic  flow  around 
the  front  half  of  an  8.8-percent  thick  biconvex  circular-arc 
airfoil  followed  by  a straight  section  as  illustrated  in  figure 
13.  Since  the  pressure  distribution  on  the  curved  portion 


z 


Figure  13. — View  of  a balf-circular-arc  airfoil  and  principal  dimensions. 

of  this  profile  is  the  same  at  Mach  numbers  near  unity  as 
that  on  the  front  half  of  a complete  circular-arc  airfoil  having 
the  same  thickness  ratio,  and  additional  experimental  data 
are  available  for  the  latter  airfoil  although  for  other  thickness 
ratios,  the  following  analysis  is  developed  for  a complete 
biconvex  circular-arc  airfoil.  It  is  moreover  sufficient,  in 
thin  airfoil  theory,  to  approximate  the  ordinates  Z for  a cir- 
cular-arc airfoil  by  those  for  a parabolic-arc  airfoil,  thus 


where  r is  the  thickness  ratio  as  indicated  in  figure  14.  Sub- 
stitution of  this  relation  for  Z into  equations  (45)  and  (47) 
yields  the  following  result  for  the  pressure  distribution  on 
the  airfoil  surface. 

p.-« 

8f+8(f),+!]}'"  (53) 


Figure  14. — View  of  a complete  circular-arc  airfoil  and  principal 

dimensions. 

Figure  15  shows  a comparison  of  the  pressure  distributions 
for  Mach  numbers  near  unity  calculated  by  use  of  equation 
(53)  with  those  obtained  from  Bryson’s  experiments  with 
the  half  airfoil.  As  for  the  single-wedge  profile,  the  results 
are  again  plotted  in  terms  of  since  experimental 

results  are  available  only  for  Mach  numbers  somewhat 
different  from  unity.  It  can  be  seen  by  comparison  of  fig- 
ures 12  and  15  that  the  theoretical  and  experimental  results 
are  in  much  better  agreement  for  the  front  half  of  a circular - 
arc  airfoil  than  for  single-wedge  profiles.  Experimental 
pressure  distributions  for  transonic  flow  past  four  complete 
biconvex  circular- arc  airfoils  having  thickness  ratios  of  6,  8, 
10,  and  12  percent  have  been  given  by  Michel,  Marchaud, 
and  Le  Gallo  in  reference  37.  Their  results  for  Mach  num- 
ber 1 are  plotted  in  figure  16  together  with  the  theoretical  re- 
sults calculated  by  use  of  equation  (53).  These  results  are 
presented  in  terms  of  Cv  because  transonic  theory  indicates 
that  the  pressure  distributions  for  all  four  airfoils  should  then 
define  a single  curve  independent  of  the  thickness  ratio.  Re- 
sults for  Mach  numbers  other  than_unity  are  not  included  on 
this  plot  because  the  variation  of  Gp  with  for  small  in- 
dicated by  equation  (47)  and  subsequent  relations  is  not  only 
simple  but  is  amply  verified  by  the  preceding  comparisons 


Figure  15. — Theoretical  and  experimental  pressure  distributions  for 
half-circular-are  airfoils  at  free-stream  Mach  numbers  near  1. 
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Figure  16. — Theoretical  and  experimental  pressure  distributions  for 
circular-arc  airfoils;  Mm  = 1. 


such  accuracy,  and  intervals  as  small  as  0.00005c  were  used 
in  some  cases. 

Application  to  a family  of  airfoils  having  the  point  of 
maximum  thickness  displaced  aft  of  the  midchord  station. — 

The  primary  object  of  this  present  section  is  to  present  some 
comparisons  of  calculated  and  measured  pressure  distribu- 
tions at  Mach  number  1 on  a number  of  specific  airfoils  that 
have  the  point  of  maximum  thickness  aft  of  the  midchord 
station.  The  experimental  data  are  from  reference  39  by 
Michel,  Marchaud,  and  Le  Gallo,  and  are  for  members  of 
the  family' of  airfoils  having  ordinates  given  by 


where  A and  n are  constants  for  each  airfoil  and  n is  greater 
than  unity.  The  values  selected  for'  A and  n determine  the 
thickness  ratio  r and  the  location  (x/c)Ztnax  of  the  point  of 
maximum  thickness  according  to  the  relations 


i 


and  by  similar  discussions  elsewhere  in  the  literature  of  tran- 
sonic flow.  It  can  be  seen  that  the  theoretical  and  experi- 
mental results  are  in  substantial  agreement.  The  most 
notable  discrepanc}7  is  that  found  near  the  trailing  edge,  and 
can  be  attributed  to  flow  separation  induced  by  boundary- 
layer  shock-wave  interaction.  It  can  also  be  seen  that  the 
agreement  between  theory  and  experiment  is  not  so  good  for 
the  complete  airfoils,  particularly  the  thinner  ones,  as  for  the 
half  airfoil.  Part  of  the  discrepancy  for  the  complete  airfoils 
may  possibly  be  attributed  to  the  experimental  technique  in 
which  the  airfoil  is  simulated  by  a bump  on  the  tunnel  wall 
and  is  hence  imbedded  in  the  wall  boundary  layer.  Some 
comments  on  this  method  of  testing  have  been  given  recently 
by  Carroll  and  Anderson  in  reference  38. 

The  pressure  drag  of  circular-arc  airfoils  at'Mach  numbers 
near  1 has  been  found  by  numerical  integration  of  equation 
(48)  with  the  relations  given  by  equations  (52)  and  (53) 
substituted  for  Z and  CP  and  is 


[Mj(y+l)Y#cd-  , 7? 

5/3  — *k.U 


(54) 


The  pressure  drag  of  the  front  half  can  be  evaluated  in  the 
same  way  by  changing  the  upper  limit  in  equation  (48)  to 
c/2  and  is 

Cd=2fm  + 1.13  (55) 

The  integrations  required  to  determine  the  drag  results 
given  in  equations  (54)  and  (55)  were  evaluated  numerically 
using  Simpson’s  rule  together  with  an  analytic  determination 
of  the  contribution  of  the  region  in  the  immediate  vicinity 
of  the  leading-edge  singularity.  Sufficiently  fine  intervals 
were  used  that  the  resulting  values  are  estimated  to  be  ac- 
curate to  within  about  one  digit  in  the  third  significant 
figure,  as  judged  by  comparison  with  the  results  of  similar 
calculations  made  with  wider  intervals.  It  is  necessary  to 
use  very  fine  intervals,  particularly  near  the  nose,  to  achieve 


r=2^1 


1 n ~~ 

Ziy-1  / ly-1  _2A(n—\) 

\n)  \nj  _ nn/(n-l) 


(58) 


The  biconvex  circular-arc  airfoils  discussed  in  the  preceding 
section  are  special  cases  of  the  present  family  that  corre- 
spond to  n= 2.  The  point  of  maximum  thickness  is  located 
forward  or  aft  of  the  midchord  station  depending  on  whether 
n is  less  than  or  greater  than  2.  The  particular  airfoils 
tested  by  Michel,  Marchaud,  and  Le  Gallo  are  special  cases 
that  correspond  to  either  ^=3.38  or  6.05  and  have  the  point 
of  maximum  thickness  at  0.60  or  0.70  chord.  As  in  the 
earlier  work  by  the  same  investigators  on  biconvex  circular- 
arc  airfoils,  the  results  were  obtained  by  simulating  the  air- 
foil by  a bump  on  the  tunnel  wall  and  are  again  subject  to 
criticism  regarding  the  influence  of  the  wall  boundary  layer. 

Substitution  of  equation  (56)  for  Z into  equations  (45) 
and  (46)  yields  the  following  result  for  the  pressure  distribu- 
tion on  the  airfoil  surface  for  Mach  number  near  unity: 
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where  r represents  the  gamma  function.  If  m is  any  posi- 
tive integer  greater  than  unit}-,  the  following  relations  are 
useful  for  evaluation  of  the  gamma  function: 
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I* (TO) =1-2.3  • • • (TO— 1)=(TO— 1)!,  r(l/2)  = ^'| 
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(60) 


Substitution  of  n= 2 in  equation  (59)  reproduces  equation 
(53)  for  the  pressure  distribution  on  biconvex  circular-arc 
airfoils  as  a special  case.  Equation  (50)  for  the  pressure 
distribution  on  a single-wedge  airfoil  can  also  be  obtained 
as  a limiting  case  by  setting  n—  oo  and  noting  that  the  chord 
of  the  wedge  is  designated  here  as  c rather  than  c/2.  Theo- 
retical pressure  distributions  on  the  airfoils  tested  by  Michel, 
Marchaud,  and  Le  Gallo  are  obtained  from  equation  (59) 
by  substitution  of  the  values  3.38  and  6.05  for  n.  Figures  17 
and  18  show  comparisons  of  the  theoretical  and  experimental 
pressure  distributions  for  Mm  = 1 for  the  two  groups  of  air- 
foils. Except  for  the  discrepancy  near  the  trailing  edge 
which  can  again  be  attributed  to  boundary-layer  shock-wave 
interaction,  it  can  be  seen  that  the  theoretical  and  experi- 
mental results  are  in  at  least  qualitative  agreement.  Some 
differences  occur,  however,  in  the  levels  of  the  pressure  dis- 
tribution curves.  Comparison  with  the  results  for  the 
circular-arc  airfoils  shown  in  figure  16  reveals  that  the  same 
trend  is  in  evidence  for  those  airfoils,  although  to  a lesser 
degree,  and  that  the  difference  between  the  theoretical  and 
experimental  results  increases  as  the  point  of  maximum 
thickness  moves  rearward.  It  is  not  clear  at  the  present 
time  whether  this  discrepancy  is  to  be  attributed  principally 
to  the  shortcomings  of  the  theoretical  or  the  experimental 
results. 

Application  to  a family  of  airfoils  having  the  point  of 
maximum  thickness  forward  of  midchord  station. — The  test 
program  of  Michel,  Marchaud,  and  Le  Gallo  reported  in 
reference  39  and  discussed  in  the  preceding  section  also 
included  tests  of  each  of  the  airfoils  reversed  in  the  wind 


Figure  18. — Theoretical  and  experimental  pressure  distributions  for 
airfoils  having  maximum  thickness  at  0.70  chord:  Mm  = 1. 


tunnel  so  that  the  point  of  maximum  thickness  is  located 
forward  of  the  midchord  station.  The  particular  airfoils 
tested  are  thus  specific  cases  of  the  family  of  profiles  de- 
scribed by  equation  (56)  with  x/c  replaced  by  1 — (x/c) ; that 
is,  the  ordinates  are 

<«> 


Figure  17. — Theoretical  and  experimental  pressure  distributions  for 
airfoils  having  maximum  thickness  at  0.60  chord;  M00  = 1. 


where  A and  n are  again  constants  for  each  airfoil  and  n is 
greater  than  unity.  The  values  selected  for  A and  n de- 
termine the  thickness  ratio  r and  the  location  (%lc)Zmax  of 
the  point  of  maximum  thickness  according  to  the  relations 


(62) 


2A(n-l) 

T nn/(n-l) 


(63) 


Biconvex  circular-arc  airfoils  are  special  cases  of  the  present 
family  that  correspond  to  n=2.  The  point  of  maximum 
thickness  is  located  forward  or  aft  of  the  midchord  station 
depending  on  whether  n is  greater  or  less  than  2.  The 
particular  airfoils  tested  by  Michel,  Marchaud,  and  Le 
Gallo  are  special  cases  that  correspond  to  either  ?i=3.38  or 
6.05  and  have  the  point  of  maximum  thickness  at  0.40  or 
0.30  chord. 

Since  the  integrations  encountered  when  equation  (61) 
is  substituted  in  equations  (45)  and  (46)  for  the  determination 
of  Cp  are  more* difficult  than  those  encountered  in  any  of 
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the  preceding  examples,  no  general  formula  will  be  given 
for  arbitrary  n.  Two  formulas  of  more  restricted  generality 
are  given,  however.  One  is  applicable  when  n is  any  integer 
greater  than  unity,  the  other  when  n is  one-half  plus  any 
positive  integer.  The  first  is 


1/31 
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where  the  symbol  |[*  is  used  to  denote  the  difference  between 
the  preceding  expression  with  first  x and  then  x*  substituted 
for  x,  that  is, 


/(z) 


**=/(*)-/(*•) 


where  x*,  the  location  of  the  sonic  point,  is  found  from 
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and  T refers  again  to  the  gamma  function.  The  second  is 
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where  5= y — y->  ancl  F(^)=-~y- 

M-s)  rH) 

Attention  is  called  to  the  fact  that  v and  p are  positive 
integers  so  that  when  n=(3/2)  all  the  summations  drop  out. 

Again  x*  is  the  location  of  the  sonic  point  and  it  is  found 
from 


n—\  — B 


l-hy/x*/c 
1 —y/x*/c 


Substitution  of  ti=2  in  equation  (64) ‘again  reproduces 
equation  (53)  for  the  pressure  distribution  on  biconvex 
circular-arc  airfoils.  Figures  19  and  20  show  comparisons  of 
the  pressure  distributions  measured  at  Mach  number  1 by 
Michel,  Marcliaud,  and  Le  Gallo  with  those  calculated  by 
use  of  equations  (64)  and  (65).  The  experimental  results 
shown  in  sketch  (s)  are  for  airfoils  that  have  the  point  of 
maximum  thickness  located  at  0.40  chord  corresponding  to 
a value  for  n of  3.38.  Since  results  could  not  be  calculated 
analytically  for  this  value  for  ti,  theoretical  results  are  shown 
for  both  n=3.0  and  n = 3.5.  The  corresponding  locations  for 
the  point  of  maximum  thickness  can  be  readily  calculated 
using  equation  (62)  and  are  0.423  and  0.394  chord.  Simi- 
larly, the  experimental  results  shown  in  figure  20  are  for  an 
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Figure  19. — Theoretical  and  experimental  pressure  distributions  for 
airfoils  having  maximum  thickness  near  0.40  chord  ; Mm  = 1. 


problem  in  many  engineering  situations  is  the  design  of  an 
airfoil  to  have  a specified  pressure  distribution  at  a given 
Mach  number.  This  poses  no  new  problem  in  the  analysis 
of  purely  subsonic  or  purely  supersonic  flows  by  the  present 
methods  because  the  specification  of  Cv  permits  the  deter- 
mination of  CPL  through  application  of  equation  (31)  or  (17), 
and  the  inversion  problem  is  reduced  to  the  familiar  inversion 
problem  of  linear  theory.  The  necessary  relation  for  flows 
with  free-stream  Mach  number  near  1 can  be  derived  from 
consideration  of  equation  (42)  as  an  integral  equation  in 
which  u and  du/dx  are  given  and  the  unknown  appears  in 
the  integrand  of  a definite  integral.  This  equation  can  be 
inverted  readily  since  it  has  the  same  form  as  the  relation 
encountered  in  the  solution  of  Abel’s  integral  equation  (see, 
e.  g.,  ref.  40,  pp.  483-484).  The  inversion  thus  has  the 
form  of  Abel’s  integral  equation,  and  is  the  following  in  the 
present  application: 


d,Z_  1 /k  fx  T [du  d£ 

dx  I/.VtJo  r MJ(y+D  JV^A/^=i 


(66) 


x/c 


Figure  20. — Theoretical  and  experimental  pressure  distributions  for 
airfoils  having  maximum  thickness  at  0.30  chord:  Mm  — 1. 

airfoil  that  has  the  point  of  maximum  thickness  located  at 
0.30  chord  corresponding  to  a value  for  n of  6.05;  whereas 
the  theoretical  results  are  for  airfoils  that  have  the  point  of 
maximum  thickness  located  at  0.301  chord  corresponding  to 
a value  for  n of  6.00.  These  results  continue  the  trend  noted 
in  the  preceding  section  that  the  agreement  between  the 
present  experimental  and  theoretical  results  improves  as  the 
location  of  the  point  of  maximum  thickness  moves  forward 
along  the  chord.  The  principal  discrepancy  remaining  is,  in 
fact,  reduced  to  that  near  the  trailing  edge  associated  with 
boundary-layer  shock-wave  interaction,  and  is  therefore 
beyond  the  scope  of  any  inviscid  theory. 

ACCELERATING  FLOWS.  INVERSE  PROBLEMS 

Approximate  solution  of  equations  for  given  pressure 
distribution. — Although  all  of  the  preceding  discussion  is 
concerned  with  the  calculation  of  the  pressure  distribution 
on  an  airfoil  of  specified  geometry,  an  equally  important 


The  desired  relation  for  the  ordinates  Z(x)  of  the  airfoil  can 
now  be  found  by  a second  integration,  and  is  the  following 
if  it  is  assumed  that  Z is  zero  at  the  leading  edge  (x— 0). 
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where  Z*  is  the  ordinate  at  the  point  x*  where  u is  zero.  It 
is  interesting  to  note  that  the  two  alternative  expressions  for 
Z lead  to  identical  results  although  the  apparent  regions  of 
dependence,  as  indicated  by  the  limits  on  the  integrals,  are 
quite  different.  The  same  result  expressed  in  terms  of 
Cp  or  Cv  is 
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or 
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A simple  application^ or  check  of  these  relations  is  furnished 
by  substitution  for  Cv  of  the  relation  given  in  equation  (50) 
for  single-wedge  profiles,  whence  Z is  found  to  be  equal  to 
Ox  between  z=0  and  x—cj 2.  In  the  same  way,  substitution 
of  equation  (53)  for  C>v  leads  directly  to  equation  (52)  for 
the  ordinates  of  a circular-arc  airfoil,  etc. 

Application  to  airfoils  with  constant  pressure  gradient. — 
An  example  that  permits  an  additional  comparison  with  an 
existing  theoretical  result  given  by  Guderley  in  reference  41, 
is  furnished  by  consideration  of  the  problem  of  determining 
the  shape  of  an  airfoil  having  a constant  negative  pressure 
gradient  at  M„  — 1,  thus 
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Figure  21. — Shape  of  the  forward  part  of  an  airfoil  having  a constant 
pressure  gradient  at  free-stream  Mach  number  1,  as  indicated  by 
present  theory  and  by  Guderley. 


where  A =—dCp/d(x/c)  is  a positive  constant.  Substitution 
of  this  relation  for  Cp  in  equation  (68)  and  integration  leads 
directly  to  the  following  result: 


Z_ 2 /r+l 
c 3 V 2tt 


(71) 


The  special  case  considered  by  Guderley  is  obtained  b}7 
insertion  of  the  values  x */c= 3/4  and  A=6/5,  whence  equation 
(71)  reduces  to 


Z 
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l-^yi 

lo  c J _ 
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Figure  21  shows  a scale  drawing  of  the  profile  calculated  by 
use  of  equation  (72)  and  of  that  given  by  Guderley.  It  is 
evident  from  the  sketch  that  the  present  theory  indicates 
larger  values  for  the  ordinates  Z than  are  given  by  Guderley. 
Although  the  latter  results  are  given  only  in  graphical  form, 
and  are  hence  difficult  to  determine  with  precision,  the 
two  sets  of  values  for  Z appear  to  be  related  by  a constant 
ratio  of  approximately  9 to  8. 6 

The  case  considered  by  Guderley  and  discussed  above 
results  in  a shape  that  does  not  close  at  the  stern.  It  can  be 
seen  immediately  from  equation  (71),  however,  that  a closed 
airfoil  will  result  if  x*jc  is  equated  to  2/5,  in  which  case 
equation  (71)  reduces  to 

fW^Kro-o]  ™ 

A plot  of  the  results  is  shown  in  figure  22. 


x/c 

Figure  22. — Shape  of  complete  airfoil  having  a constant  pressure 
gradient  at  free-stream  Mach  number  1. 

6 This  conclusion  is  confirmed  by  a new  solution  in  closed  analytic  form  given  by  Guderley 
on  page  239  of  his  book  “Thcorie  Schallnaher  Stromungen"  published  by  Springer- Vcrlag 
in  1957.  Guderley's  result  has  the  same  functional  form  as  equation  (72),  but  the  coefiicient 
in  the  latter  result  is  greater  by  a factor  2/  Vjt~  9.027/8,  after  correcting  an  obvious  slip  in 
Guderley's  final  equation. 


DECELERATING  FLOWS 

Although  it  is  clear  that  the  preceding  relations  are  not 
appropriate  for  the  analysis  of  flows  with  free-stream  Mach 
number  near  1 that  decelerate  smoothly  through  sonic 
velocity,  it  might  appear  that  the  proper  expressions  could 
be  derived  by  formal  application  of  the  procedures  described 
in  the  preceding  section  for  positive  AP  to  the  approximate 
solution  of  equation  (39)  for  negative  XP.  The  analysis 
leads,  in  the  absence  of  contributions  from  shock  waves,  to 
the  following  relation  for  u at  the  airfoil  surface  instead 
of  equation  (40) 


u » d rcdZ/dt  . 1 d 

V — irkpdxjz  -\/| — x \ p dx 


(74) 


where 

V- pHr-fR-i 

J 


The  principal  difference  between  the  results  for  the  two 
cases  is  that  the  value  of  u(x)  indicated  by  equation  (74) 
depends  on  conditions  downstream  of  the  point  x , whereas 
that  indicated  by  equation  (40)  for  positive  AP  depends  on 
conditions  upstream  of  x.  This  difference  is  a fundamental 
property  of  equation  (39)  and  necessitates  a change  in  the 
argument  required  to  disregard  additional  contributions 
from  shock  waves,  because  now  it  is  the  oblique  shock  waves 
situated  downstream,  rather  than  upstream  of  x , that 
furnish  a contribution  to  u(x ).  If,  however,  there  are  no 
oblique  shock  waves  downstream  of  x}  or  if  the  contributions 
resulting  from  additional  integrals  over  the  shock  surfaces 
are  disregarded  so  that  equation  (74)  can  be  used  as  a 
starting  point  in  the  analysis,  the  following  result  is  obtained 
by  proceeding  in  a fashion  analogous  to  that  employed  in 
the  derivation  of  equation  (47)  from  (40) : 


Cp— 2£00+2 


The  symbol  x*  again  refers  to  the  location  of  the  sonic  point 
and  is  equal  to  the  value  for  x for  which 


d_  rcdZ/d£ 
(Lx  € J x ^ j £ — x 


d^O 


(76) 


The  corresponding  relation  for  the  shape  of  an  airfoil  asso- 
ciated with  a given  pressure  distribution  at  some  free-stream 
Mach  number  near  unity  can  also  be  found  and  is  the  follow- 
ing, again  assuming  that  Z is  zero  at  the  leading  edge: 


z-—l.  r*. 

2y  271"  J o •szl  -yf  £ — X\ 


(77) 


No  further  use  is  made  in  this  paper  of  equations  (74) 
through  (77)  for  decelerating  flows  at  free-stream  Mach 
numbers  near  1.  As  will  become  more  evident  at  a later 
point  in  the  present  discussion,  it  would  appear  necessary  to 
use  such  formulas  for  the  analysis  of  flows  decelerating 
through  sonic  velocity,  but  the  region  of  dependence  in  these 
relations  is  such  as  either  to  cast  suspicions  on  their  appli- 
cability or  to  require  the  occurrence  of  exceptional  coinci- 
dences. On  the  other  hand,  two-dimensional  flows  that 
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decelerate  smoothly  through  sonic  velocity  appear  to  be  very 
exceptional  physically.  Further  investigation  is  needed 
before  additional  remarks  can  be  made  regarding  the  role  of 
the  parabolic  case  with  negative  \P  in  the  analysis  of  tran- 
sonic flows. 

The  next  section  will  be  concerned  with  an  alternative 
analysis  of  certain  cases  in  which  decelerating  flows  occur. 

COMBINATION  OF  ACCELERATING  AND  DECELERATING  FLOWS 

The  calculation  of  the  pressure  distribution  at  Mach 
numbers  near  1 on  an  airfoil  having  such  a shape  that  the 
velocity  increases  over  part  of  the  chord  and  decreases  over 
the  remainder  cannot  be  accomplished  by  direct  application 
of  any  of  the  relations  developed  in  the  preceding  sections. 
On  the  one  hand,  the  parabolic  method  described  for  flows 
with  free-stream  Mach  number  near  1 permits  the  analysis 
of  flows  that  pass  through  sonic  velocity,  but  fails  when  the 
velocity  gradient  is  zero.  On  the  other  hand,  the  elliptic 
and  hyperbolic  methods  described  for  subsonic  and  super- 
sonic flows  permit  the  analysis  of  flows  with  zero  velocity 
gradient,  but  fail  if  the  local  velocity  is  sonic.  The  break- 
down in  each  case  is  associated  with  the  fact  that  the  basic 
partial  differential  equation  for  each  case,  that  is,  equation 
(8),  (21),  or  (39),  assumes  a degenerate  form  when  X is  zero. 
Such  cases  are,  nevertheless,  interesting  and  important  since 
they  can  occur  in  practical  applications,  and  the  present 
section  is  concerned  with  their  discussion.  The  procedure 
adopted  is  based  on  the  idea  of  joining  together  various  of 
the  results  derived  in  the  preceding  sections  in  such  a way 
that  the  failings  associated  with  vanishing  X are  avoided, 
rather  than  on  a complete  re-analvsis  of  the  problem  from  a 
sufficiently  general  point  of  view  to  encompass  the  entire 
problem  in  a single  sweep. 

In  order  to  fix  the  ideas,  consider  the  problem  of  calcu- 
lating the  pressure  distribution  at  Mach  number  1 on  the 
airfoil  with  cusped  trailing  edge  illustrated  in  figure  23  for 
which  experimental  data  are  available  from  reference  42  by 
Michel,  Marchaud,  and  Le  Gallo.  The  front  half  of  this 
airfoil  is  the  same  as  that  of  a biconvex  circular-arc  airfoil 
having  a thickness  ratio  of  0.10,  but  the  rear  half  is  shaped 
in  such  a manner  that  an  inflection  point  is  located  at  0.75 
chord  and  that  the  trailing  edge  angle  is  zero.  The  ordinates 
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Figure  24. — Chordwise  variation  of  ordinate,  Z,  and  slope, 
the  rear  half  of  the  airfoil  shown  in  figure  23. 
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and  slopes  of  the  rear  half  of  this  airfoil  are  shown  graphically 
in  figure  24.  No  analytic  expression  is  given  in  reference  42 
for  the  ordinates  of  the  rear  half. 

The  pressure  distribution  on  the  front  part  of  the  airfoil, 
where  the  passage  through  sonic  velocity  occurs  can  be 
calculated  by  use  of  equations  (45)  and  (46),  since  it  does 
not  depend  on  the  shape  of  the  rear  half  of  the  airfoil.  This 
means  that  the  pressure  distribution  on  the  front  half  of 
the  airfoil  described  above  is  given  specifically  by  equation 
(53)  for  xjc  between  0 and  %.  It  is  clear  that  the  pressure 
distribution  on  the  entire  rear  half  of  the  airfoil  cannot  be 
determined  by  use  of  equations  (45)  and  (46)  because  the 
results  so  calculated  indicate  a point  of  zero  pressure  gradient 
in  the  vicinity  of  the  inflection  point.  Although  this  detail, 
in  itself,  is  not  incorrect,  it  signals  the  breakdown  of  the 
parabolic  method  that  occurs  when  X is  zero.  Positive 
evidence  of  the  breakdown  is  provided  by  the  fact  that  the 
calculated  pressures  decrease  downstream  of  the  point  of 
zero  pressure  gradient  rather  than  increase  as  indicated  by 
the  experimental  data  shown  on  sketch  (w)  or  by  simple 
considerations  of  supersonic  flow.  These  results,  further- 
more, cannot  be  joined  to  those  obtained  by  use  of  equations 
(75)  and  (76)  for  the  part  of  the  airfoil  dowristream  of  the 
point  of  zero  pressure  gradient  because  the  two  sets  of  equa- 
tions do  not  indicate  the  same  location  for  this  point.  This 
situation  should  not  be  too  surprising  since  the  procedures 
should  not  be  expected  to  fail  abruptly  when  X is  precisely 
zero,  but  gradually  as  X approaches  zero. 

There  exists  another  possibility  for  the  determination  of 
the  pressure  distribution  on  the  rear  half  of  the  present  airfoil 
by  joining  together  solutions.  It  is  to  use  the  formulas 
developed  for  supersonic  flow,  but  with  the  final  constant 
of  integration  adjusted  so  that  the  pressure  is  equal,  at  the 
point  of  connection,  to  that  given  by  the  solution  for  the  for- 
ward part  of  the  airfoil.  This  procedure  corresponds  to  the 
use  of  simple  wave  theory  for  the  calculation  of  the  difference 
in  pressure  between  an  arbitrary  point  on  the  rear  of  the  air- 
foil and  the  point  of  connection.  In  this  way,  the  following 
equation  results  for  the  pressures  on  the  rear  of  the  airfoil  at 
Mach  numbers  near  unity: 


Cp- 2£ro  = - 


_(6’,(A0  2^)J2— 1 [Z'(x)  Z'(X)]  j2/3 


(78) 


where  Z'  refers  to  dZjdx , and  Ov{ X)  is  the  value  of  Cv  at 
x—X. 


Figure  23. — Experimental  pressure  distribution  for  an  airfoil  with 
cusped  trailing  edge;  Mm=l. 
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The  most  convenient  point  for  joining  the  two  solutions 
in  the  application  described  in  figures  23  and  24  is  at  x/c= 
0.50.  Then  the  pressures  on  the  forward  half  of  the  airfoil 
can_be  calculated  directly  by  use  of  equation  (53),  the  values 
of  ( CPX ) and  Z'(X ) are 

CP(X)  = CV(£)= 2f„-2[£  (-1+1*4)  J*,  Z'(|)=0  (79) 


and  the  following  expression  results  for  the  pressures  on  the 
rear  half  of  the  airfoil  at  Mach  numbers  near  unity: 

o,-iM-‘(y)i‘"  c»=2S.-2[^<-i+i»4)-!g ]” 

(80) 


Figure  25  shows  a comparison  of  the  experimental  pressure 
distribution  for  Mach  number  1 given  by  Michel,  Marchaud, 
and  Le  Gallo  in  reference  42  and  the  corresponding  theo- 
retical values  calculated  using  equations  (53)  and  (80) 
together  with  the  values  for  dZjdx  given  in  figure  24.  The 
theoretical  and  experimental  results  bear  about  the  same 
relationship  to  each  other,  as  those  shown  previously  for 
biconvex  circular-arc  airfoils  although  effects  of  boundary- 
layer  shock-wave  interaction  extend  over  a larger  fraction 
of  the  chord  of  the  cusped  airfoil.  This  difference  is  in 
agreement  with  the  results  obtained  from  schlieren  photo- 
graphs and  given  in  reference  42  that  indicate  that  the  shock 
wave  meets  the  airfoil,  at  Mach  number  1,  at  78-percent 
chord  for  the  cusped  airfoil  and  at  95-percent  chord  for  the 
biconvex  circular-arc  airfoil  of  the  same  thickness  ratio. 

It  is  apparent  that  the  pressures  computed  over  the  rear 
half  of  the  airfoil  by  using  equation  (80)  will  tend  to  be 
somewhat  too  negative  because  the  use  of  this  relation  cor- 
responds to  the  use  of  simple  wave  theory  and  hence  dis- 
regards the  influence  of  a family  of  incoming  compression 
waves  arising  from  the  sonic  line.  Some  idea  of  the  magni- 
tude of  this  effect  can  be  gained  by  examination  of  figure  2G 
which  shows  a comparison  of  the  pressure  distribution  on 
biconvex  circular-arc  airfoils  at  Mach  number  1 calculated 
using  equation  (53)  for  the  entire  airfoil,  with  those  calcu- 
lated using  equation  (78)  for  various  fractions  of  the  chord. 


X/C 

Figure  25. — Theoretical  and  experimental  pressure  distribution  for 
the  airfoil  shown  in  figure  23;  Ma>  = \. 


Figure  26. — Comparison  of  pressure  distributions  for  the  rear  part  of 
a circular-arc  airfoil  as  indicated  by  the  parabolic  and  hyperbolic 
methods;  M „ = !. 


A further  example  involving  accelerating  and  decelerat- 
ing flows  at  Mach  number  1 is  furnished  by  examining  the 
case  of  the  sj^mmetrical  double-wedge  airfoil  of  arbitrary 
thickness  ratio  for  which  a solution  has  been  given  by 
Guderley  and  Yoshihara  in  reference  32.  Figure  27  shows 
a plot  of  their  result  together  with  the  corresponding  result 
calculated  by  the  procedures  described  above.  The  result 
for  0<z<c/2  is  calculated  by  use  of  equation  (50).  That 
for  c/2<z<c  is  calculated  by  use  of  the  following  _equation 
which  is  obtained  from  equation  (78)  by  equating  CV(X)  to 
0,  Z\X)  to  r,  and  Z'(x)  to  — r. 

Cp=-  2(3)2/3  (81) 

The  difference  between  the  two  pressure  distributions  on 
the  rear  half  of  the  airfoil  is  again  the  result  of  the  neglect, 


Figure  27. — Comparison  of  the  pressure  distributions  for  a double- 
P wedge  airfoil  as  indicated  by  the  present  theory  and  by  Guderley 
F and  Yoshihara;  M00  = 1. 
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in  the  present  analysis,  of  the  contribution  of  the  family  of 
incoming  compression  waves  arising  from  the  sonic  line. 

It  is  evident  from  these  three  examples  that  the  present 
procedure  of  joining  solutions  is  capable  of  yielding  results 
that  are  at  least  qualitatively  correct  and  that,  although 
somewhat  greater  accuracy  is  undoubtedly  desired,  this 
procedure  may  be  useful  until  such  time  as  a more  general 
analysis  of  accelerating-decelerating  flows  is  accomplished. 

COMPARISON  OF  RESULTS  FOR  MACH  NUMBER  1 WITH 
THOSE  FOR  OTHER  MACH  NUMBERS 

The  remainder  of  this  report  is  concerned  with  the  discus- 
sion of  some  selected  examples  that  illustrate  the  relation 
between  results  for  Mach  number  1 and  those  for  other 
Mach  numbers.  This  discussion  is  divided  into  two  parts. 
The  first  is  concerned  with  comparisons  of  pressure  distri- 
butions on  the  same  airfoil  at  different  Mach  numbers,  and 
the  second  with  pressure  drag. 

PRESSURE  DISTRIBUTION 


Attention  is  directed  in  this  section  to  comparisons,  for  a 
number  of  airfoils,  of  the  theoretical  pressure  distribution 
for  Mach  number  1 with  that  for  the  highest  Mach  number 
for  purely  subsonic  flow  and  that  for  the  lowest  Mach  num- 
ber for  purely  supersonic  flow.  Pressure  distributions  for 
these  two  Mach  numbers,  designated  more  briefly  as  the 
lower  and  upper  critical  Mach  numbers,  respectively,  are 
of  particular  significance  not  only  because  they  represent 
the  results  associated  with  the  bounds  of  the  transonic 
range,  but  also  because  they  are  typical  of  the  pressure 
distributions  for  all  purely  subsonic  or  purely  supersonic 
flows.  All  of  the  theoretical  results  shown  are  calculated 
by  application  of  the  general  expressions  derived  in  the 
present  paper.  The  results  for  Mach  number  1 are  the 
same  as  discussed  in  detail  in  the  preceding  section.  Sub- 
sonic pressure  distributions  are  calculated  by  use  of  equa- 
tion (28),  and  supersonic  pressure  distributions  by  use  of 
equation  (15).  The  lower  critical  Mach  number  is  deter- 
mined from  equation  (30)  by  replacing  CVi^  with  the  most 

negative  value  of  CPi  that  occurs  in  each  case,  and  solving 
for  Mco.  The  upper  critical  Mach  number  is  determined 
from  equation  (16)  by  replacing  {dZjdx)CT  with  the  value  of 
dZjdx  at  the  leading  edge  and  solving  for  M«. 

Consider,  first,  the  single-wedge  airfoil  for  which  the 
pressure  distribution  at  Mach  number  1 is  given  by  equation 
(50)  and  illustrated  graphically  in  figure  10.  Figure  28 
shows  a comparison  of  this  result  for  the  specific  case  of 
a wedge  having  a semiapex  angle  Q of  0.10  radians  with 
those  for  the  upper  and  lower  critical  Mach  numbers. 
The  lower  critical  Mach  number  is,  of  course,  zero  be- 
cause the  velocity  is  sonic  at  the  corner  for  all  free-stream 
Mach  numbers  less  than  the  upper  critical.  The  pres- 
sure distribution  for  Mach  number  0 is  given  by 


C,=C„=-%  In 


2 x/c 

1 — 2 x/c  ■ 


(82) 


The  three  curves  shown  on  figure  28  suffice  to  show  that 
the  pressure  distribution  on  a single-wedge  airfoil  at  Mach 


Figure  28. — Summary  of  pressure  distributions  for  upper  and  lower 
critical  Mach  numbers  and  for  Mach  number  1.  Single-wedge 
airfoil  with  a semiapex  angle,  0,  of  0.10  radian. 

number  1 bears  a much  closer  resemblance  to  that  at  the 
lower  critical  Mach  number  than  to  that  at  the  upper  critical 
Mach  number.  It  is  interesting  to  note,  moreover,  that  the 
difference  between  the  pressure  distribution  at  Mach  num- 
ber 1 and  that  at  Mach  number  0 is  very  nearly  constant 
across  the  chord. 

Consider,  next,  the  half  circular-arc  airfoil  for  which  the 
pressure  distribution  at  Mach  number  1 is  given  by  equation 
(53)  and  illustrated  graphically  in  figure  15.  Figure  29  shows 
a comparison  of  this  result  with  those  for  the  upper  and 
lower  critical  Mach  numbers.  The  computation  of  the  pres- 
sure distribution  for  the  lower  critical  Mach  number  involves 
the  use  of  the  following  expression  for  Cv.  which  is  obtained 

by  integration  of  the  auxiliary  relation  of  equation  (28)  with 
Z replaced  by  the  expression  given  in  equation  (52)  for 
0<Cx<Cc/2  and  by  rc/2  for  z>c/2: 

(83> 

The  results  illustrated  in  figure  29  display  a remarkable  prop- 
erty that  the  subsonic  part  of  the  pressure  distribution  at 
Mach  number  1 differs  from  the  pressure  distribution  at  the 
lower  critical  Mach  number  by  nearly  a constant,  and  that 
the  supersonic  part  of  the  pressure  distribution  differs  from 
the  pressure  distribution  at  the  upper  critical  Mach  number 
by  nearly  the  same  constant,  although  of  opposite  sign. 
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Figure  29. — Summary  of  pressure  distributions  for  upper  and  lower 
critical  Mach  numbers  and  for  Mach  number  1 for  half-circular-arc 
airfoils. 


In  order  to  investigate  this  difference  further,  the  pressure 
distributions  at  the  upper  and  lower  critical  Mach  numbers 
have  been  calculated  for  the  complete  biconvex  circular-arc 
airfoil  and  each  of  the  four  related  airfoils  having  maximum 
thickness  forward  and  aft  of  the  midchord  station  for  which 
the  results  for  Mach  number  1 are  shown  in  figures  16 
through  20.  The  results  are  shown  in  figure  30.  It  can  be 
seen  that  the  three  pressure  distributions  for  each  airfoil 
bear  the  same  general  relationship  to  each  other  as  noted 
above,  although  the  difference  between  the  pressure  distri- 
butions is  not  always  quite  so  constant  as  is  observed  for 
the  wedge  and  circular-arc  profiles. 

PRESSURE  DRAG 

Once  the  pressure  distribution  is  known  for  a given  airfoil, 
the  pressure  drag  can  be  obtained  directly  by  integration  of 
equation  (48).  The  corresponding  expression  in  terms  of  cd 
and  Op  is 


_[Mm2(t  + 1)1i/3 

r5/3 


p d(Z/t) 
d(x/c ) 


(84) 


Although  the  present  theoretical  results  only  permit  the 
calculation  of  pressure  drag  for  Mach  numbers  near  1 and 
for  Mach  numbers  greater  than  the  upper  critical,  these 
results,  together  with  existing  theoretical  and  experimental 
results,  can  be  used  to  sketch  the  variation  of  pressure  drag 
with  Mach  number  throughout  the  transonic  range.  The 
airfoil  for  which  the  most  information  is  available  is,  of 


course,  the  single-wedge  profile  for  which  an  approximate 
solution  for  Mach  numbers  less  than  1 has  been  given  by 
Cole  (ref.  36)  and  improved  recently"  by  Yoshihara  (ref.  35), 
that  for  Mach  number  1 by  Guderley  and  Yoshihara  (ref.  32), 
and  that  for  Mach  numbers  greater  than  1 by  Vincenti  and 
Wagoner  (ref.  34),  and  experimental  data  have  been  given 
by  Liepmann  and  Bryson  (refs.  30  and  31).  Figure  31  shows 
a plot  of  these  results,  all  in  terms  of  the  reduced  parameters 
cd  and  {„  and  recast  into  the  form  consistent  with  the  present 
formulation  of  the  basic  equations  for  transonic  flow  (see 
ref.  5,  6,  or  9 for  additional  information  on  this  point), 
together  with  the  results  computed  by  use  of  the  present 
theory.  The  new  results  are  indicated  by  the  solid  lines,  the 
former  by  dashed  lines  and  by  data  points.  The  short  verti- 
cal lines  on  the  data  points  indicate  Bryson’s  estimate  of  the 
experimental  accurac}7  of  the  data.  As  can  be  seen,  the  only 
point  of  difference  between  the  present  results  and  the  pre- 
viously existing  results  is  at  Mach  numbers  slightly  in  excess 
of  the  upper  critical,  and  results  from  the  error  incurred  in 
approximating  the  pressure  jump  through  the  bow  shock 
wave  by  simple  wave  theory  (i.  e.,  by  eq.  (15)  rather  than 
eq.  (6)).  The  positive  slope  of  the  drag  curve  at  £^  = 0,  or 
Mach  number  1 is  in  agreement  with  the  result  indicated  by 
equation  (51)  and  is  typical  for  airfoils  that  do  not  close  at 
the  rear. 

Figure  32  shows  a summary  of  the  comparable  information 
for  the  front  half  of  a biconvex  circular-arc  airfoil  followed  by 
a straight  section,  for  which  experimental  data  have  been  given 
by  Bryson  in  reference  30.  The  theoretical  values  are  again 
indicated  by  a solid  line,  and  the  experimental  values  by 
data  points.7  Although  the  amount  of  information  available 
is  much  less  than  for  the  single-wedge  airfoil,  the  results  for 
both  cases  show  striking  similarity. 

Results  for  half  airfoils  are  not  typical  of  those  for  complete 
airfoils,  however,  as  can  be  seen  by  comparison  of  the  pre- 
ceding results  with  the  corresponding  theoretical  and  ex- 
perimental results  illustrated  in  figure  33  for  complete  bicon- 
vex circular-arc  airfoils.  The  experimental  results  are  those 
given  by  Michel,  Marchaud,  and  Le  Gallo  in  reference  37 
and  are  obtained  by  integration  of  equation  (48)  together 
with  experimental  values  for  the  pressure  distribution.  The 
most  prominent  difference  concerns  the  slope  of  the  curve  of 
cd  versus  ty  at  fro  = 0,  or  Mach  number  1,  for  which  the  same 
procedures  that  led  to  positive  values  for  a half  airfoil,  lead 
to  zero  slope  for  a complete  airfoil.  It  can  be  seen  that  the 
experimental  data  support  these  values  of  the  slope  in  both 
cases.  Although  the  calculated  values  for  drag  are  some- 
what greater  than  those  measured  in  the  wind  tunnel,  most 
of  the  discrepancy  can  be  attributed  to  the  local  effects  of 
shock-wave  bound  ary -layer  interaction  that  occur  near  the 
trailing  edge.  Because  this  phenomenon  depends  on  Rey- 
nolds number  and  may  be  of  greatly  diminished  importance 
at  full-scale  conditions,  Michel,  Marchaud,  and  Le  Gallo  in- 


7 The  experimental  values  shown  in  figure  32  differ  somewhat  from  those  given  originally 
in  figure  21  of  reference  30  because  of  the  correction  of  some  inaccuracies  in  the  calculation  of 
the  drag  from  the  experimental  pressure  distributions  given  in  figure  20  of  reference  30.  Al- 
though no  explanation  is  known  for  the  substantial  negative  drag  indicated  at  subcritical 
Mach  numbers  and  its  existence  must  be  indicative  of  some  shortcomings  of  the  experimental 
technique,  its  occurrence  is  an  unmistakable  consequence  of  the  measured  pressure  distribu- 
tion. That  this  is  so  can  be  seen  at  a glance  by  comparison  of  the  measured  pressure  distri- 
bution with  that  indicated  by  linearized  compressible  flow  theory,  for  which  the  drag  is  zero. 
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Figure  30. — Summary  of  pressure  distributions  for  upper  and  lower  critical  Mach  numbers  and  for  Mach  number  1 for  a series  of  airfoils  with 

different  positions  of  maximum  thickness. 


troduced,  in  the  discussion  of  their  experimental  results,  the 
concept  of  “extrapolated  drag”  to  represent  the  drag  that 
would  occur  in  the  absence  of  separation.  This  quantity  is 
calculated  by  consideration  of  a pressure  distribution  that 
differs  from  the  experimental  pressure  distribution  in  the 
vicinity  of  the  trailing  edge  as  a result  of  the  replacement  of 
the  pressures  actually  measured  by  those  obtained  by  ex-* 
trapolation  of  the  trends  indicated  at  stations  upstream  of 
the  separation  point.  Accordingly,  the  values  for  “extrapo- 
lated drag”  given  by  Michel,  Marchaud,  and  Le  Gallo  are 
also  shown  on  figure  33.  As  might  be  expected,  the  theo- 
retical values  for  drag  are  in  better  agreement  with  the  values 
for  “extrapolated  drag”  than  with  those  obtained  directly 
from  the  actual  measurements. 

The  results  for  biconvex  circular-arc  airfoils  are  typical  of 
those  for  other  complete  airfoils.  Attention  is  called,  how- 
ever, to  the  fact  that  the  experimental  values  given  by 
Michel,  Marchaud,  and  Le  Gallo  in  reference  39  for  the  air- 


foils that  have  the  point  of  maximum  thickness  located  for- 
ward of  the  midchord  station  are  not  so  reliable  as  those  they 
give  for  airfoils  that  have  a more  rearward  location  of  the 
point  of  maximum  thickness.  This  reduction  in  accuracy 
results  from  the  facts  that  the  method  of  testing  and  the 
fixed  spacing  of  the  orifices  tend  to  diminish  the  accuracy 
with  which  the  contribution  of  the  region  near  the  leading  - 
edge  can  be  evaluated,  and  that  the  contribution  of  this 
region  is,  at  the  same  time,  of  increased  importance. 

Figure  34  shows  a summary  of  the  calculated  results  for 
the  pressure  drag  of  the  two  families  of  airfoils  described  by 
equations  (56)  and  (61)  with  values  for  n ranging  from  1.5 
to  6.  For  this  range  of  n the  airfoils  described  by  equation 
(61)  have  a range  of  location  for  the  point  of  maximum  thick- 
ness that  extends  from  about  0.30  to  0.55  chord,  and  those 
described  by  equation  (56)  have  a range  of  locations  extend- 
ing from  about  0.45  to  0.70  chord.  In  addition  to  lines  for 


532 


REPORT  1359 — NATIONAL  ADVISORY  COMMITTEE  FOR  AERONAUTICS 


Figure  31. — Summary  of  theoretical  and  experimental  results  for  the  drag  of  single-wedge  airfoils. 


Figure  32. — Summary  of  theoretical  and  experimental  results  for  the  drag  of  half-circular-arc  airfoils. 


constant  which  correspond  to  lines  of  constant  Mach 
number  for  a group  of  airfoils  having  thevsame  thickness 
ratio , a line  is  also  shown  for  £mer,  which  corresponds  to  the 
line  for  the  lowest  Mach  number  for  which  the  flow  is  purely 
supersonic.  It  can  be  seen  that  the  variation  of  pressure 
drag  with  the  location  of  the  point  of  maximum  thickness  at 
Mach  number  1 is  quite  different  from  that  indicated  by 
lines  of  constant  £a,  or  Mach  number,  for  purely  supersonic 
flows,  but  is  rather  similar  to  that  indicated  by  the  line  for 
^mCr.  An  interesting  feature  of  the  results  for  purely  super- 
sonic flow  is  that  the  drag  is  not  the  same  in  forward  and 


reverse  flow,  as  is  indicated  by  linearized  compressible  flow 
theory  (see  ref.  43  or  44). 

CONCLUDING  REMARKS 

It  appears  worthwhile,  in  conclusion,  to  summarize  and 
contrast  the  alternative  discussions  presented  in  the  main 
text  and  in  the  Appendix  of  the  general  procedures  involved 
in  the  approximate  solution  of  all  the  problems  treated  in 
this  paper.  The  arguments  presented  in  the  Appendix  are 
based  essentially  on  the  idea  of  diminishing  the  importance 
of  the  higher  order  terms,  and  hence  concentrate  on  the 
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Figure  33. — Summary  of  theoretical  and  experimental  results  for  the  drag  of  complete  circular-arc  airfoils. 
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Figure  34. — Summary  of  theoretical  results  for  the  drag  of  two  fami- 
lies of  airfoils  having  various  positions  for  the  point  of  maximum 
thickness. 


contributions  stemming  from  the  double  integral  of  the  in- 
tegral equation  appropriate  for  each  case.  The  arguments 
presented  in  the  main  text  lead  to  the  same  conclusions,  but 
are  based  essentially  on  the  idea  of  linearizing  the  transonic 
equation  in  a small  region  by  replacing  part  of  the  nonlinear 
term  by  a constant  A,  and  then  introducing  different  values 
for  A for  different  points  in  the  field.  This  procedure  might 
be  considered  equivalent,  in  some  sense,  to  the  replacement 
of  the  original  nonlinear  equation  by  a different  linear  differ- 
ential equation  for  each  point.  Kesults  obtained  by  solution 
of  the  equations  at  this  stage  depend,  of  course,  on  the  choice 
of  A and  must  be  assembled  in  order  to  determine  the  final 
results.  This  step  is  accomplished  in  each  case  by  putting 
the  results  into  such  a form  that  a first-order  nonlinear  ordi- 
nary differential  equation  is  obtained  upon  substituting  for 
A the  quantity  it  originally  replaced.  At  this  point,  the 
equations  encountered  coincide  with  those  obtained  following 
the  procedures  described  in  the  Appendix  and  the  remainder 
of  the  analysis  proceeds  in  identical  manner.  In  the  cases 
considered  herein,  the  differential  equation  is  always  of  suffi- 
ciently simple  form  that  it  can  be  integrated  analytically  and 
the  result  expressed  in  closed  analytic  form.  This  integra- 
tion implicitly  introduces  the  assumption  of  continuity  of  the 
velocity  or  pressure  distribution  and  leads,  upon  evaluation 
of  a single  constant  of  integration,  to  the  final  result. 

Ames  Aeronautical  Laboratory 

National  Advisory  Committee  for  Aeronautics 
Moffett  Field,  Calif.,  Mar . 11,  1957 
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APPENDIX  A 

REINSPECTION  AND  ANALYSIS  OF  METHOD  OF  APPROXIMATION 


INTRODUCTION 

The  methods  used  in  the  main  text  of  this  paper  are  appeal- 
ing for  their  brevity  and  for  the  efficiency  with  which  approix- 
mate  solutions  of  the  nonlinear  equations  of  transonic  flow 
theory  are  found.  These  methods  are  not  entirely  satisfying 
to  the  critical  reader,  however,  because  certain  elements 
appear  to  be  arbitral’}7  and  there  is  no  a priori  way  in  which 
the  accuracy  of  the  approximations  can  be  judged.  Both  the 
virtue  and  weakness  of  these  procedures  are  the  result  of 
introducing  the  essential  simplifications  at  the  beginning  of 
the  analysis.  If  the  introduction  of  approximations  is 
deferred  to  the  end,  the  relations  that  occur  in  the  initial 
stages  of  the  analysis  are,  of  course,  more  complicated  than 
those  presented  in  the  main  text.  Consideration  of  these 
relations  is,  however,  essential  for  an  understanding  of  the 
basis  for  the  method  of  approximation. 

The  following  discussion  of  the  approximate  solution  of 
problems  of  transonic  flow  theory  is  based  on  consideration  of 
integral  equations  derived  from  the  differential  equations  of 
transonic  flow  theory  by  standard  application  of  Green's 
theorem.  Since  the  details  of  each  of  the  three  cases,  hyper- 
bolic, elliptic,  and  parabolic,  are  somewhat  different,  each 
case  is  considered  separately.  In  each  case,  exact  relations 
are  retained  as  long  as  possible  and  the  approximations, 
when  introduced,  are  seen  to  be  closely  related  to  those 
employed  in  the  method  of  successive  approximations  com- 
monly used  in  the  determination  of  higher  approximations  in 
compressible  flow  theory.  The  following  paragraphs  will  be 
concerned  at  the  outset  with  the  derivation  of  integral  equa- 
tions for  each  of  the  three  cases,  and  subsequently  with  the 
discussion  of  the  simplification  and  approximate  solution  of 
these  equations. 

DERIVATION  OF  INTEGRAL  EQUATIONS 

All  of  the  subsequent  analysis  proceeds  from  Green’s 
theorem.  There  are  many  forms  of  Green’s  theorem,  but  a 
sufficiently  general  form  for  all  of  the  present  purposes  is  that 
associated  with  the  linear  operator  L(Q)  defined  as  follows 
(ref.  45,  pp.  244-247)  : 

L (0)  = AQX  x T &zz + B£lx  (A  1 ) 

where  A and  B are  constants.  Green’s  theorem  states  that 
the  following  relation  holds  between  any  two  arbitrary  func- 
tions 12  and  ^ having  continuous  first  and  second  derivatives : 

JJ  [*/7(q)  - nWm  dTl=-§  [a(^_  q|£)+ 

R O 

B\pQ.  cos  (7i,,z)Jrfs  (A2) 

in  which  U refers  to_Jbhe  interior  of  an  arbitrary  region 
bounded  by  the  curve  6',  as  shown  in  figure  35,  M is  called  the 
adjoint  differential  operator 

i!7(» 


A represents  the  quantity 

A =^A2  cos  (n,x)  + cos2 (n,z) 

and  b/bv  stands  for  a derivative  in  the  direction  v,  and  can  be 
written  as  a linear  differential  operator. 

^-=12a;cos(r,x)  + 12scos  (v}z) 

The  direction  v is  called  the  conormal,  and  its  direction 
cosines  are  related  to  those  of  the  normal  n according  to 

A cos (v,x)=A  cos (n,x) 

A cos  ( v}  z)  ==  cos  (t^,  z) 

HYPERBOLIC  CASE 

The  initial  step  in  the  present  derivation  of  the  integral 
equation  appropriate  for  the  discussion  of  the  hyperbolic  case 
is  to  subtract  \H<Pzx  from  both  sides  of  equation  (3),  and  to 
write  the  resulting  equation  as  follows: 

— ^h<Pxx + <pzz  — 2—lJrku—  \H)  <pxx  =fH  (A3) 

The  symbol  \H  refers  to  any  positive  finite  constant.  The 
form  of  Green’s  theorem  associated  with  the  linear  operator 

■L*  (&)  ~ IJH  (?)  = H<Pxx  T <Pzz  ( A4) 

will  now  be  applied,  whence 

A=  A ff,  B— 0,  MH(<p)=LH(<p)  (Ao) 

The  quantity  12  is  now  identified  with  the  perturbation 
potential  cp,  and  ^ with  an  elementary  solution  of  MH(\f/)  = 0, 
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supersonic  source  aH  defined  as 

for  (x—£)2>\H(z — f)2  (A6a) 

for  (x-£)2<x„(3-f)2  (A6b) 

If  the  region  R is  so  selected  that  the  inequality  expressed 
in  equation  (A6a)  holds  throughout,  equation  (A2)  reduces 
to 

- J_  JJ  LH(<p)dR=fjjHdR  (A7) 

R R 


in  particular  with  the  unit 
follows: 

1 


°h=  \ aV5w 
0 


in  which  AH  and  vH  refer  to  the  special  forms  of  A and  v 
consistent  with  equation  (A4)  or  (A5),  the  running  coordi- 
nates of  integration  are  £,f,  and  the  field  point  at  which  <p  is 
to  be  evaluated  is  x,z . Equation  (A7)  is  now  applied  to 
the  region  indicated  in  figure  36.  Note  that  the  wing,  wake, 
and  shock  waves  must  be  excluded  from  the  region  of  inte- 
gration. It  should  be  noted  that  figure  36  is  only  a schematic 
illustration  to  help  define  the  quantities  involved  in  equation 
(A7),  and  that  the  shock  wave,  indicated  as  a detached  bow 
wave,  might  instead  be  attached  to  the  leading  edge,  to  the 
trailing  edge,  or  situated  somewhere  along  the  chord.  The 
single  shock  wave  illustrated  in  figure  36  could,  moreover, 
be  replaced  by  a complicated  system  of  shock  waves.  The 
region  RH  may  likewise  be  considered  to  consist  of  a single 
region,  or  as  the  sum  of  a number  of  regions  as  typified  by 
adding  to  RH  the  region  situated  upstream  of  the  bow  wave 


z 


Figure  36. — Region  of  integration  for  the  hyperbolic  case. 


and  within  the  dotted  lines  of  figure  36.  In  any  case,  the 
general  considerations  remain  the  same,  and  the  following 
integral  equation  is  obtained  for  <p  at  an  arbitrary  point  x,z: 


<A8) 


where 


<5<Pu &(pi 

5?  w 


A(p=(pu~~(pi 


in  which  u and  l refer  to  conditions  on  the  upper  and  lower 
sides  of  the  wing  and  wake,  where 

g dg  _ &<Pa  | 
dvH  <$vH  dvH 


in  which  a and  b refer  to  conditions  on  the  two  sides  of  the 
shock  wave  SH,  and  where 

cos  (jl,x)  cos 

ELLIPTIC  CASE 

The  integral  equation  appropriate  for  the  discussion  of 
the  elliptic  case  can  be  derived  by  use  of  procedures  analo- 
gous to  those  described  in  the  preceding  paragraph  for  the 
hyperbolic  case.  The  initial  step  is  to  add  \E<Pxx  to  both 
sides  of  equation  (3),  and  to  write  the  resulting  equation  as 
follows: 

(1  MJ  Jcii\  <Pxx=iJ B (A 9) 

As  in  the  hyperbolic  case,  the  symbol  \B  refers  to  any  positive 
finite  constant.  The  form  of  Green’s  theorem  associated 
with  the  linear  operator 

L{(p)=LE{ip)=\E(pxx~\~  (pzz  (AlO) 

will  now  be  applied,  whence 

A=\E}  B=  0,  Me  {<p)—Le(<p)  (All) 

The  quantity  £2  is  now_ identified  with  <p}  and  \p  with  an 
elementary  solution  of  ME(\[/)  = 0,  in  particular  the  unit  sub- 
sonic source  defined  by  the  function 

ip=<rB=^-£j=ln-\l(x—£)2+AB(z—{)2  (A12) 

In  this  way  equation  (A2)  reduces  to 

-j_AE  (**=£ JcrELE(<?)dR=£ faJJR 

R R 

(A  13) 

iu  which  Ae  and  vE  refer  to  the  special  forms  of  A and  v 
consistent  with  equation  (AlO)  or  (All),  the  running  coor- 
dinates of  integration  are  f,f,  and  the  field  point  at  which  <p 
is  to  be  determined  is  x,z.  If  equation  (Al3)  is  now  applied 
to  the  region  RE  surrounding  the  wing,  wake,  and  shock 
waves,  as  illustrated  in  figure  37,  and  the  a priori  assump- 
tion is  made  that  the  perturbation  field  attenuates  suffi- 
ciently fast  with  distance  to  negate  the  contribution  of  the 
surface  integral  over  the  large  circle  in  the  limit  as  the  radius 
goes  to  infinity,  the  following  integral  equation  is  obtained 
for  ^ at  an  arbitrary  point  x}z: 

<fi(x,z)=£  (Aa  “A?  d£+ 

&A Eb  dS E“\~ ^ G Ef E$R R (A14) 

Rb 
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Figure  37. — Region  of  integration  for  the  elliptic  case. 


where  A<p  and  A (d<p/df)  have  the  same  meaning  as  in  equa- 
tion (A8),  but  where 

C)V  E dpp 

in  which  a and  b refer  to  conditions  on  the  two  sides  of  the 
shock  wave  SEj  and  where 

A«^-=X£^|cos  (n.aO+^cos  (n,z) 

PARABOLIC  CASE 

The  initial  step  in  the  derivation  of  the  integral  equations 
appropriate  for  the  discussion  of  the  parabolic  case  is  to 
subtract  AP<px  from  both  sides  of  equation  (3),  and  to  write 
the  resulting  equation  as  follows : 


^P<Px CMg,"  1 ) <Pxx  “t“  (k <Pxx  \ p)<Px — jp  (A15) 

The  symbol  XP  refers  again  to  a finite  constant,  which  may 
be  either  positive  or  negative.  The  form  of  Green’s  theorem 
associated  with  the  linear  operator 


L(<p)  =LP(<p)  = <pzz—  X p<px 
will  now  be  applied,  whence 


(A16) 


matical  literature,  the  linear  partial  differential  equation 
LP(<p)  = 0 with  positive  XP  arises  in  the  study  of  heat  con- 
duction, and  the  function  _o>  is  often  referred  to  as  a unit 
heat  source.  If  the  region  R is  so  selected  that  the  inequality 
expressed  in  equation  (Al8a)  holds  throughout,  equation 
(A2)  reduces  to 


<p^^~-^p0p(p  cos 

= ^<jpLp{<p)dR=  J'J'o-pfpd/f  (A19) 


in  which  AP  and  vP  refer  to  the  special  forms  of  A and  v 
consistent  with  equation  (A16)  or  (A17),  the  running  co- 
ordinates of  integration  are  and  the  field  point  at  which 
(p  is  to  be  determined  is  x,z.  It  is  apparent  from  the  condi- 
tion imposed  on  RP , that  XP/(x—  £)  is  greater  than  or  equal 
to  zero,  that  two  distinct  subcases  result  depending  on  the 
sign  of  XP. 

Positive  XP. — If  XP  is  positive,  the  region  RP  appropriate 
for  the  application  of  equation  (A19)  is  that  part  of  space 
upstream  from  the  point  x,z.  Again  the  wing,  wake,  and 
shock  must  be  excluded  from  the  region  of  integration,  as 
illustrated  schematically  in  figure  38.  If  equation  (Al9)  is 


\ 

\ 


A— 0,  B=  — Xp,  Mpi^^tpzz-^-Xpipx  (A  17) 


Figure  38. — Region  of  integration  for  the  parabolic  case  with  Xp>0. 


The  quantity  Q is  again_j_dentified  with  <p,  and  \p  with  an 
elementary  solution  of  MP(^)= 0,  in  particular  with  the 
function 
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(A  18a) 

for  -^-r<^0 

X— £ 

(A  18b) 

This  function  assumes  a role  in  the  analysis  of  the  parabolic 
case  that  is  analogous  to  that  of  the  unit  subsonic  and  super- 
sonic sources  in  the  elliptic  and  hyperbolic  cases.  In  mathe- 


now  applied  to  the  region  RP , and  it  is  assumed  that  the 
perturbation  field  attenuates  sufficiently  fast  with  distance 
to  negate  the  contribution  of  the  surface  integral  over  the 
outer  boundary  in  the  limit  as  the  radius  is  increased  to 
infinity,  the  following  integral  equation  is  obtained  for  <p  at 
an  arbitrary  point  x,z: 


<p(x,z)  = — 


do-/ 


<j  pA  P8 


Xp 


(A20) 
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vvhere  A <p  and  A (b<p/b£)  have  the  same  meaning  as  in  equa- 
tion (A8),  but  where 

§ d<p  = d<pa  d<pb 

&Vp  C)vp 

in  which  a and  b refer  to  conditions  on  the  two  sides  of  the 
shock  wave  SP,  and  where 

Negative  XP. — If  \P  is  negative,  the  region  RP  appropriate 
for  the  application  of  equation  (A  19)  is  that  part  of  space 
downstream  from  the  point  x,  z.  If  equation  (A19)  is  ap- 
plied to  the  region  RP  surrounding  the  appropriate  part  of 
the  wing,  wake,  and  shock  waves,  as  illustrated  in  figure  39, 
and  the  contribution  of  the  surface  integral  over  the  outer 
boundary  vanishes  as  the  radius  is  increased  to  infinity,  the 
following  integral  equation  is  obtained  for  <p  at  an  arbitrary 
point  x,  z: 

v(a;,z)=iX  (apA  ^rA<pW)d*+ 

h J«/pA,‘5  Q£)  d^P+rP  (A21) 

Rp 

where  the  symbols Jiave  the  same  meaning  as  in  equation 
(A20),  except  that  SP  and  RP  now  refer  to  those  portions  of 
the  shock  waves  and  space  situated  downstream  from  x,z. 

SOME  PROPERTIES  OF  THE  INTEGRAL  EQUATIONS 

Although  the  four  integral  equations  derived  in  the  pre- 
ceding paragraphs  and  written  explicitly  in  equations  (AS), 
(A14),  (A20),  and  (A21)  are  quite  different  in  most  respects, 
they  do  possess  a number  of  properties  in  common  that  are 
of  concern  in  the  present  discussion.  Perhaps  the  most 
obvious  similarity  is  that  each  integral  equation  consists  of 
a term  that  involves  integration  over  the  wing  and  wake, 
another  term  that  involves  integration  over  the  shock  waves, 
and  a third  term  that  involves  integration  over  the  surround- 
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ing  space.  The  integrals  extend  over  all  space  in  the  elliptic 
case,  but  only  over  part  of  space  in  the  parabolic  and  hyper- 
bolic  cases.  It  is  important  to  realize  that  there  is  no  direct 
connection  between  the  region  of  integration  in  each  of  the 
integral  equations  and  the  region  of  dependence  in  the  solu- 
tion, or  in  the  physical  flow,  and  that  these  two  regions  may, 
in  fact,  be  distinctly  different  in  some  applications. 

The  first  term  in  each  integral  equation  involves  a distri- 
bution of  sources  a proportional  to  A (d^/df)  and  doublets 
proportional  to  A <p.  Since  A (d^/df)  is  equal,  accord- 
ing to  the  boundary  condition  given  in  equation  (1),  to 
UmA(dZ/dx ) and  A <p  is  proportional  to  an  x-wise  integration 
of  the  lift,  it  follows  that  the  part  of  the  term  containing 
sources  is  associated  with  the  thickness  distribution,  and 
that  part  containing  doublets,  with  the  effects  of  camber 
and  angle  of  attack.  The  latter  part  of  the  first  term  is  zero 
for  all  of  the  nonlifting  airfoils  discussed  in  the  main  text  of 
this  paper.  The  first  term  in  the  elliptic  and  hyperbolic 
cases  is  familiar  in  compressible  flow  theory  because,  upon 
equating  to  1 —MJ  or  \H  to  MJ—  1,  it  reduces  to  the  well- 
known  solution  for  p in  the  linearized  theory  of  subsonic 
and  supersonic  flow  around  thin  airfoils. 

The  second  term  in  each  integral  equation  involves  a dis- 
tribution of  sources  a proportional  to  A 8 (dip/by)  over  any 
part  of  the  shock  waves  that  is  situated  in  what  otherwise 
would  be  part  of  the  region  of  integration  R.  There  is  no 
doublet  distribution  on  the  shock  wave,  as  on  the  wing  and 
wake,  because  is  continuous  across  the  shock  wave.  Al- 
though the  contribution  of  the  integral  over  the  shock  waves 
is  often  difficult  to  evaluate  because  5(5<p/dr)  is  unknown 
and  must  be  determined  as  part  of  the  solution,  there  are  a 
number  of  important  applications  in  which  this  term  either 
vanishes  completely,  or  contributes  nothing  to  the  values  for 
<P  along  the  chord  of  the  airfoil.  The  simplest  class  -of 
problems  for  which  this  term  vanishes  is,  of  course,  that  in 
which  the  flow  is  subsonic  everywhere  and  is  hence  shock- 
free.  The  contribution  of  this  term  will  also  vanish  in  parts 
of  the  field  even  if  shock  waves  are  present,  provided  they 
are  situated  entirely  downstream  of  the  region  of  integration 
in  the  hyperbolic  case  or  the  parabolic  case  with  positive 
AP,  or  entirely  upstream  of  the  region  of  integration  in  the 
parabolic  case  with  negative  AP.  The  contributions  of  the 
shock  wave  vanish  in  the  above  situations  because  the  com- 
plete term  disappears  from  the  integral  equation.  If  the 
term  remains,  however,  each  element  of  the  shock  wave 
provides  a contribution  to  ip  that  depends  upon  its  strength 
and  orientation.  There  are,  moreover,  certain  directions  in 
which  an  element  of  a shock  wave  can  be  oriented  that  result 
in  no  contribution  to  ip  in  the  parabolic  and  hyperbolic 
cases.  Thus,  in  the  parabolic  case,  the  contribution  vanishes 
when  the  element  of  the  shock  wave  extends  perpendicular  to 
the  x axis,  so  that  cos  ( n,z ) in  the  second  term  of  equation 
(A20)  or  (A21)  is  zero.  It  is  similarly  evident  from  equation 
(A8)  that  an  element  of  a shock  wave  contributes  nothing 
to  (p  in  the  hyperbolic  case  if  the  direction  cosines  and  velocity 
components  on  the  two  sides  of  the  shock  wave  satisfy  the 
relationship 


Figure  39. — Region  of  integration  for  the  parabolic  case  with  0. 


COS  Oh), 3)^  Ua—  Ub 

cos  ( nb)x ) H wa—wb 


(A22) 
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This  relation  can  be  expressed  completely  in  geometric  terms 
by  combining  it  with  the  following  equation  that  can  be 
derived  from  consideration  of  the  fact  that  <p  is  continuous 
across  the  shock 

cos  (nb,z)  jwa—wb  (A23) 

cos  (nb,x)  ua—ub  ^ 

Thus,  the  contribution  to  <p  vanishes  if  the  element  of  the 

shock  wave  is  oriented  so  that 

[55F(^SI"ton’(’,*-l)-X»  <A24) 

If  the  same  line  of  reasoning  is  applied  to  the  elliptic  case, 
relations  analogous  to  equations  (A22)  through  (A24)  occur 
in  which  \H  is  replaced  by  — \E.  From  such  considerations 
it  would  appear  that  the  contribution  to  <p  vanishes  if  the 
element  of  the  shock  wave  is  oriented  so  that 


Since  \E  is  required  to  be  a positive  quantity,  however,  it  is 
clear  that  there  is  no  orientation  for  which  the  contribution 
vanishes.  In  the  hyperbolic  case,  on  the  other  hand,  X#  is 
required  to  be  positive  and  there  are  always  two  particular 
orientations  for  which  an  element  of  a shock  wave  contributes 
nothing  to  <p.  It  is  interesting  to  note,  before  leaving  the 
discussion  of  the  second  term  of  each  of  the  integral  equa- 
tions, that  the  particular  orientation  for  which  an  element 
of  a shock  wave  provides  no  contribution  to  <p  coincides  in 
all  three  cases,  elliptic,  parabolic,  and  hyperbolic,  with  the 
directions  of  the  characteristic  lines  of  the  associated  form 
of  the  linear  partial  differential  equation,  0.  The 

reader  should  observe,  however,  that  these  characteristic 
lines  have  no  particular  physical  significance,  inasmuch  as 
their  existence  and  direction  depend  on  an  arbitrary  choice 
of  a value  for  X. 

The  third  term  in  each  integral  equation  involves  integra- 
tion of  the  effects  of  a distribution  of  sources  a proportional 
to  / over  that  part  of  space  surrounding  the  airfoil  that  is 
enclosed  within  the  region  of  integration  R . The  contribu- 
tion of  this  term  does  not  vanish,  except  in  almost  trivial 
circumstances  such  as  occur,  for  example,  in  the  hyperbolic 
case  for  points  upstream  of  a bow  wave  provided  \H  is 
equated  to  MJ—  1 so  that  jH  is  zero.  Discussion  of  the 
contribution  of  the  third  term  in  each  integral  equation  will 
consequently  constitute  the  subject  of  much  of  the  remainder 
of  this  Appendix.  An  interesting  property  of  each  of  the 
integral  equations  that  is  worth  noting  before  proceeding 
to  the  more  specific  discussion  of  each  case  is  that  the  inte- 
grated strength  of  the  sources  in  all  space  exterior  to  the 
airfoil,  including  those  distributed  along  the  shock  waves,  is 
equal,  but  opposite  in  sign,  to  the  integrated  strength  of  the 
sources  distributed  along  the  entire  chord  of  the  airfoil. 

SIMPLIFICATION  AND  APPROXIMATE  SOLUTION  OF 
THE  INTEGRAL  EQUATIONS 

No  general  methods  are  known  for  the  analytical  solution 
of  the  integral  equations  given  in  equations  (A8),  (A14), 
(A20),  and  (A21).  Although  certain  simplifications  can  be 


made  by  restricting  attention  to  nonlifting  cases,  and  to 
cases  in  which  the  shock  waves  are  not  in  the  region  of 
dependence,  the  essential  difficulties  remain  because  the 
integral  equations  are  nonlinear,  just  as  is  the  differential 
equation  from  which  they  are  derived.  The  principal  method 
that  has  been  employed  in  the  past  for  the  solution  of  similar 
problems  is  that  of  successive  approximation  in  which  <p  is 
expanded  in  a power  series  of  some  parameter  such  as  the 
thickness  ratio,  and  the  coefficients  in  this  series  are  deter- 
mined as  the  solution  develops.  The  first  approximation  in 
these  methods  is  generally  either  the  solution  for  linearized 
compressible  flow  theory  or  for  incompressible  flow,  and  the 
second  and  higher  approximations  are  determined  by  itera- 
tion procedures  in  which  linear  equations  are  solved  at  every 
step.  In  practice,  these  methods  have  been  found  very 
difficult  to  apply  to  problems  of  compressible  flow,  and  calcu- 
lations of  higher  approximations  than  the  second  have,  in 
most  cases,  proved  prohibitively  lengtlw.  (See  ref.  3 for  a 
resume.)  Serious  questions  of  convergence  remain  in  the 
existing  solutions  of  this  type,  and  it  is  doubtful  if  the  results 
apply  when  mixed  subsonic-supersonic  flow  occurs. 

Another  type  of  successive  approximation  procedure  which 
involves  the  solution  of  quadratic  equations  with  every 
iteration  step  is  described  in  reference  9 and  applied  to  the 
calculation  of  pressure  distributions  on  circular-arc  airfoils 
for  all  Mach  numbers  up  to  unity.  Although  the  calcula- 
tions could  only  be  accomplished  after  the  introduction  of 
certain  approximations,  whose  influence  on  the  result  is 
difficult  to  ascertain,  the  general  procedure  appears  to  succeed 
even  with  the  occurrence  of  mixed  flow. 

The  methods  applied  in  the  main  text  of  this  paper  can  be 
considered  as  the  first  step  of  still  another  type  of  successive 
approximation  procedure  in  which  certain  nonlinear  features 
are  incorporated  into  even  the  first  Approximation.  This 
procedure  possesses  the  advantage  of  yielding  results  that 
disclose  much  of  the  nonlinear  effects  in  the  first  approxi- 
mation, and  of  making  unnecessary,  in  many  applications, 
the  difficult  task  of  iteration  to  determine  higher  approxi- 
mations. A simple  heuristic  description  of  the  analysis  is 
given  in  the  main  text.  The  following  paragraphs  are  con- 
cerned with  a more  detailed  examination  of  the  approxima- 
tions involved  in  the  analysis,  and  of  the  relationship  between 
the  present  approximation  and  the  approximations  previously 
employed  in  the  solution  of  problems  of  compressible  flow. 
Although  it  is  apparent  that  much  of  the  discussion  could  be 
applied  to  lifting  airfoils,  attention  is  confined,  as  in  the  main 
text,  to  symmetrical  nonlifting  airfoils  for  which  the  follow- 
ing relations  are  to  be  applied  in  the  first  term  of  each 
integral  equation: 

A<p=0,  A ^=2 Ua  (A26) 

HYPERBOLIC  CASE 

The  first  problem  to  be  discussed  is  the  approximate 
solution  of  the  integral  equation  given  in  equation  (A8)  for 
the  hyperbolic  case  under  the  restrictions  that  the  flow  is 
purely  supersonic  so  that 


MJ—  1+ ku>0 


(A27) 


THIN  AIRFOIL  THEORY  BASED  ON  APPROXIMATE  SOLUTION  OF  THE  TRANSONIC  FLOW  EQUATION 


539 


Equation  (A8)  contains  both  a line  integral  over  the  shock 
wave  SH  and  a double  integral  over  the  surrounding  region 
Rh.  The  double  integral  can  be  integrated  z-wise,  however, 
because  the  integrand  is  a perfect  differential.  This  partial 
integration  results  in  a term  that  exactly  cancels  the  line 
integral  on  the  shock  wave  and  equation  (A8)  can  be  re- 
written as  follows : 

, v um 

<p(x,z)  — — -= 

I+T~x">f  <A2« 


*-v*«l*l  dZ 

It 


The  symbol  below  the  integral  sign  of  the  second  term 
indicates  that  the  integration  is  to  be  carried  over  the  lines 
£=£— nJ\H(\z—  f |)  extending  upstream  from  x,z.  Differen- 
tiation yields  the  following  relations  for  u and  bu/bx: 

u(x,z) = — - ^ Z’  (z— ^\z  I)  — 
y*H 

(A29) 

<A30> 

It  should  be  noted  that  equations  (A28),  (A29),  and  (A30) 
are  all  integral  equations  and  that  each  is  an  exact  relation 
valid  for  any  positive  value  of  \H. 

The  results  of  linearized  supersonic  flow  theory,  as  well 
as  those  of  the  counterpart,  in  the  small  disturbance  theory 
of  transonic  flow,  of  higher  approximations  can  be  reproduced 
from  any  of  the  above  equations  upon  equating  X#  to  MJ—  1 . 
In  this  way,  all  contributions  of  first  order  are  included  in 
the  first  term  on  the  right  and  the  contribution  of  the  second 
term  on  the  right  is,  at  most,  of  second  order.  Thus,  the 
familiar  expression  of  linearized  supersonic  flow  theory 
follows  immediately  upon  disregarding  the  contribution 
of  the  second  term 


u{x,z)=~wf^iz’  0-VMo,2-1M)+0(O  (A31) 

Its  counterpart,  correct  to  second  order  in  Z',  can  be  deter- 
mined by  application  of  the  method  of  successive  approxi- 
mations in  which  the  contribution  of  the  second  term  is 
approximated  by  replacing  the  unknown  u by  the  first-order 
approximation  provided  by  equation  (A31)  and  integrating. 
In  this  way,  the  following  result  is  obtained  for  points  on 
the  airfoil. 


u(x,  0) 


Um  dZ 

\JMJ- 1 d,x 


(A32) 


Note  that  although  the  first-  and  second-order  approxi- 
mations for  u are  different  in  general,  first-order  theory  is 
sufficient  to  determine  to  second-order  accuracy  the  point 
where  u vanishes,  that  is  where  dZjdx— 0.  First-order 


theory,  moreover,  provides  the  exact  location  for  the  point 
of  zero  u in  the  absence  of  shock  waves,  but  this  simple 
result  is  true  only  to  second  order  if  there  are  shock  waves 
situated  within  the  Mach  forecone  of  the  point  (z,0). 
Although  the  difficulties  of  integration  are  such  that  only 
the  first  few  steps  of  the  method  of  successive  approximation 
can  be  evaluated  in  all  but  the  simplest  examples,  the 
method  can,  in  principle  at  least,  be  repeated  indefinitely 
to  establish  the  result  accurate  to  any  desired  order.  The 
result  for  u on  the  airfoil  surface  appears  in  the  form  of  a 
power  series  involving  ascending  powers  of  (dZ/dx)/(MJ—iy/2. 
It  is  clear  that  a valid  approximation  is  obtained  provided 
the  absolute  value  of  dZjdx  is  sufficiently  small  at  all  points, 
and  the  Mach  number  is  not  too  close  to  unity.  The 
failure  associated  with  excessive  positive  values  for  dZjdx 
usually  occurs  near  the  leading  edge  of  the  airfoil  and  is 
associated  physically  with  detachment  of  the  bow  wave 
and  the  occurrence  of  local  regions  of  subsonic  flow.  The 
failure  associated  with  excessive  negative  values  for  dZjdx , 
and  clearly  illustrated  in  figure  3 of  the  main  text,  usually 
occurs  near  the  trailing  edge  of  the  airfoil  and  is  purely 
mathematical  in  origin.  In  actual  practice  where  only 
the  first  term  or  two  may  be  evaluated,  the  result  fails  to 
provide  adequate  information  regarding  the  ultimate  con- 
vergence or  divergence  of  the  series  and  the  question  must 
be  settled  in  each  application  by  appeal  to  more  exact  solu- 
tions. It  is  important  to  realize  that  these  uncertainties 
are  not  inherent  in  the  integral  equations  given  in  equations 
(A28)  through  (A30),  but  enter  the  analysis  with  the  assump- 
tion that  the  solution  can  be  approximated  satisfactorily 
by  application  of  the  particular  form  of  the  method  of 
successive  approximation  described  above. 

The  method  of  analysis  employed  throughout  the  main 
text  is  equivalent,  from  the  present  point  of  view,  to  the  first 
step  of  a slightly  different  method  of  successive  approxima- 
tion that  proceeds  from  consideration  of  the  infinite  set  of 
relations  that  result  if  different  values  are  selected  for  in 
the  determination  of  conditions  at  different  points  in  space. 
Analyses  based  on  such  a system  of  equations  are  more  com- 
plex, in  general,  than  those  based  on  a single  equation,  but 
this  increase  in  complexity  is  counterbalanced,  in  the  present 
applications,  by  the  fact  that  approximations  can  be  in- 
troduced on  the  basis  of  local,  rather  than  global,  considera- 
tions. This  fact  makes  possible  the  incorporation  of  some  of 
the  higher  order  or  nonlinear  contributions,  as  well  as  all  of 
the  first-order  contributions,  into  the  first  term  on  the  right 
in  each  relation  of  the  infinite  set,  thereby  reducing  the  con- 
tribution of  the  term  containing  the  unknown  u (£,f).  If 
a rule  for  the  selection  of  \H  can  be  found  that  achieves  this 
effect  and  if  it  can  be  expressed  in  analytic  form,  the  infinite 
set  of  relations  can  be  expressed  once  again  in  the  form  of  a 
single  equation;  and  the  remainder  of  the  analysis  can  pro- 
ceed in  a manner  analogous  to  that  described  in  the  pro- 
ceding  paragraph  for  the  classical  method  of  successive 
approximation. 

The  method  employed  in  the  analysis  of  the  hyperbolic 
case  in  the  main  text  of  this  paper  is  equivalent  to  the  first 
step  of  a successive  approximation  procedure  based  on  the 
infinite  set  of  equations  for  bu/bx  typified  by  equation  (A30) 
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with  \H  equated  to  the  local  value  of  Mm2—l^ku(x,z)  in 
each  relation.  Although  it  would  appear  from  cursory 
examination  of  equation  (A30)  that  the  error  incurred  in  so 
doing  would  be  of  second  order,  it  will  be  demonstrated 
below  that  the  result  is  actually  accurate  to  second  order  and 
that  the  error  is,  at  most,  of  third  order.  Although  equations 
(A29)  and  (A30),  upon  which  the  remainder  of  the  discussion 
of  the  hyperbolic  case  is  based,  are  exact  within  the  approxi- 
mations of  transonic  flow  theory,  they  are  not  in  the  most 
advantageous  form  for  the  following  discussion  because  of 
the  presence  of  the  integral  in  the  second  term  of  each  rela- 
tion. If,  however,  attention  is  confined  to  the  evaluation  of 
the  result  at  the  airfoil  surface  to  second-order  accuracy, 
and  to  cases  for  which  \H  is  restricted  to  values  that  differ 
from  MJ—  1 by,  at  most,  a quantity  proportional  to  u(x,z), 
that  is  \h=MJ—  l-\-au(x,z)}  the  integrals  can  be  integrated 
and  the  following  relations  result : 


) = _^- 


u 


(mj- 


-0(«3)  (A33) 


du(xfi) 

dx 


dx 2 


ux(MJ — 1 +Jcu—\„) 


f0(u3)  (A34) 


It  is  now  clear  that  the  substitution  of  MJ—  1+ku  for  in 
equation  (A34)  yields 


This  result  is  not  the  same  as  that  of  simple  wave  theoiy,  but 
is  recognized  upon  rearranging  so  that 

(A  38) 

as  being  the  square  root,  with  appropriate  choice  of  sign,  of 
the  shock  relation  given  in  equation  (6)  with  ua  and  wa 
equated  to  zero.  The  result  obtained  by  use  of  equation 
(A38)  is  thus  equivalent  to  that  obtained  by  equating  the 
pressure  at  each  point  of  the  airfoil  surface  to  that  on  a 
tangent  wedge.  Such  a procedure  has  been  proposed 
previous]}7  and  is  sometimes  called  “ tangent-wedge  theoiy.” 
Although  the  first  two  terms  of  the  formal  expansion  of 
either  equation  (A38)  of  tangent-wedge  theoiy  or  equation 
(14)  of  simple  wave  theory  agree  with  the  second-order 
result  obtained  by  use  of  the  method  of  successive  approxi- 
mations and  given  in  equation  (A32),  the  results  of  either 
simple  wave  theor}7  or  tangent-wedge  theory  are  to  be  pre- 
ferred in  applications  because  they  approximate  the  proper 
termination  of  the  solution  when  dZjdx  becomes  too  large, 
and  do  not  fail  spuriously  at  larger  negative  values  of 
dZjdx. 

ELLIPTIC  CASE 

The  second  problem  to  be  discussed  is  the  approximate 
solution  of  the  integral  equation  given  in  equation  (A  14) 
under  the  restriction  that  the  flow  is  purel}7  subsonic  so  that 
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bx 
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This  result  corresponds  to  equation  (11)  of  the  main  text  and 
leads,  upon  integration  and  insertion  of  the  auxiliary  relation 
that  u vanishes  where  dZ/dx  is  zero,  to  equation  (15)  relating 
Cp  and  dZjdx.  This  relationship  is  commonly  designated  as 
that  of  simple  wave  theory.  From  the  above  discussion,  it  is 
clear  that  equation  (15)  must  be  correct  to  at  least  second 
order,  as  indeed  simple  wave  theory  is  known  to  be  for  the 
pressures  on  the  surface  of  an  airfoil.  If  there  are  no  shock 
waves  in  the  region  influencing  conditions  at  the  point  (z,0), 
the  flow  field  is  characterized  by  a single  family  of  waves; 
and  it  can  be  shown  that  the  error  term  indicated  in  equation 
(A3 5)  vanishes  completely.  The  resulting  relation  is  thus 
exact  within  the  approximation  of  transonic  flow  theory.  It 
is  interesting  to  observe  that  the  use  of  the  same  relation  for 
\H  in  equation  (A29)  for  u leads  to 


1 -MJ-ku>0  (A39) 

This  restriction  implies  that  the  integral  over  SE  is  zero, 
since  there  are  no  shock  waves  in  a purely  subsonic  flow. 
Thus,  equation  (A14)  reduces  to 

<p(x,z)=2Um  J <xE~^d^-\- jE(rEd^  (A40) 
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Differentiation  yields  the  following  relations  for  u and 
bu/bx 
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where 


and  results  in  errors  of  second  order  if  only  the  first  term  is 
used. 

There  is  another  choice  for  X7/  that  is  not  mentioned  in  the 
main  text  that  will  remove  the  second-order  error  if  only  the 
first  term  of  equation  (A29)  or  (A33)  for  u is  used  and  that  is 
\h=MJ—  l + (ku/2),  since  then 
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Equations  (A40),  (A41);  and  (A42)  are  all  integral  equations 
and  each  is  exact  for  any  positive  value  for  \E.  The  solu- 
tion of  any  of  these  integral  equations  is  complicated  not 
only  because  the  relations  are  nonlinear,  but  also  because 
the  kernel,  designated  by  crE  or  its  derivative,  is  infinite  at 
the  point  £=z, 

The  familiar  result  of  linearized  subsonic  flow  theory  can 
be  obtained  from  any  of  the  above  equations  by  replacing 
Xtf  by  1—  MJ  and  disregarding  the  contribution  of  the  double^ 
integral  as  being  of  higher  order.  The  corresponding  result, 
correct  to  second  order,  can  be  obtained  by  application  of 
the  method  of  successive  approximations  in  which  the 
contribution  of  the  double  integral  is  approximated  by 
means  of  the  first-order  result  to  evaluate at  each  point. 
Higher  approximations  can  be  obtained,  at  least  in  principle, 
by  repeated  application  of  the  same  procedure  except  that 
fE  is  evaluated  at  each  step  by  use  of  the  results  of  the  next 
lower  approximation.  In  this  way,  an  approximate  expres- 
sion for  the  solution  is  determined  in  the  form  of  a truncated 
power  series.  Although  the  difficulties  of  integration  are  so 
great  that  few  cases  have  been  evaluated  beyond  the  second 
approximation,  it  appears  that  the  process  converges  to  the 
desired  solution  for  thin  airfoils  provided  that  certain  well- 
known  difficulties  associated  with  stagnation  points  are 
properly  accounted  for  and  that,  as  in  the  hyperbolic  case, 
the  Mach  number  is  not  too  close  to  unity.  Again  the  re- 
sults provided  by  the  method  of  successive  approximation 
indicate  no  definite  limit  for  the  Mach  number.  Compari- 
son with  experimental  results  shows  that  the  trends  dis- 
played by  the  results  are  generally  confirmed  for  Mach 
numbers  less  than  the  critical  Mach  number,  but  are  es- 
sentially refuted  for  greater  Mach  numbers. 

It  is  interesting  and  informative  to  compare  the  results 
obtained  in  the  manner  described  above  with  those  obtained 
by  application  of  an  alternative  version  of  the  method  of 
successive  approximations  described  in  reference  9 that 
involves  the  solution  of  quadratic  rather  than  linear  algebraic 
equations  at  each  step  of  the  iteration  process.  The  equation 
fundamental  to  this  discussion  is  obtained  from  equation 
(A41)  by  again  equating  \E  to  1—  MJ  and  integrating  the 
double  integral  by  parts.  In  this  way  the  following  integral 
equation  is  determined  for  u : 
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Although  equation  (A43)  is  completely  equivalent  to  equa- 
tion (A41),  it  is,  in  certain  respects,  superior  from  the  point 
of  view  of  obtaining  approximate  solutions.  This  is  because 
the  predominant  effects  of  the  region  near  the  point  x}z, 
which  form  a major  contribution  to  the  value  of  the  integral 
in  equation  (A41),  are  furnished  in  equation  (A43),  by  the 
term  involving  the  square  of  u standing  outside  the  integral. 
Although  the  difficulties  of  integration  are  as  great  or  greater 
than  encountered  in  the  classical  method  of  successive  approx- 
imations and  only  the  first  few  steps  can  be  evaluated  without 
approximation  in  any  specific  application,  certain  general 
features  of  the  solution  are  clearly  defined.  In  particular,  it 
is  shown  in  the  report  version  of  reference  9 that  the  results 


obtained  for  flows  that  are  subsonic  everywhere  converge,  in 
the  limit  of  an  infinite  number  of  iteration  steps,  to  the  same 
result  as  ultimately  obtained  by  application  of  the  classical 
method  of  successive  approximation.  Whereas  there  is  con- 
siderable doubt  about  the  precise  range  of  convergence  of  the 
latter  result,  the  result  obtained  by  application  of  the  quad- 
ratic method  of  successive  approximation  clearly  terminates 
with  the  occurrence  of  sonic  velocity  somewhere  in  the  flow. 
The  termination  of  the  solution  is  recognized  by  the  dis- 
appearance of  real  roots  of  the  quadratic  equation  and  is 
apparent  at  ever}7  step  of  the  iteration  process.  It  is  evident, 
moreover,  from  comparison  of  the  two  sets  of  results  that  the 
series  expansion  for  the  solution  obtained  by  the  classical 
method  of  successive  approximation  converges  only  for  purely 
subsonic  flows  and  that  the  results  indicated  for  mixed  or 
transonic  flows  are  false.  These  properties  of  the  result 
obtained  by  the  quadratic  method  of  successive  approxima- 
tion are  consistent  with  the  numerous  arguments  and  proofs 
for  the  nearly  nonexistence  of  continuous  shock-free  transonic 
flows  that  have  been  advanced  in  recent  years.  (See  ref.  46 
for  a brief  resume.) 

This  difference  in  behavior  can  be  readily  illustrated  if  one 
considers  the  expressions  for  the  pressure  coefficient  at  the 
midpoint  of  a symmetrical  circular-arc  airfoil  that  are  obtain- 
ed following  the  completion  of  the  first  two  steps  of  each 
iteration  process.  The  result  provided  by  use  of  the  classical 
method  can  be  readily  obtained  from  the  third-order  result 
quoted  in  equation  (37)  of  the  main  text  and  is 
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The  first  term  represents  the  result  obtained  if  one  consid- 
ers equation  (A41)  and  disregards  completely  the  contribu- 
tion of  the  double  integral.  The  result  is  precisely  that  of 
linearized  compressible  flow  theory  for  the  particular  point 
under  discussion.  The  second  term  represents  an  approxima- 
tion for  the  contribution  of  the  double  integral  obtained  by 
replacing  fE  for  each  point  in  space  with  the  result  provided 
by  linearized  theory.  The  results  obtained  by  application  of 
equation  (A44)  indicate  that  —Cv  increases  indefinitely  with 
increasing  value  of  r/(l—  MJ)Z/2  and  appear  to  apply  for 
mixed,  or  transonic,  flows  as  well  as  for  purely  subsonic  flows. 
The  corresponding  results  obtained  by  use  of  the  quadratic 
method  of  successive  approximation  are  found  by  considera- 
tion of  equation  (A'43).  A first  approximation  obtained  by 
disregarding  completely  the  contribution  of  the  double 
integral  is 
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and  a second  approximation  obtained  from  the  evaluation  of 
the  contribution  of  the  double  integral  by  use  of  the  result 
provided  by  linearized  theory  for  fE  at  each  point  is 
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The  results  obtained  by  application  of  either  equation  (A45) 
or  (A46)  also  indicate  that  — Cv  increases  with  increasing 
values  of  r/(l—  MJ)W}  but  that  this  trend  terminates 
when  Op  reaches  the  critical  value  associated  with  the 
occurrence  of  sonic  velocity,  that  is,  when 


2(1— MJ) 

MJ(  7+1)  °p- 


(5) 


At  this  point,  the  slope  of  a curve  representing  the  variation 
of  CP  with  Mm  is  infinite.  In  spite  of  these  distinct  differ- 
ences in  behavior,  it  is  important  to  note  that  a formal 
power  series  expansion  of  equation  (A46)  in  terms  of  r 
agrees  to  second  order  with  equation  (A44),  and  that  this 
agreement  increases  by  one  order  of  r upon  the  completion 
of  each  additional  iteration  step.  Results  obtained  follow- 
ing completion  of  additional  iteration  steps  continue  to 
follow  the  same  trends.  Those  indicated  by  the  classical 
method  never  provide  any  information  regarding  the  precise 
range  of  convergence,  and  those  indicated  by  the  quadratic 
method  always  terminate  with  the  occurrence  of  sonic 
velocity. 

The  method  employed  in  the  main  text  can  be  considered 
as  an  alternative  procedure  devised  in  any  attempt  to  im- 
prove the  quality  of  the  first  approximation  and  to  diminish 
thereby  some  of  the  necessity  for  the  evaluation  of  higher 
approximations.  Before  proceeding,  it  is  important  to  recall 
that  equations  (A40),  (A41),  and  (A42)  are  all  integral 
equations  valid  for  any  positive  value  for  X#;  and  that  each 
can  be  considered,  in  the  same  way  as  described  for  the 
hyperbolic  case,  as  a typical  member  of  an  infinite  set  of 
relations  that  result  if  different  values  are  selected  for  \E 
in  the  determination  of  conditions  at  different  points  in 
space.  It  appears  plausible  that  an  increase  in  the  accuracy, 
although  not  the  mathematical  order,  of  the  first  approxi- 
mation might  occur  if  \E  is  equated  not  to  simply  1 — Mro2, 
but  to  1 —MJ—ku(x,z)  because  then  the  function  fE  in 
the  double  integral  of  each  integral  equation  reduces  to 
k[u(x,z)—  u(^)](bu/bQ  and  hence  vanishes  at  the  point 
x,  where  <rS}  daE/dx,  or  b2aE/c>x2  are  infinite.  If  this 
procedure  is  applied  to  equation  (A40)  or  (A41)  for  <p  or  u, 
and  only  the  contribution  of  the  single  integral  is  retained, 
it  is  clear  that  the  desired  improvement  will  not  be  obtained 
for  all  Mach  numbers  up  to  the  critical  because  the  function 
Vl  —MJ—ku  that  appears  in  the  denominator  of  each 
term  vanishes  with  the  occurrence  of  sonic  velocity,  and  the 
numerator  does  not  vanish  simultaneously.  It  is  interesting 
to  note,  nevertheless,  that  the  result  for  the  pressure  coeffi- 
cient on  the  airfoil  surface  that  is  obtained  in  this  way  from 
equation  (A41),  that  is, 
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corresponds  to  the  use  of  the  local,  rather  than  free-stream, 
Mach  number  in  the  Prandtl-Glauert  rule;  and  that  this 
result  is  the  counterpart,  in  transonic  small  disturbance 
theory,  of  an  approximation  proposed  by  Laitone,  Szebehely, 
and  Truitt  (refs.  47  through  51).  It  is  immediately  apparent 
that  although  this  result  differs  from  the  Prandtl-Glauert 
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Figure  40. — Variation  of  Cv  with  Ma  at  the  midpoint  of  a circular-arc 
airfoil,  as  indicated  by  equation  (A47),  by  present  theory,  and  by 
the  method  of  successive  approximations. 

rule  in  the  same  direction  as  the  higher  order  approximations, 
the  effects  of  compressibility  are  greatly  overestimated  at 
points  where  the  local  velocity  approaches  sonic  velocity. 
A typical  set  of  results  illustrating  this  statement  is  shown 
in  figure  40  in  which  are  repeated  the  curves  of  figure  8 
showing  the  variation  of  Cv  with  at  the  midpoint  of  a 
10-percent- thick  circular-arc  airfoil  together  with  the  corre- 
sponding curve  calculated  by  use  of  equation  (A47). 

The  relations  developed  in  the  discussion  of  the  elliptic 
case  in  the  main  text  do  not  encounter  any  such  difficulties 
as  the  local  Mach  number  approaches  unity.  The  difference 
in  behavior  is  a consequence  of  the  fact  that  the  latter 
results  are  based  on  the  equation  for  du/dx  rather  than  that 
for  cp  or  u.  That  such  a difference  might  occur  can  be  seen 
by  examination  of  equation  (A42).  The  denominator  again 
approaches  zero  as  the  local  Mach  number  approaches  1, 
but  the  numerator  is  always  zero  at  the  point  of  maximum 
velocity.  Since  sonic  velocity  is  first  encountered  with 
increasing  Mach  number  at  the  point  of  maximum  velocity, 
it  is  apparent  that  an  indeterminate  form  occurs  at  the 
critical  Mach  number  and  the  possibility^  at  least  exists  that 
the  gain  sought  by  forcing  A to  be  zero  at  the  point  where 
c )2(rE/dx2  is  infinite  will  be  realized.  That  a gain  in  accuracy, 
although  not  the  mathematical  order,  of  the  solution  is 
actually  attained  by  this  procedure  is  shown  in  the  main 
text  by  comparison  with  existing  higher  approximations. 
Further  confirmation  oi  this  conclusion  is  shown  by  the 
comparison  illustrated  in  figure  41  in  which  the  curves  of 
figure  8 showing  the  variation  with  Mm  of  Cp  at  the  mid- 
point of  a 10-percent-thick  circular-arc  airfoil  are  repeated 
together  with  the  curves  calculated  by  use  of  equations 
(A45)  and  (A46)  representing  the  first  two  approximations 
furnished  by  the  quadratic  method  of  successive  approxi- 
mations. 
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Figure  41. — Variation  of  Cv  with  at  the  midpoint  of  a circular- 
arc  airfoil,  as  indicated  by  present  theory  and  by  two  alternative 
methods  of  successive  approximations. 

PARABOLIC  CASE 

The  third  problem  to  be  discussed  is  the  approximate 
solution  of  the  integral  equations  for  the  parabolic  case 
under  the  restriction  that  the  free-stream  Mach  number  is 
near  unity.  Two  integral  equations  are  given  depending 
on  whether  \P  is  positive  or  negative.  Inasmuch  as  no  use 
is  made  in  the  main  text  of  the  equation  for  negative  XP,  the 
following  remarks  will  be  confined  to  the  case  for  positive 
XP,  for  which  the  integral  equation  is  given  by  equation  (A20) : 


v(x,z) 


where 


fp=  (MJ~  !)*>«+ \P)ipz 


The  third  term  of  equation  (A48)  represents  the  contribu- 
tion of  sources  distributed  along  the  surface  of  any  part  of 
the  shock  system  that  is  situated  upstream  of  the  point  x,z. 
This  term  has  the  property  of  effectively  continuing  the 
source  distribution  of  the  first  term  smoothly  through  a 
concave  corner  when  the  adjacent  flow  is  supersonic.  In 
this  way,  the  singularities  in  the  velocity  and  pressure  that 
occur  at  such  corners  when  the  adjacent  flow  is  subsonic  are 
replaced,  when  the  adjacent  flow  is  supersonic,  b}r  the  dis- 
continuous, but  finite,  jump  associated  with  an  oblique 
shock  wave.  The  contribution  of  this  term  vanishes  if 
no  part  of  the  shock  system  is  situated  upstream  of  x,z 
or  if  the  shock  wave  is  parallel  to  the  z axis.  In  that  which 
follows  attention  is  confined  to  cases  in  which  it  is  presumed 
that  one  or  both  of  these  conditions  are  satisfied  for  all 
points  situated  upstream  of  the  trailing  edge.  The  integral 
over  the  shock  waves  thus  contributes  nothing  to  <p  at  any 
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point  on  the  airfoil  surface,  and  the  remainder  of  the  discus- 
sion will  proceed  with  considerations  involving  only  the 
first  two  terms  of  equation  (A48),  and  with  the  correspond- 
ing equation  for  u obtained  therefrom  by  differentiation 
with  respect  to  x.  These  two  equations  reduce  to  the  fol- 
lowing forms  for  points  on  the  airfoil  surface  (i.  e.,  z~0): 

<p{x,0)=~§tPi  (^(l*~^Jf*pfpdRp  (A49> 
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It  can  be  seen  from  examination  of  the  preceding  relations 
that  the  integral  equations  for  the  parabolic  case  are  non- 
linear and  singular  just  as  are  the  integral  equations  for  the 
elliptic  case.  The  following  discussion  of  the  approximate 
solution  of  the  equations  for  the  parabolic  case  will  proceed, 
therefore,  through  applications  of  considerations  that  are 
very  similar  to  those  described  in  the  discussion  of  the 
elliptic  case  in  the  preceding  section. 

The  results  found  by  application  of  the  linearized  theory 
for  sonic  flow  described  in  references  23  through  28  follow 
from  equation  (A49)  or  (A50)  by  equating/p  to  zero  so  that 


u(x,  0) 


U„  b f » dZ/dij 

Jo 


(A51) 


and  selecting  a value  for  XP.  Various  means  have  been 
proposed  for  the  selection  of  an  appropriate  value  for  XP. 
In  reference  28,  the  only  one  of  the  above  references  that 
pertains  directly  to  two-dimensional  flows,  Maeder  and 
Thommen  suggest  that  XP  be  determined  by  equating  it  to 
the  value  for  kbu/bx,  obtained  by  differentiating  equation 
(A51),  that  occurs  at  the  point  along  the  chord  at  which  u 
is  a maximum  in  incompressible  flow.  As  noted  in  the 
main  text  in  the  discussion  of  the  solution  for  the  wedge, 
the  results  obtained  by  application  of  this  linearized  theory 
for  sonic  flow  past  thin  airfoils  may  be  at  considerable 
variance  with  other  theoretical  and  experimental  results. 
A further  illustration  of  this  statement  is  provided  in  fig- 
ure 42  in  which  the  results  given  in  figures  16,  18,  and  19 
for  the  circular-arc  airfoil  and  the  two  related  airfoils  that 
have  the  point  of  maximum  thickness  at  30-  and  70-percent 
chord  are  repeated  together  with  the  corresponding  results 
obtained  by  application  of  the  procedures  described  in  refer- 
ence 28.  It  can  be  seen  upon  comparison  of  these  results 
with  the  experimental  results  shown  in  figures  16,  18,  and 
19  that  the  agreement  between  the  pressure  distribution 
calculated  by  application  of  the  linearized  theory  for  sonic 
flow  and  that  measured  experimentally  deteriorates  as  the 
pressure  gradient  departs  from  a constant.  It  is  apparent 
from  equation  (A51)  that  the  accuracy  cannot  be  improved 


544 


REPORT  1359 — NATIONAL  ADVISORY  COMMITTEE  FOR  AERONAUTICS 


Cp 


Figure  42. — Comparison  of  pressure  distributions  as  indicated  by 


present  theory  and  by  linearized  transonic  flow  theory;  Mto  = l. 


in  any  essential  manner  by  the  adoption  of  a different  rule 
for  the  selection  of  an  appropriate  value  for  This  follows 
from  the  fact  that  the  entire  curve  representing  the  pressure 
distribution  is  proportional  to  ltyXp  and  can  be  altered 
in  scale,  but  not  in  form,  by  use  of  other  values  for  \P. 
Possibilities  for  iteration  always  exist,,  and  it  is  conceivable 
that  improvements  in  accuracy  could  be  attained  by  in- 
serting the  solution  of  linearized  sonic  flow  theory  into  the 
terms  involving  fP  in  equation  (A49)  or  (A50)  to  obtain  a 
second  approximation,  etc.  To  do  so  would  be  a laborious 
task  and  there  is  always  present  a grave  danger  that  the 
process  will  diverge,  or  not  converge  sufficient^  rapidly  to 
be  useful,  when  the  first  approximation  is  as  far  from  the 
proper  solution  as  may  be  inferred  from  figure  42  for  the 
airfoil  with  maximum  thickness  at  30-percent  chord. 

The  procedures  employed  in  the  main  text  for  the  approx- 
imate solution  of  the  equations  for  the  parabolic  case  closely 
parallel  those  used  for  the  approximate  solution  of  the  equa- 
tions for  the  hyperbolic  and  elliptic  cases.  It  is,  conse- 
quently, not  surprizing  that  the  following  discussion  of  these 
procedures  from  the  point  of  view  of  the  integral  equations 
given  in  equations  (A49)  and  (A50)  is  very  similar  to  that 
in  the  preceding  sections  of  the  Appendix.  The  general 
considerations  are  the  same  in  all  three  cases,  but  the  para- 
bolic case  more  closely  resembles  the  elliptic  case  than  the 
hyperbolic  case  because  of  the  singular  nature  of  the  kernel 
in  the  double  integral;  that  is,  <tp  and  aE  approach  infinity  at 
the  point  £=x,  The  expressions  applied  in  the  main 

text  folloAV  from  consideration  of  equation  (A50)  as  a typical 
member  of  an  infinite  set  of  relations  that  result  if  \P  is 
replaced  with  the  local  value  of  kdu/dx  and  the  contribution 
of  the  double  integral  is  disregarded.  At  free-stream  Mach 
number  1,  the  function  fP  thus  reduces  to  zero  at  the  point 
where  o>  is  infinite,  and  it  again  appears  plausible  that  less 
loss  in  accuracy  is  incurred  by  disregarding  the  contribution 
of  the  double  integral  than  in  alternative  procedures  in  which 
fP  is  not  zero  at  this  point.  At  free-stream  Mach  numbers 
different  from  unity,  jP  is  not  zero  although  it  can  be  made 
as  small  as  deshed  by  approaching  sufficiently  closely  to  free- 
stream  Mach  number  1.  The  results  obtained  by  solution  of 
theremainingrelation,  which  is  a first-order  nonlinear  ordinary 
differential  equation,  are  completely  consistent  with  the 


above  remarks.  The  pressure  distributions  calculated  by 
use  of  only  the  first  approximation  are  indeed  in  good  accord 
with  existing  theoretical  and  experimental  results,  and  the 
initial  variation  of  Cv  with  at  free-stream  Mach  number 
1 is  given  exactly;  but  no  indication  is  provided  of  the  sub- 
sequent variation  of  Cv  with  Mm  at  Mach  numbers  con- 
siderably removed  from  unity. 

If,  on  the  other  hand,  the  pressure  distribution  is  calculated 
by  substitution  of  k<pxx  for  \P  in  equation  (A49)  and  differen- 
tiation of  the  resulting  expression  to  obtain  an  equation  for 
u , the  function  in  the  double  integral  that  corresponds  to  jP 
in  the  above  discussion  does  not  vanish  at  the  point  £=£, 
f—  z where  the  kernel  is  infinite.  If  the  preceding  discussion 
can  be  considered  to  imply  that  the  effective  removal  of  the 
singularity  is  important  in  the  approximate  solution  of 
singular  integral  equations,  it  may  be  anticipated  that  the 
results  obtained  using  equation  (A49)  will  not,  in  general, 
be  so  good  as  those  obtained  following  the  procedure  em- 
ployed in  the  main  text. 
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GROWTH  OF  DISTURBANCES  IN  A FLAME-GENERATED  SHEAR  REGION 1 

By  Perry  L.  Blackshear,  Jr. 


SUMMARY 

The  growth  of  transverse  velocity  disturbances  in  the  shear 
region  caused  by  a flame  in  a duct  was  examined  theoretically 
and  experimentally.  In  the  theoretical  stability  analysis , a 
flow  field  arising  from  a flame  in  a duct  was  analyzed.  The 
flow  was  neutrally  stable  to  symmetric  disturbances  and  un- 
stable to  antisymmetric  ones.  As  a disturbance  of  given  fre- 
quency moves- downstream  from  theflameholder , a most-amplified 
frequency  is  found  that  is  equal  to  flow  velocity  divided  by  duct 
width.  Disturbances  at  frequencies  greater  or  less  than  this 
are  less  amplified.  The  amount  that  an  incoming  disturbance 
is  amplified  depends  on  theflaine  slope.  For  the  most-amplified 
frequency , the  ratio  of  terminal  to  initial  transverse  disturbance 
velocity  is  equal  to  (1  .l)llslope,  where  the  slope  is  roughly  turbu- 
lent flame  speed  divided  by  flow  velocity.  This  ratio  of  terminal 
to  initial  transverse  disturbance  velocity  depends  on  inlet  velocity 
and  flame  speed  only  in  the  stated  manner  and  is  essentially  in- 
dependent of  density  ratio. 

The  critical  wavelength  separating  disturbances  that  grow 
from  those  that  do  not  grow  varies  as  a constant  times  flame 
width.  The  constant  is  2}{  for  flames  that  are  narrow  compared 
with  duct  width  and  becomes  infinite  as  the  flame  reaches  the 
wall.  The  flow  is  unstable  to  disturbances  having  wavelengths 
greater  than  critical.  Thus , short-wavelength  (i.  e.,  high- 

frequency)  disturbances  achieve  their  terminal  amplifications 
near  theflameholder , while  long-wavelength  disturbances  achieve 
theirs  farther  downstream.  The  most-amplified  disturbance 
achieves  its  terminal  amplification  when  the  flame  fills  0.60  of 
the  duct.  The  results  are  related  to  measurable  quantities  in 
the  form  of  (1)  flame-front  displacement , (2)  phase  velocity , and 
(3)  to  a first  approximation , the  effect  of  disturbance  frequency 
on  flame-propagation  velocity. 

In  the  experimental  part  of  the  program  disturbances  of 
various  frequencies  were  imposed  on  a flame  stabilized  in  a 
duct , and  the  effects  were  measured  by  shadow  photography  and 
photomultiplier-probe  surveys.  Efforts  to  verify  elements  of 
the  theory  are  encouraging  but  not  conclusive.  Eeasonable 
agreement  is  achieved  in  the  comparison  of  flame-front  displace- 
ment and  pha*e  velocity.  In  the  measurements  of  the  effect  of 
frequency  of  disturbance  on  flame  speed , there  appeared  to  be 
a most-effective  frequency,  which  was  twice  the  most  amplified 
frequency  given  by  theory.  There  is  no  direct  evidence  of 
transition  due  to  the  amplified  disturbances . The  flow  was 


turbulent  in  all  cases  owing  to  transition  in  the  flameholder 
boundary  layer , either  on  the  flameholder  or  near  the  point  of 
separation.  There  was  some  evidence  of  an  increased  small- 
scale  turbulence  in  the  flame  when  long-wavelength  disturbances 
were  present.  In  other  words , the  large-amplitude , long- 
wavelength  disturbances  cause  a sort  of  transition  in  the  already 
turbulent  flow  and  amplify  the  smaller-scale  disturbances. 
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INTRODUCTION 

The  stability  of  the  flow  field  arising  from  an  anchored 
flame  in  a duct  is  of  interest  for  two  reasons:  (1)  Experimental 
investigations  have  shown  that  the  turbulent  flame  speeds 
attained  in  a flame  anchored  in  a duct  depend  more  on  the 
turbulence  originating  in  the  shear  regions  generated  by  the 
flameholder  and  flame  than  on  the  turbulence  in  the  incident 
gas  stream;  and  (2)  some  transverse  modes  of  burner  reso- 
nance encountered  have  been  accompanied  by  an  increase  in 
the  rate  of  flame  propagation. 

DEPENDENCE  OF  TURBULENT  FLAME  SPEED  ON 
DISTURBANCES  ORIGINATING  IN  SHEAR  REGIONS 

The  problem  of  describing  the  flow  field  that  arises  when 
a flame  is  anchored  in  a duct  was  first  posed  and  solved  by 
Scurlock  (ref.  1).  One  result  of  this  work  was  the  relation 
between  the  fraction  of  mixture  burned  and  the  local  flame 
width.  Scurlock  used  this  result  to  measure  turbulent  flame 
speeds  in  an  experiment  originally  designed  to  give  the  effect 
of  inlet  turbulence  on  flame  speeds.  He  found  that  turbu- 
lence associated  with  two  regions  of  shear  flow  masked,  to  a 
great  extent,  the  effect  of  imposed  stream  turbulence.  These 


t Supersedes  NAC A Technical  Note  3S30  by  Perry  L.  Blackshear,  Jr.,  1956. 
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two  regions  are  the  near  wake  of  the  flameholder  and  the 
shear  region  associated  with  the  fully  developed  flame  in 
a duct.  The  latter  shear  region  is  caused  by  the  pressure 
gradient  acting  on  gases  of  different  densities.  Scurlock 
calculated  the  velocity  profile  in  this  region. 

In  flow  past  cylinders  without  flames,  eddies  are  encoun- 
tered. Scurlock  found  that  the  flame  seated  on  a cylindrical 
flameholder  prevented  eddies  from  shedding  from  the  flame- 
holder  over  the  range  of  Re}molds  numbers  investigated  (up 
to  approximately  15,000).  Haddock  (ref.  2)  and  Zukoski 
and  Marble  (ref.  3),  in  investigating  the  mechanism  of  flames 
seating  on  cylindrical  rods,  found  that  the  boundary  layer 
separating  from  either  side  of  the  rod  underwent  transition 
from  laminar  to  turbulent  flow.  The  transition  point  ap- 
proached the  point  of  separation  at  a Reynolds  number  of 
about  104.  References  2 and  3 show  that  transition  in  the 
flameholder  boundary’  layer  is  one  mechanism  for  producing 
turbulence  in  the  shear  region  near  the  flameholder. 

The  role  played  by  the  second  shear  region  cited  by  Scur- 
lock as  a source  of  turbulence  has  not  been  directly  investi- 
gated. After  obtaining  experimental  results  similar  to  those 
of  Scurlock,  several  investigators  [e.  g.,  refs.  4 tWohl)  and  5] 
concluded  that  turbulence  is  generated  in  this  region.  The 
arguments  leading  to  this  conclusion  are  briefly  indicated 
in  the  following  discussion. 

Theories  of  turbulent  flame  propagation  have  been  postu- 
lated for  two  types  of  turbulence:  (1)  turbulence  with  a scale 
that  is  small  compared  with  laminar  flame-front  thickness, 
and  (2)  turbulence  with  a scale  that  is  large  compared  with 
laminar  flame-front  thickness  (refs.  6 to  8).  Experiments 
conducted  in  the  absence  of  shear  regions  jdelded  flame 
speeds  in  good  agreement  with  values  predicted  by  the  large- 
scale-turbulence  theory  (refs.  9 to  12).  Experiments  con- 
ducted in  the  presence  of  shear  regions  (refs.  4,  5,  and  8)  gave 
flame  speeds  higher  than  those  predicted  by  theory.  The 
interpretation  of  this  difference  is  the  subject  of  a current 
controversy  (refs.  4,  5,  8,  13,  and  14).  It  is  generally  agreed 
that,  when  an  existing  shear  region  is  of  the  type  associated 
with  an  anchored  flame  in  a duct,  the  higher  flame  speed  is 
due  in  part  to  turbulence  amplified  by  or  originating  in  this 
shear  region. 

Rayleigh  (ref.  15)  observed  that  some  jets  and  diffusion 
flames  are  sensitive  to  certain  imposed  transverse  disturb- 
ances. From  an  in  viscid  stability  analysis,  he  found  a 
velocity  profile  unstable  to  antisymmetric  disturbances  but 
neutrally  stable  to  symmetric  wavy  disturbances.  This 
result  agreed  with  his  observations  on  sensitive  flames  and 
jets.  Some  of  the  limitations  of  Rayleigh's  work  are  con- 
sidered in  the  theoretical  section  of  this  report.  The  analyt- 
ical method  used  by  Rayleigh  is  applied  in  the  present  ex- 
amination of  the  instability  of  flame-zone  flow  to  imposed 
disturbances. 

EFFECT  OF  COMBUSTOR  OSCILLATIONS  IN  INCREASING 
RATE  OF  FLAME  PROPAGATION 

A great  variety  of  combustion-chamber  resonances  have 
been  observed  in  jet-engine  combustors  (refs.  16  to  19). 
These  resonances  most  often  involve  some  mode  of  acoustic 
oscillation  in  the  combustion  chamber.  Reference  16  dis- 
cusses modes  that  involve  longitudinal  gas  and  flame  motion 


and  reports  a deterioration  in  combustor  performance  when 
these  oscillations  occur.  Reference  17  discusses  a type  of 
resonance  identified  as  a transverse  mode  of  oscillation  in 
the  combustion  chamber.  Accompanying  this  type  of  oscil- 
lation was  an  apparent  increase  in  combustion  efficiency 
(ref.  17)  and  in  the  rate  of  flame  spreading  (ref.  18).  This 
type  of  oscillation,  with  an  acoustic  wavelength  controlled 
by  duct  dimensions,  could  possibly  excite  a wavy  disturbance 
that  would  subsequently  be  amplified  by  the  flame-generated 
shear  region. 

Unfortunately,  these  transverse  modes  (called  screech) 
also  cause  the  destruction  of  the  burner  walls  when  the 
screech  becomes  severe  enough  (ref.  18).  Reference  19 
shows  pictures  of  the  flame  near  the  flameholder  when  a 
combustor  was  resonating  in  a transverse  mode.  A strong 
interaction  was  apparent  in  the  form  of  flame  wrinkles  form- 
ing at  the  flameholder  and  growing  in  amplitude  as  they 
moved  downstream.  It  seems  apparent  that  at  least  one 
of  the  ways  the  transverse  oscillation  increases  the  rate  of 
flame  spreading  is  by  wrinkling  and  hence  extending  the 
interface  between  the  burned  and  unburned  gases. 

If  the  oscillation  that  disturbs  the  flame  at  the  flameholder 
is  supplied  locally  (by  some  suitable  exciting  mechanism) 
and  not  by  the  sometimes  destructive  combustor  resonance, 
some  of  the  benefits  of  screech  can  be  realized  without  its 
penalties.  The  gains  in  flame  speed  should  be  greatest  for 
those  frequencies  of  excitation  that  are  amplified  by  the 
flame.  It  is  hoped  that,  by  examining  the  sensitivity  of  a 
flame  in  a duct  to  imposed  disturbances,  an  excitation 
frequenc}7  may  be  found  that  giv£s  the  optimum  increase  in 
flame  speed. 

This  report  is  divided  into  three  parts — theory,  experi- 
ment, and  discussion.  Separate  introductions  are  given  for 
the  first  two  parts  describing  the  purpose  of  each.  The  dis- 
cussion weighs  the  results  of  the  other  parts  and  includes 
some  extrapolations. 

SYMBOLS 

A,  B,  C,  D constants  of  integration 
b width  of  shear  region  in  Rayleigh's  problem 

bf  width  of  plateau  in  velocity  profile 

c complex  phase  velocity,  ft/sec 

d flameholder  width 

E voltage 

F fraction  burned 

i frequency,  cps 

G gain;  v'=v'0Gl/K 2 

Gf  gain;  v' =v'0(G')UKl 

h flame-front  displacement  from  mean,  ft 

hi  duct  half-width,  ft 

h2  flame  half-width,  ft 

Ki  constant,  dF/[d(x/hi)\ 

K2  constant,  dh2/dx,  for  an  assumed  flame-spreading 

mechanism 

Jt  proportionality  factor 

k constant 

L Eulerian  scale  of  turbulence,  ft 

l length,  ft 

lF  length  of  flame  measured  from  wake,  ft 

lw  length  of  flameholder  wake,  ft 
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p 

mean  pressure,  Ib/sq  ft 

p 

pressure,  lb/sq  ft 

V' 

perturbation  pressure,  lb/sq  ft 

Re 

Reynolds  number 

S 

flame  surface  area 

t 

time,  sec 

u 

flow  velocity  in  ^-direction,  ft/sec 

ut 

flow  velocity  in  ^-direction  in  cold  gas,  ft/sec 

u* 

flow  velocity  in  ^-direction  at  apex  of  hot-gas 

velocity  profile,  ft/sec 

u' 

disturbance  velocity  in  ^-direction,  ft/sec 

V 

flame  speed,  ft/sec 

v' 

disturbance  velocity  in  ^/-direction,  ft/sec 

a- 

coordinate  in  direction  of  duct  axis,  ft 

y 

coordinate  perpendicular  to  duct  axis,  ft 

a 

wave  number  of  disturbance,  ft"1 

ao 

wave  number  of  disturbance  based  on  initial 

velocity  and  frequency,  /27r/C70 

a, 

wave  number  for  neutral  stability  based  on 

inviscid  analysis,  ft-1 

0 

hot-gas  velocity  gradient,  (U*—  Ui)/h2,  sec-1 

7k 

e~ay 

Yi 

e-«hi 

72 

e-*h2 

yl+y\ 

Yl-7? 

X 

wavelength,  ft 

xs 

2ir/as,  ft 

« 

l+7l 

1-7 1 

density,  lb-sec2/ft4 

P 

Pi 

density  of  cold  gas,  lb-sec2/ft4 

P 2 

density  of  hot  gas,  lb-sec2/ft4 

P' 

perturbation  density,  lb-sec2/ft4 

<p(y) 

Subscripts: 

2/ -distribution  of  disturbance  amplitude,  ft2/sec 

cr 

critical 

d 

disturbed 

f 

frequency 

i 

imaginary  part 

L 

laminar 

max 

maximum 

0 

initial ; plane  of  flameholder 

VO 

measured  from  flame  photographs 

pm 

measured  by  photomultiplier 

r 

real  part 

T 

turbulent 

t 

total 

u 

undisturbed 

THEORY: 

STABILITY  OF  FLOW  FOR  A FLAME  IN  A 

DUCT 

INTRODUCTION 

STEADY-STATE  FLOW  FIELD  OF  A FLAME  ANCHORED  IN  A DUCT 

The  problem  of  describing  the  flow  field  that  exists  when 
a flame  is  anchored  in  a duct  was  first,  posed  and  solved  by 

Scurlock  in 

1948  (ref.  1).  Subsequently,  Tsien  (ref.  20) 

and  others  (ref.  21)  elaborated  on  the  problem.  The  follow- 

ing  table  summarizes  Scurlock’s  and  Tsien’s  assumptions 
and  results  as  the}7  pertain  to  the  present  work: 

Scurlock  Common  | Tsien  | 

Assumptions 

(1)  Fluid  is  incompress-  (1)  Fluid  is  steady-state, 
ible.  two-dimensional,  inviscid, 

non-heat-conducting, 
non-turbulent. 


(2)  Density  jumps  from  (2)  Velocity,  density,  and 
pi  to  p2  across  the  flame  pressure  are  uniform  at 

front  and  is  constant  combustor  inlet, 
in  each  region,  (3)  Static  pressure  is  uni- 

form at  any  cross  section. 

(4)  The  flameholder  is  of 
negligible  size  and  spans 
the  combustor. 

(5)  The  flame  front  is  of 
negligible  thickness. 

(6)  The  chamber  is  of  con- 
stant width. 


Results 


(X)  Fraction  burned  as  a (1)  Peak  hot-gas  velocity 
function  of  flame  width,  as  a function  of  flame 

width. 

(2)  Cold-gas  velocity  as  a (2)  Limiting  inlet  velocity 
function  of  flame  width.  beyond  which  complete 

combustion  cannot  occur 
as  a function  of  density 
ratio  (for  compressible 
case). 

A stability  analysis  is  made  herein  of  a parallel  flow  having 
a velocity  profile  approximating  the  one  found  by  Scurlock 
by  means  of  straight-line  segments  and  a density  distribution 
as  taken  by  Scurlock  (i.  e.,  constant  p:/p2). 

STABILITY  PROBLEM 

The  study  of  the  origins  of  turbulent  motion  has  received 
considerable  attention  in  the  past,  particularly  with  respect 
to  turbulence  occurring  in  boundary  layers.  One  way  of 
treating  the  problem  is  to  assume  the  existence  of  infinitesi- 
mal wavy  disturbances  in  the  flowing  stream  and  to  seek  the 
conditions  under  which  these  disturbances  are  amplified 
(refs.  22  and  23).  In  the  application  of  this  method  to  the 
study  of  the  stability  of  the  laminar  boundary  layer,  a 
major  objective  is  to  determine  a minimum  Reynolds  number 
below  which  all  disturbances  decay  and  to  determine  the 
effect  of  velocity  profile  on  this  minimum  Reynolds  number. 

The  amplification  of  wavy  disturbances  supposedly  leads 
to  the  transition  to  turbulence  under  certain  circumstances. 
The  desirability  of  maintaining  laminar  flow  on  airfoils  makes 
an  understanding  of  transition  an  important  practical 
problem.  In  1941,  Schubauer  and  Skramstad  conducted  an 
experiment  in  which  the  disturbances  introduced  into  a 
laminar  boundary  layer  were  carefully  controlled  (ref.  24). 
They  found  a relation  between  the  wave  numbers  of  ampli- 
fied, neutral,  and  damped  disturbances  and  the  Reynolds 
number  that  confirmed  the  predictions  of  the  infinitesimal 
wavy  disturbance  theory  in  almost  every  important  respect. 


(1)  Velocity  profile  as  a 

function  of  flame 
width:  slightly  con- 

cave to  incoming  gas). 

(2)  Momentum  pres- 
sure drop  as  a funct  ion 
of  flame  width  (i.  e., 
of  fraction  burned). 


(1)  Two  cases  are  treated, 
compressible  and  incom- 
pressible. In  the  incom- 
pressible,  Scurlock’s 
assumption  (2)  holds:  in 
the  compressible,  density 
is  allowed  to  vary  in  the 
direction  of  flow. 

(2)  Density  ratio  is  con- 
stant across  flame  front 
at  any  station. 

(3)  The  velocity  profile  is 
composed  of  four  straight- 
line  segments. 
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The  practical  value  of  learning  about  the  stability  of  a 
flow  field  created  by  a flame  in  a duct  is  in  furnishing  in- 
formation that  will  enable  combustor  designers  to  encourage 
the  growth  of  disturbances  in  this  region,  because  turbulence 
generally  aids  flame  spreading.  The  information  needed  is 
(1)  a range  of  Reynolds  numbers  over  which  the  flow  is 
unstable  and  (2)  the  kind  of  disturbance  that  possesses  the 
greatest  rate  of  amplification  within  this  range.  In  the 
following  qualitative  discussion  most  flames  of  practical 
interest  appear  to  be  in  a Reynolds  number  range  where 
amplified  disturbances  always  exist  and  where  the  wave- 
lengths of  disturbances  that  will  be  amplified  may  beobtained 
when  viscosity  is  neglected. 

If  the  disturbance  varies  as  v'—(p(y)eia{x~ct)}  where  the 
wave  number  a is  real  and  the  phase  velocity  c is  generally 
complex,  then  the  stability  of  boundarjMayer  flows  (or  of 
flows  with  sjunmetric  profiles  in  a two-dimensional  channel) 
can  be  illustrated  by  a graph  of  values  for  a for  neutral 
stability  (i.  e.,  where  the  imaginary  part  of  c vanishes) 
against  Reynolds  number  Re  (ref.  22) . 

A profile  without  a point  of  inflection  would  possess  the 
following  plot  of  a against  Re  for  c{=  0: 


Sketch  (a) 

This  curve  is  called  the  neutral  envelope  for  the  profile  in 
question.  Inside  the  envelope,  disturbances  are  amplified 
(c*>0);  outside,  disturbances  are  damped  (c*<0).  Proceed- 
ing to  the  right  from  the  minimum  Reynolds  number  attained 
by  the  0 curve  are  two  branches  of  the  curve  ct=  0 As 
Re  becomes  indefinitely  great,  both  curves  asymptotically 
approach  a=0. 

For  the  profile  with  a point  of  inflection,  a similar  relation 
a(c,Re)  is  obtained: 


Sketch  (b) 


The  significant  difference  between  this  plot  for  a profile  with 
an  inflection  point  and  sketch  (a)  for  a profile  without  an 
inflection  point  is  that  the  asymptotic  values  of  the  two 
branches  approach  different  limits  for  large  values  of  Re. 
The  upper  branch  approaches  oc=a$}  the  wave  number  for 
neutral  stability  obtained  by  neglecting  viscosity,  and  the 
lower  branch  approaches  a=  0.  The  Reynolds  number  range 
over  which  the  flow  with  an  inflection  point  is  unstable 
extends  to  indefinite^  large  Reynolds  numbers.  The  flow 
generated  by  a flame  in  a duct  has,  in  effect,  an  inflection 
point. 

It  is  desirable  either  by  example  or  direct  calculation  to 
determine  the  order  of  magnitude  of  the  Reynolds  number 
range  over  which  the  neutral  a departs  from  as;  that  is, 
where  viscosity  has  a dominating  influence.  In  two  examples 
in  the  literature,  Pretsch  (ref.  25)  and  Lessen  (ref.  26) 
examined  a flow  with  a flex  for  stability.  In  both  instances 
the  minimum  Reynolds  number  for  ct= 0 was  of  the  order  of 
10;  the  maximum  Re,  where  a for  ct= 0 differed  from  as  cal- 
culated from  in  viscid  theory  by  more  than  2 percent,  was  of 
the  order  of  103.  The  profile  of  reference  25  is  for  a boundary 
layer  with  pressure  rise;  that  of  reference  26  is  for  the  free 
boundary  layer  between  streams  of  differing  velocities. 

If  these  values  are  taken  to  suggest  the  order  of  Reynolds 
number  where  the  stability  of  a profile  with  a flex  is  sensitive 
to  the  effects  of  viscosity,  some  idea  of  flame-zone  sizes  can 
be  estimated  for  the  range  of  velocities  encountered  in  jet 
engines  (i.  e.,  50  to  500  ft/sec).  For  example,  at  50  feet  per 
second,  the  range  of  flame  width  where  viscous  forces  are 
important  is  1/3000  to  1/30  inch.  At  500  feet  per  second, 
the  range  is  1/30,000  to  1/300  inch.  Most  of  the  flame  zones 
of  practical  interest  are  much  wider  than  these  dimensions 
and  may  be  considered  well  within  the  range  of  Reynolds 
numbers  where  disturbances  are  amplified  and  where 
viscosity  effects  are  small.  Therefore,  the  following  inviscid 
stability  analysis  may  give  meaningful  information  on  the 
value  of  the  wave  numbers  a where  amplification  can  occur. 

Lin  (ref.  22)  and  Heisenberg  (ref.  27)  have  criticized  the 
use  of  broken-line  profiles  because  there  is  a separate  solution 
for  c for  each  corner  of  the  profile.  These  objections  might 
be  met  by  the  following  observations: 

(1)  The  steady-state  flow  field  solved  by  Scurlock  possesses 
corners  (places  where  the  velocity  gradient  jumps)  and  can 
be  very  closely  approximated  by  straight-line  segments 
without  introducing  new  corners  into  the  profile.  The  jumps 
in  velocity  gradient  that  occur  at  the  corners  result  from  the 
assumption  that  the  flame  front  is  of  negligible  thickness 
compared  with  the  width  of  the  flame  zone. 

(2)  The  following  results  show  that  the  flame  zone  is 
unstable  to  disturbances  having  wavelengths  2.5  times  the 
flame-zone  width  and  greater.  Thus,  any  rounding  of  the 
corners  over  a distance  that  is  small  compared  with  the  flame- 
zone  width  should  not  affect  the  results;  to  the  long- 
wavelength  disturbances  that  are  amplified,  the  corners  will 
still  appear  sharp. 
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In  order  to  examine  the  effect  of  corners  in  a velocit}7 
profile,  three  profiles  of  a similar  shape  are  shown  in  the 
following  sketch : 


Each  of  these  profiles  has  been  examined  for  instability,  and 
a wavelength  for  neutral  stability  has  been  computed.  The 
scale  of  the  abscissa  is  chosen  so  that  the  value  of  the  neutral 
wavelength  is  the  same  for  the  three  profiles.  The  two 
broken-line  profiles  are  from  Rayleigh  (ref.  15);  the  contin- 
uous profile,  from  Savic  (ref.  28).  These  solutions  correspond 
to  the  antisymmetric  disturbance.  The  flow  in  each  case 
is  inviscid. 

A similar  comparison  can  be  made  between  the  velocity 
profile  C7=l  + sin[(27r^/Z)  — (7r/2)]  treated  briefly  by  Lin 
(ref.  22)  and  a corresponding  broken-line  approximation. 
Lin’s  result  yields  asl= for  the  sine  profile.  Equation  (37) 
in  the  following  analysis  was  used  to  obtain  the  dimensions 
of  a profile  having  the  same  asl.  The  following  two  profiles 
are  given  for  flow  between  parallel  walls,  v'  vanishing  at  the 
walls : 


Since  the  widths  of  the  profiles  composed  of  broken-line 
segments  are  so  nearly  equal  to  those  with  continuous  veloc- 
ity  gradients  (having  identical  neutral  wave  numbers),  it  is 
believed  that  the  broken-line  profile  used  herein  does  not 
involve  the  introduction  of  extraneous  solutions. 

INTERPRETING  RESULTS  OF  STABILITY  ANALYSIS 

The  stability  analysis  gives  an  amplification  rate  acf  and 
a phase  velocity  cr  for  disturbances  as  functions  of  the  wave 
number  a and  the  fraction  of  duct  occupied  by  flame  h2/h1  for 
any  onestation  along  the  axis  of  the  duct.  From  this  informa- 
tion a stability  map  is  constructed,  consisting  of  a plot  of 
contours  of  constant  act  on  a grid  of  ahx  against  A2/At.  This 
is  a generalized  map,  with  no  assumption  regarding  the  rate 
of  change  of  flame  width  with  distance.  Lines  of  constant 
frequency  are  shown  on  the  stability  map  calculated  from  the 
phase  velocity  cT.  From  the  map  and  an  assumption  of  the 


nature  of  flame-spreading  rates,  the  total  amplification  of  a 
disturbance  of  given  frequency  is  calculated. 

Some  aspects  of  this  information  are  reduced  to  measurable 
quantities  that  can  subsequently  be  compared  with  experi- 
mental results.  These  quantities  include 

(1)  Qualitative  dependence  of  turbulent  flame-spreading 
rate  on  disturbance  frequency 

(2)  Relation  between  critical  wave  number  and  flame 
width 

(3)  Qualitative  behavior  of  amplified  disturbances  as 
affected  by  the  steady-state  condition  (velocit}7, 
fuel-air  ratio) 

One  section  of  the  analysis  deals  with  the  effect  of  a flame- 
holder  of  finite  size  on  the  steady-state  profile  and  hence  on 
the  stability  analysis. 

STABILITY  ANALYSIS 

STEADY-STATE  SOLUTION 

The  equations  for  incompressible  flow  derived  by  Tsien 
(ref.  20)  relating  Uu  U0,  U*,  pjp2,  h2/hl}  and  F are  listed 
first;  these  relations  are  based  on  the  assumption  that  the 
velocity  profile  can  be  approximated  by  straight-line  seg- 
ments : 

Apex  velocity: 

Hot-gas  velocity  distribution: 


Flame  width: 

ho 


U±- 1 
u0 


Fraction  burned: 


(2) 


(3) 


(4) 


The  hot-gas  distribution  (eq.  (2))  and  the  relation  between 
h2/hi  and  Ui/U0  (eq.  (3))  are  used  in  interpreting  the  results 
of  the  stability  analysis.  In  the  analysis  the  hot-gas  velocity 
distribution  (eq.  (2))  is  represented  by 

U—Ui+  (h2—y)($  (y>0) 

U=Ui-\r(h2-Jry)p  (y^b) 

where 


Tsien’s  analysis  says  nothing  about  the  distribution  of  h2/hi 
with  distance  x.  This  must  come  from  further  assumptions 
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regarding  flame  slope,  flame  speed,  or  rate  of  change  of  F 
with  x.  For  the  present  it  is  sufficient  to  say  that  the  rate 
of  change  of  h2/hi  with  x is  small;  that  is, 


b(h2/hi) 

dx 


where  X is  the  wavelength  of  a disturbance  of  interest. 

The  stability  of  the  profile  assumed  by  Tsien,  which  closely 
approximates  that  calculated  by  Scurlock,  is  treated  as  a 
parallel-flow  problem. 

FIRST-ORDER  DISTURBANCE  PROBLEM 

Two  excellent  summary  papers  are  available  on  the  sta- 
bility of  parallel  flows  (refs.  22  and  23).  No  attempt  to 
review  the  field  is  made  herein.  The  method  employed  here 
dates  back  to  some  of  Rayleigh's  early  work  (ref.  15)  with 
very  slight  modification.  The  development  of  the  disturb- 
ance equation  that  follows  is  from  reference  29. 

The  flow  is  assumed  parallel,  inviscid,  incompressible, 
plane,  and  non-heat-conducting.  Gravity  is  neglected. 
The  equations  of  motion  are 


dp  /du . du , du\ 

Tx=-p{Tt+uTz+,,zi) 

(5) 

dp  fdv  . dy  . dv\ 

^--pWt+UdAV*y) 

(6) 

The  fluid  is  assumed  incompressible  (but  the 
allowed  to  vary  with  y),  so  that 

density  is 

dp  dp  dp  A 

(7) 

and  the  equation  of  continuity  is 

du,  dv 
Let 

u=U(y)+u'(x,y,t)' 
v=v'{x,y,t ) 
X>=P+p'(x,y,t) 
p=p(y)+p'(x,y,t)  j 

00  o' 

ia(U-c)P'+v' 

(12) 

dy 

(13) 

Eliminating  p ',  p',  and  u'  from  equations  (10)  to  (13) 
yields  an  equation  for  vf : 


d2U  1 dp 

dy2  p d y 


It  is  apparent  that,  though  equations  (7)  and  (12)  are 
useful  in  defining  the  type  of  incompressible  flow  field  as- 
sumed, they  are  not  required  to  obtain  the  disturbance 
equation  (14)  unless  it  becomes  necessary  to  specify  p'. 

Defining 

v'  = —ia<p(y)eiaix~ct) 


equation  (14)  becomes 

(TT  2\  d2D,ldpr/rr  , d<p  din  A /lc, 

(L  c)(ch/2  “7  * cl?/+p  ch/L  6 C c\y  v ch/_r°  (15) 


In  regions  where  p and  dU/dy  are  constant,  equation  (15) 
reduces  to 

dV_ 

dy2 

with  the  solution 


~a2(p=0 


<p=A1eaV+A2e~ay 


(16) 

(17) 


The  disturbance  velocities  given  by  definition  and  equa- 
tion (13)  are  the  real  parts  of 


u'=(AiaeaV—Aoae-aV)eta{x-ct)  'j 
v'=  — ia(AieaV+A2e~aV)eia{z~c,)  \ 


(18) 


BOUNDARY  CONDITIONS 


The  geometry  of  the  flow  field  is  shown  in  figure  1.  Equa- 
tion (16)  and  the  solutions  (eqs.  (18))  apply  to  each  of  the 
regions  1 to  4 considered  separately.  The  establishment  of 
the  boundary-value  problem  consists  in  assigning  suitable 


where  primed  quantities  are  .of  first  order  of  smallness. 
Assume  u't  v',  pf , and  p to  vary  with  x and  t as  eiaix~ct), 
where  a is  real  and  c,  in  general,  is  complex. 

By  substituting  equation  (9)  in  equations  (5)  to  (8)  and 
retaining  terms  of  the  first  order,  equations  (5)  to  (8)  become 


Region  I 
Flame 


Flame 

4~ 


Pi 


Pq~P  i 


U-U,  + (/>2-/)/0 

u 


u<-ux 


p[ia(U  c)v'\  — — 


(11) 


Figure  1. — Geometry  of  flow  field. 
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boundary  conditions  at  the  walls  and  at  the  boundaries  of 
regions  1 to  4.  These  boundary  conditions  are: 

(1)  vf  vanishes  at  y~  ±hx. 

(2)  vf  is  continuous  at  interfaces. 

(3)  pf  is  continuous  at  interfaces  (or,  equivalently,  the 
complete  eq.  (14)  integrated  across  each  interface  is  satisfied). 

Let  the  equation  of  the  interface  at  y=hm  be 


y=hm+h(x)t) 


(19) 


(In  the  following  derivation  the  subscripts  m and  n represent 
conditions  evaluated  in  a region  m or  n.)  Then,  to  the  first 
order  of  approximation,  at  the  interface, 


, bh  . TT  bh 

"“a i+uzi 


(20) 


where  TJ  is  the  mean  velocity  at  the  interface.  In  order  for 
the  pressure  to  be  continuous  at  the  interface,  it  is  necessary 
that 

dpm==dpn 
d^!  d Xi 

where  X\  is  along  the  interface,  or  equivalently  in  the 
as,  y -system, 


bprn  bprn  bk=bpn  ■ bpn  bh 
bx  by  bx  bx  * by  bx 


(21) 


where  at  the  interface 


By  retaining  terms  of  zero-  and  first-order  approximations, 

/bu'  , TTbu' 


bp  bp'  /bu'  TJbu'  , dCI' 

Tx~^=-fVW+u^+v  *7 

bp  dp'  /bv'  , rTdv\ 

by=b/=-pKbt+ubx) 


) 


(22) 


or  bp/bx  and  bp/by  are  first-order  terms.  But,  from  equa- 
tion (20),  it  is  clear  that  bh/bx  is  of  the  first  order  so  that 
the  products  (bp/by)  (bh/bx)  are  of  the  second  order,  and 
equation  (21)  becomes 


bpm_  bpn 
bx  bx 


(23) 


/<bum  jj  bum  bUm\  T^un\Tj  d un  . / bUn~ I 

(24) 

at  the  interface  between  the  regions  m and  n.  Equation 
(24)  results  from  a necessary  condition  for  the  pressure  to 
be  continuous  at  surfaces  where  either  p or  dU/dy  jumps. 

In  order  to  show  that  this  condition  is  equivalent  to  re- 
quiring that  the  integrated  equation  (14)  be  satisfied  at  the 
interface,  equation  (14)  is  written 

Hr*' f ]} w 

Integrating  equation  (25)  across  the  interface  gives 
— P (tt  a ./  n , bu n~ j 

Pm\yjm  c)  Vm  fry  \-Pny(U„  c)  by  Vn  by  \ 


which,  with  the  insertion  of  the  continuity  equation,  becomes 


Pm 


, (Ur, 


—c) 


du’m  , , bU„ 


bx 


dy 


(2© 


But  u'  varies  as  eia{x~ct) , so  that  equation  (26)  can  be  recog- 
nized as  another  way  of  writing  equation  (24). 

The  boundary  conditions  can  be  mitten 


bx  bx 

t?;=o 

at 

y=h  i 

(27a) 

From  the  equation  of  motion, 

v[=v2 

at 

y=h  2 

(27b) 

bp  /bu . bu  . bu\ 

fx--f(Tt+uzi+’*,) 

(5) 

bp[_bp2 
bx  bx 

at 

y=h  2 

(27c) 

V2=v'z 

at 

y= o 

(27d) 

bp  /bv  , bv  . bv\ 

ty=~p\bi+ubi+vW 

(6) 

bp'o  bp'z 
bx  bx 

at 

y= o 

(27e) 

where 

u=U+ur 

Vz=v[ 

at 

y=—l h 

(27f) 

v—v' 

y 

(9) 

bpz__bp'4 
bx  bx 

at 

y=—ht 

(27g) 

p=p+p' J 

v[=0 

at 

y=—h  i 

(271i) 

where  the  subscripts  1 to  4 denote  flow  regions  (fig.  1). 

SOLUTION  OF  THE  BOUNDARY-VALUE  PROBLEM 

The  solutions  of  equation  (16)  for  regions  1 to  4 (fig.  1) 
are  mitten  as  follows: 


Region  1 
Region  2 
Region  3 
Region  4 


<p^AxeaVJrA2e~aV 

(P2=Bleay+B2e~aV 

(p^OleotV+C2e-ay 


(28) 
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Inserting  equations  (28)  into  equations  (27)  results  in  eight  equations  in  the  eight  unknowns  At,  A2,  ■ . . D2.  The 
requirement  that  A,,  A2,  . . . D2  have  nontrivial  solutions  is 


y\ 


0 

-1 


0 

-Tl 


f,  <P‘~c)  -(v.-d+g  [d7.-c)-|]Ti 


o 

0 

0 

0 

0 


0 

0 

0 

0 

0 


0 

0 

0 

-1 


0 

0 

0 

—1 


(u*— <o+-  — r (c/*— c)— -i  — r (t/*_ C)— ( u*-c)+£ 

a L aj  L aj  a 


0 

0 

0 


0 

0 

0 


y\ 


o 

o 

0 

-1 

0 

-y\ 


o 

o 

o 

-l 

0 

1 


r{Ul-c)-f\ji  -r(^-C)+q  (Ui  c)ti  ^ (ux~c) 

L aj  L «J  P2  P2 


=0 


(29) 


Where  yi  = e~a hl  and  y2=e  “**.  By  assigning  0\=G  (this  merely  alters  the  real  part  of  c)  and  'operating  on  rows  1,  2, 
3,  6,  7,  and  8,  equation  (29)  can  be  reduced  to  the  determinant 

D +-K)]71 


c-e-+!^c 

a p2 

1 


0 

-1 


0 

-1 


h2fi — c+— 

a 


0 


\ P2  <*/ 


y\  f— c+c— - 

p2  a 


=0 


(30) 


where 


,yj±yj 

^ 2 «/2 

'2  • I 


On  expanding  and  simplifying,  equation  (30)  becomes 

[c—  (f  -+{)  1 ["«*  (f  - Hl)-c  (h2P-t  - -+hM  -Pl  £-^1=0 

L a V P2  / J L V P2  / V Pi  a p2  J a a1 2J 


(31) 


where 


.1+21 

* l — y\ 


One  root  can  be  seen  to  be  wholly  real: 


« \ P2  J 


(32) 


This  can  be  identified  as  the  root  belonging  to  a symmetric  disturbance  by  assigning  ^'=^'=0  at  y— 0 in  equation  (27)* 
In  this  case  equation  (30)  reduces  to 


c-4  r*. 

« P2 


*4 +o 

P2  V <*/ 


1 1 

which  yields  equation  (32)  as  before.  The  remaining  two  roots, 


=0 


(33) 
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h2a-\- f — (£ah2 — 1)  ± -%/ 

J P 2 Y 

h2a-\-  f — (£oth2 — 
P2 

1)’ 

2 

-4 

(«AS$-1)^ 

2 

(fS£+1) 

J 

(34) 


can  similarly  be  identified  as  roots  belonging  to  an  antisymmetric  disturbance.  One  way  of  doing  this  is  to  set  v2  at  y—h2 
equal  to  v3  at  y=—h2  or  (from  eq.  (28)) 


R,+ Btyl-CiH-Ce=0 

Using  equation  (35)  in  place  of  equations  (27f),  (27g),  and  (27h)  gives  for  the  determinantal  equation 


(35) 


1 

7| 

0 

/ 

o 

0 

0 

1 

y\ 

-1 

— ■ y\ 

0 

0 

?(-«) 
P 2 

-cy\ 

P 2 

0 

0 

0 

0 

1 

1 

—l 

—l 

0 

0 

-c+^ 

c+^ 

a 

a 

a 

a 

0 

0 

1 

y\ 

-y\ 

-1 

=0 


(36) 


with  roots  of  equation  (34)  for  c as  before.  That  the  root  for  the  symmetric  disturbance  c=  (P/a)[^(pJp2)  +£]"'  is  wholly  real 
implies  neutral  stability.  For  the  symmetric  disturbance,  then,  the  inviscid  analysis  does  not  yield  information  on  wave 
numbers  where  amplification  occurs,  but  merely  suggests  that  the  profile  is  relatively  stable  to  symmetric  disturbances  and 
neutrally  stable  in  the  limit  of  infinite  Reynolds  number. 

The  roots  corresponding  to  the  antisymmetric  disturbances  (eq.  (34))  are  complex  when 


4 (V — £4"].') (ahifc — 1)^>  h>2<x-\-$  — (%ah2  1) 

\ P 2 / L P2  _ 


(37) 


The  complex  root  having  the  positive  imaginary  part  corresponds  to  an  amplified  disturbance.  The  denominator  of 
the  right  side  of  equation  (34),  2[f(p,/p2)£+l],  when  written  in  full, 


(: 


Pi  e-2ah2+e-2ah'  1+e 


-2afl2 


0 


^p2  e~2ah’— e~2ah'  l—e~2ahl 

is  positive  for  h2<Ch\]  that  is,  for  the  flame  zone  contained  within  the  duct.  Therefore,  the  amplified  root  of  equation  (34)  is 


h2  a+f  — (faA2“l)+-\/r^2a+f  — (£oth2— 

P 2 Y L P2 

1)' 

2 

-4 

(oth2%—  1) 

2 

J 

(38) 


Since  this  is  an'inviscid  analysis,  the  damped  root  of  equation  (34)  can  have  no  meaning  (ref.  22)  and  is  consequently  ignored. 

RESULTS 

The  disturbance  amplitude  grows  with  time  as  eac'1,  where  aCj  is  (from  eq.  (38)) 


h2  a+f  — {&h2 — 1) 

P 2 

2 

1 afhS—1 

f-t+i 

L P2  J 

P 2 

(39) 
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since 


U*-Ut_AU 

h2  h2 


The  quantity  under  the  radical  in  equation  (39)  is  inde- 
pendent of  local  (Z7*—  U)/h2  values.  This  quantity  is 
plotted  in  figure  2 as  a function  2 ah2  for  the  following 
conditions: 

— =1  lim  y~===0 

P 2 Aj— >£»  P'1 


7^=0. 25,  0.50,  0.75 


The  first  set  of  conditions  corresponds  to  Rayleigh's  solution 
for  the  stability  of  an  unconfined  jet.  The  second  set  of 
conditions  represents  density  ratios  that  are  expected  in  a 
flame  in  a duct  for  three  flame  widths.  The  values  of  the 
parameter  aci(2A2/AZ7)  in  figure  2 go  from  0 at  2aA2=0 
through  a maximum,  then  to  0 again  at  a finite  value  of 
2 ah2.  For  a given  value  of  2h2/&U}  this  parameter  behaves 
as  the  amplification  rate  act. 

It  is  clear  from  figure  2 that,  for  constant  density,  the 
flow  is  more  unstable  the  smaller  h2/hi  becomes.  For  con- 
stant h2/hi,  the  flow  is  more  unstable  the  smaller  pi/p2  be- 
comes. The  influence  of  density  ratio  and  wall  proximity 
on  the  stability  of  the  subject  profile  is  in  keeping  with  ex- 
perimental observations  of  another  type  of  profile  with  a 
flex — namety,  the  wake  of  a cylindrical  rod.  The  stabilizing 
effect  of  density  ratio  is  illustrated  in*  reference  1,  which 
notes  that  a flame  anchored  in  the  wake  of  the  rod  inhibits 


0 .4  .8  1.2  1.6  2.0  2.4  2.8  3.2  3.6  4.0 


Wave-number  parameter,  2a/?2 

Figure  2. — Amplification-rate  parameter  for  _/\^  profile. 


vortex  shedding.  The  stabilizing  effect  of  wall  proximity  is 
illustrated  in  reference  30,  which  shows  that  wall  proximity 
increases  the  minimum  Reynolds  number  for  the  occurrence 
of  shed  vortices. 

The  stabilizing  influence  of  the  walls  is  further  illustrated 
in  figure  3.  Figures  3(a)  and  (b)  show  the  values  of  2 ah2 
for  neutral  stability  and  maximum  instability  plotted  against 


Fraction  of  cross  section  filled  by  flame  zone,  A2/^?i 


(a)  Wave-number  parameter  for  neutral  stability. 

(b)  Wave-number  parameter  for  maximum  instability. 

(c)  Amplification-rate  parameter  for  maximum  instability. 

Figure  3. — Wave-number  parameter  for  neutral  stability  and  maxi- 
mum instability,  and  amplification-rate  parameter  at  maximum 
instability  for  profile. 
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Fraction  of  cross  section  filled  by  flame  zone,  P2//7, 


(a)  Density  ratio,  7.  (b)  Density  ratio,  5. 

Figure  4*. — Stability  map  for  flame  in  a duct.  Contours  of  constant  amplification  rate  are  given  by  lines  of  constant  aCi(2hi/U0 ).  Lines  of 
constant  frequency  show  path  a given  disturbance  originating  at  flameholder  takes  as  it  propagates  along  flame  zone  at  phase  velocity. 


h2/hi.  Figure  3(c)  shows  the  amplification  parameter 
aCi(2h2/&U)  for  maximum  amplification  rate  plotted  against 
h2/hi . Both  the  amplification  rate  and  the  range  of  the 
parameter  2 ah2  diminish  as  the  flame  fills  the  duct. 


CONSTRUCTION  OF  STABILITY  MAP 


In  considering  the  effect  of  disturbance  amplification  in 
the  flame  zone,  local  growth-rate  contours  as  a function  of 
wave  number  and  flame-width  ratio  h2/hx  present  nearly  all 
the  important  information.  Such  a plot  is  called  the  stability 
map  of  a flame  in  a duct.  The  map  is  constructed  from  the 
data  of  figures  2 and  3 and  from  the  steady-state  relation  of 
U*/U0  and  U\jV0  as  functions  of  h2/hl  (eqs.  (1)  and  (3))  in 
the  following  manner.  Given:  (UiiUo)(h2/hi),  ( U*/U0 ) ( h2 / 
hx),  and  [aCi(2h2/AU)](2ah2,  h2/hi)  for  a given  px/p2.  The 
quantity  desired  is  [aCi{2hJU 0)}  (2 ahu  h2/hx).  This  quantity 
is  obtained  through  suitable  cross  plots  of  figures  2 and  3 and 
equations  (1)  and  (3)  by  setting  2ah1  = 2ah2/(h2/hi) : 


aCt  Uo  ~aCi  u*- 


XPJJi 
Up  Up 

h2/hi 


The  resulting  stability  map  is  shown  in  figure  4.  Contours 
of  constant  dimensionless  amplification  rates  aCi(2hi/U0)  are 
shown  as  functions  of  the  dimensionless  wave  number  2 aht 
and  dimensionless  flame  width  h2/hi  for  px/p2  of  7 and  5. 
These  contours  are  in  a region  bounded  by  2a/q=oo,  0; 
h2/Ih  — 0;  and  the  line  of  2ahx  for  neutral  stability  (i.e.,  the 
critical  2 ahx  as  a function  of  h2lhx). 


PHASE  VELOCITY  . 

A disturbance  that  distorts  the  flow  and  therefore  distorts 
the  flame  front  has  a wavelength  \—2i vja.  Such  a dis- 
turbance if  introduced  at  the  flameholder  travels  along  the 
flame  front  at  the  phase  velocity  cr.  This  can  be  seen  from 
the  variation  of  the  disturbance  with  x distance  and  time; 
that  is, 

^ gi a(x — ct)  — gccc^t  gia(z  c rt) 

In  order  to  follow  the  amplification  rate  of  a given  dis- 
turbance, it  is  necessary  to  follow  a disturbance  of  constant 
frequency.  The  relation  between  frequency  and  wavelength 


r==£r=0£7; 

J X 2tt 


The  quantity  from  equation  (38)  is  given  by 


Cr-Th  1 

U*-Ul  ah2 


1 (fOf^2—  1) 

1 p o 


20S{+1) 


Ba+f  g ({aA,- 1)]2— 4 (tfj+l)  («Arf-l)<0 


and  by 


Cr  U 1 1 

17* — TJ\  oAj 


(%oth2 — 1)  “ (%ah2- 

P-2  V L P2 
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for 


(fctA,- 1)-4  (tEii+l)  (ah  rf-1)  >0 

P2  \ P2  / 


A plot  of  this  quantity  against  ah2  is  given  for  pjp2=7  at 
h2/hx  = 0.25,  0.50,  and  0.75  in  figure  5(a).  Also  shown  in 
figure  5(a)  for  comparison  is  (cT—Ui)/(U*—Ui)  for  p/p2= 
5,  ho/hi  = 0.25  and  for  pjp2=  1,  h2fhx—0. 

Note  that 


lim 

*0 


C7*— 


=0 


From  the  steady-state  solutions, 


lim  (U*—Ul)=0 


Therefore,  at  the  flameholder  cT—Ux=U0.  Then  it  is  con- 
venient to  relate  the  local  wave  number  to  the  wave  number 
at  the  flameholder  by 


Oi—OLo 


Uo 

Cr 


(44) 


where  a0  is  the  wave  number  at  the  flameholder,  which  is 
related  to  the  frequency  of  the  disturbance/  and  U0  by  a0~ 
f2Tr/U0.  By  means  of  equations  (42),  (43),  (44),  (1),  and 
(3),  values  of  a(a0,  h2/hi ) were  calculated;  these  are  shown 
in  figure  4 as  lines  of  constant  frequency.  These  lines  enable 
one  to  follow  the  local  amplification  rate  of  a disturbance  of 


(a)  Phase- velocity  parameter  for  amplified  and  neutral  disturbances 

as  function  of  wave-number  parameter. 

(b)  Ratio  of  phase  velocity  to  cold-gas  velocity  at  three  frequencies  as 

function  of  h2/hi  for  density  ratio  of  7. 

Figure  5. — Phase-velocity  parameters. 


given  frequenc}7  from  the  flameholder  to  some  station  down- 
stream and  are  so  employed  in  a later  section. 

An  additional  calculation  for  the  phase  velocity  was  made 
for  later  comparison  with  experimental  data.  In  figure  5(b) 
is  shown  a plot  of  cr/Ui  against  h2/Jii  for  pt/p2  of  7 and  2 a0hx  of 
8,  12,  and  16.  These  data  enable  direct  comparison  of 
measured  values  of  phase  velocity  with  values  predicted  from 
the  stability  analysis. 

DISTURBANCE  GROWTH 

A qualitative  picture  of  the  nature  of  the  disturbances 
propagating  at  phase  velocity  is  shown  in  figure  6.  The 
streamline  distributions  are  given  for  a neutral  disturbance 
in  a reference  plane  moving  at  the  phase  velocity  cT;  in  this 
frame  of  reference,  the  streamlines  are  no  longer  a function 
of  time.  Motion  is  relative  to  the  “e37es”  of  the  disturbance 
centers.  In  the  hot  flame  core,  the  gas  moves  faster  than  cT; 
in  the  colder  gas  outside  the  flame,  the  gas  moves  slower 
than  cT. 

To  picture  what  happens  to  an  amplified  disturbance, 
imagine  the  ^-amplitude  of  the  wrinkles  in  figure  6 to  be 


Flow 


Figure  6. — Streamlines  of  neutral  disturbance  moving  at  phase 

velocity. 


growing  from  right  to  left.  In  addition,  the  flame  width  is 
increasing  gradually,  as  is  the  phase  velocity;  and  therefore 
the  x - and  ^-spacing  of  the  “e}7es”  is  increasing  in  the  direction 
of  flow  until  a neutral  situation  is  reached.  At  each  ^-station 
the  disturbance  has  a local  growth  rate  act  that  acts  over  a 
short  time  At.  Then  (since  x is  related  to  time  by  d£=c,.d£), 
at  any  time  t after  the  disturbance  originated  at  the  flame- 
holder, the  amplitude  is 


v' 


aCt-d/ 


(45) 


where  v'0  is  the  amplitude  of  the  disturbance  at  the  flame- 
holder on  the  centerline  of  the  profile.2 

Up  to  this  point,  the  independent  variables  have  been  the 
dimensionless  wave  number  2 ah2  and  flame  width  h2/h1.  In 
order  to  evaluate  equation  (45),  it  is  necessar)7  to  use  the 
relation 


dx_ 

dt~ 


Cr 


(46) 


and  some  assumption  concerning  the  variation  of  h2/hx  with  x. 
Two  simple  assumptions  are  used  that  bracket  the  variation 
of  h2/hx  with  x found  by  experiment  and  facilitate  the  integra- 

2 The  linking  of  the  parallel-flow  solutions  by  conserving  vf  along  the  centerline  is  the  sim- 
plest but  not  necessarily  the  best  of  several  available  choices. 
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tion  of  equation  (45). 
flame  is  linear: 


These  assumptions  are  (1)  that  the 


(47) 


and  (2)  that  the  change  in  fraction  burned  with  distance  is 
linear: 


(48) 


A qualitative  comparison  of  the  way  these  assumptions 
describe  a flame  surface  is  given  in  the  following  sketch : 


Sketch  (e) 


Inserting  equations  (46)  and  (47)  in  equation  (45)  results 
in 


V =Vo 


52j  0 


htlhi  2/ti  U0  h\ 

«C(-  r- d ~ 

U0  cT  ft. 


1 !K2 


(49) 


The  term  in  parentheses  is  called  the  gain  G,  which  is  inde- 
pendent of  the  value  of  the  propagation  rate  K2. 

A similar  derivation  can  be  made  for  the  alternative  form 
of  heat  release;  that  is,  for 


which  yields 


(50) 


where  the  term  in  parentheses  Gr  is  independent  of  the  value 
of  Kx. 

The  values  of  G and  Gf  can  be  obtained  by  graphical 
integration.  They  give  relative  values  of  amplification  of  a 
disturbance  of  given  frequency  when  integrated  along  a 
constant-frequency  line  in  figure  4.  Figure  7 gives  the 
results  of  such  an  integration  carried  from  h2/hi  of  0 to  1 for 
a range  of  2 a0hx  and  for  the  following  conditions:  G is  given 
as  a function  of  2a0hl  for  px/p2  of  5 and  7,  and  G'  is  given 
as  a function  of  2 a0hx  for  pjp2  of  7.  It  is  apparent  that,  for 
the  conditions  examined,  there  is  a most-amplified  frequency 


corresponding  to  a value  of  20^!  6.  Recall  that/=2a0A1Z70/ 

2ir2hi  or  the  most-amplified  frequency  is  approximately 
JJ0/2hx.  This  frequency  does  not  depend  upon  a rate 
of  flame  spreading;  it  was  obtained  by  assuming  that  a 
mode  of  flame  spreading  is  specified.  Approximately  the 
same  frequency  obtains  for  the  two  modes  of  flame  spreading 
specified. 

Not  only  is  the  most-amplified  frequency  in  figure  7 at 
Pi/p2  of  5 very  near  that  for  pxjp2  of  7,  but  also  the  numerical 
values  of  the  gains  are  very  nearly  the  same.  This  latter 
occurrence  is  due  to  two  opposing  influences:  For  a given 
U*—  Uiy  the  profile  having  the  lower  value  of  pjp2  has  a 
higher  amplification  rate,  and  a disturbance  of  given  fre- 
quency is  amplified  over  a wider  range  of  h2/hx.  On  the 
other  hand,  at  any  value  of  h2/hu  U*—Ux  is  smaller  for 
the  smaller  pi/p2. 

The  growth  of  the  disturbances  for  fractional  values  of 
h2/hx  (or  F)  was  calculated  by  taking  the  integral  in  equation 
(49)  or  (50)  to  fractional  values  of  h2/hx  (or  F ).  The  results 
are  shown  in  figure  8,  in  which  the  gains  G and  G'  are  plotted 
against  h2/hx  or  F for  values  of  2 a0hx  from  2 to  18.  For  some 
values  of  h2/hi<C5)  there  are  frequencies  higher  than  those 
corresponding  to  2c*A~6  that  locally  exhibit  a maximum 
gain.  The  fact  that  for  values  of  h^hi^O.5  there  is  a local 
amplification  that  depends  on  frequency  is  used  later  in 
comparing  analysis  with  experiment.  As  h2/hi  decreases, 
the  frequency  that  is  most  amplified  increases. 
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Fraction  burned,  F 


Figure  8. — Gains  as  function  of  hjhx  for  family  of  initial  wave-number 
parameters.  Density  ratio,  7. 


DISTURBANCE  VELOCITY  DISTRIBUTION  IN  y-DlRECTION 

The  way  the  disturbance  velocity  v'  varies  along  the  axis 
of  the  duct  is  shown  in  figure  8.  In  reducing  the  results 
of  this  analysis  to  measurable  quantities,  a qualitative 
picture  of  the  way  the  disturbance  velocity  v'  varies  across 
the  duct  is  needed.  Such  a picture  can  most  easity  be 
obtained  by  considering  a neutrally  stable  disturbance. 

From  equations  (18)  and  (28), 


V2,V_ 

V'  " 


— +72 

1 B2^v 


yvBi 

Bo 


+ 1 


0 <y<h2 


(51) 


where  v2tV  is  the  disturbance  velocity  at  y in  region  2,  v'0  is 
the  disturbance  velocity7*  at  the  centerline,  and  yy^e~aV.  In 
the  region  h2<y<hu  vh y/v2l n2  can  be  obtained  from  equa- 
tions (18),  (27),  and  (28)  in  the  form 

J^==2|±2i  2!  (52) 

^2 ,ft2  Y1TT2  Yy 

The  ratio  Bi/B2  can  be  obtained  from  the  equation  repre- 
sented by  the  first  row  in  the  determinantal  equation  (30) 

(c-4  r ^ c)  Bx +( -c-4  f p-x-  c)y!B2= 0 

\ « P 2 / \ Oi  p2  J 

or 


B2 


-72 


7r--iN 

\-L 

VP!  / 

' aC 

(^+1 

)-*■ 

[\  P 2 / 

(53) 


Recall  that  fi/otc  in  equation  (30)  is  the  same  as  (1  /ah2) 
[(U*—Ui)l(c—Ui)],  which  for  real  values  of  c is  given  in 
equations  (42)  and  (43). 

A series  of  calculations  was  made  to  obtain  the  representa- 
tive behavior  of  v'hJvr0  across  the  duct,  and  the  results  are 
shown  in  figure  9 for  pjp2  of  7.  The  critical  h2/hy  is  taken  as 
the  value  where  for  a given  frequency  the  imaginary  part  of 
c becomes  0.  Figure  9(a)  shows  the  value  of  v'hJv'0  at  the 
critical  h2/hi  plotted  against  initial  wave  number  2a A-  For 
2a0hi  >8  (i.  e.,  for  (A2Ai)cr<0.46)  the  value  of  »i2/t£«0.2. 
The  ratio  decreases  at  2aA<8  (i.  e.,  for  (A2Ai)Cr>0.46)  as 
the  flame  approaches  the  wall. 

In  figure  9(b)  the  value  vrhJv'0  is  given  for  a fixed  frequency 
corresponding  to  2a0hl=12  following  a disturbance  along  the 
duct  from  the  flameholder  (h2/hi=0)  to  the  station  where 
the  flame  touches  the  wall.  The  dashed  portion  is  inter- 
polated between  h2/hi=0  (where  v'h2~v'0)  and  h2/hi=  (h2lhx)cr 
(where  the  calculation  starts).  It  is  obvious  from  this  curve 
that,  if  v'h2  is  measured  instead  of  v'01  the  apparent  growth 
rate  is  not  as  rapid  for  cr  as  for  v'0,  simply  be- 

cause of  the  velocity  distribution.  Also,  for  h2/hi^>(h2/hi)cr 
there  is  an  apparent  decay  in  v'h2  oiving  to  this  distribution, 
despite  the  fact  that  the  value  of  v'0  is  neutrally  stable.  This 
latter  point  is  employed  in  comparing  the  analytical  with  the 
experimental  results. 

The  significance  of  figure  9 is  summarized  as  follows : 

(1)  Although  the  inviscid  treatment  eliminates  considera- 
tion of  damping,  it  is  clear  that  at  the  flame  front  the  velocity 
amplitude  diminishes  at  h2/hi^>(h2/hi)cr  because  of  the  \reloc- 
ity  distribution. 

(2)  In  some  instances,  even  though  the  flow  is  unstable 
and  the  disturbance  velocity  amplitude  is  increasing  along 


0 .2  ' .4  .6  .8  1.0 

Fraction  of  cross  section  filled  by  flame  zone,  h2/h ( 


(a)  At  critical  h2jhi. 

(b)  For  wave-number  parameter  of  12. 

Figure  9. — Disturbance-velocity  distributions.  Density  ratio,  7. 
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the  center  of  the  flame,  the  disturbance-velocity  amplitude 
at  the  flame  front  may  not  necessarily  be  increasing. 

(3)  The  disturbance  that  is  most  amplified  at  the  center 
of  the  profile  (i.e.,  2a0Kx=§)  is  not  necessarily  the  most 
amplified  at  the  flame  front,  owing  to  the  velocity  distribu- 
tion; the  frequency  of  the  latter  is  somewhat  greater  than 
that  of  the  former. 

RELATION  OF  THEORETICAL  RESULTS  TO  MEASURABLE  QUANTITIES 

In  the  experimental  phase,  current  instrumentation  tech- 
niques impose  limitations  on  what  can  be  measured.  For 
example,  the  velocity  v'0  cannot  be  measured  directly  by  hot- 
wire techniques  because  the  flame  temperature  is  too  high 
( — 4000°  R).  The  purpose  of  this  section  is  to  collect  cer- 
tain results  of  the  foregoing  analysis  that  lend  themselves 
to  direct  measurement. 

Flame  slope. — In  equations  (49)  and  (50)  the  growth  of  a 
disturbance  v' /vf0  is  found  to  be  proportional  to  a calculable 
quantity;  gain,  raised  to  a power  l/K.  The  quantity  K is 
alternatively  K2=^d(k2/h1)ld(x/hi)  or  Ki=dF/d(x/hi)y  depend- 
ing on  the  mode  of  flame  propagation  assumed.  For  both 
modes,  K is  smaller  the  more  gradual  the  rate  of  flame 
spreading.  To  a first  approximation,  then,  the  amplification 
of  a disturbance  increases  as  the  ratio  of  propagation  velocity 
to  flow  velocity  decreases.  This  trend  can  be  verified  experi- 
mentally. 

Phase  velocity. — One  quantity  that  can  be  measured 
immediately  is  the  phase  velocity  cT.  A plot  of  cr/Ui  for  three 
frequencies  is  given  in  figure  5(b).  Thus,  for  a given  flow 
setting,  the  absolute  magnitudes  of  crjUY  can  be  compared 
and  the  variation  with  frequency  and  with  h2/hi  can  be  ex- 
amined. 

Flame-front  displacement. — The  transverse  velocity  v' 
acting  at  the  flame  surface  y=h2  causes  a wavy  wrinkle  to 
appear  in  the  surface.  If  a quantity  h is  defined  as  the 
distance  from  crest  to  valley  of  these  wrinkles,  this  quantity 
equals  twice  the  y amplitude  of  the  streamlines  of  the  flow 
at  the  flame  front.  If  a neutral  case  is  considered  and  the 
distribution  of  v'  in  the  flame  zone  is  approximated  by 

V'  = V'C+(V'0  — V'C)  (l  — ^) 

the  equations  of  the  streamlines  are  given  by 

~ — 1 — e cos  ax±Jl — 24>*+2&  cos  ax 
Vc 
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amplitude  of  disturbance  velocity  at  yc 
amplitude  of  disturbance  velocity  at  centerline 
coordinate  where  U—c 
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4>*  dimensionless  stream  function,  TJ*  . 

{U  c)yc 

At  h2^h2iCr,  24^*  varies  between  0.96  and  0.99.  Because  2k 
can  be  taken  arbitrarily  small,  for  2k /(I  — 24>*)<cl, 
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Because  y^>yc,  the  plus  sign  is  chosen  so  that 
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But  Vc/v'o  is  a weak  function  of  a and  h2/kx  and  is  approxi- 
mately 0.2. 

Employing  the  identity 


U*  c , 

( u * 

V'V 
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and  a value  of  (c—  C7i)/(Z7*—  U\)  from  figure  5(a), 


U^_c_ 
U0  U0 


where  the  quantity  (U*/U0)  — (Ui/U0)  is  a function  of  pi/p2 
and  h2/hi  only.  Thus, 
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at  tlfe  flame  front.  The  coefficient  of  cos  ax  is  the  flame- 
front  wrinkle  amplitude.  It  can  be  seen  that  h will  behave 
qualitatively  like  v Without  going  into  further  detail,  then, 
some  predictions  can  be  made  from  the  theory  that  may  be 
verified  by  experiment.  First,  h may  be  expected  to  behave 
qualitatively  as  shown  in  the  following  sketch: 


Sketch  (f) 

The  shape  of  the  curve  in  sketch  (f)  can  be  used  to  locate 
the  approximate  x-position  of  (h2/hi)cr.  There  is  a point  of 
inflection  where  v’n  jhl  reaches  a maximum  and  a knee  as 
v'h2/h i ceases  to  grow.  The  knee  position  falls  between  the 
h2/hi  for  maximum  amplification  and  {h2jhi)Cr-  Thus,  the 
data  that  can  be  sought  are  the  absolute  values  of  h2/hi 
where  the  knee  occurs  for  a given  frequency  and  the  relative 
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positions  of  the  knee  for  different  frequencies. 

Flame  propagation. — As  stated  in  the  introduction,  one  of 
the  reasons  for  pursuing  the  stability  analysis  is  to  find  a 
disturbance  frequency  that  permits  the  greatest  increase  in 
flame  spreading  with  the  smallest  expenditure  of  energy.  In 
this  section  a model  of  flame  propagation  is  constructed  that 
permits  extrapolating  the  behavior  of  v'  from  the  stability 
analysis  to  a measurable  behavior  of  flame  propagation. 
The  flame  front  is  assumed  to  be  a zone  in  which  the  density 
goes  from  px  to  p2  in  a distance  that  is  short  compared  with 
the  disturbance  wavelength.  This  front  is  propagating  into 
the  gas  of  density  pi  at  a rate  VTtU]  that  is,  the  undisturbed 
turbulent  flame  speed.  Owing  to  the  normal  propagation 
of  the  front,  an  initially  wavy  surface  becomes  a cusped 
surface.  Assuming  such  a surface  composed  of  cylindrical 
arcs 


Unburned 


Burned 


Sketch  (g) 


permits  a calculation  of  the  flame-front  stretching  due  to  a 
displacement  h . If  the  undisturbed  area  Su=\  and  the 
disturbed  area  Sd  are  approximately  equal  to  arc  length, 


An  equilibrium  h is  reached  when 


(54) 


(55) 


Then  Sd/Su  behaves  roughly  as  ^1+i  ^ for  small  ampli- 

tude. Equation  (54)  contains  a nonlinear  term  4/i2/X2. 
The  development  so  far  as  been  a linear  one.  The  linear 
development  would  be  expected  to  furnish  only  a first 
approximation  for  amplitudes  large  enough  so  that  4h2/\2 
is  no  longer  negligible  compared  to  unity. 

The  sequence  of  events  that  leads  to  a prediction  of  SJSU 
is  as  follows: 

(1)  The  flame  is  initially  wrinkled  by  the  velocity  v' 
acting  at  the  flame  surface. 

(2)  As  the  wrinkles  grow,  the  flame  shape  shifts  from  a 
sine  wave  to  a cusped  surface,  owing  to  normal  propagation. 

(3)  After  a certain  time  an  equilibrium  is  reached  between 
the  disturbance  velocity  vf  and  the  undisturbed  propagation 
velocity  VTtU. 

The  ratio  of  the  disturbed  surface  to  the  undisturbed 
surface  when  equilibrium  is  reached  is,  for  small  disturb- 
ances, 

Sd / 1 | 1 ^ \ Vr,d 

Su  V +2  VrJ~VT,u 


Before  this  equilibrium  value  of  Sd/Su  is  reached,  the  flame 
surface  is  given  by  (again  for  the  neutral  case) 


yc  AUayc 


COS  ax 


But  2 h/\  of  equation  (54)  is  given  by 


(56) 


Figure  10. — Frequencies  that  give  maximum  increase  in  local  flame 
speed.  Density  ratio,  7. 
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Thus,  in  the  transient  case  as  in  the  equilibrium  case  (eq. 
(55)),  Sd/Su  behaves  as  v\  The  quantity  Sd/Su  when  meas- 
ured locally  should  behave  like  G in  figure  8,  if  the  effect  of 
distribution  is  neglected.  When  the  latter  effect  is  taken 
into  account,  v'  for  fixed  2a0hi  measured  at  h2  achieves  a 
maximum  value  somewhere  between  h2/h1  for  maximum 
amplification  and  neutral  stability. 

Thus,  at  any  station  h2/hu  there  should  be  a frequency  of 
disturbance  that  would  cause  the  greatest  increase  in  flame 
speed,  and  at  this  station  the  increase  in  flame  speed  should 
be  greater  for  greater  values  of  v'IVTtU. 

Figure  10  gives  a plot  of  2 a0hx  against  h2/hx  for  maximum 
amplification  and  for  neutral  stability.  For  any  value  of 
h2/hij  the  frequency  giving  the  greatest  v'/VT,u  (at.  the  flame 
surface)  has  a value  of  2a0hx  that  falls  between  these  curves. 
The  lag  in  time  required  for  the  flame  to  become  wrinkled 
initially  will  move  the  curve  for  maximum  Sd/Su  to  slightly 
higher  2a0h1  values.  The  curves  given  should  be  considered 
the  lower  limits  of  2a0hx  for  maximum  Sd/Su , and  they  serve 
as  a basis  for  comparison  with  the  experimental  data. 

EFFECT  OF  FLAMEHOLDER 

When  a flame  is  anchored  in  a duct,  some  form  of  flame- 
holder  must  be  used.  The  most  common  form  of  flame- 
holder  studied  in  recent  years  is  the  cylinder  with  axis 
normal  to  the  stream.  The  cross  section  of  the  cylinder  has 
assumed  many  different  shapes.  Properties  of  the  flow  in 
the  wake  are  common  to  all  the  shapes  studied.  In  this 
section  some  of  these  properties  are  used  to  deduce  the 
effect  of  a flameholder  on  the  flow'*  field  and  on  its  stability 
far  from  the  flameholder. 

Steady-state  velocity  distribution. — The  properties  of  the 
flow  field  in  the  immediate  wake  of  the  flameholder  as 
described  in  references  1 and  31  are  shown  in  sketch  (lx): 

.-Attached  recirculation  zone 


Two  eddies  are  attached  in  the  wake  of  the  flameholder. 
The  gas  in  this  zone  is  hot;  it  acquires  energy  from  the  down- 
stream hot  gas  and  delivers  energy  to  the  outside  cold  gas 
by  diffusion.  At  some  position  on  the  sxuface  of  the  recircu- 
lation zone,  sufficient  energy  is  acquired  by  the  cold  gas  for 
ignition  to  occur  and  a flame  to  propagate  into  the  cold-gas 
stream  as  shown  in  sketch  (lx).  The  pressure  measured  at 
the  walls  has  an  axial  distribution  that  is  shown  qualitatively 
in  sketch  (h)  (refs.  1 and  31). 

If  the  static  pressure  is  assumed  constant  across  the  duct 
at  any  axial  station,  the  effect  of  the  first  positive,  then 
vanishing,  then  negative  pressure  gradient  upon  gases  of 
unlike  densities  permits  an  estimation  of  the  velocity  pro- 
file downstream  of  the  flameholder.  The  velocity  profiles 


at  stations  X,  Y,  and  Z of  sketch  (lx)  are  shown  in  sketch  (i): 


At  statioix  X the  pressure  gradient  in  the  axial  direction  has 
been  positive  for  a small  distance  and  is  still  positive  at  X. 
This  fixes  the  sense  of  the  velocity  difference  between  cold 
and  hot  gases  on  either  side  of  the  flame  and  the  sense  of 
the  velocity  gradient  of  the  hot  gas  at  the  flame  front.  At 
station  Y the  gas  has  a positive-pressure-gradient  history, 
again  fixing  the  sense  of  the  velocity  difference,  and  at  Y 
the  pressure  gradient  vanishes,  causing  the  velocity  gradient 
at  the  flame  front  to  vanish.  At  station  Z the  gas  has  a 
negative-pressure-gradient  history  from  Y sufficient  to  cause 
the  sense  of  velocity  difference  and  gradient  at  the  flame 
front  as  shown.  The  gas  particle  at  the  position  of  the 
velocity  maximum  passed  through  the  flame  at  station  Y. 

If  the  profile  is  approximated  by  straight-line  segments 
with  a corner  at  this  velocity  maximum  as  shown  in  sketch  (j), 


some  quantitative  relation  based  on  the  continuity  equation 
and  experimental  observations  can  be  obtained.  From  con- 


(57) 

(58) 


tinuity, 

5 b’U*= 

V l — 

V ID 

2 

P2 

and 

b U*+U,_ 

=T 7fIf- 

2 

P2 

where 

lF  axial  length  from  station  Y to  station  of  interest  down- 
stream of  Y (sketch  (h)) 
lw  axial  length  of  wake  to  station  Y 
VF  mean  flame  speed  over  lF 
Vw  mean  flame  speed  over  lw 


Combining  equations  (57)  and  (58)  gives 

b'  U*+Ut  VJW 
2b  2 U*  VFlF 


(59) 


564 


REPORT  1360 — NATIONAL  ADVISORY  COMMITTEE  FOR  AERONAUTICS 


In  order  to  obtain  an  order  of  magnitude  of  b'j2b  of  interest 
in  the  stability  analysis,  the  terms  on  the  right  side  of  equa- 
tion (59)  are  given  the  following  values:  (Z7*+Z7i)/Z7*  = 1.5 
(from ref.  1 for  ^=0.25,  pi/p2=6);  Vw/VF~l/(yT/VL)  — 1/2.5; 
and  lw^4d  (from  ref.  1).  Defining  l as  lw+lFj 


lv==  1 
lF  l 


equation  (59)  becomes 
V_ 
26" 


1.2 


4 


(H 


(60) 


At  a station  l/d=8  (from  eq.  (60)), 


Farther  downstream,  at  l/d=  24,  for  example, 


The  foregoing  stability  analysis  is  for  a profile  in  which  6'=0. 

From  this  section  it  can  be  seen  that,  near  the  flameholder 
( l/d—8 ),  the  hot-gas  velocity  distribution  differs  in  shape 
from  the_/\_  profile  neglecting  the  flameholder.  At  this  sta- 
tion, 60  percent  of  the  flame-zone  width  has  a flat  distribu- 
tion. Remote  from  the  flameholder  (l/d= 24),  6 percent  of 
the  hot-gas  width  has  a flat  velocity  distribution.  The  mag- 
nitude and  direction  of  the  error  incurred  in  neglecting  this 
flattening  are  estimated  in  the  following  section. 

Comparison  of  stability  of  _/\_ and profiles. — Ampli- 
fication rates  as  a function  of  2 ah2  are  compared  in  figure  2 


Figure  11. — Effect  of  velocity  profile  on  amplification-rate  parameter 
and  on  wave-number  parameters  for  neutral  stability  and  maximum 
instability. 


for  several  values  of  pj/p2  and  h2/hi.  The  effect  of  increasing 
pjp2  and  h2/hl  is  stabilizing;  that  is,  the  magnitude  of  the 
amplification  rates  and  the  range  of  2 ah2  over  which  positive 
values  exist  are  reduced.  The  plots  of  amplification  rate 
against  2 ah2  are  affine.  It  appears  reasonable  that,  in  exam- 
ining the  effect  of  truncating  the  profile,  an  examination  at 
a single  value  of  pi/p2  and  h2/hi  would  yield  representative 
results. 

The  conditions  considered  here  are  the  ones  formulated  by 
Rayleigh  in  equations  (24)  and  (25)  (p.  387,  ref.  15),  which 
correspond  to  pi/p2=  1 and  A2/Ai=0  (or  hx=<x>).  Calculations 
were  made  in  which  bf/2b  was  taken  as  a parameter  in  such 
a way  that  the  results  yield  values  of  act (26/AC/)  and  2ab  at 
maximum  instability  and  a critical  value  of  2ab  where  act 
vanishes.  The  results  of  these  calculations  are  shown  in 
figure  11.  When  6'  = 0,  the  results  correspond  to  those  of 
figure  2;  the  flow  is  unstable  to  antisymmetric  disturbances 
and  neutrally  stable  to  symmetric  disturbances.  As  6 72 6 
increases,  the  amplification  rate  and  the  critical  values  of  2 ah 
decrease  for  the  antis3rmmetric  disturbances.  The  flow 
gradually  becomes  unstable  to  sjmimetric  disturbances  as 
bf\2b  increases.  At  6726 <0.2,  the  flow  is  as  unstable  to 
symmetric  as  to  antisymmetric  disturbances  and  possesses 
the  same  critical  values  of  2<*6.  The  values  of  6726  of  interest 
here  are  of  the  order  0.6  to  0.06.  The  flame  half-width  h2  is 
672  + 6.  In  the  following  table  the  values  of  the  important 
parameters  aCi{2h2j  AlJ) , (2 ah2)max  Ci,  and  (2 ah2)CT  are  com- 
pared for  6726  = 0,  0.06,  and  0.6  for  antisymmetric  dis- 
turbances: 


b' 

26 

(2cth2)maxei 

(2aht)  er 

0 

0.  492 

2.44 

3. 69 

.06 

.508 

2.49 

3. 71 

.6 

.688 

3.  28 

4.57 

For  a given  2h2/AU,  the  amplification  rate  is  increased  as 
the  hot-gas  velocity  is  progressively  truncated.  The  wave- 
number  range  over  which  the  flow  is  unstable  is  widened. 
Both  of  these  effects  bespeak  a greater  instability  of  flow. 
On  the  other  hand,  it  can  be  easily  demonstrated  that,  for 
a given  AU , h2/hi  is  greater  when  the  profile  is  truncated,  so 
that  the  destabilizing  effect  of  the  flameholder  is  partially 
but  not  completely  attenuated. 

The  difference  between  the  parameters  calculated  at 
5726=0  and  0.6  shows  that  near  the  flameholder  the  amplifi- 
cation rates  may  be  of  the  order  of  20  percent  higher  for 
some  wave  numbers  than  were  those  previously  found. 
Because  the  flame  zone  must  start  with  a finite  width  depend- 
ent upon  the  flameholder  width,  those  frequencies  having 
wave  numbers  2 ad  ^ that  exceed  2 ad  are  sup- 
pressed. Here,  is  some  proportionality  factor  less  than 
unity.  Certainly,  neglect  of  the  effect  of  a finite-size 
flameholder  facilitates  generalizing  the  results  of  the  stability 
analysis.  The  investigations  of  this  section  indicate  that, 
for  flameholders  small  compared  with  duct  width,  such 
neglect  appears  warranted  in  a large  part  of  the  flame  zone. 
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SUMMARY  OF  THEORETICAL  RESULTS 

1 . The  flow  field  of  a flame  in  a duct  is  unstable  to  antisym- 
metric disturbances  having  wavelengths  of  the  order  of  2.5 
times  the  local  flame  width  and  greater.  As  h2/hi  approaches 
unity,  this  critical  wavelength  approaches  <» . 

2.  The  amplification  rate  depends  directly  upon  the  mag- 
nitude of  the  velocity  difference  (apex  velocity  minus  cold-gas 
velocity)  and  inversely  upon  the  flame  width.  For  fixed 
values  of  these  quantities,  the  maximum  amplification  rate 
decreases  with  increasing  values  of  pjpo  and  h2/hu  going  to 
zero  for  h2/hi=l. 

3.  When  the  history  of  a disturbance  is  followed  through 
the  course  of  an  entire  flame,  a wave  number  for  maximum 
disturbance  growth  is  found.  This  maximum  growth  is  for 
such  a wave  number  at  the  flameholder  that  2a0Ax  = 6,  which 
corresponds  to  a frequency /=  UJ2hi.  The  actual  growth  is 
substantially  independent  of  density  ratio  because  of  two 
compensating  factors: 

(a)  The  amplification  rate  is  lower  for  a higher  density 
and  given  velocity  difference. 

(b)  The  velocity  difference  is  greater  for  a higher  density 
ratio. 

4.  The  disturbances  achieve  their  terminal  amplification 
at  a value  of  h2/hi  roughly  inversely  proportional  to  the 
frequency  of  the  disturbance.  Thus,  higher  frequencies 
achieve  their  amplification  near  the  flameholder;  lower 
frequencies,  remote  from  the  flameholder. 

5.  The  magnitude  of  the  terminal  amplification  depends 
upon  the  inverse  of  flame  slope  or  roughly  ( VTIU0)~l . The 
amplification  that  can  be  achieved  for  the  maximum  of 
2 a0hi  = 6 is  about  (l.l)Uo1  T.  For  example,  for  Fr/Z7o=l/20, 
amplification  is  eightfold.  For  VT/U0=  1/100,  amplification 
is  14,000-fold. 

6.  The  disturbance  propagates  with  a phase  velocity  up 
to  60  percent  greater  than  the  cold-gas  velocity. 

7.  The  flameholder  inhibits  the  growth  of  antisymmetric 
disturbances  having  higher  frequencies  but  permits  sym- 
metric disturbances  to  be  amplified  near  the  flameholder. 
At  8 diameters  dowmstream  of  the  flameholder,  the  stability 
picture  is  substantially  that  obtained  by  neglecting  the 
flameholder. 


EXPERIMENT:  EXAMINATION  OF  DISTURBANCE 
GROWTH  IN  A V -FLAME 

INTRODUCTION 

The  effect  of  imposing  controlled  disturbances  on  a V-flame 
anchored  in  a duct  was  investigated  experimentally  for  two 
reasons : 

(1)  To  gain  quantitative  information  on  the  mechanism 
of  the  breakdown  of  the  flame-generated  shear  region 
that  would  explain  the  occurrence  of  flame-amplified 
turbulence 

(2)  To  find  a type  of  excitation  that  promotes  flame 
propagation  without  causing  the  sort  of  shell  failure 
that  combustor  resonance  causes 

The  method  of  excitation  consists  in  exciting  a column  of 
gas  in  the  flameholder  support  tube.  This  method  offers  a 
control  on  the  amplitude  when  excitation  is  accomplished 
with  a speaker,  but  could  be  accomplished  by  means  of  an 
edge  tone  excited  by  the  flowing  stream  for  application  in 
an  engine.  Only  the  speaker  excitation  is  used  here.  The 
sound  issues  from  a port  at  the  flameholder  and  disturbs  the 
flame  at  the  flameholder.  The  two  types  of  ports  used 
operated  as  follows: 

(1)  Sound  issued  from  a port  just  upstream  of  one  flame- 
holder edge,  causing  the  fluctuating  flow'  about  the  flame- 
holder to  be  quasi-antisymmetric. 

(2)  Sound  issued  from  the  center  of  the  flameholder,  caus- 
ing the  fluctuating  flow  at  the  flameholder  to  be  symmetric. 

The  principal  disadvantage  in  this  form  of  excitation  is 
that,  for  some  frequencies,  modes  of  burner  cavity  resonance 
are  excited.  An  objective  in  the  experimental  work,  there- 
fore, was  to  determine  whether  an  observed  flame-front  dis- 
tortion accompanying  an  imposed  disturbance  wras  due  to 
flame-zone  instability  or  to  some  form  of  duct  resonance. 

No  effort  wras  made  to  determine  effects  of  variations  in 
fuel-air  ratio  or  fuel  type.  The  primary  variable  investi- 
gated was  the  frequency  of  excitation.  The  only  attempts 
at  correlating  the  results  are  the  comparison  with  the  results 
of  the  preceding  stability  analysis.  The  chief  frustration 
encountered  is  the  impossibility  of  obtaining  a laminar  V- 
flame  at  velocities  wdiere  values  of  VTIU0  are  sufficiently  low 
for  the  preceding  theory  to  be  valid.  The  reason  for  this 


Calming  section 


Test  section 


Exhaust  duct 


Figure  12. — Combustor. 
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difficulty  is  the  instability  of  the  boundary  layer,  which 
separates  from  the  flameholder  and  undergoes  transition  to 
turbulent  motion  quite  close  to  the  point  of  separation.  All 
the  results  are  obtained  with  the  flow  already  somewhat 
turbulent. 

The  principal  instrument  used  in  measuring  flame  speeds 


Type  of  disturbance 


is  the  photomultiplier  probe,  first  applied  in  a rigorous  way 
to  the  study  of  turbulent  flame  speeds  by  Clark  and  Bittker 
(ref.  32).  An  independent  confirmation  of  the  method  is 
obtained  by  comparing  combustion  efficiency  measured  by 
the  photomultiplier  probe  and  by  momentum  pressure  drop. 

APPARATUS 

BURNER  TEST  SECTION 

A photograph  of  the  burner  (fig.  12)  shows  the  important 
components.  Air  and  propane  were  filtered,  metered,  and 
mixed  before  entering  the  two-stage  calming  section  (fig.  13). 
In  this  section  the  mixture  passed  through  six  banks  of  200- 
mesh  screen  and  then  through  a %-inch-radius  nozzle  plate 
into  the  ){-  by  2-inch  (or  alternatively  1-  by  2-in.)  rectan- 
gular glass-walled  test  section.  The  top  and  bottom  walls 
of  this  test  section  were  by  ^-inch  (alternatively  K-  by 
1-in.)  brass  stock.  The  side  walls  were  %-inch  Vycor  plates 
resting  on  brackets  and  held  against  the  K-inch  top  and 
bottom  pieces  by  clamps. 

The  exhaust  system  consisted  of  a 6-inch-diameter  pipe 
connected  to  a hood  and  a blower  to  force  the  gases  out. 
A 4-  to  6-inch  spacing  was  maintained  between  the  test 
section  and  the  exhaust  duct,  and  between  the  exhaust  duct 
and  the  hood;  there  was  no  indication  of  resonance  due  to 
the  exhauster. 


C - 38334 

Symmetric  Antisymmetric 


Figure  14. — Flameholders. 
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C- 38 33  5 

Figure  15. — Photomultiplier  probe. 


The  flameholder  was  a flat  hollow  paddle  36  to  38  inches 
long  with  a 60°  gutter  on  one  end  and  a %-inch  tube  leading 
to  a piston-t\Tpe  loudspeaker  on  the  other.  The  three  flame- 
holders  used  in  this  program  are  shown  in  figure  14.  The 
flameholders  used  to  supply  the  disturbances  were  resonators 
that  had  resonant  frequencies  every  190  to  200  cycles  when 
coupled  to  the  speaker.  The  flameholder  designed  to  pro- 
duce antisymmetric  disturbances  allowed  the  sound  to  issue 
from  a slot  just  upstream  of  one  edge  of  the  flameholder; 
the  one  designed  to  give  symmetric  disturbances  allowed  the 
sound  to  issue  from  the  center.  The  flameholders  pictured 
were  approximately  0.25  to  0.30  inch  thick.  In  one  test  a 
0.50-inch  gutter  was  tacked  onto  the  0.306-inch  antisym- 
metric flameholder  to  examine  the  effect  of  flameholder  size. 

In  no  case  was  the  distribution  of  v'  downstream  of  the 
flameholder  measured.  It  is  not  known  how  much  the 
experimental  distribution  differs  from  the  measured  theo- 
retical distribution.  The  essential  features  in  both  experi- 
mental and  theoretical  disturbances  are  that  antisymmetric 
disturbances  cause  the  flow  to  flap  back  and  forth  at  the 
centerline  of  the  duct,  while  symmetric  disturbances  cause 
it  to  dilate  about  the  centerline. 

AUXILIARY  EQUIPMENT 

Sound-producing  system. — The  speaker  was  supplied  a 
sinusoidal  signal  from  a signal  generator  through  a power 
amplifier.  The  speaker  and  flameholder  could  be  positioned 
as  desired. 

Flow  metering. — Air  and  propane  were  metered  through 
rotameters. 

Hot-wire  equipment. — An  NACA  constant-temperature, 
frequency-compensated,  hot-wire  anemometer  was  used 
(ref.  33).  Spectra  and  u'  were  measured  at  various  locations 
in  the  duct.  Measurements  of  u'  were  made  primarily  with 
a vacuum-tube  voltmeter.  Two  spot  checks  were  made 
against  a root-mean-square  computer,  and  the  correction 
factor  was  found  to  be  approximately  unity.  Spectra  were 
measured  with  a wave  analyzer. 


Pressure  measurements. — Velocity  surveys  were  made 
using  0.018-inch  hypodermic  tubing,  or  0.030-inch  stainless 
tubing,  for  impact  tubes.  Measurements  were  read  on  a 
water  micromanometer.  Velocity  measurements  were  made 
at  the  plane  of  exhaust  with  room  pressure  as  static. 

Photomultiplier  probe. — The  photomultiplier  tube  was  in- 
stalled in  a probe  as  shown  in  figure  15.  Light  reached  the 
photomultiplier  tube  after  passing  through  two  vertical  slots, 
which  were  )\  and  X 6 inch  wide  and  2 feet  apart,  and  through 
filters  when  desired.  Photomultipliers  were  supplied  by  a 
ripple-free  regulated  d-c  source. 

iUternating-current  and  direct-current  voltmeters  having 
identical  input  resistances  were  used  where  indicated. 

Shadowgraph  system. — The  optical  arrangement  used  in 
taking  shadowgraph  pictures  is  shown  in  figure  16.  The 
light  source  could  be  used  continuously  or  as  a 4-microsecond 
flash.  The  camera  was  focused  1.5  feet  in  front  of  the  test 
section.  The  shutter  and  flash  were  manually  synchronized. 

Stroboscope. — A stroboscope  consisting  of  a slotted  alu- 
minum disk  and  a synchronous  motor  was  used  to  view  the 
disturbed  flame  in  the  preliminary  phases  of  the  investiga- 
tion. The  stroboscope  can  be  seen  in  the  lower  right  corner 
of  figure  12. 
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PROPERTIES  OF  SYSTEM 

Velocity  profiles  upstream  of  flameholder. — Velocity  pro- 
files measured  3 and  12  inches  downstream  of  the  nozzle  are 
shown  in  figure  17.  The  flameholder  was  positioned  so  that 
each  measurement  was  taken  upstream  of  the  gutter. 
Measurements  were  also  taken  at  the  plane  of  the  nozzle,  and 
no  variation  greater  than  % foot  per  second  from  55  feet  per 
second  was  found.  These  measurements  are  for  a nominal 


flow  setting  of  50  feet  per  second. 

Flame  photographs  and  flame-speed  measurements  were 
made  at  nominal  velocities  of  50  and  100  feet  per  second  in 
and  1-inch-wide  test  sections;  the  profiles  of  figure  17 
therefore  represent  the  highest  percentage  of  boundary  layer 
encountered. 

Velocity  profile  in  wake;  no  flame. — Velocity  profiles  in 
the  wake  of  a 0.306-inch-wide,  60°  gutter  at  a nominal 
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(a)  Profiles  3 inches  downstream  of  nozzle. 

(b)  Profiles  12  inches  downstream  of  nozzle. 

Figure  17. — Time-averaged  velocity  profiles  with  cold  flow.  Nominal  velocity,  50  feet  per  second. 
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velocity  of  46  feet  per  second  are  shown  in  figure  18.  This 
set  of  profiles  shows  a comparison  of  the  spreading  of  a wake 
with  and  without  an  antisymmetric  disturbance  at  200 
cycles  per  second.  The  only  amplitude  measurement  avail- 
able for  this  disturbance  is  a root-mean-square  u'  of  5 feet 
per  second,  measured  % inch  above  the  lip  of  the  flameholder. 

The  effect  of  other  frequencies  on  wake  spreading  was 
examined  by  placing  total-pressure  tubes  3 inches  down- 


stream of  the  flameholder  at  the  center  of  the  wake  and 
varying  the  frequencies.  The  results  are  interpreted  in  the 
following  manner.  The  velocity  is  read  while  disturbances 
are  being  introduced.  The  distance  from  the  wake  at  which 
this  velocity  is  attained  without  the  sound  (say  x)  is  found. 
An  index  of  the  lengths  required  to  accomplish  equal  degrees 
of  mixing  without  and  with  the  disturbance  is  then  the  ratio 
x/3.  This  ratio  is  plotted  against  frequency  in  figure  19. 
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Figure  18. — Velocity  profiles  in  wake  of  0.306-inch  flameholder. 


Figure  19. — Axial  length  required  to  achieve  mixing  to  arbitrary  extent. 
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The  fact  that  the  apparent  diffusion  rate  decreased  at 
frequencies  greater  than  1000  cycles  per  second  indicated  a 
decrease  in  form  drag  for  frequencies  greater  than  1000 
cycles  per  second.  Static  measurements  at  the  base  of  the 
gutter  showed  no  change  in  base  pressure  for  the  higher- 
frequency  disturbances.  Those  lower  frequencies  that  in- 
creased mixing  also  decreased  base  pressure  (i.  e.,  increased 
form  drag).  This  probably  means  that  the  velocity  is  in- 
creased in  the  wake  for  frequencies  less  than  1000  cycles  per 
second.  There  seems  little  hope,  however,  of  reducing 
flameholder  drag  by  imposing  high-frequency  disturbances  of 
this  kind. 

Turbulence  intensity  and  spectra. — The  turbulence  com- 
ponent vf  in  the  direction  of  flow  was  measured  with  0.0002- 
by  0.08-inch  tungsten  wires,  using  the  NACA  constant- 
temperature  anemometer  amplifier.  The  wire  was  oriented 
parallel  to  the  flameholder  tips.  No  flame  was  present  for 
these  measurements.  The  results  are  presented  in  the 
following  table: 


Distance 
from 
nozzle 
lip. 
x,  in. 

Nominal 
velocity, 
U,  ft/sec 

Distance 
from 
t op  wall, 
y,  in.  “ 

Vertical 

distance 

from 

station, 

in. 

Turbulence 

component, 

ft/sec 

Scale  of 
turbu- 
lence, 
L,  in. 

0 

50 

3 a 

% 

0.  300 

100 

Vi 

A 

.420 

6 

50 

a 

A 

1.38 

0.2 

M 

Vs 

1.  08 

K 

A 

.818 

.15 

A 

Vs 

.978 

Vl 

A 

1.021 

. 15 

A 

A 

3.  35 

.17 

100 

A 

A 

2.44 

“At  x=0,  y measured  from  centerline;  at  r=G,  y measured  from  flameholder  lip. 

The  spectra  measured  at  several  stations  were  compared 
with  spectra  found  representative  for  isotropic  turbulence 
(refs.  33  and  34).  A typical  plot  is  shown  in  figure  20.  The 
scale  L is  estimated  as  the  one  whose  spectrum  most  nearly 
corresponds  to  the  measured  spectrum  (refs.  33  and  34). 
This  scale  3 where  determined  is  given  in  the  preceding  table. 

The  apparent  transition  from  laminar  to  turbulent  flow 
in  the  boundary  layer  on  the  flameholder  surface  occurred  if 
the  flameholder  was  about  1 inch  or  more  from  the  test- 
section  nozzle;  the  disturbance  velocity  in  the  boundary 
was  roughly  that  in  the  nozzle  itself.  With  the  flameholder 
within  1 inch  of  the  nozzle,  eddies  were  shed  at  420  cycles 
per  second  when  no  flame  was  present.  With  the  flameholder 
,1  inch  or  more  from  the  nozzle,  transition  occurred  upstream 
of  the  flameholder  lip,  and  no  clearly  defined  eddy-shedding 
frequency  was  found  in  the  wake. 

With  a flame  anchored  on  the  flameholder,  no  eddy  shed- 
ding was  observed  without  external  excitation.  The  flame 
appeared  turbulent  for  flameholder  positions  greater  and 
less  than  1 inch  from  the  nozzle.  Therefore,  the  transition 

s This  is  the  scale  that  would  be  used  for  calculating  a turbulent  burning  velocity  from 
existing  theory  (ref.  8).  It  is  of  interest  herein  because  of  the  scale  of  disturbance  the  flame 
amplifies;  Z«l. 


Figure  20. — Turbulence  spectra  for  flow  velocity  of  50  feet  per  second; 
J(/)  = (4L/C/)/{  1-f  [(2tt/C/)L]2/2},  measured  % inch  above  flame- 
holder lip. 


to  turbulence  in  the  separated  boundary  evidently  affects 
the  turbulent  flame  appearance  in  about  the  same  manner  as 
transition  in  the  attached  boundary  layer.  The  lean-blowout 
fuel-air  ratio  was  adversely  affected  when  the  transition  was 
moved  from  the  attached  to  the  free  boundary  layer. 

In  an  effort  to  obtain  a laminar  flame  zone,  some  explora- 
tory work  was  done  to  move  the  transition  point  farther 
downstream  of  the  point  of  separation  from  the  flameholder. 
Small  unheated  cylindrical  rods  (as  in  ref.  3)  placed  about 
1 inch  from  the  nozzle  entrance  were  used  as  flameholders. 
It  was  possible  to  move  the  transition  point  about  1 inch 
downstream  of  the  flameholder  (at  50  ft/sec).  Lean  blowout, 
however,  was  moved  to  a fuel-air  ratio  so  rich  that  excessive 
heating  occurred  in  the  glass  walls,  which  impaired  the  use 
of  the  shadowgraph  system.  In  the  transient  period  im- 
mediately after  ignition  while  the  walls  were  still  cool,  a 
clear  picture  of  the  flame  could  be  observed.  Studying  the 
flame  for  a length  of  time  was  not  possible  with  this  arrange- 
ment. Therefore,  turbulent  transition  at  or  upstream  of  the 
flameholder  lip  was  accepted, 

CALIBRATION  OF  DISTURBANCE  AMPLITUDE  WITH  SPEAKER  INPUT 

Because  of  the  interaction  between  the  standing-wave 
tube  supplying  the  sound  to  the  flameholder  and  the  stand- 
ing waves  in  the  test  section,  it  was  necessary  to  calibrate 
the  sound  input  with  the  flameholder  at  the  position  and 
velocity  to  be  used  in  the  burning  tests.  For  most  runs  the 
flameholder  was  placed  midway  between  acoustically  open 
ends  in  the  test  section  in  order  to  suppress  velocity  disturb- 
ances at  the  flameholder  due  to  all  even  modes  of  vibration 
of  the  test  section. 
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The  inputs  were  set  in  the  following  manner:  The  flame- 
holder  position  and  flow  velocity  to  be  used  in  a burning 
run  were  set.  The  hot  wire  was  placed  1/8  inch  above  and 
1/8  inch  upstream  of  the  flameholder  lip,  to  center  it  over 
the  port  from  which  the  sound  issued.  Resonant  frequencies 
were  excited  in  the  flameholder  support  tube.  The  input 
to  the  speaker  required  to  give  the  desired  uf  at  the  wire 
was  recorded  for  each  frequency.  The  wire  was  removed, 
fuel  was  introduced  and  ignited,  and  the  burning  run  was 
made.  The  distribution  of  v'  resulting  from  this  sort  of 
excitation  was  not  explored.  The  change  in  the  nature  of 
interaction  between  test  sections  and  the  standing- wave 
tube  with  and  without  combustion  was  not  explored  but 
was  presumed  to  be  small,  since  only  about  30  percent  of  the 
combustible  mixture  was  burned  in  the  test  section. 

RATIO  OF  TURBULENT  TO  LAMINAR  FLAME  SPEED  DETERMINED  BY 
PHOTOMULTIPLIER  PROBE 

Photomultiplier  tubes  have  been  used  to  sense  transient 
area  changes  in  a laminar  flame  distorted  by  sound  (refs. 
35  and  36)  and  to  study  Bunsen  flames  that  were  alternately 
laminar  and  turbulent  by  comparing  the  average  intensity 
of  light  emitted  from  the  flame  (ref.  32).  Turbulent  and 
laminar  flames  having  identical  mixture  ratios  and  feed  rates 
produced  identical  quantities  of  light  (ref.  32).  Therefore, 
it  appears  that  the  photomultiplier  tube,  if  used  with  cau- 
tion, can  become  an  average-heat-release-rate  meter. 

In  the  following  discussion,  the  local  heat-release  rate  is 
characterized  by  the  ratio  of  turbulent  to  laminar  flame  < 
speed  Vt/Vl.  This  ratio  is  defined  as  the  heat  released  per 
unit  time  divided  by  the  heat  that  a pair  of  laminar  flames 
alined  with  the  axis  of  the  duct  would  release  per  unit  length 
per  unit  time.  The  relation  is  illustrated  by  considering 
the  way  the  quantities  are  measured: 


In  the  test  section  shown  in  sketch  (k),  flame  fronts  are 
anchored  on  the  top  and  bottom  of  the  flameholder  and 
appear  to  span  from  wall  to  wall.  The  photomultiplier 
scans  a narrow  region  of  the  test  section.  The  voltages  read 
from  the  photomultiplier-tube  output  are  recorded  at  the 
same  fuel-air  ratio  for  a turbulent  flame  and  for  a laminar 
flame.  The  flame-front  half-angle  is  measured,  and  each 


voltage  is  multiplied  b}^  the  cosine  of  the  half-angle.  The 
ratio  of  the  resulting  product  for  the  turbulent  flame  to  that 
for  the  laminar  flame  is  defined  as  VT/VL.  In  the  region  of 
interest,  the  cosine  of  the  half-angle  was  approximately  1 for 
the  turbulent  flames,  so  that,  in  effect,  the  unit  length  of  the 
flame  fronts  becomes  the  unit  length  of  the  combustor. 

In  obtaining  the  laminar  flame,  the  same  fuel  and  air 
rotameter  settings  were  used  as  for  the  turbulent  flame,  but 
a large  fraction  of  the  mixture  was  bled  off  upstream  of  the 
flameholder.  Three  banks  of  200-mesh  screen  were  installed 
just  upstream  of  the  flameholder,  and  the  resulting  flame 
appeared  laminar.  The  flame  did  not  span  from  wall  to 
wall  near  the  flameholder;  therefore,  the  voltage  recorded 
for  this  region  was  quite  low.  Far  downstream  of  the  flame- 
holder the  flame  front  became  twisted  so  that  it  represented 
a flame  depth  greater  than  the  wall-to-wall  depth.  In  be- 
tween these  two  regions  was  one  in  which  the  flame  appeared 
to  touch  the  walls  and  to  have  negligible  twist.  The  voltage 
recorded  by  the  photomultiplier  probe  as  it  scanned  this 
region  was  nearly  constant.  The  extreme  voltages  recorded 
in  this  region  envelop  a band  within  which  the  true  voltage 
corresponding  to  a pair  of  laminar  flames  was  thought  to  lie. 

In  order  to  pinpoint  an  exact  value  for  the  laminar  voltage 
as  well  as  to  verify  the  method  (the  zone  of  uncertainty  is 
quite  small),  an  auxiliary  determination  of  VTIVL  was  made. 
Photomultiplier-probe  voltages  were  read  at  seven  equally 
spaced  stations  along  the  combustor  from  flameholder  to 
exhaust  nozzle,  and  an  average  voltage  was  calculated. 
Simultaneously,  the  momentum  pressure  drop  across  the 
flame  zone  was  measured.  With  the  help  of  Scurlock’s 
results  (ref.  1),  the  fraction  of  combustible  burned  F was 
determined  from  the  measured  momentum  pressure  drop. 
Then  an  average  VT  was  calculated  from 

(Length)  (2)  (VT)  (depth) 

(U0)  (depth)  (height) 

where  length,  depth,  and  height  are  the  dimensions  of  the 
combustor.  With  this  VT,  the  measured  average  voltage, 
and  the  value  for  laminar  flame  speed  VL  taken  from  refer- 
ence 37,  voltage  corresponding  to  a laminar  flame  was 
obtained  from 

El Et 

VL~V~r 

where  EL  and  ET  are  the  photomultiplier  voltages  for  laminar 
and  turbulent  flames.  This  voltage  lies  within  the  zone  of 
uncertainty  found  by  direct  viewing  of  the  laminar  flame. 
These  results  are  reported  more  fully  in  the  section  Exami- 
nation of  Method. 

The  fact  that  reference  32  was  cited  does  not  mean  that 
any  photomultiplier  calibration  was  obtained  from  that  work. 
Reference  32  established  that  (for  a given  combustor  at  a 
given  composition  and  flow  rate)  a photomultiplier  voltage 
is  proportional  to  the  heat  released  within  sight  of  the  photo- 
multiplier tube  and  is  independent  of  the  existence  or  non- 
existence of  turbulence.  The  agreement  of  the  two  methods 
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for  determining  VT/VL  justifies  this  use  of  the  photomultiplier 
probe. 

It  was  hoped  initially  to  follow  the  amplitude  of  a flame 
wrinkle  by  measuring  the  a-c  component  of  the  photomulti- 
plier signal.  The  reasoning  was  that  the  flame  would  be 
wrinkled  sufficiently  for  its  local  instantaneous  slope  to  serve 
as  a detectable  index  of  flame-wrinkle  amplitude.  This 
slope,  of  course,  would  appear  as  an  increased  voltage  at  the 
photomultiplier  because  the  length  of  the  flame  cutting  across 
the  field  of  view  would  be  increased.  The  data  showed  an 
amplitude  more  dependent  on  the  distance  from  the  duct 
exhaust  than  on  the  distance  from  the  flameholder.  The 
sound  waves  introduced  as  the  source  of  excitation  at  the 
flameholder  reflected  from  the  exhaust  of  the  combustor. 
Therefore,  the  a-c  component  read  by  the  probe  was  largely 
influenced  by  the  time-varying  displacement  of  local  flame 
zones  due  to  plane  waves  of  sound.  The  filter  a-c  signals 
for  two  frequencies  as  a function  of  distance  from  the  flame- 
holder are  compared  in  figure  21.  One  set  was  obtained 
from  the  photomultiplier  probe  with  burning,  the  other  set 
from  a hot-wire  anemometer  without  binning. 

The  photomultiplier  probe  was  used  only  to  survey  for  the 


o 


(a)  Frequency,  570  cps. 

(b)  Frequency,  1500  cps. 

Figure  21. — Comparison  of  hot-wire  and  photomultiplier  measure- 
ments showing  effect  of  plane  waves  near  exhaust  of  duct.  Flow 
velocity,  50  feet  per  second. 


effect  of  disturbances  on  local  VT/VL  values  on  a time-average 
basis. 

RESULTS 

The  analytical  part  of  this  paper  suggests  certain  beha  ior 
that  can  be  examined  experimentally.  Accordingly,  tests 
are  included  that  furnish  the  necessary  data  for  a' comparison 
with  the  results  of  the  analysis.  One  of  the  primary  varia- 
bles studied  was  the  effect  of  the  frequency  of  excitation  on 
disturbance  growth.  The  frequency  range  of  interest  hap- 
pened to  include  some  of  the  resonant  frequencies  of  the 
combustion-gas  volume  as  well  as  the  spontaneous  eddy- 
shedding  frequency  of  the  flameholder  in  cold  flow.  The 
effect  of  combustor  resonance  or  spontaneous  eddy-shedding 
was  also  examined. 

Certain  precautionary  measures  were  taken  in  choosing 
geometry  and  operating  conditions.  To  guard  against 
burner  resonance,  the  combustor  was  kept  short,  so  that 
only  about  30  percent  of  the  combustible  was  consumed. 
Spontaneous  burner  resonance  sometimes  occurred  when 
this  value  was  exceeded.  The  conditions  were  kept  within 
the  Reynolds  number  reported  in  reference  1 to  be  free  of 
spontaneous  eddy-shedding  when  a flame  is  anchored  on  the 
flameholder.  Although  these  measures  precluded  the  occur- 
rence of  spontaneous  oscillations  due  to  these  two  causes, 
they  could  not  prevent  the  system  from  favoring  certain 
frequencies  within  the  range  of  interest.  These  influences, 
then,  received  special  attention. 

Markstein  has  shown  that  instabilities  of  a laminar  flame 
front  cause  the  front  to  assume  a cellular  structure  under 
certain  conditions  (ref.  4).  The  occurrence  of  such  cells 
clearly  could  confuse  an  interpretation  of  the  results.  Con- 
sequently, the  data  were  taken  solely  at  conditions  where 
the  cells  do  not  spontaneously  arise. 

EXAMINATION  OF  METHOD 

With  the  flameholder  6 inches  from  the  open  end  of  the 
duct  and  6 inches  from  the  tunnel  entrance,  runs  were  made 
at  three  fuel-air  ratios  at  50  feet  per  second  over  a range  of 
disturbance  frequencies.  The  0.306-inch-wide  gutter  with 
antisymmetric  disturbances  was  used.  The  change  in  im- 
pact pressure  with  and  without  combustion  was  measured 
by  a single  impact  tube  upstream  of  the  flameholder.  Since 
the  difference  is  of  the  order  of  inches  of  water  and  the  rate 
of  mass  flow  is  constant,  it  is  assumed  that  the  difference  is 
entirely  due  to  a change  in  static  pressure.  The  fraction 
burned  was  calculated  from  Scurlock’s  results  (ref.  1)  and 
the  measured  pressure  drop.  Concurrently,  the  light  in- 
tensity at  seven  stations  along  the  flame  was  measured  and 
averaged. 

The  fraction  burned  is  compared  with  the  average  voltage 
(which  is  proportional  to  the  average  intensity)  in  figure  22 
by  plotting  both  against  the  frequency  of  disturbance  for 
the  three  fuel-air  ratios  examined.  The  following  table 
indicates  the  amount  of  scatter  in  the  ratio  of  fraction  burned 
to  mean  voltage: 
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F/Et  for  frequency,  f,  cps,  of— 

Average 

ratio 

0 

3S0  470 

760 

FJEt 

1500 

0. 0444 

0.  137 

0. 131  0. 134 

0. 137 

0. 131  0. 134 

.0515 

.1017 

. 1070  . 1055 

.1063 

.1035  . 105 

. 05S0 

.0S1S 

. 0817  . 0863 

. OS  58 

. 0852  . 0S4 

From  the  relation 

F 2 FrX  length  X depth 

Et~~  U0X  height  X depth  XEr 

(where  length,  height,  and  depth  are  dimensions  of  the  com- 
bustor), an  average  value  of  VTjET  is  calculated.  From  the 
average  values  in  the  preceding  table  for  F/ET  at  each  fuel- 
air  ratio,  the  following  values  of  VT/ET  were  obtained: 


Fuel-air 

ratio 

Vt/Et , 
(ft/sec)/ 
volt 

0.0444 

1.115 

.0515 

. S80 

.0580 

.709 

For  these  fuel-air  ratios  and  the  in^et  temperature  and  pres- 
sure used,  a laminar  flame  speed  was  obtained  from  reference 
37.  Then  the  voltage  that  would  correspond  to  a laminar 
flame  was  calculated  from 


The  values  of  VL  from  reference  37,  the  value  of  EL  calcu- 
lated from  the  preceding  relation,  and  the  zone  of  EL  meas- 
ured directly  by  viewing  a pair  of  laminar  flames  in  the  test 
section  are  as  follows: 


The  El  taken  from  values  of  VL/(VT/ET)  that  resulted  from 
momentum-pressure-drop  measurements  fall  within  the  limits 
of  El  by  direct  measurement  and  are  used  as  the  calibration 
of  the  photomultiplier  probe.  Local  values  of  VT/VL  re- 
ported subsequently  are  defined  by  the  ratio  of  voltage  read 
at  that  station  to  this  EL  for  the  applicable  fuel-air  ratio. 

COMPARISON  OF  FLAME  SPEED  WITH  FLAME  APPEARANCE 

Shadowgraphs  were  taken  at  the  same  conditions  used  in 
the  preceding  comparison  between  average  voltage  and  Ap. 
Some  of  these  shadowgraphs,  along  with  the  distribution  of 


(a)  Fuel-air  ratio,  0.0580. 

(b)  Fuel-air  ratio,  0.0515. 

(c)  Fuel-air  ratio,  0.0444. 

Figure  22. — Comparison  of  fraction  burned  obtained  by  momentum- 
pressure-drop  measurement  with  average  voltage  obtained  by 
photomultiplier  survey.  Flow  velocity,  50  feet  per  second;  length, 
6 inches;  disturbance  velocity,  2.38  feet  per  second;  antisymmetric 
disturbance. 
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Vt/Vl  for  each,  are  presented  in  figure  23.  In  most  of  these 
photographs  the  gross  disturbance  caused  by  the  input  sound 
can  be  identified.  If  a line  drawn  along  the  turbulent  flame 
front  is  faired  through  all  but  these  gross  wrinkles,  its  length 
divided  by  the  length  of  a line  faired  along  the  undisturbed 
surface  should  be  equal  to 

/ Sd\  _Area  of  flame  disturbed  at  frequency  / 
\Su/pg  Area  of  undisturbed  flame  surface 

A similar  ratio  is  available  from  the  average  voltages  ob- 
tained by  the  photomultiplier  survey  in  figure  22,  defined  by 

/ £<A  _ (E  T)d 

\Su/pm  (-fcr)u 

The  ( Sd/Su)Pg  obtained  by  the  former  method  and  the 
(Sd/Su)pm  obtained  from  the  photomultiplier  readings  are 
compared  in  the  following  table: 


Fuel-air  ratio 

Fre- 
quency, 
/.  cps 

0.0444 

0.0515 

(e)- 

(1).. 

\ *Sm  / pm 

(fX. 

0 

1 

1 

1 

1 

380 

.18 

1. 15 

1.09 

1.11 

570 

1.304 

1. 185 

1.19 

1.12 

770 

1.23 

1.23 

1. 10 

1.18 

1500 

1. 10 

1.085 

1.09 

1.07 

In  general,  the  correlation  is  good.  It  may  be  significant 


that,  at  570  cps,  (Sd/Su)pm  is  about  10  percent  greater  than 
( Sd/Su)pg . At  this  frequency,  it  is  relatively  easy  to  measure 
the  area;  that  is,  experimental  scatter  should  not  be  as  great 
as  10  percent.  The  evidence  suggests  the  generation  of  ad- 
ditional turbulence  in  the  flame,  other  than  the  growth  of 
the  low -frequency-imposed  disturbance.  It  is  regrettable 
that  a laminar  stabilized  flame  could  not  be  obtained  in  this 
equipment,  because  this  frequency  could  conceivably  cause 
a transition  point  from  laminar  to  turbulent  flow. 

For  each  plot  in  figure  23,  u'  is  a constant,  so  that  u'/VL 
decreases  with  increasing  fuel-air  ratio.  Also,  VT/VL  de- 
creases, for  the  most  part,  with  increasing  fuel-air  ratio  and, 
therefore,  wfith  decreasing  u'/VL. 

At  a given  distance  x,  the  ratio  ( Sd/Su)prn  defined  by 

descends  with  ascending  fuel-air  ratio.  This  is  in 

(VtI  * l)u 

keeping  with  the  interpretation  in  the  stability  analysis. 
The  following  table  gives  the  values  of  Sd/Su  at  570  cps  for 
the  three  fuel-air  ratios: 


Fuel-air  ratio 

j,  in. 

0.0444 

0.0515 

0.0580 

sd 

u' 

$4 

U* 

Sa 

w' 

Su 

VT.u 

SH 

Vt.u 

Su 

Vt.u 
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1.522 

2.025 

1.129 

1.220 

1.076 

1.055 

2 

1. 183 

1. 437 

1.205 

1. 107 

1. 122 

.962 

3 

1. 160 

1.376 

1.175 

1.08 

1.119 

.937 

4 

1. 177 

1.358 

1.151 

1.058 

1.147 

.913 

5 
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1.352 

1.  129 

1.03S 

1.116 

.873 

Fuel- 

air 

ratio 

v^3.2 

\Z.8 

TJ 

O) 

a.  2.4 

«/> 

a> 

| 2.0 

° 1.6 
E 

° 1.2 


S .8 

3 

n 

3 A 

o 

8 o 

a 

(Z 


t— < 

i> — 

h 

i 

I 

! 

/ 

/ 

( 

J 

v u i 

6 0 I 


M 

-(< 

A 

□ 1 

2345601234  5601 

Distance  from  flameholder,  x%  in. 


(a)  No  disturbance.  (c)  Antisymmetric  disturbance  at  570  cps.  (e)  Antisymmetric  disturbance  at  1500  cps. 

(b)  Antisymmetric  disturbance  at  380  cps.  (d)  Antisymmetric  disturbance  at  760  cps. 


Figure  23. — Comparison  of  flame  appearance  and  VtJVl  for  three  fuel-air  ratios  for  0.306-inch  flameholder.  Flow  velocity  at  plane  of  flame- 

holder,  50  feet  per  second. 
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DISTRIBUTION  OF  LOCAL  Vt/Vl  VALUES  WITH  RESPECT  TO  VARIOUS 
FREQUENCIES 

The  ratio  of  turbulent  to  laminar  flame  speed  VT/VL  is 
plotted  against  distance  from  the  flameholder  in  figure  24(a) , 
and  VT/VL  is  cross-plotted  against  frequency  at  several  sta- 
tions in  figure  24(b).  Great  care  was  taken  in  keeping 
fuel-air  ratio,  velocity,  and  plate  voltage  to  the  photocell 
constant  throughout  the  run.  The  0.306-inch  flameholder, 
modified  to  prevent  leakage  about  the  edges,  was  used.  The 
disturbance  velocity  measured  as  described  earlier  gave  u' 
of  2.16  feet  per  second  for  all  frequencies. 

In  order  to  compare  these  data  with  theory,  the  following 
computations  were  made: 

(1)  From  the  preceding  calibration  the  fraction  burned 
was  calculated  as  a function  of  combustor  length  for  the 
upper  envelope  of  the  Vt/Vl  curves  for  the  disturbed  flames. 

(2)  An  idealized  h2/hi  against  length  was  obtained  from 
this  fraction  burned  using  Scurlock’s  results  (ref.  1). 

(3)  Increments  of  length  over  which  a given  frequency 
has  a maximum  VT/VL  were  read  from  figure  24(a). 

(4)  These  increments  were  plotted  against  h2/hx  and  com- 
pared with  the  theoretical  plot  taken  from  figure  10.  Recall 


Distance  from  flameholder,  xy  in. 

(a)  Variation  of  flame-speed  ratio  with  distance  from  flameholder. 
Test-section  depth,  % inch. 


Frequency  of  antisymmetric  disturbance,  /,  cps 


(b)  Variation  of  flame-speed  ratio  with  frequency  for  various  distances 
from  flameholder.  Test-section  depth,  1 % inches. 


Figure  24. — Effect  of  antisymmetric-disturbance  frequency  on  flame-speed  distribution  with  0.306-inch  flameholder.  Flow  velocity,  50  feot 

per  second;  fuel-air  ratio,  0.0444;  disturbance  velocity,  2.16  feet  per  second. 
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Figure  25. — Distribution  of  fraction  burned  and  idealized  h2/hx  for 
data  of  figure  24(a). 

that  Results  of  steps  (1)  and  (2)  are  shown  in 

figure  25,  and  steps  (3)  and  (4)  in  figure  26. 

Similar  data  taken  at  the  lower  amplitude  (uf— 1.44  ft/sec) 
gave  similar  results. 

disturbance-displacement  growth 

In  this  section  the  actual  disturbance-displacement  growth 
is  compared  with  that  of  qualitative  theory  (sketch  (f)). 

In  an  effort  to  produce  low  disturbance  amplitudes,  the 
glass  walls  of  the  test  section  were  reduced  to  6 inches  in 
length  and  the  flameholder  was  moved  to  % inch  down- 
stream of  the  nozzle  entrance.  At  this  position  the  speaker 
inputs  were  calibrated  with  the  hot  wire  as  previously  dis- 
cussed, and  shadowgraphs  were  taken  for  several  low  am- 
plitudes. As  mentioned  in  the  section  on  turbulence  inten- 
sity and  spectra,  the  flameholder  boundary  layer  underwent 


Figure  26. — Frequency  giving  maximum  increase  in  flame  speed  as 
function  of  h2lhx  compared  with  results  of  stability  analysis. 


transition  in  the  separated  layer.  The  photographs  of  figure 
27(a)  show  that,  at  these  low  intensities,  the  apparent  width 
of  the  flame  was  not  appreciably  altered.  The  mean  flame 
width  measured  from  a direct  photograph  was  used  to 
determine  h2/hi. 

The  displacement  h was  measured  as  the  distance  from 
surrounding  crests  to  a given  trough  in  the  flame  surface. 
Measurements  were  made  on  both  sides  of  the  flame  for  each 
photograph.  The  data  for  two  amplitudes  and  two  fre- 
quencies obtained  in  this  manner  are  shown  in  figures  27(b) 
to  (d).  The  dashed  curve  is  the  qualitative  curve  from 
sketch  (f). 

The  knee  should  occur  between  (/ty/q)maz  and  (h2/Ih)cr  as 
discussed  in  the  section  Relation  of  Theoretical  Results  to 
Measurable  Quantities.  The  vertical  lines  in  figure  27  are 
drawn  through  these  two  values.  With  the  general  shape 
of  the  qualitative  curve  known,  it  can  be  seen  that  a line 
faired  through  the  data  points  would  exhibit  a knee  in  the 
region  bounded  by  {h2lhx)max  &\\d  (h2thx)  CT.  Comparison  of 
figures  27  (c)  and  (d)  shows  that  the  knee  moves  to  increased 
values  of  h2/hx  as  frequency  is  reduced.  Both  the  value  of 
h2/hi  where  the  knee  occurs  and  the  variation  of  this  value 
with  frequency  agree  with  the  results  of  the  analysis. 

DISTURBANCE  PHASE  VELOCITIES 

From  the  photographs  of  figure  27(a),  values  of  cr/Ux  were 
determined,  again  using  the  mean  flame  width  to  furnish 
h2/hi.  The  quantity  UxjU0  was  then  determined  from  Tsien’s 
results  (eq.  (3)).  Wavelengths  were  measured  from  trougfi 
to  trough,  and  the  mean  position  of  a pair  of  troughs  located 
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/ = 955  cps 


/ = 545  cps 


/ = 725  cps 


Fraction  of  cross  section  filled  by  flame  zone,  h^hy 


(a)  Flame  shadowgraphs  for  disturbance  velocity  of  0.75  toot  per  second  (b)  Disturbance  velocity,  0.60  foot  per  second;  frequency,  725  cps 

at  various  frequencies.  (c)  Disturbance  velocity,  0.75  foot  per  second;  frequency,  725  cp& 

(d)  Disturbance  velocity,  0.75  foot  per  second;  frequency,  545  cps 

Figure  27. — Displacement  measure  on  flame  front  for  small-amplitude  disturbances.  Flow  velocity,  50  feet  per  second;  fuel-air  ratio, 

0.0484;  turbulent  disturbance  velocity,  0.303  toot  per  second. 
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Figure  28. — Propagation  velocities  for  small-amplitude  disturbance. 


the  applicable  value  of  h2/kl.  The  results  are  shown  for  two 
frequencies  in  figure  28. 

The  dashed  lines  are  the  values  of  cTIUx  obtained  from 
figure  5(b),  which  is  based  on  the  results  and  interpretation 
of  the  stability  analysis.  The  scatter  of  the  experimental 
data  is  wide,  but  the  magnitude  and  trends  of  the  data  re- 
mote from  the  flameli older  are  quite  good.  Values  of  cT/Ui 
less  than  unity  are  obtained  for  values  of  A2//q<  1.5,  which 
implies  flow  reversal  within  this  region. 

EFFECT  OF  TEST-SECTION  DEPTH 

A single  run  was  made  to  determine  the  effect  of  the  test- 
section  depth  on  tire  results.  The  data  obtained  with  the 
1-inch-deep  combustor  at  a velocity  of  50  feet  per  second 
and  a fuel-air  ratio  of  0.0493  are  shown  in  figure  29.  The 
turbulence  at  the  center  of  the  duct  was  half  that  of  the 
l/2- inch  duct.  Combustor  depth  seems  to  have  some  influ- 
ence on  the  turbulent  flame  speed  but  not  on  the  effect  of 
imposed  disturbances. 

The  undisturbed  flame  speed  in  the  1-inch  duct  reached 
almost  twice  laminar  flame  speed  in  a longer  time  than  in 
the  /finch  duct.  The  effect  of  imposed  disturbance  on 
amplification  as  a function  of  frequency  remains  the  same, 


Figure  30. — Effect  of  amplitude  on  flame-speed  distribution.  Flow 
velocity,  50  feet  per  second;  fuel-air  ratio,  0.0444.  » 


O 12  3 4 5 


Distance  from  flameholder,  in. 

Figure  29. — Flame-speed  distribution  in  1-inch-deep  test  section. 
Flow  velocity  at  plane  of  flameholder,  50  feet,  per  second;  fuel-air 
ratio,  0.0493;  /finch  flameholder. 


Distance  from  flameholder,  xt  in. 
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however.  This  can  be  seen  from  a comparison  of  figures  29 
and  24(a).  The  range  over  which  a given  frequency  domi- 
nates, taken  from  this  run,  is  also  plotted  in  figure  26. 

EFFECT  OF  AMPLITUDE 

The  effect  of  amplitude  on  single  frequencies  is  shown  in 
figure  30,  where  flame  speeds  for  two  levels  of  excitation 
(570  and  960  cps)  are  compared.  For  the  lower  frequency, 
the  increase  A (Vt,JVt,u)  varies  directly  as  u'.  For  the 
higher  frequency,  the  curves  cross.  Thus,  the  effect  of  low 
excitation  is  felt  farther  along  the  flame  than  that  of  higher 
excitation.  This  behavior  is  not  data  scatter  and  was 
checked  repeatedly.  The  same  sort  of  thing  occurs  at  1500 
cps,  although  not  so  markedly.  The  reason  for  this  anom- 
alous behavior  is  not  immediately  apparent. 

EFFECT  OF  FLAMEHOLDER  SIZE 

Flame  appearance  and  VT/VL  are  compared  for  two  flame- 
holder  Sizes  at  a velocity  of  50  feet  per  second  and  a fuel-air 


ratio  of  0.0444  in  figure  31.  The  data  for  a %-inch  flame- 
holder  and  a variety  of  excitation  frequencies  (fig.  31(a)) 
show'  that  the  570-cps  excitation  is  again  the  dominant  one, 
but  not  so  markedly  as  before.  The  effect  of  flameholder 
size  can  be  summarized  from  figures  31(b)  to  (d)  as  follow's: 

(1)  Flame  speed  is  noticeably  decreased  with  the  larger 
flameholder. 

(2)  The  impact  of  the  570-cps  frequency  is  not  nearly  so 
great  in  the  %-inch  flameholder  as  in  the  0. 306-inch  flame- 
holder. 

The  decrease  in  flame  speed  with  increase  in  flameholder 
size  might  be  explained  by  the  theory  that  (1)  the  wake 
region  is  longer  and  (2)  the  growth  of  the  higher  frequencies 
is  therefore  somewiiat  inhibited  by  this  long,  relatively 
stable  wake. 

EFFECT  OF  VELOCITY 

Momentum-pressure-drop  and  flame-speed  readings  were 
taken  over  a range  of  frequencies,  using  a 0.306-inch 
flameholder,  a velocity  of  100  feet  per  second,  and  fuel-air 
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(a)  ^-Inch  flameholder  with  anti-  (b)  Both  flameholders  without  dis-  (c)  Both  flameholders  with  disturb-  (d)  Both  flameholders  with  dis- 
symmetric disturbances.  Disturb-  turbance.  ance  at  570  cps.  turbance  at  1500  cps. 

ance  velocities,  feet  per  second: 
u\,  2.22;  u'r , 1.2;  and  u'f,  1.87. 


Figure  31. — Comparison  of  flame  appearance  and  Vt/Vl  for  and  0.306-inch  flameholders.  Flow  velocity,  50  feet  per  second;  fuel-air 

ratio,  0.0444. 
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ratio  of  0.0493.  The  results  are  shown  in  figure  32.  The 
metering  systems  drifted  slightly  at  this  setting,  making  it 
difficult  to  hold  fuel  flow  steady  and  causing  some  scatter 
in  the  determination  of  VL. 

The  most  sensitive  frequency  at  100  feet  per  second  was 
1700  cps,  which  is  about  three  times  the  frequency  observed 
at  50  feet  per  second.  Clearly  the  effect  is  not  allied  with 
a spontaneous  eddy-shedding  frequency.  The  fraction 
burned  is  not  so  great  as  at  50  feet  per  second.  Also,  the 
flame  speed  increased  sharply  up  to  the  end  of  the  duct. 
These  two  factors  tend  to  emphasize  the  higher  frequencies 
within  the  limited  duct  length,  and  seem  to  be  directly  re- 
lated to  the  instability  of  the  flame  zone.  The  single  data 
point  at  1700  cps  is  included  in  figure  26.  This  run  was  di- 
rected toward  finding  a frequency  other  than  570  cps  for  maxi- 


mum effect,  mainly  to  prevent  duct  resonance.  Shadow- 
graph photographs  of  the  flames  show  the  antisymmetric 
disturbance. 

The  possible  effect  of  duct  resonance  on  these  results 
must  be  considered.  The  modes  of  resonance  likely^  to  occur 
in  a combustor  are  the  “organ-pipe”  or  longitudinal  modes, 
the  transverse  modes,  and  a single  mode  coupling  the  com- 
bustion chamber  with  the  volume  upstream  of  the  nozzle. 
In  the  configuration  studied,  the  longitudinal  modes  have 
frequencies,  roughly,  of  250  or  500  cps  plus  multiples  of  500. 
The  transverse  modes  have  a minimum  frequency  of  3000 
cps,  so  they  are  not  considered  here.  The  last  type  of  oscil- 
lation gives  a frequency  of  the  order  of  45  to  90  cps  and  is 
below  the  range  of  interest. 

A longitudinal  mode  could  affect  the  results  in  two  dis- 


Figure  32. — Comparison  of  fraction  burned  with  average  voltage,  distribution  of  Vt/Vl , and  shadowgraphs  with  0.306-inch  flame- 
holder.  Flow  velocity,  100  feet  per  second;  fuel-air  ratio,  0.0493;  antisymmetric  disturbance. 
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tinct  ways:  (1)  If  the  flameholder  were  placed  in  a standing 
wave  system  at  a pressure  node,  the  time-varying  velocity 
past  the  flameholder  would  cause  large  initial  disturbances 
that  would  be  symmetric  with  respect  to  the  duct  axis. 
(2)  If  the  flameholder  were  placed  at  a pressure  loop,  there 
would  be  a coupling  between  the  combustor  and  flame- 
holder resonance  that  would  be  initially  compensated  for  by 
the  input  calibration  already  discussed.  If  the  nature  of 
cuct  resonance  shifts  the  resonant  frequencies  so  that  this 
dompensation  is  no  longer  adequate,  the  input  u'  is  no 
longer  constant  for  all  the  frequencies. 

Since  the  photographs  of  figure  32  show  the  disturbances 
to  be  antisymmetric,  the  first  manner  of  coupling  is  rejected. 
To  explore  the  second  manner  of  coupling,  the  input  u ' for 
the  frequencies  on  either  side  of  the  most  sensitive  ones 
(i.  e.,  1500  to  1700  cps;  see  fig.  32)  was  increased  by  a factor 
of  3.  In  no  case  was  it  possible  to  increase  the  fraction 
burned  as  much  as  the  1500-  to  1700-cps  disturbances  in- 
creased it.  Thus,  the  results  shown  in  figure  32  are  due  to 
the  sensitivity  of  the  flame  zone  to  the  imposed  disturbance 
and  are  not  due  to  duct  resonance. 

SYMMETRIC  DISTURBANCES 

A symmetric  disturbance  was  used  for  tests  with  a 0.315- 
inch  flameholder,  velocity  of  50  feet  per  second,  and  a fuel- 
air  ratio  of  0.0444.  No  separate  calibration  of  input  sound 
was  attempted,  the  inputs  of  the  antisymmetric-disturbance 
tests  being  used.  The  results  are  shown  in  figure  33.  Com- 
parisons with  flame  speeds  obtained  with  antisymmetric 
disturbances  are  given.  There  was  a leak  of  approximately 
inch  past  one  edge,  which  provided  an  additional  flame 
surface  and  increased  the  apparent  mean  flame  speed  near 
the  flameholder  but  did  not  disturb  the  results  at  some  dis- 
tance from  the  flameholder.  In  general,  symmetric  and 
antisymmetric  disturbances  gave  roughly  comparable  shifts 


in  flame  speed  near  the  flameholder.  At  a distance  from  the 
flameholder,  antisymmetric  disturbances  increased  the  flame 
speed  more  than  symmetric  disturbances.  These  results  are 
in  accordance  with  sketch  (f). 

DISCUSSION 

Ten  questions  raised  by  the  analytical  and  experimental 
phases  of  the  investigation  are  discussed  in  this  section. 

1.  In  what  respects  do  the  experimental  results  and  the 
interpretations  of  the  stability  analysis  agree? — The  areas 
of  agreement  are  summarized  in  the  following  table: 


Interpretation  of  stability  analysis 

Investigation  of  sensitivity  of  a flame  in  a 
duct  to  transverse  velocity  disturbance 

(1)  The  flow  is  stable  to  symmetric  dis- 
turbances, unstable  to  antisymmetric 
disturbances.  A qualification  is  made 
near  a flameholder  where  the  two  types 
of  disturbances  are  equally  unstable. 

(1)  The  flame  seems  about  equally  un- 
stable to  symmetric  and  antisymmetric 
disturbances  near  flameholder,  is  more 
unstable  to  antisymmetric  disturbances 
far  from  flameholder. 

(2)  In  moving  along  the  flame  at  phase 
velocity,  a disturbance  of  given  fre- 
quency grows  until  the  flame  width  be- 
comes about  0.4  of  the  wavelength;  then 
an  apparent  decay  of  the  disturbance 
begins. 

(2)  A disturbance  of  given  frequency  first 
grows,  then  decays.  The  critical  flame 
width  where  decay  starts  is  slightly 
smaller  than  that  predicted. 

(3)  There  is  a most-amplified  frequency 
having  a wave  number  of  5<2a<Ai<7. 

(3)  There  is  a most-amplified  frequency 
which,  for  the  lengths  investigated, 
corresponds  to  2a<Ai  ~ 12. 

(4)  The  phase  velocity  ranges  from  a ve- 
locity equal  to  the  cold-gas  velocity  at 
the  flameholder  up  to  1.5  times  the  cold- 
gas  velocity  far  from  the  flameholder. 

(4)  The  phase  velocity  behaves  much  as 
predicted  except  near  the  flair  e'mlder, 
where  it  is  lower  than  the  cold-gas 
velocity. 

(5)  The  amplification  depends  on  v'/Vt.u 
for  a given  dhi/dx. 

(5)  The  amplification  depends  on  v'/Vt.u 
for  a given  dta/cU. 

The  details  of  the  system  that  would  define  more  exactly 
the  shortcomings  of  the  stability  analysis  as  well  as  the 
adequacies  await  the  development  of  a transient-velocity 
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(a)  Symmetric  disturbances.  Disturbance  am- 
plitude, unknown ; input  same  as  for  figure  24  (a). 


(b)  Comparison  of  symmetric  and  antisymmetric  flameholders  with  and  without 

disturbance. 


Figure  33. — Comparison  of  Vt/Vl  obtained  with  flameholders  for  producing  symmetric  and  antisymmetric  disturbances. 

Flow  velocity,  50  feet  per  second;  fuel-air  ratio,  0.0444. 
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measuring  technique  that  can  be  used  in  a flame  zone.  In 
at  least  one  instance  there  was  evidence  that  a form  of  transi- 
tion took  place  (see  Comparison  of  Flame  Speed  with  Flame 
Appearance).  The  stability  analysis  cannot  indicate  when 
this  takes  place. 

2.  Would  the  same  distribution  of  displacement  and  VT/VL 
with  distance  from  the  flameholder  obtain  if  no  growth  oc- 
curred in  the  flame  zone? — This  seems  unlikely.  For  ex- 
ample, if  the  input  disturbance  distribution  simulates  a source 
at  the  corner  of  the  flameholder,  only  near  the  flameholder 
would  there  be  a marked  transverse  velocity  component. 
The  highest  frequencies  would  show  the  greatest  increase  in 
flame  speed. 

3.  Do  eddies  shed? — They  certainly  seem  to.  In  figure  34 
photographs  of  a lean  flame,  both  shadowgraphs  and  direct 


Direct  photograph  of  flame  through  stroboscope;  frequency,  /,  600  cps 


Figure  34. — Comparison  of  photographs  of  excited  flame  with  eddy 

trail. 


photographs  taken  through  the  stroboscope,  are  compared 
with  a smoke-trace  photograph  of  eddies  shedding  from  a rod 
at  a Reynolds  number  of  73  (ref.  30).  The  appearance  of 
flame  clearly  indicates  that  eddy-shedding  is  present. 

As  the  fuel-air  ratio  is  increased,  the  range  over  which  these 
eddies  appear  near  the  flameholder  narrows.  Figure  35 
shows  a plot  of  frequencies  at  which  eddies  appeared  against 
fuel  flow  from  lean  to  rich  blowout.  These  data  were  ob- 
tained by  exciting  the  flame  at  frequencies  at  which  the  con- 
stant-speed stroboscope  would  permit  observation;  that  is, 
approximately  every  100  cps. 

Eddies  are  characterized  by  lobes  of  flame  of  about  equal 
size  on  either  side  of  the  flameholder.  These  are  contrasted 
to  mere  sinuosity  of  the  flame.  At  700  cps  the  lobes  appeared 
symmetric,  indicating  duct  resonance  at  this  frequency. 
At  800  cps  the  lobes  were  antisymmetric  and  were  observed 
throughout  the  fuel-air-ratio  range.  At  the  lean  fuel-air 
ratios,  most  of  the  disturbances  produced  eddy-shedding. 


Figure  35. — Observations  of  vortex  shedding  excited  by  antisymmetric 

disturbances. 


4.  Does  the  turbulent-flame  propagation  velocity  depend 
upon  upstream  turbulence?  -It  should.  Bolz  and  Burlage 
(ref.  11)  and  Mickelsen  and  Ernstein  (ref.  12)  have  shown 
turbulent  flame  speeds  to  be  in  fair  agreement  with  Scurlock’s 
theory  (ref.  8),  omitting  flame-generating  turbulence  effects. 
These  data  were  obtained  in  turbulent  “soap-bubble”  flames. 
Thus,  in  addition  to  the  effect  of  the  instabilities  mentioned 
here,  the  incident  turbulence  should  have  an  effect. 

The  most  important  point,  however,  is  that  the  instability 
merely  acts  as  an  amplifier  for  a relatively  narrow  range  of 
frequencies,  the  output  within  limits  of  the  linearized  theory 
being  proportional  to  the  input.  Part  of  the  input  is,  of 
course,  the  turbulent  motion.  The  other,  and  in  some  cases 
the  most  important  part,  is  the  role  played  by  the  sound  in 
the  duct  which,  upon  hitting  the  flameholder,  produces  a 
transverse  velocity  that  may  be  subsequently  amplified.  In 
that  this  sound  is  related  to  the  incident  turbulence,  the 
turbulence  has  an  effect. 

Some  data  on  an  effect  of  incident  turbulence  were  ob- 
tained while  exploring  the  properties  of  the  system.  Figure 
36  shows  a plot  of  Er  against  distance  from  the  flame- 
holder x for  two  flameholder  positions  and  two  fuel-air  ratios. 
The  table  in  the  section  on  turbulence  intensity  and  spectra 
shows  that  the  turbulence  intensity  increases  from  inlet 
nozzle  to  exhaust  and  from  the  wall  to  the  interior  of  the 
test  section.  Taking  as  representative  the  value  of  u ' meas- 
ured Ke  inch  above  the  flameholder  lip,  the  values  of  the 
turbulence  parameter  u'/VL  van7*  over  a factor  of  2 for  the 
two  flameholder  positions.  It  is  apparent  that,  everywhere 
except  near  the  flameholder,  there  is  little  effect  of  the  initial 
u'/VL  values  measured.  The  data  are  insufficient  for  pin- 
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(a)  Fuel-air  ratio,  0.0444. 

(b)  Fuel-air  ratio,  0.0515. 

Figure  36. — Comparison  of  relative  flame  speeds  at  two  flameholder 
positions.  Flow  velocity,  50  feet  per  second. 

pointing  the  cause  of  this  lack  of  effect.  Two  surmises 
appear  warranted: 

(1)  The  flame  was  noisier  at  the  9-inch  position  than  at 
the  6-inch  position  because  of  flame-duct  interaction;  u'  was 
measured  in  the  absence  of  a flame. 

(2)  The  turbulence  found  upstream  of  the  flameholder 
was  due  to  transition  in  the  boundary  layer.  The  u ' in  the 
boundary  layer  was  growing  for  both  positions  measured. 
It  is  thought  that  the  growth  of  this  u ' is  accelerated  when 
the  boundary  layer  separates  from  the  flameholder  and  quite 
rapidly  achieves  a value  that  would  be  relatively  insensitive 
to  u'  prior  to  separation. 

Additional  data  on  the  effect  of  upstream  turbulence  were 
obtained  by  putting  three  banks  of  200-mesh  screen  just 
upstream  of  the  flameholder.  Shadowgraphs  of  the  flame 
in  this  case  with  and  without  a 560-cps  disturbance  are  shown 
in  figure  37.  Also  plotted  in  this  figure  is  VTIVL  measured 
with  and  without  screens.  In  the  absence  of  imposed  dis- 
turbances, VT/VL  is  lower  with  the  screens  than  without. 
Although  the  conditions  were  set  for  50  feet  per  second,  leaks 
were  found  between  the  mixing  section  and  the  flameholder 
for  this  run  so  that  the  velocity  was  not  known.  The  reduc- 
tion in  VT\VL  is  thought  to  be  primarily  due  to  the  reduction 
in  u ' by  the  presence  of  the  screens. 

It  is  of  interest  to  compare  the  flame-speed  data  obtained 
in  this  investigation  with  data  taken  in  a similar  apparatus. 
Figure  38  shows  a comparison  of  VT\VL  obtained  by  photo- 
multiplier tube  with  VT/VL  obtained  by  Scurlock  (ref.  8)  by 
measuring  a mean  flame  width.  Because  VL  was  taken  as 
a property  of  the  mixture,  the  values  of  VT/VL  near  the 


flameholder  are  low.  The  values  of  VT/VL  obtained  with 
the  relatively  high  turbulence  appear  higher  than  those  ob- 
tained by  Scurlock.  The  possible  displacement  of  the  abso- 
lute magnitudes  of  VT/VL  due  to  the  different  methods  used 
would  not  warrant  interpreting  these  data  to  give  a quanti- 
tative dependence  on  turbulence  intensity. 


With  screens 
and 

disturbance 


With  screens 
and  no 
disturbance 


Figure  37. — Comparison  of  flame  speeds  with  and  without  banks 
of  200-mesh  screens  upstream  of  flameholder. 


Figure  38. — Comparison  of  Vt/Vl  taken  in  %-inch-  and  1 -inch-wide 
ducts  with  Scurlock ’s  data. 
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5.  How  does  Vt/Vl  obtained  from  area  measurements 
compare  with  VT/VL  taken  from  photomultiplier  data? — The 

shadowgraphs  indicate  considerable  wrinkling  of  the  flame 
surface.  In  addition,  it  appears  that  density  gradients  exist 
within  the  outer  envelope  of  flame  surface,  implying  heat 
release  there. 

Since  no  single  continuous  flame  surface  is  apparent,  meas- 
uring flame  area  from  these  pictures  seems  impossible.  For 
the  sake  of  comparison,  however,  some  relative  surface 
extension  should  be  of  interest  to  those  who  would 
formulate  a theory  of  turbulent  flame  propagation.  Such 
measurements  were  made  in  the  following  manner:  The  nega- 
tives of  a group  of  photographs  were  used  to  project  an  image 
of  the  flame  on  a screen.  The  image  of  a 6-inch  test  section 
was  2){  feet  long.  A map  measure  was  used  to  find  the 
length  of  the  outer  envelope  of  the  group  of  flame  images, 
ignoring  the  obvious  density  gradients  within  the  outer 
envelope.  Lengths  were  measured  on  the  top  and  bottom 
surface  of  each  flame,  averaged,  and  divided  by  projected 
length.  The  resulting  quotient  is  defined  as  ( VTjVL ) pg. 

In  the  following  table,  the  ratios  so  obtained  are  compared 
with  the  average  VT/VL  obtained  from  a photomultiplier 
survey  (VT/VL)pm: 
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0 
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In  general,  the  trends  indicated  by  the  ( VT/VL)pm  are  followed 
by  the  ( VT/VL)pg . In  view  of  the  obvious  internal  structure 
and  three-dimensional  nature  of  the  wrinkles,  no  argument 
for  or  against  the  wrinkled  flame  as  an  adequate  turbulent 
flame  model  can  be  introduced. 

6.  How  can  flame  speeds  be  predicted  on  the  basis  of 
these  results? — The  most  promising  method  of  predicting 
flame  speeds  would  be  based  on  an  incident  and  amplified 
spectra,  as  recommended  by  Markstein  (ref.  4).  For  ex- 
ample: If  the  incident  v'  spectrum  corresponds  to  a scale  of 
turbulence  L of  0.15  inch  and  each  frequency  is  amplified  as 
the  theory  states,  the  spectra  at  h2/hi  = 0.o  and  0.25,  for 
1/K2~20  would  correspond  to  the  ones  shown  in  figure  39. 
Between  the  two  spectra  would  be  a continuously  shifting 
spectrum.  What  is  needed,  then,  is  a model  of  flame  propa- 
gation that  would  allow  for  a continuously  shifting  spectrum 
of  turbulence.  This  model  should  have  the  advantage  of 
allowing  for  the  appearance  of  discrete  frequencies  that 
dominate  the  rest  of  the  spectrum. 

An  interesting  point  comes  up  in  regard  to  spectra.  It  is 
seen  experimentally  as  well  as  theoretically  that  very  little 
effect  is  derived  from  exciting  the  flame  at  a frequency  less 
than  (2/S)(U/2hi)  or  greater  than  4 £7/2^  (see  figs.  22,  32, 


Figure  39. — Spectra  of  incident  and  flame-amplified  turbulence; 
JF  {f)  = (4LI U)/ { 1 + [(2r/ U)  LPJ*  | . 


and  7).  Therefore,  for  the  present  conditions  (i.  e.,  velocity 
of  50  ft/sec,  2-in.  duct)  the  energy  in  the  spectrum  of  turbu- 
lence below  200  cps  apparently  will  not  increase  flame 
spreading. 

A plot  of  the  percentage  of  energy  in  the  turbulence  at  all 
frequencies  below/  against /Z/C7  from  reference  38  is  shown 
in  figure  40.  For  an  assumed  scale  L=(l/6)2hu  the  fre- 
quency below  the  frequency  (2/S)(U/2hl)  represents  about 
35  percent  of  the  total  turbulence  energy.  This  amount  of 
energy  is  contained  in  disturbances  with  frequency  too  low 
to  be  amplified  to  any  usable  extent  by  the  flame  zone. 
Similarly  from  figure  40,  the  energy  in  the  spectrum  below 
the  frequency  /=4£7/2A1  [or /(Z/t/) -0.66]  is  85  percent  of 
the  total  turbulence  energy.  Thus,  about  15  percent  of  the 
turbulence  energy  is  at  frequencies  too  high  to  be  appreciably 
amplified  by  the  flame  zone. 


Figure  40. — 1 urbulence  energy  distribution  for  exponential  correlation 
coefficient  (ref.  38). 
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The  scale  of  isotropic  turbulence  that  would  put  the  largest 
percentage  of  energy  in  the  frequency  range  (2/3)(C//2A1)< 
/<4  [7/2/^!  can  be  found  from  the  extreme  of  the  quantity 
(ref.  36) 

fcan"  (2?r  £ §)_tan_1  (2x  I £ b) 

or 


In  this  case  the  amount  of  energy  within  the  frequency  range 
is  55  percent  of  the  total  as  compared  with  50  percent  for 
£==(1/6)2A1,  40  percent  for  (l/3)2/q,  and  45  percent  for 
L=(l/20)2/q. 

7.  Can  the  results  concerning  frequency  be  applied  to 
multiple  flameholders? — If  n flameholders  are  arranged  so 
that  the  flow  field  can  be  divided  into  n identical  segments, 
Scurlock's  results  hold  for  each  segment.  The  results  in  the 
theoretical  sections  of  this  report  for  the  stabilit}7,  of  the  flow 
field  apply  to  each  segment  and  rely  on  the  condition  that  v' 
vanishes  at  the  boundary  of  each  segment.  Although  one  of 
several  modes  of  instability  may  satisfy  this  condition,  it  is 
obvious  that  the  foregoing  results  do  not  give  any  information 
about  the  other  modes. 

To  illustrate  the  occurrence  of  multiple  modes,  consider  a 
profile  examined  by  Lin  (ref.  22,  pp.  219-220)  where 

U=A+B  sin  ^ y 

\y 

Lin  shows  that  the  wave  numbers  for  neutral  stability  of  the 
different  modes  available  depend  on  the  number  of  inflection 
points  in  the  flow  and  can  be  given  by 

The  choice  of  l=\y  yields  the  following  profile,  which  is 
similar  to  the  one  studied  earlier  in  this  report  for  a single 
flameholder: 


y 

Sketch  (1) 

For  this  case  neutral  stability  occurs  at  aKy—al—'K^ 3,  0. 

If  two  flameholders  are  present,  the  following  profile  may 
be  approximated  by  setting  l— 2Xy: 


Sketch  (m) 


For  this  case  the  wave  numbers  for  neutral  stability  of  the 
four  modes  obtained  are 


0 


Two  new  modes  appear  in  addition  to  the  two  for  the  single 
profile. 

Similarly,  for  three  flameholders, 


a/35  V32 

”T,ir~r 


„ y — v ^ /q  V^O  n. 

a\y=Ot-=TT  — — J 7T  — — 7 7T  V O,  TT  ) 7 T U 


that  is,  there  appear  four  roots  in  addition  to  the  two  for 

l=K 

In  short,  the  single  mode  investigated  in  this  report  is  ap- 
plicable to  multiple  flameholders,  but  only  as  one  of  several 
modes  that  combine  to  give  the  entire  instability. 

8.  Can  the  excitation  at  the  flameholder  permit  increased 
combustion  rates  without  destroying  the  burner  walls? — Yes. 
In  these  tests  the  sound  level  at  the  exhaust  plane  was  only 
93  decibels  with  the  flame  excited.  Wien  the  flame  is 
excited  by  the  destructive  duct  resonance,  the  sound  level  is 
of  the  order  of  200  decibels  (ref.  17). 

In  order  to  appl}r  this  type  of  excitation  to  an  engine,  the 
control  exerted  herein  (a  speaker  system)  would  not  be 
needed.  Instead,  the  disturbance  can  be  introduced  by 
suitably  placed  whistles,  mounted  on  the  flameholder  and 
driven  by  the  flowing  stream.  The  whistle  ideally  should 
have  a number  of  strong  overtones  and  a fundamental  equal 
to  the  most  sensitive  frequency  TJofeh.  The  overtones 
would  serve  to  increase  the  heat-release  rate  near  the  flame- 
holder, while  the  fundamental  would  increase  the  heat- 
release  rate  far  from  the  flameholder. 

9.  What  would  be  the  sacrifice  in  stability  and  pressure 
drop  for  such  an  excitation? — Both  these  penalties  require 
further  investigation,  but  from  work  that  has  been  done  the 
sacrifice  does  not  seem  great.  For  example,  when  the  flame- 
holder was  placed  % inch  from  the  nozzle  entrance  and  a 
6-inch-long  test  section  was  installed,  lean  blowout  at  50 
feet  per  second  occurred  at  a fuel-air  ratio  of  0.042.  At  a 
fuel-ar  ratio  of  0.0453,  the  disturbance  amplitudes  required 
to  cause  blowout  were  found  for  several  frequencies.  The 
results  are  shown  in  figure  41.  Minimum  disturbance 
velocity  was  required  at  780  cps.  At  this  condition  the 
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flameholcler  without  flame  had  an  eddy-shedding  frequency 
of  420  cps.  The  Strouhal  number  is  thus  0.206,  agreeing 
well  with  the  results  of  Roshko  (ref.  34).  The  cold-duct 
resonance  fundamental  was  1000  cps.  The  reason  for  this 
result  is  not  known.  The  main  point  here,  however,  is  to 
show  the  effect  of  disturbances  to  be  used  for  promoting 
flame  propagation  upon  flameholder  stability.  At  a fuel-air 
ratio  of  0.047,  it  was  impossible  to  induce  blowout  with 
speaker  inputs  as  much  as  10  times  those  used  in  the  earlier 
tests.  The  imposed  disturbances  will  probably  narrow  the 
stability  range  slightly  but  not  prohibitively,  the  amount  of 
narrowing  depending  on  the  frequencies  imposed. 

An  interesting  observation  was  made  in  the  study  of  lean 
blowout.  As  the  lean-blowout  fuel-air  ratio  was  approached, 
the  flame  emitted  a low-frequency  noise  at  87  cps.  The 
average  heat-release  rate  dropped  abruptly.  A survey  with 
the  photomultiplier  probe  showed  the  flame  to  be  inter- 
mittent!}' extinguished  for  all  positions  greater  than  % inch 
downstream  of  the  flameholder.  Typical  wave  forms  ob- 
served at  several  stations  downstream  of  the  flameholder  are 
shown  in  the  following  sketch: 


Distance  downstream 
of  flameholder,  in. 

Wave  form  of 
photomultiplier  signal 

7 

8 

2 

4 

\yryy 

vAJJ 

Sketch  (n) 


Random  photographs  taken  at  this  condition  show  intervals 
during  which  no  flame  was  present  in  part  of  the  combustor 
(fig.  42). 

It  is  curious  that  the  flame  surface  facing  upstream  at  the 
break  in  the  flame  is  strong  and  well-defined  both  in  the 
photomultiplier  and  the  shadowgraph  observations.  The 
flame  surface  facing  downstream  is  conversely  ill-defined  in 
both  methods  of  observation.  Near  the  point  of  rupture  the 
photomultiplier  signal  is  approximately  symmetric.  No 
explanation  for  this  is  apparent.  The  most  significant 
feature  of  these  data  is  that  this  form  of  resonance  accom- 
panied by  intermittent  blowoff  downstream  of  the  sheltered 
zone  was  the  only  form  of  excitation  that  reduced  the  heat- 
release  rate  in  the  combustor.  On  this  basis  it  is  tempting 
to  generalize  that  all  oscillations  that  do  not  cause  flame 
parting  must  increase  the  heat-release  rate  in  the  combustor. 

For  the  frequency  of  maximum  amplification  (570  cps), 
an  increase  of  as  much  as  30  percent  in  heat  release  or  about 
0.2  percent  of  the  kinetic  energy  of  the  flowing  stream  was 
obtained  in  the  6-inch-long  combustor  for  an  energy  flux 


Sound  energy 6 

Kinetic  energy  of  stream  ~ 2500 

In  this  case  the  noise  level  at  the  exhaust  was  93  decibels. 

Another  way  of  increasing  the  heat-release  rate  that  is 
indirectly  suggested  is  to  accelerate  the  flow  locally  or  alter 
the  profile  to  a more  unstable  one  by  use  of  a convergent- 
divergent  combustion  chamber.  One  way  these  can  be 
combined  with  the  introduction  of  a v'  at  the  desired 
frequency  is  to  construct  a combustor  with  a wavy  wall. 
Using  this  method  of  excitation  would  require  a new  experi- 
mental determination  of  the  desired  wavelength  and  ampli- 
tude of  the  waves  in  the  wall,  but  would  eliminate  any 
effect  on  flame  anchoring. 

10.  Can  the  behavior  of  axisymmetric  flames  in  cylindrical 
ducts  be  predicted? — First,  the  steady-state  problem,  solved 
by  Scurlock,  of  the  cylindrical  flame  in  a cylindrical  duct 
yielded  a _0_  profile  as  opposed  to  the  _/\_  profile  for  plane 
flow.  If  the  arc  part  of  the  curved  profile  is  assumed 
parabolic,  the  cylindrically  symmetric  disturbance  equation 
can  be  solved  by  elementary  functions  for  symmetric  dis- 
turbances. This,  however,  accomplishes  nothing,  because 
the  profile  is  neutrally  stable  to  symmetric  disturbances. 
The  same  result  is  obtained  for  the  _/\_  profile  in  the  plane 
case.  For  antisymmetric  disturbances,  the  problem  is  more 
complicated,  and  no  simple  solution  is  apparent. 


Figure  41. — Distribution  with  frequency  of  disturbance  velocities 
required  to  produce  blowout  at  fixed  velocity  and  fuel-air  ratio  with 
0.306-inch  flameholder  placed  % inch  from  nozzle.  Flow  velocity 
at  plane  of  flameholder,  50  feet  per  second;  duct  length,  5.7  inches; 
antisymmetric  disturbances. 
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If  the  profile  is  affected  by  a flameholder  in  such  a way 
that  it  may  more  nearly  be  approximated  by  a J L profile 
composed  of  three  straiglit-line  segments  and  two  parabolic 
arcs,  a range  of  instability  for  symmetric  disturbances  is 
obtained.  This  profile  can  be  compared  with  the  corre- 
sponding profile  in  plane  flow  Such  an  analysis  is 

given  in  the  appendix.  A few  calculations  are  given  to  permit 
comparison  with  the  data  of  figure  11,  for  conditions  that  hx 
approaches  infinity  and  p is  constant  throughout.  The 
results  are  compared  in  the  following  table: 


b' 
2 b 

2ab 

Plane  flow 

Cylindri- 
cal flow 

0.1 

2.26 

2.08 

.2 

2.55 

2. 42 

1.0 

2.55 

2.54 

The  critical  wave  numbers  agree  quite  closely.  At  first 
glance,  the  results  for  plane  flow  seem  to  be  a fair  approxima- 
tion for  cylindrical  flow.  In  order  to  obtain  a rough  experi- 
mental verification  of  this  supposition,  a 1^-inch-inside- 
diameter  glass  tube  and  its  accommodating  nozzle  were 
installed  in  place  of  the  rectangular  test  section.  The 
%-  by  0.306-inch  antisymmetric  flameholder  was  retained. 
At  50  feet  per  second  and  a fuel-air  ratio  of  0.047,  resonance- 
free  operation  was  obtained  at  a combustor  length  of  4% 
inches  or  less.  With  the  flameholder  set  to  give  this  length, 
the  disturbance  inputs  were  calibrated  as  before  to  give  a 
disturbance  velocity  of  1.8  feet  per  second.  Then  the 
burning  run  was  made  with  the  settings  indicated  by  calibra- 
tion. The  flame  speeds  were  measured  by  the  photomulti- 
plier probe  plus  a measurement  of  an  average  local  flame 
diameter.  The  results  are  shown  in  the  following  table: 


Fre- 
quency, 
/,  cps 

Vt/Vl 

1"  From 
flame- 
holder 

2"  From 
flame- 
holder 

4"  From 
flame- 
holder 

0 

2. 27 

3.31 

3.58 

200 

3.56 

3. 77 

385 

2.59 

3.56 

3. 95 

580 

2.68 

3.56 

3. 95 

770 

2.82 

3.65 

4. 25 

980 

2.89 

3.70 

3.80 

1170 

2.89 

3.70 

3.73 

1360 

2.96 

3.  65 

3.73 

1740 

3.09 

3.  65 

3.99 

C-4I54I 


Figure  42. — Spontaneous  oscillations  showing  intermittent  flame 
interruption.  Flow  velocity,  50  feet  per  second:  frequency,  85 
cps;  fuel-air  ratio,  0.0444. 


588 


REPORT  1360— NATIONAL  ADVISORY  COMMITTEE  FOR  AERONAUTICS 


The  flame  speed  with  this  arrangement  is  almost  twice 
as  high  as  with  the  plane  burner.  Part  of  this  increase  is 
undoubtedly  due  to  the  disturbances  introduced  by  the 
corners  of  the  flameholder.  The  fraction  burned  is  20 
percent  at  the  position  4 inches  from  the  flameholder, 
corresponding  to  A2/Ai  = 0.7.  Therefore,  the  frequencies  in 
4 inches  of  this  duct  may  be  compared  with  those  obtained 
in  6 inches  or  more  of  the  rectangular  duct.  The  values  of 
2a0h\  giving  the  greatest  increase  in  flame  speed  at  the 
termini  of  the  respective  ducts  are,  for  U0  of  50  feet  per 
second, 


Fre- 

2ajii  for 

Geometry 

quency, 
/,  cps 

2h\,  in. 

(W/VlW 

Plane 

570 

2 

n.95 

Cylindrical 

770 

1.5 

12.  10 

Of  course,  these  data  were  obtained  in  a single  test, 
performed  to  satisfy  curiosity.  The  agreement  does  make  it 
seem  likely  that  a carryover  of  about  1:1  would  be  feasible 
in  going  from  plane  to  cylindrically  symmetric  flow. 

SUMMARY  OF  RESULTS 

THEORY 

The  flow  field  of  a flame  in  a duct  is  unstable  to  transverse 
disturbances  having  wavelengths  2.5  times  the  local  flame 
width. 

The  amount  a given  frequency  disturbance  will  grow  varies 
directly  as  the  frequency  and  inversely  as  the  rate  of  flame 
spreading  AhjAx  and  is  independent  of  velocity  and  density 
ratio  across  the  flame  front.  The  frequency  / where  maximum 
velocity-disturbance  growth  obtains  is  /=  (2.8/7r)  (£70/2Ai), 
where  U0  is  approach  velocity  and  2hx  is  duct  width.  This 
maximum  growth  occurs  by  the  time  the  flame  fills  64  per- 
cent of  theduct  and  implies  an  amplification  v'  jv0~  (l.lOS)1/^, 
where  K2=dh2/dx.  Frequencies  higher  or  lower  than  this  are 
amplified  less.  Higher  frequencies  achieve  their  terminal 
amplification  at  smaller  values  of  h2/hi.  For  example,  a fre- 
quency of  (1.5/ir)(U0f2hi)  has  an  amplification  of  v' /v0= 
(1.07)i/#2  by  the  time  the  flame  fills  28  percent  of  the  duct. 

By  using  a crude  model  of  flame  propagation,  it  is  possible 
to  predict  the  qualitative  effect  that  amplified  disturbances 
of  discrete  frequencies  will  have  upon  turbulent  flame  speed. 

EXPERIMENT 

The  effects  of  disturbances  imposed  at  the  flameholder 
are  in  substantial  agreement  with  those  predicted  by  theory. 


In  addition,  the  results  show: 

1.  Eddies  shed  from  the  flameholder  with  flame  when 
suitably  excited. 

2.  The  ratio  of  turbulent  to  laminar  flame  speed  varies 
inversely  as  flameholder  size  and  directly  as  the  ratio  of 
flow  velocity  to  flame  speed  or  the  ratio  of  disturbance 
velocity  to  flame  speed. 

3.  Potentially,  the  most  useful  theory  of  turbulent  flame 
propagation  would  be  based  on  an  incident  and  locally 
shifting  spectrum  of  turbulence. 

4.  Gains  in  local  heat-release  rates  can  be  obtained  with- 
out damage  to  walls  or  excessive  energy  expenditure  by 
using  acoustic  disturbances  at  a flameholder. 

CONCLUDING  REMARKS 

In  formulating  a theory  of  turbulent  flame  propagation, 
the  form  of  instability  that  is  discussed  in  this  paper  must 
be  taken  into  account,  as  must  plane-combustion-wave  in- 
stability and  flameholder  boundary-layer  instability.  At 
present  it  is  not  known  whether  the  latter  two  forms  of 
instability  can  be  encouraged  to  influence  turbulent  flame 
propagation  more  than  they  encourage  it  spontaneously; 
from  the  little  evidence  that  is  available,  it  appears  that 
they  cannot. 

The  type  of  instability  discussed  herein  is  of  additional 
significance  because  its  effect  on  the  ratio  of  turbulent  to 
laminar  flame  speed  can  be  increased  in  some  important 
applications.  Several  methods  of  increasing  this  ratio  are 
as  follows: 

(1)  Increase  the  disturbance  velocity  at  the  frequency 
that  the  flame  zone  can  amplify. 

(2)  Increase  the  amplification  rate  by  locally  raising  the 
mean  velocity  in  the  combustor. 

(3)  Increase  the  amplification  rate  by  locally  varying  the 
velocity  profile. 

A method  of  employing  all  three  of  these  improving  factors 
would  be  to  build  a combustor  having  a wavy  wall.  Al- 
though the  second  and  third  methods  listed  will  clearly 
cause  an  increase  in  pressure  drop,  the  first  method  substan- 
tially increases  the  heat-release  rate  at  the  cost  of  a very 
small  fraction  of  the  kinetic  energy  in  the  approach-stream 
flow  and  a slight  reduction  in  the  operating  range  of  the 
flameholder. 

Lewis  Flight  Propulsion  Laboratory 

National  Advisory  Committee  for  Aeronautics 
Cleveland,  Ohio,  October  14,  1957 
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APPENDIX 

AXISYMMETRIC  DISTURBANCES  IN  AXISYMMETRIC  FLOW  WITH  DENSITY  JUMPS 


This  appendix  examines  the  stability  of  the  flow  field  aris- 
ing from  a flame  in  a duct  for  axial  symmetry.  The  results 
are  used  in  the  body  of  the  text  to  compare  wave  numbers  for 
neutral  stability  of  comparable  plane  and  axisymmetric  flow 
fields.  The  symbols  are  defined  where  used. 


DISTURBANCE  EQUATION 

Pillow  (ref.  23)  defines  the  quantity  \p  as 

\f/=<p(;r)eia(*-ct) 

The  velocit}r  in  the  ^-direction  is 

u~  U+u' 

and  in  the  /-direction, 


(Al) 


o=v 


where 


1 d(n/0 

r dr 


(A2) 


and  the  continuity  equation  is  satisfied  identically.  Pillow 
shows  that  the  disturbance  equation  then  becomes 

[ ilJ~c)  V)= 0 (A3) 


where 


M=&_ lIA_I 

~dr2  rdr  r2 


(A4) 


If  the  study  is  restricted  to  cases  where  Re->  oo  and  U"~ 
jU'  (i.  e.,  parabolic  profiles  or  flat  profiles),  then  equation 
(A3)  becomes 

(M — a2)(p=  0 


or 


with  solutions 


d2(p  ld<p  1,2  a 

d^+^“^+a=0 


<p=AiIi(ar)  ~\~A2Ki(ar) 


(A5) 


(A6) 


where  Ix  and  Kx  are  modified  Bessel  functions  of  the  first  and 
second  kind.  Therefore, 

v'=^=—ict<p[r)eia(,-M 


= — lae 


[AJx  ( ar ) JrA2Kx(ar)\  (A7) 


and 


,_1  c ){pP) 

U~r~W 

1, 


=<p'  -\--<peia{z~c,) 
r 


-0i<*(z-ct) 


+ 


■f  Ai  (or)  A~Ii  (ar)  J- 

A2j^ai^i(ar)-fIi!L1(ar)^|  (AS) 


where  the  prime  denotes  differentiation  with  respect  to  the 
argument. 

BOUNDARY  CONDITIONS 

Consider  the  following  profile  and  density  distribution: 


Sketch  (p) 

Let  solutions  to  equation  (A5)  be  denoted  by  <pu  <p2,  <p3  for 
regions  1,  2,  and  3 with  densities  pu  p2,  and  p3,  respectively. 
As  in  the  plane  case,  the  requirements  are 


< Pi  — 0 at  hx 
<pi  = (p2  at  h2 
<P-2~<p3  at  h$ 

and,  because  of  symmetry, 

<p3  = 0 at  /*=  0 J 


(A9) 


Similarly, 


/ dp\ / dp\ 

\d  z )i  \d2  / 

/dp\  _/dp\ 
\dz)r  \dzj3 


- J at  h2 


at  h 3 


(A10) 
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Since,  at  r—hi} 

<Pi  = Ail^ahi)  -\-AoKx{ahx)  =0 


then 


a a h(<*h\) 

1 AlKi(ahi) 


(All) 


At  r—h2,  <Pi  = <P2  or,  with  equation  (All), 

w=«i  km'] 

= (p-2~ B i l\  (ah2)  -\-B2Ki  (ah2) 

At  V’==ihZl  ^2==<^3  or 

<P2=BlIl(ah3)+B2Ki(ah:i) 
^^CMahJ  + CzK^ahz) 

The  following  notation  is  used: 

«,= KM 


(A  12) 


Since  ft(ar)— > 

co  as  ocr- 

<^>3= 0, 

Since 

<>V . 

bz  p 

O2=0 


(A14) 


(bu'  TTbu'  , dU\ 

(• W+UT»+V  if) 


I 

(A13) 

BOUNDARY-VALUE  PROBLEM 


the  pressure  conditions  yield  at  h2  (from  eqs.  (A7)  and  (A8)) 
— Pi  £(— ac+iaUi)  (<Vi+^  ¥>i)J 

= ~P2  ["(— iaC+aUx)  (a^+ ^ <p2)  —ia<p2  (A15) 

and  at  h3 

[— i(ac)+i(aU3)]  (<Ps+y^  ^3)^ 


=P2-^[— i(ac) +i(aU 3)]  (p2+^  v*)~ i(a)<p-i  (A16) 


K(ah  1) 


187=0 K[  (ah2)  K\  (ah2) 


a2 


<=%  {«';<««+£ I^-^[°K'^+hK^]}  <’*=*■<“«  31 

ft  — I\  (<*ft) 

02  = K\  (0J12) 
ft = Iiifithz) 

P^KiioJiz) 


&=-  (o/',)  (0/1,3)+^  7,(oA3) 


P 3 


fto=^(aK0  («W+^.(aW 


P3 


0b—al[(ah2)  /i (0A2) 

(fX 


P3 


(A17) 


and 


yl  = I1(oih3)=03 


y2=al[(ahz)  +7-  Ii(ah3) 

h 3 

Setting  171==0  (this  merely  alters  the  real  part  of  c by  t/ft  the 
determinantal  equation  for  Ah,  .ft,  ft,  and  C\  is 

-ft 
ft 

Cft  + ft 


—ft 

0 ft 

-ca2  eft + ft 


0 

-Yt 

0 


= 0 (A18) 


0 (E7j — c)ft — fti  (03  c)fto  fti  — (f/3 — c)72 

One  immediate  result  of  equation  (A  18)  is  to  show  that, 
if  dU/dr  vanished  at  either  h2  or  hz  in  region  2,  c is  real  for 
all  as.  This  can  be  seen  by  setting 

and  factoring  c from  the  third  row  of  equation  (A18),  or 
setting 


«"=fc*-(fX-0 


and  factoring  J73=c  from  the  fourth  row  of  equation  (Al8). 
Either  operation  leaves  a determinantal  equation  in  which 
c is  wholly  real. 

If 


/dU\ 

U -\r92 


(W\  = 

\d  r/hz 


(h 


(A19) 


and 


P2 

P3 


(J2P1 — ft 
(J202  — 0S 

ft  — ft  1 


— (Jzfii — $12 

P 3 


(A20) 
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then  equation  (AlS)  can  be  reduced  to 


.C.QW  + 
Oil 


(t/3— c)y2+—  gzji 


P 3 


Ti 


A+ 

(Z73— c)72+—  </3Ti 

P3  — j8*+(J73-c)ft, 


=0  (A21) 


7i 


This  is  in  the  form 


| jc+k  mc+n 
oc+q  sc  -\-w 


= 0 


or 

jsc2—moc2-\-c(jw-]-ks~-mq—on)Jrkw—nq=0 
and  the  discriminant  of  c is 


D ==j2w2 + k2s 2 + m2  q2 + o2n2  -} — 2-jwJcs — 2 m qon— 

2jwm  q—  2jw  on — 2£sm  q—2ks  o?i+4m  okw + (A22) 

If  Z)<0,  then  c is  complex  and  an  unstable  mode  exists. 
The  symbols  of  equation  (A22)  are  defined 


k=plg2 

a 1 

n=p2gz 

o=ft--/?  9 

Ti 

q=U^^Q  — </3^3  C^3  “ft 

P3  Tl 

6~/34“  /h0 

7i 

P3  7l  J 


A(23) 
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APPROXIMATE  ANALYSIS  OF  EFFECTS  OF  LARGE  DEFLECTIONS  AND  INITIAL  TWIST  ON 
TORSIONAL  STIFFNESS  OF  A CANTILEVER  PLATE  SUBJECTED  TO  THERMAL  STRESSES  1 

By  Richard  R.  Heldenfels  and  Louis  F.  Vosteen 


SUMMARY 


SYMBOLS 


An  approximate  analysis  of  the  nonlinear  effects  of  initial 
twist  and  large  deflections  on  the  torsional  stiffness  of  a cantilever 
plate  subjected  to  a nonuniform  temperature  distribution  is 
presented . The  Von  Karman  large-deflection  equations  are 
satisfied  through  the  use  of  a variational  principle . The 
results  show  that  initial  twist  and  applied  moments  can  have 
significant  effects  on  the  changes  in  stiffness  produced  by  non- 
uniform  heating , particularly  in  the  region  of  the  buckling 
temperature  difference . Besults  calculated  by  this  approximate 
analysis  are  in  satisfactory  agreement  with  measured  torsional 
deformations  and  changes  in  natural  frequency . 

INTRODUCTION 

One  of  the  structural  problems  of  high-speed  flight  is  the 
reduction  of  effective  stiffness  of  structures  due  to  the  thermal 
stresses  produced  by  aerodynamic  heating.  A reduction  in 
torsional  stiffness  can  be  an  important  factor  in  aeroelastic 
problems  as  indicated  in  references  1 and  2.  A similar 
reduction  in  stiffness  produced  by  thermal  stresses  pre- 
sumably caused  the  flutter  and  failures  of  some  structural 
models  described  in  reference  3.  A simple  method  for 
calculating  the  reduction  in  torsional  stiffness  of  thin  wings 
is  presented  in  reference  4.  In  reference  5 the  results  cal- 
culated from  a small-deflection  plate  theory  are  compared 
with  experimentally  determined  changes  in  the  torsional 
stiffness  of  a cantilever  plate  rapidly  heated  along  the 
longitudinal  edges.  The  theory  used  in  reference  5 predicted 
the  general  effect  of  thermal  stresses  on  the  torsional  stiffness, 
as  indicated  by  measurements  of  torsional  deformation  and 
changes  in  natural  frecpiency  of  vibration,  but  overestimated 
the  magnitude  of  the  changes. 

The  purpose  of  this  paper  is  to  present  the  results  of  an 
approximate  analysis  to  show  that  the  differences  between 
theory  and  experiment  noted  in  reference  5 are  due  to  the 
nonlinear  effects  of  large  deflections  and  initial  deformations 
not  included  in  the  small-deflection  analysis.  The  analytical 
approach  used  to  account  for  large  deflections  and  initial 
deformations  is  presented,  the  general  significance  of  the 
results  is  discussed,  and  calculated  values  are  compared  with 
the  experimental  data  of  reference  5. 
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A (GJ) 
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A(GJ)min 
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AT 
A Tcr 
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plate  length  in  ^-direction 
coefficients  of  series  expansion  for  plate 
deflection 


half-plate  width  in  ^-direction 


coefficient  of  stress  function 


plate  flexural  stiffness, 


EF 

12(1 -m2) 


modulus  of  elasticity 

stress  function  defining  stress  distribution  in 
plate 

selected  functions  of  x and  y 
values  obtained  from  definite  integrals 
torsional  stiffness 

torsional  stiffness  of  flat,  unstressed  plate 
incremental  torsional  stiffness 
initial  incremental  torsional  stiffness  before 
heating 

minimum  incremental  torsional  stiffness 
nondimensional  moment 
applied  moment  (positive  in  direction  of 
positive  twist) 
pressure 
plate  thickness 
temperature 

particular  temperature  difference 
critical  value  of  AT 
total  plate  deflection 
initial  plate  deflection 
coordinate  axes 

coefficient  of  thermal  expansion 

small  dynamic  perturbation 

exponential  parameter  of  temperature  dis- 


tribution function 


twist  at  plate  tip 
initial  twist  at  plate  tip 
temperature  ratio,  AT/ATcr 
value  of  X corresponding  to  A (GJ)min 
Poisson's  ratio 


density 


i Supersedes  NACA  Technical  Note  4067  by  Richard  R.  Heldenfels  and  Louis  F.  Vosteen,  1957. 
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ax,(Tv  normal  stresses  in  plane  of  plate  in  x- 

and  ^-directions,  respectively,  positive 
for  tension 

txv  shear  stress  in  plane  of  plate 

r time 

<p  non  dimensional  twist 

<Pi  initial  nondimension al  twist 

co  circular  frequency 

coq  circular  frequency  of  unheated  perfect  plate 

co i initial  circular  frequency 

ojffiin  minimum  circular  frequency 

b2  b2 

V2  differential  operator,  ^2+^2 

d4  , b4  d4 

V 4 differential  operator,  ^r4+2  dx2  dy‘t+by4 

Double  dot  indicates  second  derivative  with  respect  to 
time. 

ANALYSIS 

STATEMENT  OF  PROBLEM 

The  studies  presented  herein  are  primarily  concerned  with 
the  twist  of  a uniformly  thick  rectangular  cantilever  plate 
shown  in  figure  1.  The  equations  are  derived  to  consider  the 
effects  of  initial  twist,  applied  moments,  and  thermal  stresses 
on  the  torsional  deformations  and  natural  frequencies  of 
plates.  The  analysis  involves  an  approximate  solution  of 
the  Von  Karman  large-deflection  equations  which  have  been 
modified  to  include  the  effects  of  initial  imperfections  and 
nonuniform  temperature  distributions.  The  modified  equa- 
tions are  (from  ref.  6) 


V4F= — Ea  V2T 


Kb2w  \2  b2wb2w  / d2Wi  \2 
bx  by)  bx2  by 2 \bx  by) 


b2Wj  b2wn 

bx2  by2  J 

(la) 


j)  t /b2F  b2w.b2F  b2w  J)r  F_  bhv 


,_2>  , t /b2Fb2w  , 

V (w  ~ jj+ D\dyi  dx2  + 


U W . V 1 W ~ W 1 w \ /I  1 \ 

by2  bx2  bx2  by2  ^ bx  by  ~bx  by) 


where  F is  the  stress  function  such  that 


* bx2 


Equation  (la)  is  the  differential  equation  for  compatibility 
in  the  plane  of  the  plate  and  equation  (lb)  is  the  differential 
equation  for  equilibrium  of  forces  acting  perpendicular  to  the 
plane  of  the  plate.  The  solution  of  equations  (1),  subject  to 
the  proper  boundary  conditions  on  the  deflections  and 
stresses,  describes  the  behavior  of  the  plate  under  the  applied 
loads  p and  the  temperature  distribution  T.  For  the  purpose 
of  this  paper  the  assumption  is  made  that  no  external  loads 
are  applied  in  the  plane  of  the  plate  so  that  the  inplane 
stresses  defined  by  the  stress  function  F are  zero  at  the  free 
boundaries  (stress-free  edges).  Equations  (1)  apply  to  both 
the  dynamic  and  the  static  problem  if  p includes  the  dynamic 
loads  as  well  as  static  loads. 

APPROXIMATE  SOLUTION  OF  EQUATIONS 

Exact  solutions  of  the  Von  Karman  large-deflection  equa- 
tions are  difficult  to  obtain,  but  approximate  solutions  can  be 
obtained  to  any  desired  accuracy  by  several  methods.  For 
the  analysis  herein  equations  (1)  will  be  satisfied  through  the 
use  of  the  following  variational  principle: 

*(JJ ! 


(^)!]>  {f 

/du>V  /dwAH  £>-/■'  / dw  div ^ bw,  dwA  \ , , _ 
bx2  |_\Cty  ) \ by  J J " bx  by  \b.r,  by.  bx  by  ) J < X<  ^ 

JJ laT(^+by^)  dx  dy~  JJ V{w-wt)dx  cfy)=0  (3) 


jmi^: 


This  principle  is  essentially  a particularization  of  one  given 
by  Reissner  (ref.  7)  and  also  has  been  modified  to  include  the 
effects  of  initial  deformations  and  a nonuniform  temperature 
distribution.  The  deflection  w must  satisfy  the  geometrical 
boundary  conditions,  that  is,  the  conditions  imposed  on  slopes 
and  deflections.  Variation  of  equation  (3)  with  respect  to  F 
yields  equation  (la)  and  the  associated  natural  boundary 
conditions,  and  variation  with  respect  to  w yields  equation 
(lb)  and  the  associated  natural  boundary  conditions. 

The  following  assumptions  for  stress,  deflection,  and  tem- 
perature are  made: 


F=Qfx 


w=bd/2 

Wi=bdJ2 


Figure  1. — Dimensions  and  coordinate  system  of  cantilever  plate. 
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where  the  stress  coefficient  C and  the  tip  twist  0 are  to  be 
determined  by  means  of  the  variational  principle.  The  func- 
tions /i,/2,  and  /3,  the  initial  tip  twist  0*,  and  the  temperature 
coefficient  AT  are  presumed  to  be  known.  Selection  of  these 
quantities  is  discussed  in  appendix  A.  It  should  be  noted 
here  that,  although  the  temperature  distribution  is  considered 
to  vary  with  time,  the  shapes  of  the  plate  deflection  and  of 
the  stress  function  are  assumed  to  remain  constant  during 
heating  or  loading. 

T1  le  unknown  coefficient  of  the  stress  function  C is  obtained 
by  substituting  equations  (4)  into  equation  (3)  and  taking  the 
variation  with  respect  to  C.  The  result  is 


and  5 is  the  Dirac  delta  function. 

If  the  value  of  C from  equation  (5)  is  substituted  into 
equation  (9)  and  the  terms  are  rearranged,  the  resulting 
expression  is 


b\e-d,)h=^h- 


tb 2 .. 

-p-jySh 


2tb*e 

D 


Ea  Apjl 
1 1 


^~Ee(e 2-0i2)^  (16) 

which  gives  the  relationship  between  twist,  applied  moment, 
inertia  loading,  and  temperature. 


C^-EaATf^+EPiP-eS)  (£) 


where 

I, 


d2/,  d2/, 
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i‘=j!f’@+W)dxdv  m 


r-cnm (m? y , (*ii y_2 $/* m 

3 JJ  2 |_ ty2  \5x  ) "rdx2  \dy  ) " dx  dy  dx  by  J 


The  relation  between  the  twist,  the  load,  and  the  tempera- 
ture is  obtained  by  performing  the  variation  on  equation  (3) 
with  respect  to  the  twist  6 with  C held  constant.  The 
resulting  relationship  is 

Db\e-e{)E+2tCb2eh-b  j Jp/,  dx  %=o  (9) 

where 


dx2  dy2 


2^(MJ],hdv  (io) 


The  pressure  loading  p now  will  be  considered  to  consist  of 
a static  loading  ps  and  a dynamic  or  inertia  loading  pt  w so  that 


V~V~  pt  w 


(11) 


For  this  analysis  the  lateral  static  load  ps  will  be  restricted 
to  two  equal  concentrated  loads  P applied  at  the  corners 
x—a , y~±b  in  such  a way  as  to  form  a couple  about  the 
x-axis.  Then 

pj 2 dx  dy=^  It—ptbdl e (12) 

where 

/5=J  J 5 (x-a)  [5  (y- b)  —5(7/+  b)  ]/,  dx  dy  (13) 

h=Jjfddx  dy  (14) 

M=2bP  (15) 


DEFINITION  OF  PARAMETERS 


It  is  convenient  to  define  certain  parameters  which  can  be 
obtained  from  equation  (16)  when  the  large-deflection  effects 
are  neglected  and  the  initial  twist  0*  is  0.  Then,  from 
equation  (16) 


b2dh 


M 

W 


tb2  - 

-p-jjbh- 


EaAT ^ (17) 

V 


If  the  plate  is  not  vibrating  and  no  loads  are  applied,  the 
critical,  or  buckling,  temperature  difference  is  obtained  from 
equation  (17)  as 


AT,r— 


D IJa 
2Eat  I2P 


(18) 


Similarly,  when  the  plate  is  not  vibrating  and  the  tempera- 
ture is  uniform  (AT— 0)  but  the  load  is  acting,  the  moment- 
twist  relation  is  given  by 


d= 


Ma 


(19) 


(GJ)  0 

where  (GJ) 0 is  the  torsional  stiffness  of  the  flat  plate  given  by 

(20) 


(GJ)0=2ab*D^ 


In  the  absence  of  heating  and  loading  the  frequency  maybe 
found  to  be 


to0- 


2=de 

pt  u 


(21) 


When  equations  (18),  (19),  (20),  and  (21)  are  substituted 
into  equation  (16)  the  result  may  be  written  as 


„ „ _ Ma  1 „ , AT  2 Etb*(W 

e-9i-TGJTo~w  e~6  {d~6i)^ra; 

If  a “iiondimensional”  twist  is  defined  so  that 
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along  with  a nondimcnsional  moment 
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and  a temperature  ratio 


X 


AT 
A TCr 


equation  (22)  may  be  written  simply7  as 

<p— ipi2)  — \ <p 

050 


(25) 


(26) 


APPLICATION  TO  STATIC  PROBLEM 

The  relationship  between  twist,  moment,  and  temperature 
is  given  by  equation  (26)  when  the  dynamic  term  — -Jp  is  0. 

COq 

Equation  (26)  then  becomes 

<p—  <Pt=m+\<p—  <p{<p2— v?)  (27) 


The  incremental  stiffness  of  the  plate,  defined  as  the  rate  of 
change  of  moment  with  respect  to  twist,  is  given  by 

A (GJ)  a c )M 
{GJ),  {GJ) o be 

or,  from  equation  (27),' 

A {GJ)  bm  , x , 0 2 2 tfiOS 

1GJTo~^  l-Wv-Vi  (28) 

APPLICATION  TO  DYNAMIC  PROBLEM 

In  order  to  determine  the  effect  of  temperature,  moment, 
and  initial  twist  on  the  natural  frequency  of  torsional 
vibration,  the  quantity  <p  in  equation  (26)  is  replaced  by 
sin  cor  where  <p  is  considered  to  be  the  static  solution 
obtained  from  equation  (27)  and  e represents  a small  dy- 
namic perturbation  about  the  static  equilibrium  position. 
Subtracting  equation  (27)  from  the  perturbated  relation, 
neglecting  higher  order  terms  in  e,  and  dividing  by  e sin  cot 
yields 

i=x-v+**+(£) 

The  frequency  may  then  be  written  in  terms  of  the  twist 
and  temperature  as 


=1—  X+3<p2— (Pi2  (29) 

which  is  identical  to  the  incremental  stiffness  (eq.  (28)). 
This  identity  results  from  assuming  similar  deflection  mode 
shapes  for  thermal  buckling,  twist  due  to  applied  moment, 
and  torsional  vibration  and  would  not  be  expected  to  apply 
if  the  mode  shapes  involved  were  different. 

RESULTS  AND  DISCUSSION 

GENERAL  RESULTS  OF  EQUATIONS 

The  behavior  of  the  plate  as  determined  by  equation  (26) 
is  discussed  in  the  following  sections  for  several  combinations 
of  conditions.  In  most  cases  the  calculations  include  large 
values  of  initial  twist  and  applied  moment  and  have  been 
carried  well  into  the  region  where  the  temperature  difference 
AT  exceeds  the  critical  value.  Although  some  of  the  results 


may  be  beyond  the  range  for  which  the  analysis  is  accurate, 
these  results  have  been  presented  to  illustrate  the  trends 
indicated  by  the  equations  despite  the  fact  that  the}7  may 
not  be  quantitatively  correct  in  some  regions. 

Twisting  due  to  an  applied  moment, — The  twisting  of  the 
plate  due  to  an  applied  moment  is  given  by  equation  (27)  if 
the  temperature  ratio  X is  set  equal  to  0.  The  results  from 
this  expression  are  presented  in  figure  2 for  various  values  of 
the  initial  twist. 

In  figure  2,  small-deflection  results  would  plot  as  lines  at 
45°  to  the  coordinate  axes.  The  large-deflection  results 
become  increasingly  different  as  the  moment  or  initial  twist 
is  increased  and  indicate  that  the  plate  becomes  substan- 
tially stiffer  as  the  twist  is  increased. 

Buckling  due  to  nonuniform  heating. — The  twist  of  the 
plate  (assuming  that  the  buckling  mode  is  a twisting  action) 
is  given  by  equation  (27)  when  the  moment  m is  0;  for  the 
initially  flat  plate  <pt  would  also  be  0.  The  initially  flat,  or 
perfect,  plate  begins  to  deform  only  after  the  critical  tem- 
perature difference  is  reached,  whereas,  as  indicated  by 
equation  (27),  the  plate  with  initial  twist  begins  to  deform 
immediately  upon  heating.  The  results  obtained  from 
evaluation  of  equation  (27)  are  given  in  figure  3 for  several 
values  of  the  initial  twist. 

If  the  initial  twist  is  large,  a plot  of  twist  against  temper- 
ature ratio,  like  figure  3,  does  not  give  an  accurate  indication 
of  the  buckling  temperature.  Only  if  the  initial  twist  is 
small  is  there  a definite  knee  in  the  curve  as  the  buckling 
temperature  is  approached,  but  this  knee  occurs  below  the 
buckling  temperature  of  the  perfect  plate. 

Combined  action  of  applied  moment  and  nonuniform 
heating. — Equation  (27)  applies  directly  to  this  case  but 
may  be  more  conveniently  written  as 

- X V+ ^2-  <P/2)  = 0 (30) 


Figure  2. — Calculated  twist  as  a function  of  applied  moment  for 
several  values  of  the  initial  twist. 
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Figure  3. — Calculated  twist  as  a function  of  temperature  ratio  for 
several  values  of  initial  twist. 


where 

(p'=zipi-\~m  (31a) 

and 

\'=\ — (m2+2m^j)  (31b) 

Equation  (30)  now  has  the  same  form  as  equation  (27)  when 
m is  set  equal  to  0.  The  results  plotted  in  figure  3 then  apply 
to  this  case  also  if  <p*  is  replaced  by  <p'  and  X by  X'.  The 
moment  then  effectively  acts  the  same  as  an  initial  twist 
if  the  temperature  ratio  is  reduced  by  the  quantity  ra2+2ra<pi. 

In  figure  4 the  relation  between  moment  and  twist  has 
been  indicated  for  two  values  of  initial  twist  and  several 
values  of  X.  These  curves  show  the  characteristic  increase 
in  stiffness  as  the  twist  increases  but  also  show  a reduction 
in  stiffness  as  the  temperature  ratio  increases.  These  changes 
in  stiffness  are  examined  further  in  the  following  section. 
The  portions  of  the  curves  where  the  slope  is  negative  have 
been  shown  as  dashed  lines  and  are  regions  of  unstable 
equilibrium  which  would  not  exist  in  the  pl^sical  problem. 
The  unstable  portion  of  the  curve  exists  whenever 
X+  3<p2>l. 

Frequency  and  incremental  stiffness. — As  has  been  noted, 
the  square  of  the  frequency  ratio  (eq.  (29))  varies  in  the 
same  manner  as  the  incremental  stiffness  (eq.  (28))  and, 
therefore,  any  of  the  following  discussion  pertaining  to 
stiffness  applies  directty  to  the  square  of  the  frequency. 
Also,  the  figures  which  are  presented  for  the  incremental 
stiffness  have  been  labeled  with  the  square  of  the  frequency 
ratio  as  well  as  with  the  stiffness  ratio. 

The  variation  in  incremental  stiffness  with  temperature 
given  by  equation  (28)  is  shown  in  figure  5 for  several  values 
of  initial  twist  when  m is  equal  to  0.  The  results  show  that, 
when  the  perfect  plate  is  heated,  the  stiffness  decreases 
linearly  as  the  thermal  stresses  develop  and  becomes  zero 


Figure  4. — Calculated  twist  as  a function  of  applied  moment  for 
several  combinations  of  temperature  ratio  and  initial  twist. 


Figure  5. — Calculated  incremental  stiffness  as  a function  of  tempera- 
ture ratio  for  several  values  of  initial  twist. 

when  the  buckling  temperature  difference  is  reached 
Further  heating  causes  the  plate  to  twist  and  the  twisting 
in  turn  leads  to  an  increase  in  stiffness  at  a rate  twice  that 
of  the  initial  decrease. 

If  the  plate  has  an  initial  twist,  the  heating  causes  the 
twist  to  increase  as  the  heating  progresses.  This  twist  leads 
to  an  increase  in  stiffness  that  tends  to  counteract  the  reduc- 
tion produced  b}^  thermal  stresses  and,  as  a result,  the 
stiffness  first  decreases  and  then  increases  without  going 
to  zero.  The  points  of  minimum  stiffness  occur  at  temper- 
atures lower  than  the  buckling  temperature.  The  locus 
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of  points  of  minimum  stiffness  has  been  indicated  in  figure 
5 by  the  dashed  line.  If  the  initial  twist  is  sufficient!}7 
large,  the  stiffness  does  not  decrease  but  increases  with 
heating. 

When  a moment  is  applied  to  the  plate,  figure  5 will 
indicate  the  incremental  stiffness  of  the  plate  if  <pi  is  replaced 
b}7  tpf  and  X by  X'  (as  defined  b}7  eqs.  (31a)  and  (31b)). 

The  locus  of  points  where  the  incremental  stiffness  is  a 
minimum  is  given  b}7  the  equations 


A (GJ)min  /^+mV/3 
(OJ)  o 4 ) 

(32) 

X _!  „2  oM+«Y/J 

Xmire  1 <pi  31  ^ ) 

(33) 

A {GJ)  min  0/1  x 
(GJ)0  2(1  ^ 

(34) 

Equations  (33)  and  (34)  show  that  the  nonuniform  heating 
will  increase  the  stiffness  of  the  plate  if  the  initial  twist  is 
g eater  than  that  given  by 

3(eT!)”+",=1 

The  initial  incremental  stiffness  of  the  plate  is  given  by 
equation  (28)  when  X is  0.  The  ratio  of  the  minimum  to 
the  initial  incremental  stiffness  therefore  may  be  written  as 


Figure  6. — Calculated  ratio  of  minimum  incremental  stiffness  to 
initial  incremental  stiffness  as  a function  of  initial  twist  for  several 
values  of  applied  moment. 


k{GJ)min 
A (GJ)t 


l+3^2-^2 


(35) 


Some  results  from  equation  (35)  have  been  plotted  in  figure 
6.  This  figure  indicates  that  small  changes  in  the  initial 
twist  may  cause  large  changes  in  the  minimum  incremental 
stiffness.  The  effects  of  applied  moment  are  again  similar 
to  those  of  initial  twist  and  certain  combinations  of  the  two 
can  lead  to  drastic  stiffness  changes.  For  negative  values 
of  <pi  the  curves  would  be  similar,  with  the  stiffness  ratio 
going  to  zero  whenever  <pi—  — m. 

COMPARISON  WITH  EXPERIMENT 

Results  calculated  with  the  previously  derived  equations 
are  compared  in  the  following  sections  with  the  experimental 
results  reported  in  reference  5.  The  results  given  in  reference 
5 are  for  a square  cantilever  plate  which  was  heated  along 
the  two  longitudinal  edges  by  carbon-rod  radiators.  Typical 
temperature  histories  of  points  on  the  heated  edge  and  on 
the  longitudinal  center  line  are  given  in  figure  7.  Heat 
was  supplied  to  the  plate  edges  for  16  seconds;  then  the 
plate  was  allowed  to  cool.  The  deformations  of  the  plate 
under  the  influence  of  non  uniform  heating  were  determined 
for  the  conditions  of  no  load  and  applied  positive  and 
negative  tip  moments.  The  changes  in  natural  frequency 
of  the  first  torsion  mode  were  also  measured  during  a heating 
test. 

The  expressions  used  in  reference  5 for  stresses,  deflec- 
tions, and  temperature  are  retained  except  that  herein  only 


Figure  7. — Measured  temperature  histories  for  a heated  edge  and 
the  center  line  of  the  plate  test  specimen. 


three  terms  are  used  for  the  deflections.  In  nondimensional 
form  these  expressions  are 


and 


(36) 

(37) 

(38) 
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The  function /i  satisfies  the  condition  of  zero  stress  on  the 
free  edges  and  /2  specifies  zero  slope  and  deflection  along 
the  root.  The  two  undetermined  coefficients  of  equation 
(37)  are  established  from  the  small -deflection  buckling 
analysis  and  carried  through  the  large-deflection  analysis  as 
constants.  Their  values  are  given  in  appendix  A along  with 
data  on  the  influence  of  the  number  of  terms  in  the  deflec- 
tion function  on  the  accuracy  with  which  the  buckling 
temperature  difference,  natural  frequency,  and  ratio  of  twist 
to  an  applied  moment  can  be  calculated.  The  exponential 
parameter  f of  the  temperature  function  is  adjusted  to 
approximate  the  variation  in  the  temperature  distribution 
during  a test. 

The  numerical  evaluation  of  the  integrals  and  related 
functions  required  for  comparison  of  theory  and  experiment 
are  given  in  appendix  B. 

Initial  plate  shape, — The  initial  shape  of  the  plate  of 
reference  5 was  measured  and  is  indicated  in  figure  8.  In 
the  selection  of  a value  of  initial  twist,  the  higher  order 
shapes  (which  are  unlikely  to  have  much  influence  on  the 
twisting)  have  been  ignored.  The  free  corners  were  con- 
nected by  a straight  line  in  order  to  obtain  a value  of  initial 
twist  of  6i— 0.35°  which  was  used  for  comparison  of  theory 
and  experiment. 

Twist  due  to  an  applied  moment. — The  deformations 
resulting  from  heating  for  three  values  of  applied  tip  moment 
are  presented  in  figure  9 and  compared  with  curves  calculated 
by  use  of  a value  of  0j=O.35°.  The  agreement  between 
theory  and  experiment  is  satisfactory,  although  the  theory 
overestimates  the  twist  in  the  vicinity  of  the  maximum 
temperature  difference  (about  16  seconds).  No  theoretical 
results  are  presented  past  20  seconds  because,  beyond  this 
time,  the  actual  temperature  distribution  cannot  be  repre- 
sented very  well  by  the  one-parameter  temperature  function. 

Another  comparison  of  measured  and  calculated  deforma- 
tions is  shown  in  figure  10  where  the  abscissa  is  the  tempera- 
ture difference  instead  of  time.  Because  the  shape  of  the 
temperature  distribution  changes  with  time,  the  portion  of 
the  curve  for  decreasing  AT  does  not  retrace  the  heating 
portion. 

Natural  frequency. — The  changes  in  natural  frequency 
during  a heating  test  are  shown  in  figure  11  and  compared 


r,  sec 


Figure  9. — Comparison  of  measured  and  calculated  values  of  twist 
as  a function  of  time  for  the  rapidly  heated  plate  for  three  values  of 
applied  moment. 


Figure  10. — Comparison  of  measured  and  calculated  values  of  twist 
as  a function  of  temperature  difference  for  three  values  of  the  ap- 
plied moment. 
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Figure  11. — Comparison  of  measured  and  calculated  values  of  fre- 
quency ratio  as  a function  of  time  for  the  rapidly  heated  plate. 


with  a calculated  curve  for  0j=O.35°  and  with  the  small- 
deflection  results  of  reference  5.  The  results  calculated  by 
the  use  of  the  large-deflection  equations  are  in  good  agree- 
ment with  experimental  values  and  account  for  the  frequency 
increase  measured  in  the  vicinity  of  the  buckling  temperature. 
A substantial  improvement  is  noted  over  the  predictions  of 
small-deflection  theory.  In  figure  12  the'  frequency  ratio 
is  shown  as  a function  of  temperature  difference. 


Figure  12. — Comparison  of  measured  and  calculated  values  of  the 
frequency  ratio  as  a function  of  temperature  difference. 


CONCLUDING  REMARKS 

An  approximate  analysis  of  the  effects  of  initial  twist  and 
large  deflections  on  the  torsional  stiffness  of  a cantilever 
plate  subjected  to  nonuniform  heating  shows  that  for  a 
perfectly  flat  plate  the  effective  stiffness,  and  thus  the 
torsional  frequency,  decreases  with  increasing  thermal 
stress,  just  as  predicted  by  small-deflection  theory,  and 
goes  to  zero  when  the  buckling  temperature  difference  is 
reached.  Beyond  the  buckling  temperature,  however,  the 
stiffness,  and  thus  the  frequency,  increases  as  the  plate 
twists.  If  the  plate  has  an  initial  twist,  it  begins  to  deform 
immediately  upon  heating  and  the  stiffness  decreases  in 
much  the  same  way  as  that  of  the  perfect  plate.  The  incre- 
mental stiffness  of  the  initially  twisted  plate,  however, 
reaches  a minimum  greater  than  zero  before  the  theoretical 
buckling  temperature  difference  is  reached;  further  heating 
then  increases  the  stiffness.  The  minimum  incremental 
stiffness  is  a function  of  the  initial  twist  and.  if  the  initial 


twist  is  sufficiently  large,  no  reductions  in  stiffness  are 
obtained  and  nonuniform  heating  then  always  increases 
the  stiffness. 

These  results  for  stiffness  changes  associated  with  the 
torsional  frequency  are  also  applicable  to  the  stiffness  of 
the  plate  with  respect  to  small  changes  in  the  applied 
moment.  In  this  case  the  applied  moment  has  an  effect 
similar  to  the  effect  of  an  initial  twist.  If  the  applied  moment 
exactly  counteracts  the  initial  twist,  the  plate  behaves  in 
much  the  same  way  as  the  perfect  plate. 

Calculated  results  were  compared  with  available  experi- 
mental data  and  were  found  to  be  in  satisfactory  agreement 
in  view  of  the  approximate  nature  of  the  calculations. 

Langley  Aeronautical  Laboratory, 

National  Advisory  Committee  for  Aeronautics, 
Langley  Field,  Va.,  May  15 , 1957. 


APPENDIX  A 

DISCUSSION  OF  MODAL  FUNCTIONS  USED  IN  THE  ANALYSIS 


In  the  analysis  of  the  torsional  deformations  of  the 
cantilever  plate  by  small-deflection  theory,  a deflection 
function  containing  six  terms  an  Asymmetrical  in  the  co- 
ordinate y was  used.  The  function  (eq.  (8)  in  ref.  5)  is 

w = Al2x2y + A ux2yz + A22xzy + A2ixzyz + Az2x*y + A 34z  V (A  1 ) 

The  effect  of  various  combinations  of  terms  on  the  cal- 
culated critical  temperature  difference,  torsional  frequency, 
and  moment-twist  relation  was  investigated  for  a square 
cantilever  plate  (a/6 =2)  by  use  of  the  small-deflection  theory 
of  reference  5.  The  following  table  shows  the  results  obtained 
by  starting  with  a single  term  A12  and  then  progressing 
through  other  combinations  to  six  terms: 


Terms  used 

A Ter 
Kx 

wo2 

kI 

M 

e 

A\2 - 

103.9 

127.0 

0.324X108 

An,  An 

57.  7 

77.5 

.278 

A 12,  An,  Az2~~ 

50.4 

71.3 

.273 

An,  An,  An,  A2i 

57.2 

77.4 

.278 

An,  An,  A32,  An,  A24,  An 

50.0 

70. 1 

.273 

where  Kx  and  K2  represent  constants  that  include  the  plate 
dimensions  and  material  properties. 

Inasmuch  as  the  tabulated  values  were  obtained  from  an 
application  of  the  Rayleigli-Ritz  procedure,  the  lowest 
value  is  the  most  accurate.  The  use  of  six  terms  improves 
the  accuracy  less  than  2 percent  over  three  terms  and, 
consequently,  is  not  worth  the  extra  complication.  The 
large-deflection  analysis  thus  can  be  made  by  use  of  only 
three  terms.  The  deflection  function  is  nondimensionalized 
for  this  analysis  and  expressed  in  the  form 


(A  2) 


Figure  13. — Comparison  of  deflected  shapes  for  thermal  buckling, 
torsional  vibration,  and  twist  due  to  an  applied  moment  as  given  by 
small-deflection  theory. 


data  show  that  the  deflection  shapes  are  all  approximately 
the  same.  Then,  so  long  as  the  calculations  are  used  to 
indicate  changes  from  the  initial  conditions,  any  of  the 
modes  indicated  should  be  satisfactory^ 

In  addition  to  the  deflection  function  of  equation  (A2), 
a stress  function  and  a temperature  function  are  required  in 
the  analysis  and  have  been  selected  to  correspond  to  those  of 
reference  5.  For  convenience,  the  functions  are  expressed 
in  nondimensional  form  as  follows: 


The  relative  values  of  these  coefficients  for  the  conditions 
given  in  the  preceding  table  were  obtained  from  the  small- 
deflection  analysis  of  reference  5 for  the  square  cantilever 
plate  (a/6 =2)  with  the  following  results: 


(AS) 

(A4) 


Condition 

1 

Ax 

Az 

i+Ai+n2 

i+Ai+a* 

l-\~Ax~\-A2 

Thermal  buckling  (X=l,  co/ojo=0) 

4.  61 

-5.75 

2. 14 

Torsional  vibration  (X=0,  <0/^0=  1) 

3.63 

-4.  06 

1.42 

Applied  moment  (X=0) 

2.36 

-2.01 

0.65 

Applied  moment  (X=0.5) 

3.  10 

-3.20 

1. 10 

The  variation  of  j2  with  x/a  for  these  four  conditions  has 
been  plotted  in  figure  13.  The  table  indicates  a wide  varia- 
tion in  the  relative  values  of  the  coefficients  but  the  plotted 


The  exponent  f must  be  selected  to  describe  best  the  meas- 
ured temperature  distribution  at  the  time  of  interest.  Note 
that  equation  (A4)  requires  that  the  specified  temperature 
difference  AT  be  the  difference  between  temperatures  at  the 
heated  edges  and  the  longitudinal  center  line.  The  func- 
tion /i  has  been  chosen  so  that  the  stresses  vanish  on  the  free 
boundaries.  Along  the  root  (z=0)  the  function  requires 
that  the  plate  be  free  to  expand  parallel  to  the  y- axis. 
Although  this  requirement  does  not  indicate  a “built-in” 
condition,  it  probably  resembles  the  actual  test  condition. 
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EVALUATION  OF  INTEGRALS  AND  RELATED  FUNCTIONS 


The  integrals  indicated  in  the  analysis  have  been  evaluated 
in  terms  of  the  plate  dimensions  and  the  nondimensional 
functions  given  in  appendix  A.  The  integrals  are  as  follows: 


I* 


9.567 

a? 


(BIO) 


The  integrals  I5  and  /6  have  not  been  included  but  are 
discussed  subsequently. 

The  critical  temperature  difference  given  by  equation  (18) 
then  becomes 


A 2^= 18.5 
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For  the  square  cantilever  plate  {ajb  — 2)  and  the  values  of 
Ai  and  A2  given  in  appendix  A for  the  thermal-buckling 
mode,  the  integrals  A to  I4  reduce  to  the  following  when 
Poisson's  ratio  n equals  0.33: 


M 

'128V  135 
,105/  2«2 

(B7) 

256 

f 

(B8) 

12  15 

(f+3)(r+ij 

h- 

1.520 

(B9) 

a2 

The  twist  and  applied  moment  are  related  to  their  cor- 
responding nondimensional  quantities  bv  equations  (23)  and 
(24)  and  may  now  be  expressed  as 


<£=0.0350 


'Eta2 


Ada 

m=0.03o- 


\E 

oV  l 


Eta 2 


{GJ)M  D 


(B12) 

(Bl3) 


Use  of  the  thermal-buckling  mode  yields  incorrect  values 
for  the  natural  frequency  and  the  twist  due  to  applied 
moment.  In  addition,  the  measured  values  differ  slightly 
from  the  correct  calculated  values  as  a result  of  the  im- 
perfect clamping  at  the  root  of  the  cantilever  plate.  For 
these  reasons,  the  measured  initial  values  of  torsional  fre- 
quency and  twist  due  to  an  applied  moment  are  used  in  the 
calculations  and  the  changes  produced  by  the  heating  cycle 
are  calculated  from  the  following  equations: 


\_1  <Pf+m  I <2  9 

X— I r<p2—<pi 

<p 

V*>o/ 


(B14) 

(B15) 


The  integrals  /5  and  /6  are  needed  only  to  calculate  the 
initial  natural  frequency  and  twist  due  to  applied  moment 
and,  thus,  have  not  been  evaluated  for  the  mode  shape  of 
thermal  budding. 

In  the  calculations,  results  of  which  are  presented  in 
figures  9,  3 0,  11,  and  12,  the  following  quantities  were  used: 


E=  10.6X10°  psi 
a=12.8X10~6  °F~1 
i*=0.33 
£ = 0.25  in. 


a=20  in. 
6=10  in. 
0*=O.35° 
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THEORETICAL  COMBUSTION  PERFORMANCE  OF  SEVERAL  HIGH-ENERGY  FUELS  FOR 

RAMJET  ENGINES 1 


By  Leonard  K.  Tower,  Roland  Breitwieser,  and  Benson  E.  Gammon 


SUMMARY 

An  analytical  evaluation  of  the  theoretical  ramjet  performance 
of  magnesium,  magnesium — octene-1  slurries,  aluminum, 
aluminum — octene-1  slurries,  boron,  boron — octene-1  slurries, 
carbon,  hydrogen,  a-methylnaphthalene , diborane,  pentaborane, 
and  octene-1  is  presented  herein.  Combustion  temperature,  air 
specific-impulse,  and  fuel  specific-impulse  data  are  presented 
for  each  fuel  over  a range  of  equivalence  ratios  at  an  inlet  air 
temperature  of  560°  R and  a combustion  pressure  of  2 atmos- 
pheres. 

It  was  assumed  that  chemical  equilibrium  was  attained  during 
the  combustion  but  that  the  expansion  in  the  exhaust  nozzle  oc- 
curred with  composition  fixed.  Thermal  and  velocity  equi- 
librium was  assumed  between  gases  and  condensed  phases  at  all 
times. 

Magnesium,  magnesium — octene-1  slurries,  aluminum, 
aluminum — octene-1  slurries,  boron,  boron — octene-1  slurries, 
pentaborane,  diborane,  and  hydrogen  provide  air  specific 
impulses  exceeding  those  of  octene-1.  At  any  fixed  air  specific 
impulse  below  152  seconds,  the  fuel  weight  specific  impulses  of 
hydrogen,  diborane,  pentaborane,  boron,  and  boron — octene-1 
slurries  are  superior  to  octene-1.  The  fuel  volume  specific 
impulses  of  boron,  aluminum,  carbon,  boron — octene-1  slurries, 
magnesium,  pentaborane,  a-methylnaphthalene,  and 
magnesium — octene-1  slurries  are  superior  to  octene-1 . 

The  effects  of  inlet  air  temperature  and  combustion  pressure 
are  investigated  for  some  of  the  fuels.  Because  of  the  limited 
range  of  inlet  conditions  considered , means  of  extending  these 
data  to  other  inlet  conditions  are  presented. 

Determination  of  air  specific-impulse  efficiency  and  combus- 
tion efficiency  for  experimental  combustion  by  means  of  the 
theoretical  data  herein  is  discussed.  The  use  of  the  theoretical 
performance  data  in  determining  the  relative  flows  of  the  various 
fuels  to  an  engine  operating  at  a fixed  thrust  level  is  described. 

INTRODUCTION 

The  ever  increasing  performance  required  of  high-speed 
aircraft  places  new  demands  upon  the  propulsion  system. 
Improved  range,  thrust,  combustion  efficienc}r,  and  com- 
bustion stability  characteristics  may  possibly  be  obtained  by 
the  use  of  the  special  jet-engine  fuels.  These  materials 
promise  advantages  over  conventional  hydrocarbon  fuels 
because  of  their  higher  heating  values  and  because  of  the 
ease  and  stability  of  their  combustion. 


The  use  of  special  fuels  is  warranted  for  high-speed  flight 
because  the  cost  of  the  fuel  is  often  only  a small  part  of  the 
total  cost  of  aircraft  operation.  This  is  particularly  true  in 
the  case  of  nonreturn  guided  missiles. 

Various  fuels  of  interest  for  air-breathing  engines  are  cer- 
tain light  elements  such  as  boron  and  aluminum,  alloys  and 
hydrides  of  these  elements,  and  slurries  or  paintlike  suspen- 
sions of  the  solid  materials  in  a liquid  hydrocarbon.  The 
heating  values  of  these  substances  are  higher  than  those  of 
the  ordinary  jet  fuels  on  either  a gravimetric  or  a volumetric 
basis.  Hydrocarbons  having  a high  volumetric  heating  value 
have  also  been  of  interest.  Table  I presents  the  heating 
values  and  certain  physical  properties  for  some  of  the  fuels. 

Considerable  experimental  work,  summarized  in  reference 
1,  has  been  conducted  with  certain  high-energy  fuels  to  deter- 
mine their  suitability  for  selected  applications  in  aircraft- 
The  NACA  Lewis  laboratory  has  determined  some  of  tne 
physical  properties  and  combustion  properties  of  diborane, 
boron,  magnesium,  and  aluminum  (refs.  1 to  7).  The  metals 
were  burned  in  the  form  of  powder,  wire,  and  slurries. 

The  theoretical  performance  of  high-energy  ramjet  fuels  is 
of  interest  both  in  evaluating  experimental  results  and  in 
judging  the  potentialities  of  proposed  but  untested  materials. 
Theoretical  comparisons  of  fuels  burned  in  a great  excess  of 
cool  air  may  be  based  upon  conventional  heating  values  of 
the  fuel.  However,  when  the  temperatures  obtained  in  the 
combustion  process  exceed  about  3500°  R,  the  mean  molec- 
ular weight  of  gaseous  products  changes,  and  considerable 
energy  is  absorbed  by  dissociation,  vaporization,  and  fusion. 
Thus,  the  theoretical  performance  of  a fuel  must  be  deter- 
mined by  an  analytical  method  which  can  account  for  as 
many  thermal  effects  as  possible. 

This  report  contains  the  theoretical  performance  for 
several  potential  ramjet  fuels  determined  by  such  an  analyti- 
cal method.  The  combustion  process  was  assumed  to  result 
in  chemical  equilibrium  at  the  combustor  outlet  or  exhaust- 
nozzle  inlet.  However,  the  composition  throughout  the  ex- 
pansion process  was  assumed  to  be  fixed.  It  is  customary  in 
computing  the  theoretical  thrust  produced  by  a jet  to  assume 
either  that  equilibrium  composition  exists  throughout  the 
exhaust  nozzle  or  that  the  composition  is  fixed.  In  real  ex- 
pansions, partial  recombination  of  dissociated  materials  is 
obtained,  but  the  reaction  rates  are  insufficiently  known  for 
inclusion  of  this  effect  in  theoretical  calculations.  In  this 


i Supersedes  NACA  Research  Memorandums  E51C12  by  Benson  E.  Gammon,  1951;  E51C23  by  Benson  E.  Gammon,  1951;  E51D25  by  Benson  E.  Gammon,  1951;  E51F05  by  Benson  E. 
Gammon,  1951;  E52L08  by  Roland  Breitwieser,  Sanford  Gordon,  and  Benson  E.  Gammon,  1953;  and  E53G14  by  Leonard  K.  Tower  and  Benson  E.  Gammon,  1953. 
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TABLE  I.— HEATING  VALUES  AND  PHYSICAL  PROPERTIES  OF  SOME  HIGH-ENERGY  FUELS 

[Except  as  noted,  heats  of  combustion  calculated  from  heats  of  formation  at  25°  C from  ref.  15;  melting  and  boiling  points  obtained  from  ref.  16.] 


Fuel 

Melting 

point, 

0 F 

Boiling 
point, 
° F 

Specific 

gravity 

Stoichio- 

metric 

Oxides 

Heat  of  combustion 

fuel-air 

ratio 

(a) 

Btu/lb 

Btu/cu  ft 

Btu/lb  air 

Acetylene...  ...  _ _ _ 

-115.2 

— 1 IS.  5 
(sublimes) 

0. 6208 
(-119°  F) 

0.  0755 

C02,  h2o 

20,  734 

803,556 

1565 

Aluminum.  

1219.5 

4442 

2.  702 

0.  2608 

AI5O3 

13,  309 

2,244,979 

3471 

Beryllium-.  ....  __  . . . 

2332. 4 

5378 

1.85 

0. 1307 

BeO 

29, 140 

3, 365,447 

3S09 

Boron  

4172 

4622 

2.34 

0. 1046 

B203 

b25,  381 

3,  707,  695 

2655 

Carbon  (graphite) - 

6606-87 

(sublimes) 

7592 

2. 25 

0. 0871 

C02 

14, 087 

1,978,712 

1227 

Diborane „ 

-265. 9 

-134.5 

« 0. 4315 
(-134. 3°  F) 

0. 0669 

B203,  H2O 

b 31,  591 

850, 988 

2113 

Hydrogen  . . . . 

-434.5 

-423. 0 

0 070 

0. 0292 

H2O 

51, 571 

225, 364 

1506 

(liquid) 

Lithium 

367 

2437±9 

0. 534 

0. 2013 

Li20 

18,  460 

615, 396 

3716 

Lithium  hydride 

1256 

0. 82 

0. 1152 

LbO,  H20 

17,760 

909, 156 

2046 

[ 

Magnesium 

1204 

2025 

1 74 

0.  3527 

MgO 

10,  639 

1, 155, 664 

3752 

(41°  F) 

Octene-1 

-152.3 

250.3 

0.  716 
(68°  F) 

0. 0678 

co2,  h2o 

d 18, 999 

818, 606 

1288 

Pentaborane 

-51.  9 

32 

(66  mm  Hg) 

c 0. 6233  ! 

(77°  F) 

0. 0763 

b2o3,  h2o 

d 29,  362 

1, 142,516 

2240 

Silicon 

2588 

4271 

2.4  j 

0.  2035 

Si02 

13,170 

1, 973, 234 

2680 

Silane 

-301 

-169.2 

0.68 

(-301°  F) 

0. 1164 

SiO*,  IljO 

17, 160 

728,463 

1997 

Titanium 

3272 

5432 

4.5 

(68°  F) 

0. 3473 

; Ti02 

8,187 

2, 299, 952 

2843 

a-Methvlnaphthalenc - 

-22.  90 

471.96 

1.020 

1 0. 0764 

C02,  H20 

17,  015 

1,083, 462 

1300 

» CO2  and  H2O  gaseous  at  77°  F;  other  products  condensed  at  77°  F.  . e Data  from  ref.  18. 

b Computed  from  data  in  ref.  17.  a Data  from  refs.  19  and  20. 


report,  the  assumption  of  expansion  with  fixed  composition 
results  in  conservatively  low  air  specific  impulse. 

The  theoretical  performance  for  the  following  potential 
ramjet  engine  fuels  is  reported  herein:  octene-1,  magnesium, 
magnesium — octene-1  slurries,  aluminum,  aluminum — 
octene-1  slurries,  diborane,  pentaborane,  boron,  boron — 
octene-1  slurries,  hydrogen,  a-methylnaphthalene,  and  car- 
bon. A combustor-inlet  air  temperature  of  560°  R and  a 
pressure  of  2 atmospheres  were  chosen. 

An  extended  range  of  combustor-inlet  conditions  was 
chosen  for  the  performance  calculations  of  some  of  the  fuels 
to  facilitate  the  evaluation  of  experimental  data.  Some 
examples  are  given  of  the  manner  in  which  this  theoretical 
information  can  be  used  in  the  operation  of  engines  and  in 
the  evaluation  of  experimental  data. 

SYMBOLS 

A area,  sq  ft 

C constant  used  in  computing  the  stoichiometric  fuel- 
air  ratio  of  a slurry 
F stream  thrust,  lb 

g acceleration  due  to  gravity,  32.17  ft/sec2 
H°t  sum  of  sensible  enthalpy  and  chemical  energy  at 
temperature  t and  at  standard  conditions, 
kcal/mole 

M Mach  number 

m molecular  weight  of  a constituent 
m mean  molecular  weight 

n number  of  moles  of  a constituent 
p static  pressure,  lb/sq  ft 

R universal  gas  constant,  1545.33  ft-lb/(mole)  (°R) 
r weight  fraction  of  solid  fuel  in  slurry 


Sa  air  specific  impulse,  lb-sec/lb  air 

SftV  fuel-volume  specific  impulse,  lb-sec/cu  ft  fuel 
S/tU,  fuel-weight  specific  impulse,  lb-sec/lb  fuel 

T total  temperature,  °R 

t static  temperature,  °R 

V velocity,  ft/sec 

w weight  flow,  lb/sec 

7 ratio  of  specific  heats 

7}  efficiency 

7]S(l  air-specific-impulse  efficiency 

p density,  lb/cu  ft 

$(M)  stream  thrust  correction  factor  to  M~  1 
ip  equivalence  ratio,  ratio  of  actual  to  stoichiometr 
fuel-air  ratio 
Subscripts: 
a air 

c combustion,  combustor  outlet 

e exhaust-nozzle  outlet 

exp  experimental 

f fuel 

(J  gas 

i denotes  ith  constituent  of  combustion  products 

in  engine  inlet 

l liquid 

n net 

s solid 

st  stoichiometric 

t theoretical 

v volume 

w weight 

Superscript: 

* denotes  a station  having  a Mach  number  of  unity 
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ANALYTICAL  METHOD 


Suitable  thrust  parameters  for  both  theoretical  ancl  actual 
jet-engine  fuel  performance  have  been  found  to  be  air  specific 
impulse  and  fuel  specific  impulse  or  total  stream  momentum 
per  pound  of  air  and  per  pound  of  fuel,  respectively.  Air 
specific  impulse,  defined  for  choked  flow,  is 


where 


W=U'„+W, 

Fuel-weight  specific  impulse  is  defined  as 


Wf\  (J  ) V>f 


f 

wa 


(1) 


(2) 


and  fuel -volume  specific  impulse  is  defined  as 

S/.v  = pSfi  w 


(3) 


The  density  of  slurries  for  use  in  equation  (3),  relating  fuel- 
weight  and  fuel-volume  specific  impulse,  was  calculated  thus: 


Fraction  metal  . Fraction  octene-1 


P slurry 


P metal 


P octene— 1 


(4) 


Magnesium  and  aluminum  slurries  follow  this  relation  up  to 
about  80  percent  metal  by  weight,  and  boron  follows  up  to 
60  percent  metal  by  weight  for  metal  powders  now  available. 
Air  specific  impulse  can  also  be  expressed  as 


(l+™l\  l2(y+l)B,Tc 
\ Wa/V  ygm 


(5) 


where  y is  an  effective  ratio  of  specific  heats.  The  net 
internal  thrust  of  an  engine  can  be  determined  from  the 
relation 

F„=$(M')waSa—(pA+y^P)  (6) 

\ 9 /in 


where  <£  (M)  is  a function  relating  stream  thrust  at  any  station 
to  stream  thrust  at  a station  having  a Mach  number  of 
unity  (see  eqs.  (A2)  and  (A3)).  The  significance  and  the 
utility  of  these  concepts  are  discussed  in  more  detail  in 
reference  8. 

The  theoretical  determination  of  air  specific  impulse  and 
fuel  specific  impulse  for  the  fuels  considered  herein  involved 
two  principal  steps:  (1)  the  combustion  temperature  and 
burned-product  composition  were  determined  at  the  assigned 
combustion  pressure,  and  (2)  an  isentropic  expansion  in  the 
exhaust  nozzle  to  a throat  Mach  number  of  unity  determined 
the  exhaust-nozzle-outlet  static  temperature  and  velocity. 
The  results  of  step  (2)  were  used  to  compute  air  and  fuel 
specific  impulses. 

The  method  of  computing  combustion  temperature  and 
composition  was  that  of  reference  9.  A set  of  simultaneous 
equations  was  solved  which  involved  mass  balance,  heat 
balance,  pressure,  phase  changes,  and  dissociation  of  solid, 
liquid,  and  gaseous  molecules.  The  necessary  thermody- 
namic properties  of  almost  all  the  dissociated  and  undissoci- 
ated combustion  products  were  taken  from  tables  included 


in  reference  9.  An  empirical  equation  given  in  reference  10 
for  the  specific  heat  of  magnesium  oxide  was  used  to  obtain 
values  of  specific  heat,  enthalpy,  and  entropy  for  magnesium 
oxide;  the  standard-state  entropy  of  magnesium  oxide  was 
taken  from  reference  11.  The  thermal  properties  for  boric 
oxide  (B203)  were  obtained  from  reference  12. 

The  following  assumptions  were  made  concerning  the 
combustion  process  in  order  to  simplify  the  analysis:  (1)  all 
fuels  were  pure;  (2)  the  air  was  composed  of  3.78  moles  of 
nitrogen  to  every  mole  of  oxygen;  (3)  combustor-inlet  air 
velocity  was  negligible  so  that  the  combustion  static  and 
total  temperatures  were  equal;  (4)  all  gases  were  ideal;  (5) 
combustion  was  adiabatic  and  complete,  that  is,  chemical 
equilibrium  was  assumed;  (6)  when  solids  or  liquids  were 
present  in  the  combustion  products,  the  volume  occupied  by 
the  condensed  material  was  negligible;  and  (7)  thermal  and 
velocity  equilibrium  existed  between  the  different  phases. 

The  products  of  adiabatic  combustion  of  each  fuel  which 
were  considered  possible  in  the  computations  of  composition 
are  listed  in  table  II.  They  were  gaseous  except  as  noted. 
The  nitrides  of  boron,  magnesium,  and  aluminum  were 
neglected  because  of  inadequate  thermo  dynamic  data.  For 
the  same  reason,  dissociation,  fusion,  and  vaporization  of 
magnesium  oxide  were  neglected. 

The  exhaust-nozzle-outlet  temperature  was  determined  by 
computing  an  isentropic  expansion  from  the  combustion 
temperature  and  pressure  to  a pressure  giving  a Mach  num- 
ber of  unit}7.  It  was  assumed  that  in  the  nozzle  (1)  compo- 
sition was  fixed  during  the  expansion  process,  (2)  the  volume 
occupied  by  condensed  materials  was  negligible,  and  (3)  con- 
densed materials  were  in  thermal  and  velocity  equilibrium 
with  the  gas  phase.  The  jet  velocity  was  then  calculated 
by  using  the  following  equation  (ref.  13) : 


V* 

—=294.98 

9 


The  air  specific  impulse  was  then 


ttte  V 

mVj 


(7) 

(8) 


RESULTS  AND  DISCUSSION 

The  combustion  performance  of  several^  high-energy  fuels 
is  presented  in  figures  1 to  6 for  a combustor-inlet  air  tem- 
perature of  560°  R and  a pressure  of  2 atmospheres. 


MAGNESIUM,  MAGNESIUM— OCTENE-1  SLURRIES,  AND  OCTENE-1 

The  combustion  temperatures  for  magnesium,  mag- 
nesium— octene-1  slurries,  and  octene-1  are.  shown  in  figure 
1 (a) . Tlie  data  are  limited  to  a maximum  combustion  temper- 
ature of  about  5500°  R because  of  the  lack  of  thermodynamic 
data  as  previously  discussed. 

Increasing  the  magnesium  concentration  in  a magnesium — 
octene-1  slurry  increased  the  combustion  temperature  at  all 
equivalence  ratios  investigated.  It  is  significant  that  the 
maximum  combustion  temperature  for  the  magnesium  slur- 
ries occurs  at  progressively  higher  equivalence  ratios  as  the 
magnesium  concentration  is  increased.  In  order  to  show 
this  effect,  the  data  were  calculated  at  equivalence  ratios 
exceeding  1.0.  This  effect  is  a result  of  the  high  heating 
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TABLE  II— PRODUCTS  CONSIDERED  POSSIBLE  AS  A RESULT  OF  ADIABATIC  COMBUSTION 


Product 

Fuel 

(0 

Octene-1, 

a-methyl- 

naphtha- 

lene 

Boron 

Penta- 

borane 

Diborane 

Hydrogen 

Carbon 

Magne- 

sium 

slurry 

Aluminum 

Boron— 

octene-1 

slurries 

Aluminum— 

octene-1 

slurries 

Magne- 

sium 

Oi 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

Ns 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

no* 

X 

X 

X 

X 

X 

H20 

X 

X 

X 

X 

X 

X 

X 

X 

Ho 

X 

X 

X 

X 

X 

X 

X 

n,r> 

X 

X 

X 

X 

X 

C 

X 



X 

X 

x 

X 

— 

H 

X 

X 

X 

X 

X 

X 

X 

O 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

N 

X 

X 

X 

X 

X 

X 

X 

X 

x 

X 

X 

OH 

X 

X 

X 

X 

X 

x 1 

X 

NO 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

x 



X 

X 



X 

X 

u % 

A1 

X 

X 

AlO  

X 

X 

X 

X 

X 

1 

X 

VLJ2U3JI,  1.  t 

B 

X 

X 

X 

— 

X 

BO 

X 

X 

X 



X 

BH 

X 

X 

X 

» Gaseous  except  as  noted. 


value  of  magnesium  per  pound  of  air  since  it  was  assumed 
that  all  magnesium  combined  with  the  oxygen  present  to 
form  magnesium  oxide.  The  tendency  of  high-concentration 
magnesium  slurries  to  burn  at  equivalence  ratios  greater 
than  1.0  and  to  exhibit  a higher  heat  release  per  pound  of 
reactants  than  at  an  equivalence  ratio  of  1.0  has  been 
experimentally  established  in  reference  2.  Reference  2 
indicates  that,  for  a slurry  consisting  of  finely  powdered 


(a)  Variation  of  combustion  temperature  with  equivalence  ratio. 

Figure  1. — Theoretical  combustion  performance  for  magnesium, 
magnesium- — octene-1  slurries,  and  octene-1.  Combustor-inlet  air 
temperature,  560°  R;  inlet  air  pressure,  2 atmospheres. 


magnesium  suspended  in  a hydrocarbon  fuel,  magnesium 
burned  preferentially  with  the  oxygen  present  and  hence 
permitted  the  high  heat  release. 

Air  specific-impulse  values  for  pure  magnesium,  several 
magnesium — octene-1  slurries,  and  octene-1  are  presented  in 
figure  1(b).  Higher  air  specific-impulse  values  can  be 
achieved  as  the  percent  magnesium  in  the  slurry  is  increased. 


(b)  Variation  of  air  specific  impulse  with  equivalence  ratio. 
Figure  1. — Concluded. 
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(a)  Variation  of  combustion  temperature  with  equivalence  ratio. 

(b)  Variation  of  air  specific  impulse  with  equivalence  ratio. 

Figure  2. — Theoretical  combustion  performance  for  aluminum, 
aluminum — octene-1  slurries,  and  octene-1.  Combustor-inlet  air 
temperature,  560°  R;  inlet  air  pressure,  2 atmospheres. 


ALUMINUM  AND  ALUMINUM— OCTENE-1  SLURRIES 

The  combustion  temperatures  for  aluminum,  aluminum — 
octene-1  slurries,  and  octene-1  are  shown  in  figure  2(a). 
Included  in  figure  2(a)  are  the  theoretical  combustion  tem- 
peratures for  several  concentrations  of  metal  in  aluminum — 
octene-1  slurries  at  an  equivalence  ratio  of  1.0.  The  irreg- 
ular nature  of  the  temperature  curve  for  aluminum  is  due 
to  a phase  transition  of  aluminum  oxide  A1203  from  liquid 
to  gas. 

The  variation  of  air  specific  impulse  with  equivalence  ratio 
for  aluminum  and  octene-1  is  presented  in  figure  2(b).  In- 
cluded in  this  figure  are  values  of  ah*  specific  impulse  for 
several  aluminum  slurries  evaluated  at  an  equivalence  ratio 
of  1.0.  The  air  specific  impulse  increases  as  the  metal  con- 
centration in  the  slurry  is  increased. 

BORON  AND  BORON— OCTENE-1  SLURRIES 

The  combustion  temperatures  for  boron  and  several 
boron — octene-1  slurries  are  shown  in  figure  3 (a) . The  varia- 
tion of  air  specific  impulse  with  equivalence  ratio  for  boron, 
boron — octene-1  slurries,  and  octene-1  is  presented  in  figure 
3(b).  Between  about  3500°  and  4050°  R the  slope  of  the 
combustion  temperature  curve  for  boron  changes  rapidly.  At 
4050°  R there  is  a discontinuity  in  the  slope  of  the  curve. 
These  effects  are  caused  by  the  vaporization  of  boric  oxide 
which  absorbs  heat.  A similar  trend  is  noted  in  the  air 
specific-impulse  curve  for  boron. 

CARBON,  HYDROGEN,  AND  a-METHYLNAPHTHALENE 

The  combustion  temperatures  for  carbon,  hydrogen, 
a-methylnaphtlialene,  and  octene-1  are  shown  in  figure  4(a). 
The  variation  of  air  specific  impulse  with  equivalence  ratio 
for  carbon,  hydrogen,  a-methylnaphthalene,  and  octene-1  is 
presented  in  figure  4(b).  Since  the  combustion  temperatures 
for  carbon,  a-me  thylnaphtlialene , and  octene-1  are  suffi- 
ciently close  together,  a single  curve  has  been  drawn  for 
the  data. 

DIBORANE  AND  PENTABORANE 

The  combustion  temperatures  for  diborane  and  p en ta- 
bor ane  are  compared  with  those  of  hydrogen  and  boron  in 
figure  5(a).  The  variation  of  air  specific  impulse  with 
equivalence  ratio  for  diborane,  pentaborane,  hydrogen,  and 
boron  is  presented  in  figure  5(b).  Between  about  3500°  and 
4000°  R,  the  combustion  temperature  curves  for  diborane 
and  pentaborane  show  a trend  caused  by  the  vaporization  of 
boric  oxide,  which  is  similar  to  that  previously  noted  for 
boron.  This  trend  is  also  present  in  the  curves  of  air 
specific  impulse  for  diborane  and  pentaborane. 

Boron,  pentaborane,  diborane,  and  hydrogen  comprise  a 
sequence  in  which  boron  is  combined  with  increasing  percent- 
ages of  hydrogen.  In  the  following  table  are  shown  the 
mole  fractions  of  boron  and  hydrogen  in  the  fuels  and  the 
approximate  heat  absorbed  by  vaporizing  the  boric  oxide 
formed  from  a pound  of  each  fuel.  Also  shown  is  the  approx- 
imate heat  absorbed  by  vaporizing  the  boric  oxide  formed 
from  a pound  of  stoichiometric  fuel-air  mixture.  These 
heats  of  vaporization  have  been  evaluated  at  a temperature 
of  3600°  R for  convenience. 
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Fuel 

Atom  fraction  of 
constituents 

Heat  absorbed  by  vapor- 
ization of  boric  oxide 

Boron 

Hydrogen 

1 1 

' Btu/lb 

Btu/lb  fuel  stoichiomet- 
: ric  fuel-air 
1 mixture 

Boron 

1.0 
. 357 
.250 

0 

0 

.643 
. 750 
1.00 

6240  | 591 

5344  | 379 

4S77  i 306 

0 0 

Pentaborane 

Diborane 

Hydrogen 

As  suggested  by  the  table,  the  irregularities  in  the  curves  of 
figure  5 become  less  severe  as  the  hydrogen  content  of  the 
fuel  is  raised  because  of  the  decreasing  amount  of  heat 
absorbed  by  vaporization  of  boric  oxide. 


(a)  Variation  of  combustion  temperature  with  equivalence  ratio. 

(b)  Variation  of  air  specific  impulse  with  equivalence  ratio. 
Figure  3. — Theoretical  combustion  performance  for  boron,  boron — 
oetene-1  slurries,  and  octene-1.  Combustor-inlet  air  temperature, 
560°  R;  inlet  air  pressure,  2 atmospheres. 


(a)  Variation  of  combustion  temperature  with  equivalence  ratio. 

(b)  Variation  of  air  specific  impulse  with  equivalence  ratio. 

Figure  4. — Theoretical  combustion  performance  for  hydrogen,  carbon, 
Gf-methylnaphthalene,  and  octene-1.  Combustor-inlet  air  temper- 
ature, 560°  R;  inlet  air  pressure,  2 atmospheres. 

SUMMARY  COMPARISONS 

The  adiabatic  constant-pressure  combustion  temperature 
and  impulse  characteristics  of  magnesium,  50  percent 
magnesium — octene-1  slurry,  aluminum,  boron,  50  percent 
boron — octene-1  slurry,  hydrogen,  carbon,  a-methylnaphtha- 
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(a)  Variation  of  combustion  temperature  with  equivalence  ratio. 

(b)  Variation  of  air  specific  impulse  with  equivalence  ratio. 

Figure  5. — Theoretical  combustion  performance  for  boron,  penta- 
borane,  diborane,  and  hydrogen.  Combustor-inlet  air  temperature, 
560°  R;  inlet  air  pressure,  2 atmospheres. 

lene,  diborane,  pentaborane,  and  octene-1  are  compared  in 
figure  6.  In  order  to  reduce  the  congestion  of  the  figures, 
only  slurries  containing  50  percent  metal  by  weight  are 
included  in  the  summary  comparisons. 

The  combustion  temperatures  for  the  aforementioned  fuels 
are  presented  in  figure  6(a).  The  fuels,  listed  in  order  of 


decreasing  combustion  temperature  at  equivalence  ratios 
below  0.5,  are:  magnesium,  aluminum,  boron,  pentaborane, 
diborane,  50  percent  boron — octene-1  slurry,  50  percent 
magnesium — octene-1  slurry,  hydrogen,  a-methylnaphtha- 
lene,  octene-1,  and  carbon. 


7000 


.4  .6 

Equivalence  ratio,  <p 


(a)  Variation  of  combustion  temperature  with  equivalence  ratio. 

(b)  Variation  of  fuel-weight  specific  impulse  with  air  specific  impulse. 

Figure  6. — Summary  of  combustion  performance  for  representative 
high-energy  fuels.  Combustor-inlet  air  temperature,  560°  R;  inlet 
air  pressure,  2 atmospheres.  (Slurry  fuels,  50  percent  metal  by 
weight  in  octene-1.) 
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(c)  Variation  of  fuel-volume  specific  impulse  with  air  specific  impulse. 
Figure  6. — Concluded. 


Those  fuels  are  compared  on  the  basis  of  fuel-weight  specific 
impulse,  an  index  of  fuel  economy,  and  air  specific  impulse,  an 
index  of  thrust  in  figure  6(b) . The  data  in  figure  6(b)  are  pre- 
sented because  comparison  of  fuel  economy  for  various  fuels 
should  be  made  at  the  same  level  of  ah*  specific  impulse. 
Also,  the  relative  ah*  specific  impulse  of  several  fuels  at  a 
fixed  value  of  fuel  economy  or  fuel-weight  specific  impulse 
may  be  of  interest.  This  information  and  the  corresponding 
fuel-air  ratios  may  be  readily  obtained  from  figure  6(b). 

The  following  fuels,  evaluated  L*Iow  an  air  specific- 
impulse  value  of  152  seconds,  are  listed  in  order  of  de- 
creasing fuel-weight  specific  impulse:  hydrogen,  diborane, 
pentaborane,  boron,  50  percent  boron — octene-1  slurry, 
octene-1,  a-methylnaphthalene,  50  percent  magnesium — 
octene-1  slurry,  carbon,  aluminum,  and  magnesium.  While 
this  order  is  retained  in  general  above  an  air  specific  impulse 
of  152  seconds,  the  fuel  specific  impulse  of  octene-1  exceeds 
that  of  boron  above  this  air  specific  impulse  because  of  the 
vaporization  of  boric  oxide  B203. 

The  maximum  obtainable  air  specific  impulse,  occur- 
ring generally  at  equivalence  ratios  exceeding  1.0,  was 
not  calculated.  However,  all  fuels  except  carbon  and 
a-methylnaphthalene  appear  to  have  a maximum  air  specific 
impulse  exceeding  that  of  octene-1,  which  is  172.8  seconds. 

Representative  fuels  were  also  evaluated  in  terms  of  fuel- 
volume  specific  impulse  at  various  air  specific-impulse  values 
as  shown  in  figure  6(c).  The  curves  for  pure  magnesium, 
aluminum,  and  boron  are  based  upon  the  solid  densities  of  the 
metal.  The  densities  of  pentaborane,  diborane,  and  hydro- 
gen were  those  of  the  liquids  at  536.7°,  325.1°,  and  36.6°  R, 
respectively. 

The  fuels  evaluated  in  order  of  decreasing  fuel-volume 
specific  impulse  (increasing  volumetric  fuel  consumption) 
at  an  air  specific  impulse  below  152  seconds  are  as  follows: 
boron,  aluminum,  carbon,  50  percent  boron — octene-1  slurry, 
magnesium,  pentaborane  or  a-methylnaphthalene,  50  per- 


cent magnesium — octene-1  slurry,  octene-1,  diborane,  and 
hydrogen. 

APPLICATIONS  OF  DATA 

The  theoretical  performance  data  of  figures  1 to  6 can  be 
used  for  the  determination  of  air  specific-impulse  efficiency 
and  combustion  efficiency.  They  can  also  be  used  in  esti- 
mating the  relative  amounts  of  the  various  fuels  required  to 
maintain  a fixed  level  of  thrust  in  an  engine.  For  these 
purposes  the  single  combustor-inlet  condition  of  a tempera- 
ture of  560°  R and  a pressure  of  2 atmospheres  will  often  be 
too  limited.  Some  of  the  fuels  such  as  diborane  seemed,  on 
the  basis  of  the  theoretical  performance  shown  in  figures  1 to 
6,  to  be  likely  candidates  for  further  theoretical  and  experi- 
mental investigation.  Other  fuels  such  as  carbon,  h}rdrogen, 
and  boron  were  of  interest  because  they  are  the  elemental 
constituents  of  some  of  the  high-performance  fuels. 

To  facilitate  the  application  of  the  theoretical  performance 
data  to  the  evaluation  of  experimental  data  it  seemed  de- 
sirable to  extend  the  range  of  inlet  conditions  of  these  fuels: 
octene-1,  slurry  of  50  percent  magnesium  in  octene-1, 
carbon  (graphite),  boron  (crystal),  pentaborane  (liquid), 
diborane  (liquid),  and  hydrogen  (liquid).  Inlet  air  tempera- 
tures from  560°  to  1360°  R and  combustion  pressures  from 
0.2  to  2 atmospheres  were  considered.  The  data  are  pre- 
sented in  figures  7 to  13. 

Parts  (a)  and  (b)  of  figures  7 to  13  present  combus- 
tion temperature  and  ail*  specific  impulse,  respectively, 
plotted  against  equivalence  ratio  for  inlet  air  temperatures 
of  560°,  960°,  and  1360°  R at  a combustion  pressure  of 
2 atmospheres.  Examination  of  parts  (a)  and  (b)  reveals 
that  a given  increase  in  inlet  ail*  temperature  results  in 
a diminishing  gain  in  combustion  temperature  and  air 
specific  impulse  as  equivalence  ratio  is  raised.  The  higher 
combustion  temperatures  associated  with  increasing  equiva- 
lence ratio  result  in  increased  specific  heat  and  more  dis- 
sociation of  the  combustion  products.  Much  of  the  heat 
made  available  by  an  increase  in  inlet  air  temperature  is 
absorbed  without  a corresponding  gain  in  combustion  tem- 
perature or  air  specific  impulse. 

Parts  (c)  and  (d)  present  combustion  temperature  and 
air  specific  impulse,  respectively,  plotted  against  combus- 
tion pressure  for  an  inlet  air  temperature  of  560°  R and 
equivalence  ratios  from  0.7  to  1.0.  At  the  lower  equivalence 
ratios  (below  0.7)  the  effect  of  pressure  is  usually  negligible. 
An  exception  to  this  arises  with  materials  containing  boron, 
where  the  vaporization  of  boric  oxide  in  the  vicinity  of  an 
equivalence  ratio  of  0.4  is  pressure  dependent.  A direct 
computation  is  then  necessary. 

Although  the  data  of  parts  (c)  and  (d)  of  figures  7 to  13 
were  computed  at  pressures  of  only  0.2  and  2 atmospheres, 
a straight  line  of  combustion  temperature  or  air  specific 
impulse  plotted  against  the  logarithm  of  combustion  pres- 
sure has  been  drawn  between  these  pressures  for  each 
equivalence  ratio.  This  convenient  procedure  has  been 
verified  for  several  cases.  For  instance,  combustion  tem- 
perature and  air  specific  impulse  at  an  equivalence  ratio  of 
1.0  were  computed  for  octene-1  at  two  additional  combus- 
tion pressures  of  0.6  and  10  atmospheres.  These  data  are 
represented  in  figures  7(c)  and  (d)  by  the  circled  points. 
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This  semilogarithmic  relation  between  combustion  tempera- 
ture or  aii*  specific  impulse  and  combustion  pressure  is 
expected  to  be  valid  for  all  eight  fuels  reported  herein  at 
equivalence  ratios  from  0.7  to  1.0.  Extrapolation  of  the 
lines  from  combustion  pressures  of  2 to  10  atmospheres  is 
less  satisfactory  than  interpolation  between  0.2  and  2 
atmospheres.  All  lines  have  therefore  been  dashed  above 
2 atmospheres.  Extrapolation  below  0.2  atmosphere  may 
also  be  less  satisfactory. 

In  parts  (c)  and  (d)  the  combustion  temperature  and  ah* 
specific  impulse  at  a combustion  pressure  of  0.2  atmosphere 
are  less  than  those  at  a combustion  pressure  of  2 atmos- 
pheres within  the  range  of  equivalence  ratios  shown.  More- 
over, the  loss  in  combustion  temperature  and  air  specific 
impulse  with  this  decrease  in  combustion  pressure  is  greatest 
at  the  richer  equivalence  ratios.  These  effects  result  from 
the  increasing  dissociation  caused  by  an  increase  in  tempera- 
ture or  a decrease  in  pressure. 

DETERMINATION  OF  COMBUSTION  TEMPERATURE  AND  AIR  SPECIFIC 
IMPULSE  AT  COMBUSTOR-INLET  CONDITIONS  OTHER 
THAN  THOSE  REPORTED 

In  many  instances  it  is  desired  to  know  the  combustion 
temperature  and  air  specific  impulse  at  inlet  conditions 
other  than  those  for  which  the  data  of  figures  1 to  13  were 
computed.  When  the  effects  of  inlet  air  temperature  and 
combustion  pressure  are  known  for  a fuel  over  a range  of 
inlet  conditions  as  in  figures  7 to  13,  approximate  values  of 
air  specific  impulse  at  other  inlet  conditions  may  be  deter- 
mined as  follows. 

At  equivalence  ratios  below  0.7  these  data  can  be  read 
directly  from  the  curves  of  part  (a)  or  (b)  without  consider- 
ation of  pressure,  with  the  exception  of  boron-containing 
fuels.  At  equivalence  ratios  exceeding  0.7  the  effect  of  com- 
bustion pressure  on  combustion  temperature  and  air  specific 
impulse  becomes  important  for  all  fuels.  The  effect  of  com- 
bustion pressure  on  combustion  temperature  or  ah*  specific 
impulse  in  this  region  can  be  determined  in  the  following 
manner:  The  combustion  pressure  or  air  specific  impulse  at 
the  desired  inlet  ah*  temperature,  determined  from  part  (a) 
or  (b)  of  figures  7 to  13,  is  entered  in  part  (c)  or  (d)  at  a 
pressure  of  2 atmospheres.  The  combustion  temperature  or 
air  specific  impulse  is  then  corrected  to  the  desired  pressure 
along  a line  of  constant  equivalence  ratio.  For  example,  the 
air  specific  impulse  of  boron  at  an  equivalence  ratio  of  0.8, 
an  inlet  air  temperature  of  1260°  R,  and  a combustion  pres- 
sure of  0.3  atmosphere  can  be  found  as  follows:  From  figure 
10(b)  the  ah*  specific  impulse  is  determined  as  178.8  seconds 
for  the  conditions  stated,  but  at  a combustion  pressure  of  2 
atmospheres.  The  value  obtained  is  entered  in  figure  10(d) 
at  this  pressure  and  ah*  specific  impulse  (point  A),  and  a line 
of  constant  equivalence  ratio  is  followed  to  a pressure  of  0.3 
atmosphere.  The  desired  air  specific  impulse  is  found  to  be 
174.9  seconds.  This  is  very  close  to  the  value  of  175.2 
seconds  determined  by  direct  computation  for  a pressure  of 
0.3  atmosphere. 

In  making  a pressure  correction,  it  may  be  necessary  oc- 
casionally to  enter  data  in  a figure  such  as  figure  10(d)  at  an 
air  specific  impulse  or  combustion  temperature  exceeding  the 
highest  line  of  air  specific  impulse  or  combustion  temperature 
plotted  against  combustion  pressure.  For  example,  figure 


10(b)  indicates  an  air  specific  impulse  of  186.6  seconds  for  an 
equivalence  ratio  of  1.0,  an  inlet  air  temperature  of  1360°  R, 
and  a combustion  pressure  of  2 atmospheres.  Point  C is 
thus  located  on  figure  10(d)  which  is  above  the  highest  line 
already  present.  A correction  to  a combustion  pressure  of 
0.2  atmosphere,  made  along  a dashed  line  converging  toward 
existing  lines  at  the  same  rate  at  which  they  converge  toward 
each  other,  locates  an  air  specific  impulse  of  181.2  seconds  at 
point  D.  By  direct  computation,  the  value  sought  is  180.9 
seconds. 

DETERMINATION  OF  AIR  SPECIFIC-IMPULSE  EFFICIENCY  AND 
COMBUSTION  EFFICIENCY 

Both  air  specific-impulse  efficiency  and  combustion  effi- 
ciency may  be  found  for  experimental  data  by  the  use  of  the 
curves  presented  herein.  Air  specific-impulse  efficiency  is 
defined  as  the  ratio  of  the  experimental  air  specific  impulse  to 
the  theoretical  air  specific  impulse  at  the  same  equivalence 
ratio : 

,Sa=(%fr)/*=con  st'}  (9) 

The  experimental  air  specific  impulse  must  be  computed  from 
experimental  measurements  as  discussed  in  the  appendix; 
the  theoretical  air  specific  impulse  is  read  from  the  curves  of 
ah*  specific  impulse  plot  ted  ^against  equivalence  ratio  for  a 
pressure  of  2 atmospheres  at  the  combustor-inlet  tempera- 
ture and  equivalence  ratio  applying  to  the  experimental  data. 
This  value  may  then  be  corrected  to  the  combustion  pressure 
used  in  the  actual  engine  by  the  method  described  previously. 

A combustion  efficiency  which  is  often  useful  can  be 
defined  as  the  ratio  of  the  theoretical  equivalence  ratio  to 
the  experimental  equivalence  ratio  required  to  produce  a 
given  air  specific  impulse  or  combustion  temperature: 

(Tc= const.)  (10) 

<Pexp/  tc 

and 

(Sa—  const.)  (11) 

<Pexp/Sa 

Fuel-air  ratios  may  replace  equivalence  ratios.  These 
definitions  are  valid  only  for  equivalence  ratios  of  1.0  or  less. 
When  the  experimental  data  are  obtained  at  pressures  other 
than  2 atmospheres,  a pressure  correction  may  be  applied 
conveniently  to  the  theoretical  equivalence  ratio  as  follows: 
The  experimental  combustion  temperature  or  ah*  specific 
impulse,  together  with  the  combustion  pressure,  is  entered 
on  the  semilogarithmic  graph  of  theoretical  combustion 
temperature  or  air  specific  impulse  plotted  against  combus- 
tion pressure  (part  (c)  or  (d)  of  figs.  7 to  13),  and  a line  of 
constant  composition  is  followed  to  a combustion  pressure 
of  2 atmospheres.  The  combustion  temperature  or  ah*  specific 
impulse,  adjusted  to  the  2-atmosphere  standard,  and  the 
experimental  inlet  air  temperature  are  then  used  on  the 
plots  of  combustion  temperature  or  ah*  specific  impulse 
plotted  against  inlet  air  temperature  and  equivalence  ratio 
to  find  the  theoretical  equivalence  ratio.  For  example, 
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suppose  that  boron  burned  at  an  inlet  air  temperature  of 
960°  R,  a combustion  pressure  of  0.2  atmosphere,  and  an 
equivalence  ratio  of  1.0  produces  an  experimental  air  specific 
impulse  of  176  seconds,  which  locates  point  E on  figure 
10(d).  Following  the  dashed  line  of  constant  composition 
to  point  F determines  a pressure- adjusted  air  specific  impulse 
of  180.9  seconds.  Locating  a point  in  figure  10(b)  at  180.9 
seconds  and  at  an  inlet  air  temperature  of  960°  R determines  7 
a theoretical  equivalence  ratio  of  0.89.  A combustion 
efficiency  of  0.89  is  then  found  by  means  of  equation  (11). 

In  equations  (9)  and  (11),  experimental  air  specific-impulse 
data  are  compared  with  theoretical  data  in  which  expansion 
at  fixed  composition  is  assumed.  If  the  recombination  rates 
are  such  that  some  adjustment  of  composition  is  obtained 
in  the  nozzle,  efficiencies  computed  from  these  equations  will 
tend  to  be  high  when  the  data  of  figures  7 to  13  are  used 
since  these  data  are  for  expansion  at  fixed  composition. 

DETERMINATION  OF  RELATIVE  FUEL-FLOW  REQUIREMENTS  FOR  GIVEN 

ENGINE 

In  instances  where  several  fuels  are  being  considered  for 
an  engine,  it  may  be  desired  to  know  the  relative  amounts 
of  each  fuel  required  to  obtain  a fixed  thrust  level.  The 
curves  of  air  specific  impulse  plotted  against  equivalence 
ratio  may  conveniently  be  used  for  determining  the  amounts 
of  fuel  if  advantage  is  taken  of  the  following  assumptions: 
The  combustion  efficiency  is  the  same  for  each  fuel,  and 
momentum  and  other  internal  pressure  losses  are  nearly  the 
same  for  each  fuel  at  a given  thrust  level. 

For  example,  a ramjet  engine  is  operated  with  octene-1  or 
any  other  reasonably  similar  hydrocarbon  at  an  equivalence 
ratio  of  0.737,  an  inlet  air  temperature  of  560°  R,  and  a com- 
bustion pressure  of  2 atmospheres.  From  figure  7(b),  the 
air  specific  impulse  for  octene-1  at  this  equivalence  ratio  and 
inlet  air  temperature  is  153.4  seconds.  By  the  use  of  figures 
8(b),  10(b),  11(b),  and  (12b)  for  50  percent  magnesium 
slurry,  boron,  pentaborane,  and  diborane,  the  equivalence 
ratios  required  to  produce  an  air  specific  impulse  of  153.4 
seconds  are  determined.  These  are  converted  to  fuel-air 
ratios  by  the  formula 


The  required  equivalence  ratios  and  fuel-air  ratios  are  pre- 
sented in  the  following  table: 


Fuel 

Equivalence 

ratio 

Fuel-air 

ratio 

Relative 
fuel  flow 

Octene-l . 

0. 737 

0. 0500 

1.00 

50  Percent  magnesium  slurry 

.57 

.0648 

1.30 

Boron 

.49 

.0513 

1.03 

Pentaborane 

.515 

. 0393 

.79 

Diborane 

. 525 

. 0351 

.70 

The  relative  fuel  flow  is  defined  in  this  case  as  the  ratio  of 
the  fuel-air  ratio  of  the  substitute  fuel  to  that  of  octene-1. 


The  stoichiometric  fuel-air  ratio  of  slurry  is  calculated  from 
the  expression 

/»A  _ 0^06781 
\WaJsi  1 — Cr 

where  C is  0.8078  for  magnesium  slurry.  The  value  of  C 
is  0.3519  for  boron  slurry,  0.7401  for  aluminum  slurry,  and 
0.11189  for  pentaborane  blends. 

A correction  of  fuel-air  ratios  for  combustion  pressures 
other  than  2 atmospheres  can  be  made  in  the  manner  pre- 
viously described  for  equivalence  ratios  used  to  determine 
combustion  efficiency. 

CONCLUDING  REMARKS 

An  analytical  evaluation  of  the  air  and  fuel  specific-impulse 
characteristics  of  magnesium,  magnesium — octene-1  slurries, 
aluminum,  aluminum — octene-1  slurries,  boron,  boron — 
octene-1  slurries,  carbon,  hydrogen,  a-methylnaphthalene, 
diborane,  pentaborane,  and  octene-1  is  presented  herein. 
While  chemical  equilibrium  was  assumed  in  the  combustion 
process,  the  expansion  was  assumed  to  occur  at  fixed 
composition. 

At  a fixed  air  specific  impulse  below  152  seconds,  the  fuel 
weight  specific  impulses  of  hydrogen,  diborane,  pentaborane, 
boron,  and  boron — octene-1  slurries  were  superior  to  octene-1 
for  a combustor-inlet  air  temperature  of  560°  R and.  a pres- 
sure of  2 atmospheres.  At  air  specific-impulse  values  of 
about  152  seconds  and  higher,  the  vaporization  of  boric 
oxide  B203  for  the  fuels  containing  boron  reduced  the  fuel 
specific  impulse  relative  to  octene-1. 

The  fuel-volume  specific  impulses  of  boron,  aluminum, 
carbon,  slurries  of  50  percent  boron  and  50  percent  octene-1 
by  weight,  magnesium,  pentaborane,  a-methyl  naphthalene, 
and  slurries  of  50  percent  magnesium  and  50  percent  octene-1 
by  weight  were  superior  to  octene-1  for  an  inlet  air  tempera- 
ture of  560°  R and  a combustion  pressure  of  2 atmospheres. 

The  effects  of  inlet  air  temperature  and  combustion  pres- 
sure were  investigated  for  the  following  fuels:  octene-1, 
50  percent  magnesium  slurry,  boron,  pentaborane,  diborane, 
hydrogen,  and  carbon.  Because  a limited  range  of  inlet  air 
temperatures  and  combustion  pressures  was  considered, 
methods  of  extending  the  data  to  other  inlet  conditions  were 
presented. 

Determination  of  air  specific-impulse  efficiency  and  com- 
bustion efficiency  for  experimental  combustion  by  means  of 
the  theoretical  data  herein  was  considered.  The  use  of  the 
theoretical  performance  data  in  determining  the  relative 
flows  of  the  various  fuels  to  an  engine  operating  at  a fixed 
thrust  level  was  discussed. 

Lewis  Flight  Propulsion  Laboratory 

National  Advisory  Committee  for  Aeronautics 
Cleveland,  Ohio,  September  14,  1953 


APPENDIX— COMPUTATION  OF  AIR  SPECIFIC  IMPULSE  FROM  EXPERIMENTAL  DATA 


The  determination  of  air  specific-impulse  efficiency  requires 
that  the  experimental  air  specific  impulse  be  computable. 
Suitable  measurements  of  pressure,  drag,  and  thrust  must  be 
made  on  the  experimental  engine  or  combustor  to  permit 
computation  of  the  stream  thrust  at  the  end  of  the  exhaust 
nozzle : 

).  <A1) 

This  equation  is  then  reduced  to  the  stream  thrust  function 
at  a condition  of  sonic  flow : 


where 


l+7eMI 


M. 


The  experimental  air  specific  impulse  is  then 


(A2) 

(A3) 


(A4) 


The  Mach  number  at  the  exhaust-nozzle  outlet  can  be 
estimated  from  the  equation 


Me= 


lwg,eVe 
V 7 effpAe 


(A5) 


For  convenience,  $(Mg)  may  be  found  from  tables  30  to  35 
of  reference  14  as  the  term  F/F*.  The  expression  <£(M)  is 
relatively  insensitive  to  y,  in  the  neighborhood  of  M equal  to 
1.0,  as  shown  in  the  following  table: 


M 

FjF*= 

<b(M) 

7.= 

7«  = 

1.1 

1.4 

0.7 

1.0599 

1.0451 

.8 

1.0231 

1.0185 

.9 

1.0051 

1.0034 

1.0 

1.0000 

1.0000 

1.1 

1.0041 

1. 0030 

1.2 

1.0148 

1. 0108 

1.3 

1.0305 

1.0217 

It  must  be  observed  that,  if  Me  is  determined  by  equation 
(A5),  the  error  in  4>(Me),  which  results  from  an  incorrect 
choice  of  ye,  will  exceed  that  shown  in  the  preceding  table. 
Data  in  reference  5 show  that  a satisfactory  value  of  ye  at 
high  combustion  temperatures  (or  high  ah  specific  impulse) 
would  be  1.2  to  1.3;  at  low  air  specific  impulse  or  combustion 
temperature,  values  of  1.3  to  1.4  can  be  employed. 

Because  equation  (A3)  is  based  on  the  assumption  of  ex- 


pansion at  fixed  composition,  it  cannot  be  used  to  correct 
experimental  data  to  sonic  conditions  when  there  is  reason 
to  believe  that  appreciable  recombination  has  occurred. 
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(a)  Variation  of  combustion  temperature  with  equivalence  ratio  and 
inlet  air  temperature.  Combustion  pressure,  2 atmospheres. 

(b)  Variation  of  air  specific  impulse  with  inlet  air  temperature  and 

equivalence  ratio.  Combustion  pressure,  2 atmospheres. 

Figure  7. — Effect  of  ramjet  combustor-inlet  conditions 


(c)  Variation  of  combustion  temperature  with  combust' on  pressure  at 

selected  equivalence  ratios.  Inlet  air  temperature,  560°  R. 

(d)  Variation  of  air  specific  impulse  with  combustion  pressure  at 

selected  equivalence  ratios.  Inlet  air  temperature,  560°  R. 

theoretical  combustion  performance  of  liquid  octene-1. 


Combustion  temperature, 
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(a)  Variation  of  combustion  temperature  with  equivalence  ratio  and 
inlet  air  temperature.  Combustion  pressure,  2 atmospheres. 

(b)  Variation  of  air  specific  impulse  with  inlet  air  temperature  and 

equivalence  ratio.  Combustion  pressure,  2 atmospheres. 

(c)  Variation  of  combustion  temperature  with  combustion  pressure  at 

selected  equivalence  ratios.  Inlet  air  temperature,  560°  R. 

(d)  Variation  of  air  specific  impulse  with  combustion  pressure  at 

selected  equivalence  ratios.  Inlet  air  temperature,  560°  R. 


Figure  8. — Effect  of  ramjet  combustor-inlet  conditions  on  theoretical  combustion  performance  of  50  percent  magnesium  slurry. 
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(a)  Variation  of  combustion  temperature  with  equivalence  ratio  and  (c) 
inlet  air  temperature.  Combustion  pressure,  2 atmospheres. 

(b)  Variation  of  air  specific  impulse  with  equivalence  ratio  and  inlet  (d) 

air  temperature.  Combustion  pressure,  2 atmospheres. 


Variation  of  combustion  temperature  with  combustion  pressure  at 
selected  equivalence  ratios.  Inlet  air  temperature,  560°  R. 

Variation  of  air  specific  impulse  with  combustion  pressure  at 
selected  equivalence  ratios.  Inlet  air  temperature,  560°  R. 


Figure  9. — Effect  of  ramjet  combustor-inlet  conditions  on  theoretical  combustion  performance  of  carbon  (graphite). 
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Equivalence  ratio,  <p 


(a)  Variation  of  combustion  temperature  with  inlet  air  temperature  (c)  Variation  of  combustion  temperature  with  combustion  pressure  at 

and  equivalence  ratio.  Combustion  pressure,  2 atmospheres.  selected  equivalence  ratios.  Inlet  air  temperature,  560°  R. 

(b)  Variation  of  air  specific  impulse  with  inlet  air  temperature  and  (d)  Variation  of  air  specific  impulse  with  combustion  pressure  at 

equivalence  ratio.  Combustion  pressure,  2 atmospheres.  selected  equivalence  ratios.  Inlet  air  temperature,  560°  R. 

Figure  10. — -Effect  of  ramjet  combustor-inlet  conditions  on  theoretical  combustion  performance  of  crystalline  boron. 
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(b)  Variation  of  air  specific  impulse  with  inlet  air  temperature  and 
equivalence  ratio.  Combustion  pressure,  2 atmospheres. 


(c)  Variation  of  combustion  temperature  with  combustion  pressure  at 

selected  equivalence  ratios.  Inlet  air  temperature,  560°  R. 

(d)  Variation  of  air  specific  impulse  with  combustion  pressure  at 

selected  equivalence  ratios.  Inlet  air  temperature,  560°  R. 


Figure  11— Effect  of  ramjet  combustor-inlet  conditions  on  theoretical  combustion  performance  of  liquid  pentaborane. 
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(a)  Variation  of  combustion  temperature  with  equivalence  ratio  and 
inlet  air  temperature.  Combustion  pressure,  2 atmospheres. 

(b)  Variation  of  air  specific  impulse  with  inlet  air  temperature  and 

equivalence  ratio.  Combustion  pressure,  2 atmospheres. 

Figure  12.— Effect  of  ramjet  combustor-inlet  conditions 


selected  equivalence  ratios.  Inlet  air  temperature,  560°  R. 

(d)  Variation  of  air  specific  impulse  with  combustion  pressure  at 
selected  equivalence  ratios.  Inlet  air  temperature,  560°  R. 

theoretical  combustion  performance  of  liquid  diborane. 


REPORT  1363 


ORIGIN  AND  PREVENTION  OF  CRASH  FIRES  IN  TURBOJET  AIRCRAFT  1 


By  I.  Irving  Pinkel,  Solomon  Weiss,  G.  Merritt  Preston,  and  Gerard  J.  Pesman 


SUMMARY 


The  tendency  for  the  jet  engine  rotor  to  continue  to  rotate  after 
crash  presents  the  probability  that  crash-spilled  combustibles 
suspended  in  the  air  or  puddled  on  the  ground  at  the  engine 
inlet  may  be  sucked  into  the  engine . Studies  with  jet  engines 
operating  on  a test  stand  and  full-scale  crashes  of  turbojet- 
powered  airplanes  showed  that  combustibles  drawn  into  the 
engine  in  this  way  ignite  explosively  within  the  engine.  Flames 
that  could  set  the  major  fire  appear  at  the  engine  tailpipe  and 
often  at  the  inlet  when  this  explosive  ignition  occurs.  This 
ignition  may  occur  on  the  hot  metal  of  the  engine  interior  even 
after  the  combustor  flame  is  extinguished  and  the  engine  rotor 
is  coasting  to  rest. 

Experiment  showed  that  the  gas  flow  through  the  engine  is 
too  rapid  to  permit  the  ignition  of  ingested  combustibles  on  the 
hot  metal  in  contact  with  the  main  gas  stream.  Ignition  will 
occur  on  those  hot  surfaces  not  in  the  main  gas  stream.  A 
portion  of  the  engine  airflow  is  diverted  for  cooling  and  ventila- 
tion to  these  zones  where  the  gas  moves  slowly  enough  for 
ignition  to  occur. 

The  limited  extent  of  the  hot-metal  zones  that  may  start  a 
fire  permitted  an  approach  to  inerting  the  engine  that  involved 
the  simultaneous  initiation  of  the  following  actions  immediately 
upon  crash  impact:  (1)  Shut  of  fuel  flow  to  engine;  (2)  spray 
coolant  (water)  on  those  hot  surfaces  found  to  be  ignition  sources; 
(3)  disconnect  airplane  electrical  system  at  the  battery  and 
generator. 

The  effectiveness  of  this  approach  was  evaluated  by  crashing 
airplanes  powered  by  jet  engines . Pylon-mounted  engines 
attached  to  the  wings  were  used  to  simulate  airplanes  with 
exposed  pod  nacelles.  Fighters  represented  airplane  types 
whose  engines  are  contained  within  the  main  airplane  struc- 
ture. The  quantity  of  water  required  as  a coclant  ranged  from 
9 to  12  gallons  for  each  engine , depending  on  the  engine  and 
the  length  of  the  attached  tailpipe.  No  fires  occurred  in  six 
crashes  in  which  the  inerting  system  was  used.  Two  airplanes 
crashed  without  protection  caught  fire . 

INTRODUCTION 

NACA  research  on  the  origin  of  crash  fires,  begun  in  1949, 
has  been  extended  to  include  jet  aircraft.  The  work  per- 
formed with  jet  aircraft  followed  an  extensive  program  with 
piston-engine  airplanes  (ref.  1)  which  was  documented  with 
motion  pictures  (ref.  2).  The  objective  of  this  work  is  to 
learn  how  turbojet  crash  fires  start  and  to  study  means  for 
reducing  their  likelihood.  This  report  discusses  the  results 


of  the  study  and  describes  a method  developed  to  reduce 
the  probability  of  such  crash  fires. 

Since  jet  airplanes  have  the  same  gross  configuration  and 
assortment  of  components  as  piston-engine  airplanes,  much 
of  what  was  learned  about  the  start  of  crash  fires  in  piston- 
engine  airplanes  applies  to  the  turbojet.  In  the  jet  phase 
of  the  research  new  elements  of  the  problem,  peculiar  to 
the  jet  airplane,  were  emphasized.  These  include  the  jet 
engine,  jet  fuel,  increased  fuel  quantity,  and  differences  in 
fuel  location.  Of  these  new  elements,  the  jet  engine  is  most 
important.  Ignition  hazards  presented  by  friction  and 
electrostatic  sparks,  electrical  arcs  and  sparks,  and  air 
heaters  remain  substantially  the  same  for  piston-engine 
and  jet  airplanes.  Some  safety  advantage  is  obtained  from 
the  lower  volatility  of  jet  fuels,  but  some  of  this  advantage 
is  counteracted  by  the  increased  quantity  of  fuel  and  its 
broader  distribution  on  the  airplane. 

In  this  report  interest  is  centered  on  the  part  the  turbojet 
engine  plays  in  setting  crash  fires.  Because  of  the  knowledge 
gained  about  combustible  spillage  and  movement  in  crashes 
with  piston-engine  airplanes,  this  combustible  spillage  could 
be  simulated  for  a jet  engine  on  a test  stand.  Therefore,  the 
crash-fire  hazard  presented  by  the  jet  engine  could  be 
assessed  by  test-stand  studies.  At  appropriate  times,  air- 
planes with  jet  engines  were  crashed  to  verify  important 
results  obtained  on  the  test  stand. 

MECHANISM  OF  TURBOJET- AIRCRAFT  CRASH  FIRE 

The  start  of  a crash  fire  involves  three  major  steps: 
movement  of  the  crash-spilled  combustibles  to  an  ignition 
source,  ignition  of  the  combustible  at  the  source,  and  spread 
of  fire  to  the  main  body  of  fuel  on  the  airplane.  The  move- 
ment of  crash-spilled  fuel  to  ignition  zones  and  the  spread 
of  the  fire  were  observed  in  the  work  with  piston  engines 
and  are  reported  in  detail  in  reference  1.  There  remains, 
then,  the  matter  of  understanding  how  the  turbojet  acts 
as  an  ignition  source. 

In  order  to  observe  how  crash  fires  start  with  jet  aircraft, 
two  experimental  full-scale  crashes  were  conducted  with 
turbojet  aircraft  having  different  engine  installations.  One 
of  the  aircraft  was  a C-82  airplane.  The  piston  engines 
normally  carried  were  replaced  with  either  J35  or  J47 
engines,  pylon-mounted  to  each  wing  to  simulate  a bomber- 
type  engine  installation.  The  airplane  with  turbojets  is 
shown  in  figure  1.  A fighter-type  engine  installation  was 
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^ Jet  engines 


(b) 

(a)  Front  view. 

(b)  Side  view. 


Figure  1. — Jet  engines  pylon-mounted  to  wing  of  cargo  airplane. 

represented  by  an  F-84  airplane  whose  J35  engine  is  sub- 
merged in  its  fuselage. 

These  crashes  simulated  takeoff  or  landing  accidents, 
which  occur  at  low  airplane  speed  where  the  chance  for 
human  survival  of  the  crash  impact  is  high.  In  the  ex- 
perimental C-82  crash,  turbojets  accelerated  the  airplane 
from  rest  to  a speed  of  about  90  miles  per  hour  along  a 
1700-foot  runway.  A crash  abutment  (ref.  3)  at  the  end 
of  the  runway  was  arranged  to  rip  off  the  landing  gear, 
while  a pair  of  poles  on  each  side  of  the  wing  tore  open  the 
fuel  tanks  containing  1000  gallons  of  JP-4  fuel. 

The  airplane  as  it  struck  the  barrier  is  shown  in  figure 
2(a).  The  cloud  of  fuel  mist  (liquid  droplets  suspended  in 
air)  that  appeared  when  fuel  spillage  occurred  while  the 
airplane  was  in  motion  is  evident  at  the  breach  in  both 
wings  (fig.  2(b)).  Red  dye  in  the  fuel  accounts  for  the 
bright  color  of  the  fuel  cloud.  As  the  crashed  airplane 
slowed,  the  fuel  mist  moved  forward  of  the  wing  and  reached 
the  air  inlet  on  the  left  engine  (fig.  2(c)).  A strong  cross 


wind  swept  the  fuel  mist  away  from  the  engine  on  the  right 
wing. 

Fuel  mist  ingested  by  the  left  engine  was  ignited  some 
where  within  the  engine.  The  ignited  fuel  mist  produced 
the  flames  at  the  tailpipe  and  inlet  shown  in  figure  2(d). 
These  exposed  engine  flames  ignited  the  fuel  spilling  from 
the  wing  (fig.  2(e)).  The  flame  spread  through  this  fuel  to 
the  wing  to  produce  the  stable  fire  shown  in  figure  2(f). 

The  F-84  fighter  (fig.  3),  carrying  its  turbojet  submerged 
in  the  fuselage  structure,  caught  fire  in  a similar  crash.  In 
this  crash  the  fuel  that  entered  the  engine  inlet  was  spilled 
from  a fuselage  tank  adjacent  to  the  engine-inlet  duct. 
Arrangements  for  ensuring  the  failure  of  this  tank  in  the 
crash  are  shown  in  figure  4.  A driving  strut  was  attached 
at  one  end  to  the  nose  wheel  strut.  The  free  end  of  the 
driving  strut  carried  a spear-like  tank  cutter  aimed  at  the 
fuselage  fuel  tank,  whose  wall  is  adjacent  to  that  of  the 
air  duct.  When  the  nose  wheel  strut  failed  rearward  in 
crash,  the  driving  strut  cut  the  duct  and  tank  walls.  Fuel 
in  liquid  form  poured  into  the  air  duct  and  was  drawn  into 
the  engine. 

A crash  of  the  F-84  is  shown  in  the  sequence  in  figure 
5.  Upon  passing  through  the  crash  barrier  the  airplane 
flew  over  a ditch  toward  rising  ground.  The  fuel  spilled 
from  the  damaged  wing  tanks  in  mist  form  and  moved  to 
the  rear  of  the  airplane  (fig.  5(a)),  which  was  traveling 
about  100  miles  per  hour.  When  the  nose  gear  collapsed 
upon  contact  with  the  ground,  the  fuselage  fuel  tank  was 
pierced.  Fuel  poured  from  this  tank  into  the  engine-inlet 
duct.  Ignition  of  this  fuel  within  the  engine  provided  a 
succession  of  flame  puffs  issuing  from  the  tailpipe,  one  of 
which  is  shown  in  figure  5(b).  These  flame  puffs  moved 
into  the  wake  of  the  airplane  and  continued  to  burn  as 
isolated  masses.  Fuel  spilling  from  the  wing  was  ignited 
by  these  flames  at  the  rear  of  the  airplane  (fig.  5(c)).  The 
resulting  fire  moved  forward  through  the  fuel  spilling  from 
the  wing  and  reached  the  slowing  airplane  to  produce  the 
fire  shown  in  figure  5(d). 

The  fire  that  occurred  in  these  crashes  of  the  cargo  airplane 
with  externally  mounted  engines  and  the  fighter  with  a 
submerged  engine  showed  that  fuel  ingested  with  the  engine 
air  can  ignite  within  the  engine.  The  flames  produced  may 
reach  out  of  the  engine  tailpipe  and  inlet  to  ignite  com- 
bustibles spilled  around  the  crashed  airplane. 

ROLE  OF  TURBOJET  ENGINE  IN  SETTING  CRASH  FIRES 

The  crash  fires  just  described  show  that  the  turbojet 
plays  a threefold  role  in  setting  the  crash  fires.  First, 
because  the  turbojet  has  no  propeller  to  strike  the  ground 
and  stop  the  compressor  and  turbine  rotation  when  crash 
occurs,  the  engine  continues  to  operate.  The  large  air  mass 
flow  into  the  engine  is  drawn  from  a broad  zone  ahead  of 
the  engine  inlet.  Combustibles  spilled  into  this  zone  are 
sucked  into  the  engine  with  this  air.  This  ingestion  of 
combustibles  is  the  first  step  leading  to  the  start  of  fire  by 
the  engine.  Second,  combustibles  drawn  into  the  engine 
as  liquid  are  well  mixed  with  air  by  the  compressor.  Wetting 
of  the  compressor  blades,  particularly  those  of  the  rotor, 
promotes  the  evaporation  of  the  liquid  combustible  in  the 
air.  Evaporation  is  further  promoted  by  the  heating  of  the 
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(a)  Airplane  contacting  barrier. 


(b)  Fuel-mist  cloud,  0.8  second  after  initial  impact. 


(c)  Fuel  mist  entering  left  engine,  2.5  seconds  after 
initial  impact. 


(d)  Fire  at  engine  inlet  and  tailpipe  of  left  engine, 
2.6  seconds  after  initial  impact. 


(e)  Fire  spread  to  fuel  mist  issuing  from  left  wing, 
2.8  seconds  after  initial  impact. 


(f)  Spread  of  fire,  4.0  seconds  after  initial  impact. 


Figure  2. — Development  of  crash  fire  in  simulated  jet  bomber. 
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Figure  3. — F-84  Fighter  airplane  used  in  crash-fire  investigation. 


air  in  the  compressor.  The  ingested  fuel,  favorably  con- 
ditioned for  ignition,  then  moves  into  zones  in  the  hot  end 
of  the  engine  containing  combustor  flame  and  metal  above 
the  ignition  temperature  of  petroleum  fuels  where  ignition 
occurs.  Third,  the  resulting  flame  propagates  out  of  the 
engine  to  spread  the  fire. 

Even  if  a pylon-mounted  engine  is  torn  free  in  a crash,  its 
essential  role  in  setting  fires  is  unchanged.  The  normal 
fuel  flow  to  the  combustor  is  cut  off  upon  engine  separation, 
but  the  kinetic  energy  stored  in  the  rotor  maintains  the 
compressor  airflow.  The  inlet  air  velocity  remains  high 
enough  for  about  5 seconds  after  combustor  fuel  cutoff  for 
appreciable  entrainment  of  spilled  combustibles  with  the 
inlet  air.  The  probability  of  fuel  ingestion  is  increased 
when  the  engine  tumbles  into  the  fuel  deposited  under  or 


(a)  Wing-tank  fuel  spillage,  0.35  second  after  initial 
impact. 


Figure  4. — Schematic  diagram  of  F-84  tank-cutting  mechanism, 
behind  the  airplane. 

A turbojet  disintegrating  in  a crash  could  scatter  hot- 
metal  parts  and  burning  combustor  fuel  into  fuel-wetted 
areas.  The  resulting  fire  hazard  is  obvious  and  is  not  con- 
sidered a subject  for  research.  Experience  gained  in  experi- 
mental crashes  of  turbojet  aircraft  in  this  and  related  pro- 
grams has  shown  that  there  is  little  likelihood  that  the 
engine  will  come  apart  in  a crash  impact  that  is  survivable. 
In  no  case  did  the  engine  break  in  crashes  involving  a total 


(b)  Flames  at  engine  tailpipe,  0.75  second  after 
initial  impact. 


Figure  5. — Development  of  crash  fire  in  jet  fighter. 


ORIGIN  AND  PREVENTION  OF  CRASH  FIRES  IN  TURBOJET  AIRCRAFT 


627 


of  23  engines,  yet  some  of  these  crashes  produced  airplane 
decelerations  well  beyond  human  endurance. 

The  characteristics  of  the  engine  as  a source  of  ignition 
received  the  most  attention  in  this  work.  Understanding 
the  ignition  process  within  the  engine  was  considered  the  key 
to  any  useful  approach  to  reducing  this  crash-fire  hazard. 

FUEL  INGESTION 

An  operating  turbojet  draws  its  air  from  a stream  tube  of 
diameter  less  than  that  of  the  engine  inlet  when  the  airplane 
is  flying.  When  the  engine  is  moving  with  low  forward 
speed  on  the  ground,  the  static  pressure  at  the  inlet  is  less 
than  atmospheric  and  the  stream- tube  diameter  is  greater 
than  the  engine-inlet  diameter.  This  condition  exists  when 
the  airplane  slows  in  crash.  This  stream  tube  broadens 
further  if  the  engine  comes  close  to  the  ground  as  the  airplane 
breaks  up. 

Liquid  combustibles  sprayed  into  areas  of  low  velocity  in 
the  inlet  stream  tube  may  drop  to  the  ground  before  they 
reach  the  engine  inlet.  Liquid  suspended  in  air  (mist) 
entering  the  same  zones  is  drawn  into  the  inlet.  Streams 
or  jets  of  liquid  combustibles  projected  into  the  high- 
velocity  air  within  a few  inlet  diameters  of  the  engine  are 
also  drawn  into  the  inlet.  As  the  velocity  of  the  inlet  air 
decreases  with  engine  rotor  speed,  the  distance  at  which 
ingestion  of  these  streams  or  jets  occurs  shortens  corre- 
spondingly. 

Liquid  fuel  may  be  sucked  into  the  engine  from  pools  of 
fuel  on  the  ground  in  front  of  the  inlet.  If  the  engine  is  on 
the  ground,  this  fuel  is  drawn  into  the  engine  with  the  inlet 
air.  If  the  engine  is  above  the  ground,  a vortex  that  some- 
times develops  at  the  inlet  and  extends  to  the  ground  may 
raise  liquid  fuel  from  the  ground  into  the  intake  airstream 
(ref.  4).  Also,  fuel  stored  in  tanks  adjacent  to  engine  air- 
intake  ducts  could  pour  into  the  duct  when  walls  separating 
them  are  breached. 

Evaporation  of  liquid  pools  of  fuel  or  fuel  from  wetted 
surfaces  is  a relatively  slow  process.  This  is  particularly 
true  for  jet  fuels  with  volatilities  lower  than  aviation  gaso- 
line. Therefore,  the  vapors  emanating  from  liquid  fuel, 
spilled  in  the  zone  of  influence  of  the  inlet  stream  tube, 
rarely  will  be  sufficient  to  produce  a combustible  mixture 
with  the  large  mass  airflow  into  the  engine.  Usually, 
ignitible  concentrations  of  combustibles  will  enter  the  engine 
only  when  liquids  are  ingested.  These  liquids  may  be  in 
solid  streams  or  mist  form. 

ENGINE  IGNITION  SOURCES 

The  two  principal  engine  ignition  sources,  combustor 
flames  and  hot-metal  surfaces,  are  sufficiently7  different  in 
their  behavior  to  merit  separate  discussion.  These  differ- 
ences relate  to  the  time  these  sources  persist  after  crash, 
the  manner  in  which  ignition  occurs,  and  the  mode  of  propa- 
gation of  the  resulting  fire  out  of  the  engine. 

Combustor  flames. — If  normal  combustor  fuel  flow 
continues  after  crash,  the  combustor  flame  persists  as  long 
as  fuel  remains  in  the  tank.  Combustibles  ingested  with 
the  engine  intake  air  are  ignited  immediately  upon  contact 
with  this  flame.  Since  this  ingested  fuel  enters  the  com- 
bustor through  air  openings  in  its  liner,  which  extend  to  the 


downstream  end  of  the  combustor,  the  burning  of  this  fuel 
is  not  completed  in  the  combustor.  The  fuel  continues  to 
burn  in  the  tailpipe  downstream  of  the  turbine.  Exposed 
flames  that  could  start  the  crash  fire  might  appear  at  the 
tailpipe  exit,  particularly  if  the  tailpipe  is  short.  Ignition 
of  the  ingested  fuel-air  mixture  will  occur  even  if  it  is  some- 
what leaner  than  the  conventional  lower  combustible  limit, 
because  it  is  intimately  mixed  with  the  combustor  flame. 

If  the  fuel  flow  to  the  combustor  is  cut  off  by  intent  or  acci- 
dent, the  main  combustor  flame  is  extinguished  at  once. 
However,  the  fuel  manifold  continues  to  drain  slowly  through 
the  lower  fuel  nozzles  to  support  small  adjacent  residual  fires. 
These  fires  were  observed  in  test-stand  engine  studies  through 
windows  in  the  combustor.  The  flames  were  visible  up  to 
8 seconds  after  combustor  fuel  shutoff  when  the  engine  was 
operated  at  rated  sea-level  conditions.  The  ignition  hazard 
provided  by  these  residual  flames  compares  with  that  of  the 
full  combustor  flame.  However,  the  ingested  fuel  would 
have  to  produce  mixtures  within  the  conventional  combusti- 
ble limits  for  the  small  residual  flames  to  produce  ignition. 

Flames  originating  within  the  engine  may  also  appear  at 
the  engine  inlet  as  observed  in  figure  2(d).  The  appearance 
of  this  inlet  flame  may  be  explained  in  the  following  way. 
Burning  of  ingested  fuel  in  the  combustor  flame  reduces  the 
turbine-inlet  gas  density.  A higher  pressure  in  the  combustor 
is  required  to  pass  the  gas  through  the  turbine.  When  an 
abrupt  change  in  over-all  combustor  fuel-air  ratio  is  provided 
by  the  ingested  fuel,  the  pressure  in  the  combustor  required 
to  pass  the  combustor  gas  through  the  turbine  may  exceed 
the  capability  of  the  compressor  at  the  existing  rotor  speed. 
The  compressor  flow  may  stall  before  the  turbine  can  acceler- 
ate the  rotor  to  a speed  that  will  provide  the  necessary 
pressure.  At  this  moment  the  combustor  flame  may  propa- 
gate upstream  through  the  ingested  combustible  mixture  that 
fills  the  stalled  compressor  and  exit  at  the  engine  inlet. 

Hot-metal  surfaces. — If  combustor  fuel  shutoff  is  provided 
upon  crash  and  residual  flames  are  avoided,  the  hot  engine 
metal  may  be  a potential  ignitor.  Consequently,  the  temper- 
atures of  characteristic  engine  parts  downstream  of  the  com- 
pressor were  measured  on  test-stand  engines  at  locations 
shown  in  figure  6 for  a period  following  combustor  fuel  shut- 
off. Thermocouples  reading  temperatures  on  rotating  engine 
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Figure  6. — Thermocouple  locations  on  J4T  engine. 
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parts  were  connected  to  recorders  through  slip  rings  on  the 
engine  shaft. 

Maximum  temperatures  obtained  with  the  J47  and  J35 
engines  running  on  the  test  stand  were  comparable  (fig.  7). 
Temperatures  of  similar  locations  in  the  J30  engine,  which 
are  not  given  here,  were  also  comparable  to  those  recorded 
on  the  J47  and  J35  engines. 

The  engine  metal  temperatures  aft  of  the  compressor  are 
discussed  in  detail  in  appendix  A.  These  temperature  meas- 
urements showed  that  all  the  metal  downstream  of  the  com- 
pressor was  above  the  laboratory  measured  ignition  tempera- 
ture of  jet  fuels  and  lubricants.  These  parts  were  at  danger- 
ous temperatures  for  varying  periods  of  time  after  the  com- 
bustor fuel  was  shut  off.  However,  temperature  alone  is  an 
insufficient  measure  of  the  ignition  potential  of  a hot  surface. 

In  contrast  with  flame  ignition,  which  is  instantaneous  in 
terms  of  time  intervals  significant  in  this  problem,  ignition 
of  combustible  atmospheres  by  hot  surfaces  is  not  instantane- 
ous. An  appreciable  contact  time  is  required  between  the 
combustible  atmosphere  and  the  hot  surface  in  order  for 
ignition  to  occur.  The  contact  time  required  for  ignition 
on  hot  surfaces  has  been  the  subject  of  some  recent  experi- 
ments. Unfortunately,  much  of  the  experimental  data  on 
ignition  of  combustible  atmospheres  flowing  over  hot  surfaces 
was  obtained  with  single-constituent  hydrocarbon  fuels  under 
conditions  that  hardly  approximate  those  in  a jet  engine. 
Some  data  obtained  with  jet  fuels,  however,  show  the  impor- 
tant trends  and  the  orders  of  magnitude  involved. 

The  relation  between  surface  temperature  and  contact 
time  required  for  ignition  is  shown  by  data  given  in  figure 
8(a)  for  JP-4  fuel  (refs.  5 and  6 and  unpublished  NACA 
data).  Two  main  trends  are  evident.  (1)  The  required 
contact  time  decreases  with  increasing  surface  temperature. 
(2)  When  the  combustible  atmosphere  is  at  high  pressure, 
which  exists  within  an  engine  during  the  initial  stages  of  a 
crash,  ignition  is  possible  at  a lower  surface  temperature  for  a 
given  contact  time.  As  the  pressure  decreases  to  atmos- 


Figure 7. — Maximum  temperatures  of  metal  components  in  main  gas 
stream  of  J47  and  J35  engines. 


pheric,  ignition  occurs  at  higher  temperatures  for  a particular 
contact  time. 

The  corresponding  curves  for  kerosene  and  115/145  and 
100/130  aviation  gasolines  (refs.  7 and  8)  show  the  same 
trends  as  the  curves  for  JP-4  fuel  (fig.  8(b)).  The  fact 
that  a contact  time  of  more  than  0.1  second  is  required  to 
ignite  a combustible  atmosphere  of  JP-4  fuel  on  a 1000°  F 
surface  and  a combustible  atmosphere  of  gasoline  on  a 1400° 
F surface  is  important  in  the  problem  being  investigated 
herein. 


(a)  JP-4  Fuel. 


(b)  Kerosene  and  115/145  and  100/130  aviation  gasolines. 
Figure  8. — Ignition  characteristics  of  aviation  fuels. 
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A study  of  the  gas  velocity  through  the  hot  zones  of  the 
engine  in  the  main  gas  stream  showed  that  combustibles 
pass  through  these  zones  too  rapidly  to  ignite.  This  is  true 
for  approximately  20  seconds  following  engine  combustor 
fuel  shutoff.  After  this  period,  the  probability  of  fuel  inges- 
tion is  quite  low.  The  engine  temperature  and  velocity 
data  used  in  this  study  are  discussed  in  appendix  B for  the 
J35  engine.  In  these  studies  the  engine  temperature  and  air 
velocity  data  provided  in  figures  9 and  10  were  used.  Similar 
studies  which  led  to  the  same  result  were  made  for  the  J30 
and  J47  engines.  The  method  of  analysis  discussed  in  ap- 
pendix B provides  a first  appraisal  of  the  possibility  of  igni- 
tion of  ingested  combustibles  by  components  in  the  main  gas 
stream. 

While  the  analysis  showed  the  J30,  J35,  and  J47  engines 
safe  in  this  regard,  it  is  conceivable  that,  with  larger  engines, 
ignition  on  the  hot  metal  in  the  main  gas  stream  may  be 
possible.  The  longer  components  of  the  larger  engines  pro- 
vide a longer  transit  time  for  the  combustible  atmosphere 
moving  by.  Minimum  contact  times  for  ignition  may  then 
exist  for  components  in  the  main  gas  stream.  The  method 
discussed  in  appendix  B is  useful  in  determining  when  this 
may  occur. 

While  ignition  by  hot  surfaces  is  unlikely  in  the  main  gas 
streams  of  the  engines  studied,  there  are  other  zones  in  the 
engine  where  hot-metal  ignition  is  likely.  The  hot- metal 
ignition  zones  within  the  engines  studied  were  found  to  be  in 
those  areas  where  the  gas  velocity  is  less  than  that  of  the  main 
gas  stream.  A small  portion  of  the  engine  gas  flow  is  di- 
verted to  hot  zones  in  the  engine  where  sufficient  contact 


Ficure  9.— Air  velocity  through  J35  engine  after  combustor  fuel 

shutoff. 


time  for  ignition  exists.  The  quantity  of  gas  diverted  is 
sometimes  unknown,  and  the  geometry  of  the  flow  in  the  di- 
version zones  is  uncertain.  For  these  reasons  the  period 
over  which  these  diversion  zones  were  hazardous  was  difficult 
to  define  based  upon  an  analysis  involving  surface  tempera- 
ture and  contact  time. 

Tlie  ignition  zones  were  identified  in  test-stand  engines  by 
the  method  discussed  in  detail  in  appendix  C.  The  technique 
employed  involved  the  use  of  fuel  sprays  local  to  the  engine 
zone  suspected  as  an  ignition  source.  Following  engine 
operation  at  rated  conditions  for  a time  sufficient  to  estab- 
lish temperature  equilibrium,  the  fuel  flow  to  the  combustor 
was  turned  off  and  the  fuel  spray  was  turned  on  local  to  the 
zone  under  study.  The  fuel  flow  was  programmed  to  main- 
tain a combustible  atmosphere  in  the  zone.  If  ignition  oc- 
curred, inerting  means  were  installed  to  prevent  the  ignition 
in  subsequent  tests  of  upstream  zones.  By  starting  at  the 
downstream  end  of  the  engine  and  proceeding  upstream  in 
this  way,  each  ignition  zone  was  identified  and  inerted  in 
turn.  As  a final  check  after  all  the  zones  were  inerted,  fuel 
was  injected  into  the  main  gas  stream  to  determine  whether 
ignition  would  occur.  In  this  manner,  ignition  zones  were 
found  on  the  combustor  liner,  transition  liner,  turbine,  inner 
cone,  and  tailcone  and  tailpipe  (fig.  11). 

Combustor  liner:  The  ignition  zone  found  on  the  com- 
bustor liner  was  the  dome,  which  lies  close  to  the  primary 
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Turbine -inlet 
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Figure  11. — Hot-metal  ignition  sources  found  in  J35  engine. 

combustion  zone.  The  metal  adjacent  to  the  dome  is 
heated  by  the  combustor  flame  and  attains  unsafe  tempera- 
tures in  spite  of  the  cooling  provided  by  the  adjacent  air. 
Also,  in  this  region  the  engine  air  is  caused  to  recirculate  bv 
design  to  provide  a zone  of  low  transitional  speed  and  pro- 
mote good  combustion.  Both  the  hot  metal  of  the  com- 
bustor liner  adjacent  to  the  dome  and  the  residual  flames 
previously  discussed  make  this  zone  particularly  hazardous. 
The  size  of  this  zone  is  difficult  to  define,  since  it  depends  on 
the  air  temperature  at  the  compressor  outlet,  the  combustor 
design,  and  the  ignition  characteristics  of  the  combustibles 
sucked  into  the  engine. 

Transition  liner:  The  outside  surface  of  the  transition 
liner,  which  joins  the  combustor  to  the  turbine,  is  another 
ignition  zone.  A small  quantity  of  air  flows  continuously 
from  the  combustor  over  the  outer  surface  of  the  transition 
liner.  Combustibles  sucked  into  the  engine  inlet  are 
brought  to  the  outside  surface  of  the  liner  with  this  air.  In 
some  engines  this  air  is  drawn  through  the  hollow  turbine- 
inlet  guide  vanes  for  cooling.  These  vanes  are  at  the  same 
high  temperature  as  the  transition  liner  and  must  be  counted 
as  an  ignition  source  in  this  engine  zone. 

Turbine:  The  cavity  containing  the  turbine  wheel  is  a zone 
of  low  gas  velocity.  The  combustibles  sucked  into  the  engine 
inlet  are  delivered  to  each  face  of  the  turbine  wheel  with  the 
cooling  air  drawn  from  the  higher  compressor  stages.  This 
air  moves  slowly  enough  for  ignition  to  occur  on  the  turbine- 
wheel  faces  and  on  the  inner-cone  base  diaphragm. 

Inner  cone:  Combustible  atmospheres  delivered  to  the 
turbine  wheel  from  the  compressor  can  enter  the  interior  of 
the  inner  cone  through  vent  holes.  In  some  engines  these 
vent  holes  are  located  at  the  base  of  the  tailcone  as  shown 


Figure  12. — J35  Inner-cone  base  diaphragm. 

in  figure  12.  The  plane  of  the  inner-cone  base  is  parallel 
to  the  turbine  wheel.  Combustibles  entering  the  cone 
could  ignite  on  the  hot  walls  of  its  quiescent  interior.  The 
slight  damage  to  the  base  diaphragm,  indicated  in  the  figure, 
followed  ignition  in  the  interior.  The  resulting  flame  might 
ignite  the  combustible  atmosphere  streaming  through  the 
engine  to  produce  the  dangerous  flames  at  the  engine  inlet 
and  tailpipe  shown  in  figure  13. 

Tailcone  and  tailpipe:  The  ignition  zones  discussed  pre- 
viously were  all  that  were  found  within  these  engines. 
Experiments  showed  that  fires  could  also  be  obtained  when 
fuels  or  lubricants  contacted  the  outside  surface  of  the  tail- 
cone and  tailpipe.  The  fire  produced  by  jet  fuel  on  an 
engine  tailpipe  is  shown  in  figure  14.  For  engines  having  a 
pressure  ratio  of  5 or  less,  the  unsafe  exterior  surfaces  were 
confined  to  the  tailcone  and  tailpipe. 

CRASH-FIRE  INERTING  SYSTEM  FOR  TURBOJET  AIRPLANES 

If  fuel  ingestion  could  be  prevented,  a study  of  the  engine 
ignition  would  not  be  necessary.  A review  of  possible 
methods  and  means  for  employing  closures  at  the  inlet, 
outlet,  or  within  the  engine  to  prevent  fuel  ingestion  on 
crash  indicated  little  hope  for  this  approach.  Unacceptable 


(a)  Tailpipe  (b)  Inlet. 

Figure  13. — Flames  issuing  from  engine  following  explosive  ignition  of  fuel  within  engine. 
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Figure  14. — Fuel  ignition  on  tailcone  surface. 


weight  and  complexity  were  required  in  the  closure  equip- 
ment necessary  to  meet  the  stringent  specifications  of  fast 
actuation  and  strength  to  support  the  pressure  differences 
developed  by  the  compressor. 

Previous  crash  research  with  piston-engine  airplanes 
showed  that  a marked  reduction  in  the  crash-fire  hazard 
could  be  realized  by  controlling  potential  ignition  sources 
(ref.  1).  Most  of  the  ignition  sources  carried  on  the  airplane 
are  associated  with  the  electrical  system  and  the  engine. 
By  de-energizing  the  electrical  system  and  inerting  the  en- 
gine ignition  zones  upon  crash,  most  of  the  fire  hazard  is 
overcome. 

The  electrical  system  can  be  de-energized  by  opening  the 
generator  and  battery  circuits.  The  armatures  of  main 
electrical  components  likely  to  generate  dangerous  voltages 
as  they  coast  to  a stop  are  grounded  close  to  these  com- 


ponents. In  this  way  these  armatures  are  brought  to  a 
rapid  stop,  and  the  length  of  electrical  wiring  at  dangerous 
voltages  is  shortened  considerably.  Ignition  sources  as- 
sociated with  the  engine  consist  of  combustor  flames  and  hot 
engine  metal  discussed  previously. 

COMBUSTOR  FLAMES 

In  crash  the  combustor  flame  can  be  put  out  by  shutting 
off  the  combustor  fuel  flow.  Residual  combustor  flames  can 
be  avoided  if  the  fuel  manifold  can  be  vented  to  an  over- 
board drain  at  the  time  the  main  fuel  valve  is  closed.  Drib- 
bling of  fuel  from  the  nozzles  into  the  combustors  is  avoided 
in  this  way. 

HOT  ENGINE  METAL 

• The  problem  of  inerting  the  hot  engine  metal  was  solved 
during  the  search  for  these  dangerous  zones.  The  method 
employed  for  locating  ignition  zones  within  the  engine, 
described  in  appendix  C,  involved  the  inerting  of  known 
ignition  zones  as  the  search  for  others  proceeded.  Water, 
applied  to  the  dangerous  hot  surfaces,  was  chosen  as  the 
inerting  agent  because  its  high  heat  of  vaporization  made 
possible  the  cooling  of  ignition  zones  with  small  quantities. 
A blanket  of  steam  generated  by  the  water  evaporating  from 
the  hot  surfaces  inerted  these  zones,  thus  preventing  ignition 
while  the  surfaces  cooled  to  safe  temperatures. 

The  quantities  of  water  required  to  inert  the  separate 
ignition  zones  within  the  J30,  J35,  and  J47  engines  are 
shown  in  table  I.  These  quantities  do  not  represent  mini- 


TABLE  I.— WATER  QUANTITIES  USED  FOR  INERTING  ENGINE  COMPONENTS 


Internal  engine  components 

Engine 

J30 

J35 

J47 

Water 

quantity, 

gal 

Duration 
of  flow, 
sec 

W ater 
quantity, 
gal 

Duration 
of  flow, 
sec 

Water 

quantity, 

gal 

Duration 
of  flow, 
sec 

Combustor  domes 

0.  25 

0.  5-1.  8 

3 

3 

3 

3 

Transition  liners  and  hollow  turbine- 
inlet  guide  vanes  _ _ 

0.  03 

0.  5-1.  8 

1 

14 

1 

14 

Turbine  wheel  and  inner-cone  base  dia- 
phragm: 

Rapid  flow.  

Slow  flow.  _ 

None 
0.  89 

None 
2.  5 

1 

2 

5 

30 

1 

2 

5 

30 

Inner-cone  interior 

0.  2 

2.  5 

0.  35 

39 

None 

None 

External  engine  components 

Engine  (airplane  installation) 

J30 

J35  (F-84) 

J47  Pvlon  installation 
(C-82) 

Water 

quantity, 

gal 

Duration 
of  flow, 
sec 

Water 

quantity, 

gal 

Duration 
of  flow, 
sec 

Water 

quantity, 

gal 

Duration 
of  flow, 

sec 

Tailcone  and  tailpipe ... 

0.  7 

6 

•2 
6 2.  5 

«7 

6 3.  6 

2 

5 

Total  water  required,  gal 

2.  07 

11.  85 

9 

Tailcone. 


bTailpipe. 
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mums  but  provide  for  a margin  of  safety.  The  water  quan- 
tities listed  cover  all  of  a given  class  of  components.  For 
example,  the  3 gallons  of  water  for  the  J35  combustor  include 
the  eight  combustors  carried  on  each  engine.  The  time 
duration  of  the  water  flow  is  given  as  well. 

Combustor  liner. — The  method  of  introducing  the  water 
into  each  J47  combustor  is  shown  in  figure  15.  A toroidal 


Figure  15. — Combustion-chamber  water  spray  nozzle  (J47  engine). 


water  manifold  surrounded  each  fuel  nozzle.  Eight  0.082- 
inch  holes  on  the  downstream  face  of  the  manifold  directed 
water  at  the  combustor  dome  and  its  louvers  leading  into 
the  combustion  space.  A continuous  circumferential  slot, 
0.020-inch  wide,  on  the  perimeter  of  the  manifold  provided  a 
sheet  of  water  spreading  radially.  This  water  was  directed 
downstream  by  the  airflow  to  impinge  and  wash  along  the 
outside  surfaces  of  the  combustor  liner.  The  3 gallons  of 
water  delivered  to  the  combustors  of  the  J35  and  J47  engines 
were  divided  equally  among  the  combustors.  The  water 
discharge  lasted  for  3 seconds. 

Transition  liner. — Water  was  delivered  to  each  transition 
liner  in  a fan-shaped  sheet  from  nozzles  arranged  as  shown 
in  figure  16.  Adequate  cooling  was  obtained  with  three 
nozzles  for  each  liner  by  directing  the  water  at  glancing 
incidence  to  the  outside  surfaces  of  the  transition  liner. 
One  pint  of  water  was  discharged  onto  each  transition  liner 
of  the  J35  and  J47  engines. 

The  water  applied  to  the  transition  liner  was  sufficient  to 
fill  the  hollow  turbine-inlet  guide  vanes  with  steam  for  the 
14  seconds  the  water  flowed.  During  this  period  the  space 
was  inerted  with  steam.  No  additional  water  for  the  turbine- 
inlet  guide  \anes  was  required,  since  the  main  gas  stream 
through  the  engine  cooled  the  vanes  to  safe  temperature 
in  this  time. 

Turbine. — Cooling  water  to  the  turbine  was  applied  as 
shown  in  figure  17.  Several  streams  of  water  issued  from 
the  ring-type  water  manifold  at  the  hub  and  spread  cen- 
trifugally  over  the  rotating  wheel.  The  J35  and  J47  engines 
contained  an  inner-cone  base  diaphragm  that  was  hot 
enough  to  be  dangerous.  Cooling  was  effected  by  discharg- 


ing an  additional  gallon  of  water  over  a 5-second  period  on 
the  downstream  face  of  the  turbine  wheel  through  the 
turbine  cooling-air  tube  (fig.  17).  A portion  of  this  water 
rebounded  from  the  spinning  wheel  and  sprayed  onto  the 
base  diaphragm. 

Because  the  turbine  wdieel  had  large  mass  and  thickness, 
reheating  of  the  wheel  surface  to  unsafe  temperatures 
occurred  after  the  applied  cooling  water  was  expended.  An 
example  of  the  reheating  of  the  hottest  part  of  the  wheel  is 
shown  in  figure  18.  In  early  experiments,  when  2 gallons 
of  water  were  sprayed  over  a 2-second  period  onto  the  aft 


Figure  16. — Transition-liner  water  spray  system  (J35  and  J47  engines). 


rTurbine-inlet 
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Figure  18. — Comparison  of  turbine-wheel  cooling  with  short-  and 
long-duration  water  sprays. 


face  of  the  turbine  at  the  hub,  the  surface  temperature 
dropped  rapidly  to  the  boiling  temperature  of  water  (curve 
A,  fig.  18).  Shortly  after  the  water  was  expended,  the 
surface  of  the  wheel  reheated  by  conduction  from  the  hot- 
interior.  Unsafe  temperatures  above  600°  F were  estab- 
lished in  less  than  7 seconds.  In  order  to  avoid  reheating 
to  unsafe  temperatures,  the  water  discharge  period  was 
extended  to  30  seconds.  Experiments  indicated  that  the 
quantity  of  water  necessary  could  be  reduced  from  2 to  1 
gallon  for  each  face  of  the  turbine  disk.  The  wheel  temper- 
atures obtained  are  shown  by  curve  B in  figure  18.  The 
time  interval  before  reheating  began  was  increased  from  3 to 
20  seconds.  Reheating  to  temperatures  above  600°  F 
occurred  after  27  seconds,  at  which  time,  however,  the 
chance  for  fuel  ingestion  was  remote. 

This  problem  of  reheating  must  always  be  considered  in 
the  use  of  water  for  cooling  unsafe  zones.  The  chance  for 
fuel  ingestion  by  the  engine  is  greatest  just  before  the  air- 
plane comes  to  rest  in  the  first  5 seconds  after  crash  impact. 
At  this  time  fuel  spilling  from  torn  tanks  has  its  broadest 
distribution  forward  of  the  wings  in  areas  adjacent  to  the 
engines.  Reheating  after  this  time  is  not  as  serious  within 
the  engine  as  it  would  be  on  the  outside  surfaces  which 
could  be  wetted  by  fuel  that  continues  to  drip  and  flow 
around  the  engine  after  the  airplane  conies  to  rest. 

Inner  cone. — The  cavity  of  the  inner  cone  was  inerted  by 
diluting  the  air  with  steam,  produced  by  the  evaporation  of 
water  from  spray  nozzles  within  the  inner  cone.  The  initial 
water  flow  rate  to  the  inner-cone  cavity  should  be  rapid 
enough  to  reduce  the  oxygen  concentration  within  the  cavity 
below  10  percent  in  1 second.  This  was  the  approximate 
time  latitude  that  existed  between  the  start  of  fuel  ingestion 
in  the  engine  inlet  and  the  entrance  of  dangerous  amounts 
of  fuel  into  the  tailcone.  The  effectiveness  of  these  arrange- 
ments was  enhanced  by  directing  the  water  sprays  at  the 
openings  through  which  the  fuel  could  enter.  In  this  way 
the  steam  diluted  the  air  local  to  the  fuel  entering  the  inner 
cone  and  provided  protection,  while  the  steam  concentration 
developed  throughout  the  cavity.  The  chamber  was  main- 
tained inert  until  its  walls  were  cooled  to  safe  temperatures 
by  the  main  gas  stream.  For  engine  cavities  having  the  low 
ventilation  rates  found  in  the  inner  tailcone,  the  quantity  of 
water  required  for  protection  could  be  calculated  from  the 


volume  of  the  cavity  and  volumes  of  steam  generated  per 
unit  mass  of  water.  Allowance  was  made,  of  course,  for 
steam  loss  due  to  ventilation. 

For  the  J35  engine,  which  has  an  inner-cone  volume  of  5.8 
cubic  feet,  0.35  gallon  of  water  was  required  to  provide  an 
inert  atmosphere.  In  contrast,  the  inner  cone  of  the  J30 
engine,  which  has  no  base  diaphragm  and  contains  a volume 
of  only  approximately  0.7  cubic  foot,  required  0.2  gallon  of 
water  to  achieve  an  inert  atmosphere.  This  relatively  larger 
amount  of  water  was  necessary  because  of  the  higher  venti- 
lation rates  existing  in  the  open-base  inner  cone  of  the  J30 
engine. 

Tailcone  and  tailpipe. — The  uniform  distribution  and 
efficient  utilization  of  the  cooling  water  on  the  tailcone  and 
tailpipe  posed  some  problems.  Because  the  tailcone  and  tail- 
pipe were  circular  in  section  and  mounted  with  the  axis 
horizontal,  an  unduly  large  number  of  water  sprays  had  to 
be  used  to  obtain  complete  wetting  of  the  outside  surface. 
The  tendency  of  the  water  sprayed  on  the  tailpipe  to  form 
thin  rivulets  reduced  the  area  wetted  by  each  spray.  Water 
sprayed  on  the  tailpipe  above  the  equator  provided  rivulets 
that  ran  by  gravity  to  the  equator  where  they  dripped  off. 
Water  sprayed  on  the  tailpipe  below  the  equator  dripped 
off  the  tailpipe  a short  distance  from  the  impingement  area. 

Effective  water  distribution  and  wetting  were  promoted 
by  wrapping  a 100-mesh  stainless-steel  screen  around  the 
entire  exhaust  system.  This  screen  was  spotwelded  to  the 
tailcone  and  tailpipe.  Water  sprayed  on  the  screen  pene- 
trated to  the  surface  of  the  tailpipe  and  tailcone.  The 
screen  promoted  wetting  and  discouraged  the  formation  of 
rivulets. 

Water  distribution  over  the  screen-covered  exhaust  system 
was  provided  by  a network  of  flattened  tubes  mounted  axi- 
ally in  contact  with  the  screen.  Water  sprayed  through 
orifices  drilled  into  the  flattened  side  of  the  manifold  facing 
the  tailcone  and  tailpipe.  The  discharge  orifices  were  0.040 
inch  in  diameter  and  spaced  so  that  each  would  distribute 
water  over  approximately  50  square  inches.  Additional  holes 
were  drilled  where  experiment  showed  them  to  be  necessary 
to  provide  uniform  wetting.  The  tubes  were  also  covered 
with  ribbons  of  stainless-steel  screen  and  spaced  around  the 
tailcone  and  tailpipe  in  order  to  provide  a uniform  water 
distribution.  Three  circular  water  manifolds  connected  the 
tubes  to  form  a single  interconnected  unit.  This  water  sys- 
tem is  shown  partially  installed  on  the  J'35  tailpipe  in  figure 
19.  Some  of  the  flattened  manifolds,  which  are  uncovered, 
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Figure  19. — Typical  water  distribution  system  for  F-84  tailpipe. 
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are  visible.  The  waffled  appearance  of  the  screen  was  pro- 
duced by  two  sets  of  mutually  perpendicular  grooves  that 
were  rolled  into  the  screen.  These  grooves  permitted  the 
screen  to  be  tightly  wound  to  the  tailpipe  and  yet  allowed 
water  to  flow  under  the  screen. 

Direct  water  sprays  were  provided  through  orifices  and 
nozzles  placed  on  the  local  circular  manifolds  in  order  to 
provide  cooling  of  the  massive  flanges  joining  the  tailcone 
to  the  engine  and  the  tailpipe  to  the  tailcone. 

The  quantity  of  water  required  for  cooling  the  tailcone 
and  tailpipe  (table  I)  depended  upon  its  diameter  and  length 
and  the  thickness  of  the  metal.  For  the  J35  engine  with  a 
long  tailcone  and  tailpipe  (157  in.)  sized  for  the  F-84  air- 
plane, 4^  gallons  of  water  were  required.  Two  gallons  of 
water  were  required  for  cooling  the  corresponding  parts  in 
a pod-mounted  nacelle  with  a short  tailcone  and  tailpipe 
(63  in.). 

The  total  water  requirement  for  protecting  J35  and  J47 
engines  ranged  from  9 to  approximately  12  gallons  depending 
on  the  size  of  the  tail  sections.  The  J30  engine  required 
approximately  2 gallons  of  water. 

CRASH  STUDY  OF  INERTING  SYSTEMS  FOR  JET  AIRPLANES 

Two  types  of  airplanes  were  used  in  the  study  of  the  use 
of  water  for  reducing  the  likelihood  of  crash  fires.  Cargo 
airplanes  (C-82)  were  fitted  with  pylon-mounted  engine 
nacelles  to  simulate  a jet  bomber  with  pod-installed  engines 
as  shown  in  figure  1.  Fighters  (F-84)  were  used  to  repre- 
sent airplanes  having  engines  submerged  within  their  struc- 
tures (fig.  3). 

INSTALLATION  OF  CRASH-FIRE  SYSTEM 

The  complete  crash-fire  protection  system  used  in  this 
crash  study  is  shown  schematically  in  figure  20.  The  sys- 
tem comprised  a water  storage  and  distribution  system,  a 
shiu.t4aff  valve  for  the  combustor  fuel,  an  electric  switch  for 
de-energizing  the  battery  and  generator  circuits,  and  a crash- 
actuated  switch  for  turning  on  the  protection  system.  In 
these  tests  this  switch  was  exposed  on  the  airplane.  The 
switch  struck  a target  at  the  crash  barrier  which  operated 
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Electric  disconnect 
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Figure  20. — Complete  inerting  system  installed  in  F-84  airplane. 


the  switch  shortly  after  major  airplane  damage  had  begun. 
While  this  arrangement  was  suited  for  these  experiments, 
more  elaborate  means  would  be  required  for  actual  airplane 
installations.  A comprehensive  discussion  of  initiating  sys- 
tems for  actuating  crash-fire  inerting  systems  is  presented 
in  reference  9. 

In  order  to  ensure  that  known  quantities  of  water  were 
applied  at  each  engine  ignition  zone,  the  water  for  each  zone 
was  carried  in  a separate  reservoir.  Compressed  gas  for 


(b) 

(a)  Located  in  wing  root  of  C-82  cargo  airplane, 
(b)  Secured  to  J47  engine. 

Figure  21. — Water  reservoirs. 
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propelling  the  water  was  contained  in  the  reservoir.  The 
gas  space  and  pressure  were  designed  to  give  an  initial  water 
flow  rate  with  a subsequent  decline  in  the  flow  rate  that  was 
found  experimentally  to  provide  effective  use  of  the  water. 
Design  compromises  involving  reservoir  location,  length  of 
water  distribution  lines,  reservoir  pressure,  and  required 
quantity  of  water  were  made  in  order  to  stay  within  a 0.2- 
second  time  limit  (after  crash  impact)  for  the  application 
of  the  water  at  the  ignition  zones.  This  time  limit  was  dic- 
tated by  the  normal  lag  involved  in  the  functioning  of  the 
hardware  components  of  the  inerting  system.  Considera- 
tions of  rate  of  fuel  spread  in  the  crash  indicate  that  it  is 
unlikely  that  combustible  atmospheres  will  contact  the  en- 
gine ignition  zones  within  this  short  interval  of  time. 

In  three  of  the  crashes  of  cargo  airplanes  fitted  with 
J47  engines,  the  water  reservoirs  were  carried  in  the  wing 
root  as  shown  in  figure  21(a).  Flexible  lines  joined  these 
reservoirs  to  the  engines.  In  one  crash  in  which  arrange- 
ments were  made  to  rip  the  engine  from  the  wing,  the  water 
reservoirs  were  strapped  between  the  engine  combustors  as 
shown  in  figure  21(b). 

FULL-SCALE  CRASHES 

The  first  crash  in  which  this  inerting  system  was  evaluated 
was  conducted  with  a C-82  equipped  with  J47  engines. 
Shortly  after  the  airplane  passed  through  the  crash  barrier, 
the  right  wing  tore  free  to  produce  the  large  volume  of  fuel 


(a)  Fuel  mist  discharging  from  torn  wing,  0.9  second 
after  initial  impact. 


mist  shown  in  figure  22(a).  Entry  of  fuel  mist  into  the  left 
engine  occurred  3.0  seconds  after  barrier  impact  just  as  the 
airplane  began  to  ground-loop  (fig.  22(b)).  The  condensed 
water  vapor  pouring  from  the  engine  tailpipe  indicated  that 
the  fire-prevention  sj^stem  was  working.  The  pool  of  fuel 
at  the  inlet  lips  of  the  left  engine  (shown  in  fig.  22(c)) 
represents  some  of  the  fuel  that  entered  the  engine  inlet  and 
then  drained  forward  when  the  engine  stopped.  In  spite 
of  the  fuel  that  entered  the  engines  and  that  which  poured 
over  the  nacelles  (fig.  22(d)),  no  fire  occurred.  No  fires 
occurred  in  two  additional  crashes  conducted  under  the 
same  circumstances. 

It  is  evident  that  pylon-mounted  engines  on  jet  airplanes 
may  part  from  the  supporting  wings  in  a crash.  To  deter- 
mine whether  fire  protection  could  be  provided  to  the  engine 
after  separation,  a crash  was  arranged  in  which  the  left 
engine  nacelle  was  torn  free.  The  entire  nacelle  inerting 
system  was  built  into  the  nacelle  and  designed  to  function 
regardless  of  the  attitude  assumed  by  the  nacelle  after 
separation  from  the  airplane. 

For  this  crash  special  water  reservoirs  were  made  that 
would  fit  in  the  spaces  between  the  combustors  on  the  J47 
engines.  Some  of  the  water  reservoirs  held  to  the  com- 
bustors by  metal  bands  are  shown  in  figure  21(b).  To 
ensure  complete  expulsion  of  the  water  regardless  of  the 
nacelle  orientation,  reservoirs  of  the  type  shown  in  figure  23 
were  employed.  Each  consisted  of  a steel  cylinder  with  a 


(b)  Entry  of  fuel  mist  into  left  engine,  3.0  seconds 
after  initial  impact. 


(c)  Pool  of  fuel  left  in  inlet  cowl  indicating  fuel  entry 
into  engine. 


(d)  Fuel  spillage  on  nacelle. 


Figure  22. — Crash  of  C-82  with  jet  engines  equipped  with  inerting  system. 
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Figure  23. — Bladder-type  water  reservoir. 


neoprene-fabric  bladder  insert.  Water  was  retained  in  the 
steel  cylinder  while  the  volume  of  the  bladder  was  filled 
with  nitrogen  gas  at  a pressure  necessary  to  give  the  desired 
water  discharge  rate.  When  the  outlet  valve  was  opened, 
the  bladder  expanded,  forcing  the  water  to  flow. 

The  airplane  used  in  the  crash  in  which  engine  separation 
was  to  occur  differed  from  the  previous  airplanes  only  in 
the  changes  in  the  water  system,  just  described,  for  the  left 
engine.  A blade  rigidly  attached  to  the  bottom  of  the  left 
nacelle  was  arranged  to  drag  through  an  earth  mound  at 
the  crash  barrier  and  pull  the  engine  from  the  wing. 

Separation  of  the  engine  from  the  wing  is  shown  in  the 
picture  sequence  of  the  crash  in  figure  24.  After  separation 
(fig.  24(a))  the  engine  tumbled  in  the  fuel  spraying  into  the 


(a)  1.3  Seconds  after  initial  impact. 


wake  of  the  damaged  wing  (figs.  24(b)  and  (c))  and  came  to 
rest  in  the  fuel-wetted  slide  path  of  the  airplane  (fig.  24(d)). 
The  plume  of  condensed  water  vapor  at  the  tailpipe  (fig. 
24(b))  shows  that  the  water  inerting  system  was  actuated. 
No  fire  occurred. 

The  crash  technique  for.  the  F-84  with  protected  engines 
was  identical  with  that  used  in  the  crash  with  the  unpro- 
tected engine  discussed  in  connection  with  figure  5.  The 
crash-fire  protection  system  for  the  engine  was  the  same  as 
that  for  the  cargo  airplanes  fitted  with  jet  pods. 

The  sequence  of  events  following  crash  was  the  same  for 
the  F-84  as  for  the  cargo  airplanes.  Poles  at  the  crash  barrier 
ripped  open  the  wing  fuel  tanks  and  produced  the  fuel  mist 
shown  in  figure  25(a).  Collapse  of  the  nose  gear  allowed 
fuel  from  the  torn  forward  fuselage  tank  to  enter  the  engine 
inlet.  Vapor  issuing  from  the  tailpipe  (fig.  25(b))  was 
provided  in  part  by  the  fuel  that  passed  through  the  engine 
from  the  damaged  fuel  tank  adjacent  to  the  engine  inlet. 
Evaporation  of  water  from  the  fire  protection  system  con- 
tributed a large  part  of  the  vapors  formed  (fig.  25(b)). 
Inspection  of  the  engine  after  crash  showed  the  telltale  dye 
stains  left  by  the  red-dyed  fuel  flowing  through  the  com- 
pressor (fig.  26).  No  fire  occurred. 

A second  crash  of  an  F-84  airplane  equipped  with  the 
fire  protection  system  was  conducted,  again  with  no  fire 
occurring.  When  the  airplane  came  to  rest  beyond  the 
crash  barrier,  complete  wetting  of  the  airplane  by  the 
red-dyed  fuel  was  observed  (fig.  27). 


(b)  1.8  Seconds  after  initial  impact. 


Figure  24. — Separation  of  J47  engine  from  C-82  wing  in  crash. 
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(a)  Fuel  mist,  1.1  seconds  after  initial  impact. 


(b)  Water  and  fuel  vapors  issuing  from  tailpipe, 
3.6  seconds  after  initial  impact. 


Figure  25. — Crash  of  F-84  with  J35  inerting  system  installed. 


Figure  26. — Fuel-dye  stains  on  J35-engine  compressor  following  F-84  crash. 


Figure  27.  Extensive  fuel  wetting  of  F-84  following  crash  with  inerting  system. 


SUMMARY  OF  RESULTS 

A study  of  the  ignition  of  combustibles  sucked  into  the 
inlets  of  turbojet  engines  having  a size  and  compression  ratio 
of  the  J35,  J47,  and  J30  engines  gave  the  following  results: 

1.  The  main  gas  stream  through  the  engine  moved  too 
rapidly  for  ignition  to  occur  on  the  hot  metal  within  the 
engine. 

2.  Ignition  may  occur  on  the  hot  surfaces  within  the  engine 
downstream  of  the  compressor  in  those  zones  not  in  the  main 
gas  stream.  For  the  engines  studied,  these  zones  included 
the  combustor-liner  dome,  the  transition-liner  outer  surfaces, 
the  turbine-inlet  guide  vane  interior,  both  faces  of  the 
turbine  wheel,  the  inner-cone  base  diaphragm,  and  the 
interior  of  the  inner  cone. 

3.  Outside  surfaces  of  the  tailcone  and  tailpipe  can 
ignite  jet-engine  fuels  and  lubricants. 


4.  A crash-fire  protection  system  which  de-energizes  the 
electrical  system,  shuts  off  the  fuel  flow  to  the  engine,  and 
sprays  coolant  (water)  over  these  hot  surfaces  proved  effec- 
tive in  preventing  fires.  Fighter  aircraft  with  submerged 
engines  and  simulated  bomber  configurations  with  pylon- 
mounted  nacelles  were  used  in  these  studies.  No  fire 
occurred  in  the  six  crashes  when  the  engine  fire-prevention 
system  was  used.  Fires  did  occur  in  the  two  crashes  in  which 
no  engine  protection  was  provided.  Coolant  requirements 
ranged  from  about  9 to  approximately  12  gallons  of  water 
per  engine  (J35  and  J47  engines)  depending  on  the  length 
of  tailpipe  to  be  cooled. 

Lewis  Flight  Propulsion  Laboratory 

National  Advisory  Committee  for  Aeronautics 
Cleveland,  Ohio,  January  18 , 1957 


APPENDIX  A 


ENGINE  TEMPERATURE  SURVEY 


A first  appraisal  of  the  ignition  potential  of  a surface  is 
its  temperature.  Therefore,  a complete  temperature  survey 
of  the  engine  was  made  in  order  to  determine  where  tempera- 
tures were  high  enough  to  cause  ignition  of  aircraft- type 
combustibles. 

The  hottest  parts  of  the  engine,  when  operated  at  rated 
conditions,  were  those  which  lay  in  the  main  gas  stream 
downstream  of  the  compressor.  The  highest  temperatures 
(fig.  7)  were  measured  on  the  primary  zone  of  the  combustor 
liner,  on  the  bend  in  the  transition  liner  where  the  hot  gases 
leaving  the  combustor  impinge,  and  on  the  turbine-inlet 
guide  vanes.  Temperatures  as  high  as  1660°  and  1740°  F 
were  found  on  the  transition  liner  and  the  adjacent  turbine- 
inlet  guide  vanes,  respectively.  The  stagnation  gas  temper- 
ature at  the  moving  turbine  blades  was  less  than  the  stag- 
nation temperature  at  stationary  engine  members  in  the 
same  gas  stream.  The  temperature  of  the  blades  was  cor- 
respondingly lower,  being  about  1370°  F for  the  hottest 
parts  of  the  blade.  The  gases  leaving  the  turbine  were  re- 
duced in  temperature  because  of  the  turbine  work  that  had 
been  done.  Therefore,  the  temperature  of  the  inner  tailcone 
at  location  A in  figure  7 was  about  400°  cooler  than  the 
turbine-inlet  guide  vanes.  The  temperature  was  about 
1350°  F at  the  hottest  point  of  the  inner  cone  and  about 
1150°  F at  its  coolest  point. 

The  largest  temperature  gradients  occurred  within  the 
combustor  (fig.  7)  where  some  metal  was  in  contact  with  the 
relatively  cool  combustor-inlet  air  and  other  metal  was 
heated  by  the  combustor  flame.  The  maximum  tempera- 
tures recorded  were  about  800°  F on  the  dome,  about  1500° 
F on  the  primary  section  of  the  combustor  liner,  and  about 
1300°  F at  the  outlet.  The  lower  temperatures  at  the 
combustor-liner  outlet  were  produced  by  the  cooler  secondary 
combustor  air. 

Engine  parts  not  in  the  main  gas  stream  were  heated 
mostly  by  conduction.  The  turbine  wheel  was  the  most 
massive  engine  part  heated  this  way.  The  radial  variation 
in  temperature  on  the  surface  of  the  turbine  wheel,  shown 
in  figure  28,  resulted  from  the  fact  that  the  heat  conduction 
was  from  the  wheel  rim  to  the  relatively  cool  hub.  The 
data  shown  were  obtained  with  the  engine  operating  at  rated 
sea-level  conditions.  The  turbine-wheel  surface  temperature 
varied  from  approximately  980°  F at  the  rim  to  about  605° 
F at  a point  midway  between  the  rim  and  hub.  Cooling 
air  from  the  compressor  applied  to  the  hub  to  protect  the 
engine  bearings  maintained  this  temperature  pattern. 

The  inner-cone  base  diaphragm,  lying  opposite  the  turbine, 
was  also  heated  by  conduction.  In  general,  the  temperature 
decreased  from  the  rim  toward  the  diaphragm  center,  which 
also  received  some  cooling  by  the  air  applied  to  the  turbine 
hub. 


Figure  28. — Maximum  temperatures  recorded  on  J47-engine  turbine 

wheel. 


When  the  fuel  flow  to  the  operating  engine  combustor  was 
shut  off,  the  engine  parts  declined  in  temperature.  Those 
components  which  lay  in  the  main  gas  stream  cooled  more 
rapidly  than  those  which  did  not.  This  rapid  decline  in 
temperature  was  due  to  the  cooler  air  now  flowing  through 
the  engine  and  the  generally  low  heat  capacity  of  these  parts. 

A history  of  the  temperature  of  engine  parts  lying  in  the 
main  gas  stream  is  shown  in  figure  29.  Fuel  shutoff  occurred 
at  zero  second,  and  the  temperatures  indicated  were  the 
maximum  recorded  anywhere  on  the  component  at  the  time 
noted.  The  hottest  section  of  the  combustion-chamber  liner 
cooled  from  1500°  to  600°  F in  24%  seconds.  It  took  over 
30  seconds  for  the  transition-liner  temperature  to  decline 
from  1660°  to  600°  F.  In  30  seconds  the  turbine-inlet  guide 
vane  temperature  dropped  from  a maximum  temperature  of 
1750°  to  645°  F.  The  rotating  turbine  blade  temperature 
fell  from  1370°  to  600°  F in  16  seconds.  Inner-cone  skin 
temperatures  declined  from  1350°  to  640°  F in  30  seconds. 

Engine  parts  not  located  in  the  main  gas  stream  declined 
in  temperature  at  much  slower  rates  (fig.  30).  The  hottest 
part  of  the  turbine  wheel  was  initially  at  980°  F and  dropped 
only  100°  F in  30  seconds  after  fuel  flow  to  the  engine  had 
stopped.  The  turbine  wheel  remained  above  the  ignition 
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Figure  29. — History  of  maximum  skin  temperatures  on  engine  com- 
ponents  in  main  gas  streams. 


Figure  30. — History  of  maximum  skin  temperatures  on  turbine  disk 
and  inner-cone  base  diaphragm. 


temperature  of  JP-4  fuel  for  30  minutes  after  the  engine 
was  shut  down.  The  large  mass  of  the  turbine  disk  con- 
tributed to  its  slow  cooling  rate.  The  inner-cone  base  dia- 
phragm exhibited  the  same  slow  rate  of  cooling.  Its  maxi- 
mum temperature  was  910°  F and  cooled  only  approximately 
115°  F in  30  seconds. 

Experimental  crashes  conducted  with  piston-  and  jet- 
engine  airplanes  showed  that  fuel  mists  that  might  be  drawn 
into  the  engine  inlet  exist  during  the  first  15  seconds  after 
impact  with  the  barrier.  In  this  time  the  airplane  deceler- 
ates to  a stop  and  the  wind  clears  the  fuel  mist  from  the 
crash  zone.  During  this  hazardous  period  these  engine  tern- 
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perature  data  show  that  practically  all  the  metal  downstream 
of  the  combustor  inlet  is  above  the  laboratory  measured 
ignition  temperature  of  jet  fuels  and  hydrocarbon  lubricants. 

External  surfaces  of  the  tailcone  and  tailpipe  were  the 
only  unsafe  zones  found  in  engines  with  compression  ratios 
of  5 or  less.  Airplane  combustibles  that  contact  this  section 
of  the  engine  can  ignite.  In  engines  of  higher  compression 
ratios  unsafe  engine  case  temperatures  may  extend  down- 
stream from  the  last  compressor  stages.  Temperatures  must 
exceed  600°  F for  ignition  to  occur  readily  on  the  engine 
case,  because  it  is  moderately  ventilated.  This  fact  was 
established  by  many  ignition  trials  on  the  external  engine 
surfaces. 

Temperature  measurements  made  on  the  external  skin  of 
the  J47  engine  (fig.  31)  indicated  that  the  tailcone  and  tail- 
pipe temperatures  remained  above  600°  F for  more  than  30 
seconds  after  the  fuel  to  the  combustor  was  shut  off.  Tem- 
peratures of  the  engine  case  upstream  of  the  tailcone  and 
tailpipe  were  usually  below  600°  F (fig.  32).  Although  the 
turbine  case  reached  a maximum  temperature  of  600°  F and 
remained  so  for  10  seconds  after  the  fuel  was  shut  off  (fig. 
31),  no  ignitions  were  experienced  here. 
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Figure  31.— History  of  maximum  external  skin  temperatures  on  J47 
turbine  case  and  tailcone  and  tailpipe. 


Temperature,  °F  450  580  600  1100  1000  990 


526597  0-60- 


42 


APPENDIX  B 

PRELIMINARY  EVALUATION  OF  PROBABILITY  OF  HOT-SURFACE  IGNITION 


The  data  on  contact  time  required  for  ignition  (fig.  8) 
can  be  used  to  obtain  an  approximation  of  the  probability 
of  hot-metal  ignition  of  combustibles  sucked  into  the  engine 
inlet.  The  engine  metal  temperatures  are  known  from  the 
measurements  given  in  figures  29  and  30.  The  contact 
time  can  be  computed  from  the  known  mass  airflow  through 
the  engine  (fig.  33).  From  the  airflow  data  for  the  J35 


Figure  33. — Mass  airflow  after  combustor  fuel  has  been  stopped. 


engine  and  the  engine  geometry,  the  local  air  velocity  through 
the  engine  upstream  of  the  turbine  inlet  was  plotted  and 
appears  in  figure  9.  Velocities  were  calculated  only  at  the 
engine  stations  marked  on  the  sketch.  Each  line  connecting 
the  symbols  provides  the  velocity  distribution  through  the 


engine  at  the  time  indicated.  It  is  interesting  to  note  that 
at  3 seconds  after  fuel  shutoff  the  velocit}7  at  the  compressor 
exit  was  slightly  higher  than  at  the  compressor  inlet.  This 
was  due  to  the  fact  that  the  turbine-inlet  total  temperature 
had  fallen  to  the  point  where  it  caused  a large  drop  in 
compressor-exit  static  pressure.  The  lower  static  pressure 
was  the  dominant  influence  on  the  speedup  in  airflow. 

This  analysis  does  not  consider  the  increase  in  contact 
time  resulting  from  recirculation  of  gases  in  the  combustor- 
dome  area  or  approximately  the  first  30  percent  of  the  com- 
bustor. However,  the  contact  time  available  in  the  aft  70 
percent  of  the  combustor  might  be  considered  conservative, 
since  the  indicated  contact  time  was  based  on  the  total 
length  of  the  combustor.  A required  contact  time  may  be 
picked  from  the  data  in  figure  8(a),  if  the  entire  combustor 
liner  is  considered  to  be  at  the  maximum  temperature 
shown  in  figure  29.  A crude  anatysis  of  this  type  for  the 
first  7 seconds  after  fuel  shutoff  is  shown  in  figure  10,  which 
indicates  that  the  gas  stream  moved  through  the  combustor 
liner  too  quickly  to  allow  a sufficient  contact  time  for  ignition 
from  the  hot  metal.  Ignition  is  considered  likely  when  the 
available  contact  time  equals  or  exceeds  the  required  con- 
tact time. 

A similar  analysis  for  the  other  engine  components  showed 
that  the  contact  time  of  the  main  gas  stream  in  each  com- 
ponent was  too  short  for  ignition  to  occur.  This  analysis  by 
components  was  based  on  the  assumption  that  the  fuel-air 
mixture  in  contact  with  the  hot  metal  in  passage  through 
one  component  is  no  longer  in  contact  in  passage  through 
the  next. 
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APPENDIX  C 


METHOD  OF  LOCATING  IGNITION  ZONES  WITHIN  ENGINE 


Inspection  of  most  turbojets  shows  that  the  engine  interior 
is  divided  into  well-defined  cavities,  some  of  which  are  in 
flow  communication.  The  airflow  direction  through  these 
cavities  is  also  well  defined,  so  that  they  can  be  considered 
to  be  arranged  in  order.  Each  can  be  recognized  to  be  up- 
stream or  downstream  with  respect  to  another.  For  this 
reason  each  of  the  cavities  could  be  explored  separately  by 
the  following  technique  for  the  ignition  hazard  it  presents. 

The  ignition  hazard  presented  by  each  cavity  was  studied 
by  installing  a fuel  spray  system  in  each  cavity  to  produce 
a combustible  atmosphere  as  desired.  A separate  system 
was  also  installed  to  apply  cooling  water  to  the  hot  surfaces 
in  the  cavity  or  to  provide  a water  spray  in  the  cavity  space. 

The  engine  cavity  farthest  downstream,  the  inner  cone, 
was  studied  first.  The  arrangements  used  for  the  J30 
tailcone  are  showm  schematically  in  figure  34.  A fuel  system, 


Figure  34. — Typical  equipment  used  to  study  ignition  hazard  (J30 
inner  tailcone). 


consisting  of  a single  tube  and  nozzle,  was  arranged  to  spray 
fuel  in  measured  quantities  into  the  cavity  of  the  inner  cone 
to  produce  a combustible  atmosphere.  In  addition,  three 
water  spray  nozzles  were  installed  facing  the  upstream  di- 
rection. Since  the  J30  engine  has  no  base  diaphragm,  the 
downstream  face  of  the  turbine  wheel  must  be  taken  as  a 
bounding  surface  of  this  cavity.  The  upstream  water  nozzle 
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was  arranged  to  spray  water  on  the  turbine  wheel  to  avoid 
ignition  from  this  source. 

In  this  study  of  internal  ignition  zones  the  engine  was  run 
at  rated  conditions  until  temperature  equilibrium  was  es- 
tablished. The  fuel  flow  to  the  combustor  was  stopped,  and 
0.2  second  later  the  fuel  spray  in  the  inner-cone  cavity  was 
turned  on.  Ignition  of  this  fuel  occurred.  The  process  was 
repeated  with  increasing  intervals  between  engine  combustor 
fuel  shutoff  and  the  beginning  of  fuel  spray  into  the  inner- 
cone  cavity.  Ignitions  were  obtained  up  to  20  seconds 
after  the  combustor  fuel  was  shut  off. 

Following  this  evaluation  of  the  inner-cone  interior  as 
an  ignition  hazard  the  runs  were  repeated,  but  this  time  the 
water  sprays  were  also  turned  on  with  the  fuel  spray  in  the 
inner  cone.  Initially,  sufficient  water  was  used  to  ensure 
absence  of  ignition.  By  progressively  reducing  the  water 
quantity  in  repeated  runs  a minimum  water  requirement 
was  established  below  which  ignition  would  sometimes  occur. 

The  next  upstream  ignition  zone  is  the  cavity  of  the  engine 
containing  the  turbine  wheel.  In  order  to  provide  positive 
identification  of  the  ignition  surfaces  in  the  turbine-wheel 
cavity,  a fuel  spray  was  installed  to  fill  the  cavity  with  a 
combustible  atmosphere.  Runs  were  made  similar  to  those 
described  for  studying  the  inner  cone.  The  water  spray 
system  in  the  inner  cone  was  always  used  to  ensure  that 
no  ignition  would  occur  in  this  zone.  Repeated  runs  were 
made  in  which  fuel  was  sprayed  into  the  turbine-wheel 
cavity  following  fuel  shutoff  to  the  engine  combustor. 
Evaluation  of  the  smallest  quantity  of  cooling  water  for 
the  turbine  that  was  required  to  prevent  ignition  was  ob- 
tained in  the  manner  described  for  the  inner  cone.  These 
quantities  may  be  influenced  by  the  method  of  water  dis- 
tribution employed.  In  order  to  provide  a margin  of  safety 
for  crash  experiments,  quantities  of  water  above  the  minimum 
were  used.  These  are  tabulated  in  table  I. 

Each  of  the  engine  cavities  was  studied  in  turn  by  pro- 
ceeding upstream  in  this  way.  The  zones  that  presented 
ignition  potential  were  identified  and  inerted. 
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MEASUREMENT  OF  STATIC  PRESSURE  ON  AIRCRAFT1 

By  William  Gracey 


SUMMARY 

Existing  data  on  the  errors  involved  in  the  measurement  oj 
static  pressure  by  means  oj  static-pressure  tubes  and  juselage 
vents  are  presented . The  errors  associated  with  the  various  de- 
sign jeatures  oj  static-pressure  tubes  are  discussed  jor  the  condi- 
tion oj  zero  angle  oj  attack  and  for  the  case  where  the  tube  is  in- 
clined to  the  jlow.  Errors  which  result  from  variations  in  the 
configuration  oj  static-pressure  vents  are  also  presented . Errors 
due  to  the  position  oj  a static-pressure  tube  in  the  flow  field  oj 
the  airplane  are  given  jor  locations  ahead  oj  the  juselage  nose , 
ahead  oj  the  wing  tip,  and  ahead  oj  the  vertical  tail  jin.  The 
errors  oj  static-pressure  vents  on  the  juselage  oj  an  airplane  are 
also  presented. 

A comparison  oj  the  calibrations  oj  the  jour  static-pressure- 
measuring installations  indicates  that , jor  an  airplane  designed 
to  operate  at  supersonic  speeds , a static-pressure  tube  located 
ahead  oj  the  juselage  nose  will,  in  general,  be  the  most  desirable 
installation.  If  the  operating  range  is  confined  to  speeds  below 
sonic,  a static-pressure  tube  located  ahead  oj  the  wing  tip  may, 
jor  some  airplane  configurations,  prove  more  satisfactory  than  a 
juselage-nose  installation.  For  operation  at  Mach  numbers 
below  0.8,  a static-pressure  tube  ahead  oj  the  vertical  tail  jin  or 
juselage  vents,  properly  located  and  installed,  should  prove 
satisfactory. 

Various  methods  oj  calibrating  static-pressure  installations  in 
flight  are  briefly  discussed. 

INTRODUCTION 

The  proper  functioning  of  fire-control  and  guidance  sys- 
tems for  airplanes  and  missiles  depends  fundamentally  on  the 
accurate  measurement  of  total  and  static  pressures.  For 
each  of  these  measurements  the  basic  problem  is  that  of  de- 
termining what  type  of  sensing  device  to  use  and  where  to 
locate  it  on  the  flight  vehicle. 

The  National  Advisory  Committee  for  Aeronautics  has 
been  studying  this  problem  for  many  years.  A comprehen- 
sive survey  of  the  subject,  based  on  information  obtained  at 
subsonic  speeds,  was  published  in  1948  (ref.  1).  Since  that 
time  additional  data  have  been  obtained  from  wind  tunnel, 
rocket-model,  and  flight  tests  in  the  transonic  and  low  super- 
sonic speed  ranges.  Because  of  current  interest  in  this  in- 
formation, it  appeared  appropriate  at  this  time  to  present 
these  data  and  to  review  the  overall  problem  in  the  light  of 
this  new  knowledge. 

The  measurement  of  total  pressure  is  not  discussed  in  this 
report  because  this  measurement  can  be  accomplished  quite 
accurately  with  little  or  no  difficulty  and  because  the  subject 
has  been  adequately  treated  in  other  reports.  The  problems 

• Supersedes  NACA  Technical. Note  4184  by  William  Gracey,  1957. 


involved  in  the  design  and  location  of  a total -pressure  tube 
on  the  airplane  are  discussed  in  reference  1.  The  only  error 
of  any  consequence  in  the  measurement  of  total  pressure  is 
that  due  to  the  inclination  of  the  tube  to  the  airstream.  This 
error  can  be  avoided  by  using  a swiveling  tube  or  a suitably 
designed  rigid  tube.  Information  required  for  designing  a 
rigid  tube  which  will  measure  total  pressure  correctly  over  a 
wide  range  of  angle  of  attack  at  both  subsonic  and  supersonic 
speeds  may  be  found  in  reference  2. 

SYMBOLS 

p free-stream  static  pressure 

p ' indicated  static  pressure 

A p static-pressure  error,  p'—p 

pt  - total  pressure 

q dynamic  pressure,  ~ pV 2 

qc  impact  pressure,  pt—p 

M free-stream  Mach  number 

Mr  measured  Mach  number 

T ambient  temperature,  absolute  units 

Tf  measured  temperature,  absolute  units 

T'—T 

K temperature  recovery  factor,  q 2 M2T 

p mass  density  of  air 

R gas  constant,  53.3 

NRe  Reynolds  number 

r radius  of  curvature 

CL  lift  coefficient 

CN  normal-force  coefficient 

h altitude 

d diameter  of  static-pressure  tube;  diameter  of  orifice 
D diameter  of  collar  on  static-pressure  tube;  maximum 
diameter  of  model  or  fuselage 

t maximum  thickness  of  stem  on  static-pressure  tube; 

ma'xmmm  thickness  of  wing  or  vertical  tail  fin 
l length  of  model 

V twice  distance  from  nose  of  model  to  maximum- 
diameter  station 

x axial  position  of  static-pressure  orifice  from  reference 

point 

y height  of  protuberance  near  static-pressure  orifice 

a angle  of  attack 

<p  circumferential  position  of  static-pressure  orifices 

7 ratio  of  specific  heats,  1.4  for  air 

Subscripts: 

1 lower  limit 

2 upper  limit 
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STATIC- PRESSURE  MEASUREMENT 

The  sensing  device  which  has  been  universally  used  for  the 
measurement  of  static  pressure  is  a surface  orifice  oriented 
parallel  to  the  flight  path.  Orifices  are  installed  either  in  the 
walls  of  the  body  of  the  aircraft  or  on  a tube  attached  to  some 
part  of  the  aircraft.  In  either  case  the  pressure  at  the  point 
in  the  airstream  where  the  orifice  is  located  usually  differs 
from  the  free-stream  value  because  the  air  flowing  over  the 
aircraft  creates  a flow  field  in  which  the  pressures  vary  widely 
from  one  point  to  another.  At  subsonic  speeds  the  flow  field 
extends  in  all  directions  for  a considerable  distance  from  the 
aircraft.  At  supersonic  speeds  the  field  is  confined  to  the 
regions  behind  the  shock  waves  which  form  ahead  of  the 
aircraft. 

The  amount  by  which  the  local  static  pressure  at  a given 
point  in  the  flow  field  differs  from  free-stream  static  pressure 
is  called  the  “position  error”  of  the  installation.  If  the  static- 
pressure  source  is  a static-pressure  tube,  there  may  be  an 
additional  error  due  to  the  flow  field  created  by  the  tube. 
The  flow  field  around  the  aircraft  as  well  as  that  around  the 
tube  changes  primarily  with  Mach  number  and  angle  of  at- 
tack and,  secondarily,  with  Reynolds  number.  The  pressure 
developed  at  the  static-pressure  orifice  is,  therefore,  a func- 
tion of  these  variables. 

The  most  difficult  problem  in  designing  a static-pressure 
installation  is  that  of  locating  the  static-pressure-  source 
(tube  or  vent)  on  the  aircraft,  because  the  flow  field  of  each 
aircraft  configuration  is  unique.  Because  of  the  impossibility 
of  finding  a location  on  or  close  to  the  aircraft  where  the 
-static-pressure  error  is  zero  for  all  flight  conditions,  the 
problem  becomes  one  of  choosing  a location  where  the  error 
is  of  sufficiently  small  magnitude  or  where  it  varies  uniformly 
with  Mach  number  and  angle  of  attack.  Generally,  the 
greater  the  distance  from  the  aircraft  that  the  static-pressure 
source  can  be  located  (preferably  ahead  of  the  aircraft),  the 
more  nearly  will  this  objective  be  realized.  For  such  remote 
locations  of  the  static-pressure  source,  the  magnitude  and 
variation  of  the  static-pressure  error  can  be  predicted  with 
Borne  success  from  the  calibrations  of  similar  installations  on 
other  aircraft. 

The  actual  errors  of  a given  installation,  however,  can  be 
determined  only  by  a calibration  in  flight.  Such  a flight 
calibration  establishes  the  overall  static-pressure  error,  that 
is,  the  error  due  to  the  location  of  the  static-pressure  source 
and  the  error  due  to  the  source  itself.  If  the  resulting  errors 
are  higher  than  desired,  corrections  may  be  applied  either 
before  or  after  the  pressure  indication  is  displayed.  Even 
when  corrections  can  be  applied,  however,  it  is  advisable  to 
choose  an  installation  with  as  small  an  error  as  practical 
because,  in  general,  the  greater  the  magnitude  of  the  cor- 
rections the  more  they  will  change  with  each  change  in  flight 
condition  and  the  more  inaccurate  and  involved  will  be  the 
calibration  and  correction  procedure. 

Inaccuracies  in  static-pressure  measurement  may  also  arise 
from  instrument  errors  and  from  errors  due  to  pressure  lag 
of  the  tubing  that  connects'  the  instrument  to  the  static- 
pressure  source.  A general  discussion  of  instrument  and 
pressure-lag  errors  may  be  found  in  reference  1.  Other 
aspects  of  the  pressure-lag  problem  are  treated  in  references 
3 and  4. 


STATIC-PRESSURE  ERRORS  OF  TUBES 

The  flow  field  around  an  isolated  static-pressure  tube  is 
determined  by  the  shape  of  the  nose  section,  the  size  and 
shape  of  any  protuberance  on  the  rear  portion  of  the  tube, 
the  Mach  number,  the  angle  of  attack,  and  the  Reynolds 
number. 

TUBES  AT  ZERO  ANGLE  OF  ATTACK 

For  the  condition  of  zero  angle  of  attack,  the  pressure 
registered  by  a static-pressure  tube  at  a given  Mach  number 
depends  on  the  axial  location  of  the  orifices  along  the  tube 
and  the  size  and  configuration  of  the  orifices. 

Axial  location  of  orifices  rearward  of  the  nose. — 
The  variation  of  static  pressure  along  a static-pressure  tube 
may  be  illustrated  by  two  examples  of  theoretical  pressure 
distributions  over  the  forward  portions  of  tubes  at  zero  angle 
of  attack.  Figure  1 presents  a subsonic  (incompressible  flow) 
pressure  distribution  for  a tube  with  a parabolic  nose  (ref.  5) 
and  a typical  supersonic  pressure  distribution  for  a tube  with 
a conical  nose. 

The  symbol  A p in  this  figure  denotes  the  static-pressure 
error,  which  is  defined  by  the  relation  Ap=p'-p,  where  p' 
is  the  static  pressure  measured  by  the  tube  and  p is  free- 
stream  static  pressure.  For  the  theoretical  case  considered 
in  figure  1,  Ap  is  expressed  as  a fraction  of  the  dynamic 
pressure  q;  for  most  of  the  experimental  data  presented 
subsequently,  Ap  is  expressed  as  a fraction  of  the  impact 
pressure  qc.  With  a few  exceptions,  the  values  of  Ap/q  and 
Ap/qc  are  in  all  cases  plotted  to  the  same  scale. 

The  two  curves  in  figure  1 show  that,  downstream  from  the 
end  of  the  nose  sections,  the  pressures  at  subsonic  and  super- 
sonic speeds  are  below  free-stream  static  pressure.  With 
increasing  distance  from  the  nose,  the  pressures  in  both  speed 
ranges  approach  the  free-stream  value.  At  supersonic 


d 

Figure  1. — Theoretical  pressure  distribution  along  cylindrical  bodies 
(subsonic  data  from  ref.  6) . 
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speeds,  however,  the  return  to  free-stream  pressure  occurs 
arther  downstream.  The  axial  location  of  orifices  on  a tube 
lesigned  to  function  at  both  subsonic  and  supersonic  speeds 
vould,  therefore,  be  determined  by  the  pressure  distribution 
it  supersonic  speeds. 

Experimental  data  showing  the  variation  of  static-pressure 
Tror  with  axial  location  of  orifices  on  three  tubes  are  pre- 
sented in  figure  2.  The  subsonic  data  were  obtained  with  a 
ube  with  a truncated  ogival  nose  (ref.  6),  whereas  the  super- 
sonic data  were  determined  with  tubes  having  a more  elon- 
gated truncated  ogival  nose  (ref.  7)  and  a conical  nose  (ref.  8). 
^ote  that  the  axial  locations  of  the  orifices  on  these  tubes 
ire  referenced  to  the  end  of  the  nose  section  rather  than  the 
'ip  of  the  nose  as  in  figure  1.  The  data  from  investigations 
conducted  with  these  tubes  show  that  at  subsonic  speeds 
M—  0.6  to  0.9)  a static-pressure  error  of  l/2  percent  of  qc  is 
cached  at  a distance  of  4 tube  diameters  behind  the  end'  of 
he  nose  section.  At  supersonic  speeds  (M~  1.55  to  2.87)  an 
Tror  of  % percent  of  qc  is  reached  at  5 to  7 diameters  rearward 
)f  the  nose  section. 

The  effect  of  varying  the  shape  of  the  nose  of  a static- 
>ressure  tube  has  also  been  determined  at  both  subsonic  and 
supersonic  speeds.  Subsonic  tests  (M=  0.3  to  0.95)  of  tubes 
laving  hemispherical,  ogival,  and  truncated  ogival  noses 
showed  that,  when  the  orifices  were  located  6 or  more  tube 
liameters  behind  the  end  of  the  nose  section,  the  static- 
>ressure  errors  of  the  three  tubes  were  in  close  agreement 
ref.  6).  Supersonic  tests  (AT=1.61)  of  tubes  having  cylindri- 
cal, hemispherical,  30°  conical,  short  ogival,  and  long  ogival 
loses  showed  that,  for  orifice  locations  at  least  10  diameters 
earward  of  the  nose  section,  the  measured  pressures  were 
ubst  antially  independent  of  the  shape  of  the  nose  (ref.  9). 

From  all  of  these  results,  it  may  be  concluded  that  a tube 
vith  orifices  located  10  or  more  diameters  behind  the  end 
>f  the  nose  section  measures  free-stream  static  pressure  with 
mall  error  at  both  subsonic  and  supersonic  speeds  and  that 
or  this  axial  location  of  the  orifices  the  measured  pressure 
s unaffected  by  the  shape  of  the  nose. 

The  investigations  referred  to  in  the  previous  paragraphs 
Fere  conducted  with  small-scale  tubes  in  small-throated 
unnels.  Tests  of  a larger  (0.97-inch-diameter)  tube  in  the 
^angley  8-foot  transonic  tunnel  provide  full-scale  confirma- 


tion of  this  work  at  subsonic  speeds.  This  tube  had  a trun- 
cated ogival  nose  with  orifices  located  7.8  diameters  rearward 
of  the  end  of  the  nose  section.  The  calibration  of  this  tube 
(fig.  3)  shows  the  static-pressure  error  to  be  within  ±}{ 
percent  of  qc  up  to  Af=0.95. 

Axial  location  of  orifices  ahead  of  protuberances. — The 

pressure  developed  by  a static-pressure  tube  depends  not 
only  on  the  axial  location  of  the  orifices  behind  the  nose  but 
also  on  the  location  ahead  of  pro  tuber  an  ces  on  the  rear  of 
the  tube.  Protuberances  may  be  either  transverse  stems  or 
collars  (expansion  of  tube  to  accommodate  a support  or 
boom  of  larger  diameter  than  tube). 

The  effect  of  a transverse  stem  may  be  seen  from  figure  4, 
which  presents  the  theoretical  pressure  distribution  (incom- 
pressible flow)  ahead  of  a body  of  infinite  span  (ref.  5).  The 
static-pressure  errors  shown  by  this  curve  would  apply  to  a 
tube  with  a stem  extending  from  two  sides;  for  a stem  ex- 
tending from  only  one  side,  the  values  would  be  halved.  It 
will  be  seen  from  figure  4 that  the  static-pressure  error  due 
to  the  stem  (“blocking  effect”)  is  positive  and  decreases 
rapidly  with  increasing  distance  from  the  stem. 

Experimental  effects  at  subsonic  speeds  of  a streamlined 
stem  extending  on  one  side  of  a tube  (ref.  6)  are  given  in 
figure  5.  These  data  show  that  the  static-pressure  error 
decreases  with  distance  ahead  of  the  stem  and  increases,  at 
high  subsonic  speeds,  with  Mach  number.  For  orifices 
located  a distance  of  about  10  times  the  stem  thickness  ahead 
of  the  stem,  the  static-pressure  error  will  be  within  % percent 
of  qc  for  Mach  numbers  up  to  0.7.  The  fact  that  the  error 
caused  by  protuberances  is  positive  is  often  used  in  the 
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FrGURE  3. — Calibration  of  a static-pressure  tube  at  a = 0°. 
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Figure  5—  Effect  of  transverse  stem  on  the  pressure  developed  by  a 
static-pressure  tube  at  a=0°  (ref.  6). 

design  of  a static-pressure  tube  to  compensate  for  the  nega- 
tive error  due  to  the  pressure  distribution  along  the  forward 
portion  of  the  tube. 

Data  from  reference  6 on  the  blocking  effect  of  collars  at 
subsonic  speeds  are  presented  in  figure  6.  In  these  tests  the 
ratio  of  collar  diameter  to  tube  diameter  was  fixed  and  the 
position  of  the  collar  with  respect  to  the  orifices  was  varied. 
The  distance  of  the  orifices  from  the  nose  section  (12  tube 
diameters)  was  such  that  the  error  of  the  tube  without  the 
collar  was  essentially  zero.  The  results  indicate  that  the 
static-pressure  error  decreases  with  distance  of  the  collar 
from  the  orifices  and  that,  for  x/D  greater  than  3.2,  the  vari- 
ation of  static-pressure  error  with  Mach  number,  is  negligible 
up  to  M=0.95  with  a=0°.  The  data  shown  in  this  figure 
apply  to  a ratio  of  collar  to  tube  diameter  D/d  of  1.43  ; for 
larger  values  of  Did,  the  blocking  effect  of  the  collar  will  be 
greater. 

The  calibration  of  a 0.91-inch-diameter  tube  with  a collar 
behind  the  orifices  and  a=0°  is  given  in  figure  7.  These 
data,  obtained  from  tests  in  the  Langley  8-foot  transonic 
tunnel,  show  the  static-pressure  error  to  be  about  +y2 
percent  of  qc  up  to  M=  0.9.  Tests  of  similar  tubes  in  other 
wind  tunnels  (refs.  10  and  11)  showed  the  errors  below 
M=0.9  to  be  as  high  as  2 percent  of  qc. 


M 


Figure  6. — Effect  of  collar  on  the  pressure  developed  by  a static- 
pressure  tube  at  a = 0°  (ref.  6). 
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Figure  7. — Calibration  at  a= 0°  of  a static-pressure  tube  with  collar. 

TUBES  AT  ANGLES  OF  ATTACK 

The  pressure  developed  by  a static-pressure  tube  at  an 
angle  of  attack  other  than  0°  depends  not  only  on  the  axial 
location  of  the  orifices  but  also  on  their  circumferential 
positions.  When  orifices  encircle  the  tube,  the  measurec: 
static  pressure  decreases  with  inclination  of  the  tube,  anc 
the  variation  of  static-pressure  error  with  inclination  is  the 
same  for  angles  of  attack  and  angles  of  yaw.  The  static- 
pressure  error  of  a tube  with  this  orifice  configuratioi 
remains  within  1 percent  of  qc  of  the  value  at  a=0°  over  ai 
angular  range  of  about  ±5°  (ref.  12).  The  additiona 
error  resulting  from  the  inclination  of  the  tube  can  b<i 
avoided  by  pivoting  the  tube  so  that  it  always  alines  itsel 
with  the  airstream.  Because  of  the  relative  fragility  o 
swiveling  tubes,  however,  attempts  have  been  made  t< 
devise  rigid  tubes  which  would  remain  insensitive  over  ai 
appreciable  range  of  angle  of  attack. 

The  basis  of  these  attempts  is  the  pressure  distributioi 
around  a cylinder.  Figure  8 presents  the  results  of  pressure 
distribution  tests  of  a 2-inch-diameter  cylinder  at  angles  o 
attack  of  30°  and  45°  and  at  low  subsonic  speeds  (M<0.2) 
These  curves  show  the  static-pressure  error  to  be  positive  oi 
the  bottom  of  the  cylinder,  negative  on  the  top,  and  zero  a 
a circumferential  position  of  about  30°  from  the  bottom 
It  would  appear,  therefore,  that  insensitivity  to  inclinatio] 
might  be  accomplished  either  by  locating  orifices  at  a cii 
cumferential  position  of  about  ±30°  or  by  placing  orifice 
along  the  top  and  bottom  of  the  tube  to  achieve  compensa 
tion  of  the  positive  and  negative  pressures.  The  applicatioi 
of  both  of  these  methods  will  be  discussed. 

The  data  from  reference  13,  as  exemplified  in  figure  £ 
show  that,  at  low  subsonic  speeds  and  at  a>30°,  the  pressur 
distribution  at  circumferential  positions  greater  than  30 
varies  appreciably  with  the  Reynolds  number.  In  anothe 
investigation  (ref.  14)  in  which  cylinders  at  a=90°  wer 
tested  at  higher  Mach  numbers  (0.3  to  2.9),  the  effect  c 
Reynolds  number  on  the  pressure  distribution  was  found  t 
be  negligible  at  supersonic  speeds. 

Orifices  at  ±30°  location. — The  effect  of  angle  of  attack  a 
subsonic  speeds  for  a 1 -inch-diameter  tube  with  orifice 
located  on  the  bottom  of  the  tube  30°  on  either  side  of 
vertical  radius  is  reported  in  reference  15.  Sample  result 
of  these  tests  (fig.  9)  show  that  the  static-pressure  err< 
remains  within  1 percent  of  qc  of  the  value  at  a=  0°  fd 
angles  of  attack  up  to  at  least  20°  at  Af=0.30  and  to  9°  i 
M=  0.65.  At  angles  of  yaw  the  angular  range  for  an  err 
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Figure  8. — Pressure  distribution  around  a cylinder  at  angles  of  attack 
of  30°  and  45°  (ref.  13).  M< 0.2. 


a,  deg 


Figure  9. — Calibration  at  angles  of  attack  of  a static-pressure  tube 
with  orifices  at.  circumferential  stations  of  30°  and  —30°  (ref.  15). 


of  1 percent  of  qc  is  about  ±5°  (ref.  15). 

Supersonic  tests  of  a 0.05-inch-diameter  probe  with 
orifices  at  a circumferential  position  of  ±33°  are  reported 
in  reference  8.  The  calibrations  of  this  tube  (fig.  10)  show 
that  the  static-pressure  error  remains  within  1 percent  of 
qc  for  angles  of  attack  up  to  17°  at  ilf=1.56  and  up  to  at 
least  8°  at  M=  2.92. 

Supersonic  tests  of  a 0.63-inch-diameter  tube  with  orifices 
at  a circumferential  position  of  ±37.5°  are  reported  in 
reference  16.  The  results  of  these  tests  (fig.  11)  show  the 
static-pressure  error  to  remain  within  1 percent  of  qc  for 
angles  of  attack  up  to  at  least  12°  at  M=1.57  and  at  least 
15°  at  M=1.88. 

Orifices  on  top  and  bottom  of  tube. — Calibrations  at  angles 
of  attack  of  a 0.91-inch-diameter  tube  with  four  orifices  on 
the  top  of  the  tube  and  seven  on  the  bottom  were  deter- 
mined at  several  Mach  numbers  between  0.20  and  0.68  (ref. 
17).  Data  for  these  two  Mach  numbers  (fig.  12)  show  that 
the  static-pressure  error  remains  within  1 percent  of  qc  of 
the  value  at  a=0°  for  angles  of  attack  up  to  40°  at  214=0.20 
and  to  18°  at  M=0.68.  At  some  angle  of  attack  above  30° 
and  at  M above  0.3  the  static  pressure  registered  by  the  tube 
increases  abruptly  and  fluctuates  erratically.  For  angles  of 
attack  between  15°  and  30°  and  Mach  numbers  between  0.2 
and  0.68  the  static-pressure  error  was  found  to  increase  as 
much  as  2 percent  of  qc  fora  change  in  Reynolds  number  (based 
on  the  local  velocity  and  the  diameter  of  the  tube)  of  from 
100,000  to  250,000.  Because  of  the  unsymmetric  arrange- 
ment  of  the  orifices,  the  sensitivity  of  the  tube  at  angles  of 
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Figure  10. — Calibration  at  angles  of  attack  of  a static-pressure  tube 
with  orifices  at  circumferential  stations  of  33°  and  —33°  (ref.  8). 
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Figure  11. — Calibration  at  angles  of  attack  of  a static-pressure  tube 
with  orifices  at  circumferential  stations  of  37.5°  and  —37.5°  (ref.  16). 
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Figure  12. — Calibration  at  angles  of  attack  of  a static-pressure  tube 
with  an  unsymmetrical  orifice  arrangement  (ref.  17). 


yaw  is,  like  that  of  the  ±30°  orifice  arrangement,  much 
greater  than  at  angles  of  attack.  At  angles  of  yaw  the  error 
remained  within  1 percent  of  qc  over  an  angular  range  of 
i.5°  at  Af=0.2. 

Tests  of  an  0.88-inch-diameter  static-pressure  tube  with 
four  orifices  on  the  top  of  the  tube  and  seven  on  the  bottom 
were  conducted  at  M=0.6  to  1.10  (ref.  18).  The  calibra- 
tions of  this  tube  at  M—  0.6,  0.8,  and  1.0  (fig.  13)  show  the 
static-pressure  errors  to  remain  within  1 percent  of  qc  of 
the  value  at  0°  for  angles  of  attack  up  to  11°  at  M 
between  0.6  and  1.0. 

The  effect  of  angle  of  attack  on  a 0.91-inch-diameter  tube 
with  four  orifices  on  the  top  of  the  tube  and  six  on  the 
bottom  was  determined  at  supersonic  speeds  through  an 
angle-of-attack  range  of  ±7°.  The  results,  as  presented  in 
reference  7,  showed  that,  for  this  range  of  angle  of  attack, 
the  static-pressure  error  remained  within  about  0.4  percent 
of  qc  of  the  value  at  a=0°  at  M=1.62  and  1.93. 
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Figure  13. — Calibration  at  angles  of  attack  of  a static-pressure  tube 
with  an  unsymmetrical  orifice  arrangement  (ref.  18). 


CONICAL  STATIC-PRESSURE  TUBES 

Orifices  on  the  surface  of  a cone  have  been  proposed  for 
the  measurement  of  static  pressure  at  supersonic  speeds. 

Experimental  data  for  an  orifice  at  two  locations  near  the 
nose  of  a 3°  cone  are  presented  in  figure  14.  These  data 
were  obtained  from  tests  in  the  Langley  8-foot  transonic 
tunnel  at  values  of  a between  1°  and  —1°  and  M— 0.20  to 

I. 13.  The  calibrations  show  the  static-pressure  errors  for 
the  two  orifice  locations  to  remain  within  about  1 percent  of 
qc  over  the  range  of  Mach  number  tested. 

Tests  of  orifices  on  a conical-nose  body  of  revolution  at 
M=1.59  are  reported  in  reference  19.  In  these  tests  four 
orifices  were  located  0.29  maximum  body  diameter  from  the 
front  of  a parabolic  body  of  revolution  with  an  apex  angle 
of  15°.  For  the  test  Mach  number  (1.59)  the  results  indi- 
cate that  the  static-pressure  error  is  about  6 percent  of  q at 
an  angle  of  attack  of  0°. 

ORIFICE  SIZE  AND  CONFIGURATION 

The  static-pressure  errors  due  to  the  axial  and  circum- 
ferential location  of  the  orifices,  as  discussed  in  the  previous 
sections,  apply  to  tubes  with  orifices  which  are  accurately 
drilled  and  free  from  burs,  protuberances,  or  depressions. 
Variations  in  the  diameter  and  edge  shape  of  the  orifices  can 
result  in  additional  errors  in  the  static-pressure  measurements. 

The  influence  of  orifice  diameter  on  the  measured  static 
pressure  has  been  investigated  with  orifices  on  the  inside  wall 
of  a cylindrical  test  section  (ref.  20).  The  tests  were  con- 
ducted for  orifice  diameters  of  0.006  to  0.125  inch  over  a 
Mach  number  range  of  about  0.4  to  0.8.  The  results  of  the 
tests  at  these  two  Mach  numbers  (fig.  15(a))  show  the  static- 
pressure  error  to  increase  with  both  orifice  diameter  and 
Mach  number. 

The  effect  of  orifice  diameter  has  also  been  determined  for 
two  orifice  diameters  on  a 0.5-inch-diameter  static -pressure 
tube  at  M=1.45  in  an  investigation  made  at  the  Douglas 
Aircraft  Co.,  Inc.,  by  T.  W.  Buquoi,  L.  E.  Lundquist,  and 

J.  M.  Stark.  The  results  of  these  tests  showed  that  an 
increase  of  0.025  to  0.052  inch  in  the  orifice  diameter  caused 
the  static-pressure  error  to  increase  by  0.6  percent  of  qc 
at  a=0°. 

In  other  tests  of  reference  20,  the  effect  of  varying  the 
cross-sectional  shape  of  the  orifice  edge  was  investigated 
with  0.032-inch-diameter  orifices  on  the  inside  wall  of  a 
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Figure  14. — Calibration  of  orifices  on  the  nose  section  of  a conical 
static-pressure  tube  at  a—  1°  to  —1°. 
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cylindrical  test  section.  Sample  results  of  these  tests  are 
presented  in  figure  15(b),  which  gives  the  difference  between 
the  static-pressure  error  of  each  orifice  configuration  and 
that  of  a sharp-edge  orifice  of  the  same  diameter. 

In  the  previously  mentioned  investigation  of  Buquoi, 
Lundquist,  and  Stark  at  Douglas  Aircraft  Co.,  Inc.,  the 
effect  of  elongating  the  orifices  in  a 0.5-inch  diameter  static- 
pressure  tube  was  also  investigated.  The  three  configura- 
tions tested  are  shown  in  figure  15(c);  the  differences  in  the 
static-pressure  errors  of  the  configurations,  as  referenced 
to  a tube  with  0.025-inch-diameter  orifices  encircling  it,  are 
given  for  the  tubes  at  a=0°  and  M=2.55  and  3.67. 

STATIC-PRESSURE  ERRORS  OF  INSTALLATIONS 

Static-pressure  sources  (tubes  and  vents)  have  been 
located  at  numerous  positions  on  or  near  the  aircraft. 
Static-pressure  tubes  have  been  located  ahead  of  the  fuselage 
nose,  ahead  of  the  wing,  and  ahead  of  the  vertical  tail  fin. 
Static-pressure  vents  have  generally  been  located  on  the 
fuselage  between  the  nose  and  the  wing  or  between  the 
wing  and  the  tail  surfaces.  The  choice  of  type  and  location 
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(a)  Effect  of  orifice  diameter  (ref.  20). 

(b)  Effect  of  edge  shape  of  orifices.  Static-pressure  error  of  each  edge 

shape  referenced  to  square-edge  orifice  of  0.032-inch  diameter 
(ref.  20).  M=0.4  to  0.8. 

(c)  Effect  of  elongating  orifices.  Static-pressure  error  of  slotted 

orifices  referenced  to  18-orifice  configuration  (data  from  Douglas 
Aircraft  Co.,  Inc.). 

Figure  15. — Effect  of  orifice  size  and  configuration  on  static-pressure 
measurements. 


of  the  static-pressure  source  will  depend  on  numerous  con- 
siderations, such  as  the  configuration  and  speed  range  of 
the  aircraft,  the  accuracy  required,  pressure  lag,  icing,  and 
the  possibility  of  damage  due  to  ground  handling. 

Foi  any  practical  location  of  the  static-pressure  source, 
the  installation  will  have  a position  error  which  will  vary  to 
some  degree  with  Mach  number  and  angle  of  attack.  The 
position  error  will,  therefore,  vary  with  impact  pressure, 
static  piessure,  aircraft  weight,  and  normal  acceleration. 
The  error  may  also  vary  with  changes  in  the  configuration, 
and  thus  the  flow  field,  of  the  airplane — for  example,  changes 
in  flap  setting  and  landing-gear  extension.  As  the  flow  field 
about  an  airplane  is  markedly  different  for  the  subsonic, 
transonic,  and  supersonic  speed  ranges,  the  position  errors 
for  locations  near  the  airplane  may  be  expected  to  be  quite 
different  in  each  of  the  three  speed  ranges. 

In  the  discussion  to  follow,  the  static-pressure  errors  of 
the  various  installations  are  presented  as  a function  of  Mach 
number  or  lift  coefficient.  Wherever  possible,  the  effects  of 
Mach  number  and  lift  coefficient  have  been  separated.  In 
those  cases  where  the  static-pressure  errors  of  level-flight 
calibrations  are  plotted  as  a function  of  Mach  number,  the 
lift  coefficient  varies  throughout  the  Mach  number  range. 
At  the  high  subsonic  and  transonic  Mach  numbers  at  which 
these  calibrations  were  performed,  however,  the  variation 
of  lift  coefficient  was  small. 

The  static-pressure  errors  represent  the  overall  static- 
pressure  errors  of  the  installation,  that  is,  the  sum  of  the 
position  errors  and  the  static-pressure  errors  of  the  pressure 
source.  Diagrams  of  the  static-pressure  tubes  used  for  the 
airplane  installations  are  presented  in  figure  16,  and  the 
type  of  tube  used  with  each  installation  is  noted  in  the 
calibration  figures. 

STATIC-PRESSURE  ERRORS  AHEAD  OF  FUSELAGE  NOSE 

At  Mach  numbers  below  that  at  which  a shock  passes 
the  static-pressure  orifices,  the  position  error  at  a given 
distance  ahead  of  the  fuselage  nose  is  determined  by  the 
shape  of  the  nose  and  the  maximum  diameter  of  the  body. 

Effect  of  nose  shape. — The  effect  of  nose  shape  was 
investigated  in  wind-tunnel  tests  of  bodies  of  revolution 
(fineness  ratio,  8.3)  with  circular,  elliptical,  and  elongated 
ogival  noses  (ref.  21).  The  tests  were  conducted  at  a Mach 
number  of  about  0.2  and  at  «=0°.  The  results  of  tlve  tests 
(fig.  17)  show  that,  for  a given  distance  ahead  of  the  body, 
the  position  errors  were  greatest  for  the  circular  nose  and 
least  for  the  elongated  ogival  nose.  At  a distance  of  1 
diameter,  for  example,  the  errors  were  about  9,  4,  and  1 
percent,  respectively,  for  the  circular,  elliptical,  and  elon- 
gated ogival  noses.  At  2 diameters  the  effect  of  variations 
in  nose  shape  had  diminished  considerably. 

The  static-pressure  errors  at  three  distances  (){,  1,  and  1}{ 
fuselage  diameters)  ahead  of  a fuselage  were  measured  on 
an  airplane  with  an  elliptical  nose  section  (ref.  22).  The 
results  of  these  tests  at  small  angles  of  attack  {CL= 0.2) 
are  shown  in  figure  18  together  with  the  data  for  the  elliptical 
nose  model  taken  from  figure  17. 

Effect  of  Mach  number. — The  effect  of  Mach  number  on 
the  static-pressure  errors  ahead  of  two  bodies  of  revolution 
at  transonic  speeds  was  determined  by  wing-flow  tests 
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Figure  16. — Diagrams  of  static-pressure  tubes  used  on  airplane 
installations  (34  scale). 


(ref.  23).  The  nose  shapes  (that  portion  ahead  of  the  maxi- 
mum -diameter  station)  of  the  two  bodies  (fig.  19(a))  were 
similar.  The  nose  shape  of  body  A was  developed  from  a 
circular  arc,  whereas  the  shape  of  bod}r  B was  based  on  that 
of  an  actual  airplane.  The  calibration  of  three  installations 
on  body  B (fig.  19(a))  shows  that,  when  the  critical  Mach 
number  of  the  body  is  reached,  the  error  begins  to  increase 
because  the  effect  of  negative  pressures  on  the  rear  of  the 
body  are  then  diminished  by  the  shock  which  forms  around 
the  maximum  body  diameter.  When  the  frec-stream  Mach 
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Figure  17. — Static-pressure  errors  at  various  distances  ahead  of  three 
bodies  of  revolution  with  different  nose  shapes.  M=0.21;  a = 0° 
(ref.  21). 


Figure  18. — Static-pressure  errors  at  three  distances  ahead  of  an  air- 
plane fuselage  with  an  elliptical  nose  shape  (ref.  22) . 
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number  becomes  supersonic,  a shock  wave  forms  ahead  of 
the  body  and  the  static-pressure  error  continues  to  increase 
as  the  shock  moves  toward  the  body.  When  the  shock  wave 
passes  the  orifices  on  the  tube,  the  error  falls  to  a value  near 
zero,  because  the  pressure  field  of  the  body  is  then  isolated 
from  the  orifices.  At  the  Mach  number  at  which  the  shock 
wave  passes  the  orifices,  and  at  all  higher  Mach  numbers, 
the  pressure  registered  by  the  orifices  should  be  that  of  the 
isolated  tube.  However,  if  the  shock,  after  passing  the 
orifices,  interacts  with  the  boundary  layer  to  form  a complex 
shock  pattern  in  the  vicinity  of  the  orifices,  the  static- 
pressure  error  following  the  drop  from  the  peak  error  will 
be  slightly  higher  than  that  of  the  isolated  tube.  In  this 
case,  the  static-pressure  error  will  not  return  to  that  of  the 
isolated  tube  until  some  higher  Mach  number  has  been 
reached. 

In  reference  23  it  was  shown  that,  for  slender  bodies  having 
similar  nose  shapes,  the  position  errors  below  the  critical 
Mach  number  of  the  body  and  the  peak  errors  just  prior 
to  the  shock  passage  can  both  be  correlated  by  the  use  of 
parameters  which  include  the  length  as  well  as  the  diameter 
of  the  body.  The  manner  in  which  the  data  of  reference  23 
correlate  is  shown  in  figure  19(b),  which  includes  a theoretical 
curve  for  a parabolic-arc  body  calculated  on  the  basis  of  the 
linearized  subsonic  theory.  For  the  bodies  considered,  the 
peak  errors  arePabout  twice  the  subsonic  errors. 


X 


r 

(a)  Variation  of  static-pressure  error  with  Mach  number  for  body  B. 

(b)  Variation  of  static-pressure-error  parameter  with  distance  ahead 

of  nose. 

Figure  19. — Static-pressure  errors  at  various  distances  ahead  of  two 
bodies  of  revolution  at  a = 0°  (ref.  23). 


The  calibration  at  transonic  speeds  of  a static-pressure 
tube  ahead  of  the  nose  of  the  airplane  of  which  body  B of 
figure  19  was  a model  (ref.  24)  is  presented  in  figure  20. 
These  data  confirm  the  results  of  the  model  tests  by  showing 
(1)  the  rapid  increase  in  the  static-pressure  error  at  Mach 
numbers  near  1.0  and  (2)  the  discontinuity  which  occurs 
in  the  calibration  when  the  fuselage  bow  wave  passes  the 
static-pressure  orifices.  The  static-pressure  errors  of  this 
airplane  at  values  of  M between  0.8  and  1.0  and  those  of  a 
number  of  other  airplanes  with  somewhat  similar  nose 
shapes  are  plotted  in  figure  21  as  a function  of  xfD.  For  a 
fuselage  with  a more  elongated  nose,  the  static-pressure 
errors  will,  as  shown  in  figure  22,  be  considerably  lower. 

The  calibrations  of  fuselage-nose  installations  up  to  low 
supersonic  speeds  indicate  that,  after  the  body  bow  wave 
and  any  boundary-layer — shock  interaction  have  passed 
downstream  of  the  orifices,  the  static-pressure  error  becomes 
that  of  the  isolated  tube  and  should  remain  at  this  value 
for  all  higher  Mach  numbers.  That  the  static-pressure  error 
remains  small  at  higher  supersonic  speeds  has  been  shown 
by  calibration  tests  of  a nose-boom  installation  on  a free- 
flight  rocket  model.  In  this  calibration,  the  error  dropped 
to  zero  when  the  free-stream  Mach  number  became  super- 
sonic and  remained  zero  up  to  M=  4.5. 

Effect  of  angle  of  attack. — The  variation  of  static-pressure 
error  with  angle  of  attack  for  a number  of  positions  ahead  of 
bodies  of  revolution  was  investigated  during  the  tests  report- 
ed in  reference  21.  The  results  of  these  tests  (fig.  23)  show 
the  error  to  decrease  with  increasing  angle  of  attack.  The 
change  in  static-pressure  error  for  a given  change  in  angle  of 
attack  is  greatest  near  the  nose  and  decreases  with  distance 
from  the  nose.  At  a distance  of  1 diameter  ahead  of  the  nose, 
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Figure  20. — Calibration  in  level  flight  of  a static-pressure  tube  ahead 
of  an  airplane  fuselage  with  a pointed  nose  (ref.  24) . 
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the  change  in  static-pressure  error  for  a change  in  angle  of 
attack  of  30°  is  about  8 percent  of  qc  for  t.he  circular  nose, 
and  2 percent  of  qc  for  the  elongated  ogival  nose. 

In  reference  25,  the  position  errors  ahead  of  slender 
parabolic-arc  bodies  of  revolution  at  angles  of  attack  were 
calculated  on  the  basis  of  the  subsonic  linearized  theory. 
Comparison  between  the  theoretical  and  measured  values 
for  a body  of  revolution  with  a fineness  ratio  of  6 at  a Mach 
number  of  0.2  showed  the  theory  to  be  valid  for  distances 
greater  than  0.5  body  diameter  ahead  of  the  body  and  for 
angles  of  attack  less  than  20°. 

The  effect  of  angle  of  attack  on  the  static-pressure  errors 
of  fuselage-nose  installations  on  airplanes  at  low  and  high 
subsonic  speeds  (refs.  22  and  24)  is  presented  in  figure  24. 
For  lift  coefficients  up  to  0.5,  the  effect  of  angle  of  attack  is 
negligible.  At  CL  above  0.5  the  static-pressure  errors  of  the 
installations  on  airplane  A decrease  with  increasing  CL. 
However,  for  other  combinations  of  fuselage-nose  shape, 
boom  length,  orientation  of  orifices  on  static-pressure  tube, 
and  Mach  number,  the  static-pressure  error  may  increase 
at  high  angles  of  attack. 

Effect  of  nose  inlet. — The  position  errors  at  various  dis- 
tances ahead  of  a bod}r  of  revolution  with  a nose  inlet  were 
determined  bv  wing-flow  tests  (ref.  23).  The  tests  were 
conducted  at  transonic  speeds  and  at  a—  0°.  The  inlet 
velocity  ratio  varied  front  about  0.68  at  M=0.7  to  0.57  at 
M=1.0.  The  results  of  the  tests  (fig.  25(a))  show  the  same 
general  variation  of  static-pressure  error  with  Mach  number 
as  the  installations  on  sharp-nose  bodies  (fig.  19(a)).  The 
variation  of  the  static-pressure  error  at  subsonic  speeds 
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Figure  24. — Variation  of  static-pressure  error  with  lift  coefficient  of 
fuselage-nose  installations  on  two  airplanes  (refs.  22  and  24). 
526597—60 14 


(M— 0.7)  with  distance  ahead  of  the  body  (fig.  25(b)) 
is  also  similar  to  that  of  the  sharp-nose  bodies.  In  other 
tests  to  determine  the  effect  of  inlet  velocity,  it  was  found 
that  the  static-pressure  error  increased  when  the  inlet 
velocity  ratio  decreased. 

Calibrations  of  nose-boom  installations  ahead  of  an  air- 
plane having  a nose  inlet  (ref.  26)  are  given  in  figure  26. 
For  these  tests  the  orifices  were  located  at  various  distances 
along  a boom  extending  from  the  upper  lip  of  the  inlet.  The 
calibrations  of  these  installations  exhibit  the  same  variation 
of  static-pressure  error  with  Mach  number  as  an  installation 
ahead  of  a pointed-nose  fuselage  (fig.  20).  The  variation  of 
the  static-pressure  errors  with  orifice  location  for  a number 
of  other  airplanes  with  nose  inlets  is  shown  in  figure  27  for 
M=0.80  to  1.00. 

STATIC-PRESSURE  ERRORS  AHEAD  OF  WINGS 

Prior  to  the  passage  of  the  shock  over  the  static-pressure 
orifices,  the  position  error  at  a given  distance  ahead  of  the 
wing  of  an  airplane  depends  on  the  shape  of  the  airfoil  section, 
the  maximum  thickness  of  the  airfoil,  the  sweepback  angle 
of  the  wing,  and  the  span  wise  location  of  the  static-pressure 
tube.  In  order  to  avoid  the  influence  of  the  fuselage  and  the 
wake  of  any  propellers,  static-pressure  tubes  are  usually 
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(a)  Variation  of  static-pressure  error  with  Mach  number  (inlet- 

velocity  ratio  0.68  at  M=0.7;  0.57  at  M=1.0). 

(b)  Variation  of  static-pressure  error  with  distance  ahead  of  nose. 
Figure  25. — Static-pressure  errors  at  three  distances  ahead  of  a body 

of  revolution  with  a nose  inlet  (ref.  23). 
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Figure  26.— Calibration  in  level  flight  of  static-pressure  orifices  at 
four  distances  ahead  of  an  airplane  fuselage  with  a nose  inlet  (ref.  26) . 


installed  on  the  outboard  span  of  the  wing.  The  lengths  of 
tubing  between  the  static-pressure  tube  and  the  instruments, 
however,  may  create  undesirable  problems  as  regards  the 
pressure  lag  of  the  installation. 

Effect  of  location  of  orifices. — Calibrations  of  static-pres- 
sure installations  at  various  distances  ahead  of  the  leading 
edge  of  the  wing  tip  of  an  unswept-wing  airplane  were 
determined  at  low  subsonic  speeds  (ref.  22).  The  variation 
of  static-pressure  error  of  these  installations  (at  small  angles 
of  attack)  with  distance  ahead  of  the  wing,  expressed  as  a 
multiple  of  the  maximum  wing  thickness,  is  given  in  figure 
28.  At  x/t=  10  (or  1 chord  length  for  a 10-percent- thick 
airfoil),  the  error  is  about  1 percent,  and  it  decreases  only 
slightly  with  increasing  distance  ahead  of  the  wing.  The 
static-pressure  errors  of  wing-tip  installations  on  nine  other 
unswept-wing  airplanes  with  similar  airfoil  sections  are  also 
plotted  in  figure  28.  This  variation  of  static-pressure  error 
with  distance  ahead  of  a wing  tip  is  similar  to  that  ahead 
of  a transverse  stem  shown  in  figures  4 and  5. 

Effect  of  Mach  number  (unswept  wings). — The  variation  of 
static-pressure  error  with  Mach  number  for  a static-pressure 
tube  located  ahead  of  the  wing  tip  of  an  unswept-wing  air- 
plane at  transonic  speeds  (ref.  24)  is  presented  in  figure  29. 
The  calibration  of  this  installation  is  similar  to  that  of  the 
fuselage-nose  installations  up  to  the  Mach  number  at  which 
the  discontinuity  due  to  shock  passage  occurs.  At  this  point, 
however,  the  error  falls  to  a negative  value  and  then,  with 
increasing  Mach  number,  begins  to  increase  to  positive 
values.  The  explanation  for  this  behavior  may  best  be 
illustrated  by  diagrams  of  the  shock  waves  ahead  of  the  air- 
plane (fig.  30).  At  a Mach  number  of  about  1.03,  the  wing 
bow  wave  has  passed  the  orifices,  thus  effectively  isolating 
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Figure  27. — Static-pressure  errors  ahead  of  six  airplane  fuselages  with 

nose  inlets. 


them  from  the  pressure  field  of  the  wing.  At  this  Mach 
number,  the  pressure  at  the  orifices  is  influenced  by  the 
negative  pressures  around  the  rear  portion  of  the  fuselage 
nose,  the  effect  of  which  extends  outward  along  Mach  lines 
from  the  surface  of  the  fuselage.  As  the  Mach  number  in- 
creases, the  Mach  lines  slant  backward,  and  the  orifices  come 
under  the  influence  of  the  positive  pressures  around  the 
forward  portion  of  the  fuselage  nose  and  behind  the  fuselage 
bow  wave.  At  some  higher  Mach  number,  the  fuselage  bow 
wave  will  traverse  the  orifices,  which  will  then  be  isolated 
from  the  flow  fields  of  both  wing  and  fuselage.  At  this  and 
all  higher  Mach  numbers,  the  static-pressure  error  will,  in 
the  absence  of  any  boundary-layer — shock  interaction,  be 
that  of  the  tube  itself.  It  should  be  noted  that,  when  the 
wing  or  fuselage  bow  shock  is  in  the  vicinity  of  the  static- 
pressure  orifices,  the  static-pressure  error  may  vary  con- 
siderably with  angle  of  sideslip.  For  this  reason  a wing-tip 
installation  at  1.0  is  much  more  sensitive  to  angle  of 
sideslip  than  a fuselage-nose  installation. 

Effect  of  angle  of  attack  (unswept  wings). — The  variation. 
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Figure  28. — Static-pressure  errors  at  various  distances  ahead  of  the 
wing  tips  of  unswept-wing  airplanes  (ref.  22). 


Figure  29. — Calibration  in  level  flight  of  a static-pressure  tube  ahead 
of  the  wing  tip  of  an  unswept-wing  airplane  (ref.  24) . 


of  static-pressure  error  with  lift  coefficient  at  low  subsonic 
Mach  numbers  (0.1  to  0.36)  for  various  distances  ahead  of 
the  wing  tip  of  an  unswept-wing  airplane  (ref.  22)  is  given 
in  figure  31.  These  data  show  that,  for  lift  coefficients  up  to 
0.7,  the  effect  of  angle  of  attack  is  small  for  distances  of 
x/£=4.2  or  greater.  At  higher  lift  coefficients,  however,  the 
effect  of  angle  of  attack  is  appreciable  even  for  values  of 
x/t  as  large  as  16.8. 

The  effect  of  angle  of  attack  on  the  static-pressure  errors 
of  a wing-tip  installation  with  x/t= 4.1  (ref.  27)  at  higher 
subsonic  speeds  (up  to  M=0.80)  is  presented  in  figure  32. 
For  the  range  of  CL  covered  by  the  tests,  the  curves  show 
that,  at  Mach  numbers  between  0.30  and  0.60,  the  static- 
pressure  error  decreases  with  lift  coefficient.  At  M=0.70, 
the  effect  of  angle  of  attack  is  negligible,  and  with  increasing 


Figure  30. — Diagram  showing  position  of  shock  waves  with  respect 
to  a wing-tip  installation  on  an  unswept-wing  airplane. 


Figure  31. — Variation  of  static-pressure  error  with  lift  coefficient  at 
five  distances  ahead  of  the  wing  tip  of  an  unswept-wing  airplane. 
M=  0.1  to  0.36  (ref.  22). 


Mach  number  (up  to  M=0.80),  the  static-pressure  error 
increases  with  lift  coefficient. 

Effect  of  Mach  number  (swept  wings). — Calibrations  of 
static-pressure  tubes  ahead  of  the  wing  tips  of  two  swept- 
wing  airplanes  (refs.  28  and  29)  are  presented  in  figure  33. 
In  one  case  the  static-pressure  tube  was  located  16£  ahead 
of  a 35°  swept  wing;  in  the  other  the  tube  was  located  8.4£ 
ahead  of  a 40°  swept  wing.  The  calibrations  of  these 
installations  differ  from  those  of  wing-tip  installations  on 
unswept  wings  in  that  the  static-pressure  errors  do  not  drop 
abruptly  after  the  peak  error  is  reached,  but  decrease  toward 
zero  at  a more  gradual  rate. 

Effect  of  angle  of  attack  (swept  wings). — The  variation  of 
static-pressure  error  with  normal -force  coefficient  for  a 
wing-tip  installation  on  a swept-wing  airplane  at  transonic 
speeds  (ref.  28)  is  presented  in  figure  34.  These  data  show 
that  at  M=  0.75  to  0.90  the  static-pressure  errors  increase 
with  angle  of  attack  as  in  the  case  of  the  unswept-wing 
installation  at  M=0.75  to  0.80  (fig.  32). 

STATIC-PRESSURE  ERRORS  AHEAD  OF  VERTICAL  TAIL  FIN 

Calibrations  at  transonic  speeds  of  static-pressure  tubes 
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Figure  32. — Variation  of  static-pressure  error  with  lift  coefficient  for 
a wing-tip  installation  on  an  unswept-wing  airplane  (ref.  27) . 


ahead  of  the  tip  of  the  -vertical  tail  fins  of  two  free-flight 
models  are  given  in  figure  35.  One  of  these  was  a free-fall 
model  of  a canard  airplane  with  the  static-pressure  orifices 
located  13 M ahead  of  the  tail  fin.  The  other  was  a rocket- 
propelled  model  of  an  airplane  configuration  with  the 
orifices  16. It  ahead  of  the  tail  fin.  Although  the  magnitudes 
of  the  errors  of  both  the  installations  are  open  to  question 
(because  of  uncertainties  in  the  telemetered  measurements), 
the  curves  may  be  accepted  as  an  approximate  indication 
of  the  type  of  static-pressure-error  variation  to  be  expected 
for  a vertical-tail-fin  installation  in  the  transonic  speed 
range. 

STATIC-PRESSURE  ERRORS  OF  VENTS  ON  FUSELAGE  (MODELS) 

For  the  purpose  of  locating  a fuselage  static-pressure 
vent,  the  fuselage  may,  in  a very  general  way,  be  likened  to 
a static-pressure  tube.  As  with  the  static-pressure  tube, 
the  pressure  at  a fuselage  vent  at  zero  angle  of  attack  is 
determined  by  the  axial  location  of  the  orifice  along  the 
body.  The  pressure  at  a given  point  on  the  body  may, 
of  course,  be  modified  by  the  blocking  effect  or  the  wake 
of  any  protuberances  extending  from  the  body.  At  angles 
of  attack  other  than  0°,  the  pressure  at  a fuselage  vent  is, 
as  with  the  static-pressure  tube,  determined  by  the  circum- 
ferential orientation  of  the  orifice. 


b'H 
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Figure  33. — Calibration  in  level  flight  of  wing-tip  installations  on  two 
swept-wing  airplanes  (refs.  28  and  29). 


Static-pressure  vents  have  generally  been  located  on 
opposite  sides  of  the  fuselage  in  order  to  minimize  angle-of- 
sideslip  effects.  Calibrations,  at  angles  of  sideslip,  of  a 
vent  installation  in  which  two  vents  were  located  at  approxi- 
mately ±67°  from  the  bottom  of  a circular  fuselage  are 
reported  in  reference  30.  The  results  showed  that  at  an 
angle  of  sideslip  of  4°,  the  maximum  angle  reached  in  the 
tests,  the  static-pressure  error  varied  by  0.2  percent  of  qc 
from  the  value  at  zero  angle  of  sideslip.  When  the  cross 
section  of  the  fuselage  is  circular,  the  orifices  may  also  be 
located  at  approximately  ±30°  from  the  bottom  of  the 
body  to  minimize  angle-of-attack  effects. 

Because  of  the  complex  nature  of  the  pressure  distribution 
along  the  fuselage  of  an  airplane,  it  is  difficult  to  predict, 
with  any  degree  of  certainty,  those  locations  where  the  static- 
pressure  error  will  be  minimum.  It  is  customary,  therefore, 
to  make  pressure-distribution  tests  in  a wind  tunnel  with  a 
detailed  replica  of  the  airplane,  and  to  choose  from  the  results 
a number  of  locations  that  appear  promising  for  static- 
pressure  vents.  These  locations  are  then  calibrated  on 
the  full-scale  airplane  and  the  best  location  is  chosen  for  the 
operational  installation.  In  reference  31,  the  calibrations 
of  fuselage-vent  installations  on  a number  of  airplanes  are 
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Figure  34. — Variation  of  static-pressure  error  with  normal-force  co- 
efficient for  a wing-tip  installation  on  a swept-wing  airplane  (ref.  28). 


compared  with  comparable  installations  on  wind-tunnel 
models  of  these  airplanes.  For  the  low  speeds  at  which 
these  tests  were  conducted  (below  175  knots),  the  results 
showed  that  the  errors  of  the  airplane  installations  could 
be  predicted  from  the  model  tests  to  within  ±2  percent 
of  gc. 

Effect  of  axial  location  of  vents. — Pressure-distribution 
studies  of  a body  of  revolution  (ref.  32)  provide  a generalized 
indication  of  the  pressure  variation  which  might  be  expected 
along  the  fuselage  of  an  airplane  or  missile.  Sample  results 
of  these  tests,  which  were  conducted  with  a body  of  revolu- 
tion with  a fineness  ratio  of  12  at  transonic  speeds  and  at 
a=0°,  are  presented  in  figure  36.  These  curves  show  that 
for  any  given  Mach  number  there  are  at  least  two  axial  loca- 
tions, one  on  the  forward  portion  and  the  other  on  the 
rearward  portion  of  the  fuselage,  where  the  static-pressure 
error  equals  zero.  It  is  evident,  however,  that  these  axial 
locations  vary  appreciably  with  Mach  number. 

Pressure-distribution  tests  of  prolate  spheroids  (with 
aspect  ratios  of  6 and  10)  and  of  a typical  transonic  body 
are  reported  in  reference  33.  In  these  tests  the  pressures 
over  the  forward  half  of  the  bodies  were  measured  at  M=  0.3 
to  0.95  and  at  a=0°  to  7.7°. 


-A  l— 13.5/ 


M 

Figure  35. — Calibrations  of  vertical-tail-fin  installations  on  free- 

flight  models. 


Effect  of  Mach  number. — The  variation  with  Mach  number 
of  the  static-pressure  error  of  orifices  at  three  axial  locations 
along  a body  of  revolution  (ref.  32)  is  given  in  figure  37. 
These  curves  show  that  the  magnitude  and  variation  of 
static-pressure  error  change  considerably  along  the  body. 
In  contrast  to  most  of  the  static-pressure-tube  installations, 
the  variation  of  static-pressure  error  with  Mach  number 
for  these  vent  installations  is  comparatively  irregular. 
These  variations,  it  must  be  remembered,  apply  to  a simple 
body  without  protuberances  of  any  kind.  For  an  actual 
flight  vehicle  with  wings,  tail  surfaces,  external  stores,  and 
so  forth,  the  pressure  variation  with  Mach  number  can  be 
expected  to  be  much  more  complex. 

The  calibration  of  a vent  on  the  cylindrical  portion  of  the 
fuselage  of  a rocket-propelled  model  of  an  aircraft  con- 
figuration at  transonic  and  supersonic  speeds  is  presented 
in  figure  38.  The  single  orifice  was  located  on  the  top  of 
the  fuselage  at  0.28  of  the  fuselage  length  behind  the  nose. 

Effect  of  circumferential  location  of  vents. — The  possibility 
of  minimizing  the  effect  of  angle  of  attack  by  properly 
locating  the  orifices  around  the  circumference  of  a fuselage 
was  investigated  in  reference  34.  This  study  was  based 
on  tests  with  a body  of  revolution  of  fineness  ratio  12.2  at 
M=1.59  and  at  angles  of  attack  up  to  36°  (ref.  35).  In  this 
investigation  (ref.  35)  complete  circumferential  pressure 
distributions  were  obtained  with  orifices  located  at  12 
stations  along  the  body.  The  circumferential  pressure 
distribution  for  an  orifice  located  at  the  maximum-diameter 
station  is  given  in  figure  39  as  a typical  example  of  the 
results  obtained.  From  these  curves  it  would  appear  that 
the  optimum  location  for  static-pressure  vents  at  this 
station  would  be  about  ±40°  from  the  bottom  of  the  body. 
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Figure  36. — Pressure  distribution  along  a body  of  revolution  at 

a=0°  (ref.  32). 
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Figure  37.— Calibrations  of  orifices  at  three  positions  along  a body  of 
revolution  at  a=0°  (ref.  32). 


M 

Figure  38. — -Calibration  of  an  orifice  on  a free-flight  model. 

For  this  orientation  of  the  orifices,  the  static-pressure  error 
remains  within  about  % percent  of  q of  the  value  at  a=0° 
(—3  percent  of  q)  for  angles  of  attack  up  to  20°.  For  the 
other  axial  locations  tested,  the  optimum  circumferential 
location  and  the  range  of  angle  of  attack  over  which  the 
error  remained  small  differed  from  those  at  the  maximum- 
diameter  station. 

STATIC-PRESSURE  ERRORS  OF  VENTS  ON  FUSELAGE  (AIRPLANE) 

An  example  of  the  type  of  calibration  which  may  be  ex- 
pected for  a static-pressure-vent  installation  at  transonic 
speeds  (ref.  28)  is  given  in  figure  40(a).  The  static-pressure 
vents  of  this  installation  were  on  each  side  of  the  nose  of  a 
jet  fighter  with  a nose  inlet  and  35°  swept  wings.  The 
calibration  of  this  installation  showed  the  static-pressure 
error  to  change  abruptly  at  a Mach  number  of  about  0.98. 
This  abrupt  change  is  believed  to  be  caused  by  passage  of 
shock  waves,  which  form  in  the  local  supersonic  flow  field 
around  the  nose  of  the  fuselage,  over  the  vents.  The  fact 
that  the  variations  occur  over  a range  of  Mach  number  (0.97 
to  0.99)  is  probably  due  to  asymmetry  of  the  shock  waves 
on  each  side  of  the  fuselage  which  results  from  variations  in 
angle  of  sideslip. 

The  effect  of  angle  of  attack  on  a fuselage  vent  (ref.  28)  is 
shown  in  figure  40(b).  At  a Mach  number  of  0.75,  the  error 
begins  to  vary  with  normal-force  coefficient  at  values  of  CN 
above  0.3.  At  the  higher  Mach  numbers  (M=0.95)  the 
effect  of  normal-force  coefficient  becomes  evident  at  values 
of  CN  below  0.1.  In  comparison  with  the  data  of  fuselage- 
nose  and  wing-tip  boom  systems  on  the  same  airplane  (ref. 
28),  the  fuselage-vent  installation  was  shown  to  be  affected 
to  a much  greater  extent  by  angle  of  attack. 

VENT  CONFIGURATION 

The  pressure  registered  by  a fuselage  static-pressure  vent 
depends  not  only  on  its  location  on  the  fuselage  but  also  on 
any  protuberances  or  skin-contour  variations  in  the  vicinity 
of  the  orifice.  The  error  of  a vent  installed  on  a pressurized 
fuselage  may  also  change  if  the  skin  on  which  the  vent  is 
mounted  flexes  with  pressurization. 

Model  tests  of  the  effect  of  protuberances  in  the  vicinity 
of  a vent,  waviness  of  the  skin,  and  proximity  of  rivets  are 
reported  in  reference  36.  The  results  of  these  tests  showed 
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Figure  39. — Variation  of  the  circumferential  pressure  distribution 
with  angle  of  attack  at  the  maximum  diameter  of  a body  of  revolu- 
tion at  Jlf=1.59  (ref.  35). 

that  relatively  small  imperfections  in  the  surface  surround- 
ing the  orifice  can  produce  sizable  changes  in  the  position 
error.  Sample  data  showing  the  effect  of  protuberances  and 
skin  waviness  on  the  pressure  of  a 0.23-inch-diameter  orifice 
at  a speed  of  175  knots  are  presented  in  figure  41. 

For  some  fuselage-vent  installations,  specially  designed 
protuberances  have  been  installed  near  the  vents  in  an  at- 


CN 

(a)  Variation  of  static-pressure  error  with  Mach  number. 

(b)  Variation  of  static-pressure  error  with  normal-force  coefficient. 
Figure  40. — Calibration  of  a static-pressure  vent  on  an  airplane 

fuselage  (ref.  28). 

tempt  to  compensate  for  the  position  errors  at  the  vent 
location.  Tests  of  several  types  of  protuberances  and  in- 
dentations intended  as  aerodynamic  compensators  for  fuse- 
lage vents  are  reported  in  reference  37. 

CONVERSION  FACTORS 

The  static-pressure  errors  in  this  report  have  in  most  cases 
been  expressed  as  a fraction  of  the  impact  pressure  qc • The 
errors  are  sometimes  expressed  in  other  non  dimensional 
forms  such  as  Ap/p  or  AM/M.  For  the  convenience  of  the 
reader,  a chart  for  converting  A p/qc  to  A p/p  is  given  in  figure 
42.  Charts  from  reference  38  for  converting  A p/qc  and  A p/p 
to  A M/M  are  presented  in  figure  43. 

COMPARISON  OF  INSTALLATIONS 

As  stated  earlier,  the  choice  of  type  and  location  of  the 
static-pressure  tube  or  vent  depends  on  a number  of  factors. 
If  the  magnitude  of  the  static-pressure  error  is  the  prime 
consideration,  the  selection  will  depend  largely  on  the  con- 
figuration of  the  aircraft  and  the  speed  range  through  which 
it  is  expected  to  operate. 

A comparison  of  the  calibrations  of  the  various  installa- 
tions presented  in  this  report  indicates  that,  for  an  airplane 
designed  to  fly  at  supersonic  speeds,  a static-pressure  tube 
located  ahead  of  the  fuselage  nose  will,  in  general,  be  the 
most  desirable  installation.  This  selection  is  based  on  the 
fact  that  the  calibration  has  only  one  discontinuity  (when  the 
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Figure  41. — Variation  of  static-pressure  error  with  configuration  of 

static-pressure  vents  at  a speed  of  175  knots  (ref.  36). 


fuselage  bow  wave  passes  the  orifices)  and  that  at  higher 
supersonic  speeds  the  error  will,  for  the  usual  case,  be  that 
of  the  isolated  tube.  In  addition,  the  sensitivity  of  this  in- 
stallation to  angle  of  sideslip  at  supersonic  speeds  will  be 
that  of  the  isolated  tube.  At  subsonic  and  transonic  speeds, 
the  errors  at  a given  distance  ahead  of  the  nose  (in  terms  of 
fuselage  diameters)  depends  on  the  shape  of  the  nose  section. 
As  these  errors  decrease  with  increasing  fineness  ratio  of  the 
nose  section,  the  static-pressure  error  of  an  installation  ahead 
of  a fuselage  with  a long  pointed  nose  will  be  comparatively 
small  throughout  the  speed  range.  An  illustration  of  this 
fact  may  be  seen  from  the  calibration  in  figure  22.  For  in- 
stallations ahead  of  blunter  fuselage-nose  sections,  the  errors 
at  subsonic  and  transonic  speeds  will  be  considerably  higher. 

If  the  operating  range  of  the  airplane  is  confined  to  speeds 
below  sonic,  a static-pressure  tube  ahead  of  the  wing  tip 
may,  for  some  airplane  configurations,  prove  more  satisfac- 
tory than  a fuselage-nose  installation.  At  equal  distances 
ahead  of  the  wing  and  fuselage  nose,  for  example,  the  static- 
pressure  error  (at  subsonic  speeds)  of  the  wing-tip  installa- 
tion will  ordinarily  be  smaller  than  that  of  the  fuselage-nose 
installation.  The  relative  magnitudes  of  the  errors  of  the 
two  installations  will,  of  course,  depend  on  the  relative  values 
of  the  wing  thickness  and  fuselage  diameter  and  on  the  shape 
of  the  fuselage-nose  section. 

At  speeds  above  sonic,  a wing-tip  installation  will  generally 
be  less  desirable  than  a fuselage-nose  installation  because  of 


Figure  42. — Chart  for  converting  A p/qc  to  A p/p  (based  on  calculations 

in  ref.  38). 


Figure  43. — Chart  for  converting  A p/qc  or  Ap/p  to  AM/M.  A 
M>1  the  value  of  qc  includes  loss  through  normal  shock  (ref.  38) 
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the  relatively  high  sensitivity  of  the  wing-tip  installation  to 
angle  of  sideslip,  particularly  at  the  Mach  numbers  at  which 
the  wing  or  fuselage  shock  waves  are  near  the  static-pressure 
orifices.  In  addition,  the  calibrations  of  wing-tip  installa- 
tions at  supersonic  speeds  are  more  difficult  to  appty  be- 
cause of  the  two  discontinuities  which  occur  when  the  wing 
and  fuselage  bow  waves  pass  the  orifices. 

For  operation  in  the  subsonic  speed  range,  a static-pres- 
sure-tube installation  ahead  of  a vertical  tail  fin  may,  for 
some  configurations,  offer  certain  advantages.  In  compari- 
son with  a wing-tip  installation,  for  example,  the  thinner 
sections  of  vertical  tail  fins  permit  the  use  of  shorter  booms 
to  achieve  an  equivalent  static-pressure  error.  Because  of 
the  complex  nature  of  the  shock  waves  which  form  on  the 
wing  and  fuselage,  however,  it  would  appear  advisable  to 
limit  the  use  of  vertical-tail-fin  installations  to  Mach  num- 
bers below  approximately  0.8. 

Subsonic  calibrations  of  numerous  fuselage-vent  installa- 
tions on  airplanes  (not  included  in  this  report)  have  demon- 
strated that  acceptable  static-pressure  errors  can  be  ob- 
tained through  a Mach  number  range  up  to  about  0.8.  The 
model  tests  presented  in  figure  37,  however,  showed  irregular 
variations  of  static-pressure  error  with  Mach  number  at 
transonic  speeds.  Furthermore,  if  the  vents  are  near  the 
fuselage  nose,  the  static-pressure  errors,  as  shown  in  figure 
40,  are  apt  to  fluctuate  erratically  because  of  variations  in 
angle  of  sideslip.  It  may  be  concluded,  therefore,  that  fuse- 
lage vents,  property  located  and  installed,  may  provide 
satisfactory  calibrations  at  subsonic  speeds  up  to  M=  0.8. 

FLIGHT  CALIBRATION  METHODS 

The  calibration  of  an  airspeed  installation  is  usually  ac- 
complished by  determining  the  errors  in  the  pitot  and  static 
systems  independently.  The  pitot  system  can  be  calibrated 
quite  simply  by  comparison  with  a free-swiveling  total- 
pressure  tube  or  a shielded  tube  (of  the  type  described  in 
ref.  2)  installed  on  the  test  airplane.  The  total-pressure 
error  of  the  system  being  calibrated  can  be  determined  with 
a high  degree  of  accuracy,  since  the  difference  between  the 
total  pressures  of  the  two  tubes  can  be  measured  directly 
with  a differential  pressure  indicator  or  recorder. 

The  calibration  of  the  static-pressure  system  may  be  per- 
formed by  any  one  of  a number  of  methods  of  varying  de- 
grees of  complexity  and  accuracy.  The  choice  of  the  cali- 
bration method  will,  in  general,  depend  on  the  instrumenta- 
tion available,  the  accuracy  required,  and  the  ranges  of 
speed  and  lift  coefficient  over  which  the  airplane  is  to  be 
calibrated.  As  the  procedure  and  instrumentation  of  most 
of  the  methods  are  quite  involved,  only  a general  description 
of  each  of  the  methods  will  be  given  here.  Detailed  infor- 
mation may  be  obtained  by  reference  to  the  original  reports. 

SPEED-COURSE  METHOD 

In  the  speed-course  method,  the  true  airspeed  of  the  air- 
plane is  determined  by  measuring  the  time  required  for  the 
airplane  to  fly  at  constant  speed  and  constant  altitude  be- 
tween two  landmarks  (ref.  39).  The  effects  of  winds  must  be 
accounted  for  either  by  direct  measurement  or  by  elimination 
(by  flying  a triangular  course  or  by  flying  in  opposite  direc- 
tions along  a straight-line  course).  The  static-pressure  error 


is  determined  by  comparing  the  measured  indicated  airspeed 
with  the  correct  indicated  airspeed  (as  computed  from  the 
measured  true  speed).  The  method  is  limited  to  speeds  above 
the  stall  region  and  to  the  maximum  speed  of  the  airplane  in 
level  flight.  The  accuracy  of  the  method  is  largely  dependent 
on  the  accurac}^  of  the  measurement  of  time,  the  constancy  of 
the  wind  speed,  and  the  degree  to  which  constant  airspeed  is 
maintained  throughout  the  test. 

TR AILING-STATIC-PRESSURE-TUBE  METHOD 

The  static  pressure  of  the  static-pressure  installation  is 
compared  directty  with  free-stream  static  pressure  as  meas- 
ured by  a static-pressure  tube  suspended  on  a long  cable 
below  the  airplane  (ref.  40).  The  cable  must,  of  course,  be 
long  enough  to  place  the  trailing  tube  at  a distance  below  the 
airplane  where  the  pressure  is  approximately  ambient.  In 
reference  40,  it  was  shown  that  the  cable  length  should  be 
approximately  1%  to  2 wing  spans.  The  advantage  of  this 
calibration  method  is  that  the  calibration  can  be  conducted 
at  altitude  and  at  speeds  down  to  the  stall.  The  maximum 
speed  at  which  the  tests  ma}r  be  conducted  is  limited  by  the 
speed  at  which  the  trailing  tube  encounters  instability.  The 
unstable  motions  of  the  towed  body  which  develop  above  this 
limiting  airspeed  have  been  attributed  to  cable  oscillations 
which  oiiginate  near  the  airplane  and  are  amplified  by  aero- 
dynamic  forces  as  they  travel  down  the  cable  (ref.  41). 
Simple  trailing  tubes  which  depend  on  the  weight  of  the  body 
to  keep  them  below  the  airplane  have  a maximum  usable 
speed  of  approximately  M=0.4.  A more  complex  trailing 
tube  with  wings  set  at  a negative  angle  of  incidence  to  keep  it 
below  the  airplane  has  been  towed  to  a Mach  number  of  0.85 
(ref.  27).  The  accuracy  which  can  be  achieved  by  this 
method  is  relatively  high  because  the  difference  between  the 
system  and  free-stream  pressures  can  be  measured  directty 
with  a differential  pressure  instrument. 

ANEROID  METHOD 

Basicalty,  the  aneroid  method  consists  in  measuring  the 
static  pressure  developed  by  the  static-pressure  system  of  the 
airplane  at  a known  height  and  measuring  the  free-stream 
static  pressure  at  the  same  height.  The  static-pressure  error 
of  the  installation  is  then  determined  as  the  difference  be- 
tween these  two  pressures.  The  pressure  developed  by  the 
static-pressure  tube  may  be  measured  either  with  an  absolute- 
pressure  gage  or  with  an  altimeter.  The  measurement  of  the 
reference  height  and  of  the  free-stream  static  pressure  at  this 
height  may  be  accomplished  by  any  one  of  a variety  of 
methods  to  be  described. 

Reference  landmark. — The  simplest  form  of  the  aneroid 
method  is  that  in  which  the  reference  height  is  established  as 
the  top  of  a tall  tower  or  building  of  known  height  (ref.  42). 
The  free-stream  static  pressure  at  the  reference  height  may 
be  determined  directty  with  an  absolute-pressure  gage  or  al- 
timeter located  at  the  top  of  the  landmark.  This  measure- 
ment may  also  be  determined  by  measuring  the  atmospheric 
pressure  and  temperature  at  the  ground  and  computing  the 
pressure  at  the  reference  height  on  the  basis  of  the  standard 
lapse  rate.  The  flight  calibration  procedure  consists  in  meas- 
uring the  static  pressure  of  the  airplane  installation  as  the 
airplane  flies  past  the  landmark  in  level  flight  at  constant 
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speed.  Any  deviations  in  the  height  of  the  airplane  above  or 
below  the  reference  height  ma}r  be  determined  either  by  visual 
observation  or  by  photographing  the  airplane  from  the  land- 
mark. The  speed  range  of  the  calibration  is  limited  to  speeds 
above  the  stall  and  below  the  maximum  level-flight  speed  of 
the  airplane.  Because  of  the  ease  and  precision  with  which 
the  reference  height  and  the  free-stream  static  pressure  can 
be  measured,  the  static-pressure  error  of  the  installation  may 
be  determined  with  a relatively  high  degree  of  accuracy. 
The  principal  disadvantages  of  this  method  are  the  fact  that 
the  calibration  is  limited  to  level-flight  speeds  and  the  hazards 
involved  in  flying  the  airplane  near  the  ground. 

Photographic. — The  height  of  the  airplane  may  be  deter- 
mined either  by  photographing  the  airplane  as  it  passes  over 
a camera  directed  vertically  upward  from  the  ground  or  by 
photographing  reference  landmarks  on  the  ground  with  a 
camera  pointed  vertically  downward  from  the  airplane.  In 
either  case,  the  height  of  the  airplane  is  calculated  from  the 
focal  length  of  the  camera  and  a comparison  of  the  size  of  the 
image  on  the  film  with  the  true  dimensions  of  the  object. 
For  accurate  measurements,  corrections  must  be  applied  for 
any  deviations  of  the  airplane  from  zero  angle  of  bank.  The 
free-stream  static  pressure  at  the  reference  height  is  com- 
puted by  using  the  standard  lapse  rate  and  measurements  of 
pressure  and  temperature  at  the  ground.  Because  the  ac- 
curacy of  the  determination  of  free-stream  static  pressure  by 
means  of  these  computations  decreases  as  the  altitude  of  the 
airplane  is  increased,  it  may  be  advisable  in  some  cases  to 
determine  the  stream  pressure  by  flying  the  airplane  at  a 
speed  for  which  the  installation  has  been  previously  cali- 
brated by  another  method,  for  example,  the  reference-land- 
mark method. 

The  calibration  procedure  consists  in  flying  the  airplane  at 
constant  speed  and  altitude  over  the  ground  station.  Al- 
though the  speed  range  of  the  calibration  is  the  same  as  that 
of  the  reference-landmark  method,  this  method  is  less  haz- 
ardous because  the  tests  can  be  conducted  at  higher  altitudes. 
In  one  application  of  this  method,  satisfactory  calibrations 
have  been  made  at  heights  of  300  to  800  feet  (ref.  43).  An 
attempt  to  use  the  method  at  much  higher  altitudes  (25,000 
to  30,000  feet)  did  not  prove  very  successful  (ref.  44). 

Geometric. — In  the  first  of  two  forms  of  the  geometric 
method  (described  in  ref.  45),  the  height  of  the  airplane  is 
determined  by  flying  the  airplane  at  constant  speed  and  alti- 
tude over  a predetermined  ground  course  such  as  a line  down 
a runwa3r,  and  in  measuring  the  elevation  angle  of  the  air- 
plane from  a ground  station  that  is  a known  distance  from 
the  ground  course.  For  best  results,  the  distance  of  the 
ground  station  from  the  ground  course  should  be  about  the 
same  as  the  height  at  which  the  airplane  is  expected  to  fly. 
The  elevation  angle  of  the  airplane  may  be  determined  with 
either  a visual  indicator  (sighting  stand  of  ref.  45)  or  a photo- 
theodolite. Lateral  deviations  of  the  flight  path  of  the 
airplane  from  the  ground  course  must  be  estimated  and 
corrected. 

A second,  and  more  accurate,  form  of  this  method  involves 
the  determination  of  the  elevation  angle  of  the  airplane  from 
two  ground  stations  located  a known  distance  apart  and  pref- 
erably an  equal  distance  on  each  side  of  the  ground  course 
{ref.  45).  This  method  has  an  advantage  in  that  the  flight 


path  of  the  airplane  may  deviate  from  the  ground  course 
without  affecting  the  accuracy  of  the  height  measurement. 
In  either  of  these  methods  the  free-stream  static  pressure  at 
the  reference  height  is  calculated  by  using  the  standard  lapse 
rate  and  measurements  of  pressure  and  temperature  at  some 
reference  point  on  the  ground,  or  it  is  measured  by  flying  the 
airplane  at  a speed  for  which  the  calibration  has  been 
determined  by  other  means. 

Reference  airplane.— The  reference  height  may  be  estab- 
lished by  another  airplane  flying  at  a low  and  constant  speed 
and  at  constant  pressure  altitude  (refs.  42  and  46).  The 
static-pressure  system  of  the  reference  airplane  must  have 
been  previously  calibrated  for  the  speed  at  which  it  is  flown 
in  order  to  determine  the  free-stream  static  pressure  at  the 
reference  height.  The  test  airplane  is  then  flown  at  a series 
of  constant  speeds  past  the  reference  airplane.  Corrections 
for  any  differences  between  the  height  of  the  two  airplanes 
can  be  determined  most  accurately  by  photographing  the 
test  airplane  as  it  flies  past  the  reference  airplane. 

Radar  phototheodolite. — In  another  form  of  the  aneroid 
method,  the  height  of  the  airplane  is  calculated  from  the 
slant  range  and  elevation  angle  of  the  airplane  as  measured 
by  a radar-phototheodolite  assembty  located  at  a ground 
station  (ref.  38).  The  radar  antenna  is  directed  at  the  test 
airplane  by  a separate  optical  tracking  unit  operated  through 
a servosystem.  The  radar-photo  theodolite  assembly  con- 
sists of  a radar  unit  which  has  been  modified  by  the  addition 
of  (1)  an  elevation  scale  on  the  radar  antenna  and  a camera 
to  photograph  this  scale  and  (2)  a camera  with  a long-focal- 
length  lens  mounted  at  the  center  of,  and  boresighted  with, 
the  radar  antenna.  The  scale  camera  provides  a measure 
of  the  elevation  angle  of  the  optical  axis  of  the  antenna 
camera,  and  the  antenna  camera  provides  a means  of  correct- 
ing for  any  deviations  of  the  position  of  the  airplane  from 
the  optical  axis  of  the  antenna  camera.  A third  camera  is 
installed  in  the  radar  unit  to  photograph  the  range  scope. 
The  three  cameras,  together  with  the  pressure-recording 
instruments  in  the  airplane,  are  all  synchronized  by  means 
of  radio  time  signals  transmitted  from  the  airplane. 

As  this  method  permits  calibrations  of  the  airplane  in 
dives  and  maneuvers  as  well  as  in  level  flight,  the  tests  are 
usually  conducted  over  a range  of  altitude.  The  free-stream 
static  pressure  at  the  reference  altitudes  must,  therefore,  be 
determined  by  measuring  the  variation  of  pressure  with 
height  over  the  test  altitude  range.  This  variation  of 
pressure  with  height  may  be  determined  by  any  of  the 
following  methods: 

(1)  The  test  airplane  is  tracked  by  the  radar  photo  theod- 
olite as  the  airplane  climbs  through  the  test  altitude  range 
at  a low,  constant  speed  for  which  the  static-pressure  error 
has  been  determined  by  other  means.  The  airplane  is  then 
flown  through  the  same  atmosphere  at  the  higher,  speeds  at 
which  the  installation  is  to  be  calibrated.  For  best  results 
it  is  advisable  to  repeat  the  survey  after  the  calibration  runs 
have  been  made. 

(2)  For  cases  in  which  the  airplane  cannot  be  flown 
through  the  test  altitude  range  at  flight  conditions  (Mach 
number  and  lift  coefficient)  for  which  the  calibration  is 
known,  the  free-stream  static  pressure  at  one  height  (as 
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measured  by  the  radar  phototheodolite)  is  first  determined 
for  one  flight  condition  for  which  the  static-pressure  error  is 
known  (ref.  47).  The  airplane  is  then  tracked  by  radar  at 
other  speeds  through  the  test  altitude  range.  From  measure- 
ments of  temperature  and  pressure  during  this  ascent,  the 
pressure  p2  at  any  given  height  h2  may  be  determined  by- 
means  of  the  following  equation: 


,1  +^K(Mr 

RT 


dh 


(1) 


where  p\  is  the  free-stream  pressure  at  the  start  of  the  test 
(at  altitude  hi),  p'  and  Tf  are  the  measured  pressure  and 
temperature  at  altitude  k,  and  Mf  is  the  Mach  number 
determined  from  the  measured  total  pressure  and  the  static 
pressure  p The  value  of  n depends  on  the  temperature 
recovery  factor  K of  the  thermometer  and  on  the  Mach 

y — 1 

number.  For  K—l,  a value  of  n of  — (or  0.286)  gives 

satisfactory  results  at  subsonic  and  low  supersonic  speeds. 
‘Computations  of  n for  other  values  of  K and  M are  given 
in  reference  47. 

(3)  A radiosonde  transmitting  pressure  measurements  is 
tracked  by  the  radar  phototheodolite  through  the  test 
altitude  range.  Although  this  method  appears  attractive 
because  of  its  simplicity,  calibration  tests  have  shown  that 
the  radiosonde  measurements  are  not  sufficiently  accurate 
to  establish  the  static-pressure  error  of  an  installation  to 
the  accuracy  required  for  most  research  tests. 

(4)  The  variation  of  pressure  with  height  at  the  test  alti- 
tudes is  computed  from  measurements  of  temperature  and 
pressure  transmitted  from  a radiosonde.  The  height  at  any 
given  pressure  level  may  be  computed  from  the  equation 


where  p and  T are  simultaneous  radiosonde  measurements. 
This  equation  indicates  that  an  error  in  static  pressure 
results  in  an  error  in  altitude  of  opposite  sign.  Therefore, 
in  a plot  of  pressure  against  altitude,  the  error  in  altitude 
tends  to  compensate  for  the  error  in  static  pressure.  As  a 
consequence,  the  variation  of  static  pressure  with  altitude 
obtained  by  this  method  will  be  closer  to  the  actual  variation 
than  that  obtained  when  the  static  pressure  is  measured  by 
by  the  radiosonde  and  the  height  of  the  radiosonde  is  meas- 
ured by  a radar  theodolite. 

Radio  altimeter. — The  reference  height  is  determined  by 
means  of  a radio  altimeter  installed  in  the  airplane  (ref.  48). 
The  variation  of  free-stream  static  pressure  with  height  is 
first  determined  by  flying  the  airplane  through  the  test 
altitude  range  at  a low  constant  speed  for  which  the  static- 
pressure  error  is  known.  The  calibration  tests  are  then 
performed  through  the  same  atmosphere,  the  height  of  the 
airplane  being  measured  by  the  radio  altimeter. 

Like  the  radar-photo  theodolite  method,  this  method 
allows  the  calibrations  to  be  conducted  at  high  altitude. 
The  instrumentation  required  for  this  method,  however,  is 
much  simpler  and  has  the  advantage  of  being  entirely  con- 
tained within  the  airplane.  The  method  has  the  dis- 


advantage of  requiring  a level  ground-reference  plane,  and 
thus  it  is  restricted  to  flight  over  a large  body  of  water. 
From  the  tests  reported  in  reference  48,  the  accuracy  of  this 
method  was  found  to  be  of  the  same  order  as  that  of  the 
radar-phototheodolite  method. 

Accelerometer. — In  the  accelerometer  method  (ref.  47),  the 
free-stream  static  pressure  at  a given  height  is  determined 
by  flying  the  airplane  in  level  flight  at  a speed  for  which  the 
static-pressure  error  has  previously  been  determined  by 
another  method.  The  airplane  is  then  flown  in  level  flight 
or  in  vertical-plane  maneuvers  at  the  higher  speeds  for  which 
a calibration  is  desired.  From  measurements  of  normal  and 
longitudinal  acceleration  and  the  attitude  angle  of  the  air- 
plane, a calculation  is  made  of  the  vertical  velocity  which, 
when  integrated,  provides  a measure  of  the  change  in  height. 
The  height  increment  is  then  combined  with  temperature 
measurements  to  determine  the  variation  of  free-stream 
static  pressure  with  height  during  the  calibration  run.  An 
evaluation  of  this  method  (ref.  47)  as  compared  with  the 
radar-photo  theodolite  method  showed  the  accurac}7  of  tire 
two  methods  to  be  comparable. 

RADAR-TEMPERATURE  METHOD 

In  the  radar-temperature  method,  the  variation  of  ambient 
temperature  with  height  is  first  determined  by  (1)  tracking 
a radiosonde  (transmitting  temperature  measurements)  with 
a radar  photo  theodolite  or  (2)  computing  the  height  of  the 
radiosonde  from  equation  (2)  using  values  of  pressure  and 
temperature  transmitted  from  the  radiosonde.  The  test 
airplane  is  then  tracked  by  the  theodolite  as  the  airplane  is 
flown  through  the  atmosphere  surveyed.  During  the  cali- 
bration runs  continuous  measurements  are  made  of  the  total 
temperature  developed  by  a probe  on  the  airplane.  From 
a knowledge  of  the  total  temperature  T'  and  the  ambient 
temperature  T at  a given  height,  the  true  Mach  number  at 
this  height  may  be  determined  from  the  equation 

~=l+0.2KM^  (3) 

From  a comparison  of  the  true  Mach  number  with  the  Mach 
number  measured  by  the  airplane  installation  at  this  height, 
the  static-pressure  error  may  be  calculated. 

TEMPERATURE  METHOD 

This  method  is  based  on  the  assumption  that  the  tempera- 
ture and  pressure  at  a given  point  in  the  atmosphere  remains 
unchanged  over  a short  period  of  time.  The  method,  as 
described  in  reference  49,  consists  in  measuring  the  tempera- 
ture, static  pressure,  and  total  pressure  from  the  airplane  as 
it  is  flown  through  the  test  altitude  range  at  a speed  for  which 
the  calibration  is  known.  This  survey  establishes  the 
relation  between  the  ambient  temperature  and  the  free- 
stream  static  pressure.  The  airplane  is  then  flown  through 
the  altitude  range  surveyed,  and  the  same  measurements  are 
repeated.  The  values  of  the  indicated  temperature  and 
total  pressure  at  a given  instant  in  the  calibration  run, 
together  with  the  temperature  recovery  factor  of  the  ther- 
mometer, define  the  relation  between  the  ambient  tempera- 
ture and  the  indicated  static  pressure  at  that  instant.  From 
a comparison  of  this  temperature  with  the  temperature- 
pressure  variation  determined  in  the  survey,  the  free-stream 
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static  pressure  at  that  instant  is  determined.  The  static- 
pressure  error  is  then  found  as  the  difference  between  the 
indicated  and  free-stream  static  pressures.  Although  the 
instrumentation  required  for  this  method  is  comparatively 
simple,  the  measurement  of  temperature  must  be  very  pre- 
cise. The  accuracy  which  may  be  obtained  with  this  method 
was  determined  in  the  tests  reported  in  reference  50. 

FORMATION-FLIGHT  METHOD 

In  the  formation-flight  method,  the  test  airplane  is  flown 
in  formation  with  another  airplane  that  has  a calibrated 
airspeed  system.  The  static-pressure  error  may  be  deter- 
mined by  comparing  either  the  altimeter  or  the  airspeed 
indicator  readings  of  the  two  airplanes.  If  airspeed  readings 
are  compared,  the  errors,  if  any,  in  the  total -pressure  systems 
of  the  two  airplanes  must  be  taken  into  account.  This 
method  is  limited  to  the  altitude  and  speed  capabilities  of 
the  reference  airplane.  An  evaluation  of  the  accurac}7 
which  may  be  achieved  with  this  method  at  speeds  between 
200  and  400  knots  is  reported  in  reference  51. 


CONCLUSIONS 

From  a comparison  of  the  calibrations  of  four  ty7pes  of 
static-pressure-measuring  installations  (fuselage  nose,  wing- 
tip,  vertical  tail  fin,  and  fuselage  vent)  the  following  con- 
clusions may  be  drawn: 

1.  For  an  airplane  designed  to  operate  at  supersonic 
speeds,  a static-pressure  tube  located  ahead  of  the  fuselage 
nose  will,  in  general,  be  the  most  desirable  installation. 

2.  If  the  operating  range  is  confined  to  speeds  below  sonic, 
a static-pressure  tube  located  ahead  of  the  wing  tip  may,  for 
some  airplane  configurations,  prove  more  satisfactory  than 
a fuselage-nose  installation. 

3.  For  operation  at  Mach  numbers  below  0.8,  a static- 
pressure  tube  ahead  of  the  vertical  tail  fin  or  fuselage  vents, 
properl}7  located  and  installed,  should  prove  satisfactory. 

Langley  Aeronautical  Laboratory, 

National  Advisory  Committee  for  Aeronautics, 
Langley  Field,  Va.,  December  17,  1956. 
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STUDY  OF  EFFECTS  OF  WING  FLEXIBILITY  ON  WING  STRAINS  DUE  TO  GUSTS  1 
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SUMMARY 

An  analytical  study  oj  the  effects  of  wing  flexibility  on  wing 
strains  due  to  gusts  has  been  made  for  four  spanwise  stations  of 
a four-engine  bomber  airplane,  and  the  results  have  been  corre- 
lated with  results  of  a previous  flight  investigation . The 
measured  bending-strain  amplification  factors  due  to  wing 
flexibility  {ratio  of  strain  for  the  flexible  airplane  to  strain  for 
the  “rigid”  airplane)  at  a station  near  the  wing  root  were  1.09 
when  based  on  the  ratio  of  root-mean-square  values  and  approxi- 
mately 1.19  when  based  on  the  ratio  of  strains  obtained  from 
distributions  of  strain  peaks . The  amplification  factors  de- 
creased with  each  successive  outboard  station  and  then  increased 
slightly  at  the  tip  station.  When  the  airplane  was  considered 
to  have  three  degrees  of  freedom  {vertical  motion  and  wing 
bending  in  the  first  and  second  symmetric  bending  modes), 
calculated  amplification  factors  were  in  reasonable  agreement 
with  the  measured  results. 

INTRODUCTION 

The  current  trend  toward  thinner  wings,  higher  speeds, 
and  larger  concentrations  of  mass  in  the  wings  has  led  to  in- 
creased concern  regarding  the  effects  of  wing  flexibility  on  the 
aircraft  structural  loads  in  flight  through  atmospheric  turbu- 
lence. A number  of  investigations  have  dealt  with  the 
development  of  analytical  methods  for  calculating  structural 
responses  of  airplanes  to  gusts  (refs.  1 to  6).  Also,  a number 
of  flight  investigations  of  the  effect  of  transient  response  as- 
sociated with  wing  flexibility  of  present-day  airplanes  have 
been  made  by  the  National  Advisory  Committee  for  Aero- 
nautics to  determine  the  amplification  of  wing  strain  and  ac- 
celerations induced  by  gusts  (refs.  7 to  10),  and  correlations 
of  these  results  with  the  results  of  analytical  studies  have 
been  made. 

In  the  initial  studies  the  correlations  of  calculated  and 
measured  values  were  based  primarily  on  the  response  of  the 
airplane  to  simple  and  discrete  gust  disturbances  and,  al- 
though this  approach  has  proven  useful,  it  has  not  provided 
a clear  description  of  the  response  of  an  airplane  to  con- 
tinuous turbulence.  The  recent  application  of  the  method  of 
generalized  harmonic  analysis  to  the  problem  of  gust  loads 
has,  however,  provided  a technique  that  gives  a more  com- 

i Supersedes  NACA  Technical  Note  4071  by  C.  C.  Shufflebarger,  Chester  B.  Payne,  and 


plete  description  of  the  response  of  an  airplane  to  continuous 
turbulence.  This  approach  has  been  applied  in  reference  1 
in  analytical  studies,  and  the  results  obtained  show  good  cor- 
relation with  flight-test  results  evaluated  on  a “selected 
peak”  basis  for  the  overall  effects  of  wing  flexibility  on  the 
strains  at  the  wing  root  stations  of  three  airplanes. 

In  this  paper  the  techniques  of  generalized  harmonic  anal- 
ysis are  applied  in  both  the  analytical  calculations  and  in  the 
analysis  of  the  wing-strain  measurements  made  on  a four- 
engine  bomber  airplane  during  flight  through  rough  air. 
(An  evaluation  of  the  data  for  the  flight  investigation  on  the 
basis  of  selected  peaks  is  reported  in  ref.  10.)  The  use  of 
generalized  harmonic  analysis  techniques  for  both  the  calcu- 
lated and  measured  values  enables  correlations  to  be  made 
on  the  same  basis  and  in  more  detail  than  in  reference  1. 
Strain  spectra,  root-mean-square  strain  values,  and  the  dis- 
tribution of  strain  peaks  were  determined  for  each  of  four 
span  wise  me  as  ur  mg  stations,  and  the  analytical  methods  of 
reference  1 are  applied  in  order  to  calculate  the  same  quan- 
tities. The  method  of  reference  1 was  extended  to  include 
the  second  symmetrical  bending  mode,  in  addition  to  the 
fundamental  bending  mode,  as  it  appeared  particularly 
pertinent  for  the  outboard  stations. 

SYMBOLS  USED  IN  BODY,  TABLE,  AND  FIGURES 

a slope  of  lift  curve  of  wing 

b span  of  wing 

c chord  of  wing 

c0  chord  of  wing  at  midsemispan 

E Young’s  modulus  of  elasticity 

f frequency,  cps 

g acceleration  due  to  gravity 

/ bending  moment  of  inertia 

k statistical  number  of  degrees  of  freedom 

L scale  of  turbulence,  ft 

l distance  from  neutral  axis  to  the  extreme  fiber 

MCq  moment  of  wing  area  about  spanwise  station  under 

J'&/2 

c{y—yi)dy 

vj 

rb/2 

Me=  J cwfy-yffly 
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/i>/2 

Mc2=JVj  cw^y-y>)dv 


8Mq 

apcQs 


rb/2 


m(y—y,)dy 


8 Mi 
apc0s 


r*n 

Mm,=J  mWi(y—y})dy 


8M2 

apc0s 


p&/2 

^«*=J  mwi(y-yt)dy 


Mn  generalized  mass  of  7ith  mode 
m mass  per  unit  span  of  wing  (except  in  eq.  (4)) 

N(y)  number  of  strain  peaks  per  second  greater  than  a 
given  strain  level  y 

An  incremental  normal  acceleration,  g units 


rb/2 

2 I cw.dy 

rm 

2 Jo  CdV 

rb/2 

2 I cWiWtfly 
rm 

2 Jo  Cdy 


S wing  area 

2V 

s distance  traveled,  — t,  half-chords 

c0 

T arbitrary  value  of  t , sec 

T{j)  amplitude  of  airplane  frequency-response  function 
t time  (zero  at  beginning  of  gust  penetration) 

V forward  velocity  of  flight 

W total  weight  of  airplane 

wn  deflection  of  elastic  axis  in  nth  mode,  given  in  terms 
of  unit  tip  deflection,  positive  upward 
y distance  along  wing  measured  from  airplane  center 

line 

y(t)  stationary  random  disturbance  (strain  amplitude) 
e strain 

. _W1  c0 
Xl  2V 


A2  2V 


p mass  density  of  air 

a root-mean-square  value  of  output  response 

<jxj  root-mean-square  gust  velocity 

4>i(  ) input  power-spectral-density  function 
4>0(  ) output  power-spectral-density  function 
0 frequency,  radians/ft 

un  natural  circular  frequency  of  vibration  of  nth  mode 

Primes  denote  derivatives  with  respect  to  s or  <r . 
Subscripts : 

F flexible  case 

j spanwise  station 

n natural  modes  of  vibration 

R rigid  case 

APPARATUS,  TESTS,  AND  ACCURACY  OF  MEASUREMENTS 

The  experimental  data  used  in  the  present  investigation 
were  obtained  from  the  flight  investigation  reported  in 
reference  10.  The  airplane,  flight  conditions,  and  test 
procedures  are  described  in  detail  in  reference  10,  and  the 
description  is  partially  repeated  herein  for  completeness 
of  this  paper. 

The  characteristics  of  the  test  airplane  are  given  in  table  I, 
and  a three-view  drawing  of  the  test  airplane  is  shown  in 
figure  1.  The  estimated  spanwise  stiffness  distribution  is 
given  in  figure  2,  and  the  estimated  weight  distribution  for 
the  test  run  considered  herein  is  shown  in  figure  3. 

The  instrumentation  used  in  this  investigation  consisted 
of  electrical  strain-gage  bridges  for  measuring  wing  bending 
strains  at  the  front  and  rear  spars  of  wing  stations  126,  255, 
432,  and  590,  and  an  accelerometer  mounted  in  each  wing 
near  the  elastic  axis  at  the  estimated  nodal  point  of  the 
fundamental  bending  mode  (station  278).  All  strain  indi- 
cations were  recorded  on  a multichannel  oscillograph.  The 
outputs  of  the  strain-gage  installations  at  the  inboard 
stations  were  recorded  separately,  whereas  the  gages  on  the 
front  and  rear  spars  of  stations  432  and  590  were  combined 
electrically  to  give  a single  output  for  each  station.  The 
natural  frequency  of  the  nodal-accelerometer  recording 
system  was  approximately  9 cps.  All  recorders  were  corre- 
lated in  time  by  means  of  an  NACA  ^-second  chronometric 
timer. 

The  investigation  was  made  at  a speed  of  250  mph  for  a 
weight  of  105,900  pounds.  In  the  course  of  the  actual  flight 
test,  small  variations  from  the  specific  test  conditions 
occurred  in  the  airspeed,  altitude,  and  airplane  weight. 
These  variations  were  too  small  to  be  significant.  A pull-up 
which  was  made  at  the  same  weight  and  speed  was  also 
analyzed  for  use  in  determining  the  equivalent  “rigid” 
airplane  strains. 

The  instrumentation,  the  character  of  the  records,  and  the 
method  of  record  reading  were  such  that  the  overall  accuracy 
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TABLE  I 


AIRPLANE  LOADING,  PHYSICAL  CONSTANTS,  AND  BASIC 
PARAMETERS 


(a)  Terms  that  apply  to  all  wing  stations 

W,  lb 1 

V,  mph 

S,  sq  ft 

b,  in 

Aspect  ratio 

Mean  aerodynamic  chord,  ft 

Center-of-gravity  position  (approximate),  percent  mean  aero- 
dynamic chord 

a 

co,  in 

p,  slugs/cu  ft 

6>i,  radians/sec 

oj2,  radians/sec 

po 

Pi 

p2 

Xi 

X2 

n 

r2 

r4 

r5 

rG : 


105,  900 
250 
1,  739 
1,  700 
11.  6 
12.  9 

22 
5.  00 
205 
0.  00238 
15.  6 
40.  8 
74.  4 
1.  422 
0.  J.81 
0.  362 
0.  953 
0.  190 
0.  131 
0.  082 
0.  068 
0.  054 


(b)  Terms  that  apply  to  specific  wing  stations 


Wing 

sta- 

tion, 

in. 

mT 

c0 

Mmj 

Mmo 

m„2 

mh 

M‘o 

mC2 

l,  in. 

126 

0.  834 

0.  154 

-0.  015 

0.  455 

0.  205 

16.9 

255 

. 562 

. 230 

-.  0015 

. 536 

. 262 

15.  3 

432 

. 155 

.496 

. 179 

. 661 

. 388 

13.  1 

590 

. 089 

. 700 

. 452 

. 786 

. 571 

11.  3 

of  the  individual  measurements  was  estimated  to  be  as 


follows: 

Strain  indications,  percent ±5 

Accelerations,  g units : ±0.05 


The  strain  measurements  in  pull-ups  and  in  laboratory  load 
calibrations  were  linear  within  the  accurac}7  of  the  measure- 
ments. 


BAJSIS  OF  ANALYSIS 

The  object  of  the  present  study  is  to  correlate  data  for 
analytically  determined  effects  with  data  for  experimentally 
determined  effects  of  wing  bending  flexibilit}r  on  the  wing 
strains  during  flight  through  rough  air.  The  overall  effects 
of  wing  bending  flexibility  can  be  conveniently  expressed  in 
terms  of  amplification  factors  which  are  ratios  of  the  strains 
for  the  flexible  airplane  to  the  strains  for  the  rigid  airplane 
condition.  Two  strain  amplification  factors  are  used  in  the 
analysis,  one  based  on  root-mean-square  strains  and  the 
other  on  strains  that  a given  number  of  peak  strains  equal 
or  exceed. 

The  flexibility  measures  used  involve  comparison  of  actual 
incremental  wing  strains  with  the  strains  that  would  be 
obtained  if  the  airplane  were  rigid.  Since  it  is,  of  course,  not 
possible  to  obtain  the  rigid-body  reference  strains  in  flight, 


Figure  1. — Three-view  drawing  of  test  airplane. 


Figure  2. — Estimated  spanwise  stiffness  distribution. 


some  nearly  equivalent  strain  must  be  used.  The  general 
practice,  as  in  reference  1,  has  been  to  assume  that  the  rigid- 
body  strains  are  equal  to  the  strains  that  would  develop 
during  pull-ups  at  accelerations  equal  to  the  accelerations 
that  are  measured  at  the  nodal  points  during  rough-air 
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(a)  Wing  structure  and  nacelles. 

(b)  Fuel  load. 

Figure  3. — Estimated  span  wise  weight  distribution  for  a gross  weight 
of  105,900  pounds. 

flights,  and  this  practice  has  been  followed  herein.  In 
utilizing  the  pull-up  as  the  reference  condition,  the  effects 
of  quasi-static  elastic  twist  and  other  aerodynamic  features 
of  the  airplane  are  represented.  The  quasi-static  elastic 
twist  is,  however,  small  for  the  test  airplane  and  is  neglected 
in  this  analysis.  The  acceleration  values  obtained  from  the 
nodal  accelerometers  in  the  left  and  right  wings  are  averaged 
to  give  a single  time  history  which  is  used  as  the  rigid-bod}7 
acceleration  in  rough  air.  The  use  of  the  average  of  the  two 
nodal  accelerometers  largely  eliminates  the  effects  of  roll 
and  of  uns}7mmetrical  vibrations  on  the  measured  accel- 
erations. 

Inasmuch  as  the  evaluation  of  the  results  of  the  flight 
investigation  and  the  associated  analytical  results  are  based 
on  the  techniques  of  generalized  harmonic  analysis,  a few 
basic  concepts  and  relations  that  are  needed  are  given  here. 
One  of  the  more  important  and  useful  characteristics  of  a 
stationary  random  disturbance  is  its  power-spectral-density 
function.  If  y(t)  is  a stationary  random  disturbance,  the 
power-spectral-density  function  or  power  spectrum  of  y(t) 
is  defined  by 


2 


e~2viftdt 


0) 


where  the  bars  designate  the  modulus  of  the  complex  quantity 
and  T is  an  arbitrary  value  of  t in  seconds.  The  power 
spectrum  <£(/)  can  essentially  be  considered  to  describe  the 
contributions  of  the  various  frequencies  to  the  total  power  or 
mean-square  value  of  the  disturbance. 

The  power  spectrum  of  a disturbance  and  the  power  spec- 
trum of  the  response  of  the  airplane  to  the  disturbance  are, 


for  a linear  system,  related  simply  by 


(2) 


where  $,(/)  is  the  power  spectrum  of  the  input,  <3>0(/)  is  the 
power  spectrum  of  the  output  response,  and  \T(J)\  is  the 
amplitude  of  the  system  frequency-response  function  which, 
in  the  present  application,  is  the  amplitude  of  the  airplane 
wing  bending-strain  response  to  a unit  sinusoidal  gust  dis- 
turbance of  frequency/.  In  a subsequent  section  of  this  paper, 
the  frequency-response  functions  T(j) are  determined  ana- 
lytically and  applied  in  equation  (2)  in  order  to  determine 
the  expected  strain  spectra  for  comparison  with  the  measured 
results. 

The  spectrum  of  the  output  response  permits  the  determin- 
ation of  the  mean  square  of  the  response  and  other  statistical 
characteristics  of  the  disturbance  that  are  of  interest.  The 
root-mean-square  value  provides  a simple  and  direct  measure 
of  the  overall  response  intensity.  Also,  as  in  reference  1,  the 
spectra  for  a Gaussian  random  process  may  be  used  to  derive 
the  average  number  of  peaks  per  second  N(y)  that  exceed 
a given  strain  level  y . The  expression  for  obtaining  the 
average  number  of  peaks  per  second  exceeding  given  values, 
as  given  in  reference  1,  is 
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where 

N(y)  number  of  strain  peaks  per  second  greater  than  y 
y strain  amplitude 

r*  oo 

o-2  mean-square  value  of  the  strain  response, J $0(f)df 
Thus,  equation  (3)  may  also  be  written  as 
N{y)=^  e-**'™ 

where 

Jo 

RESULTS 

EXPERIMENTAL 

Time  histories  of  strain  indications  and  nodal-point 
accelerations  for  a portion  of  a gust  record  and  a pull-up  are 
shown  in  figure  4.  A preliminary  check  of  the  strain  indica- 
tions for  the  front  and  rear  spars  of  stations  126  and  255 
indicated  that  the  strains  in  rough  air  relative  to  the  strains 
in  pull-ups  were  essentially  the  same  for  the  front  and  rear 
spars  at  these  stations  and,  therefore,  only  the  front-spar 
strains  were  used  to  represent  these  stations. 

Power  spectra. — Power-spectral-density  functions  for  the 
wing  bending  strains  and  rigid-body  accelerations  were  com- 
puted from  the  time-history  data  for  a 2-minute  section  of 
records  by  Tukey’s  calculation  procedure  for  spectra  estima- 
tion as  presented  in  references  11  and  12.  In  determining 
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(a)  Nodal  accelerations.  (b)  Wing-strain  indications. 

Figure  4. — Time  histories  of  nodal  accelerations  and  wing-strain  indications. 


the  strain  spectra  from  the  measurements,  the  nature  of  the 
records  made  impractical  the  reading  of  the  records  at  time 
intervals  of  less  than  0.1  second;  therefore/ the  range  of  the 
spectra  was  limited  to  5 cps.  The  nodal-acceleration 
records,  however,  were  read  at  intervals  of  0.05  second;  thus 
the  spectra  for  the  rigid  condition  covered  the  frequency 
range  from  0 to  10  cps.  Forty  estimates  of  the  power, 
equally  spaced  over  the  frequency  range  from  0 to  5 cps, 
were  obtained  for  the  strain  histories,  and  20  estimates  (due 
to  a difference  in  reading  intervals)  were  obtained  for  the 
rigid-body  acceleration. 

Since  the  wing  strains  in  a pull-up  are  different  at  the 
various  wing  stations  (fig.  4)  the  spectra  of  rigid-body 
strains  also  differ  from  station  to  station.  To  permit 
direct  comparison  between  amplification  effects  at  the 
various  stations,  the  time  histories  of  wing  bending  strain  ej 
in  rough  air  were  normalized  in  the  following  manner: 

XT  ..  . Ufa)  at  station  126  in  a pull-up 

Normalized  (ejfg)  m a pulj:^ 

The  rigid-body  acceleration  history  was  also  converted  to  a 
normalized  rigid-body  strain  by  multiplying  by  the  strain 
per  g at  station  126  in  a pull-up.  This  normalization  per- 
mits direct  comparison  of  all  strain  spectra  with  a single 
rigid-body  strain  spectrum.  The  normalized  strain  spectra 
obtained  in  the  foregoing  manner  are  shown  in  figure  5 for 
the  frequency  range  from  0 to  5 cps.  Because  of  the  normal- 
ization the  actual  numerical  values  have  no  real  significance, 
except  at  station  126,  and  do  not  reflect  the  actual  strain 
variations  between  the  different  stations. 

Peak  counts. — A direct  count  of  the  strain  peaks  for  all 
cases  was  not  considered  practical ; therefore,  the  number  of 
strain  peaks  per  mile  greater  than  a given  strain  level  was 


O I 2 3 4 5 

Frequency,  /,  cps 


Figure  5. — Measured  strain  spectra  (normalized  to  strain  at  station 

126). 
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estimated  from  the  measured  spectra  of  figure  5 by  means  of 
equation  (3).  The  results  are  plotted  hi  figure  6 as  a 
function  of  strain  level  for  the  flexible  and  rigid  cases  at 
station  126. 

In  the  evaluation  of  the  integrals  in  equation  (3),  the 
spectra  of  figure  5 were  used.  Inasmuch  as  these  spectra 
cover  only  the  frequency  range  of  0 to  5 cps,  the  integrals 
could  be  determined  only  for  this  region.  This  approxima- 
tion does  not  affect  the  reliability  of  the  root-mean-square 
values,  inasmuch  as  the  numerical  procedures  used  result  in 
no  loss  of  power  but  only  in  a distortion  of  the  true  spectrum ; 
the  power  at  frequencies  above  5 cps  appears  as  power  at 
lower  frequencies.  The  number  of  peaks  exceeding  given 
values  is  somewhat  underestimated,  however,  as  a result  of 
this  approximation,  as  is  indicated  in  a subsequent  section. 

Amplification  factors. — The  magnitude  of  the  flexibility 
effects  can  be  shown  by  strain  ratios,  that  is,  the  ratio  of  a 
measure  of  the  strain  for  the  flexible  case  to  the  comparable 
measure  of  strain  for  a reference  rigid  case.  Inasmuch  as 
the  root-mean-square  strains  provide  a simple  measure  of  the 
strain  levels,  the  ratios  of  the  root-mean-square  values  for 
the  flexible  case  to  the  corresponding  values  for  the  rigid 
case  give  one  measure  of  the  strain  amplification  factor 
(obtained  from  the  root-mean-square  values  given  in  fig.  5) 
and  are  plotted  as  a function  of  wing  station  in  figure  7 (a). 

Another  measure  of  the  strain  amplification  due  to 
flexibility  that  is  frequently  of  interest  is  the  ratio  of  the 
strain  for  the  flexible  airplane  to  the  strain  for  the  rigid 
airplane  that  has  the  same  frequency  of  occurrence.  This 
ratio  may  be  more  significant  for  fatigue  studies  than  the 


Figure  6. — Variation  of  the  number  of  strain  peaks  with  strain  level 
for  the  rigid  and  flexible  conditions  at  station  126  (estimated  from 
measured  spectra  and  eq.  (3)). 


ratio  of  the  root-mean-square  values  and  is  determined  as 
illustrated  in  figure  6 from  the  distributions  of  strain  peaks 
for  the  flexible  and  rigid  airplanes.  Figure  6 shows  that  the 
ratio  of  the  strain  for  the  flexible  airplane  to  the  strain  for 
the  rigid  airplane  that  has  the  same  frequency  of  occurrence 
varies  with  strain  level;  the  ratio  is  highest  at  the  low  strain 
values  and,  as  can  be  shown  analytically,  approaches  the 
ratio  of  the  root-mean-square  values  at  the  higher  strain 
levels.  As  in  reference  1,  the  frequenc}7  of  occurrence 
selected  for  determining  the  strain  ratios  was  the  frequency 
for  the  flexible  airplane  at  a strain  equal  to  twice  the  root- 
mean-square  strain  for  the  flexible  airplane.  This  strain 
ratio  for  each  of  the  four  measuring  stations  is  shown  in 
figure  7 (b). 

Statistical  reliability.— The  statistical  reliability  of  the 
power  spectra  determined  from  the  2-minute  section  of  rec- 
ord was  determined  by  the  method  of  reference  11.  The 
reliability7'  of  each  power  estimate  for  relatively  flat  spectra 
is  expressed  in  terms  of  the  statistical  number  of  degrees  of 
freedom  Jc,  where 
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n — - 1200 — - 
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and 

m number  of  uniformly  spaced  points  over  frequency 
range  for  which  power  estimates  are  obtained 
n number  of  equally  spaced  observations  taken  over 
the  length  of  the  time  history,  T/At 
For  this  value  of  Jc,  figure  2 of  reference  11  shows  each  indi- 
vidual power  estimate  to  have  95-percent  confidence  limits 
from  0.68  to  1.35  of  the  value  measured.  Small  peaks  in  the 
measured  spectra  may,  therefore,  be  merely  statistical  fluc- 
tuations. The  statistical  reliability  of  the  root-mean-square 
value,  which  is  based  on  the  integrated  power,  is  consider- 
ably higher  and  is  estimated  to  be  reliable  to  within  approxi- 
mately ±10  percent. 


FrGURE  7. — Measured  strain  amplification  factors. 
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ANALYTICAL 


The  results  obtained  in  the  analytical  phase  of  this  investi- 
gation were  based  on  the  relation  of  the  random  input  dis- 
turbance (for  a uniform  span  wise  gust),  the  output  response 
of  the  airplane,  and  the  frequency-response  characteristics  of 
the  airplane  as  given  in  equation  (2).  Selection  of  a suitable 
input  disturbance,  calculation  of  the  airplane  frequency- 
response  function,  and  determination  of  the  output  response 
by  means  of  equation  (2)  was  required.  Inspection  of  the 
wing  strain  indications,  as  in  figure  4,  revealed  that  the  sec- 
ond bending  mode  of  vibration  was  of  some  importance  at 
the  outboard  wing  stations;  the  method  of  reference  1 was 
therefore  extended  to  include  the  second  symmetrical  bend- 
ing mode.  The  determination  of  the  input  gust  disturbance, 
the  airplane  frequency-response  or  transfer  functions,  and 
the  output  responses  are  discussed  in  the  following  sections. 

Input  disturbance. — Recent  theoretical  studies,  such  as 
reference  13,  have  used  the  following  expression  to  approxi- 
mate the  spectrum  of  vertical  gust  velocity: 


L 1 + 3 n2L* 
7T  (1  +Q2IJ)2 


(5) 


where 

au2  mean-square  gust  velocity7,  (ft/sec)2 

L scale  of  turbulence,  ft 

ft  frequency,  2ir/\  (where  X is  gust  wave  length  in  feet), 

radians/ft 

For  present  purposes  it  is  convenient  to  express  the  gust 
spectrum  in  terms  of  the  frequency  argument  / in  cycles  per 
second,  where 


and  l7— 368  ft/sec.  In  terms  of  this  frequency  argument, 
the  gust  power  spectrum  is  given  by 
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Representative  values  of  L for  atmospheric  turbulence  are 
believed  to  vary  from  several  hundred  feet  to  more  than 

1.000  feet.  The  spectra  for  values  of  L of  400,  1,000  and 

2.000  feet  are  shown  in  figure  8 for  a value  of  av2  of  1.  The 
value  of  L equal  to  1,000  feet  was  selected  for  the  present 
analysis  as  being  of  the  correct  order,  on  the  basis  of  meas- 
ured data  (ref.  12),  although  calculations  were  also  made  for 
other  values  of  L. 

Frequency-response  functions. — The  frequency -response 
characteristics  were  obtained  for  the  airplane  bending-strain 
response  to  continuous  sinusoidal  gust  encounters  on  the 
basis  of  the  method  of  reference  1.  In  addition  to  calcula- 
tions for  the  rigid  condition,  the  frequency-response  functions 
were  calculated  for  two  separate  flexible  conditions:  (1)  the 
airplane  with  two  degrees  of  freedom  (as  in  ref.  1),  vertical 
motion  and  wing  bending  in  the  fundamental  mode,  and 


.01  .10  1.0  10 


Frequency,  ft  cps 


Figure  8.— Assumed  gust  input  spectrum. 


(2)  the  airplane  with  three  degrees  of  freedom,  vertical 
motion  and  wing  bending  in  the  fundamental  mode  and 
second  mode  (first  and  second  symmetrical  bending  modes). 

Although  airplane  pitch  may  be  important  in  the  response 
of  an  airplane  to  gusts  and  rough  calculations  for  the  rigid 
airplane  with  pitch  were  made,  pitch  response  was  not 
included  in  the  calculations  presented  herein  because  of 
increased  complexity.  The  equations  necessary  for  including 
the  second  symmetrical  mode  are  derived  in  the  appendix, 
and  the  airplane  loading,  physical  constants,  and  basic 
parameters  are  given  in  table  I.  The  slope  of  the  lift  curve  a 
was  estimated  to  be  5.00  per  radian  for  the  test  airplane,  and 
this  value  was  used  as  being  more  appropriate  in  the  calcula- 
tions than  the  value  of  6.28  used  in  reference  1.  In  using 
the  method  of  reference  1 to  obtain  the  amplitude  of  the 
airplane  bending  response,  the  results  were  obtained  in 
terms  of  a bending-moment  coefficient  per  foot  per  second. 
The  equations  necessary  for  converting  the  bending-moment 
coefficients  to  strains  are  given  in  the  appendix  of  the  present 
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report.  The  frequenc}r-response  functions  obtained  for  the 
wing  stations  at  which  flight  measurements  were  made  are 
shown  in  figure  9. 

Output  response. — Output-response  spectra  were  obtained 
for  each  wing  station  by  using  in  equation  (1)  the  calculated 
frequency-response  functions  and  the  assumed  input  spec- 
trum of  equation  (5)  for  1.  The  output  spectra  were 
calculated  for  a frequency  range  of  0 to  10  cps  in  order  to 
include  the  effect  of  the  second  sjunmetrical  mode  that 
peaks  at  approximate!}7  7 cps.  For  convenience  in  making 
comparisons,  the  calculated  output  spectra  for  the  rigid 
airplane  and  the  flexible  airplane  (three  degrees  of  freedom) 
for  the  wing  stations  at  which  the  flight  measurements  were 
made  and  a value  of  L of  1,000  feet  were  normalized  in  the 
manner  used  in  obtaining  figure  5 (so  that  direct  comparisons 
could  be  made)  and  are  shown  in  figure  10.  The  results  for 
frequencies  of  only  0 to  5 cps  are  shown  in  this  figure  because 
of  the  very  low  values  at  the  higher  frequencies.  In  order 
to  show  the  results  for  the  higher  frequencies,  and  in  par- 
ticular to  indicate  the  effect  of  the  second  bending  mode,  the 
complete  frequency-response  functions  for  frequencies  of 
0 to  10  cps  are  shown  in  figure  11  with  a logarithmic  ordinate 
scale. 

Amplification  factors. — The  amplification  factors  or  strain 
ratios  based  on  the  ratio  of  the  root-mean-square  strain 


for  the  flexible  airplane  to  that  for  the  rigid  airplane  were 
obtained  from  spectra  such  as  those  in  figure  10  (square 
root  of  area  under  spectra).  These  calculated  values  for 
both  two  degrees  and  three  degrees  of  freedom  are  shown  in 
figure  12  (a),  plotted  as  a function  of  wing  station  for  a 
value  of  L of  1,000  feet,  along  with  the  measured  values 
from  figure  7 (a). 

The  number  of  strain  peaks  per  mile  greater  than  given 
strain  levels  were  obtained  for  each  wing  station  by  use  of 
equation  (3)  in  order  to  determine  amplification  factors  or 
strain  ratios  based  on  the  distribution  of  peak  strain  values, 
as  was  done  for  the  experimental  results  shown  in  figure  6. 
The  calculated  values  for  both  two  degrees  and  three  degrees 
of  freedom  are  shown  in  figure  12  (b)  for  a value  of  L of  1,000 
feet,  along  with  the  measured  values  from  figure  7 (b). 

DISCUSSION 

EXPERIMENTAL  RESULTS 

Power  spectra. — Inspection  of  the  spectra  of  wing  strains 
in  flight  through  turbulence  (fig.  5)  reveals  two  features  of 
interest.  In  the  frequency  range  below  approximately  0.5 
cps,  an  amplification  of  wing  strains  that  increases  roughly 
in  proportion  to  the  distance  from  the  center  line  is  apparent. 
It  is  felt  that  this  increase  is  primarily  due  to  factors  such 


(a)  Station  126.  (b)  Station  255. 

(c)  Station  432.  (d)  Station  590. 


Figure  9. — Theoretical  transfer  functions.  a=5.00. 
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Figure  10. — Power  spectra  of  strain  at  four  wing  stations  normalized 
to  strain  at  station  126.  £ = 1,000  feet. 


as  spanwise  gust  variations  and  airplane  rolling  motions 
rather  than  wing  flexibility.  At  the  fundamental  bending- 
mode frequency  of  2.7  cps,  the  effects  of  wing  flexibility  are 
evidenced  by  the  bump  that  appears  in  the  spectra.  The 
spectra  indicate  that  flexibility  effects  near  the  fundamental 
bending-mode  frequency  are  greatest  at  the  most  inboard 
station  and  least  at  the  two  outboard  stations. 

The  effects  of  the  second  symmetrical  bending  mode  are 
not  evident  in  the  measured  spectra,  inasmuch  as  the 
frequency  of  the  second  bending  mode  is  about  7 cps  and 
the  spectra  in  figure  5 are  shown  to  only  5 cps.  Because  of 
the  method  of  obtaining  the  spectra,  however,  the  power 
at  higher  frequencies  is  not  lost  but  is  reflected  and  appears 
as  power  at  frequencies  of  less  than  5 cps;  in  particular,  the 
power  associated  with  the  second  symmetric  mode  at  approxi- 
mately 7 cps  may  be  expected  to  appear  at  3 cps.  This 
characteristic  of  reflection  of  the  power  above  the  highest 
resolved  frequency  (5  cps  in  the  present  case)  has  been 
termed  “aliasing”  (ref.  12).  The  measured  spectra  are 
distorted  to  the  extent  of  this  reflection.  The  power  expected 
at  the  higher  frequencies  is  small,  however,  as  indicated  by 
inspection  of  the  strain  records,  and  the  distortion  expected 
is  also  small. 

The  measured  spectra  also  show  a slight  tendency  to 
increase  in  power  at  frequencies  above  approximately  3.5 
cps.  This  tendency  may  be  a reflection  of  the  first  anti- 
symmetrical  mode,  believed  to  be  at  about  5 cps,  as  indicated 
in  reference  10. 

Amplification  factors. — The  ratios  of  the  measured  values 


Figure  11. — Power  spectra  of  strain  to  10  cps  at  four  wing  stations 
normalized  to  strain  at  station  126.  £=1,000  feet. 


of  root-mean-square  strain  for  the  flexible  airplane  to  those 
for  the  rigid  airplane  (fig.  7 (a))  indicate  that  an  amplifica- 
tion factor  of  approximately  1.1  applies  for  all  wing  stations. 
However,  part  of  the  amplification  (especially  at  the  out- 
board stations)  is  due  to  differences  in  the  spectra  of  figure  5 
at  frequencies  below  approximately  0.5  cps  that,  as  previously 
noted,  are  felt  to  result  from  factors  such  as  spanwise  gust 
variations  and  rolling  motions  rather  than  from  wing  flexi- 
bility. In  order  to  obtain  amplification  factors  that,  insofar 
as  possible,  reflect  only  the  amplification  due  to  flexibility, 
the  spectra  for  the  flexible  condition  in  figure  5 were  reduced 
to  the  same  values  as  the  spectrum  for  the  rigid  condition 
in  the  frequency  range  from  0 to  0.5  cps  on  the  assumption 
that  these  differences  between  the  spectra  were  not  due  to 
flexibility.  The  amplification  factors  obtained  from  these 
adjusted  spectra  are  also  shown  in  figure  7 (a)  and  indicate 
that  the  amplification  factor  due  to  flexibility  decreased 
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Figure  12. — Calculated  and  measured  strain  and  amplification  factors. 

L~  1,000  feet. 

from  a value  of  1.09  at  station  126  to  a value  of  1.03  at  station 
432  and  then  increased  to  a value  of  1.05  at  station  590. 

Amplification  factors  based  on  distributions  of  strain 
peaks  as  in  figure  6 are  shown  in  figure  7 (b)  for  both  the 
measured  and  adjusted  spectra  of  figure  5.  These  amplifica- 
tion factors  are,  in  general,  considerably  higher  than  those 
based  on  root-mean-square  values  but  indicate  the  same 
trend  of  flexibility  effects;  that  is,  the  amplification  factor 
based  on  the  adjusted  spectra  of  figure  5 decreased  from  a 
value  of  1.19  at  station  126  to  a value  of  1.03  at  station  432, 
and  then  increased  to  a value  of  1.11  at  station  590.  The 
amplification  factors  based  on  the  measured  spectra  are 
greater  than  those  based  on  the  adjusted  spectra  by  an  incre- 
ment of  0.02  to  0.07.  All  the  amplification  factors  in  figure 
7 (b)  determined  from  the  spectra  of  figure  5 and  by  the  use 
of  equation  (3)  are  believed  to  be  somewhat  too  low  because 
they  are  based  on  spectrum  measurements  which  cover  only 
the  frequency  range  from  0 to  5 cps.  A few  checks  of  these 
ratios  were  made  by  actual  counts  of  strain  peaks  and  they 
yielded  values  that  were  greater  by  an  increment  of  about 
0.05  than  those  obtained  from  the  spectra  and  the  use  of 
equation  (3) . It  would  thus  appear  that  amplification  effects 
due  to  flexibility,  as  obtained  from  the  measured  spectra, 
may  be  underestimated  by  this  amount  in  figure  7 (b). 

The  preceding  discussion  indicates  that  both  the  amplifica- 
tion factors  used — the  ratio  of  root-mean-square  values  and 
the  factor  determined  from  distributions  of  strain  peaks — 
show  the  largest  effects  of  flexibility  at  the  most  inboard 
station  and  the  smallest  at  station  432.  It  is  also  of  interest 
to  note  that  increasing  the  amplification  factors  obtained 


from  distributions  of  strain  peaks  (fig.  7)  by  an  increment  of 
0.05  (the  approximate  amount  by  which  the  strain  peaks  are 
believed  to  be  underestimated)  results  in  substantial  agree- 
ment between  the  results  from  the  spectra  of  figure  5 and  the 
amplification  factors  obtained  in  reference  10  on  a basis  of 
selected  peaks. 

COMPARISON  OF  CALCULATED  AND  EXPERIMENTAL  RESULTS 

Frequency-response  functions. — Inspection  of  the  calcu- 
lated frequency-response  functions  in  figure  9 indicates  that 
the  amplification  of  a wing  bending  strain  due  to  fundamental 
bending-mode  response  at  approximately  2.5  cps  is  largest 
at  the  inboard  wing  stations  while  the  amplification  of  a wing 
bending  strain  due  to  second  bending-mode  response  at 
approximately  6.5  cps  is  largest  at  the  outboard  stations. 
The  calculated  frequency-response  functions  for  two  degrees 
and  three  degrees  of  freedom  in  figure  9 are  approximately 
the  same  for  frequencies  below  about  4 cps.  When  the  rapid 
decrease  of  input  power  with  frequency  is  considered  (fig.  8), 
it  is  evident  that  the  output  power  will  be  little  changed  by 
the  effect  of  the  second  bending  mode.  The  differences  in 
the  frequency-response  functions  at  frequencies  above  4 
cps,  however,  will  result  in  a larger  number  of  peak  strains 
above  a given  value  because  of  the  fact  that  the  number  of 
peaks  depends  more  heavily  on  the  higher  frequencies  of  the 
spectrum  (eq.  (3)). 

Power  spectra. — Direct  comparison  of  the  output  spectra 
of  figures  5 and  10  on  the  basis  of  the  ordinate  values  is  not 
justified  because  the  intensity  of  the  input  for  the  measured 
spectra  is  not  known  and  because  a value  of  1 was  used  for 
av2  in  the  calculations.  The  calculated  output  spectra  of 
figure  10  for  a value  of  L of  1,000  feet,  however,  resemble  the 
measured  spectra  of  figure  5 except  for  the  differences  in  the 
frequency  range  below  approximately  0.5  cps  which,  as  pre- 
viously noted,  are  believed  to  be  due  to  factors  not  related 
to  wing  flexibility.  Both  the  measured  and  calculated  spec- 
tra show  a large  peak  power  due  to  rigid-body  motions  at  a 
frequency  below  1.0  cps  and  a secondary  small  peak  (indi- 
cating response  of  first  bending  mode)  around  2.5  cps,  with 
the  secondary  peak  decreasing  in  both  cases  as  the  stations 
become  more  outboard.  The  measured  spectra,  however, 
show  greater  power  in  the  secondary  peak  relative  to  that 
in  the  primary  peak  than  do  the  calculated  spectra.  Results 
from  the  rough  calculations  made  for  the  rigid  airplane  with 
pitch  indicate  that  this  discrepancy  is  due  primarily  to  the 
effects  of  pitching  motions  on  the  measured  spectra  at  low 
frequencies.  The  use  of  an  assumed  turbulence  spectrum  m 
the  calculations  may  also  account  for  a part  of  the  discrep- 
ancy. In  addition,  there  is  a greater  decrease  in  power  of 
the  secondary  peak,  as  the  stations  become  more  outboard, 
for  the  calculated  spectra  than  for  the  measured  spectra, 
and  part  of  this  decrease  (although  possibly  only  a small 
part)  is  a reflection  (due  to  the  aliasing  effect)  of  the  power 
associated  with  the  second  symmetrical  bending  mode  at 
about  7 cps  (see  outboard  stations,  fig.  4).  It  should  be 
noted  that  although  the  calculated  spectra  shown  in  figure 
10  are  for  the  three-degree-of-freedom  case  (two  structural 
modes),  the  spectra  are  essentially  the  same  as  for  the  two- 
degree-of-freedom  case  (see  transfer  functions  in  fig.  9)  for 
frequencies  below  4.0  cps* 
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The  calculated  and  measured  spectra  of  figures  5 and  10 
cannot  be  compared  directly  to  determine  the  effects  of  the 
second  symmetrical  mode  in  bending  on  the  strains,  since 
the  measurements  covered  only  the  frequency  range  from  0 
to  5 cps.  An  indication  of  the  very  low  poiver  due  to  this 
mode  is  shown  in  the  plot  of  the  calculated  spectra  for  the 
three-degree-of-freedom  condition  on  a logarithmic  scale  in 
figure  11,  where  the  peak  power  of  the  spectra  is  approxi- 
mately one  thousand  times  as  great  as  the  peak  power  at  6 
cps  for  the  outboard  wing  stations. 

Amplification  factors. — Comparisons  of  the  adjusted  and 
calculated  effects  of  flexibility  in  figure  12  (a),  based  on  the 
ratio  of  root-mean-square  values  of  the  adjusted  spectra  of 
figure  5 and  the  results  for  both  two  and  three  degrees  of 
freedom  for  a value  of  L of  1,000  feet,  indicate  that  the  ad- 
justed values  of  amplification  factors  are  in  substantial  agree- 
ment with  the  calculated  values  except  at  the  most  out- 
board station  where  the  value  is  1.05  compared  with  the 
calculated  value  of  approximately  1.02.  The  calculated  fac- 
tors shown  in  figure  12  (a)  decrease  from  a value  of  1.12  at 
the  center  line  to  a value  of  1.02  at  0.6  of  the  semispan  from 
the  center  line,  and  the  value  is  about  1.02  or  less  for  stations 
outboard  of  this  point.  Measurements  and  calculations 
therefore  agree  and  show  the  largest  effects  of  flexibility  at 
the  most  inboard  stations,  but  a discrepancy  between  the 
calculated  and  adjusted  results  is  apparent  at  the  most 
outboard  stations. 

Comparison  of  the  effects  of  flexibility  (fig.  12  (b))  on  the 
basis  of  amplification  factors  determined  from  distributions 
of  peak  strains,  as  in  figure  6,  indicates  that  in  general  the 
calculated  results  for  the  three-degree-of-freedom  condition 
and  a value  of  L of  1,000  feet  are  in  relatively  good  agreement 
with  the  results  derived  from  the  adjusted  spectra  of  figure  5 
(shown  in  fig.  7 (b))  except  at  the  most  outboard  stations. 
The  calculated  amplification  factors  shown  in  figure  12  (b)  de- 
crease from  a value  of  1.29  at  the  center  line  to  a value  of 
1.04  at  0.5  of  the  semispan  from  the  center  line,  increase  to 
a value  of  1.07  at  0.8  of  the  semispan,  and  then  decrease. 
The  calculated  amplification  factors  for  the  two-  and  three- 
degree-of-freedom  conditions  (fig.  12  (b))  are  in  substantial 
agreement  at  the  inboard  stations,  but  the  results  for  two 
degrees  of  freedom  show  much  lower  amplification  factors  at 
the  outboard  stations  and  indicate  that  the  second  symmetric 
bending  mode  has  a large  effect  on  the  amplification  factors 
at  these  stations.  The  higher  amplification  factors  for  the 
calculated  results  at  the  two  outboard  stations  when  the 
second  symmetric  bending  mode  is  taken  into  account  are, 
as  previously  mentioned,  the  result  of  differences  in  the 
spectra  at  the  higher  frequencies  that  have  small  effects  on 
the  root-mean-square  values. 

The  effect  of  the  choice  of  gust  input,  slope  of  the  lift  curve, 
and  frequency  range  on  the  calculated  amplification  factors 
is  of  interest.  A lower  value  of  L in  equation  (5)  will  result 
in  a higher  amplification  factor;  for  example,  the  use  of  a 
value  of  L of  400  feet  yields  an  amplification  factor  based  on 
root-mean-square  values  of  approximately  1.16  for  station 
126,  compared  with  approximately  1.10  for  a value  of  L of 
1,000  feet.  A higher  lift-curve  slope  reduces  the  amplifica- 
tion factor,  and  for  these  calculations  the  use  of  a lift-curve 


slope  of  6.28  instead  of  5.00  would  have  approximately  the 
same  effect  as  the  use  of  a value  of  L of  1,000  feet  instead  of 
400  feet.  The  calculated  amplification  factors  obtained 
from  distributions  of  strain  peaks  are  dependent  on  the  upper 
limit  of  integration  used  in  equation  (3)  because  it  is  not 
practical  to  integrate  to  infinity,  and  the  effect  of  a change 
in  the  upper  limit  on  the  amplification  factor  depends  upon 
the  frequency-response  functions.  In  the  present  case, 
however,  both  analytic  considerations  and  the  recorded  data 
place  the  upper  limit  of  the  integration  at  about  10  cps. 

In  assessing  the  reliability  of  the  analytic  calculations  it 
was  noted  that  although  the  measured  and  calculated  results 
are  in  relatively  good  agreement,  some  discrepancies  are 
present.  Inaccuracies  in  the  calculations  can,  of  course, 
arise  from  a large  number  of  sources  and  will  require  further 
study.  In  the  present  case  an  assumed  gust  input  was  used, 
and  the  effect  of  factors  such  as  airplane  pitching  motions, 
spanwise  gust  effects,  and  the  antisymmetric  bending  mode 
were  neglected.  Although  uncertainties  in  the  calculations 
may  arise  from  the  factors  mentioned,  the  present  results 
indicate  that  the  methods  used  provide  reasonable  first-order 
estimates  of  the  magnitude  and  character  of  the  effects  of 
flexibility  on  the  bending  strains  at  the  various  spanwise 
stations  for  un swept -wing  airplanes. 

CONCLUSIONS 

The  effects  of  wing  flexibility  on  the  wing  strains  that 
result  from  gust  encounter' have  been  examined  on  a power- 
spectral  basis.  Both  flight  results  and  analytical  results 
have  been  considered  for  a four-engine  bomber  airplane,  and 
correlations  between  the  measured  and  analytical  results 
have  been  made.  The  effects  of  wing  flexibility  on  the  wing 
strains  were  measured  in  terms  of  amplification  factors 
based  on  the  ratio  of  the  strain  for  the  flexible  condition  to 
the  strain  for  the  “rigid”  condition,  and  results  were  obtained 
for  four  spanwise  stations  of  the  wing.  The  effect  of  includ- 
ing the  second  symmetric  bending  mode  in  addition  to  the 
fundamental  bending  mode  in  the  calculations  was  also 
evaluated.  The  study  led  to  the  following  results: 

1.  Comparison  of  the  measured  strain  spectra  for  the 
flexible  and  rigid  conditions  showed  strain  amplifications  in 
the  frequency  range  below  0.5  cps,  especially  at  the  outboard 
wing  stations,  that  are  attributed  to  the  effect  of  factors 
such  as  spanwise  gust  variations  and  airplane  rolling  motions 
rather  than  to  flexibility  effects. 

2.  The  measured  strain  amplification  factors  due  to  wing 
flexibilit}r  at  a station  near  the  whig  root  were  1.09,  on  the 
basis  of  the  ratio  of  root-mean-square  strains,  and  approxi- 
mately 1.19  on  the  basis  of  the  ratio  of  strains  derived  from 
distributions  of  strain  peaks.  The  amplification  factors 
decreased  with  each  successive  outboard  station  and  then 
increased  slightly  at  the  most  outboard  measuring  station. 

3.  The  calculated  output  spectra  were  in  reasonable  agree- 
ment with  the  measured  spectra  except  at  low  frequencies, 
where  the  differences  are  attributed  to  extraneous  factors. 
At  the  outboard  stations  it  was  necessary  to  include  the 
effect  of  the  second  symmetric  bending  mode  in  the  calcu- 
lations in  order  to  estimate  adequately  the  effect  of  flexibility 
on  the  distributions  of  strain  peaks. 
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4.  Both  calculations  and  measurements  indicated  that  the 
second  symmetric  bending  mode  had  a very  small  effect  on 
the  root-mean-square  strains  but  that,  for  strain  amplifica- 
tion factors  determined  from  distributions  of  strain  peaks, 
the  second  symmetric  bending  mode  had  a pronounced 
effect  at  the  outboard  wing  stations. 

5.  Although  uncertainties  in  the  calculations  may  arise 
from  a number  of  factors,  the  present  results  indicate  that 


calculations  based  on  power-spectral  techniques  may  provide 
reliable  estimates  of  the  magnitude  and  character  of  wing 
flexibility  effects  on  wing  strains  in  gusts  for  unswept-wing 
airplanes. 

Langley  Aeronautical  Laboratory, 

National  Advisory  Committee  for  Aeronautics, 
Langley  Field,  Va.,  May  27,  1957 . 


APPENDIX 


DERIVATION  OF  THE  FREQUENCY-RESPONSE  FUNCTIONS  INCLUDING  VERTICAL  MOTION  AND  FIRST  AND  SECOND 

SYMMETRICAL  MODES  OF  WING  BENDING 


In  order  to  include  the  effects  of  a higher  mode  in  the 
analytical  results  of  this  paper,  the  gust-response  analysis  of 
reference  1 was  extended  to  include  the  second  symmetrical 
wing  bending  mode.  Addition  of  the  second  symmetrical 
wing  bending  mode  simply  adds  a term  to  each  of  the 
response  equations  of  reference  1,  and  an  additional 
equation  is  obtained  for  the  second  mode.  This  appendix 
shows  the  effect  of  the  additional  mode  on  the  pertinent 
equations  but  does  not  attempt  to  present  the  complete 
derivation,  which  should  be  self-evident. 

SYMBOLS  USED  IN  APPENDIX 

a slope  of  lift  curve  of  wing 

an  deflection  coefficient  for  nth  mode,  function  of  time 
alone 

b span  of  wing 

c chord  of  wing 

c0  chord  of  wing  at  midsemispan 

E Young’s  modulus  of  elasticity 

I bending  moment  of  inertia 

Kj  ' nondimension al  bending-moment  factor, > 

\ pUVMCq 

k reduced-frequency  parameter, 

l distance  from  neutral  axis  to  extreme  fiber 

MCq  moment  of  whig  area  about  spanwise  station  under 

p/2 

consideration,  c(y—ys)dy 
JVj 

J'b/2 

cwi(y-yj)dy 

v i 

p/2 

Mc=  cw2(y-yj)dy 
JV  ) 

M}  net  incremental  bending  moment  at  wing  station  j, 

Kj  ^ pUVMCo 


Mmo= 

« 

rt>/ 2 

m{y—yi)dy 

JV1 

p/2 

Mm  = 

« 

mwt(y—yj)dy 

)vi 

rb/2 

Mm  = 

4 

mw2(y-yj)dy 

}Vj 

Mn 

generalized  mass  of  nth  mode 

m 

mass  per  unit  span  of  wing 

Vi= 


r2= 


r4= 


p/2 

2 I CWxdy 
p7 2 

2Jo  cdy 

f &/2 

2I  ■ 


cwx2dy 


**«= 


p/2 

2 Jo  cdy 

p/2 

2 I cw^dy 

= r d/2 
2j  cdy 

p/2 

2 cwlw2dy 

z p7 2 

2jo  cdy 

rb/2 

2J.  ■ 


cw22dy 


r*b/2 

2 cdy 

J 0 


2V 

s,  0 distance  traveled,  — t,  half-chords 

Co 

T(f)  amplitude  of  airplane  frequency-response  function 
t time  (zero  at  beginning  of  gust  penetration) 

U gust  velocity 

u vertical  velocity  of  gust 

V forward  velocity  of  flight 

wn  deflection  of  elastic  axis  in  7ith  mode,  given  in  terms 
of  unit  tip  deflection,  positive  upward 
y distance  along  wing  measured  from  airplane  center 
line 

zn  response  coefficient  based  on  an)  an 

U Cq 

e strain,  normal 

- _CO,Co 

Xl  2V 


8Mq 

apcoS 


8 M, 

apc0s 


8M2 

apc0s 


081 
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p mass  density  of  air 

1 — (p  function  which  denotes  growth  of  lift  on  an  airfoil 
following  a sudden  change  in  angle'  of  attack 
(Wagner  function) 

i P function  which  denotes  growth  of  lift  on  rigid  whig 

entering  a sharp-edge  gust  (Kussner  function) 
o)n  natural  circular  frequency  of  vibration  of  nth  mode 

Subscripts: 

j spanwise  station 

n natural  modes  of  vibration 

By  following  the  procedure  used  in  reference  1 for  obtain- 
ing the  response  equations  (eqs.  (16)  and  (17)  of  ref.  1)  for 
only  two  degrees  of  freedom,  vertical  motion  and  wing 
fundamental  bending,  the  following  response  equations  are 
obtained  for  the  addition  of  the  second  symmetrical  mode: 

MoZo "=~1 2 3 4 5 6 7j0  (2o"+risi"+r*z2")[l— <p(s— <f)\dc+ 

(Al) 

MiZi"+/«iVzi=—  2J^  b’tZo"  +r2Zi"  +rbz2")[l—<p(s—0)](la+ 

riJo  V4/{s~a)dc 


M2Z2"+m2Vz2=  — 2j  (r4zb  +rbz"  +rbz2)  [l—<p(s—<j)}d<j-\- 

r4  j jj  ^(s—a)d<7  (A3) 

The  equation  that  defines  a bending-moment  factor  K} 
at  wing  station  ys  (from  eq.  (22)  of  ref.  1)  takes  the  following 
form: 


Kf- 


—SM, 

apCoM< 


r°(z0"- 

£c0  v 


M, 


M, 


m2 


M„ 


M, 


z2‘ 


mQ 


,")- 2^(20"  ^ " 


'+T IT 


+ 


Mr, 


z2")[l—  <p(s— a)]d<r+  £ jjyp(s—a)d<j  (A4) 


In  order  to  reduce  the  response  equations  (Al)  to  (A4) 
to  the  special  case  of  sinusoidal  gust  encounter  where  the 
gust  has  a frequency  w,  the  quantities  u,  z0,  and  may  all 

be  taken  proportional  to  eiks,  where  as  shown  in  ref- 

erence 1.  By  following  the  procedure  used  in  reference  1, 
equations  (Al)  to  (A4)  are  reduced  to  the  following  form: 


— jtto&2z0=  — 2 ik  (20+r,2i-f-  r4z2)  (F+  iG)  + (P+ iQ ) 
—pt,k2zl+n1\l2zl=—2ik(r1z0+r2z1+ rbz2 ) (F+iG)  + 

n (P+iQ) 


— p2k2z2+ n2\22z2=  — 2ik(riz0+rbzl+r6z2)  ( F+iG ) + 

r,(P+iQ) 


K,- 


8M, 


m0 


apCohic 


■M-my 

' Zl+M7z 2 


M, 


mQ 


mo 


)- 


/ Mc,  Mc„  \ 

2ik(F+iG)(z0+M+  Zl+j£  22J+  (P+iQ) 


(A5) 

(A6) 

(A7) 


(AS) 


where  F(k)  and  G(k)  are  the  in-phase  and  out-of-phase 
oscillatory  lift  coefficients  and  P(k)  and  Q(k)  are  the  similar 
in-phase  and  out-of-phase  lift  components  on  a rigid  wing 
subjected  to  a sinusoidal  gust.  In  equation  (A8),  K} 
represents  the  bending-moment  transfer  function  T(J ) per 
unit  gust  velocity  at  station  y B}r  solving  equations 
(A5),  (A6),  and  (A7)  simultaneously  for  values  of  z0,  zu 
and  02  and  substituting  these  values  into  equation  (A8), 
values  of  may  be  obtained  for  any  frequency  k. 

For  the  present  analysis,  the  bending-moment  factor  Kj 
was  expressed  as  strain  by  use  of  the  following  relation: 


€=^Ei=mlpuvM^  (A9) 


The  airplane  loading,  physical  constants,  and  basic 
paramenters  used  in  this  analysis  are  listed  for  each  wing 
station  in  table  I. 
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THE  MECHANISM  OF  THERMAL-GRADIENT  MASS  TRANSFER  IN  THE  SODIUM  HYDROXIDE- 

NICKEL  SYSTEM  1 

By  Charles  E.  May 


SUMMARY 

“ Thermal-gradient  mass  transfer ” was  investigated  in  the 
molten  sodium  hydroxide — nickel  system.  Possible  mecha- 
nisms (physical,  electrochemical , and  chemical ) are  discussed 
in  terms  of  experimental  and  theoretical  evidence.  Experi- 
mental details  are  included  in  appendixes.  The  following 
mechanism  is  found  to  be  the  most  probable: 

Cold  zone 

Na2Ni02+2Na  i 2Na20-j-Ni 

Hot  zone 

Kinetic  equations  are  theoretically  derived  considering  sepa- 
rately the  following  three  factors  as  controlling  the  overall  rate 
of  mass  transfer:  the  chemical  reaction,  the  diffusion  process, 
and  the  forced  circulation  (if  present) . If  the  above  mechanism 
is  the  true  one,  the  chemical  reaction  is  the  rate-determining 
step  in  dynamic  systems , and  the  diffusion  process  is  the  rate- 
controlling step  in  static  systems . The  beneficial  and  detri- 
mental effects  of  additives  are  interpreted  in  terms  of  the  probable 
mechanism. 

Evidence  is  also  presented  to  show  that  thermal-gradient 
mass  transfer  in  the  molten  sodium  hydroxide — copper  system 
occurs  by  a similar  mechanism . 

INTRODUCTION 

Sodium  hydroxide  is  in  many  ways  an  attractive  choice  as 
a high-temperature  heat-transfer  fluid.  Unfortunately,  only 
a few  materials  are  suitable  for  containing  it  in  the  molten 
condition  at  the  temperatures  desired,  1500°  to  1700°  F. 
Among  these  are  nickel  (refs.  1 to  3),  copper,  silver,  gold 
(ref.  4),  and  some  nickel-base  alloys  recently  ]Droduced  at 
the  Lems  laboratory.  Even  these  materials  exhibit  cor- 
rosion termed  “thermal-gradient  mass  transfer”,  although 
they  do  not  show  intergranular  attack  or  rapid  solution. 
Thermal -gradient  mass  transfer  is  the  phenomenon  by  which 
the  metal  is  removed  (either  chemically  or  physically)  from 
the  hotter  regions  of  a system  and  deposited  in  colder 
regions.  With  the  previously  listed  metals  the  deposit  is 
in  the  form  of  needlelike  crystals,  the  size  of  which  depends 
on  the  experimental  conditions. 

i Supersedes  NAG  A Technical  Note  4089  by  Charles  E.  May,  1957. 


In  order  to  find  ways  of  inhibiting  this  type  of  corrosion, 
an  investigation  was  conducted  concerning  the  possible 
mechanisms  for  mass  transfer.  Although  mass  transfer 
also  occurs  in  liquid  metal  systems  (ref.  5;  e.g.,  molten 
sodium  in  copper),  the  mechanism  in  such  cases  is  undoubt- 
edly purely  physical  in  nature,  being  due  to  solution  of  the 
container  material  in  the  molten  metal.  In  systems  using 
sodium  hydroxide,  transfer  is  probably  chemical  in  nature, 
and  the  process  is  believed  to  be  similar  for  all  the  container 
materials  previously  mentioned.  The  purpose  of  this  report 
is  to  establish  the  most  probable  mechanism  for  mass  trans- 
fer in  this  system.  This  report  discusses  methods  of  meas- 
urement, choice  of  mechanism,  kinetics,  effect  of  additives, 
and  alternate  mechanisms.  Many  of  the  proofs  require 
the  use  of  previously  unpublished  experimental  data,  the 
details  of  which  are  included  in  the  appendixes. 

METHODS  OF  MEASUREMENT 

At  the  Lewis  laboratory  two  methods  have  been  used  to 
study  the  phenomenon  of  mass  transfer;  they  are  the  static 
capsule  test  and  the  dynamic  toroid  test.  Previous  reports 
(refs.  1 to  3)  describe  these  in  detail.  In  the  static  test  a 
vertical  temperature  gradient  exists  in  nickel  capsules 
(crucibles)  with  the  hot  zone  at  the  bottom.  This  type  of 
gradient  was  intended  to  produce  thermal  convection. 
The  nickel  dissolves  from  the  bottom  of  the  capsule  and 
precipitates  as  a narrow  ring  at  the  liquid  level  of  the  sodium 
hydroxide.  From  radiographs  of  such  capsules  the  relative 
amounts  of  transfer  can  be  estimated  qualitatively.  The 
loss  in  weight  of  a nickel  specimen  placed  in  the  hot  zone 
(bottom)  is  found  to  be  proportional  to  the  amount  of 
transfer  in  the  cold  zone  (ref.  1). 

In  the  circulating  liquid  runs  made  in  toroids,  radiographs 
of  the  cold  sections  also  supply  a convenient  method  for 
measuring  mass  transfer.  Since  the  transferred  nickel  is 
spread  over  an  extended  area,  the  average  reduction  in 
internal  diameter  of  the  cold  section  of  the  toroid  gives  a 
quantitative  measure  of  transfer. 

CHOICE  OF  MECHANISM 

In  the  study  of  the  mechanism  of  thermal-gradient  mass 
transfer,  a most  general  case  can  be  considered.  In  the  cold 
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zone  all  of  the  reactants  R/s  combine  to  produce  nickel  and 
all  of  the  other  products  Pt’ s: 

X>A  ->  Ni 

j i 

where  ?ij  and  mx  are  the  number  of  moles  of  Rj  and  Pu 
respectively.  The  reverse  reaction  must  occur  at  the  hot 
zone  to  maintain  the  process.  The  requirements  for  such  a 
cyclic  reaction  to  occur  are  that  at  each  temperature  reac- 
tion occurs  toward  the  attainment  of  equilibrium  and  that 
the  equilibrium  constant  varies  significantly  with  tempera- 
ture. Thus,  the  concentrations  are  slightly  displaced  in  one 
direction  from  equilibrium  at  the  higher  temperatures  and 
in  the  other  direction  at  the  lower  temperatures.  Obviously, 
at  some  “mean  temperature”  the  concentrations  of  the  ma- 
terials involved  are  in  chemical  equilibrium. 

As  a consequence,  three  major  processes  are  involved  in 
an}7  proposed  mechanism:  (1)  the  chemical  reactions  that 
occur  at  the  hot  and  cold  zones,  (2)  the  migration  (diffusion 
or  circulation)  of  the  species  from  the  hot  to  the  cold  zone 
and  vice  versa,  and  (3)  the  initial  adjustment  of  concentra- 
tions to  “mean-temperature”  equilibrium,  which  sometimes 
requires  additional  chemical  reactions.  The  evidence  for 
or  against  a particular  mechanism  depends  primarily  on  the 
nature  of  the  first  process,  the.  zone  reactions. 

POSSIBLE  REACTIONS 

The  first  step  in  determining  the  mechanism  of  transfer 
was  to  enumerate  all  the  possible  reactions  that  could  be 
envisioned  (table  I) . A similar  list  is  suggested  in  reference 
6.  These  mechanisms  were  divided  into  three  primary 
groups:  physical,  electrochemical,  and  chemical.  The  chem- 
ical mechanisms  have  been  subdivided  as  to  whether  the 
oxidizing-reducing  pair  in  the  equation 

Cold  zone 

Na2Ni02+Reductant  <-  Oxidant + Ni 

Hot  zone 

arises  from  an  impurity,  the  disproportionation  of  nickel,  or 
the  sodium  hydroxide.  If  the  sodium  hydroxide  supplies 
the  redox  pair,  the  element  actually  involved  in  the  oxida- 
tion could  be  either  oxygen,  hydrogen,  or  sodium.  In  the 
subsequent  discussion,  the  oxidized  form  of  nickel  is  generally 
represented  as  sodium  nickelite  (Na2Ni02),  since  this  com- 
pound in  the  form  of  olive-green  needlelike  crystals  has  re- 
cently been  isolated  at  the  Lewis  laboratory  (appendix  A) 
as  well  as  at  other  laboratories  (refs.  6 to  9).  It  likewise 
appears  that  this  is  the  only  oxidized  form  of  nickel  stable 
in  molten  sodium  hydroxide  (appendix  A). 

MEANS  OF  SELECTION 

The  requirements  for  the  actual  mechanism  are  the  follow- 
ing: 

(1)  The  existence  of  chemical  species  involved  in  the  re- 
actions should  be  feasible.  Their  presence  should  be  sup- 
ported either  experimentally  or  theoretically. 

(2)  The  mechanism  should  explain  the  apparent  difference 
in  the  kinetics  between  static  and  dynamic  tests.  Since  in 
static  tests  hydrogen  simultaneously  decreases  the  rate  of 


transfer  and  the  nickelite  concentration  (appendix  B),  it 
appears  that  the  rate  of  transfer  depends  upon  nickelite  con- 
centration. However,  in  dynamic  toroid  tests,  even  though 
the  nickelite  concentration  increases  with  time  (appendix  C), 
the  rate  of  transfer  is  independent  of  time.  This  indicates 
that  the  rate  of  transfer  is  independent  of  nickelite  concen- 
tration. 

(3)  The  mechanism  should  explain  the  effect  of  additives 
upon  the  rate  of  transfer.  Special  attention  should  be  de- 
voted to  the  compounds  of  chromium  (appendixes  D and  E), 
since  both  metallic  chromium  and  chromium  sesquioxide 
(Cr203)  inhibit  transfer  in  static  tests,  while  only  chromium 
inhibits  it  in  dynamic  tests. 

(4)  There  should  be  no  experimental  data  in  direct  con- 
tradiction to  the  mechanism.  However,  all  mechanisms 
except  the  last  (reaction  (7))  are  contradictory  to  one  or 
more  experimental  facts.  These  discrepancies  are  discussed 
later. 

SODIUM  MECHANISM 

The  following  mechanism  is  considered  to  be  the  most 
probable  one  (table  I,  reaction  (7)): 

Cold  zone 

Na2Ni02+2Na  t * 2Na20+Ni 

Hot  zone 

The  sodium  oxide  is  presumed  to  arise  exclusively  from  dis- 
sociation of  sodium  hydroxide,  which  generates  water  at  the 
same  time.  Theoretically,  sodium  oxide  should  exist  in 
sodium  hydroxide;  thermodynamic  calculations  (appendix  F) 
show  that  its  equilibrium  concentration  can  be  as  high  as  2.7 
mole  percent.  Its  presence  has  also  been  supported  experi- 
mentally (ref.  10).  Sodium  nickelite  (appendix  A)  and 
metallic  sodium  (ref.  7)  have  definitely  been  found  experi- 
mentally in  the  sodium  hydroxide — nickel  system.  Metallic 
sodium  has  likewise  been  detected  in  the  sodium  hydroxide — 
copper  system  (appendix  G).  Sodium,  as  well  as  sodium 
nickelite,  is  formed  by  the  hot-zone  reaction.  Since,  how- 
ever, the  concentration  of  sodium  nickelite  does  not  reach  a 
constant  value  (appendix  C),  undoubtedly  most  of  it  is 
formed  by  the  reaction 

Ni + 2N  aOH->H2 + N a2Ni02 

KINETICS 

In  order  to  explain  the  apparent  differences  between  the 
results  in  static  and  dynamic  tests,  one  must  first  derive  the 
kinetic  equations  which  are  applicable  to  the  mass  transfer 
process.  Any  one  of  the  following  three  factors  can  be  con- 
sidered to  control  the  over-all  rate  of  transfer:  the  rate  of  the 
chemical  reaction,  the  rate  of  the  diffusion  process,  and  the 
rate  of  the  circulation  (if  present).  The  equations  in  the 
next  sections  are  developed  in  terms  of  the  general  reaction 
as  written  for  the  cold  zone 

S Ni+X!  WiPi 

j i 

CHEMICAL  REACTION 

When  the  chemical  reaction  is  relatively  slow,  the  molten 
material  is  essentially  homogeneous  with  respect  to  the  con- 
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centrations  of  all  the  chemical  species.  The  rate  of  transfer 
rt  is  obtained  by  considering  the  net  rate  of  reaction  in  a unit 
area  of  the  cold  zone  (denoted  by  the  subscript  c) : 


ri=kft9n[Rp-kt.'<M\PF 

i i 


(1) 


where  kf  is  the  rate  constant  of  the  forward  reaction,  kr  is 
the  rate  constant  of  the  reverse  reaction,  a is  the  activity 
of  the  nickel  metal,  and  []  indicates  the  concentration  of  the 
species.  Rearranging  gives 


he  II  [«,]*' 

j 4 


(2) 


Since  at  some  “mean  temperature”  (mentioned  previously) 
the  species  involved  are  in  chemical  equilibrium,  their  con- 
centrations are  related  to  each  other  by  the  equilibrium 
constant  Ke  of  that  “mean  temperature”: 


KP; 


alllP.r 

i 

= n[P/> 


(3) 


The  equilibrium  constant  Kc  for  the  cold  zone  is  given  by 
the  equation 

Kc=kftC/kTfC  (4) 

Substituting  equations  (3)  and  (4)  into  equation  (2)  yields 

r,=k,,  (n[8J')(l-fs)  (5) 

From  temperature-coefficient  considerations, 

(6) 


Kfi  AHjRTc-AH(RTe 

wre 


where  A H is  the  enthalpy  of  the  reaction  as  written  for  the 
cold  zone,  R is  the  gas  constant,  Tc  is  the  temperature  of  the 
cold  zone,  and  Te  is  the  equilibrium  temperature.  Substi- 
tuting equation  (6)  into  equation  (5)  gives 


r(=^n[P/')(l-< 


AHf  RT  c—AHj  RT  e 


(7) 


Finally,  by  expanding  the  exponential  and  assuming  Te-Tc 
(A T in  eq.  (8))  to  be  small,  the  rate  of  mass  transfer  is 
obtained  for  a chemical-reaction-controlled  process: 


or  similarly 


(8) 

r,=  kra(y[Pf\  ) Rrjl2 

(9) 

DIFFUSION  PROCESS 

If  the  chemical  reactions  concerned  are  relatively  fast, 
diffusion  of  the  products  and  reactants  may  become  the 
governing  factor  for  the  rate  process.  The  resulting  rate 
equation  can  be  most  easily  derived  for  two  nickel  plates, 
each  of  unit  area,  at  different  temperatures,  and  placed 
parallel  to  each  other  at  a distance  l apart  in  molten  sodium 


hydroxide.  The  temperature  difference  and  the  speed  of  the 
chemical  reaction  give  rise  to  concentration  differences  A P< 
and  ARj  for  the  species  surrounding  the  two  plates.  These 
plates  are  designated  by  the  subscripts  h for  hot  and  c for 
cold. 

The  rate  of  transfer,  being  equal  to  the  rate  of  diffusion  of 
each  species,  is  given  by 


r ([Pi  c]_[Pi  h))=^i  ([»,.*]_  [/?,.,])  (io) 


or  simpty 


_ 7nikiAPi_^7ijkjA  Rj 


l 


l 


(11) 


where  the  ki s and  k/ s are  diffusion  constants  for  the  ith  and 
and  jib  species.  Multiplication  of  equations  (10)  and  (11) 
b}r  l/ki[Pi]  and  l/kj[Rj],  respectively,  and  then  summation  over 
all  V s and  j1  s result  in 

r>l  (?  i^t+?  w (12) 

or 

r‘=(?  W )ll  (?  wkl +?  (13) 

The  numerator  can  be  evaluated  from  equilibrium  considera- 
tions as  follows.  Since  chemical  equilibrium  exists  at  the 
hot  and  cold  zones,  the  respective  equilibrium  constants  K* 
and  Kc  are 

a HP,.*!", 

Kh= 


and 


Kc 


n [Rj.h]ni 


aII[P,.c]m 


(14) 


(15) 


From  temperature-coefficient  considerations, 

Tc -AH/RT  h 

Kc 


(16) 


where  Th  is  the  temperatiue  of  the  hot  zone.  Combining 
equations  (14),  (15),  and  (16)  gives 


PAH/RTC-. 


(i7) 


The  concentrations  at  the  hot  zone  expressed  in  terms  of  the 
concentrations  at  the  cold  zone  are 


eAH/RTc-AH/RThz 


?(1+ mu)" 


(18) 


Expanding  II  and  II  and  assuming  that  the  Aff/s  and  AP/s 

are  small  with  respect  to  the  corresponding  R/ s and  Pi s 
yield 

eAHfRTc-AH/RThz=.^_^-\  ^^P^yy  UjARj 

i [ Pi.c 1 j [Rj,c\ 
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Expanding  the  exponential  with  AT,  Th—Tc,  assumed  to  be 
small  gives 

-AHAT  mfAPt  , ^njARj  ,0(Yv 

rt*  pj  +r  [«#]  ( ) 

Combining  equations  (13)  and  (20),  one  obtains 
r,=  -iH&TI  (S  5JPJ+S  kjR1\)rir'1 

<21> 

where  ka  is  the  average-diffusion-rate  constant. 

CIRCULATION 

In  a system  with  force  flow  the  rate  of  transfer  may  be 
controlled  by  the  rate  of  circulation  kciT  (in  cps) . In  a static 
system  with  thermal  convection  a value  for  kcir  might  be 
difficult  to  assign.  Nevertheless,  the  rate  of  transfer  in  a 
circulation-controlled  system  can  be  expressed  as 

rt=  Ckcirmt/\P  i=  CkarUjARj  (22) 

where  G expresses  the  dependence  of  rt  on  the  volume  of  the 
melt.  The  following  equation  can  then  be  obtained  in  a 
similar  manner  to  that  for  equation  (13): 


rt=Ck{ 


„(s 


mfAPt  ^ UjAR. 
rpi  i 2-j  r j?  i 


? [k\+V  ik\)  (23) 


Since  chemical  equilibrium  exists  at  the  higher  and  lower 
temperatures,  equation  (20)  is  again  valid.  Upon  substi- 
tuting equation  (20)  into  equation  (23), 


rt=  — Ckc 


tAHAT/(^  [Pi]+S  [Rj^)RT* 


It  is  readily  noted  that  in  all  three  cases  (eqs.  (9),  (21), 
and  (24))  the  rate  of  transfer  (to  the  first  approximation)  is 
proportional  to  the  change  in  enthalpy  of  the  reaction  as 
written  for  the  cold  zone.  Inasmuch  as  the  rate  rt  is  positive 
as  written,  the  enthalpy  must  be  negative.  To  the  first 
approximation,  the  transfer  is  proportional  to  the  difference 
in  temperature;  this  point  has  been  supported  experimentally 
(ref.  1). 

APPLICATION  OF  EQUATIONS 

For  the  sodium  mechanism  the  three  kinetic  equations 
would  be: 

~ ^ kraAHAT  /or\ 


rt  (chemical)  = 


K[Na20]) 


rt  (diffusion) = 


T21  ( -1. 

Ui[Na: 


-kaAHAT 

k k 

^+fe[Na] + fc3[Na2Ni02] 


r,  (circulation)  =- 


> T’2  ( 1 

\[Na: 


-KirCAHAT 

[Na20]^[Na]+[Na2Ni02] 


In  a chemically  controlled  process  the  rate  of  transfer  is 
constant  as  long  as  the  equilibrium  concentration  of  sodium 
oxide  is  -not  disturbed  significantly  by  the  zone  reaction 

Cold  zone 

Na2Ni02+2Na  ^ZZZZZZl  2Na20+Ni 
Hot  zone 

If  the  equilibrium  constant  for  the  zone  reaction  has  a value 
which  keeps  the  sodium  concentration  low  with  respect  to 
that  of  sodium  oxide,  the  latter  is  not  appreciably  affected. 

In  a diffusion-controlled  process,  the  effect  of  the  sodium 
concentration  may  be  ignored  if  k2  is  relatively  large,  as 
would  be  predicted  from  the  uncharged  nature  and  the  small 
size  of  an  atom  of  metallic  sodium.  Thus,  the  rate  of  trans- 
fer should  depend  upon  the  nickelite  concentration,  since  it 
is  of  the  same  order  of  magnitude  as  the  sodium  oxide  con- 
centration ([Na2NiO2]==0.2  mole  percent  at  24  hr,  calcu- 
lated from  data  in  table  VIII;  [Na20]=0.02  to  2.7  mole 
percent,  appendix  F). 

The  rate  of  circulation-controlled  transfer  (eq.  (27))  can 
be  considered  next.  Since  the  sodium  concentration  is  less 
than  the  nickelite  concentration,  the  term  l/[Na]  affects  the 
rate  of  transfer  more  than  the  term  l/[Na2Ni02].  Therefore, 
since  l/[Na]  is  proportional  to  the  nickelite  concentration, 
the  rate  of  mass  transfer  must  decrease  as  the  nickelite 
concentration  increases. 

One  therefore  concludes  that  the  rate  of  transfer  in 
dynamic  systems  is  chemically  controlled,  since  it  is  inde- 
pendent of  sodium  nickelite  concentration.  However,  trans- 
fer in  static  systems  must  be  diffusion  controlled,  since  its 
rate  increases  with  nickelite  concentration  (appendix  B). 
In  static  tests  the  rate  of  transfer  should  then  increase  with 
time.  The  increased  rate  of  specimen  weight  loss  with  time 
in  capsule  tests  (table  VIII,  column  9)  is  an  indication  of 
this  increased  rate  of  transfer. 

EFFECT  OF  ADDITIVES 

In  a chemically  controlled  mechanism  (dynamic  system) 
additives  may  affect  the  rate  of  transfer  in  the  following 
ways : 

(1)  By  changing  the  concentration  of  the  sodium  oxide 

(2)  By  supplying  an  auxiliary  transfer  mechanism 

(3)  By  changing  the  activity  of  the  nickel  metal 

The  first  two  methods  of  affecting  the  rate  of  transfer  are 
also  valid  in  a diffusion-controlled  mechanism  (static  system). 
However,  the  third  method,  changing  the  activity  of  the 
nickel,  should  have  no  effect;  instead  changing  the  concen- 
tration of  sodium  nickelite  should  affect  the  rate  of  transfer 
as  stated  previously. 

SODIUM  OXIDE 

One  would  predict  that  the  addition  of  sodium  oxide  and 
sodium  metal  (which  would  effectively  increase  the  sodium 
oxide  concentration)  to  either  a static  or  dynamic  system 
should  increase  the  rate  of  mass  transfer.  This  has  been 
verified  experimentally  (ref.  3).  Adding  calcium,  sodium 
hydride,  lithium  hydride,  or  calcium  nitride  (being  equiv- 
alent to  adding  metallic  sodium)  should  likewise  increase 
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the  rate  of  transfer.  For  example,  the  reaction  with  calcium 
Ca+ 2N  aOH— >Ca  (OH)  2 + 2N  a 

This  also  is  demonstrated  in  references  2 and  3.  The  fast 
decomposition  of  the  sodium  hydride  and  lithium  hydride 
should  allow  all  the  hydrogen  thus  generated  to  diffuse 
rapidl)7  through  the  nickel  and  thus  to  produce  no  beneficial 
effect. 

In  cases  in  which  metallic  additives  react  with  sodium 
hydroxide  to  produce  sodium  oxide,  an  increased  rate  of 
transfer  should  again  be  expected.  This  point  is  perhaps 
illustrated  in  the  increased  rate  of  transfer  caused  by  addi- 
tion of  manganese,  iron,  titanium,  vanadium,  or  molyb- 
denum: 

Mo+ 6N  aOH— >Na2Mo04+ 2Na20 

WATER 

Additions  of  water  in  small  amounts  should  suppress  the 
sodium  oxide  concentration  and  inhibit  transfer.  In  static 
tests  where  gas  saturated  with  water  vapor  was  passed  over 
the  sodium  hydroxide  in  the  nickel  crucible  being  tested, 
transfer  was  decreased  (ref.  3). 

Additions  of  certain  oxides  may  be  equivalent  to  adding 
water,  as  is  evident  from  the  equation 

CoO + 2N  aOH->N  a2Co02+ H20 

This  ma}7  be  the  case  when  inhibition  of  transfer  results  from 
the  use  of  the  following:  cobalt  oxide,  cupric  oxide,  cuprous 
oxide,  stannous  oxide,  manganese  monoxide,  and  zirconium 
dioxide  (ref.  11).  The  effectiveness  of  stannous  oxide, 
manganese  monoxide,  and  cuprous  oxide  may  be  partially 
due  to  their  reducing  action.  In  order  for  beneficial  effects 
due  to  water  to  be  observed,  the  additive  must  either  be 
added  after  purging  or  react  only  at  temperatures  higher 
than  the  purging  temperature. 

It  is  possible  that  too  much  water  might  result  in  an 
auxiliary  reaction  such  as 

Cold  zone 

Na2Ni02+2Na+2H20  , > Ni+4NaOH 

Hot  zone 

This  may  account  for  the  case  of  unpurged  sodium  hydroxide 
in  which  the  rate  of  transfer  was  increased  (ref.  2).  This 
reaction  ma)7  also  account  for  the  fact  that  any  beneficial 
effects  attributable  to  the  presence  of  water  are  always 
slight. 

METALLIC  CHROMIUM 

Metallic  chromium  is  an  inhibitor  of  mass  transfer  (ref.  2). 
The  method  by  which  chromium  works  is  not  by  decreasing 
the  nickelite  concentration  (appendix  D). 

Experiments  show  that  metallic  chromium  reacts  rapidly 
with  molten  sodium  hydroxide  to  form  sodium  chromite 
(Cr+3),  which  then  reacts  more  slowly  (for  20  hr)  to  form 
perhaps  sodium  hypochromate  (Cr+5)  (appendix  E).  This 
chromite-hypochromate  reaction  is  in  equilibrium  with  the 
hydrogen  pressure  (appendix  E).  Since  the  nickel-nickelite 
reaction  is  not  in  equilibrium  with  hydrogen  (appendix  C), 


a reaction  similar  to  the  following  one  cannot  be  at  “mean- 
temp  erature”  equilibrium: 

Cold  zone 

Ni+Na5Cr05  <-  . 1 Na3Cr03+Na2Ni02 

Hot  zone 

The  chromium  is  therefore  not  effective  by  means  of  this 
auxiliary  mechanism.  In  some  way  the  chromite  and 
hypochromate  form  a complex  in  an  approximate  ratio  of  1 
to  1 at  1500°  F.  Therefore,  it  is  not  unreasonable  that  one 
of  the  species  might  partially  complex  with  sodium  oxide  and 
thus  inhibit  mass  transfer  (in  both  static  and  dynamic  tests). 

The  question  which  now  arises  is  why  the  chromite  formed 
from  metallic  chromium  reacts  differently  from  the  chromite 
formed  from  chromium  sesquioxide  (appendix  D).  Even 
though  both  may  form  sodium  chromite,  the  coordination 
of  the  oxygen  atoms  about  the  chromium  might  be  different; 
this  is  quite  common  among  water-soluble  salts  of  chromium. 
If  the  mechanism  by  which  transfer  is  inhibited  using  metallic 
chromium  involves  coordination  (complex  formation),  chro- 
mium sesquioxide  obviously  need  not  inhibit  transfer  in  the 
same  manner  as  metallic  chromium. 

REDUCING  AGENTS 

Since  chromium  sesquioxide  reduces  the  sodium  nickelite 
concentration  (appendix  D)  presumedly  by  the  generation 
of  hydrogen,  it  should  inhibit  mass  transfer  when  the  transfer 
is  a diffusion-controlled  process.  Indeed,  transfer  is  in- 
hibited in  static  tests  by  chromium  sesquioxide  (appendix 
D)  but  not  in  dynamic  tests  recently  performed  at  the  Lewis 
laboratory.  Another  reducing  agent,  calcium  hydride,  also 
inhibits  transfer  in  static  tests  but  not  in  dynamic  tests 
(ref.  3).  Hence,  directly  applied  hydrogen  pressure  which 
inhibits  transfer  in  static  tests  should  not  necessarily  be 
effective  in  dynamic  tests.  Published  work  on  this  effect  is 
inconclusive  (ref.  11).  Hydrogen  could  inhibit  transfer  in 
dynamic  tests  if  its  poisoning  action  were  sufficient  to  reduce 
the  activit)7  of  the  nickel.  (Calcium  hydride  increases  the 
rate  of  transfer  in  dynamic  systems,  because  its  decomposi- 
tion produces  “detrimental”  calcium  metal  as  well  as 
“beneficial”  hydrogen.) 

OXIDIZING  AGENTS 

Oxidizing  agents  should  have  the  opposite  effect  of  reducing 
agents  upon  the  rate  of  transfer,  since  they  should  increase 
the  sodium  nickelite  concentration.  This  is  the  effect  found 
in  static  systems  for  materials  such  as  sodium  peroxide,  ferric 
oxide,  potassium  chlorate,  potassium  chromate,  sodium 
chromate,  calcium  chromate,  cobaltous-ic  oxide,  manganese 
dioxide,  sodium  bromate,  and  lead  sesquioxide  (refs.  2 and 
11).  This  effect  is  not  expected  in  dynamic  tests,  but  none 
of  these  additives  have  ever  been  studied  under  such  condi- 
tions. 

INSOLUBLE  COMPOUNDS 

Apparent  inhibition  of  transfer  resulted  in  static  tests 
from  additions  of  aluminum,  aluminum  oxide,  sodium  alu- 
minate,  aluminum  fluoride,  magnesium  oxide,  calcium  chlo- 
ride, or  strontium  peroxide  (refs.  2,  3,  and  11).  This  has 
been  attributed  to  the  formation  of  protective  insoluble 
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layers  over  the  specimens,  sodium  aluminate  in  the  case  of 
aluminum  compounds,  and  insoluble  oxides  from  the  others. 

INERT  MATERIALS 

Since  silver,  gold,  and  copper  do  not  react  rapidly  with 
sodium  hydroxide,  no  effect  is  produced  by  using  these 
metals  as  additives  (ref.  11).  Other  materials,  such  as  salts 
that  are  inert  to  sodium  hydroxide  (sodium  chloride,  sodium 
fluoride,  and  sodium  iodide)  and  ceramic  materials  stable  at 
1500°  and  1700°  F (tantalum  nitride  and  columbium  nitride), 
should  not  and  do  not  have  any  effect  upon  mass  transfer 
(refs.  2 and  11). 


CONSIDERATION  OF  ALTERNATIVE  MECHANISMS 


PHYSICAL  MECHANISM 


In  considering  the  phvsical  mechanism  (table  I,  reaction 

(1)) 


Cold  zone 


Ni°(dissolved)  + * Ni°(metal) 

Hot  zone 


one  may  admit  that  nickel  is  soluble  in  molten  sodium 
hydroxide  and  that  as  soon  as  saturation  is  reached  transfer 
could  occur. 

Although  mass  transfer  might  be  attributable  to  this 
mechanism,  experiments  with  hydrogen  atmospheres  show 
its  contribution  to  be  quite  small,  since  the  presence  of  hydro- 
gen reduces  the  rate  of  transfer  by  a large  factor  (appendix 
B and  ref.  3).  In  no  way  is  it  conceivable  that  hydrogen 
reduces  the  solubility  of  nickel  in  molten  sodium  hydroxide. 
A large  variety  of  other  materials  in  small  quantities  do 
affect  the  rate  of  transfer  (appendixes  D and  E and  refs.  2 
and  3).  It  does  not  seem  plausible  that  such  materials 
would  affect  transfer  if  it  were  just  a problem  of  physical 
solubility. 

ELECTRICAL  MECHANISM 

The  second  possible  mechanism  for  transfer  involves  the 
electrochemical  half-cell  reactions  (table  I,  reaction  (2)) 


Cold  zone 

Na2Ni02+2Na+-f2e"  . 1 2Na20+Ni 

Hot  zone 


and  less.  In  the  presence  of  a hydrogen  atmosphere  this 
process  cannot  occur  at  all.  An  additional  proof  is  the  fact 
that  crystals  of  nickel  plate  out  on  a ceramic  material  in 
cold  regions  (ref.  6) ; in  this  case  an  electrochemical  process 
is  impossible. 

The  latter  conclusions  are  of  course  valid  even  though  the 
half-cell  reactions  might  involve  nickel  with  a valence 
of  T3: 

Cold  zone 

NaNi02+3Na++3e-  Z 1 2Na20+Ni 

Hot  zone 

IMPURITY  MECHANISM 

Of  the  impurities  present  in  sodium  hydroxide  (table  II) 
and  nickel  (table  III),  only  iron,  cobalt,  or  manganese 
could  contribute  to  the  impurity  mechanism,  since  the 
element  involved  must  exist  in  two  oxidized  valence  states: 

Cold  zone 

Na2Ni02+2Na2Fe02  < t 2Na3Fe03+Ni 

Hot  zone 
Cold  zone 

Na2Ni02+2Na2Co02  <.  ~~  i 2Na3Co03+Ni 

Hot  zone 
Cold  zone 

2Na2Ni02+Na2Mn02  < ! Na2Mn04+2Na20+2Ni 

Hot  zone 

The  probability  that  a sulfate,  a phosphate,  silver,  or  copper 
would  exist  in  two  ionic  valences  is  exceedingly  small. 
Because  of  the  small  concentrations  of  all  the  impurities, 
this  type  mechanism,  although  possible,  is  still  not  probable. 

The  concentration  of  impurities  arising  from  the  nickel 
increases  in  the  sodium  hydroxide  with  time  (ref.  6),  and 
thus  the  rate  of  transfer  should  increase.  The  rate  of 
transfer  does  not  increase  with  time  in  dynamic  tests. 

Finally,  all  these  impurities  were  deliberately  added  (in 
some  form)  to  the  sodium  hydroxide,  and  although  some 
apparently  increase  transfer  (perhaps  fivefold  by  qualitative 
estimate)  (table  IV),  this  increase  is  not  proportional  to  the 
thousandfold  increase  of  the  impurity  concentration. 

DISPROPORTIONATION  MECHANISM 


This  mechanism  requires  the  existence  of  an  electromotive 
force  between  nickel  at  the  hot  zone  and  nickel  at  the  cold 
zone.  Such  a potential  has  been  observed  experimentally 
(appendix  H and  ref.  12) ; it  is  probably  attributable  to  reac- 
tion (2).  Moreover,  this  potential  is  sufficient  to  sustain  a 
current  of  measurable  magnitude  for  6 hours  (appendix  H). 
The  electrochemical  reaction  requires  that,  since  the  sodium 
nickelite  concentration  builds  up  with  time  (appendix  C), 
the  electromotive  force  as  well  as  the  actual  rate  of  transfer 
should  decrease  with  time.  This  is  contrary  to  fact.  Also, 
in  the  presence  of  hydrogen,  the  mass  transfer  should  occur 
from  the  cold  zone  to  the  hot  zone  in  accordance  with  the 
reversal  of  polarity  observed  with  a hydrogen  atmosphere 
(appendix  H) . 

The  conclusions  are  that  the  electrochemical  process  may 
be  occurring,  but  that  its  contribution  to  the  mass  transfer 
actually  observed  is  small  and  as  time  progresses  becomes  less 


The  next  mechanism  to  consider  is  the  disproportionation 
reaction  of  nickel  (table  I,  reaction  (4)) 

Cold  zone 

3Na2Ni02  < — ! 2Na3Ni03+Ni 

Hot  zone 

Again  reference  is  made  to  the  fact  that  the  sodium  nickelite 
concentration  increases  with  time  (appendix  C).  Since  the 
nickelite  and  nickelate  must  be  in  “mean-temperature” 
equilibrium,  the  concentration  of  the  nickelate  must  also 
increase.  Therefore,  the  transfer  rate  should  depend  on 
the  nickelite  concentration  regardless  of  how  the  rate  process 
is  controlled.  The  same  is  true  even  if  the  chemical  equa- 
tion is 

Cold  zone 

3Na2Ni02  <■  * 2NaNi02+2Na20+Ni 

Hot  zone 
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Since  the  transfer  rate  in  dynamic  svs terns  is  experimental!}7 
independent  of  nickelite  concentration,  the  actual  mechan- 
ism cannot  involve  disproportionation  of  nickel. 

Furthermore,  the  higher  valences  of  nickel  should  not 
exist  in  the  presence  of  a hydrogen  pressure  (ref.  6)  such  as 
has  been  reported  to  exist  above  the  nickel— sodium  hydroxide 
system  at  800°  C (4  mm  Hg,  ref.  7). 

OXYGEN  MECHANISM 

The  possibility  that  oxygen  is  the  “redox”  material  ac- 
cording to  the  equation 

Cold  zone 

Na2Ni02  < Na20+K02+Ni 

Hot  zone 

is  nil,  since  the  pressure  of  hydrogen  of  4 -millimeters  of  mer- 
cury (ref.  7)  eliminates  the  possibility  that  oxygen  is  present 
at  all. 

HYDROGEN  MECHANISM 

The  mechanism  that  for  a long  time  seemed  the  most 
logical  involves  hydrogen  as  the  redox  material;  the  reaction 
is  (table  I,  reaction  (6)) 

Cold  zone 

Na2Ni02+H2  ^ . ) 2NaOH+Ni 

Hot  zone 

The  reaction  between  nickel  and  sodium  hydroxide  is  known 
to  occur,  since  both  h}7drogen  and  sodium  nickelite  are  found 
as  products;  the  problem  is  whether  this  reaction  can  go  in 
reverse.  This  seemed  possible,  since  nickel  oxide  (assumed 
to  be  the  oxidized  form  of  nickel)  is  easily  reduced  by  hydro- 
gen. Experiments  under  isothermal  conditions  with  a con- 
stant imposed  hydrogen  pressure  (appendix  C)  showed  that 
the  rate  of  formation  of  sodium  nickelite  is  constant  even  up 
to  times  of  600  hours.  Thus,  equilibrium  is  not  reached,  the 
reverse  reaction  never  occurs,  and  this  mechanism  could 
never  account  for  transfer.  Even  with  no  added  hydrogen, 
equilibrium  is  not  reached,  inasmuch  as  the  concentration 
of  sodium  nickelite  does  not  reach  a constant  value  (table 
VIII,  column  7).  The  decrease  in  the  rate  of  formation  of 


sodium  nickelite  caused  by  hydrogen  must  be  due  to  its 
direct  poisoning  action  upon  the  nickel. 

Since  the  concentration  of  species  of  nickel  other  than 
Ni+2  (e.g.,  Ni+3)  which  might  be  in  equilibrium  with  the 
hydrogen  present  is  extremely  low  (ref.  6),  the  corresponding 
reactions  involving  this  concentration  need  not  be  con- 
sidered. 

SUMMARY  OF  RESULTS 

The  following  zone  reactions  are  the  probable  ones  occur- 
ring in  thermal-gradient  mass  transfer  of  nickel  in  molten 
sodium  hydroxide: 

Cold  zone 

Na2Ni02+2Na  <.  I 1 2Na20+Ni 
Hot  zone 

The  diffusion  of  the  molecular  species  in  the  melt  allows  the 
process  to  continue  indefinitely.  The  sodium  oxide  arises 
from  the  dissociation  of  sodium  hydroxide  at  high  tempera- 
tures. The  sodium  nickelite  (Na2Ni02)  is  formed  primarily 
from  the  following  reaction  and  at  a constant  rate  with  any 
given  pressure  of  hydrogen: 

2Na0H+Ni-VH2+Na2Ni02 

In  dynamic  tests,  the  rate  of  transfer  is  controlled  by  the 
rate  of  the  zone  reactions  and  thus  is  constant  with  time. 
In  static  tests,  the  rate  of  transfer  is  controlled  by  the  rate 
of  diffusion  and  thus  increases  with  time. 

The  effects  of  additives  upon  the  rate  of  transfer  can  be 
explained  in  terms  of  this  mechanism.  Additives  which 
effectively  increase  the  sodium  oxide  concentration  increase 
the  rate  of  transfer;  those  which  decrease  this  concentration 
decrease  the  rate  of  transfer.  Reducing  agents  decrease  the 
rate  of  transfer  in  static  tests  and  have  no  effect  in  dynamic 
tests.  Oxidizing  agents  have  the  opposite  effect  in  static 
tests. 

Lewis  Flight  Propulsion  Laboratory 

National  Advisory  Committee  for  Aeronautics 
Cleveland,  Ohio,  June  20 , 1957 


APPENDIX  A 


EXISTENCE  OF  SODIUM  NICKELITE  IN  SODIUM  HYDROXIDE— NICKEL  SYSTEM 


An  investigation  was  made  to  demonstrate  the  existence 
of  sodium  nickelite  in  the  sodium  hydroxide — nickel  system. 
The  existence  of  this  or  a similar  compound  is  necessary  for 
six  of  the  seven  possible  mechanisms  of  mass  transfer 
(table  I).  The  nature  of  the  hydrolysis  product  of  sodium 
nickelite  was  also  studied  in  order  to  substantiate  the  theory 
that  nickel  was  present  in  the  +2  valence  state.  The  re- 
action between  nickel  oxide  and  sodium  hydroxide  was 
investigated  to  show  the  relative  instability  of  this  compound 
with  respect  to  sodium  nickelite. 

MATERIALS  AND  PROCEDURE 

The  “L”  nickel  crucibles  as  well  as  the  procedure  were 
identical  to  those  used  in  the  standard  static  capsule  test 
at  the  Lewis  laboratory  (fig.  1 and  refs.  2 and  3).  The 
crucibles  were  5 inches  long  and  had  an  outside  diameter 


of  % inch  and  Xe-inch-thick  walls.  All  the  crucible  com- 
ponents except  the  vent  tube  were  fabricated  from  the 
same  length  of  tubing. 

Before  the  crucibles  were  assembled,  the  components 
were  cleaned  in  a modified  aqua  regia  solution  for  2 minutes. 
Heliarc  welding  with  an  atmosphere  containing  15  percent 
hydrogen  in  helium  was  used  in  fabrication.  A flow  of 
argon  was  maintained  in  the  tube  during  welding.  Sodium 
hydroxide  (13.0  ±0.1  g)  was  weighed  into  each  crucible  in 
the  dry  box.  The  top  and  vent  tube  were  then  welded  into 
place.  The  moisture  and  air  were  removed  by  evacuation 
to  5 microns  of  mercury  at  580°  F (in  16  hr)  and  then  to 
5 microns  of  mercury  at  720°  F (in  4 hr).  After  evacuation 
and  cooling,  a cover  gas  of  helium  at  about  2 pounds  per 
square  inch  gage  was  admitted.  Crimping  and  welding  at 
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A 


- Welds - 


--Vent  tube 


^-Nickel  tube 
(O.D.,  5/8"; 
wall,  1/16") 

Purged  sodium 
hydroxide--^ 

y,  a 


Chromel-Alumel  ; 
thermocouples 


S 


^-Inconel  plug 
Nickel  plug 


^-Inconel  tube 
(aa,  5/8";  wall,  1/32") 

✓-V  nickel  tube 
(O.O.,  1/2";  wall,  1/32") 


^“l" nickel  specimens  ' 

(Diam.,  5/16";  1/16"  thick)- 

Figure  1. — Comparison  of  standard  crucible  (left)  and  crucible  with 

Inconel  shell. 

the^crimp  served  to  seal  the  crucible.  Thermocouples  were 
spot-welded  to  the  crucibles  % inch  from  the  bottom  and 
alsojat  the  liquid  level.  A special  furnace  (ref.  2)  was  used. 

ISOLATION  AND  IDENTIFICATION  OF  SODIUM  NICKELITE 


Four  crucibles  were  heated  to  1700°  F for  24  hours.  After 
cooling,  they  were  cut  into  sections  about  % inch  long  in  a 
dry  helium  atmosphere.  Olive  to  dark-green  needlelike 
crystals  about  % inch  long  were  visible  throughout  the  white 
sodium  hydroxide  matrix.  Similar  crystals  are  reported  in 
reference  6.  The  sodium  hydroxide  was  dissolved  away 
from  the  crystals  with  absolute  methyl  alcohol.  The  X-ray 
powder  diffraction  pattern  (table  V)  determined  for  the 
c^stals  matched  the  ones  which  have  been  reported  by 
other  laboratories  (refs.  7 and  9)  and  assigned  the  formula 
Na2Ni02.  No  lines  of  nickel  oxide  or  nickel  hydroxide  were 
found.  The  utmost  care  was  used  to  keep  ah  and  moisture 
away  from  the  crystals  at  all  times.  The  chemical  analysis 
reported  for  this  compound  (residue)  in  reference  9 roughly 
corresponds  to  the  formula  Na2Ni02.  Keference  7 reports 
an  X-ray  pattern  from  a residue  obtained  by  heating  sodium 
hydroxide  in  nickel  until  all  the  hydrogen  present  was 
evolved  as  a gas;  this  would  likewise  correspond  to  the 
formula  Na2Ni02.  The  fact  that  the  pattern  from  this  work 
matches  the  others  indicates  that  sodium  nickelite  does  not 
significantly  react  with  absolute  methyl  alcohol. 

No  well  defined  crystals  were  obtained  by  heating  sodium 
hydroxide  in  nickel  at  1500°  F,  since  the  nickelite  concen- 
tration was  too  small. 


PREPARATION  OF  HYDROLYSIS  PRODUCTS 

In  order  to  investigate  the  hydrolysis  products,  other 
crucibles  were  prepared  in  the  way  described  previously. 
After  the  24-hour  treatment  at  1700°  F,  the  contents  of  the 
crucibles  were  washed  out  with  distilled  water  and  the 
crystals  present  were  allowed  to  remain  in  the  water  about 
3 days.  Bright  grass-green  needlelike  crystals  were  formed. 
There  was  also  present  a slight  amount  of  fine  black  pre- 


cipitate, which  was  probably  formed  from  the  hydrolysis 
of  sodium  nickelite  dissolved  in  the  sodium  hydroxide. 
After  removal  of  the  black  precipitate  by  decantation,  the 
green  crystals  were  washed  and  then  dried  in  a desiccator 
containing  Drierite.  They  were  shown  spectroscopically  to 
contain  no  sodium,  and  their  X-ray  pattern  matched  that 
for  nickel  hydroxide  (Ni(OH)2).  The  individual  crystals 
were  hexagonal  in  shape  as  seen  under  a microscope.  The 
crystals  turned  black  upon  drying  at  120°  C for  24  hours 
but  still  retained  the  same  crystalline  form  and  X-ray 
pattern.  The  crystals  lost  11.8  percent  of  their  weight  during 
the  heating  process.  The  chemical  analysis  of  the  black 
crystals  showed  them  to  be  nickel  hydroxide  (Ni(OH)2). 
Although  the  green  crystals  correspond  to  the  composition 
Ni(0H)2-H20,  they  probably  contain  merely  physically 
trapped  water  (inasmuch  as  the  X-ray  piattern  was  un- 
changed) . 

At  1500°  F the  reaction  between  sodium  hydroxide  and 
nickel  did  not  yield  a crystalline  h}^drolysis  product  (except 
in  one  isolated  instance).  The  black  to  brown  powder 
regularly  obtained  by  filtering  the  water  solution  of  the 
melt  nevertheless  gave  the  X-ray  pattern  for  nickel  hydrox- 
ide. This  powder  was  probably  the  same  as  the  slight  amount 
of  black  powder  obtained  from  the  crucible  run  at  1700°  F. 

HYDROLYSIS  PRODUCTS  FROM  REACTION  OF  SODIUM  HYDROXIDE  WITH 

NICKEL  OXIDE 

A nickel  crucible  containing  0.13  gram  of  nickel  oxide 
and  the  usual  13  grams  of  sodium  hydroxide  was  purged, 
sealed,  and  heated  to  1700°  F for  15  minutes.  When  the 
contents  were  washed  out,  large  grass-green  needlelike 
crystals  were  found.  Only  a trace  of  the  nickel  oxide  X-ray 
pattern  was  detectable  in  the  nickel  hydroxide  pattern 
found  for  these  green  crystals.  X-ray  patterns  of  individual 
crystals  proved  them  to  be  actually  polycrystalline. 

CONCLUSIONS 

The  reaction  between  nickel  and  molten  sodium  hydroxide 
produces  sodium  nickelite  (Na2Ni02).  The  sodium  nickelite 
can  be  isolated  as  needlelike  crystals  if  the  reaction  occurs 
at  1700°  F but  not  if  it  occurs  at  1500°  F or  lower;  this  is 
attributed  to  the  greater  concentration  of  the  nickelite  at 
1700°  F (table  VIII)  and  to  a probably  large  rate  of  change 
of  solubility  with  temperature  between  1500°  and  1700°  F. 

The  reaction  between  nickel  oxide  and  sodium  hydroxide 
at  1700°  F (and  likely  below  that  temperature)  also  produces 
sodium  nickelite  (indicated  by  the  presence  of  its  hydrolysis 
product  nickel  hydroxide) : 

NiO  + 2N  aOH->N  a2Ni02 + H20 

Since  this  reaction  goes  essentially  to  completion,  very  little 
possibility  exists  that  the  species  NiO  can  be  present  in 
molten  sodium  hydroxide — nickel  systems. 

The  reaction  between  sodium  nickelite  and  water 

N a2Ni02 + 2H20  -^2NaOH + N i ^OH)  2 

results  in  the  removal  of  the  Na20  component  by  leaching 
without  disturbing  the  external  shape  of  the  crystals. 
Probably  during  this  process  single  crystals  of  sodium  nickelite 
convert  to  polycrystalline  nickel  hydroxide  (containing 
physically  trapped  water) . 


THE  MECHANISM  OP  THERMAL-GRADIENT  MASS  TRANSFER  IN  THE  SODIUM  HYDROXIDE — NICKEL  SYSTEM  691 


APPENDIX  B 

THE  EFFECT  OF  HYDROGEN  UPON  MASS  TRANSFER  AND  NICKELITE  CONCENTRATION 


Experiments  were  conducted  to  show  the  simultaneous 
dependence  of  sodium  nickelite  concentration  and  rate  of 
mass  transfer  upon  the  hydrogen  pressure  in  nickel  capsules 
containing  sodium  hydroxide.  A more  complete  study  of 
the  rate  of  formation  of  sodium  nickelite  is  presented  in 
appendix  C. 

METHOD  1 

Four  standard  “ L ” nickel  crucibles  containing  weighed 
nickel  specimens  (Ke  in.  thick  and  Ke  in.  in  diam.)  and  sodium 
hydroxide  (13.0±0.1  g)  were  prepared  and  sealed  in  the 
usual  manner  for  standard  capsule  tests  (appendix  A and 
ref.  2).  They  were  encased  in  Inconel  chambers  (fig.  2). 


Figure  2. — Vacuum  system  and  Inconel  chamber. 


The  chambers  were  evacuated  to  a pressure  of  5 microns  of 
mercury  and  then  connected  to  a supply  of  hydrogen  at  a 
constant  pressure  of  17  inches  of  mercury.  The  temper  a time 
of  the  crucibles  was  raised  to  1500°  F by  means  of  a special 
Globar  furnace  (ref.  2).  This  furnace  by  supplying  heat 
from  the  bottom  maintained  an  80°  F difference  between  the 
bottom  of  the  Inconel  chambers  and  a position  2%  inches 
from  the  bottom  (the  sodium  hydroxide  liquid  level).  The 
pressure  of  hydrogen  inside  the  nickel  crucibles  was  also 
17  inches  of  mercury  because  of  the  permeability  of  nickel 
toward  hydrogen.  After  80  hours  at  temperature  the  cruci- 
bles were  cooled  and  were  radiographed  to  detect  the  amount 
of  transfer.  The  amount  of  sodium  nickelite  was  determined 
as  nickel  + 2,  and  the  specimens  were  reweighed  (table 
VI).  The  experiment  was  repeated  with  crucibles  having 
no  added  hydrogen  in  the  chambers.  Even  though  no 
hydrogen  was  added  to  these  control  crucibles,  a steady-state 
hydrogen  pressure  of  about  4 millimeters  of  mercury  was 
present  (ref.  7).  The  steady-state  pressure  arises  in  a sealed 
container  from  the  fact  that  hydrogen  is  generated  by  the 


reaction  of  nickel  with  sodium  hydroxide  and  that  hydrogen 
is  lost  by  diffusion  through  the  walls  of  the  nickel  container. 
The  rates  of  these  two  processes  become  equal  when  a certain 
steady-state  hydrogen  pressure  is  reached. 

As  is  obvious  from  the  data  of  table  VI,  the  added  hydro- 
gen simultaneously  inhibited  the  formation  of  the  nickelite 
and  the  rate  of  mass  transfer. 

METHOD  2 

Tests  were  also  run  in  which  hydrogen  was  introduced 
directly  into  the  hot  zone  (bottom  of  the  crucible)  (fig.  3). 


Figure  3. — Crucible  for  introduction  of  hydrogen  at  hot  zone. 


These  tests  again  showed  that  added  hydrogen  simultane- 
ously inhibited  the  formation  of  sodium  nickelite  and  the 
rate  of  mass  transfer. 

METHOD  3 

The  thud  method  was  designed  to  determine  whether 
inhibiting  the  loss  of  hydrogen  normally  formed  in  a crucible 
would  likewise  inhibit  transfer.  This  was  accomplished  by 
placing  a shell  of  Inconel  around  a standard  nickel  crucible 
(fig.  1),  inasmuch  as  the  rate  of  diffusion  of  hydrogen 
through  Inconel  is  much  less  than  through  nickel. 

The  internal  and  external  dimensions  of  the  modified 
crucibles  were  as  close  as  practicable  to  those  of  a standard 
one.  Two  standard  crucibles  were  used  for  comparison 
(appendix  A and  ref.  2).  Two  Inconel-covered  crucibles 
were  prepared  by  first  treating  the  inner  nickel  crucibles 
in  essentially  normal  fashion.  The  top  plugs  were  ham- 
mered into  place  in  a dry  box  and  then  welded  to  seal 
the  crucibles.  The  Inconel  shells  were  then  assembled 
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around  the  nickel  and  welded  together.  These  four  crucibles 
were  heated  at  1560°  F (in  the  Global’  furnace)  for  24  hours; 
after  this  the  crucibles  were  radiographed  and  the  contents 
were  analyzed  chemically  (table  VI) . 


The  Inconel  shell  inhibited  transfer  as  expected.  Reduc- 
tion of  the  rate  of  formation  of  the  nickelite  was  also  de- 
tectable and  was  attributed  to  an  increased  hydrogen  pres- 
sure caused  by  the  decreased  loss  of  hydrogen  by  diffusion. 


APPENDIX  C 

RATE  OF  FORMATION  OF  SODIUM  NICKELITE 


A study  was  made  to  determine  the  rate  of  formation  of 
sodium  nickelite  according  to  the  equation 

Ni + 2NaOH->N  a2N  iO? + H 2 

If  the  reaction  does  not  reach  equilibrium  in  a reasonable 
time,  the  mechanism  of  mass  transfer  involving  hydrogen  as 
the  “redox”  material  (table  I,  reaction  (6))  is  impossible. 

PROCEDURE 

Standard  test  nickel  crucibles  (fig.  1)  containing  13.0 
±0.1  gram  of  sodium  hydrozide  were  prepared  (purged  and 
crimped)  in  the  usual  manner  (appendix  A) . They  were  in 
turn  suspended  in  an  Inconel  tube  by  means  of  a long 
Nichrome  loop  spot-welded  to  the  crimp  of  the  nickel  crucible 
(fig.  4).  The  top  of  the  loop  was  placed  over  a nickel 


Bourdon- 
type  gage- 

To  vacuum 
purrip  < 

Vacuum  valve 


I W//sy///A  ,-Brass  cap 


/-  Electromagnet 
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To  hydrogen 
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-I.D.,  0.630" 
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'-"L"  nickel  crucible 


'-Thermocouple  at  middle  ' 
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ments  along  the  outside  of  the  Inconel  tube  showed  that  a 
temperature  difference  of  at  most  3°  F existed  between  the 
top  and  the  bottom  of  the  molten  sodium  hydroxide.  At 
the  end  of  a run  a magnetic  field  was  applied  to  the  plunger 
so  that  the  nickel  crucible  was  allowed  to  fall  to  the  bottom 
of  the  Inconel  tube.  The  nickel  crucible  was  thereby  rapidly 
cooled.  The  experiment  was  repeated  for  various  times  and 
various  hydrogen  pressures  (table  VII) . After  each  run  the 
crucible  was  cut  open  and  its  contents  were  analyzed  for 
oxidized  nickel  (fig.  5 and  table  VII). 
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Figure  5. — Rate  of  formation  of  sodium  nickelite  from  nickel  and 
sodium  hydroxide  at  1500°  F at  various  hydrogen  pressures. 
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Figure  4. — Apparatus  for  kinetic  and  equilibrium  studies. 


plunger,  which  could  be  pulled  out  from  under  the  loop  by 
means  of  a magnet  outside  the  vacuum  system.  Brass 
caps  were  soft  soldered  to  the  top  and  bottom  of  the  Inconel 
tube  so  that  the  system  could  be  evacuated.  After  evacua- 
tion, hydrogen  gas  was  admitted  and  controlled  at  the  de- 
sired pressure.  The  temper ature  was  then  raised  as  quickly 
as  possible  to  1500°  F (±4°  F).  The  temperature  measure- 


The  sodium  nickelite  concentration  appears  to  be  a linear 
function  of  time  (fig.  5)  and  to  be  independent  of  hydrogen 
pressures  above  26  inches  of  mercury.  The  results,  although 
scattered,  indicate  the  rate  of  formation  to  be  greater  for 
lower  pressures.  The  data  for  steady-state  hydrogen  pressure 
conditions  (37.5  mg/24  hr  (appendix  D))  confirm  this  fact. 
To  express  this  effect  analytically,  one  must  use  a kinetic 
equation  for  reactions  in  which  surfaces  are  easily  poisoned 
(in  this  case  by  hydrogen) : 


7 form  — &1  T"  k2j  {P //2)  H 

where  rform  is  the  rate  of  formation  of  sodium  nickelite,  ku  k2} 
and  n are  constants,  and  Pff2  is  the  hydrogen  pressure.  Since 
rform  is  equal  to  kx  at  high  pressure,  &i  = 64  (mg/dm2) /yr 
(area=0.267  dm2).  The  values  for  the  other  constants  are 
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?i  = 1.4  ancl  Ar2=  360  [(g)  (mm  of  Hg)  4/dm2]/yr.  The  kine- 
tics are  obviously  independent  of  the  reverse  reaction. 

CONCLUSIONS 

Since  the  rate  of  the  reaction  under  discussion  is  linear 


with  time,  the  reaction  itself  never  reaches  equilibrium  under 
the  experimental  conditions  (at  1500°  F,  for  times  up  to 
600  hi',  and  with  hydrogen  pressures  between  0.16  and  81  in. 
Hg).  It  follows  that  the  mechanism  of  mass  transfer  cannot 
involve  lr^drogen  as  the  “redox”  material. 


APPENDIX  D 


REACTIONS  OF  CHROMIUM  AND  ITS  COMPOUNDS  WITH  MOLTEN  SODIUM  HYDROXIDE 


An  investigation  was  made  to  determine  the  chemical 
differences  between  the  sodium  chromites  (or  chromates) 
produced  from  the  following  three  reactions: 

1500°  F 

Cr+NaOH > 

1500°  F 

Cr203+Na0H > 

1500°  F 

N a2Cr04  + N aOH 

This  work  was  initiated  because  chromium  metal  was  report- 
ed to  be  an  inhibitor  of  mass  transfer,  while  chromium 
sesquioxide  and  sodium  chromate  were  originally  inter- 
preted to  be  detrimental  as  additives  (ref.  2). 

PROCEDURE 

Standard  static  crucible  corrosion  (mass  transfer)  tests 
(appendixes  A and  B and  ref.  2)  were  performed  using 
chromium  (325  mesh),  chromium  sesquioxide  (Cr203),  and 
sodium  chromate  (Na2Cr04)  as  additives  in  the  sodium 
hydroxide — nickel  system.  These  additives  were  added  be- 
fore purging.  In  order  to  accomplish  a more  thorough  inves- 
tigation, certain  variations  in  the  procedure  were  used  for 
each  group  of  crucibles,  as  indicated  in  the  footnotes  of  table 
VIII. 

CHROMIUM  METAL 

The  ratio  of  chromate  concentration  [Cr+6]  to  chromite 
concentration  [Cr+3]  as  found  in  water  solutions  is  approxi- 
mately 1 to  2 (table  VIII,  group  I,  column  6),  being  inde- 
pendent of  the  percentage  of  chromium  metal  used  (column 
3)  and  independent  of  time  for  relatively  long  periods 
(column  5).  The  composition  is  essentially  uniform  through- 
out the  crucibles  (table  VIII,  footnote  (b)).  For  periods  of 
time  less  than  1 hour,  Cr+3  alone  existed  (group  II).  Group 
III  results  indicate  that  this  apparent  l-to-2  ratio  for 
[Cr+6]  to  [Cr+3]  does  not  depend  upon  the  steady-state 
hydrogen  pressure  that  is  present  in  closed  (sealed)  systems 
(ref.  7).  These  facts  perhaps  indicate  the  presence  of  Cr+4 
in  the  sodium  hydroxide. 

Since,  however,  this  [Cr+6]  to  [Cr+3]  ratio  perhaps  depends 
somewhat  upon  temperature  (table  VIII,  group  IV),  the 
l-to-2  ratio  may  be  only  approximate,  and  thus  the  existence 
of  Cr+4  is  somewhat  doubtful.  For  further  discussion  see 
appendix  E. 

The  reaction  forming  the  hypothetical  Cr+4  is  fast  enough 
so  that  any  hydrogen  so  produced  is  quickly  lost  (by  diffu- 
sion) and  is  thus  prevented  from  inhibiting  significantly  the 
production  of  sodium  nick  elite  (table  VIII,  column  7). 


CHROMIUM  SESQUIOXIDE 

The  results  with' chromium  sesquioxide  (table  VIII,  group 
V)  show  that  it  is  an  inhibitor  of  transfer.  This  is  indicated 
by  comparison  of  the  specimen  weight  changes  (column 
8)  and  was  substantiated  by  the  decrease  in  the  rate  of 
transfer  apparent  in  radiographs  of  the  crucibles  (not  shown). 
Chromium  sesquioxide  is  not  beneficial  in  dynamic  tests. 
During  the  process  the  chromium  converts  slowly  from 
Cr+3  to  the  Cr+6  as  found  in  the  water  solution,  but  the 
reaction  apparently  stops  when  it  is  two-thirds  complete. 
This  perhaps  indicates  the  presence  of  Cr+5.  The  hydrogen 
produced  from  the  oxidation  of  the  chromium  sesquioxide 
keeps  the  sodium  nickelite  concentration  low  (table  VIII, 
column  7).  The  magnitude  of  this  phenomenon  depends 
upon  the  actual  percent  of  chromium  sesquioxide  used.  It 
seems  possible  that  the  Cr203  inhibits  transfer  by  this  prop- 
ert}7  of  keeping  the  nickelite  concentration  low  (thus  working 
in  a different  manner  than  chromium  metal). 

Group  VI  results  (table  VIII)  compare  the  three  additives 
used.  These  results  confirm  the  previous  data  (groups  I 
to  V).  The  tests  with  sodium  chromate  indicate  that  the 
chromium  converts  to  essentially  the  same  oxidation  state 
as  it  does  in  the  chromium  sesquioxide  (table  VIII,  column  7). 
This  results  in  the  oxidation  of  metallic  nickel  (table  VIII, 
footnote  (f)). 

SUMMARY 

The  following  equations  roughly  summarize  the  informa- 
tion obtained: 

Very  fast 

(1)  Cr+3NaOH > Na3Cr03+^H2 

Moderately 

fast 

N a3Cr 03 + N aOH  — » (Perhaps)  Cr+4+H2 

(2)  Cr203 + 2 N aOH-^2  N aCr  02 + H20 

Slow 

N aCr02 + 2NaOH > Na3Cr04+H2 

Inhibited  by  hydrogen 

Ni+2NaOH — > Na2Ni02+H2 

pressures 

(3)  2Na2Cr04+Ni+2Na0H->2Na3Cr04+H20  + Ni0 
See  appendix  E for  further  discussion  of  chromium  metal. 
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APPENDIX  E 


CHROMATE-CHROMITE  EQUILIBRIUM  IN  MOLTEN  SODIUM  HYDROXIDE 


. A study  was  made  concerning  the  equilibrium  between  the 
valences  of  chromium  formed  when  the  metal  reacts  with 
molten  sodium  hydroxide  at  1500°  F.  It  was  hoped  that 
such  an  investigation  might  unique!}'  define  the  valences  of 
chromium. 

PROCEDURE 

Standard  static-test  nickel  crucibles  containing  sodium 
hydroxide  (13.0 ±0.1  g)  and  various  amounts  of  chromium 
metal  (325  mesh)  were  prepared  in  the  usual  manner  (ap- 
pendix A and  ref.  2).  They  were  then  heated  in  a hydrogen 
atmosphere  at  1500°  F and  quenched  in  the  manner  described 
in  appendix  C.  After  each  crucible  was  opened,  its  content 
was  immediately  acidified  with  dilute  sulfuric  acid.  Then 
the  water  phase  was  analyzed  for  Cr+3  and  Cr+0  (table  IX, 
columns  4 and  5).  The  insoluble  material  was  assumed  to 
contain  only  Cr+3. 

EQUILIBRIUM 

Proof  that  equilibrium  was  actually  reached  is  the  fact 
that  the  “equilibrium  constants”  subsequently  calculated 
are  independent  of  test  duration  (table  IX,  column  3). 

The  equilibrium  between  the  lower  and  higher  oxidation 
states  of  chromium  as  it  exists  in  molten  sodium  hydroxide 
(not  necessarily  as  it  exists  in  water)  is  expressible  b}7  the 
general  equation 

[Cr+*]PHy 

Kl  [Cr+*] 

where  Kx  is  the  equilibrium  constant.  Since  in  fact  the  value 
of  Ph2[Ci*+6]/[ total  Cr]  is  essentially  constant  (table  IX, 
column  6),  one  might  conclude  that  +3  and  +5  are  the 
valences  present  ([Cr+5]  being  proportional  to  [Cr+6];  [Cr+3] 
being  essentially  equal  to  [total  Cr];  and  the  dependence 


upon  Ph2  being  the  first  power).  This  selection  is  not 
unambiguous  if  chromium  can  exist  as  a dimer  or  trimer. 
Since  in  the  case  of  a dimer  the  equilibrium  constant  K2  can 
be  expressed 

k'~  [&,+"] 

the  valences  would  be  +3  and  +4.  The  valences  +3  and 
+ 5 are  in  some  ways  the  simpler  explanation,  being  in 
agreement  with  the  work  in  which  chromium  sesquioxide  is 
oxidized  to  Cr+*  (appendix  D). 

COMPLEX  FORMATION 

When  a compound  containing  Cr+5  is  dissolved  in  water 
and  acidified,  the  following  disproportionation  reaction 
should  occur: 

6Na5Cr 05 + 2 9 H2S04-^Cr2  (S04)  3 + 2 N a2Cr207 + 
26NaHS04+16H20 

If  all  the  resulting  chromium  compounds  are  water  soluble, 
one  would  expect  [soluble  Cr+3]/[Cr+6]  to  equal  0.5,  not  3.3 
(table  IX,  column  7).  A value  of  3.5  (almost  3.3)  to  1 for 
this  ratio  is  understandable,  if  the  Cr4*5  is  assumed  to  be 
coordinated  with  Cr+3  according  to  the  first  formula  in  the 
equation 

6N  a5Cr05  (N  a3Cr03)  2 + 83H2S04— >7  Cr2  (S04)  3 + 

2N  a2Cr207 + 62N  aHS04+ 52H20 

Under  conditions  of  low  and  varying  hydrogen  pressure  (un- 
sealed systems)  one  chromite  (Cr+3)  apparently  coordinates 
with  one  hypochromate,  as  indicated  by  the  apparent  +4 
valence  (appendix  D and  table  VIII,  group  III). 


APPENDIX  F 


EQUILIBRIUM  CONCENTRATION  OF  SODIUM  OXIDE  IN  SODIUM  HYDROXIDE 


The  equilibrium  constant  for  the  reaction 

2N  aOH  (liquid)  a20  (solid)  + H20  (gas) 

was  calculated  from  thermodynamic  data  (table  X and  refs. 
13  and  14).  It  was  found  to  be  10“3  % atmosphere  at  822°  C. 
Since  the  partial  pressure  of  water  over  sodium  Irydroxide  is 
about  3 millimeters  of  mercury  at  822°  C (ref.  7),  the  molar 
concentration  of  sodium  oxide  must  be  about  2.7  percent. 
This  is  in  general  agreement  with  recent  experimental  work 
(ref.  10).  This  concentration  seems  more  than  sufficient  for 
the  oxide  to  take  part  in  the  chemical  reactions  involved  in 
mass  transfer. 

The  molar  concentration  of  water  must  also  be  2.7  percent, 


since  very  little  water  is  in  the  vapor  state  (because  of  the 
low  vapor  pressure).  This  low  pressure  is  indicated  in- 
directly in  static  crucible  tests  using  flowing  atmospheres 
(appendix  D and  ref.  3).  If  pressures  larger  than  several 
millimeters  of  mercury  existed,  large  quantities  of  water 
would  be  removed  by  a flowing  gas,  and  the  sodium  oxide 
concentration  and  mass  transfer  would  thus  be  increased. 

If  one  disregards  the  experimental  evidence  and  assumes 
all  the  water  formed  from  the  dissociation  to  be  contained 
in  the  free  space  (10  ml  in  a standard  crucible),  the  molar 
concentration  of  sodium  oxide  would  still  be  sufficient  (0.02 
percent)  to  take  part  in  mass  transfer.  The  resulting  water 
pressure  (400  mm  Hg)  would  be,  of  course,  in  gross  disagree- 
ment with  the  facts.  / 
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APPENDIX  G 

CORROSION  AND  MASS  TRANSFER  IN  SODIUM  HYDROXIDE— COPPER  SYSTEM 


In  order  to  compare  the  mechanism  of  transfer  in  nickel 
with  that  in  another  metal,  the  sodium  hydroxide — copper 
system  was  investigated. 

PROCEDURE 

Static  corrosion  tests  in  which  copper  crucibles  were 
exposed  to  air  for  24  hours  resulted  in  excess  oxidation  and 
leaking.  Therefore,  static-capsule  corrosion  tests  were 
performed  with  the  copper  crucibles  protected  from  oxida- 
tion by  being  encased  in  Inconel  chambers  (fig.  2). 

Four  crucibles  were  fabricated  from  copper  tubing  in  the 
same  manner  as  the  “L”  nickel  crucibles  (appendix  A and 
ref.  2).  In  three  out  of  four  cases  during  the  1500°  F test, 
leaks  occurred  at  the  lower  weld  (below  the  sodium  hydroxide 
level).  Subsequent  capsules  were  therefore  fabricated  from 
a single  bar  of  copper  to  the  same  dimensions  as  the  standard 
nickel  crucibles.  The  specimens  and  tops  were  machined 
from  the  same  bar  stock,  while  the  vent  tubes  were  made 
from  tubing  in  the  usual  manner.  The  loading  and  purging 
procedure  was  identical  to  that  used  for  nickel  crucibles. 
The  conditions  of  the  test  were  the  same  as  those  for  method 
1 in  appendix  B except  that  the  Inconel  chambers  were 
continually  evacuated.  Nickel  crucibles  were  used  for 
comparison.  After  the  crucibles  were  radiographed,  the 
melts  were  analyzed  chemically,  and  the  weight  losses  of  the 
specimens  were  determined  (table  XI) . 

PRESENCE  OF  SODIUM 

Several  days  after  the  test,  a white  alkaline  coating  was 
detected  around  the  crimp  on  some  unopened  copper  crucibles 
(table  XI,  column  5).  This  phenomenon  was  interpreted 
as  being  due  to  the  formation  of  metallic  sodium  in  the  melt 
and  its  diffusion  through  the  copper  metal  at  high  temper- 
ature followed  at  room  temperature  by  its  reaction  with 
the  components  of  the  air  to  form  sodium  carbonate.  Photo- 
micrographs of  the  crimped  sections  indicated  that  some 


foreign  material  had  vaporized  from  the  surface  of  the 
copper. 

Furthermore,  the  extremely  large  weight  losses  of  the 
copper  crucibles  (table  XI,  column  6)  can  be  attributed  only 
to  the  loss  of  metallic  sodium.  Radiographs  of  the  copper 
crucibles  show  a loss  of  sodium  hydroxide.  Unfortunately 
the  contents  were  not  analyzed  for  sodium  hydroxide.  All 
this  evidence  indicates  a reaction  for  copper  which  is  similar 
to  that  for  nickel: 

Cu + 2 N a20  -»N  a2C  u02 + 2N  a 

EFFECT  OF  CHROMIUM 

Radiographs  (not  shown)  and  the  specimen  weight  changes 
(table  XI,  column  7)  indicate  that  chromium  is  an  inhibitor 
of  transfer  in  the  sodium  hydroxide — copper  system,  as 
could  be  predicted  from  the  proposed  mechanism.  How- 
ever, another  factor  has  to  be  considered  here.  The  press ure 
of  hydrogen  generated  by  the  chromium  reaction  is  not 
easily  eliminated,  since  copper  is  less  permeable  to  hydrogen 
than  is  nickel.  The  resulting  hydrogen  pressure  inhibits 
the  chromite-to-chromate  reaction  (column  8)  as  well  as 
the  copper-to-cuprate  reaction  (column  9).  This  accounts 
for  some  of  the  effectiveness  of  the  chromium  in  copper 
but  not  for  that  in  nickel. 

COMPARISON  OF  TRANSFER  OF  COPPER  AND  NICKEL 

Radiographs  of  crucibles  show  little  difference  in  the 
actual  amount  of  transfer  for  copper  and  nickel.  The  fact 
that  the  specimens  have  relatively  large  weight  losses  is 
attributable  to  the  large  amount  of  copper  (from  the  speci- 
mens as  well  as  the  crucibles)  which  reacts  with  sodium 
oxide  to  form  metallic  sodium  and  the  sodium  cuprate.  It 
is  the  side  reactions  of  copper  (oxidation,  sodium  diffusion, 
and  the  rapid  reaction  with  sodium  hydroxide)  which  make 
it  a far  less  favorable  container  material  for  molten  caustic 
than  nickel  is. 


APPENDIX  H 


THERMOELECTRIC  POTENTIAL  OF  NICKEL  IN  MOLTEN  SODIUM  HYDROXIDE 


This  section  describes  the  thermoelectric  potential  and 
current  found  to  exist  in  the  sodium  hydroxide — nickel 
system  and  presents  a tentative  explanation  for  them. 

APPARATUS 

Although  many  types  of  apparatus  were  used  (most  of 
which  had  about  the  same  degree  of  success  and  reproduci- 
bility), only  the  final  apparatus  is  described  here  (fig.  6). 
The  outside  container  was  fabricated  from  Inconel  and 
made  vacuum  tight  by  means  of  a water-cooled  O-ring  seal 
between  the  two  brass  plates  on  top.  The  cup  inside 
(containing  NaOH)  and  the  electrodes  were  fabricated  from 
“L”  nickel  tubing.  The  electrodes  were  vacuum  sealed  to 
the  system  by  means  of  rubber  tubing  and  electrically  insu- 
lated from  the  Inconel  supports  by  means  of  ceramic  tubes. 


Heating  was  accomplished  by  means  of  ceramic-covered 
Nichrome  heating  wire  wound  around  the  Inconel  container. 
Several  layers  of  asbestos  supplied  sufficient  heat  insulation. 
The  temperature  was  manually  controlled  through  a Variac 
and  measured  by  thermocouples  contacting  the  tips  of  the 
electrodes. 

THERMOELECTRIC  POTENTIAL 

While  the  temperature  of  the  vessel  and  one  electrode 
was  held  constant,  the  second  electrode  was  cooled  by 
passing  a stream  of  air  through  it.  The  temperature  dif- 
ference between  the  two  electrodes  was  measured  as  well 
as  the  electrical  potential  existing  between  them.  Generally, 
the  results  were  very  scattered,  although  the  hotter  electrode 
was  always  negative  with  respect  to  the  cooler  electrode. 
Occasionally,  the  scatter  was  low  (fig.  7). 
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Figure  6. — Apparatus  for  measurement  of  thermoelectric  potentials. 


Figure  7. — Thermoelectric  potential  between  two  nickel  electrodes 
at  different  temperatures  in  sodium  hydroxide.  Higher  temperature, 
670°  C. 


Values  for  electromotive  force  divided  by  the  temperature 
difference  (emf/AT)  for  many  trials  ranged  from  10  to  120 
microvolts  per  degree.  These  values  were  essentially  inde- 
pendent of  whether  a vacuum  or  a helium  atmosphere  was 
present  above  the  sodium  hydroxide.  However,  when  a 
hydrogen  pressure  was  used,  the  sign  of  m//AT  was  re- 
versed (i.e.,  the  cooler  electrode  became  negative  with  re- 
spect to  the  hotter  one).  Upon  removal  of  the  hydrogen 
pressure  the' original  polarity  was  restored. 


THERMOELECTRIC  CURRENT 

An  experiment  was  also  carried  out  to  see  whether  this 
thermoelectric  potential  could  sustain  an  electric  current. 
The  hot  and  cold  electrodes  were  connected  through  a low 
resistance  (2  ohms),  and  the  potential  drop  across  it  was 
measured  over  a period  of  6 hours.  The  current  was 
quite  unsteady. 

INTERPRETATION 

The  measured  potential  could  be  due  to  the  Seebeck  effect 
or  to  one  of  the  following  half-cell  reactions : 

Cold  zone 

Na*Ni02+2Na++2e-  ^ 2Na20+Ni 

Hot  zone 

Cold  zone 

2H20+2e“  ~ 20H-+H2 

Hot  zone 

Cold  zone 

NaOH+e"  OH-+Na 

Hot  zone 

Cold  zone 

Na++NaNi02+e-  ^ Na2Ni02 

Hot  zone 

The  Seebeck  (thermocouple)  effect  is  not  likely  for  the  follow- 
ing reasons:  Sodium  hydroxide  is  probably  a poor  electronic 
conductor,  and  the  effect  of  hydrogen  is  far  too  great  for  the 
potential  to  be  due  to  simple  thermocouple  action.  The 
effect  of  the  hydrogen  upon  the  thermoelectric  potential 
is  even  difficult  to  explain  in  terms  of  any  of  the  thermocell 
reactions  listed.  The  presence  of  hydrogen  should  in  all  cases 
(by  reducing  the  ratio  of  products  to  reactants)  increase 
emjlAT  (not  decrease  it  past  zero  as  is  found  experimentally) 
inasmuch  as  the  value  of  emf/AT  is  determined  by  the 
equation  (ref.  15) 

n^^-AS’-B  In  f 

A 1 \ [reactants]/ 

where  n is  the  number  of  electrons  shown  in  the  half-cell 
reaction,  is  the  Faraday  conversion  factor,  and  A S°  is 
the  standard  entropy  change  for  the  reaction  as  written  for 
the  hot  zone.  The  only  reasonable  way  to  explain  the  effect 
is  to  assume  that  the  thermoelectric  potential  is  produced 
by  the  nickel-nickelite  reaction  with  the  hydrogen  poisoning 
the  nickel.  In  appendix  C another  case  is  presented  in 
which  hydrogen  apparently  poisons  nickel  in  the  sodium 
hydroxide  system. 
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TABLE  I.— PROPOSED  MECHANISMS 


Type  of  reaction 

Reaction 

Migration  processes 

Additional  reactions  required 
for  initiation 

Physical 

Cold  zone 

(1)  Ni° (dissolved)* ii\i° (metal) 

Hot  zone 

Ni°  (hot)  -»  (cold) 

None 

Electrochemical 

Cold  zone 

(2)  Na2Ni02  + 2Na++2e-: * 2NaaO+Ni 

Hot  zone 

Na2Ni02(hot)  — >(cold) 
Na+  (hot.)  -> (cold) 
e~(hot)  -*(cold) 
Na20(cold)  — >(hot) 

2 N a 0 H — * N a2  0 + H2  0 

Chemical 

Impurity 

Disproportionation 

Element  present  in  : 
sodium  hydroxide: 
Oxygen 

Hydrogen 

Sodium 

Cold  zone 

Na2Ni02-bReductantt  ^ Oxidant -i-Ni 

Hot  zone 

Cold  zone 

(3)  Na2Ni02-h2Na2Fe02<  ^NaaFeOa-l-Ni 

Hot  zone 

Cold  zone 

(4)  3NaeNiO»7 >2Na,NiO.,+Ni 

Hot  zone 

Cold  zone 

(5)  Na2NiO->“ "Na^O+^a+Ni 

Hot  zone 

Cold  zone 

(6)  NasNiOa+H,: *2NaOH  + Ni 

Hot  zone 

Cold  zone 

(7)  Na2NiO,+2Na7 *2Na»0+Ni 

Hot  zone 

f N a2N  i 02  (hot)  — > (cold) 
| Na2Fe02(hotj  — >(cold) 
lNa3Fe03(cold)  — >(hot; 

f Na2Ni02(hot)  — *(cold) 
lNa3Ni03(cold)  -♦(hot) 

f NagNiCfe  (hot)  -*  (cold) 
| Na20(cold)— ♦(hot) 

[ 02  (cold)  — > (hot) 

f Na2Ni02  (hot)  — > (cold) 
H2(hot)  ->(cold) 
INaOH  (cold) -♦(hot) 

f Na2Ni02(hot)  — >(cold) 
| Na(hot)— >(eold) 
lNa20(cold)  — >(hot) 

jNone 

| Ni  + 2NaOH  -*Na2Ni  02  + H2 
j Ni  + 2N  aOH  — >N  a2Ni02  + H2 

JNone 

j2NaOH— Na20+H20 

TABLE  II.— ANALYSIS  OF  SODIUM  HYDROXIDE  PELLETS 

[Ref.  2.] 


Material 

Percent 

Sodium  hydroxide  , _ _ _ 

97.  6 

Chloride  (Cl)  _ _ 

005 

Iron  (Fe)_,  ' 

. 001 

Other  heavy  metals  (as  Ag)_  

0 

Carbonate  (Na2C03) 

. 32 

0 

Phosphate __  

Silica  and  amonium  hydroxide  precipitate, 

0 

Total  nitrogen  (as  NH3,  N02)  

. 001 

Sulfate  (S04) 

0 

1 

TABLE  III.— COMPOSITION  OF  “L”  NICKEL  TUBING 
[Ref.  2.] 


Material 

Percent 

Manganese 

0.  149±0.  015 
. 059 ±.  006 
. 029 ±.  006 
. 024  ±.  005 
. 020 ±.  002 
. 008 ±.  001 
. 119±.  013 
Balance 

Iron,  ,,  

Copper 

Carbon,  

Silicon  , 

Sulfur ,,  

Cobalt 

Nickel,  , 
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TABLE  IV.— EFFECT  UPON  TRANSFER  OF  INCREASING 
IMPURITY  CONTENT 

[Refs.  2,  3,  and  11.] 


Specimen  weight  change  for  various 
percents  of  added  impurities,  mg 

0 

1 

3 

5 

Percent 

Percent 

Percent 

Percent 

Nickel  impurities: 
Manganese 

— 4.  7 

-20.  0 

Iron 

-5.  1 

-25.  7 

-28.  4 

-28.  1 

Copper.  

-5.  1 

-8.  4 

-6.  7 

-5.  8 

Carbon  _ 

- 7.  9 

-78.  6 

-8.  5 

- 7.  8 

Silicon  (see  sodium  sili- 
cate below)  . _ — 

Sulfur  (see  sodium  sul- 
fate below) 

Cobalt 

-5.  1 

+ 0.  6 

+ 7.  2 

+ 8.  2 

Sodium  hydroxide  impur- 
ities: 

Sodium  chloride  __  _ 

-7.  9 

-6.  5 

-6.  6 

Iron  oxide - _ 

-5.  1 

-9.  2 

-11.  1 

-4.  8 

Silver  metal __  _ 

-5.  1 

-6.  0 

-4.  8 

-5.  1 

Sodium  carbonate 

-7.  9 

-17.  5 

-19.  3 

-22.  0 

Sodium  phosphate. 

-5.  1 

-5.  4 

-5.  2 

-8.  6 

Sodium  silicate 

a_ 7 

a — 1 1 

Nickel  nitrate..  _ 

a — 7 

a — 1 1 

Sodium  sulfate  __  __ 

a — 7 

a — 11 

a Approximate  (ref.  11). 


TABLE  V.— X-RAY  DIFFRACTION  DATA  FOR  SODIUM 
NICKELITE 


Interatomic 

distances, 

d, 

A 

Intensity  of 
line 

d values 
from  ref.  9 
(Oak 
Ridge), 
A 

d values 
from  ref.  9 
(Univer- 
sity of 
Arkansas), 
A 

d values 
from  ref.  7. 

A 

8.  48 

Medium 

4.  87 

4.  35 

Strong 

4.  32 

4.  37 

4.  33 

4.  17 

Strong 

4.  17 

3.  67 

3.  22 

Weak 

3.  21 

3.  19 

2.  71 

2.  55 

Medium 

2.  57 

2.  55 

2.  55 

2.  53 

2.  43 

Strong 

2.  42 

2.  44 

2.  23 

Weak 

2.  27 

2.  28 

2.  17 

Weak 

2.  14 

2.  16 

2.  10 

Weak 

2.  09 

2.  09 

1.  92 

Weak 

1.  93 

1.  92 

1.  91 

1.  87 

Weak 

1.  87 

1.  70 

1.  65 

Weak 

1.  64 

1.  65 

1.  61 

1.  60 

Weak 

1.  60 

1.  57 

Weak 

1.  56 

1.  53 

1.  49 

1.  49 

1.  44 

Medium 

1.  44 

1.  45 

1.  4.1 

1.  43 

1.  41 

1.  38 

Weak 

1.  38 

1.  34 

1.  31 

1.  29 

1.  27 

Weak 

1.  27 

1.  23 

1.  22 

1.  22 

TABLE  VI.— EFFECT  OF  HYDROGEN  UPON  MASS  TRANSFER 


Method 

Total 
number  of 
crucibles 

Pressure  of  hydrogen, 
in.  Hg 

Tempera- 
ture, °F 

Time,  hr 

Specimen 
weight  loss, 
mg 

Amount  Ni+2 
in  melt,  mg 

Appearance  of  transfer  in  radiograph 

1 

a4 

0.16  (Steady  state) 

1500 

80 

4.  3±0.  7 

11.  4±1.  9 

Clearly  visible 

4 

17 

1500 

80 

2.  8±0.  6 

0.  41  ±0.  05 

Hardly  visible 

3 

a2 

0.16  (Steady  state) 

1560 

24 

7.  6±0.  8 

79.  4±  1.  8 

Clearly  visible 

2 

>0.16  (Slightly 
above  steady 
state) 

1560 

24 

4.  6±0.  3 

8.  3±0.  1 

Narrower  band  than  in  crucibles  with 
steady-state  hydrogen  pressure 

a Crucibles  used  for  comparison. 
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TABLE  VII.— KINETIC  DATA  FOR  SODIUM 
NICKELITE  FORMATION 


Time,  hr 

Ni+2  in  melt, 
mg 

Hydrogen 
pressure, 
in.  Hg 

615 

1.  40 

81.  0 

303 

. 66 

26.  5 

303 

1.  11 

~16.  0 

284 

. 64 

16.  5 

228 

1.  11 

~15.  0 

184 

. 437 

28.  3 

138 

. 343 

28.  3 

89 

. 285 

29.  1 

89 

1.  03 

3.  5 

88 

. 21 

38.  4 

87 

. 42 

20.  7 

82 

. 25 

38.  7 

63 

. 638 

12.  7 

45 

. 167 

70.  6 

43 

. 093 

73.  2 

41 

. 115 

37.  6 

40 

. 130 

86.  5 

26 

. 080 

60.  0 

22 

. 062 

86.  1 

21 

. 218 

20.  7 

19 

. 150 

38.  4 

18 

. 175 

28.  9 

14 

. 090 

68.  4 

0 

. 100 

0 

. 070 

TABLE  VIII  — CORROSION  DATA  WITH  CHROMIUM,  CHROMIUM  SESQUIOXIDE,  AND  SODIUM  CHROMATE 

AS  ADDITIVES 


1 

2 

3 

4 

5 

6 

7 

8 

9 

Group  of 
crucibles 

Additive 

Amount  of 
additive, 
percent 

Tempera- 
ture, °F 

Time,  hr 

Percent  of 
Cr  as  Cr+8 
(remainder 
was  Cr+3) 

Ni+2  in  melt, 
g 

Specimen 
weight 
change,  mg 

Average  rate 
of  specimen 
weight 
change, 
mg/hr 

a,  b,  c J 

[29.  9 

Cr 

2.  5 

1500 

24 

32.  5 

[33.  3 

'30.  1 

7.  5 

24 

30.  3 

[30.  7 

5 

24 

30.  3 

5.  8 

96 

33.  7 

12 

96 

30.  8 

15 

240 

30.  4 

[32.  0 

10 

245 

33.  5 

[32.  6 

a.  b,  c JI 

Cr 

12 

1500 

0.  33 

0 

Cr 

(d) 

1500 

5 

0 

Cr 

12 

1500 

5 

1.  5 

c.  « III 

None 

1500 

24 

— 12.  9 

None 

— 10.  5 

Cr 

3 

33.  3 

+ 4.  5 

Cr 

3 

33.  9 

+ 4.  5 

See  footnotes  at  end  of  table. 
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TABLE  VIII. — CORROSION  DATA  WITH  CHROMIUM,  CHROMIUM  SESQUIOXIDE,  AND  SODIUM  CHROMATE 

AS  ADDITIVES — Continued 


1 

2 

3 

4 

5 

6 

7 

8 

9 

Group  of 
crucibles 

Additive 

Amount  of 
additive, 
percent 

Tempera- 
ture, °F 

Time,  hr 

Percent  of 
Cr  as  Cr+e 
(remainder 
was  Cr+3) 

Ni+2  in  melt, 
g 

Specimen 
weight 
change,  mg 

Average  rate 
of  specimen 
weight 
change, 
mg/hr 

IV 

None 

1700 

24 

0.  251 

— 32.  3 

Cr 

3 

35.  9 

. 255 

+ 7.  0 

Cr 

5 

36.  1 

. 195 

+ 9.  0 

None 

. 232 

-30.  5 

Cr 

1 

35.  3 

. 235 

-7.  0 • 

Cr 

3 

36.  8 

. 207 

+ 7.  0 

V 

None 

1 500 

24 

0.  0375 

— 5.  9 

— 0.  25 

Cr203 

1 

43 

. 0109 

‘4-2.  8 

Cr203 

3.  2 

16 

. 0180 

+ 2.  6 

Cr203 

5 

5.  3 

. 0389 

+ 2.  1 

None 

96 

. 0830 

-30.  5 

-.  31 

Cr203 

1 

60 

. 0511 

-24.  1 

Cr203 

3 

34 

. 0288 

+ 3.  8 

Cr203 

6.  3 

22 

. 0511 

-5.  5 

None 

168 

. 1135 

-81.  2 

— . 48 

Cr203 

1 

'58 

. 0945 

-79.  6 

Cr203 

2 

61 

. 0485 

-11.  4 

Cr203 

4.  9 

54 

. 0668 

+ .6 

Cr203 

1 

240 

57 

. 0914 

-139.  4 

-.  58 

Cr203 

6.  2 

240 

57 

. 0931 

-74.  6 

c VI 

None 

1500 

67 

0.  0834 

Cr 

1 

32.  0 

. 1053 

Cr 

3 

37.  0 

. 0669 

Cr 

5 

32.  5 

. 0802 

Cr203 

1.  5 

63.  0 

. 0375 

Cr203 

4.  4 

24.  2 

. 0227 

Cr203 

7.  4 

15.  5 

. 0285 

Na2Cr04 

9.  3 

66.  1 

(0 

None 

71 

. 0748 

Cr 

1 

42.  8 

. 0780 

Cr 

3 

37.  2 

. 0772 

Cr 

5 

33.  2 

. 0784 

Cr203 

1.  5 

48.  5 

. 0504 

Cr203 

4.  4 

24.  6 

. 0244 

Cr203 

7.  4 

13.  4 

. 0215 

Na2Cr04 

9.  3 

63.  7 

(f) 

None 

1700 

18.  5 

. 1591 

Cr 

3 

39.  8 

. 1640 

Cr 

3 

38.  2 

. 1859 

Cr203 

4.  4 

46.  5 

. 0396 

Cr203 

7.  4 

28.  0 

. 0423 

a These  crucibles  were  cut  into  several  sections;  differences  in  analysis  between  sections  were  slight  (column  6). 
b No  analysis  was  made  for  Ni+2. 
c No  specimens. 

d 10  percent  325  mesh  plus  13  percent  larger  mesh. 
e Flowing  helium  atmosphere  over  sodium  hydroxide  (ref.  3). 
f Coating  of  oxide  was  found  on  inside  surface  of  crucible. 
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TABLE  IX— CHROMITE-CHROMATE  EQUILIBRIUM  DATA 


1 

2 

3 

4 

5 

6 

7 

Total 
amount  of 
chromium, 
g 

Hydrogen 
pressure, 
Ph2,  in.  Hg 

Time, 

hr 

Cr+6  in 
melt,  g 

Acid- 

soluble  Cr+3 
in  melt,  g 

Pe2[Cr+«] 

[total  Cr]  7 
in.  Hg 

[Soluble  Cr+3] 
[Cr+°] 

0.  1300 

79.  2 

14 

0.  0015 

0.  0053 

0.  91 

3.  5 

. 1310 

68.  4 

16 

. 0016 

. 0050 

. 84 

3.  1 

. 1298 

28.  3 

16 

. 0026 

. 0083 

. 56 

3.  2 

. 1296 

22.  4 

15 

. 0039 

. 0140 

. 67 

2.  8 

. 1304 

14.  8 

32 

. 0070 

. 0177 

. 80 

3.  9 

. 1307 

10.  6 

15 

. 0088 

M 

.71 



.3900 

69.  2 

18 

. 0046 

. 0135 

. 81 

3.4 

. 3903 

63.  8 

40 

. 0049 

. 0149 

. 80 

3.  3 

. 3899 

60.  1 

65 

. 0055 

. 0175 

. 85 

3.  1 

. 3900 

40.  6 

14 

. 0103 

(a) 

1.  07 



. 3901 

40.  2 

88 

. 0094 

. 0246 

. 97 

3.  8 

. 3900 

17.  5 

14 

. 0163 

. 0447 

. 73 

2.  7 

Average  0.  81 

Average  3.  3 

* Not  properly  acidified. 


TABLE  X— THERMODYNAMIC  DATA  FOR  SODIUM  HYDROXIDE,  SODIUM  OXIDE,  AND  WATER 

[Refs.  13  and  14.] 


Heat  of  forma- 
tion, AH form , 
at  25°  C, 
cal/mole 

Entropy,  S , 
at  25°  C, 
cal/(mo!e) 
(°K) 

Specific  heat  at  constant  pressure, 
C„,  cal/ (mole)  (°K) 

Heat  of 
transforma- 
tion from 
alpha  to  beta, 
AHtrana, 
cal/mole 

Heat  of 
fusion, 

AH fUSion, 

cal/mole 

Sodium  hj^droxide  (<*)  (solid).  . 

Sodium  hydroxide  (/3)  (solid) ..  . 

Sodium  hydroxide  (liquid) 

-102,  000 

14.  2 

17.  6 
17.  6 
19.  6 

15.  9 + 5.  4X10-3 T 
7.  19  + 2.  83X  10“3 T—0.  16X10 ~5T2 

1000 

1900 

Sodium  oxide  (solid) __  

Water  (gas).  ... . . 

-102,  900 
-57,  800 

17.  4 
45.  11 

TABLE  XI.— CORROSION  DATA  FOR  SODIUM  HYDROXIDE— COPPER  SYSTEM 


1 

2 

3 

4 

5 

6 

7 

8 

9 

Alkalinity 

Crucible 

Specimen 

Amount  of 

Amount  of 

Crucible  material 

Chromium, 

Tempera- 

Time, 

of  coating 

weight 

weight 

Cr  as  Cr+S, 

Cu+2  or  Ni+3 

percent 

ture,  °F 

hr 

on  crucible, 

change,  mg 

change,  mg 

percent 

in  melt,  g 

mg  NaOH 

Nickel  tubing 

None 

1500 

24 

None 

-4.  4 

-2.  1 

Nickel  tubing.  _ _ 

None 

1500 

24 

None 

-4.  9 

-3.  5 

Copper  tubing 

None 

1500 

24 

60 

— 3.  4 

0.  0569 

Copper  bar. 

None 

1500 

24 

0.  5 

-45.  9 

-9.  4 

. 0852 

Copper  bar.  

None 

1500 

24 

. 5 

-25.  6 

-9.  6 

. 0846 

Copper  bar.  __  

3 

1500 

24 

+ 5.  2 

4.  4 

0.  0172 

Copper  bar — 

3 

1500 

24 

-945.  3 

+ 6.  2 

5.  7 

. 0367 

Nickel  tubing 

None 

1500 

80 

None 

+ 0.  7 

— 8.  1 

0.  0625 

Copper  bar 

None 

1500 

80 

15.  8 

— 804.  1 

-28.  5 

. 533 

Copper  bar _ _ 

None 

1500 

80 

4.  8 

-788.  2 

-33.  7 

. 670 
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CALCULATED  AND  MEASURED  STRESSES  IN  SIMPLE  PANELS  SUBJECT  TO  INTENSE  RANDOM 
ACOUSTIC  LOADING  INCLUDING  THE  NEAR  NOISE  FIELD  OF  A TURBOJET  ENGINE 1 

By  Leslie  W.  Lassiter  and  Robert  W.  Hess 

SUMMARY  I SYMBOLS 


Flat  2024-TS  aluminum  panels  measuring  11  inches  by  IS 
inches  were  tested  in  the  near  noise  fields  of  a 4-inch  air  jet 
' and  tw'bojet  engine . The  stresses  which  were  developed  in 
the  panels  are  compared  with  those  calculated  by  generalized 
harmonic  analysis.  The  calculated  and  measured  stresses  were 
found  to  be  in  good  agreement. 

In  order  to  make  the  stress  calculations , supplementary  data 
relating  to  the  transfer  characteristics , damping , and  static 
response  of  flat  and  curved  panels  under  periodic  loading  are 
necessary  and  were  determined  experimentally.  In  addition , 
an  appendix  containing  detailed  data  on  the  near  pressure 
field  of  the  turbojet  engine  is  included. 

INTRODUCTION 

The  problem  of  structural  vibration  due  to  acoustic  loading 
has  steadily  become  more  severe  particularly  because  of  the 
widespread  use  of  turbojet  engines.  Large  areas  such  as 
wing  and  fuselage  surfaces  of  the  aircraft  are  exposed  to 
intense  random  pressure  fluctuations.  These  pressure  fluctu- 
ations may  induce  many  millions  of  loading  cycles  in  a single 
flight  and  can  thus  cause  fatigue  of  panels  and  secondary 
structure. 

One  of  the  prime  needs  in  this  problem  is  a means  of 
determining,  in  the  design  stage,  the  magnitude  of  stresses 
that  will  be  encountered  by  a given  panel.  The  present 
paper,  therefore,  is  concerned  with  the  evaluation  of  the 
merits  of  a power-spectrum  approach  suggested  by  Miles 
as  a means  of  predicting  panel  stresses.  A family  of  simple 
test  panels  ranging  in  thickness  from  0.032  inch  to  0.081  inch 
was  tested  in  the  near  sound  field  of  an  afterburner-equipped 
turbojet  engine.  These  tests  are  an  extension  of  reference  1 
in  that  experimental  and  calculated  stresses  due  to  higher 
acoustic  loadings  are  compared. 

The  presentation  in  reference  2 has  been  extended  by  a 
more  complete  description  of  the  techniques  used  in  obtaining 
calculated  stresses.  Also,  because  the  calculation  of  stress 
for  a given  panel  requires  knowledge  of  the  acoustic  pressure 
loading  and  because  very  little  data  of  this  type  are  available 
in  the  literature,  an  appendix  giving  some  detailed  informa- 
tion on  the  near-field  noise  characteristics  of  the  engine  is 
included. 


oj  frequency 

to0  damped  natural  frequency 

Z{ co)  impedance  of  panel  at  frequency  co 

**(»)  power  spectrum  of  noise  input 

^jv(coo)  power  spectral  density  of  noise  at  frequency  co0 

<f>Aco)  power  spectrum  of  stress  response 

a2  mean-square  stress 

V^2  root-mean-square  stress 

<imax  stress  amplitude 

ast  static  stress,  positive  in  compression 

So  static  stress  per  unit  static  pressure 

5 damping  as  fraction  of  critical  damping 

Pi  root-mean-square  acoustic  siren  pressure,  psi 

D jet  tailpipe  diameter 

2 axial  distance  from  engine  exit  plane  along  lines 

15°  off  jet  center  line 

p overall  sound  pressure,  psi  or  dynes/cm2 

d distance  from  jet  15°  boundary 

R radius  of  curved  panels 

db= 20  logn^Q  q^qqo)  where  p is  in  dynes/cm2 

t thickness 

APPARATUS 

PANEL  CONFIGURATIONS 

Flat  panel. — In  this  investigation  the  response  of  both  Hat 
and  curved  panels  was  studied.  The  tests  were  made  on 
2024-T3  aluminum  panels  with  thicknesses  of  0.032  inch, 
0.040  inch,  0.064  inch,  and  0.081  inch.  The  flat  panels  had 
overall  dimensions  of  11  inches  by  13  inches  and  were 
attached  to  a rigid  1-inch-thick  aluminum  plate  by  round- 
head  bolts.  The  main  features  of  this  configuration  are  shown 
in  figure  1 (a).  The  use  of  the  rigid  frame  for  mounting  the 
panels  avoided  the  additional  complications  which  might 
arise  from  support  flexibility.  The  bolt  fastening  was  used  to 
facilitate  the  attachment  of  panels  to  the  mounting  frame. 

Curved  panels. — For  the  tests  with  curved  panels,  the  con- 
figurations consisted  of  flat  panels  rolled  to  the  desired  radius 
of  4 feet  and  mounted  on  a curved  steel  frame  of  the  same 
radius.  As  shown  in  figure  1 (b),  this  frame  was  attached  to 
the  same  type  of  rigid  aluminum  plate  as  was  used  for  the 


i Supersedes  NACA  Technical  Note  4076  by  Leslie  W.  Lassiter  and  Robert  W.  Hess,  1957 
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Figure  1. — Details  of  test  panels. 

.flat  panels.  The  panel  attachment  to  the  frame  was  identical 
to  that  used  with  flat  panels. 

PANEL-MOUNTING  CONDITIONS 

Laboratory  mounting.- — The  tests  were  divided  into  two 
parts — laboratory  tests  and  field  tests.  Figure  2 shows 
schematically  the  two  mounting  conditions  employed  in  the 
tests.  Figure  2 (a)  shows  the  laboratory  mounting  which 
consisted  of  a steel  chamber,  18  inches  in  diameter  and  12 
inches  deep,  with  a flange  on  the  open  end  to  permit  attach- 
ment of  the  panel  mounting  plate.  This  chamber  was  con- 
venient for  applying  either  a positive  or  a negative  pressure 
to  the  back  side  of  the  panel  so  that  its  static  characteristics 
could  be  studied.  During  the  laboratory  tests  this  chamber 
behind  the  panels  was  filled  with  a porous  material  having 
rather  poor  sound- absorbing  properties. 

Field  mounting. — Figure  2 (b)  shows  schematically  the 
field  mounting  used  for  tests  in  the  near  sound  field  of  a 
turbojet  engine.  The  panel  was  mounted  flush  with  a ply- 
wood surface  in  an  attempt  to  simulate  the  acoustic  environ- 
ment of  an  isolated  panel  in  a large  reflecting  surface.  The 
backing  chamber  for  this  mount  was  also  of  plywood  and  had 
roughly  twice  the  volume  of  that  of  the  laboratory  mount. 
This  volume  was  filled  to  about  80  percent  of  its  capacity 
with  glass  wool,  which  is  more  sound  absorptive  than  the 
material  used  for  the  laboratorj7  mount.  Because  this  differ- 
ence in  mounting  and  backing  or  both  was  found  to  have  a 
large  effect  on  the  panel  damping,  the  terms  “laboratory 
mount”  and  “field  mount”  will  be  used  to  differentiate  be- 
tween the  test  conditions  throughout  the  report. 

DISCRETE-FREQUENCY  NOISE  GENERATOR 

For  the  determination  of  panel  transfer  characteristics  and 


r-Vent 


(a)  Laboratory  mounting.  (b)  Field  mounting. 

Figure  2. — Panel  mounts  used  in  tests. 


damping  for  which  an  intense  discrete-frequency  noise  input 
was  desired,  the  apparatus  of  figure  3 was  used.  This  appa- 
ratus consisted  of  an  air  chopper  or  siren,  which  periodically 
interrupts  an  airstream  to  produce  pressure  pulsations.  The 
siren  is  coupled  by  a short  transition  section  to  an  acoustic 
horn  with  a length  of  6 feet  and  a mouth  diameter  of  2 feet. 
The  siren  itself  consists  of  a stator  having  6 ports  and  6 webs 
of  equal  width  and  a rotor  of  6 ports  of  slightly  less  width. 
These  rotor  ports  alternately  cover  and  uncover  the  6 stator 
ports  at  a rate  determined  by  the  speed  of  the  rotor  drive 
motor.  The  system  was  capable  of  generating  sound  levels 
up  to  160  decibels  at  frequencies  of  100  to  500  cycles  per 
second. 

INSTRUMENTATION 

The  measured  data  consisted  mainly  of  panel  stresses  and 
frequencies  and  input  pressure  spectra.  Figure  4 shows 
schematic  diagrams  of  the  instrument  systems  used  to  obtain 
these  data.  Figure  4 (a)  shows  the  strain-gage  setup.  As  is 
shown  in  figure  1,  a Baldwin  A-8  strain  gage,  which  is  roughly 
){  inch  long,  was  mounted  at  the  middle  of  the  short  side  of 
the  panel  in  front  of  a bolt  hole  for  all  tests.  A conventional 
strain-gage  carrier  arid  bridge  system  was  used.  Its  output 
was  channeled  to  a recording  oscillograph  for  frequency 
observation  and  recording  of  time  histories  and  to  a thermo- 
couple mean-square  meter  after  filtering  out  the  carrier  with 
a 2,000  cycle  per  second  low-pass  filter.  Calibration  of  the 


/Transition  section 


Figure  3. — Siren  used  in  tests. 
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system  for  stress  was  made  by  statically  loading  a strain- 
gage  cantilever  beam  and  observing  the  oscillograph  deflec- 
tion and  then  assigning  to  that  deflection  the  stress  calculated 
for  the  system. 

Figure  4 (b)  shows  schematically  the  instrumentation  used 
for  measurement  of  noise  inputs.  For  periodic  inputs  (from 
the  siren),  the  lower  system  of  figure  4 (b)  was  used.  It  con- 
sisted of  a dynamic-pressure  gage,  an  associated  carrier 
amplifier,  and  a panoramic  frequency  analyzer.  Calibration 
of  the  system  was  made  by  comparison  with  a standard 
microphone  of  known  sensitivity. 

For  random  input,  as  from  the  4-inch  air  jet  and  the  turbo- 
jet engine,  the  system  sketched  at  the  top  of  figure  4 (b) 
was  used.  In  this  case  a crystal  microphone  was  used  in 
conjunction  with  a tape  recorder.  For  the  spectrum  analysis, 
playback  of  the  tape  records  was  made  through  a set  of 
) ^-octave  filters.  Since  the  results  of  such  analyses  depend 
upon  the  filter  characteristics,  they  were  corrected  to 
spectrum-level  values  (band  width  of  1 cycle  per  second)  from 
knowledge  of  the  filter  characteristics. 

METHODS 

In  order  to  make  calculations  of  stress  for  comparison  with 
measured  values,  certain  characteristics  of  the  input  acoustic 
loading  and  of  the  panel  response  were  needed.  For  the 
loading,  a representative  spectrum  of  the  pressure  is  involved ; 
for  the  panels  the  determination  of  the  static  response  to  a 
given  loading  and  the  dynamic  response  to  the  equivalent 
sinusoidal  loading  is  involved. 

NOISE  INPUTS  . 

In  all  cases,  for  either  periodic  or  random  input,  the  input 
pressure  that  was  used  in  calculations  was  measured  at  a 


point  at  the  edge  of  the  test  panel.  This  practice  was  found 
to  keep  the  measurement  relatively  free  of  the  radiation  field 
of  the  vibrating  panel  and  results  essentially  in  a value  which 
corresponds  to  pressure  at  a rigid  surface.  Use  of  this 
pressure  tacitly  assumes  unit  correlation  of  pressure  over  the 
entire  panel.  This  assumption  seems  to  be  justified  for  the 
fundamental  frequencies  of  the  panel  models  used  in  these 
tests  as  indicated  by  the  correlation  data  of  reference  3 for  a 
similar  engine.  Further  information  on  the  noise  pressure 
levels  near  turbojet  engines  is  presented  in  reference  4 and 
in  the  appendix  of  this  paper. 

PANEL  CHARACTERISTICS 

In  order  to  calculate  the  stress  response  to  random  noise, 
the  static-stress  response  and  the  panel-admittance  char- 
acteristics are  needed.  The  frequency-response  curves  for 
each  panel  at  various  input-pressure  levels  were  obtained  by 
positioning  the  panel  in  its  mount  (either  laboratory  or  field) 
about  IX  feet  outside  the  mouth  of  the  siren  and  operating 
the  latter  at  constant  output  pressure  and  various  frequencies. 
From  the  resulting  stress  response  curves,  damping  and  reso- 
nant frequency  were  obtained.  All  static  stress  curves  were 
obtained  with  the  panels  in  the  laboratory  mount  by  either 
evacuating  or  pressurizing  the  backing  chamber  to  various 
levels. 

METHOD  OF  STRESS  ANALYSIS 

As  Miles  (ref.  5)  has  shown,  the  problem  of  random  excita- 
tion of  a structural  panel  can  be  handled  by  a power-spectrum 
procedure  in  the  following  manner: 

Consider  that  the  panel  behaves  as  a simple  single-degree- 
of-freedom  linear  system.  Its  response  to  an  input  at  fre- 
quency co  is  determined  by  the  square  of  its  transfer  function 
l/Z(co)2  where 


Strain 

gages 


(a) 


(a)  Stress. 

(b)  Noise. 

Figure  4. — Instrumentation  used  in  panel  tests. 


'ZMi!=i{[^(5)’J+4s,©7  (1) 

where 

So  static  stress  per  unit  load 

co0  resonant  frequency 

5 damping  in  terms  of  critical  damping 

If  this  system  is  excited  by  a random  input  which  has  the 
power  spectrum  ^(co),  the  output  stress  response  3\r(<o)  is 
given  as 

^ ^ 'Fv  (wo)  /c>\ 

|Z(«)|2  (2) 

Integration  of  this  relation  throughout  the  width  of  the 
spectrum  yields  the  following  expression  for  the  mean- 
square  stress 


cr2 — — (w0)  S o2  (3) 

which  is  exact  when  the  input  spectrum  is  flat  and  is  a good 
approximation  for  a system  with  low  damping  when  the 
input  spectrum  is  changing  gradually  in  the  vicinity  of  co0. 

It  is  primarily  with  this  latter  relationship  that  the  present 
report  is  concerned,  inasmuch  as  measured  stress  data  are 
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compared  with  values  calculated  from  equation  (3).  In  ad- 
dition, it  is  proposed  to  apply  this  relationship,  which  as- 
sumes a strictly  linear  response,  to  panels  which  are  driven 
into  the  nonlinear  operating  range  and  also  to  curved  panels. 

In  addition  to  the  root-mean-square  stress  response,  there 
is  interest  also  in  the  time  history  of  stress,  for  this  history 
undoubtedly  affects  fatigue  life.  As  Miles  discusses  in  refer- 
ence 5,  a linear  single-degree-of-freedom  system  randomly 
excited  is  expected  to  respond  at  the  natural  frequency  of 
the  system  and  at  stress  amplitudes  which  vary  as  a function 
of  time.  The  stress-amplitude  envelope  is  expected  to  ex- 
hibit beats  at  more  or  less  regular  intervals  and  this  condi- 
tion was  noted  experimentally  in  reference  1.  From  the 
present  tests,  stress  time  histories  were  obtained  at  high 
random  input  levels  where  the  panel  response  is  somewhat 
nonlinear  and  also  for  the  case  where  the  loading  spectrum 
contained  a strong  periodic  component  superposed  on  the 
random  components. 

Figure  5 presents  sample  stress  time  histories  for  various 
panels  in  the  near  noise  field  of  the  jet  engine  at  the  100- 
percent  engine-rotational-speed  condition  and  at  the  after- 
burner condition.  These  sample  stress  records  indicate  the 
response  frequency  of  the  panels  but  the  stress  amplitudes 
as  shown  in  the  figure  are  not  necessarily  relative.  At  the 
100-percent  engine-rotational-speed  condition  of  the  engine, 
the  noise  inputs  to  the  panels  are  essentially  random  in 
nature,  whereas,  for  the  afterburner  condition,  as  is  shown 

100  % rotational  speed 

.032"  panel 


.040"  panel 


in  figure  6,  an  additional  intense  discrete-frequency  com- 
ponent is  present  in  the  input  spectrum.  It  can  be  seen  that, 
for  the  100-percent  engine-rotational-speed  condition,  the 
stress  responses  for  these  three  panels  exhibit  a beating 
which  was  noted  experimentally  in  reference  1 for  much  lower 
random  input  levels. 

However,  in  the  afterburner  case  the  records  for  the  most 
part  lack  this  characteristic  beating.  This  is  believed  to 
reflect  the  presence  of  the  strong  periodic  component  in  the 
loading  spectrum.  The  0.032-inch  panel,  which  has  a natural 
frequency  almost  coincident  with  the  periodic  afterburner 
component,  responds  almost  sinusoidally  as  might  be  ex- 
pected. 

RESULTS  AND  DISCUSSION 

NOISE  INPUTS 

The  panels  tested  in  this  investigation  were  loaded  ran- 
domly by  the  near  sound  fields  of  a 4-inch  cold  air  jet  and  a 
turbojet  engine  operated  at  three  thrust  settings  in  order  to 
have  a range  of  input  pressures.  The  turbojet  settings  were 
(1)  afterburner,  (2)  100-percent  engine  rotational  speed,  and 
(3)  a condition  estimated  as  95-percent  rotational  speed. 
Figure  6 gives  sample  spectra  from  the  engine  for  the  100- 
percent  rotational  speed  and  for  the  afterburner  condition. 
These  particular  spectra  apply  to  a position  31.4  feet  down- 
stream of  the  tailpipe  and  1.58  feet  from  the  15°  jet  bound- 
ary. The  overall  sound  levels  associated  with  these  spectra 
are  in  the  range  of  146  to  155  decibels. 


Afterburner 


.064"  panel 
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Figure  5. — Strain-gage  response  of  panels  to  two  different  engine  conditions. 
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Figure  6. — Sample  pressure  spectra  from  the  turbojet  engine. 


The  shapes  of  the  spectrum  curves  are  typical  of  those 
measured  heretofore  in  the  near  field  of  turbojets  (ref.  2) 
and  the  increment  in  pressure  between  the  100-percent  engine 
rotational  speed  and  the  afterburner  condition  is  about  that 
expected  on  the  basis  that  the  near-field  pressure  varies 
as  the  square  of  the  velocity.  (See  ref.  6.)  In  addition  to 
this  increase  there  is  also  noted  a very  intense  discrete  fre- 
quency component  at  125  cycles  per  second.  This  com- 
ponent is  attributed  to  a resonant  condition  in  the  tailpipe 
and  has  also  been  observed  on  some  other  engines.  (See  ref. 
7.)  This  discrete  frequency  lies  below  the  resonant  fre- 
quencies of  the  0.040-inch  panel  and  the  0.064-inch  panel 
and  was  nearly  coincident  with  the  resonant  frequency  of 
the  0.032-inch  panel. 

The  spectra  obtained  with  the  turbojet  at  the  estimated 
95-percent  rotational  speed  and  with  the  4-inch  air  jet  had, 
in  general,  acoustic  pressure  distributions  similar  to  those  of 
figure  6,  except  that  the  levels  were  lower.  More  detailed 
information  on  the  spatial  distribution  of  pressure  at  various 
frequencies  is  given  in  the  appendix.  With  the  4-inch  jet, 
overall  levels  were  in  the  range  of  125  to  135  decibels;  with 
the  95-percent  engine  rotational  speed,  overall  levels  were  in 
the  range  of  135  to  145  decibels. 

PANEL  CHARACTERISTICS 

Stress  calculations  obtained  by  using  equation  (3)  require 
experimental  values  for  several  of  the  panel-response  char- 
acteristics, namely,  (1)  the  static  response  per  unit  input 
pressure,  (2)  the  resonant  frequency,  and  (3)  the  damping. 
Figures  7 to  10  present  a summary  of  data  of  this  type  ob- 
tained from  the  panels  tested. 

Static  stress  response. — Figure  7 presents  the  static  stress 
response  for  the  various  test  panels.  Figure  7 (a)  groups  the 
data  for  the  flat  panels  with  thicknesses  of  0.032  inch  to 
0.081  inch;  figure  7(b)  gives  the  static-stress  values  of  the 
curved  pauels.  Differentiation  is  made  between  loading  with 
pressure  and  loading  with  a vacuum  on  the  back  side  of  the 
panels.  As  used  in  this  paper,  a positive  stress  is  associated 
with  a vacuum  on  the  back  side  of  the  panel.  Although  the 


Figure  7. — Static  stress  characteristics  of  test  panels. 


method  of  mounting  allows  slightly  different  bending  mo- 
ments for  a given  pressure  or  vacuum  loading,  the  stress 
differences  were  found  to  be  negligible  for  the  flat  panels  in 
the  range  of  test  pressures  shown.  Figure  7(a)  indicates  a 
linear  increase  of  stress  with  pressure  loading  for  pressures 
up  to  at  least  0.2  pound  per  square  inch  for  all  panels  except 
the  0.032-inch  panel,  which  was  linear  only  up  to  about  0.05 
pound  per  square  inch. 

In  the  case  of  the  curved  panels,  the  direction  of  loading  is 
a significant  factor,  as  indicated  in  figure  7 (b)  where  it  can 
be  seen  that  the  slopes  of  the  respective  stress  curves  change- 
more  rapidly  as  a function  of  pressure. 

Frequency-response  characteristics. — From  the  tests 
with  the  siren,  in  which  frequency  was  varied  systematically 
while  the  acoustic  input  pressure  to  the  panel  was  held 
constant  at  various  levels,  frequency-response  curves  were 
obtained  for  the  flat  and  curved  panels  of  various  thicknesses. 

Figure  8 presents  sample  results  for  a flat  panel  of  0.040- 
inch  thickness  at  three  different  input  pressures.  Peak  stress 
amplitude  in  pounds  per  square  inch  is  plotted  as  a function 
of  driving  frequency  in  cycles  per  second  for  root-mean- 
square  values  of  fundamental  siren  pressure  of  0.00184, 
0.00366,  and  0.0147  pound  per  square  inch.  At  the  lowest 
input  pressure  the  response  is  fairly  symmetrical  about  the 
resonant  frequency  which  at  that  pressure  is  148  cycles  per 
second.  This  type  of  response  is  typical  of  a linear  system. 
As  the  input  pressure  is  increased  to  0.00366  pound  per 
square  inch,  the  response  curve  takes  on  a skewed  form, 
the  peak  now  occurring  at  163  cjmles  per  second.  As  shown 
in  reference  8 this  increase  in  pressure  reflects  nonlinearities 
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Figure  8. — Frequency-response  characteristics  of  flat  panels. 
i=0.040  inch. 


of  the  system  whereby  the  stiffness  is  increasing  with  panel 
deflections.  Experimentally  this  type  of  response  results 
in  a triple-valued  curve  for  a certain  frequency  range  within 
which  the  curve  is  very  difficult  to  define.  For  that  reason 
a portion  of  the  response  curve  is  shown  by  a dashed  line. 
At  the  input  pressure  of  0.0147  pound  per  square  inch,  the 
skewness  is  even  more  evident  and  the  peak  occurs  at  a 
still  higher  frequency. 

The  trends  illustrated  in  figure  8 were  found  to  be  gener- 
ally representative  of  all  the  flat  panels  tested,  except,  of 
course,  that  the  resonant  frequencies  are  higher  for  thicker 
panels. 

Figure  9 presents  similar  results  for  a curved  panel  with  a 
thickness  of  0.032  inch  and  a radius  of  curvature  of  4 feet. 
Response  curves  for  input  pressures  of  0.00114,  0.0114,  and 


Figure  9. — Frequency-response  characteristics  of  curved  panels. 
t= 0.032;  R = 4 feet. 


0.0229  pound  per  square  inch  are  given.  As  was  the  case 
with  flat  panels,  the  curved-panel  response  is  very  nearly 
symmetrical  about  resonance  at  the  lowest  pressure  and 
tends  to  skew  to  the  right  at  intermediate  pressures.  Unlike 
the  flat  panels,  however,  the  curved  panel  assumes  a response 
which  skews  to  the  left  at  the  highest  pressures.  As  shown 
in  reference  8,  this  type  of  nonlinear  response  is  associated 
with  a condition  of  decreasing  stiffness  with  deflection  in- 
crease. For  a curved  panel  this  condition  is  probably  due 
to  the  tendency  for  the  panel  to  dimple  inward  in  response 
to  a pressure  on  its  convex  surface. 

Damping. — As  is  well  known,  either  the  height  of  the 
frequency-response  curve  or  its  width  at  the  half-power 
points  provides  an  indication  of  the  panel  damping.  How- 
ever, because  of  the  unstable  range  involved  just  above  or 
below  the  resonance  of  a nonlinear  panel,  the  width  is  very 
difficult  to  obtain  experimentally.  Thus  all  damping  data 
presented  were  obtained  from  the  resonant  amplification: 

£ Gst 

^(o’maz)  o)  Q 

Figure  10  illustrates  the  variation  of  damping  5 as  a func- 
tion of  the  root-mean-square  value  of  panel  stress  for  flat 
panels  of  thickness  0.040  inch,  0.064  inch,  and  0.081  inch. 
All  data  points  shown  are  obtained  from  the  resonant  re- 
sponse of  the  panel  in  question  at  a particular  level  of 
acoustic  pressure.  In  general,  for  the  field  mount  it  can  be 
seen  that  at  the  higher  stress  conditions  the  damping  in- 
creases very  rapidly  with  stress  (or  deflection).  Also  apparent 
is  some  tendency  for  the  damping  to  increase  again  at  very 
low  stresses.  The  reason  for  this  increase  is  not  known; 
however,  this  tendenc}r  was  also  apparent  in  the  earlier 
tests  (ref.  1)  in  which  only  low  levels  of  excitation  were 
employed. 

The  fact  that  the  experimental  points  for  all  thicknesses 
tested  fall  on  a common  curve  is  a probable  indication  that, 
for  the  range  of  panel  thicknesses  tested,  damping  is  pri- 
marily dependent  upon  stress  level.  The  average  damping 
curve  for  flat  panels  of  0.040  inch,  0.064  inch,  and  0.081 


psi 

Figure  10. — Damping  characteristics  of  flat  panels. 
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inch  in  the  laboratory  mount  is  given  by  the  dashed  curve. 
(See  fig.  10.)  This  curve  illustrates  clearly  the  significance 
of  the  mounting  conditions  since  the  laboratory  mount  with 
its  less  absorptive  backing  material  yields  appreciably  lower 
values  of  damping.  Damping  for  the  curved  panels  was 
found  to  vary  only  slightly  from  that  of  the  flat  panels  at 
the  high  stresses  encountered  with  turbojet  excitation. 

PROCEDURE  FOR  CALCULATING  STRESS 

The  success  in  using  equation  (3)  to  predict  stress  due  to  a 
random  input  depends  to  a large  extent  on  the  use  of  experi- 
mentally determined  quantities.  In  order  to  facilitate  these 
calculations,  equation  (3)  can  be  rewritten  as  follows: 


where  the  quantities  in  parentheses  have  been  shown  to  be  a 
function  of  the  stress  level  of  the  panel. 

A curve  of  stress  as  a function  of  input  acoustic  pressure 


can 


be  determined  b}r  solving  the  above  equation 

by  using  arbitrary  values  of  and  the  corresponding 
experimentally  determined  values  of  8,  S0}  and  co0. 

The  data  of  figures  7,  8,  10,  and  11  are  used  in  conjunction 
with  equation  (3)  to  determine  the  curve  of  root-mean-square 

stress  as  a function  of  jet  acoustic  pressure  (S)8h°w" 

in  figure  12.  For  a given  root-mean-square  stress  level,  the 
value  of  S0  is  determined  from  figure  7 by  using  the  relation 

ast  = 28  V2  V0"  2 

The  damping  <5  at  the  appropriate  stress  level  is  obtained 
directly  from  the  curves  of  figure  10.  The  natural  fre- 
quency co0  is  obtained  from  the  response-curve  data  (such 
as  that  given  in  fig.  8)  used  in  determining  damping. 

In  addition  to  figures  7,  8,  and  10,  curves  of  mean-square 
stress  as  a function  of  siren  acoustic  pressure  such  as  those 
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Figure  11. — Siren  pressure  as  a function  of  root-mean-square  stress 
for  a 0.064-inch  panel. 
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Figure  12. — Comparison  of  calculated  and  measured  stresses  for  flat 

panels. 

of  figure  11  are  useful  in  the  calculation  of  when 

So  is  in  the  nonlinear  range.  These  curves  are  constructed 
from  figure  7 and  the  average  stress-damping  curves  of 
figure  10.  For  a given  root-mean-square  stress  level,  the 
associated  siren  acoustic  pressure  is  first  determined  from 
a curve  such  as  figure  11.  The  quantity  SQ  was  taken  as 
the  slope  of  a secant  line  drawn  between  two  points  on  the 
curve  of  figure  7 at  the  appropriate  pressure  levels  ±^2p1. 

COMPARISON  OF  CALCULATED  AND  MEASURED  STRESSES 

A comparison  of  the  measured  and  calculated  stresses  for 
flat  panels  of  0.032  inch,  0.040  inch,  0.064  inch,  and  0.081 
inch  and  for  curved  panels  of  0.032  inch  with  radii  of  8 feet 
and  4 feet  is  given  in  figures  12  and  13.  Figure  12  relates 
to  flat  panels  and  presents  calculated  and  measured  root- 
mean-square  stresses  as  a function  of  input  spectrum-level 

pressure  l^N(^)  ^01  thinnesses  of  0.040  inch,  0.064  inch, 

and  0.081  inch.  In  each  case  the  curve  represents  the 
calculated  stress  variation  and  the  points  are  measured 
stress  values  from  tests  with  both  the  4-inch  laboratory  air 
jet  and  the  turbojet. 

For  the  0.040-inch  panel,  the  calculated  and  measured 
stresses  are  found  to  be  in  very  good  agreement  at  low 
pressures  and  the  theory  seems  to  be  generally  conservative 
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Figure  13. — Effect  of  curvature  on  calculated  and  measured  stress  of 
0.032-inch  2024-T3  panels. 


at  the  higher  pressures.  For  the  0.081-inch  panel  only  low- 
pressure  data  were  obtained,  but  over  the  range  tested  the 
calculated  and  measured  values  are  in  excellent  agreement. 
Thus  it  appears  from  figure  12  that  equation  (3)  will  yield 
stress  values  which  are  in  fairly  good  agreement  with  meas- 
ured values  on  flat  panels  over  a wide  range  of  input  pressures 
and  for  a doubling  of  panel  thickness. 

The  fact  that  the  analysis  is  in  such  good  agreement  with 
experimental  results  for  both  the  4-inch  air  jet  and  the 
turbojet  engine  seems  to  indicate  that  the  correlation  length 
is  a function  of  frequency  and  not  of  jet  size. 

Figure  13  compares  calculated  and  measured  stresses  for 
a panel  of  given  thickness  (0.032  inch)  having  different  radii 

of  curvature.  Again  the  root-mean-square  stress  V o 2 is 
plotted  as  a function  of  root-mean-square  spectrum-level 


pressure 


aMs) 


The  upper  curve  and  associated  points 


allow  comparison  of  calculated  and  measured  stresses  for  a 
flat  panel  (R~co).  The  agreement  is  similar  to  that  of 
figure  12  for  thicker  panels,  although  the  pressure  range  for 
the  0.032-inch  panels  is  more  limited.  As  the  radius  of 
curvature  is  decreased  to  4 feet,  the  agreement  between 
calculated  and  measured  stresses  is  still  rather  good,  the 
theoiy  being  consistently  conservative. 


CONCLUSIONS 

An  investigation  was  made  of  the  stress  response  of  simple 
flat  and  curved  rectangular  panels  to  random  acoustic  noise. 
In  addition,  this  stress  response  was  calculated  by  using 
general  harmonic-analysis  methods.  This  investigation  in- 
dicated the  following  conclusions: 

1.  At  input  pressures  of  the  order  of  those  encountered  in 
full-scale  configurations,  the  panels  are  somewhat  nonlinear. 
With  flat  panels  this  nonlinearity  involves  a stiffening  spring 
constant;  with  curved  panels  the  nonlinearity'  involves  a 
decreasing  spring  constant. 

2.  Within  reasonable  limits  in  the  stress  range  of  the 
tests,  the  combined  structural  and  radiation  damping  of  flat 
panels  is  independent  of  panel  thickness  and  depends  only 
upon  panel  stress  or  deflection.  Damping  increases  rapidly 
with  stress  at  the  higher  stresses. 

3.  The  generalized,  harmonic  analysis  predicts  stresses  . 
which  are  in  fair  agreement  with  measured  values  for  flat 
panels  and  for  curved  panels  of  radius  4 feet  over  the  range 
of  input  pressures  tested. 


Langley  Aeronautical  Laboratory, 

National  Advisory  Committee  for  Aeronautics, 
Langley  Field,  Va.,  June  3 , 1957. 


APPENDIX 


NEAR  NOISE  FIELD  OF  THE  TURBOJET  ENGINE 


Because  of  the  rather  limited  near-field  noise  data  from 
full-scale  turbojets,  particularly  for  afterburning  conditions, 
it  seems  advisable  to  include  more  detailed  results  of  the 
survey  taken  with  an  engine.  The  near  field  was  explored 
along  lines  parallel  to  the  theoretical  15°  jet  boundary  at 
radial  distances  of  0.79  foot,  1.58  feet,  and  3.16  feet  for  the 
engine  under  100-percent  rotational-speed  conditions  and  for 
afterburner  operation.  The  thrust  and  nozzle  diameters  for 
the  100-percent  rotational-speed  and  for  the  afterburner  con- 
ditions were  2,780  pounds  at  15.38  inches  and  3,390  pounds 
at  17.5  inches,  respectivel}7.  In  addition,  data  from  another 
turbojet  engine  were  obtained  at  a power  condition  estimated 
to  be  at  95-percent  rotational  speed  for  a thrust  of  approxi- 
mately 2,300  pounds  and  a nozzle  diameter  of  15.38  inches. 
Figures  14  and  15  present  some  of  the  results  obtained. 

Figure  14  includes  a plot  of  overall  sound  pressure  as  a 
function  of  slant  distance  2 for  100-percent  rotational-speed 
and  afterburner  conditions  of  the  engine.  Radial  distances 
of  0.79  foot,  1.58  feet,  and  3.16  feet  are  given  for  afterburner 


0 8 16  24  32  40  48 

Figure  14. — Overall  near-field  sound  pressures  at  various  axial  and 
radial  distances  from  the  turbojet  engine. 


operation  and  radial  distances  of  1.58  feet  and  3.16  feet  are 
given  for  the  100-percent  rotational-speed  condition.  In 
general,  these  curves  indicate  that  the  largest  pressures  occur 
farther  downstream  of  the  tailpipe  as  the  radial  distance  is 
increased.  This  result  is  in  agreement  with  the  model-jet 
trends  reported  in  reference  6.  Also  apparent  is  the  fact 
that,  at  stations  just  downstream  of  the  nozzle,  the  pressures 
decrease  very  rapidly  with  radial  distance;  whereas,  at  sta- 
tions farther  downstream  there  is  only  a slight  decrease  of 
pressure  with  radial  distance.  Comparison  of  the  after- 
burner and  100-percent  rotational-speed  curves  shows  that 
operation  of  the  afterburner  increases  the  pressure  fluctua- 
tions by  as  much  as  a factor  of  5 in  some  locations.  Of 
course,  this  particular  engine  is  somewhat  unique  in  that  (as 
discussed  previously)  it  resonates  during  afterburning  and 
the  periodic  noise  of  that  origin  dominates  the  spectrum, 
particularly  at  stations  near  the  tailpipe. 

Figures  15  (a),  15  (b),  and  15  (c)  illustrate  the  spatial 
distribution  of  spectrum-level  pressure  at  various  frequencies 


z.ft  / 

(a)  d — 0.79  foot. 

Figure  15. — Near-field  sound  pressures  of  the  turbojet  engine  at 
various  frequencies  as  a function  of  axial  and  radial  distances. 
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l5 


O 95%  rototionol  speed  a/27r,  cps 


002  a = — 100%  rotational  speed 

0 Afterburner 


0 8 16  24  32  40  48 

z,  ft 

(b)  d=1.58  feet. 

Figure  15. — Continued. 

for  radial  distances  of  0.79  foot,  1.58  feet,  and  3.16  feet, 
respectively.  Figure  15  (a),  for  g5=0.79  foot,  presents  only 
data  from  afterburner  operation;  figures  15  (b)  and  15  (c) 
include  data  at  the  95-percent  and  100-percent  rotational- 
speed  conditions. 

In  general,  these  results  indicate  that  the  maximum  pres- 
sure at  a given  frequency  occurs  at  some  distance  downstream 


(c)  d=3.16  feet. 
Figure  15. — Concluded. 


of  the  tailpipe.  As  the  engine  rotational  speed  (and  thus 
jet  velocity)  is  increased,  the  point  of  maximum  pressure  for 
any  given  frequency  tends  to  occur  somewhat  near  the  tail- 
pipe. Similarly,  the  high-frequency  components  tend  to 
have  maximum  pressure  values  nearer  the  tailpipe  than  the 
low-frequency  components.  As  shown  in  reference  6,  this 
result  is  also  in  agreement  with  near-field  results  from  un- 
heated model  jets. 
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SYSTEMATIC  TWO-DIMENSIONAL  CASCADE  TESTS  OF  NACA  65-SERIES  COMPRESSOR 

BLADES  AT  LOW  SPEEDS  1 

By  James  C.  Emery,  L.  Joseph  Herrig,  John  R.  Erwin,  and  A.  Richard  Felix 


SUMMARY 

The  performance  of  NACA  65-series  compressor  blade 
sections  in  cascade  has  been  investigated  systematically  in  a 
low-speed  cascade  tunnel.  Porous  test-section  side  walls  and , 
for  high-pressure-rise  conditions,  porous  flexible  end  walls  were 
employed  to  establish  conditions  closely  simulating  two-dimen- 
sional flow.  Blade  sections  of  design  lift  coefficients  from 
0 to  2.7  were  tested  over  the  usable  angle-of -attack  range  for 
various  combinations  of  inlet-flow  angle  ft  of  30°,  45°,  60°, 
and  70°,  and  solidity  a of  0.50 , 0.75 , 1.00,  1.25 , and  1.50. 
Design  points  were  chosen  on  the  basis  of  optimum  high-speed 
operation.  A sufficient  number  of  combinations  were  tested 
to  permit  interpolation  and  extrapolation  of  the  data  to  all 
conditions  within  the  usual  range  of  application. 

The  results  of  this  investigation  indicate  a continuous  varia- 
tion of  blade-section  performance  as  the  major  cascade  param- 
eters, blade  camber , inlet  angle,  and  solidity  were  varied  over  the 
test  range.  Summary  curves  of  the  results  have  been  prepared 
to  enable  compressor  designers  to  select  the  proper  blade  camber 
and  angle  of  attack  when  the  compressor  velocity  diagram  and 
desired  solidity  have  been  determined . 

At  a few  test  conditions,  an  upper  limit  to  the  design  lift  co- 
efficient that  could  provide  satisfactory  performance  was  found,. 
These  results  provide  information  as  to  the  maximum  value  of 
the  loading  parameter,  expressed  as  the  product  of  solidity  and 
section  lift  coefficient  based  on  the  vector  mean  velocity,  that  can 
be  used  effectively  in  compressor  design.  Analysis  of  the  trends 
indicated  that  the  common  practice  of  employing  a constant 
maximum  value  of  the  loading  parameter  for  all  inlet  angles 
and  solidities  fails  to  define  the  observed  performance  of  the 
compressor  blades  studied  in  this  investigation. 

An  index  that  the  positive  and  negative  limits  of  useful  angle- 
of-attack  range  occurred  when  the  section  drag  coefficient  reached 
twice  the  minimum  value  was  used  to  estimate  the  operating 
range  of  the  compressor  blade  sections  studied.  A broad  oper- 
ating range  for  these  sections  was  observed , except  for  conditions 
of  highest  pressure  rise  across  the  cascade  corresponding  to  high 
cambers  at  high  inlet  angles.  These  conditions  are  not  typical 
of  usual  design  practice  and  no  difficulty  should  ordinarily  be 


encountered  in  employing  these  blade  sections.  In  general , the 
observed  performance  of  NACA  65-series  compressor  blades  in 
cascade  is  considered  to  be  very  satisfactory. 

INTRODUCTION 

The  design  of  an  axial-flow  compressor  of  high  perform- 
ance involves  three-dimensional  high-speed  flow  of  com- 
pressible viscous  gases  through  successive  rows  of  closely 
spaced  blades.  No  adequate  theoretical  solution  for  this 
complete  problem  has  yet  appeared  nor,  from  consideration 
of  the  complexity  of  the  problem,  does  it  seem  likely  that 
complete  relationships  will  be  established  for  some  time. 
Various  aspects  of  the  problem  have  been  treated  theoreti- 
cally, and  the  results  of  those  studies  are  quite  useful  in 
design  calculations.  All  such  studies,  however,  have  been 
based  op  idealized  flow,  with  effects  of  one  or  more  such 
physical  realities  as  compressibility,  finite  blade  spacing, 
and  viscosity  neglected.  Consideration  of  viscosity  effects 
has  been  particularly  difficult.  It  appears,  therefore,  that 
in  spite  of  advances  in  theoretical  methods,  theory  must 
be  supplemented  by  experimental  data  for  some  time  to 
come. 

Some  of  the  information  required  can  be  obtained  only 
by  experiment  in  single-stage  and  multistage  compressors. 
Much  of  the  information,  however,  can  be  obtained  more 
easily  by  isolating  the  effects  of  each  parameter  for  detailed 
measurement.  The  effects  of  inlet  angle,  blade  shape, 
angle  of  attack,  and  solidity  on  the  turning  angle  and  drag 
produced  can  be  studied  by  tests  of  compressor  blades  in 
two-dimensional  cascade  tunnels.  Cascade  tests  can  pro- 
vide many  basic  data  concerning  the  performance  of  com- 
pressors under  widely  varying  conditions  of  operation  with 
relative  ease,  rapidity,  and  low  cost.  A number  of  success- 
ful high-speed  axial-flow  compressors  have  been  designed 
by  using  low-speed  cascade  data  directly.  A more  refined 
procedure,  however,  would  use  cascade  data,  not  as  the 
final  answer,  but  as  a broad  base  from  which  to  work  out 
the  three-dimensional  relations. 

Data  from  a large  number  of  two-dimensional  cascade 
tests  have  been  available  in  this  and  other  countries  for 


1 Supersedes  NACA  Technical  Note  3916  (formerly  NACA  BM.  L51G31)  by  L.  Joseph  Herrig,  James  C.  Emery,  and  John  R.  Erwin,  1957, and  NACA  Technical  Note  3913  (formerly 
NACA  RM  L54H18a)  by  A.  Richard  Felix,  1957. 
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some  years.  Although  the  cascade  configurations  used  in 
these  investigations  were  geometrically  two  dimensional,  in 
no  case  except  that  of  the  porous-wall  cascade  of  reference  1 
was  the  flow  believed  to  be  two  dimensional.  This  situa- 
tion is  ordinarily  accepted  on  the  grounds  that  the  flow  in 
the  compressor  is  also  subject  to  three-dimensional  end 
effects.  That  similar  end  conditions  would  exist  in  sta- 
tionary cascades  and  rotating  blade  rows  seems  unlikely. 
As  discussed  in  reference  1,  there  is  evidence,  however, 
that  the  flow  through  typical  axial  compressor  blades  is  more 
nearly  like  that  in  aerodynamically  two-dimensional  cas- 
cades than  like  that  in  cascades  which  are  only  geometri- 
cally two  dimensional.  Excellent  correlation  between 
porous-wall  cascade  and  rotor-blade  pressure-distribution 
and  turning-angle  values  is  shown  for  the  design  conditions 
of  the  compressor  investigation  reported  in  reference  2. 
The  proper  basic  approach  to  the  compressor  design  prob- 
lem, therefore,  would  seem  to  be  to  separate  the  two- 
dimensional  effects  from  the  three-dimensional.  This  ap- 
proach should  also  aid  in  the  evaluation  of  the  separate 
effects  of  tip  clearance  and  secondary  flow  in  axial  com- 
pressors. Therefore,  a systematic  series  of  low-speed 
cascade  tests  of  the  NACA  65-series  compressor  blade 
sections  were  made  by  means  of  the  porous-wall  technique 
to  insure  two  dimensionality  of  the  flow.  These  results 
and  an  analysis  of  the  data  are  presented,  as  well  as  sum- 
marized data  in  the  form  of  carpet  plots  for  use  in  specific 
design  problems. 

SYMBOLS 

mean-line  loading  designation 
blade  height  or  span,  feet 
blade  chord,  feet 
section  drag  coefficient 
resultant-force  coefficient 
section  lift  coefficient 

camber,  expressed  as  design  lift  coefficient  of 
isolated  airfoil 

section  normal-force  coefficient 
section  normal-force  coefficient  obtained  by  cal- 
culation of  momentum  and  pressure  changes 
across  blade  row 

section  normal -force  coefficient  obtained  by 
integration  of  blade-surface  pressure  distribution 
wake  momentum  difference  coefficient 
force  on  blades,  pounds 

force  on  blades  due.  to  momentum  change  through 
blade  row,  pounds 

force  on  blades  due  to  pressure  change  through 
blade  row,  pounds 

force  on  blades  due  to  momentum  difference  in 
wake,  pounds 

tangential  spacing  between  blades,  feet 
ratio  of  section  lift  to  section  drag 
Mach  number 

total  pressure,  pounds  per  square  foot 
static  pressure,  pounds  per  square  foot 
static  pressure  rise  across  cascade,  pounds  per 
square  foot 


a 

b 

c 

Cd 

CF 

Cl 

Cito 

Cn 

Cn,M 


Cn,P 

C„ 

F 

Fm 

Fp 

Fw 

g 

l/d 

M 

P 

V 

Ap 


9 

Ap/9i 

R 

S 

u 

V 

w 

X 

Y 
y 


P 


dynamic  pressure,  pounds  per  square  foote 
nondimensional  static-pressure-rise  paramter 
Reynolds  number  based  on  blade  chord 

pressure  coefficient  (^>'Q 

rotor-blade  rotational  speed,  feet  per  second 
flow  velocity,  feet  per  second 
flow  velocity  relative  to  blades,  feet  per  second 
chordwise  distance  from  blade  leading  edge,  feet 
scaled  value  substituted  for  0 , 0+5O(ci,o— 0.4) 
perpendicular  distance  from  blade  chord  line,  feet 
angle  between  flow  direction  and  blade  chord, 
degrees 

angle  between  flow  direction  and  a perpendicular 
to  the  cascade  axis,  degrees 

0 flow  turning  angle,  degrees  (/32 — /3X) 

y angle  between  resultant-force  direction  and  tan- 

gential direction,  degrees 

p mass  density  of  flow,  slugs  per  cubic  foot 

a solidity,  c/g 

Subscripts : 

a component  in  axial  direction 

d design  value,  except  in  drag  coefficient 

1 local 

m referred  to  vector-mean  velocity,  Wm 

s flow  outside  wake 

u component  in  tangential  direction 

1 upstream  of  blade  row 

2 downstream  of  blade  row 


APPARATUS,  TEST  PROGRAM,  AND  PROCEDURE 

DESCRIPTION  OF  TEST  EQUIPMENT 

The  test  facility  used  in  this  investigation  was  the  Langley 
5-inch  low-speed,  porous-wall  cascade  tunnel  described  in 
reference  1 and  shown  in  figures  1 and  2.  During  the  course 
of  this  program  some  further  improvements  were  required  to 
establish  proper  testing  conditions  at  higher  pressure  rise 
conditions.  In  particular,  the  boundary-layer  buildup 
behind  the  slot  on  the  convex  flexible  end  wall  with  high 
pressure  rise  cascades  was  sufficient  to  cause  separation  and 
destroy  simulation  of  the  infinite  cascade  even  though  the 
blade  flow  was  not  separated.  This  condition  was  corrected 
by  replacing  the  end  wall  with  a porous  flexible  wall  and 
suction  chamber.  In  addition  the  large  difference  in  flow 
length  from  the  entrance  cone  to  the  side-wall  slots  between 
the  tunnel  ends  at  the  higher  inlet  air  angles  gave  quite 
different  boundary-layer  thickness  along  the  length  of  the 
side-wall  slots  and  made  uniform  flow  entering  the  test 
section  difficult  to  obtain.  This  condition  was  improved 
by  making  the  changeable  side  plates  porous  and  drawing 
a small  amount  of  air  through  them.  The  concave  flexible 
end  wall  was  made  porous  to  provide  a further  control  of 
flow  conditions  through  the  test  section. 

The  porous  material  found  to  be  most  satisfactory  is  com- 
mercial woven  monel  filter  cloth.  This  cloth  is  available 
in  various  meshes  in  widths  up  to  36  inches  and  can  be 
calendered  at  the  factory  to  reduce  porosity  and  improve 
surface  smoothness.  The  combination  found  most  suitable 
for  the  present  work  was  a Dutch  twill  double  weave  of  30 
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by  250  mesh  with  warp  wire  diameter  of  0.010  inch  and  fill 
wire  diameter  of  0.008  inch.  The  original  thickness  of 
about  0.026  inch  was  reduced  to  0.018  inch  by  calendering. 
The  resulting  material  has  the  porosit}7  characteristics  shown 
in  figure  3.  The  primary  advantages  of  this  material  over 
others  tried  previously  are  its  uniformity,  flexibility,  strength, 
sin*face  smoothness,  and  relatively  low  cost. 

DESCRIPTION  OF  AIRFOILS 

The  blade  family  used  in  this  investigation  is  formed  by 
combining  a basic  thickness  form  with  cambered  mean 
lines.  The  basic  thickness  form  used  is  the  NACA  65(216)- 
010  thickness  form  with  the  ordinates  increased  by  0.0015 
times  the  chordwise  stations  to  provide  slightly  increased 
thickness  toward  the  trailing  edge.  This  thickness  form 
lias  been  designated  the  65-010  blower  blade  section  in 
references  3 and  4.  It  was  not  derived  for  10-percent 
thickness  but  was  scaled  down  from  the  NACA  65,2-016 
airfoil  given  in  reference  5.  As  discussed  in  reference  5,  the 
scaling  procedure  gives  the  best  results  when  it  is  restricted 
to  maximum  thickness  changes  of  a few  percent.  Subsequent 
to  the  cascade  studies  of  reference  3,  in  which  the  NACA 
65-010  blower  blade  was  first  introduced,  the  basic  thickness 
form  for  the  NACA  65-010  airfoil  section  was  derived  and 
included  in  reference  5.  The  ordinates  for  the  basic  thick- 
ness form  of  the  blower  blade  in  reference  3 differ  slightly 
from  the  airfoil  ordinates  in  reference  5 but  are  considered 
interchangeable  within  the  accuracy  of  the  results  reported 
herein.  Ordinates  for  both  the  scaled  thickness  form  (ref. 
3)  and  derived  thickness  form  (ref.  5)  are  given  in  table  I. 

TABLE  I 

ORDINATES  FOR  NACA  65-010  BASIC  THICKNESS  FORMS 


[Stations  and  ordinates  in  percent  chord] 


Station,  x 

Ordinates,  ±2/ 

65(216)-010 
airfoil  com- 
bined with 
2/=0.0015x 

Derived 

65-010 

airfoil 

0 

0 

0 

. 5 

. 752 

. 772 

. 75 

. 890 

. 932 

1.  25 

l.  124 

* 1.  169 

2.  5 

1.  571 

1.  574 

5.  0 

2.  222 

2.  177 

7.  5 

•2.  709 

2.  647 

10 

3.  Ill 

3.  040 

15 

3.  746 

3.  666 

20 

4.  218 

4.  143 

25 

4.  570 

4.  503 

30 

4.  824 

4.  760 

35 

4.  982 

4.  924 

40 

5.  057 

4.  996 

45 

5.  029 

4.  963 

50 

4.  870 

4.  812 

55 

4.  570 

4.  530 

60 

4.  151 

4.  146 

65 

3.  627 

3.  682 

70 

3.  038 

3.  156 

75 

2.  451 

2.  584 

80 

1.  847 

1.  987 

85 

1.  251 

1.  385 

90 

. 749 

. 810 

95 

. 354 

. 306 

100 

. 150 

0 

L.  E.  radius 

. 666 

. 687 

The  basic  mean  line  used  is  the  a=1.0  mean  line  given  on 
page  97  of  reference  5.  The  amount  of  camber  is  expressed 
in  reference  5 as  design  lift  coefficient  clf0  for  the  isolated  air- 
foil, and  that  system  has  been  retained.  Ordinates  and  slopes 
for  the  a =1.0  mean  line  are  given  in  table  II  for  c?iO=1.0. 
Both  ordinates  and  slopes  are  scaled  directly  to  obtain 
other  cambers.  Cambered  blade  sections  are  obtained  by 
applying  the  thickness  perpendicular  to  the  mean  line  at 
stations  laid  out  along  the  chord  line.  The  blade  sections 
tested  are  shown  in  figure  4.  In  the  designation  the  camber 
cXt0  is  given  by  the  first  number  after  the  dash  in  tenths. 
For  example,  the  NACA  65-810  and  NACA  65-(12)10 
blade  sections  are  cambered  for  c*fO=0.8  and  C/t0=1.2, 
respectively. 

TEST  PROGRAM  AND  PROCEDURE 

Test  program. — The  test  program  was  planned  to  provide 
sufficient  information  to  satisfy  any  conventional  vector 
diagram  of  the  type  shown  in  figure  5.  Tests  of  seven- 
blade  cascades  were  run  with  various  combinations  of  inlet 
ak  angle  ft  of  30°,  45°,  60°,  and  70°,  solidity  a of  0.50,  0.75, 
1.00,  1.25,  and  1.50,  and  cambers  from  cit0  of  0 to  2.7  over 
the  useful  angle-of-attack  range.  The  most  complete  test 
series  were  run  at  solidities  of  1.00  and  1.50;  sufficient  tests 
were  made  at  the  other  solidities  to  guide  interpolation  and 
extrapolation.  The  combinations  of  ft,  a,  and  blade  sec- 
tion which  were  tested  are  tabulated  in  table  III.  The 
camber  range  covered  at  solidities  of  1.00  and  1.50  was 
determined  by  one  of  two  limitations.  At  the  higher  inlet 
angles  progressively  higher  cambers  were  used  until  the 
limit  loading  had  been  reached,  that  is,  until  the  design 
condition  coincided  with  stall;  at  lower  inlet  angles,  how- 
ever, design  turning  angle  exceeded  inlet  angle  before  the 
limit  loading  had  been  reached  and  the  tests  were  terminated 

TABLE  II 

ORDINATES  FOR  THE  NACA  a=1.0  MEAN  LINE,  c,)O=1.0 
[Stations  and  ordinates  in  percent  chord] 


Station,  x 

Ordinate,  y 

Slope,  dyjdx 

0 

0 

. 5 

. 250 

0.  42120 

. 75 

. 350 

. 38875 

1.  25 

. 535 

. 34770 

2.  5 

. 930 

. 29155 

5.  0 

1.  580 

. 23430 

7.  5 

2.  120 

. 19995 

10 

2.  585 

. 17485 

15 

3.  365 

. 13805 

20 

3.  980 

. 11030 

25 

4.  475 

. 08745 

30 

4.  860 

. 06745 

35 

5.  150 

. 04925 

40 

5.  355 

. 03225 

45 

5.  475 

. 01595 

50 

5.  515 

0 

55 

5.  475 

-.  01595 

60 

5.  355 

03225 

65 

5.  150 

-.  04925 

70 

4.  860 

06745 

75 

4.  475 

08745 

80 

3.  980 

-.  11030 

85 

3.  365 

~. 13805 

90 

2.  585 

-.  17485 

95 

1.  580 

-.  23430 

100 

0 
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TABLE  III 

CASCADE  COMBINATIONS  TESTED 


<7 

NACA  airfoil 

ft  = 30° 

ft  = 45° 

^=60° 

/J,  = 70° 

0.  50 

65-410 
65-(12) 10 

65-(18)10 

65-410 

65-02)10 

65-(18)10 

. 75 

65-410 

65-  02)10 
65-(18)10 

65-410 

65-(12)10 

65-(18)10 

1.00 

65-010 

65-410 

65-810 

65-( 12)10 

65-(15)10 

65-08)10 

65-010 

65-410 

65-810 

65-(12)10 

65— ( 15)10 

65-08)10 

65— (21 ) 10 
65-(24) 10 
65-(27)10 

65-010 

65-410 

65-810 

65-(12)10 

65-(15)10 

65-(18)10 

65-(21)10 

65-010 
65-410 
65-810 
65— ( 12)10 
• 65— ( 1 5) 10 

1.  25 

65-410 

65-02)10 

65-08)10 

65-410 

65-02)10 

65— ( 18)10 

65-410 

65-02)10. 

65-(18)10 

65-410 
65-810 
65-02)10 
65- ( 15) 10 

1.  50 

65-010 

65-410 

65-810 

65-02)10 
65- (15) 10 
65— ( 18)10 

65-010 
65-410 
65-810 
65-02)10 
65-(15)10 
65-08)10 
65-(21 ) 10 
65- (24) 10 

65-010 

65-410 

65-810 

65-(12)10 

65-(15)10 

65-(18)10 

65-(21)10 

65- (24) 10 

65-010 
65-410 
65-810 
65-(12)10 
65-(15) 10 

a No  design  point  was  obtained  for  this  combination. 


there.  Limit  conditions  were  attained  at  ft=70°,  <r=1.00, 
1.25,  and  1.50,  and  at  ft  = 60°,  <r=1.00  and  1.50. 

Test  procedure. — It  was  shown  in  reference  1 that  two- 
dimensional  flow  can  be  achieved  by  controlling  the  removal 
of  boundary-layer  air  through  porous  test-section  side  walls 
so  that  the  downstream  static  pressure  equals  the  ideal 
value,  corresponding  to  the  turning  angle,  corrected  for  the 
blocking  effect  of  the  wake.  This  criterion  was  accordingly 
used  in  these  tests.  In  addition,  the  flexible  end-wall  shapes 
and  suction-flow  quantities  were  adjusted  to  obtain  uniform 
upstream  flow  direction  and  wall  static  pressures,  criteria 
of  two-dimensional  flow  simulating  an  infinite  cascade. 
This  procedure  necessitated  an  approximate  measurement 
of  turning  angle  and  wake  size  and  an  estimate  of  the  correct 
pressure  rise  before  the  final  settings  could  be  made. 
Initially,  this  system  required  some  cut-and-try  procedure 
but  after  the  initial  tests  at  each  combination  of  ft  and  a a 
chart  similar  to  figure  5 of  reference  1 could  be  drawn  to 
assist  in  estimating  the  pressure  rise.  An  experienced 
operator  could  make  the  required  estimates  and  settings 
very  quickly  by  this  procedure.  Spot  calculations  of  the 
correct  pressure  rises  were  made  after  completion  of  tests 
to  check  the  accurac}7  of  the  values  used. 

Tests  were  made  at  each  cascade  combination  shown  in 
table  III  over  a range  of  angles  of  attack  at  intervals  of  2° 
to  3°.  In 'general,  the  tests  covered  the  interval  from  nega- 
tive to  positive  stall,  where  stall  was  determined  by  a large 
increase  in  wake  size.  The  principal  exceptions  occurred  fol- 
low cambered  blades  where  negative  stall  would  have 


occurred  at  negative  turning.  It  was  found  that  the  small 
wall  boundary-layer  buildup  for  negative  turning  angles  and 
hence  negative  pressure  rises  would  have  required  a less 
porous  material  than  that  normally  used,  to  avoid  excess  air 
removal  while  maintaining  sufficient  suction  pressure  differ- 
ential to  avoid  local  reverse  flow  through  the  porous  material. 
It  was  not  deemed  worthwhile  to  change  the  porous  material 
to  obtain  data  in  this  relatively  uninteresting  range.  For  the 
NACA  65-010  section  at  ft =30°,  however,  the  difficulty 
persisted  well  above  0°  turning,  and  this  combination  was 
tested  with  both  porous  and  solid  walls. 

The  tests  were  entirely  within  a speed  range  considered 
incompressible.  The  bulk  of  the  tests  at  solidities  of  1.00 
and  1.50  were  run  at  an  entering  velocity  of  95  feet  per 
second.  For  the  usual  5-inch  blade  chord,  the  Reynolds 
number  was  245,000.  Some  information  near  the  design 
point  was  obtained  at  higher  effective  Reynolds  number  for 
most  cascade  combinations  by  adding  roughness  to  the  blade 
leading  edges  in  the  form  of  X-inch-wide  strips  of  masking 
tape  draped  around  the  leading  edges  from  wall  to  wall. 
In  addition,  some  tests  near  design  conditions  were  run  at  a 
speed  of  135  feet  per  second  and  a Reynolds  number  of 
346,000  with  and  without  roughness.  Two  cascade  com- 
binations were  tested  at  design  conditions  over  a range  of 
Reynolds  numbers  from  160,000  to  470,000  to  assist  in  esti- 
mating performance  at  Reynolds  numbers  other  than  the 
usual  test  value.  In  order  to  provide  further  information  on 
scale  effects,  two  cascade  combinations  were  tested  through 
the  a range  with  leading-edge  roughness  at  the  standard 
Reynolds  number  and  in  the  smooth  conditions  at  a Reynolds 
number  of  445,000.  For  solidities  of  0.50  and  0.75  the  tunnel 
could  not  accommodate  seven  blades  of  5-inch  chord;  the 
blade  chord  was  reduced  to  2.5  inches  and  the  Reynolds  num- 
ber to  approximately  200,000  for  those  tests.  Tests  with 
roughness  were  made  near  sthe  design  point  for  solidities 
below  1.00,  but  Reynolds  numbers  higher  than  200,000 
could  not  be  obtained  with  the  existing  equipment. 

Test  measurements. — The  blade  pressure  distribution  was 
measured  at  the  midspan  position  of  the  central  airfoil  at 
each  angle  of  attack.  In  addition,  surveys  of  wake  total- 
pressure  loss  and  turning  angle  were  made  downstream  of  the 
cascade.  The  total-pressure  surveys  were  made  with  a non- 
integrating  multitube  rake  approximately  1 chord  down- 
stream of  the  blade  trailing  edges.  Turning  angle  surveys 
were  made  by  the  “null  method”  with  a claw-type  yaw  head; 
since  the  yaw  device  was  mounted  on  a track  at  the  rear  of 
the  tunnel  the  distance  from  the  blades  varied  from  about 
1 to  3 chords  in  the  flow  direction  depending  upon  the  inlet- 
and  turning-angle  combination.  Flow  discharge  angle 
readings  were  taken  at  a number  of  points  downstream  of 
several  blade  passages  along  the  tunnel  center  line.  These 
readings  were  averaged  to  obtain  the  final  value.  Since  the 
angle  readings  in  the  wake  deviated  several  degrees  from  the 
average  reading,  and  the  direction  of  the  deviation  varied 
consistently  with  the  direction  of  the  total  pressure  gradient, 
the  accuracy  of  readings  in  the  wake  was  questioned.  There- 
fore, the  values  obtained  when  the  wake  readings  were 
included  and  excluded  in  the  averaging  process  vrere  com- 
pared for  a number  of  tests.  The  resulting  turning-angle 
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curves  compared  very  well,  but  scatter  was  considerably  less 
when  only  the  readings  outside  the  wake  were  used  to  obtain 
the  turning-angle  value.  This  latter  procedure  has  been 
adopted  as  the  standard  method  of  measuring  the  flow  dis- 
charge direction.  Static  pressure  and  upstream  flow  angles 
were  measured  approximately  1 chord  upstream  of  the 
blade  row.  Total  pressure  was  measured  in  the  settling 
chamber.  Pressures  were  obtained  by  orifices  with  pressure 
leads  to  manometer  boards.  Angles  of  flow  were  again 
obtained  by  use  of  a claw-type  yaw  head  by  the  null  method. 

Calculations. — Pressure  distribution  and  wake-survey  data 
were  recorded  and  force  values  calculated  non  dimensionally 
as  coefficients  based  numerically  on  the  upstream  dynamic 
pressure  qx.  This  choice  was  dictated  partly  for  convenience 
in  reducing  the  data  (standardization  of  qx  permits  use  of 
manometer  scales  which  give  nondimensional  values  directly) 
and  partly  because  information  based  on  entering  flow  was 
considered  most  convenient  for  design  use,  particularly  when 
critical  speed  is  important. 

All  forces  due  to  pressure  and  momentum  changes  across 
the  blade  row  were  summed  to  obtain  the  resultant  blade 
force  coefficient  cF>x.  In  this  process  the  wake  total-pressure 
deficit  was  converted  to  an  integrated  momentum  difference 
by  the  method  given  for  the  drag  calculation  in  the  appendix 
of  reference  5.  This  wake  momentum  difference,  expressed 
nondimensionally,  is  designated  the  wake  coefficient  cwA)  it 
represents  the  momentum  difference  between  the  wake  and 
the  stream  outside  the  wake,  and  is  based  on  qx  numerically. 
The  wake  coefficient  is  not  considered  to  be  a true  drag 
coefficient,  but  is  used  merely  for  convenience  in  assessing 
the  contribution  of  the  wake  in  the  summation  of  forces. 

The  resultant-force  coefficient  was  resolved  into  compo- 
nents perpendicular  and  parallel  to  the  vector  mean  velocity 
Wm  (see  fig.  5)  to  obtain  the  lift  coefficient  and  the  drag 
coefficient  cdtX,  respectively.  The  mean  velocity  was  cal- 
culated as  the  vector  average  of  the  velocities  far  upstream 
and  far  downstream.  The  velocity  far  downstream  was 
obtained  from  measurements  just  behind  the  blades  by  using 
a momentum-weighted  average  of  the  velocity  just  behind 
the  blades.  This  rather  detailed  method  was  found  neces- 
sary to  give  consistent  drag  values.  Since  the  resultant 
force  is  very  nearly  perpendicular  to  the  mean  velocity,  the 
value  of  the  component  parallel  to  the  mean  velocity  is  quite 
sensitive  to  mean-velocity  direction.  Attempts  at  using  the 
downstream  velocity  outside  the  wake  for  averaging  rather 
than  the  momentum-average  velocity  gave  very  erratic  drag 
results  and  indicated  that  mean  velocity  directions  obtained 
in  that  manner  were  not  reliable.  In  addition  to  the  lift  and 
drag,  the  section  normal-force  coefficient  was  obtained 
by  computing  the  component  of  the  resultant-force  coefficient 
perpendicular  to  the  blade  chord  line.  This  normal-force 
coefficient  was  compared  with  the  normal-force  coefficient- 
ly^ i obtained  by  integration  of  the  blade  surface  pressure 
distribution  as  a check  on  the  accuracy  of  individual  tests. 
A detailed  derivation  of  the  method  of  calculating  the  force 
coefficients  is  given  in  appendix  A. 

Accuracy  of  results. — In  general  the  turning-angle  values 
measured  are  believed  to  be  accurate  within  ±0.5°  near  the 
design  values.  The  correlation  procedure  used  is  believed 


to  have  improved  further  the  accuracy  of  the  design  values 
in  the  final  results.  For  tests  far  from  design,  that  is,  near 
positive  or  negative  stall,  the  accuracy  was  reduced  some- 
what. In  addition,  at  an  inlet  angle  of  70°  with  sections  of 
zero  camber,  satisfactory  measurements  were  very  difficult 
to  obtain  and  the  accuracy  was  reduced.  s 

As  noted  in  the  section  describing  calculation  methods,  the 
blade  normal-force  coefficient  cNtMiX  calculated  from  pressure- 
rise  and  momentum  considerations  was  compared  with  the 
normal-force  coefficient  cNtPtX  obtained  from  the  pressure 
distribution  as  a check  on  the  overall  accuracy  of  individual 
tests.  Since  these  values  would  be  affected  by  error  in 
turning-angle,  surface  pressure  or  wake-survey  readings,  or 
by  failure  to  achieve  two  dimensionality  of  the  flow,  this 
comparison  is  a check  on  the  overall  acceptability  of  the 
results.  A difference  of  5 percent  between  the  two  normal- 
force  coefficients  was  set  as  the  outside  limit  for  acceptance 
of  individual  tests  for  lift  coefficients  above  0.2;  below  lift 
coefficients  of  0.2  a direct  numerical  comparison  was  made 
using  a limit  of  ±0.01.  The  agreement  was  well  within 
the  5-percent  limit  for  most  of  the  tests  as  originally  run,  and 
only  a few  conditions  had  to  be  repeated.  The  accuracy  of 
the  lift  coefficients  is  directly  comparable  to  that  of  the 
normal-force  coefficients.  The  accuracy  of  wake-coefficient 
and  drag-coefficient  values  will  be  discussed  later  under 
Reynolds  number  effects. 

PRESENTATION  OF  RESULTS 

Detailed  blade-performance  data  for  all  cascade  combina- 
tions tested  are  presented  in  the  form  of  surface-pressure 
distributions  and  blade-section-characteristic  plots  in  figures 
6 to  84.  The  representative  pressure  distributions  presented 
have  been  selected  to  illustrate  the  variation  through  the 
angle-of-attack  range  for  each  combination.  The  section 
characteristics  presented  through  the  angle-of-attack  range 
are  turning  angle  6 , lift  coefficient  cit u wake  coefficient  cWit) 
drag  coefficient  cd, x,  and  lift-drag  ratio  l/d.  The  effects  of 
changes  in  Reynolds  number  and  blade-surface  condition  on 
section  characteristics  are  given  in  figure  85. 

Trends  of  section  operating  range,  in  terms  of  angle-of- 
attack  range,  with  camber  for  the  four  inlet  angles  of  the 
tests  are  presented  in  figure  86.  Variation  of  ideal  and 
actual  dynamic-pressure  ratio  across  the  cascade  with 
turning  angle  and  inlet  angle  is  presented  in  figure  87. 
Figure  88  gives  the  relation  between  inlet  dynamic  pressure 
and  mean  dynamic  pressure  for  convenience  in  converting 
coefficients  from  one  reference  velocity  to  the  other.  Limit 
loading  information  is  summarized  in  figure  89.  Comparison 
of  the  present  porous-wall-cascade  turning-angle  data  with 
those  of  the  solid-wall  cascade  of  reference  3 is  made  in 
figure  90  for  a typical  inlet  angle  and  solidity  combination. 

The  information  which  is  most  useful  for  choosing  the 
blade  sections  to  fulfill  compressor  design  vector  diagrams 
is  summarized  in  figures  91  to  111.  The  variation  of  turning 
angle  with  angle  of  attack  for  the  blade  sections  tested  is 
presented  for  one  combination  of  inlet  angle  and  solidity  in 
each  of  the  figures  91  to  106.  Trends  of  the  slopes  of  the 
curves  of  turning  angle  against  angle  of  attack  near  design 
are  given  in  figure  107.  Figures  108  to  111  are  design  and 
correlation  charts;  the  variation  of  design  turning  angle  and 
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design  angle  of  attack  with  the  parameters,  camber,  inlet 
angle,  and  solidity,  is  presented  for  several  combinations  of 
the  parameters  so  that  interpolation  to  the  conditions  of  a 
design  velocity  diagram  is  relatively  easy. 

The  selection  of  the  blade  section  and  the  blade  setting 
required  to  fulfill  a given  velocity  diagram  at  design  condi- 
tions requires  several  interpolations  and  cross  plots  of  the 
data  presented  in  figures  6 to  84.  In  order  to  facilitate  these 
interpolations,  a carpet  plotting  technique  described  in 
reference  6 has  been  used  to  correlate  the  data.  This 
technique,  for  which  details  are  explained  in  appendix  B, 
permits  a function  of  several  variables  to  be  presented  on  a 
single  graph  and  such  a graph  lends  itself  readily  to  interpola- 
tions for  intermediate  values  of  the  variables  plotted. 
Carpet  plots  summarizing  the  present  data  are  presented  in 
figu  res  112  to  116,  and  an  example  illustrating  their  use  is 
included  in  appendix  B. 

DISCUSSION 

DESIGN  CONDITIONS 

The  values  and  shape  of  the  blade-surface  pressure  distribu- 
tion are  important  criteria  for  predicting  the  conditions  of 
best  operation  at  high  Mach  numbers.  Velocity  peaks  oc- 
curring on  either  surface  in  low-speed  tests  would  be  ac- 
centuated at  high  speeds,  and  supersonic  velocities  with  at- 
tendant shock  losses  would  occur  at  relatively  low  entering 
Mach  numbers.  The  selection  of  the  angle  of  attack  desig- 
nated as  “design”  for  each  combination  of  inlet  angle, 
solidity,  and  camber  is  based  on  the  premise  that  the  blade 
section  will  be  required  to  operate  at  Mach  numbers  near  the 
critical  value.  The  trend  of  pressure-distribution  shape  over 
the  angle-of-attack  range  was  examined  for  each  cascade 
combination,  and  the  angle  for  which  no  velocity  peaks 
occurred  on  either  surface  was  selected  as  being  optimum 
from  the  standpoint  of  high-speed  usage.  In  general,  the 
design  angle  so  selected  is  near  the  middle  of  the  low-drag 
range  thus  indicating  efficient  section  operation  for  angles 
a few  degrees  higher  or  lower  than  the  design  condition.  The 
choices  of  design  angle  of  attack  are  indicated  by  an  arrow 
on  the  blade-section-characteristic  plots  of  figures  6 to  84. 
The  design  angles  are  also  shown  by  cross  bars  on  the  turning- 
angle  summary  curves  in  figures  91  to  106. 

Correlation  of  the  design  angles  of  attack  and  design  turn- 
ing angles  over  the  range  of  camber,  solidity,  and  inlet  angle 
is  given  by  figures  108  to  111  in  a manner  convenient  for 
design  use.  The  correlation  is  excellent;  smooth  curves  re- 
sult when  any  two  of  the  three  parameters  are  used  as  inde- 
pendent variables. 

The  section-characteristic  curves  of  figures  6 to  84  indicate 
that,  in  general,  the  design  points  chosen  do  not  give  maxi- 
mum lift-drag  ratios  for  low-  and  medium-speed  operation. 
For  designs  which  will  not  operate  near  critical  speed,  there- 
fore, higher  efficiency  could  be  obtained  by  using  angles  of 
attack  several  degrees  higher  than  the  design  points  pre- 
sented. This  procedure  must  be  used  with  caution,  however, 
at  the  higher  camber  and  inlet-angle  combinations  since  the 
section  operating  range  becomes  quite  narrow  for  combina- 
tions of  highest  camber  and  inlet  angle  corresponding  to 


the  highest  values  of  Ap/qi . It  is  recommended  that  the 
individual  pressure  distributions  and  section-characteristic 
curves  be  examined  before  departure  from  the  specified  design 
points  is  made. 

REYNOLDS  NUMBER  EFFECTS 

Pressure  distribution  and  boundary  layers. — For  many  of 
the  tests  at  angles  of  attack  near  and  below  design,  there  is 
evidence  that  a region  of  laminar  separation  of  the  boundary- 
layer  flow  occurred  on  the  convex  blade  surface;  this  sepa- 
rated boundary  layer  then  became  turbulent  and  reattached 
to  the  blade  surface  as  a relatively  thick  turbulent  boundary 
layer.  The  mechanism  of  such  a flow  sequence  is  described 
for  the  isolated  airfoil  in  reference  7.  The  laminar  separation 
is  indicated  by  a relatively  flat  region  in  the  pressure  distri- 
bution on  the  convex  surface  and  the  turbulent  reattachment 
is  characterized  by  a rapid  pressure  recovery  just  downstream 
of  the  separated  region.  This  flow  pattern  can  be  seen  clearly 
in  many  of  the  figures  but  is  particularly  evident  in  figures 
42  (a),  42  (c),  56  (b)  to  56  (d),  and  66  (a)  to  66  (e).  For 
some  tests,  laminar  separation  appeared  to  occur  on  the 
concave  surface  as  well.  This  is  noticeable  in  figures  42  (b), 
42  (d),  42  (e),  66  (c),  and  66  (d). 

The  extent  of  laminar  boundary-layer  flow  which  occurs  on 
an  airfoil  surface  is  affected  by  Reynolds  number,  stream 
turbulence  level,  airfoil  surface  condition,  and  surface  pres- 
sure gradient.  Increases  in  Reynolds  number,  stream  turbu- 
lence, and  surface  roughness  would  promote  earlier  transition. 
Qualitatively  a gradient  of  decreasing  surface  pressure  would 
be  required  to  maintain  laminar  flow  if  the  Reynolds  number, 
stream  turbulence,  surface  roughness,  or  the  combination  of 
these,  which  might  be  referred  to  as  “effective  Reynolds 
number,”  were  high  enough  to  favor  transition.  At  the 
turbulence  level  of  the  5-inch  cascade  tunnel,  however, 
laminar  flow  and  laminar  separation  on  the  convex  surface 
persisted  to  Reynolds  numbers  up  to  245,000  even  when  the 
surface  pressure  gradient  was  slightly  unfavorable.  The 
addition  of  leading-edge  roughness,  as  described  in  the  section 
“Test  Procedure”  reduced  the  extent  of  the  laminar  separa- 
tion region,  but  did  not  eliminate  it  in  some  cases.  In  view 
of  the  thick  boundary  layer  which  results  from  laminar 
separation  and  reattachment,  it  appears  that  the  minimum 
final  boundary-layer  thickness  and  section  drag  coefficient 
would  result  if  the  Reynolds  number  and  turbulence  values 
were  such  as  to  cause  transition  before  laminar  separation 
occurred.  Use  of  leading-edge  roughness  to  reduce  an  ex- 
tended laminar  separation  region  would  probably  result  in  a 
thinner  final  boundaiy  layer  than  that  for  the  smooth  blade 
at  the  same  Reynolds  number  but  would  probabl}7  result  in  a 
thicker  boundary  layer  than  that  for  the  smooth  blade  at 
high  Reynolds  number.  A thick  turbulent  boundary  layer 
would  be  expected  to  promote  turbulent  separation  near  the 
trailing  edge  of  compressor  blades  which  produce  a significant 
pressure  rise. 

Wake  coefficient  and  drag  coefficient. — As  noted  pre- 
vious^7, the  wake  coefficient  cw<l  expresses  the  momentum 
difference  between  the  wake  flow  and  the  downstream  flow 
outside  the  wake  in  a manner  convenient  for  use  in  summing 
blade  forces.  The  wake  coefficient  is,  of  course,  directly 


SYSTEMATIC  TWO-DIMENSIONAL  CASCADE  TESTS  OF  NACA  65-SERIES  COMPRESSOR  BLADES  AT  LOW  SPEEDS  719 


dependent  upon  boundary-layer  thickness  and  shape,  and 
changes  in  the  boundary  layer  with  changes  in  effective 
Reynolds  number  are  reflected  in  the  wake-coefficient  values. 
Furthermore,  if  the  effective  Reynolds  number  is  near  the 
condition  where  laminar  separation  may  or  may  not  occur, 
the  change  in  surface  pressure  gradient  with  change  in  angle 
of  attack  would  control  the  presence  and  extent  of  laminar 
separation  on  either  blade  surface.  Obviously  erratic  varia- 
tions in  the  value  of  the  wake  coefficients  would  result  under 
those  circumstances.  The  blade-section-characteristic  curves 
of  figures  6 to  84  show  that  in  most  cases  the  wake-coefficient 
values  were  irregular  as  the  angle  of  attack  was  varied  in 
the  region  near  design  at  the  usual  test  Reynolds  number  of 

245,000.  With  either  higher  Reynolds  number  or  leading- 
edge  roughness,  or  both,  the  rapid  local  pressure  recover}7 
associated  with  boundary-layer  reattachment  was  less  evi- 
dent in  the  surface  pressure  distributions  and  the  wake 
coefficient  usually  was  reduced.  For  a few  cases,  notably 
those  of  figures  34  (g),  35  (g),  68  (g),  and  84  (g),  leading-edge 
roughness  increased  the  wake  coefficient,  however;  in  those 
cases  the  roughness  apparently  produced  a more  severe 
turbulent  boundary  layer  than  laminar  separation  and  re- 
attachment did. 

The  trend  of  drag  coefficient  cd>  u defined  as  the  component 
of  resultant  force  parallel  to  the  mean  velocity,  was  similar 
to  that  of  wake  coefficient.  The  drag  curves  were  quite 
irregular  near  design  angle  of  attack  and  the  values  measured 
varied  as  much  as  30  percent  with  Reynolds  number  and 
roughness.  Obviously  the  values  of  both  drag  coefficient  and 
lift-drag  ratio  near  design  are  not  sufficiently  reliable  to  use 
directly  in  a design  analysis.  These  values  should  be  of 
some  use  for  comparison  purposes,  however.  The  large 
drag  rise  associated  with  positive  and  negative  stall  should 
be  relatively  insensitive  to  Reynolds  number  effects,  because 
the  pressure  gradients  on  the  critical  surfaces  are  then  un- 
favorable to  laminar  flow  and  therefore  should  be  useful  for 
determining  effective  operating  range. 

Tl  ic  trend  of  drag  coefficient  with  Reynolds  number  near 
the  design  condition  for  the  NACA  65-(12)10  blade  section 
at  ft  of  60°,  <j  of  1.00,  and  ft  of  45°,  < t of  1.50  shown  in  figure 
85  (a)  serves  to  indicate  the  magnitude  of  the  Reynolds 
number  effect.  Increasing  the  stream  turbulence  by  the  use 
of  a ^-inch-mesh  screen  upstream  of  the  test  section  lowered 
the  drag  coefficients  at  low  Reynolds  number,  and  reduced 
the  Reynolds  number  at  which  the.  drag  coefficients  become 
essentially  constant  with  Reynolds  number.  The  compari- 
son of  cdyl  values  through  the  angle-of-attack  range  for  the 
same  cascade  combinations  at  two  Reynolds  numbers  in 
figures  85  (b)  and  85  (c)  gives  some  further  indication  of 
Reynolds  number  effect.  For  R of  445,000,  the  drag  coeffi- 
cients are  lower  and  the  curves  are  smoother  than  for  R of 

245,000.  The  addition  of  leading-edge  roughness  in  figure 
85  (b)  smoothed  the  drag  curve  but  did  not  give  the  same 
decrease  in  drag  that  the  high  R did.  There  appears  to  be 
some  effect  on  the  angle  of  attack  at  which  the  drag  rises 
rapidly  in  figure  85  (c)  but  since  the  effect  was  not  the  same 
in  figure  85  (b)  no  conclusions  can  be  drawn. 

Turning  angle  and  lift. — Figure  85  (a)  shows  that  the 
effect  of  Reynolds  number  on  turning  angle  near  design  ax  is 
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almost  insignificant  for  R between  220,000  and  470,000. 
This  is  borne  out  by  the  fact  that  throughout  figures  6 to  84 
changes  in  6 with  Reynolds  number  and  roughness  were,  in 
general,  within  the  limits  of  measuring  accuracy.  Below  R 
of  220,000  a decrease  of  design  turning  angle  can  be  expected. 
Reynolds  number  appears  to  have  some  effect  on  turning 
angle  near  stall  in  figure  85  (c),  but  again  the  effect  has  not 
been  definitely  established.  It  can  be  concluded  that  the 
design  turning  angles  presented  are  correct  for  R above 

220,000,  but  that  the  effect  of  R near  stall  is  unknown. 

Laminar  separation  had  no  appreciable  effect  on  the 
measured  lift.  The  lift-coefficient  values  for  a given  test 
agreed  well  at  low  and  high  Reynolds  numbers  and  with 
and  without  roughness.  The  normal-force  coefficients  ob- 
tained by  integration  of  the  pressure  distributions  also 
changed  very  little  with  changes  in  Reynolds  number  and 
roughness. 

OPERATING  RANGE 

In  order  to  estimate  the  useful  operating  angle-of-attack 
range  of  the  various  sections  at  the  several  solidity  and  inlet 
angle  conditions  tested,  Howell’s  index  of  twice  the  mini- 
mum drag  (ref.  8)  was  used  to  select  the  upper  and  lower 
limits  of  angle  of  attack.  As  discussed  previously  in  the 
section  concerning  Reynolds  number  effects,  the  accuracy 
of  the  measured  values  of  drag  coefficient  near  design  angle 
of  attack  suffered  due  to  laminar-flow  separation.  The 
minimum  value  of  drag  coefficient  could  not  be  determined 
exactly  and  an  approximate  value  was  used  to  determine  the 
operating  range.  For  most  of  the  test  configurations,  the 
drag  coefficient  changed  rapidly  with  angle  of  attack  near 
the  ends  of  the  useful  range,  so  an  error  in  the  value  of  mini- 
mum drag  used  would  have  only  a small  effect  on  the  operat- 
ing range  value.  Some  scatter  in  the  results  was  evident, 
however. 

No  significant  effect  of  solidity  was  observed.  Most  values 
at  constant  camber  and  inlet  angle  fell  within  the  scatter  of 
the  points.  A tendency  for  the  range  to  increase  slightly  as 
the  solidity  was  increased  was  detectable  at  ft =45°,  but  this 
was  not  evident  for  other  inlet  angles.  The  results  plotted 
in  figure  86  indicate  that  the  major  determinant  of  the  oper- 
ating range  is  inlet  angle.  As  the  inlet  angle  is  increased, 
the  usable  range  of  angle  of  attack  is  decreased,  with  greater 
changes  indicated  for  angles  above  design  than  for  angles 
below  design.  The  camber  of  the  section  affects  the  oper- 
ating range  in  the  following  manner  for  angles  of  attack 
above  design:  at  an  inlet  angle  of  30°,  the  range  increased 
with  increasing  camber;  at  inlet  angles  of  45°,  60°,  and  70°, 
the  opposite  trend  occurred.  For  values  of  at  less  than 
design,  little  change  in  range  with  camber  was  indicated  for 
ft  = 30°;  at  higher  inlet  angles,  the  range  decreased  as  the 
section  camber  increased. 

With  high  entering  velocities,  the  section  operating  range 
would  be  reduced  because  of  a more  rapid  increase  of  drag 
at  angles  of  attack  well  above  or  below  design.  Further, 
the  comparison  between  sections  of  different  camber,  at 
constant  inlet  angle  and  solidity,  would  be  altered  as  the 
flow  velocities  relative  to  the  blade  surfaces  exceed  the  local 
velocity  of  sound. 
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PRESSURE  RISE 

The  ideal,  nondimensional  pressure  rise  Ap/<?i  across  a two- 
dimensional  cascade  is  specified  when  the  inlet  angle  and 
turning  angle  are  known,  since  the  ratio  of  the  flow  areas 
determines  the  pressure  rise.  Since  the  mass  flow  is  con- 
stant, the  actual  pressure  rise  is  less  than  the  ideal  because 
of  the  “blocking”  effect  of  the  wake  on  the  downstream  flow 
area.  For  given  inlet  and  turning  angles,  the  blocking  effect 
would  be  more  severe  for  higher  solidity,  since  the  unaffected 
flow  area  is  reduced.  For  incompressible  flow  the  nondi- 
mensional pressure  rise  is  equal  to  one  minus  the  dynamic- 

pressure  ratio,  that  is,  — =1  — The  actual  dynamic- 

<h  Qi 

pressure  ratio  becomes  higher  than  the  ideal  because  of  the 
wake  blocking  effect.  The  ideal  dynamic-pressure  ratios, 
and  the  actual  ratios  at  design  turning  angles  for  two  solid- 
ities, are  summarized  in  figure  87  for  the  range  of  inlet  and 
turning  angles  of  the  tests.  The  dynamic-pressure  ratios  for 
individual  tests  are  given  by  the  short  bars  at  the  100- 
percent  points  of  the  pressure-distribution  plots  in  figures  6 
to  84.  Wake  blocking  effects  would  be  changed  by  the  same 
Reynolds  number  and  roughness  factors  which  change  the 
wake  coefficient;  however,  the  percentage  change  in  dvnamic- 
pressurc  ratio  would  be  small. 

LIMIT  LOADING 

Information  on  the  maximum  loading  which  can  be 
achieved  in  a compressor  blade  row  is  important  in  the 
design  of  high  performance  axial-flow  compressors.  As  noted 
previously,  the  high  pressure  rise  associated  with  large  turn- 
ing at  high  inlet  angles  promotes  turbulent  separation  so  s 
that  at  inlet  angles  of  60°  and  70°  the  stall  angle  of  attack 
moved  progressively  closer  to  the  design  value  with  increas- 
ing section  camber.  The  limit  turning  is  reached  when  the 
maximum  turning  angle  is  no  greater  than  design  tinning 
angle.  The  practical  limit  would  be  somewhat  lower  to 
give  a reasonable  operating  range. 

Approximate  limit  turning  was  reached  at  ft  of  60 °,  a of 
1.00  and  1.50,  and  at  ft  of  70°,  a of  1.00,  1.25,  and  1.50. 
Information  from  those  tests  is  given  in  terms  of  a commonly 
used  loading  parameter,  a Ci,m,  in  figure  89.  Both  the  actual 
test  values  of  the  parameter,  and  the  ideal  values  calculated 
using  the  test  inlet  and  turning  angles  are  presented.  Note 
that  the  lift  coefficient  is  here  based,  numerically7,  on  the 
mean  velocity7,  to  conform  to  the  usual  form  of  the  parameter. 

Arbitrarily7  chosen  constant  values  of  acitm  have  often  been 
used  as  maximum  allowable  values  in  design  analyses.  The 
fallacy7  of  using  any7  constant  value  as  a limit  is  clearly7  shown 
in  figure  89;  the  true  limiting  value  increases  with  increasing 
solidity7  and  decreases  with  increasing  inlet  angle.  Since  no 
limits  were  reached  for  inlet  angles  of  45°  and  30°,  it  is  clear 
that  the  limitation  has  very  little  significance  there  except, 
perhaps,  at  very7  low  solidities.  The  phenomenon  is  not  y7et 
well  enough  understood  to  permit  the  choice  of  a parameter 
which  could  define  the  overall  limitation  as  a single  value. 


COMPARISON  WITH  SOLID-WALL  CASCADE  DATA 

The  comparison  between  pressure-distribution  and  turn- 
ing-angle data  for  a solid-wall  cascade  tunnel  and  for  the 
present  porous-wall  cascade  tunnel  is  given  in  reference  1 for 
the  NACA  65-(12)10  blade  section  at  ft  of  60°  and  a of  1.00. 
The  comparison  has  been  extended  in  figure  90  to  include 
turning-angle  data  for  all  the  cambers  reported  for  ft  of  60° 
and  o of  1.00  in  reference  3.  The  turning-angle  curves  com- 
pare fairly7  well  for  cambers  up  to  ctt0  of  0.8,  but  for  the 
airfoils  of  higher  camber  the  data  of  reference  3 deviate 
significantly7  from  the  present  results.  Comparisons  at  other 
conditions  would  show  similar  trends. 

RELATIONSHIPS  BETWEEN  TURNING  ANGLE  AND  ANGLE  OF  ATTACK 

Summaries  of  the  relationships  between  tinning  angle  and 
angle  of  attack  through  the  camber  range  are  given  for  each 
inlet  angle  and  solidity7  in  figures  91  to  106.  The  variations 
are  quite  consistent  for  most  of  the  range.  Some  inconsist- 
ency7 in  the  shape  of  the  curves  at  stall  is  a result  of  reduced 
accuracy7  of  measurement  there.  For  combinations  giving 
moderate  pressure  rises  straight-line  relationships  are  indi- 
cated for  considerable  portions  of  the  curves.  For  the  high- 
est pressure  rises,  however,  no  definite  straight-line  relation- 
ships exist.  The  variation  of  the  slopes  near  design  is  given 
in  figure  107  to  assist  in  estimating  relationships  at  conditions 
other  than  those  tested.  These  slopes  are  average  slopes  for 
the  camber  range,  and  do  not  apply7  for  the  highest  cambers. 
They7  must  be  used  with  particular  caution  for  inlet  angles 
near  70°,  since  very7  narrow  straight-line  regions  are  prevalent 
there. 

CARPET  PLOTS 

The  usual  procedure  in  blade-section  selection  is  to  deter- 
mine the  camber  cit0)  which  is  required  for  a given  design 
velocity7  diagram  at  a selected  solidity7.  Figure  112  gives 
carpet  plots  of  the  data  at  five  solidity7  conditions.  The 
carpet  plots  indicate  the  variation  of  camber  ctt0,  at  design 
angle  of  attack  axd  with  required  values  of  inlet-air  angle  ft 
and  design  turning  angle  6d.  Each  carpet  plot  is  spaced  from 
the  next  by7  a number  of  grid  units  proportional  to  the  differ- 
ence in  solidities.  Since  design  angle  of  attack  is  independent 
of  inlet-air  angle,  it  is  possible  to  present  a carpet  plot  (fig. 
113)  showing  design  angle  of  attack  a]d  as  a function  of 
camber  ch0  and  solidity7  a. 

The  tests  were  made  at  fixed  inlet-air  angles  with  the  angle- 
of-attack  variation  produced  by7  changing  the  blade  setting. 
Although  data  of  this  ty7pe  facilitated  the  determination  of 
design  conditions  for  the  various  combinations  of  inlet-air 
angle,  solidity7,  and  camber,  it  does  not  lend  itself  easily7,  as 
presented,  to  obtaining  off-design  performance  of  a blade 
section  as  regards  operation  of  this  section  in  a compressor 
in  which  blade  setting  is  fixed  and  the  angle  of  attack  varied 
by7  changing  the  inlet-air  angle.  However,  if  the  data  are 
plotted  as  an  off-design  carpet,  it  is  a simple  matter  to  draw 
in  curves  of  constant  blade  setting  and  thus  to  predict  the 
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variation  in  turning  angle  with  angle  of  attack  for  all  inter- 
mediate conditions  of  solidity,  camber,  and  blade  setting. 
Such  off-design  carpet  plots  showing  turning  angle  as  a func- 
tion of  solidity,  inlet-air  angle,  angle  of  attack,  and  camber 
are  presented  in  figure  114.  Off-design  data  are  presented 
for  the  following  sections: 

NACA  65-(4)10 
NACA  65-(8)10 
NACA  65-(12)10 
' NACA  65— (1 5)  10 
NACA  65— (IS)  10 

Pressure  rise  as  a percentage  of  inlet  dynamic  pressure 
Ap/<Zi,  called  pressure-rise  coefficient,  has  been  used  as  a 
cascade  loading-limit  parameter.  It  is  known  that  cascade 
losses  increase  rapidly  above  certain  limiting  values  of 
Ap/ffi*  However,  in  view  of  the  physical  meaning  of  the 
pressure-rise  coefficient,  particularly  in  reference  to  the  inner 
and  outer  casings,  it  is  considered  to  be  a useful  parameter. 
If  the  inlet-air  angle,  the  turning  angle,  and  the  entering 
Mach  number  are  known,  calculations  of  an  isen tropic 
pressure-rise  coefficient  is  possible,  provided  some  relation- 
ship is  assumed  between  the  entering  and  leaving  stream- 
tube  areas.  Therefore,  two  carpet  plots  were  made  in  order 
to  show  the  variation  of  the  pressure-rise  coefficient  with 
inlet-air  angle  ft,  turning  angle  0 , and  entering  Mach  number 
M].  The  first  of  these  plots  (fig.  116  (a))  was  calculated  by 
assuming  constant  stream-tube  area;  the  second  (fig.  116  (b)) 
was  calculated  by  assuming  that  the  stream-tube  area  varied 
so  that  constant  axial  velocity  would  be  produced  across 
the  blade,  passage.  Pressure-rise  coefficients  obtained  from 


these  two  plots  very  often  bracket  the  value  associated  with 
the  actual  three-dimensional  condition  being  examined. 

SUMMARY  OF  RESULTS 

The  systematic  investigation  of  NACA  65-series  compressor 
blade  sections  in  a low-speed  cascade  tunnel  has  provided 
design  data  for  all  conditions  within  the  usual  range  of 
application.  The  results  of  this  investigation  indicate  a 
continuous  variation  of  blade-section  performance  as  the 
important  cascade  parameters  blade  camber,  inlet  angle, 
and  solidity  are  varied  over  the  useful  range.  Summary 
curves  have  been  prepared  to  facilitate  selection  of  blade 
sections  and  settings  for  compressor-design  velocity  diagrams 
for  optimum  high-speed  operation. 

Upper  limits  for  the  loading  parameter  aclm  have  been 
established  for  some  conditions,  and  the  invalidity  of  using 
a constant  value  of  the  parameter  has  been  shown. 

The  variation  of  the  useful  section  operating  range  with 
camber,  inlet  angle,  and  solidity  has  been  shown.  The 
operating  range  was  found  to  be  broad  except  for  the  highest 
pressure-rise  conditions. 

Compressor-blade  cascade  data  have  been  presented  in 
the  form  of  design  carpet  plots,  which  greatly  facilitate  the 
selection  of  compressor  blade  sections  required  to  fulfill 
velocity  diagrams.  Plots  of  this  type  also  are  shown  to 
increase  greatly  the  usefulness  of  available  cascade  data  by 
providing  a simple  method  of  obtaining  the  off-design  varia- 
tion in  turning  angle  with  angle  of  attack. 

Langley  Aeronautical  Laboratory, 

National  Advisory  Committee  for  Aeronautics, 
Langley  Field,  Va.,  January  31 , 1958. 


APPENDIX  A 

CALCULATION  OF  BLADE  FORCE  COEFFICIENTS 


The  two-dimensional  resultant  force  on  a blade  in  cascade 
is  the  vector  sum  of  all  the  pressure  and  momentum  forces 
exerted  by  the  fluid.  At  any  appreciable  distance  behind 
the  blade  row  the  static  pressure  is  constant  along  a line 
parallel  to  the  blade  row,  since  any  prior  pressure  gradients 
would  have  been  converted  to  momentum  changes.  On  the 
assumption  that  a pressure  force  acting  in  the  upstream  direc- 
tion is  positive, 

Fp=(2h—Pi)b(j  (1) 


sum  the  momentum  forces  in  the  axial  and  tangential  direc- 
tions. Assume  that  the  axial  momentum  forces  are  positive 
if  the  force  on  the  blade  is  in  the  upstream  direction  and 
that  the  tangential  momentum  forces  are  positive  if  the 
tangential  velocity  change  is  in  the  usual  direction  shown  in 
figure.  5.  The  axial  momentum  force  then  is 

FM  ,cl  — J P2Va,2,l(Va,2,l — VQt  1)6  d(J  (2) 

and  the  tangential  momentum  force  is 

FM,u  — J P2Va,2,i(WUii  WUi2fi)b  dg  (3) 


Since  momentum  values  in  the  wake  can  be  obtained  most 
easily  as  differences  between  the  wake  values  and  the  down- 
stream value  outside  the  wake,  it  is  convenient  to  rewrite 
equations  (2)  and  (3) 


Fm,g  — PlUa.l  (U a,2,s  P a,l)  b(]~ 


i(Va,2,l-Va,2,s)bd{/  (4) 


i)b  dg 


(5) 


However,  the  wake  momentum  force,  as  calculated  from 
wake  surveys,  is 

W9,t)b  dg  (6) 

If,  now,  the  flow  direction  in  the  wake  can  be  assumed  to 
be  the  same  as  the  average  downstream  flow  direction,  the 
wake  force  can  be  resolved  into  components  in  the  axial 
and  tangential  directions.  Using  the  same  sign  convention 
as  before 

Fid, a~  Fw  COS  ^ P2^a,2,l(.^a,2,l  ^a,2,s)b  (L()  (7) 

FW,U=FW  siu  &= WU'2,i)b  dg  (8) 

These  are  the  integral  terms  in  equations  (4)  and  (5).  Sub- 
stituting equation  (7)  in  equation  (4)  and  equation  (8)  in 
equation  (5)  yields  the  axial  and  tangential  force  components, 
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as  follows : 

Fa=Fp+FMta=(p2—pl)bg+plVaA(Vat2,s—VaA)bg— Fw  cos  fa 
Fu=FMtU=PlVaAWvA~WVt2tS)bg+Fw  sin  fa 

For  convenience  coefficients  based  on  qx  are  used  and 


Cf, 


Fa 


aA~hpWbc 

Fu 


Cf,  u . i 


cos  fa 


'hpWbc 


lTAp,  2Vtt.l(Va.2.-Va.>)-] 

^ Lgi  Wd  J Cw' 

=;[ W?  7 — J+C”.«sin  ft 


The  resultant-force  coefficient  is  given  by 

Cf,  i=V<V,a,  l 2~\-Cf,  u.  i2 

If  7 is  used  to  denote  the  angle  between  the  resultant  force 
and  the  tangential  direction 


a A _ i Cf,  a,  1 

7=  tan  1 — 

Cf,  u,  1 

The  lift  coefficient  cu  and  drag  coefficient  cd  l are  the 
components  of  cFl  perpendicular  and  parallel,  respectively, 
to  the  vector  mean  velocity  Wm  where  Wm  is  the  vector 
average  of  the  velocities  far  upstream  and  far  downstream. 
The  upstream  velocity  can  be  easily  measured.  The  velocity 
far  downstream  is  obtained  by  proper  averaging  of  the 
velocities  just  behind  the  blades.  Since  the  axial  area  con- 
trols the  axial  velocity,  conservation  of  mass  determines  the 
axial  component  of  the  velocity  far  downstream.  Inasmuch 
as  there  are  no  physical  boundaries  in  the  tangential  direction 
to  support  pressure  gradients,  conservation  of  momentum 
controls  the  tangential  component  far  downstream.  The 
discussion  up  to  this  point  applies  to  compressible  as  well  as 
incompressible  flow. 

For  compressible  flow  the  effect  of  wake  mixing  on  pres- 
sures and  densities  makes  accurate  determination  of  the 
axial  velocity  far  downstream  rather  tedious.  In  the  in- 
compressible, two-dimensional  case  the  downstream  axial 
component  is  Va.i,  and  the  downstream  tangential  com- 
ponent is  the  momentum- weigh  ted  average  of  Wu2-  This 
tangential  component  can  be  obtained  by  adding  to  the 
tangential  momentum  of  the  discharge  free  stream  the 
integrated  tangential  momentum  of  the  wake.  The  inte- 
grated tangential  momentum  of  the  wake  can  be  determined 
from  the  tangential  component  of  the  wake  coefficient. 
Having  the  correct  velocity  far  downstream,  the  vector 
mean-velocity  direction  Wm  can  be  easily  obtained.  The 
direction  of  Wm  should  be  determined  accurately  since  cF  l 
is  very  nearly  perpendicular  to  Wm,  and  the  value  of  the  drag 
component  cd  t is  sensitive  to  small  changes  in  the  direction 
of  Wm. 


APPENDIX  B 

CARPET-PLOTTING  TECHNIQUE 


CONSTRUCTION 

Since  the  carpet-plotting  technique  is  not  too  well  known, 
a description  of  this  technique  will  be  helpful.  Examine 
first  figure  114  (a).  It  will  be  noted  that  this  figure  is 
composed  of  five  similar  and  separate  plots.  Each  of  these 
plots  shows  the  variation  of  the  turning  angle  0 with  the 
angle  of  attack  ax  and  the  inlet-air  angle  ft  for  a given  solidity 
a and  a camber  cUo  of  0.40.  It  might  be  here  pointed  out 
that  the  tests  were  made  at  four  inlet-air  angles,  30°,  45°, 
60°,  and  70°.  The  leftmost  plot,  which  represents  a solidity 
of  1.50,  is  constructed  by  plotting  turning  angle  9 as  ordinate 
against  angle  of  attack  ax  as  abscissa  for  ft— 30°.  Then, 
for  a Pi  of  45°,  the  ax  scale  is  shifted  to  the  right  a number  of 
grid  units  proportional  to  the  15°  increment  in  ft  and  the 
turning  angles  are  plotted  as  before.  This  procedure  of 
shifting  the  ax  scale  is  followed  until  the  range  of  ft  values 
for  which  test  data  are  available  has  been  completed. 
Curves  of  constant  angle  of  attack  may  then  be  drawn 
between  the  several  curves  of  a against  9,  so  that  the  removal 
of  the  ai  abscissa  scales  is  possible.  At  this  point,  curves 
of  ax  against  9 may  be  filled  in  at  5°  intervals  of  ft  by  using 
the  proper  abscissa  increment.  The  plot  thus  constructed 
is  called  a 97ax,px  carpet. 

A 0,«i,ft  carpet  is  constructed  for  the  next  solidity  of  1.25 
by  shifting  the  angle-of-attack  scales  to  the  right  a number 
of  grid  units  proportional  to  the  solidity  increment  of  0.25 
and  sufficient  to  keep  any  overlapping  of  the  6}au ft  carpets 
to  a minimum.  This  procedure  previously  described  in 
constructing  the  first  0,ai,ft  carpet  is  then  repeated.  The 
full  range  of  solidities  for  which  test  data  are  available 
(0.50  to  1.50)  may  be  presented  by  spacing  and  constructing 
the  9,ax,px  carpets  on  this  plot  called  a 9,ax,p]}a  carpet  plot. 
Similar  0,#i,ft,cr  carpet  plots  are  then  made  for  each  of  the 
other  cambers,  namely,  cM=0.8,  1.2,  1.5,  and  1.8  shown  in 
figures  114  (b),  114  (c),  114  (d),  and  114  (e),  respectively. 

For  intermediate  camber  conditions,  linear  interpolations 
between  9, a i,ft,<r  carpets  could  be  used  or  these  9, a i,ft,<r 
plots  could  be  combined  into  a single  carpet  plot  to  make 
possible  a single  graphical  interpolation.  For  example, 
figure  114  (a)  may  be  combined  with  figure  114  (b)  by  again 
shifting  the  angle-of-attack  scales  to  the  right  a number  of 
grid  units  proportional  to  the  camber  increment  of  0.40. 
Overlapping  of  the  9)ax,px,a  carpets  can  be  avoided  by  shift- 
ing also  the  0 ordinate  scale  vertically  a number  of  grid  units 
proportional  to  the  camber  increment  of  0.40.  This  com- 
bination of  a vertical  and  a horizontal  shift  is  facilitated  by 
the  use  of  register  points  labeled  “AB”  on  botli  plots  114  (a) 
and  114  (b).  The  AB  register  points  can  be  superimposed 
and  the  grids  alined.  In  like  manner,  if  all  of  the  register 
points  are  used,  figures  114  (a),  114  (b),  114  (c),  114  (d),  and 


114  (e)  may  be  assembled  into  a single  carpet  plot.  Figure 

115  was  made  by  combining  plots  114  (a),  114  (c),  and  114 
(e)  representing  cambers  cXy0  of  0.4,  1.2,  and  1.8,  respectively. 
On  this  carpet,  the  design  angle  of  attack  is  indicated  by  a 
dotted  line  and  the  approximate  occurrence  of  twice  mini- 
mum drag  is  indicated  by  a dashed  line.  Since  the  origins 
of  the  0 scales  for  cambers  of  1.2  and  1.8  are  shifted  ver- 
tically a number  of  grid  units  proportional  to  the  camber 
increment,  the  ordinate  scale  is  no  longer  a true  0 scale  for 
these  higher  cambers  and  is  called  Y.  When  an  interpola- 
tion is  made  for  any  camber  above  0.4,  the  0 value  may  be 
obtained  by  substituting  Y in  the  following  expression: 

0=F-5O(c, ,o-0.4) 

Figures  114  (b)  and  114  (d)  representing  cambers  of  0.8  and 
1.5  were  omitted  from  figure  115  in  order  to  reduce  the  size 
of  the  plot.  It  will  also  be  noted  that  data  are  available  for 
cambers  of  0.8  and  1.5  at  only  two  solidities,  1.00  and  1.50. 

In  view  of  the  necessity  for  shifting  the  separate  plots  to 
provide  for  combinations  of  the  several  variables,  as  illus- 
trated in  figure  115,  the  carpet  plots  assembled  in  the  present 
bound  copy  are  useful  only  as  a means  of  demonstrating  this 
technique.  For  this  reason,  larger  separate  plots  for  use  in 
compressor  design  have  been  prepared  and  are  obtainable 
on  request  from  NACA  Headquarters,  Washington,  D.  C. 

ILLUSTRATIVE  EXAMPLE 

The  use  of  the  carpet  plots  presented  can  be  shown  best 
by  use  of  an  example.  Generally,  from  a velocity- diagram 
calculation,  the  inlet-air  angle,  turning  angle,  and  inlet 
Mach  number  are  known,  and  some  value  of  solidity  has 
been  decided  upon.  The  problem  is  to  find  the  camber  Cit0, 
the  design  angle  of  attack  aXtd,  the  pressure-rise  coefficient 
Ap/qi  (one-dimensional  flow  being  assumed),  and  the  off- 
design  variation  in  0 with  ax  at  a constant  blade  setting. 
The  following  design  conditions  are  assumed 

ft  = 55° 

0d=15° 

(7=1.10 
Mx= 0.65 

Figure  112  is  used  to  locate  first  the  intersection  of  the 
curves  for  ft  = 55°  and  0^=15°  on  each  of  the  four  carpets 
representing  solidities  of  1.25,  1.00,  0.75,  and  0.50;  then  a 
smooth  curve  is  drawn  connecting  these  four  points  which 
are  labeled  “A,”  “B,”  "C,”  and  "D.”  If  the  ft  and  0 values 
had  fallen  between  those  represented  on  the  curves,  these 
intermediate  values  could  be  located  by  measuring  the  in- 
crements along  the  abscissa.  Although  the  design  solidity 
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of  1.10  falls  between  points  A and  B representing  solidities 
of  1.25  and  1.00,  respectively,  points  C and  D for  solidities 
of  0.75  and  0.50  are  included  to  define  more  accurately  the 
shape  of  the  curve  between  points  A and  B.  Since  the  hor- 
izontal interval  from  A to  B represents  a solidity  increment 
of  0.25  from  1.25  to  1.00,  the  point  corresponding  to  a 
solidity  of  1.10  may  be  obtained  by  locating  on  the  ABCD 
curve  the  point  E,  which  lias  a horizontal  distance  from 
point  B equal  to  a solidity  increment  of  0.10.  Point  E thus 
located  indicates  a camber  cit0  of  0.87  on  the  ordinate  scale. 

Next,  the  solidity  of  1.10  and  the  newly  found  camber 
ct<0  of  0.87  are  used  in  conjunction  with  figure  113  to  find 
the  design  angle  of  attack.  The  point  for  a camber  of  0.87 
is  located  on  the  a—lA0  curve  between  the  camber  of  0.8 
and  0.9  curves  by  reading  the  proper  horizontal  increment 
of  0.07.  This  point  indicates  on  the  ordinate  scale  a design 
angle  of  attack  of  10.5°. 

The  pressure-rise  coefficient  A p/q{  is  found  from  figure 
116  (a)  b}1 2 3 4 * * 7  using  the  values  M^O.65,  ft  = 55°,  and  0=15°. 
In  figure  116  (a),  the  Ap/<Zi  was  calculated  on  a one-dimen- 
sional basis,  whereas  in  figure  116  (b)  the  Ap/<Zi  was  calcu- 
lated for  a constant  axial  velocity.  Since  one-dimensional 
flow  was  assumed  in  this  example,  figure  116  (a)  should  be 
used.  Employing  the  proper  horizontal  ft  increment  of 
10°  and  starting  at  the  ft =45°  curve,  locate  the  ft  = 5 5° 
point  on  the  0=15°  curve  for  each  of  the  carpet  plots  rep- 
resenting Mach  numbers  of  0.50,  0.60,  0.70,  and  0.80.  The 
four  points  thus  located  are  designated  “F,”  “G,”  “H,”  and 
“I”  and  are  connected  by  a smooth  curve.  Next,  locate  on 
this  curve  point  J whose  horizontal  distance  from  point  G 
is  equal  to  a Mach  number  increment  of  0.05.  Point  J 
indicates  on  the  ordinate  scale  a pressure-rise  coefficient  of 
0.590. 


The  last  step  in  this  sample  problem  is  the  prediction  of  an 
aifi  curve  at  a constant  blade  setting.  The  off-design 
carpet  (fig.  115)  is  used  to  predict  this  a1}6  curve  for  the 
blade  section  having  a camber  cit0  of  0.87,  a solidity  a of  1.10 
and  a blade  setting  of  44.5°.  The  blade  setting  is  the  differ- 
ence between  the  inlet-air  angle  and  the  angle  of  attack, 
or  55°— 10.5°=44.5°  at  the  design  condition.  In  figure 
115,  curves  labeled  “a”  and  “b”  representing  this  constant 
blade  setting  of  44.5°  are  drawn  on  the  0,<*1?ft  plots  for  cl0 
of  0.4  at  the  solidities  of  1.25  and  1.00,  respectively.  Curve 
c is  then  interpolated  for  the  solidity  of  1.10  by  the  use  of 
the  correct  solidity  increment  along  the  abscissa.  As  can 
be  seen  in  the  example,  this  interpolation  is  aided  by  drawing 
between  curves  a and.b  lines  of  constant  angle  of  attack  at 
values  of  6°,  8°,  10°,  12°,  and  14°.  A similar  interpolation 
is  then  accomplished  for  a camber  of  1.2,  which  produces 
curves  d,  e,  and  f.  A linear  interpolation  for  the  intermedi- 
ate camber  of  0.87  is  made  between  curves  c and  f to  obtain 
curve  g,  which  shows  the  variation  of  Y with  ax  for  the 
design  camber  and  solidity.  The  Y values  may.be  converted 
to  6 values  by  using  the  relationship 

0=F—5O(c, (o—0.4) 

It  has  been  found  that  linear  interpolations  between  an}7 
two  cambers  of  figure  115  produce  design  turning  angles 
which  agree  with  the  design  carpet  plot  within  1.0°.  If 
greater  accuracy  is  desired,  a faired  curve  between  the 
three  cambers  should  be  used.  In  figure  115,  the  design 
angle  of  attack  is  indicated  by  a short-dashed  line  and  the 
approximate  occurrence  of  twice  minimum  drag  is  indicated 
by  a long-dashed  line. 
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SYSTEMATIC  TWO-DIMENSIONAL  CASCADE  TESTS  OF  NACA  65-SERIES  COMPRESSOR  BLADES  AT  LOW  SPEEDS 


Figure  I. — Vertical  cross  section  of  two-dimensional  low-speed 
cascade  tunnel. 


Figure  2. — Photograph  of  Langley  5-inch  cascade  tunnel  with 
portions  of  one  side  removed  to  show  porous  surfaces. 


Figure  3. — Porosity  characteristics  of  the  calendered  monel  filter 
cloth  used  in  this  investigation. 
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NACA  65  - (15)10  'Tangent 


NACA  65-010 


'Tangent 


NACA  65-410 


NACA  65 -(18)  10 


'Tangent 


(a)  Lower  cambered  sections.  Angle  between  chord  line  and  tangent 
to  lower  surface  as  shown  for  the  various  sections. 

Figure  4. — Blade  sections  tested  in  this  investigation. 


(b)  Higher  cambered  sections.  Chord  line  and  tangent  line 
coincident.* 

Figure  4. — Concluded. 


Figure  5. — Typical  vector  diagram  for  a compressor  rotor. 
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(g)  Section  characteristics;  flagged  symbol  indicates 
leading-edge  roughness. 

Figure  6. — Blade-surface  pressure  distributions  and  blade 
section  characteristics  for  the  cascade  combination,  jSj  = 30°, 
<r=r  1.00,  and  blade  section,  NACA  65-010. 


(g)  Section  characteristics;  flagged  symbol  indicates 
leading-edge  roughness. 

Figure  7. — Blade-surface  pressure  distributions  and  blade 
section  characteristics  for  the  cascade  combination,  jSj  — 30°, 
<r=1.00,  and  blade  section,  NACA  65-410. 
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(g)  Section  characteristics;  flagged  symbol  indicates 
leading-edge  roughness. 

Figure  8. — Blade-surface  pressure  distributions  and  blade 
section  characteristics  for  the  cascade  combination,  01=30°, 
o-=1.00,  and  blade  section,  NACA  65-810. 
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(g)  Section  characteristics;  flagged  symbol  indicates 
leading-edge  roughness. 

Figure  9. — Blade-surface  pressure  distributions  and  blade 
section  characteristics  for  the  cascade  combination,  ft  = 30°, 
a =1.00,  and  blade  section,  NACA  65- (12)  10. 
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(g)  Section  characteristics;  flagged  symbol  indicates 
leading-edge  roughness. 

Figure  12. — Blade-surface  pressure  distributions  and  blade 
section  characteristics  for  the  cascade  combination,  A = 30°, 
<r=1.25,  and  blade  section,  NACA  65-410. 
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(g)  Section  characteristics;  flagged  symbol  indicates 
leading-edge  roughness. 

Figure  13. — Blade-surface  pressure  distributions  and  blade 
- section  characteristics  for  the  cascade  combination,  = 30°, 
<r=  1.25,  and  blade  section,  NACA  65-(12)10. 
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(g)  Section  characteristics;  flagged  symbol  indicates 
leading-edge  roughness. 

Figure  14. — -Blade-surface  pressure  distributions  and  blade 
section  characteristics  for  the  cascade  combination,  = 30°, 

<7=1.25,  and  blade  section,  NACA  65-(18)10. 
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(g)  Section  characteristics;  flagged  symbol  indicates 
leading-edge  roughness. 

Figure  15. — Blade-surface  pressure  distributions  and  blade 
section  characteristics  for  the  cascade  combination,  = 30°, 
<7  = 1.50.  and  blade  section.  NACA  65-010. 
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(g)  Section  characteristics;  flagged  symbol  indicates 
leading-edge  roughness. 

Figure  16. — Blade-surface  pressure  distributions  and  blade 
section  characteristics  for  the  cascade  combination,  ft  = 30°, 
<7=1.50,  and  blade  section,  NACA  65-410. 


(g)  Section  characteristics;  flagged  symbol  indicates 
leading-edge  roughness. 

Figure  17. — Blade-surface  pressure  distributions  and  blade 
section  characteristics  for  the  cascade  combination,  ft  = 30°, 
<7=1.50,  and  blade  section,  NACA  65-810. 
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(g)  Section  characteristics;  flagged  symbol  indicates 
leading-edge  roughness. 

Figure  18. — Blade-surface  pressure  distributions  and  blade 
section  characteristics  for  the  cascade  combination,  ft  =30°, 
<r=1.50,  and  blade  section.  NACA  65-(12)10. 
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(g)  Section  characteristics;  flagged  symbol  indicates 
leading-edge  roughness. 

Figure  19. — Blade-surface  pressure  distributions  and  blade 
section  characteristics  for  the  cascade  combination,  ft  = 30°, 
<r=1.50.  and  blade  section,  NACA  65-(15)10. 
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a„deg 


(g)  Section  characteristics;  flagged  symbol  indicates 
leading-edge  roughness. 

Figure  20. — Blade-surface  pressure  distributions  and  blade 
section  characteristics  for  the  cascade  combination,  @^30°, 
<r  = 1.50,  and  blade  section,  NACA  65-(18)10. 


(g)  Section  characteristics;  flagged  symbol  indicates 
leading-  edge  roughness. 

Figure  21. — Blade-surface  pressure  distributions  and  blade 
section  characteristics  for  the  cascade  combination,  = 45°, 
o-=0.50,  and  blade  section,  NACA  65-410. 


SYSTEMATIC  TWO-DIMENSIONAL  CASCADE  TESTS  OF  NACA  65-SERIES  COMPRESSOR  BLADES  AT  LOW  SPEEDS  735 


(g)  Section  characteristics. 

Figure  22. — Blade-surface  pressure  distributions  and  blade 
section  characteristics  for  the  cascade  combination,  j81=45°l 
<r  = 0.50,  and  blade  section,  NACA  65-(12)10. 
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(g)  Section  characteristics;  flagged  symbol  indicates 
leading-edge  roughness. 

Figure  23. — Blade-surface  pressure  distributions  and  blade 
section  characteristics  for  the  cascade  combination,  £1  — 45°, 
<r  = 0.50,  and  blade  section,  NACA  6o-(18)10. 
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(g)  Section  characteristics;  flagged  symbol  indicates 
leading-edge  roughness. 

Figure  24. — Blade-surface  pressure  distributions  and  blade 
section  characteristics  for  the  cascade  combination,  0,  — 45°t 
ff=0.75,  and  blade  section,  NACA  65-410. 
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(g)  Section  characteristics;  flagged  symbol  indicates 
leading-edge  roughness. 

Figure  25. — Blade-surface  pressure  distributions  and  blade 
section  characteristics  for  the  cascade  combination,  01  = 45°, 
<r =0.75,  and  blade  section,  NACA  65-(12)10. 
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(g)  Section  characteristics;  flagged  symbol  indicates 
leading-edge  roughness. 

Figure  26. — Blade-surface  pressure  distributions  and  blade 
section  characteristics  for  the  cascade  combination,  /?i  = 45°, 
<x  = 0.75,  and  blade  section,  NACA  65— (1 8)  1 0. 


(g)  Section  characteristics. 

Figure  27. — Blade-surface  pressure  distributions  and  blade 
section  characteristics  for  the  cascade  combination,  /31=45°, 
<r  = 1 .00,  and  blade  section,  NACA  65-010. 
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«|.  deg 


(g)  Section  characteristics. 

Figure  28. — Blade-surface  pressure  distributions  and  blade 
section  characteristics  for  the  cascade  combination,  fa  = 45°, 
^=1.00,  and  blade  section,  NACA  65-410. 


(g)  Section  characteristics. 

Figure  29. — Blade-surface  pressure  distributions  and  blade 
section  characteristics  for  the  cascade  combination,  ft  = 45°, 
tr=  1.00,  and  blade  section,  NACA  65-810. 
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(g)  Section  characteristics. 


Figure  30. — Blade-surface  pressure  distributions  and  blade 
section  characteristics  for  the  cascade  combination,  ft  = 45°, 
u— 1.00,  and  blade  section,  NACA  65-(12)10. 


(g)  Section  characteristics;  flagged  symbol  indicates 
leading-edge  roughness. 

Figure  31. — Blade-surface  pressure  distributions  and  blade 
section  characteristics  for  the  cascade  combination,  ft  — 45°, 
a— 1.00,  and  blade  section,  NACA  65-(15)10. 
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(g)  Section  characteristics. 

Figure  32. — Blade-surface  pressure  distributions  and  blade 
section  characteristics  for  the  cascade  combination,  ft  = 45°, 
^=1.00,  and  blade  section,  NACA  65— (1 8)  10. 


(g)  Section  characteristics. 

Figure  33.— Blade-surface  pressure  distributions  and  blade 
section  characteristics  for  the  cascade  combination,  ft  = 45°, 
(r=1.00,  and  blade  section,  NACA  65-(21)10. 
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(g)  Section  characteristics;  flagged  symbol  indicates 
leading-edge  roughness. 

Figure  34. — Blade-surface  pressure  distributions  and  blade 
section  characteristics  for  the  cascade  combination,  £1  = 45°, 
<r=1.00,  and  blade  section,  NACA  65-(24)10. 
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(g)  Section  characteristics;  flagged  symbol  indicates 
leading-edge  roughness. 

Figure  35. — Blade-surface  pressure  distributions  and  blade 
section  characteristics  for  the  cascade  combination,  /h  = 45°, 
o- =1.00,  and  blade  section,  NACA  65- (27)  10. 
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(g)  Section  characteristics;  flagged  symbol  indicates 
leading-edge  roughness. 

Figure  36. — Blade-surface  pressure  distributions  and  blade 
section  characteristics  for  the  cascade  combination,  01  = 45°, 
<r=  1.25,  and  blade  section,  NACA  65-410. 
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(g)  Section  characteristics;  flagged  symbol  indicates 
leading-edge  roughness. 

Figure  37. — Blade-surface  pressure  distributions  and  blade 
section  characteristics  for  the  cascade  combination,  /?1  = 45°, 
o-=  1.25,  and  blade  section,  NACA  65-(12)10. 
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(g)  Section  characteristics;  flagged  symbol  indicates 
leading-edge  roughness. 

Figure  38.- — Blade-surface  pressure  distributions  and  blade 
section  characteristics  for  the  cascade  combination,  ft  = 45°, 
<r  = 1.25,  and  blade  section,  NACA  65— (18)  10. 


(g)  Section  characteristics;  flagged  symbol  indicates 
leading-edge  roughness. 

Figure  30. — Blade-surface  pressure  distributions  and  blade 
section  characteristics  for  the  cascade  combination,  ^ = 45°, 
a = 1.50,  and  blade  section,  NACA  65-010. 
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(g)  Section  characteristics;  flagged  symbol  indicates 
leading-edge  roughness. 

Figure  42. — Blade-surface  pressure  distributions  and  blade 
section  characteristics  for  the  cascade  combination,  ft  = 45°, 
<r=1.50,  and  blade  section,  NACA  65-(12)10. 


(g)  Section  characteristics;  flagged  symbol  indicates 
leading-edge  roughness. 

Figure  43. — Blade-surface  pressure  distributions  and  blade 
section  characteristics  for  the  cascade  combination,  ft  = 45°, 
o-=1.50,  and  blade  section,  NACA  65- (15)  10. 
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(g)  Section  characteristics;  flagged  .symbol  indicates  leading- 
edge  roughness;  solid  sjunbol  indicates  high  Reynolds  number. 

Figure  44. — Blade-surface  pressure  distributions  and  blade 
section  characteristics  for  the  cascade  combination,  ft  ==45° , 
<7=1.50,  and  blade  section,  NACA  65-(lS)10. 
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(g)  Section  characteristics;  flagged  symbol  indicates 
leading-edge  roughness. 

Figure  45. — Blade-surface  pressure  distributions  and  blade 
section  characteristics  for  the  cascade  combination,  ft  — 45°, 
o-=1.50,  and  blade  section,  NACA  65-(21)10. 
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(g)  Section  characteristics;  flagged  symbol  indicates 
leading-edge  roughness. 

Figure  46. — Blade-surface  pressure  distributions  and  blade 
section  characteristics  for  the  cascade  combination,  /3!  = 45°, 
<r  = 1.50,  and  blade  section,  NACA  65-(24)10. 


(g)  Section  characteristics;  flagged  symbol  indicates 
leading-edge  roughness. 

Figure  47. — Blade-surface  pressure  distributions  and  blade 
section  characteristics  for  the  cascade  combination,  ft  = 60 °t 
<r=0.50,  and  blade  section,  NACA  65-410. 
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(g)  Section  characteristics;  flagged  symbol  indicates 
leading- edge  roughness. 

Figure  48. — Blade-surface  pressure  distributions  and  blade 
section  characteristics  for  the  cascade  combination,  ft  = 60°, 
(r=0.50,  and  blade  section,  NACA  65-(12)10. 


(g)  Section  characteristics;  flagged  symbol  indicates 
leading-edge  roughness. 

Figure  49. — Blade-surface  pressure  distributions  and  blade 
section  characteristics  for  the  cascade  combination,  ft  = 60°, 
tr=  0.50,  and  blade  section,  NACA  65-(18)10. 
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(g)  Section  characteristics;  flagged  symbol  indicates 
leading-edge  roughness. 

Figure  50. — Blade-surface  pressure  distributions  and  blade 
section  characteristics  for  the  cascade  combination,  fr  — 60°, 
a = 0.75,  and  blade  section,  NACA  65-410. 


<X| , deg 


(g)  Section  characteristics;  flagged  symbol  indicates 
leading-edge  roughness. 

Figure  51. — -Blade-surface  pressure  distributions  and  blade 
section  characteristics  for  the  cascade  combination,  ft  = 60°, 
(r=0.75,  and  blade  section,  NACA  65-(12)10. 
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(g)  Section  characteristics. 

Figure  52. — Blade-surface  pressure  distributions  and  blade 
section  characteristics  for  the  cascade  combination,  ft  = 60°, 
<7=0. 75,  and  blade  section,  NACA  65-(18)l0. 


(g)  Section  characteristics;  flagged  symbol  indicates 
leading-edge  roughness. 

Figure  53. — Blade-surface  pressure  distributions  and  blade 
section  characteristics  for  the  cascade  combination,  01  = 60°, 
a-=1.00,  and  blade  section,  NACA  65-010. 
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ct|,  deg 


(g)  Section  characteristics. 

Figure  54. — Blade-surface  pressure  distributions  and  blade 
section  characteristics  for  the  cascade  combination,  £i  = 60°, 
<r=1.00,  and  blade  section,  NACA  65-410. 


a|t  deg 


(g)  Section  characteristics. 

Figure  55. — Blade-surface  pressure  distributions  and  blade 
section  characteristics  for  the  cascade  combination,  0i  = 6O°, 
a— 1.00,  and  blade  section,  NACA  65-810. 
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(g)  Section  characteristics;  flagged  symbol  indicates  leading-edge 
roughness;  solid  symbol  indicates  high  Reynolds  number. 

Figure  56. — Blade-surface  pressure  distributions  and  blade 
section  characteristics  for  the  cascade  combination,^^  60°, 
a —1.00,  and  blade  section,  NACA  65-(12)10. 


cl,,  deg 


(g)  Section  characteristics;  flagged  symbol  indicates 
leading-edge  roughness. 

Figure  57. — Blade-surface  pressure  distributions  and  blade 
section  characteristics  for  the  cascade  combination,  /3!  = 60°, 
0-=  1 .00,  and  blade  section,  NACA  65-(15)10. 
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(g)  Section  characteristics;  flagged  symbol  indicates 
leading-edge  roughness. 

Figure  58. — -Blade-surface  pressure  distributions  and  blade 
section  characteristics  for  the  cascade  combination,  /3i  = 60°, 
a— 1.00.  and  blade  section,  NACA  65-(18)10. 


ah  deg 


(g)  Section  characteristics;  flagged  symbol  indicates 
leading-edge  roughness. 

Figure  59. — Blade-surface  pressure  distributions  and  blade 
section  characteristics  for  the  cascade  combination,  ^ = 60°, 
cr  = 1.00,  and  blade  section,  NACA  65-(21)10 
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(g)  Section  characteristics;  flagged  symbol  indicates 
leading-edge  roughness. 

Figure  60. — Blade-surface  pressure  distributions  and  blade 
section  characteristics  for  the  cascade  combination,  /?i  = 60°, 
(j  — 1.25,  and  blade  section,  NACA  65-410. 


(g)  Section  characteristics;  flagged  symbol  indicates 
leading-edge  roughness. 

Figure  61. — Blade-surface  pressure  distributions  and  blade 
section  characteristics  for  the  cascade  combination,  01  = 60°, 
cr=1.25,  and  blade  section,  NACA  65-(12)10. 
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o Convex  surface 


a,,  deg 


(g)  Section  characteristics;  flagged  symbol  indicates 
leading-edge  roughness. 

Figure  62. — Blade-surface  pressure  distributions  and  blade 
section  characteristics  for  the  cascade  combination,  ft  — 60°, 
<r  = 1.25,  and  blade  section,  NACA  65— (18)  10. 
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(g)  Section  characteristics;  flagged  symbol  indicates  leading- 
edge  roughness;  solid  symbol  indicates  high  Reynolds 
number. 

Figure  63. — Blade-surface  pressure  distributions  and  blade 
section  characteristics  for  the  cascade  combination,  ft  = 60°, 
rr  = 1.50,  and  blade  section,  NACA  65-010. 
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(g)  Section  characteristics;  flagged  symbol  indicates 
leading-edge  roughness. 

Figure  66. — Blade-surface  pressure  distributions  and  blade 
section  characteristics  for  the  cascade  combination,  0i  = 60°, 
(7=1.50,  and  blade  section,  NACA  65-(12)10. 


(g)  Section  characteristics;  flagged  symbol  indicates 
leading-edge  roughness. 

Figure  67. — Blade-surface  pressure  distributions  and  blade 
section  characteristics  for  the  cascade  combination,  01  = 60°, 
(7=1.50,  and  blade  section,  NACA  65-(15)10. 
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(g)  Section  characteristics;  flagged  symbol  indicates 
leading-edge  roughness. 

Figure  68. — Blade-surface  pressure  distributions  and  blade 
section  characteristics  for  the  cascade  combination,  — 60°, 

cr=1.50,  and  blade  section,  NACA  65-(18)10. 


&i,  deg 


(f)  Section  characteristics. 

Figure  69. — Blade-surface  pressure  distributions  and  blade 
section  characteristics  for  the  cascade  combination,  ft  = 60°, 
<r  = 1.50,  and  blade  section,  NACA  65-(21)10. 
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(f)  Section  characteristics;  flagged  symbol  indicates  leading- 
edge  roughness. 


(g)  Section  characteristics;  flagged  symbol  indicates  leading- 
edge  roughness;  solid  symbol  indicates  high  Reynolds 
number. 


Figure  70. — Blade-surface  pressure  distributions  and  blade 
section  characteristics  for  the  cascade  combination,  01  = 60°, 
c=1.50,  and  blade  section,  NACA  65-(24)10. 


Figure  71. — Blade-surface  pressure  distributions  and  blade 
section  characteristics  for  the  cascade  combination,  0i  = 7O°, 
(7=1.00,  and  blade  section,  NACA  65-010. 
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(g)  Section  characteristics;  flagged  symbol  indicates  leading- 
edge  roughness;  solid  symbol  indicates  high  Reynolds 
number. 

Figure  72. — Blade-surface  pressure  distributions  and  blade 
section  characteristics  for  the  cascade  combination,  /3i  = 70°, 
(T=1.00,  and  blade  section,  NACA  65-410. 


<X|,  deg 


(g)  Section  characteristics;  flagged  symbol  indicates  leading- 
edge  roughness;  solid  symbol  indicates  high  Reynolds 
-number. 

Figure  73. — Blade-surface  pressure  distributions  and  blade 
section  characteristics  for  the  cascade  combination,  01  = 70°, 
<r—l .00,  and  blade  section,  NACA  65-810. 
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(g)  Section  characteristics;  flagged  symbol  indicates 
leading-edge  roughness. 

Figure  74. — Blade-surface  pressure  distributions  and  blade 
section  characteristics  for  the  cascade  combination,  01  = 70°, 
o-=1.00,  and  blade  section,  NACA  65— (12)  10. 


a,,  deq 


(f)  Section  characteristics;  no  design  point  was  obtained; 
flagged  symbol  indicates  leading-edge  roughness;  solid 
symbol  indicates  high  Reynolds  number. 

Figure  75. — Blade-surface  pressure  distributions  and  blade 
section  charactertistics  for  the  cascade  combination,  0i  = 7O°, 
<7=1.00,  and  blade  section,  NACA  65-(15)10. 
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(g)  Section  characteristics;  flagged  symbol  indicates  leading- 
edge  roughness;  solid  symbol  indicates  high  Reynolds 
number. 

Figure  76. — Blade-surface  pressure  distributions  and  blade 
section  characteristics  for  the  cascade  combination,  ft  = 7 0°, 
<r=  1.25,  and  blade  section,  NACA  65-410. 


otj,  deg 


(g)  Section  characteristics;  flagged  symbol  indicates  leading- 
edge  roughness;  solid  symbol  indicates  high  Reynolds 
number. 

Figure  77. — Blade-surface  pressure  distributions  and  blade 
section  characteristics  for  the  cascade  combination,  (3^  = 70 °, 
1.25,  and  blade  section,  NACA  65-810. 
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(g)  Section  characteristics;  flagged  symbol  indicates  leading- 
edge  roughness;  solid  symbol  indicates  high  Reynolds 
number. 


Figure  78. — Blade-surface  pressure  distributions  and  blade 
section  characteristics  for  the  cascade  combination,  ft  = 70°, 
o-=1.25,  and  blade  section,  NACA  65-(12)10. 


(f)  Section  characteristics;  flagged  symbol  indicates  leading- 
edge  roughness;  solid  symbol  indicates  high  Reynolds 
number. 

Figure  79. — Blade-surface  pressure  distributions  and  blade 
section  characteristics  for  the  cascade  combination,  0i  = 70°, 
<t=  1.25,  and  blade  section,  NACA  65-(15)10. 
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(g)  Section  characteristics;  flagged  symbol  indicates  leading- 
edge  roughness;  solid  symbol  indicates  high  Reynolds 
number. 

Figure  80. — Blade-surface  pressure  distributions  and  blade 
section  characteristics  for  the  cascade  combination,  & = 70°, 
a = 1.50,  and  blade  section,  NACA  65-010. 


(g)  Section  characteristics;  flagged  symbol  indicates  leading- 
edge  roughness;  solid  symbol  indicates  high  Reynolds 
number. 

Figure  81. — Blade-surface  pressure  distributions  and  blade 
section  characteristics  for  the  cascade  combination,  01  = 70°, 
cr  = 1.50,  and  blade  section,  NACA  65-410. 


SYSTEMATIC  TWO-DIMENSIONAL  CASCADE  TESTS  OF  NACA  65-SERIES  COMPRESSOR  BLADES  AT  LOW  SPEEDS  765 


cm. deg 


(g)  Section  characteristics;  flagged  symbol  indicates  leading- 
edge  roughness;  solid  symbol  indicates  high  Reynolds 
number. 

Figure  82. — -Blade-surface  pressure  distributions  and  blade 
section  characteristics  for  the  cascade  combination,  £1  = 70°, 
<r=1.50,  and  blade  section,  NACA  65-810. 


(g)  Section  characteristics;  flagged  symbol  indicates  leading- 
edge  roughness;  solid  symbol  indicates  high  Reynolds 
nu  mber. 


Figure  83. — Blade-surface  pressure  distributions  and  blade 
section  characteristics  for  the  cascade  combination,  ft  = 70% 
<7=1.50,  and  blade  section,  NACA  65— (1 2)  1 0. 
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(g)  Section  characteristics;  flagged  symbol  indicates  leading- 
edge  roughness;  solid  symbol  indicates  high  Reynolds 
number. 

Figure  84. — -Blade-surface  pressure  distributions  and  blade 
section  characteristics  for  the  cascade  combination,  & = 70 
<r= 1.50,  and  blade  section,  NACA  65-(15)10. 


(a)  Comparison  for  the  angle-of-attack  range  for  ft  = 45°,  <7=1.50. 

(b)  Comparison  for  the  angle-of-attack  range  for  ft  = 60°,  <r=1.00. 

Smooth  blade. 

Figure  85. — Effect  of  Reynolds  number  on  turning  angle  and 
drag  coefficient  of  the  NACA  65-(12)10  blade  section  for 
typical  cascade  combinations. 
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(c)  Variation  with  R near  design  angle  of  attack. 
Figure  85. — Concluded. 


Section  operating  range, 


Figure  88. — Conversion  chart  showing  the  relation  between  entering  and  mean  dynamic  pressure  as  a function  of  turning  Figure  89. — Variation  of  the  limit  loading  pa- 

angle  and  inlet  angle.  rameter,  ( <rci>m)max  with  solidity  for  inlet 

angles  of  60°  and  70°. 
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Figure  94.— Summary  of  relationship  between  turning  angle  0 and  angle  of  Figure  95. — Summary  of  relationship  between  turning  angle  0 and  angle  of  attack  a\  for 

attack  ctx  for  the  blade  sections  tested  at  01  = 45°,  <7=0.50.  the  blade  sections  tested  at  ft  = 45°,  <r  = 0.75. 
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Figure  98. — Summary  of  relationship  between  turning  angle  9 and  angle  of  attack  a\  for  Figure  99. — Summary  of  relationship  between 
the  blade  sections  tested  at  ft  = 45°,  <r=  1.50.  turning  angle  9 and  angle  of  attack  for  the 

blade  sections  tested  at  fr  — 60°,  o-  = 0.50. 
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Figure  102. — Summary  of  relationship  between  turning  angle  0 and  Figure  103. — Summary  of  relationship  between  turning  angle  0 and  angle  of  attack  a\  for  the 

angle  of  attack  ot\  for  the  blade  sections  tested  at  0i  = 60°,  <r  = 1.25.  blade  sections  tested  at  01  = 00°,  <7  = 1.50. 


65- (24)10 
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Figure  108. — -Variation  of  design  angle  of  attack  with  solidity  for  the  sections  tested. 


(a)  Inlet  angles  of  30°  and  45°.  (b)  Inlet  angles  of  60°  and  70°. 

Figure  109. — Variation  of  design  turning  angle  with  solidity  and  inlet  angle  for  the  sections  tested. 
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Figure  110. — Variatio 


Design  angles,  a,  d and  Qd%  deg  Design  angles,  a,  d and  Qd , deg  Design  angles,  a,  d and  8d , deg 
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(a)  <r=0.50.  (b)  <r=0.75.  (c)  <7=1.00. 

Figure  111.— Variation  of  design  turning  angle  and  design  angle  of  attack  with  camber  and  inlet  angle. 


Design  angles,  at  d and  8di  deg  Design  angles,  a,  d and  Qd , deg 
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(d)  <r=1.25,  (e)  <r=1.50. 


52C59T— 60 52 


Figure  111. — Concluded. 
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Figure  112. — Design-camber  selection  chart  for  NACA  65-(c*iO)10  sections. 
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Figure  112. — Concluded. 
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Figure  114. — Off-design  turning-angle  carpets  for  NACA  65-(c2,o)10  compressor  blades. 
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Figure  114. — Concluded. 
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BLOWING-TYPE  BOUNDARY-LAYER  CONTROL  AS  APPLIED  TO  THE  TRAILING-EDGE  FLAPS 

OF  A 35°  SWEPT- WING  AIRPLANE1 

By  Mark  W.  Kelly,  Seth  B.  Anderson,  and  Robert  C.  Innis 


SUMMARY 

A wind-tunnel  investigation  was  made  to  determine  the 
effects  on  the  aerodynamic  characteristics  of  a 35°  swept-wing 
airplane  of  applying  blowing-type  boundary -layer  control  to 
the  trailing-edge  flaps.  Flight  tests  of  a similar  airplane  were 
then  conducted  to  determine  the  effects  of  boundary -layer  control 
on  the  handling  qualities  and  operation  of  the  airplane , par- 
ticularly during  landing  and  take-off. 

The  wind-tunnel  and  flight  tests  indicated  that  blowing  over 
the  flaps  produced  large  increases  in  flap  lift  increment , and 
significant  increases  in  maximum  lift.  The  use  of  blowing 
permitted  reductions  in  the  landing  approach  speeds  of  as 
much  as  12  knots. 

INTRODUCTION 

Numerous  investigations  have  demonstrated  that  it  is 
possible  to  significantly  increase  the  lift  of  a wing  by  ejecting 
a high-velocity  jet  of  air  over  the  upper  surface  of  a trailing- 
edge  flap  (e.  g.,  refs.  1 and  2).  These  investigations  have 
also  indicated  that  the  flow  required  to  develop  these  lifts 
was  so  large  that  a powerful  (and  heavy)  pumping  system 
was  required,  and  this  deterred  application  of  this  system 
to  actual  aircraft.  The  introduction  of  the  turbojet  engine, 
which  provided  a convenient  source  of  high-pressure  air, 
and  the  trend  of  high-speed  wing  design  to  configurations 
having  poor  low-speed  capabilities  caused  a renewal  of 
interest  in  this  method  of  obtaining  high  lift.  The  investi- 
gation reported  in  reference  3 indicated  that  the  momentum 
of  the  jet,  rather  than  the  quantity  flow,  was  the  parameter 
which  determined  the  effectiveness  of  blowing  boundary- 
layer  control,  and  that  significant  reductions  in  flow  quantity' 
requirements  could  be  obtained  by  using  highpressure  air 
(i.  e.,  high  jet  velocities).  It  was  also  pointed  out  in  reference 
3 that  sufficient  amounts  of  high-pressure  air  to  satisfy  the 
requirements  of  a blowing  flap  could  be  bled  from  the 
compressor  of  a turbojet  engine.  However,  the  thrust  of  a 
turbojet  engine  diminishes  rapidly  as  the  amount  of  bleed 
air  is  increased;  it  was  therefore  considered  desirable  to 
investigate  the  possibilities  of  reducing  the  flow  require- 
ments by  careful  design  of  the  flap  and  nozzle  itself,  so  that 
the  desired  lift  would  be  obtained  for  a minimum  expendi- 
ture of  jet  momentum. 

The  primary  purpose  of  the  full-scale  wind-tunnel  tests 
reported  herein  was  to  investigate  a blowing  flap  configura- 
tion which  preliminary  small-scale  tests  had  indicated  should 


require  less  jet  momentum  to  prevent  flow  separation-  than 
the  arrangements  previously  investigated.  Also,  since  the 
justification  for  presenting  blowing  flap  effectiveness  in  terms 
of  jet  momentum  was  largely  empirical,  it  was  desired  to 
verify  this  concept  over  the  range  of  pressure  ratios  obtain- 
able from  current  turbojet  engines.  Finally,  it  was  desired 
to  obtain  sufficient  data  to  design  a blowing  flap  s}rstem  into 
a research  airplane  for  further  study  in  flight. 

The  main  purposes  for  conducting  the  flight  tests  were  to 
investigate  (1)  the  manner  in  which  the  pilots  used  the  lift 
gains  provided  by  the  blowing  flaps,  and  (2)  the  effects  of 
boundary-layer  control  on  the  flying  qualities  and  operation 
of  the  airplane. 

This  report  presents  results  of  both  the  wind-tunnel  and 
flight  investigations.  Six-component  force  data  showing 
the  effects  of  blowing  boundary-layer  control  on  the  longi- 
tudinal and  lateral  stability  and  control  characteristics  are 
discussed.  Also  presented  are  pilots’  opinions  of  the  effects 
of  boundary-layer  control  on  the  handling  qualities  and 
operation  of  the  airplane.  Finally,  the  results  of  computa- 
tions showing  the  effects  of  boundary -layer  control  on  the 
landing  and  take-off  performance  are  presented. 
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NOTATION 

velocity  of  sound,  ft/sec 
area,  sq  ft 
wing  span,  ft 

wing  chord  parallel  to  plane  of  symmetry,  ft 

2 r/l 

mean  aerodynamic  chord,  c2dy 

drag  coefficient, 

lift  coefficient,  ^ 
qS 

increment  of  lift  coefficient  due  to  flaps 
maximum  lift  coefficient 


pitching  moment 


qSc 


pitching-moment  coefficient, 

W 

flow  coefficient, 

wVS 

momentum  coefficient, 

rate  of  change  of  lift  coefficient  with  flap  deflection 
for  full  wing-chord  flap  (given  as  Cl9  in  ref.  5) 


i Summarizes  NACA  Research  Memorandums  A55109  by  Mark  W.  Kelly  and  William  H.  Tolhurst,  Jr.,  and  A56G30  by  Seth  B.  Anderson,  Hervey  C.  Quigley,  and  Robert  O.  Innis. 
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distance  from  engine  thrust  line  to  moment  center, 
positive  when  thrust  line  is  above  moment 
center,  ft 

gross  thrust  from  engine,  lb 
net  thrust  from  engine,  lb 
acceleration  of  gravity,  ft/sec2 
nozzle  height,  in. 


jet  Mach  number, 


Ys 

a 


engine  speed,  rpm 
free-stream  static  pressure,  lb/sq  ft 
total  pressure  in  flap  duct,  lb/sq  ft 
compressor  discharge  total  pressure,  lb/sq  ft 


duct  pressure  coefficient,  — — ~ 

d}rnamic  pressure,  lb/sq  ft 

wing  area,  sq  ft 

temperature,  °R 

free-stream  velocity,  ft/sec 

indicated  airspeed,  knots 

jet  velocity  assuming  isentropic  expansion, 

velocity  at  stall,  knots 

velocity  at  stall  in  glide  condition,  knots 


bleed  air  flow,  lb/sec 

specific  weight  of  air  at  free-stream  conditions, 
lb/cu  ft 

distance  along  airfoil  chord  normal  to  wing  quarter- 
chord  line,  in. 

spanwise  distance  perpendicular  to  plane  of  sym- 
metry, ft 

height  in  inches  above  wing  reference  plane  defined 
by  quarter-chord  line  and  the  chord  of  the  wing 
section  at  0.6636/2 
sweep  angle,  deg 

angle  of  attack  of  fuselage  reference  line,  deg 
ratio  of  total  pressure  at  compressor  inlet  to  stand- 
ard pressure  at  sea  level 

flap  deflection,  measured  normal  to  flap  hinge  line 
(given  as  8 in  ref.  5),  deg 

flap  deflection,  measured  in  plane  parallel  to  plane 
of  symmetry  (given  as  8 in  ref.  5),  deg 
horizontal-tail  deflection,  deg 
angle  between  engine  thrust  axis  and  fuselage 
reference  line,  deg 
ratio  of  specific  heats  for  air,  1.4 
ratio  of  total  temperature  at  compressor  inlet  to 
standard  temperature  at  sea  level 
angular  distance  between  flap  nozzle  and  a line 
drawn  through  the  flap  hinge  line  perpendicular 
to  the  wing  chord  plane  (fig.  18) 


SUBSCRIPTS 

flap  duct 
flaps 
flap  jet 
uncorrected 


DESCRIPTION  OF  RESEARCH  AIRPLANES,  INSTRUMENTA- 
TION, AND  TESTS 

WIND-TUNNEL  AIRPLANE  AND  INSTRUMENTATION 

Airplane. — The  wind-tunnel  tests  were  conducted  on  a 
F-86D  airplane  on  which  the  normal  single-slotted  flaps 
had  been  replaced  by  blowing  flaps.  A photograph  showing 
the  general  arrangement  of  the  airplane  installed  in  the 
Ames  40-  by  80-foot  wind  tunnel  is  presented  in  figure  1. 
The  major  dimensions  and  parameters  of  aerodynamic 
importance  are  shown  in  figure  2.  The  airfoil  section  at 
the  wing  root  was  an  NACA  0012-64  (modified)  and  at  the 
wing  tip,  an  NACA  0011-64  (modified).  The  ordinates  of 
the  airfoil  sections  are  given  in  table  I.  Detailed  informa- 
tion for  the  wing  and  flaps  is  given  in  figure  3.  Static- 
pressure  orifices  were  installed  in  the  afterportion  of  the  flap 
upper  surface  so  that  the  degree  of  flow  separation  could  be 
estimated. 

Flap  nozzles. — Two  flap  and  nozzle  configurations  were 
tested  in  the  wind-tunnel  investigation.  The  first  of  these 
was  a plain  flap  arrangement  in  which  the  nozzle  was  essen- 
tially a slit  in  the  flap  upper  surface  extending  over  the  full 
span  of  the  flap.  A section  view  of  the  nozzle  is  shown  in 
figure  3.  The  nozzle  blocks  were  machined  from  cold- 
rolled  mild-steel  stock  and  were  fastened  to  the  top  wall  of 
the  flap  duct  with  countersunk  machine  screws.  Various 
nozzle  heights  were  obtained  by  shimming  the  forward 
nozzle  block.  This  assembly  was  made  rigid  enough  to 
hold  the  nozzle  deflections,  under  load,  to  acceptable  values 


Figure  1. — Photograph  of  the  F-86D  airplane  mounted  in  the  Ames 
40-  by  80-foot  wind  tunnel. 
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Taper  ratio 
Twist 
Dihedral 
Area 

Incidence  (root) 
Horizontal  tail 
Sweep 
Aspect  ratio 
Taper  ratio 
Twist 
Dihedral 
Area 


.51 
2.0° 

3.0° 

287.9  sq  ft 
1.0° 

35.00° 

4.73 

.45 

0° 

0° 

46.5  sq  ft 


All  dimensions  in  feet 
unless  otherwise  noted 


Sta. 

O'  All  dimensions  in  inches 


Figure  2. — General  arrangement  of  the  F-86D  airplane. 

without  the  use  of  fasteners  or  spacers  in  the  high-velocity 
portion  of  the  nozzle.  For  part  of  the  investigation,  spacers 
were  simulated  by  cementing  small  rectangular  pieces  of 
gasket  material  at  regular  intervals  in  the  nozzle. 

In  order  to  investigate  the  effects  of  chordwise  location  of 
the  nozzle  on  the  effectiveness  of  the  flap,  the  flap  duct 
was  constructed  so  that  it  could  be  rotated  about  the  flap 
hinge  line  independently  of  the  flap  itself.  For  most  of  the 
investigation  the  nozzle  was  located  at  an  angular  setting 
(<p)  equal  to  one-half  the  flap  deflection. 

The  second  flap  and  nozzle  arrangement  investigated  had 
a single-slotted  flap  and  a nozzle  located  in  the  wing  shroud 
ahead  of  the  flap  similar  to  the  configuration  investigated 
in  reference  3.  Details  of  this  flap  and  nozzle  are  shown  in 
figure  4. 


Nozzle 
l blocks 


Figure  4. — Details  of  shroud  blowing  flap. 
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Engine  and  ducting.— For  these  tests  the  J-47  turbojet 
engine  normally  used  in  this  airplane  was  replaced  by  a J-34 
engine.  (This  was  done  only  because  spare  J-47  engines 
were  not  available.)  The  amount  of  air  delivered  to  the 
flaps  was  controlled  by  a butterfly  valve  in  each  duct. 

The  weight  rate  of  flow  to  each  flap  was  determined  from 
total  pressure,  static  pressure,  and  temperature  measure- 
ments in  the  ducts.  This  system  was  calibrated  using  a 
thin  plate  orifice.  The  total-pressure  and  temperature 
measurements  used  for  calculating  the  jet  momentum  were 
taken  at  the  entrance  of  the  flap  duct.  Static-pressure 
and  temperature  measurements  were  also  made  at  the 
outboard  end  of  the  flap  duct  to  obtain  an  estimate  of  the 
spanwise  variation  of  the  jet  momentum. 

TESTS 

Range  of  variables. — The  investigation  covered  a range  of 
angles  of  attack  from  —2°  to  +23°  and  Reynolds  numbers 
from  5.8  to  10.1  X106.  These  Reynolds  numbers  were 
based  on  the  mean  aerodynamic  chord  of  the  airplane 
(8.08  ft)  and  correspond  to  free-stream  dynamic  pressures 
from  15  to  55  pounds  per  square  foot.  The  range  of  flap 
deflections  investigated  was  from  45°  to  85°.  The  airplane 
was  tested  with  and  without  the  horizontal  tail,  and  with 
and  without  the  leading-edge  slats  extended. 

Method  of  testing. — To  define  completely  the  aerodynamic 
characteristics  of  the  airplane  as  a function  of  flap  jet 
momentum,  it  would  have  been  necessary  to  obtain  data  for 
various  jet  momentum  flows  throughout  the  angle-of-attack 
range.  However,  in  order  to  expedite  the  tests,  the 
momentum  flow  was  varied  at  oidy  three  angles  of  attack, 
0°,  8°,  and  12°.  (The  angle  of  attack  for  maximum  lift 
with  leading-edge  slats  retracted  was  near  12°.)  The  addi- 
tional information  required  to  obtain  typical  lift,  drag,  and 
pitching-moment  data  for  the  airplane  was  obtained  by 
testing  at  several  other  angles  of  attack  with  a constant 
jet  momentum  well  above  that  required  for  flow  attachment. 

CORRECTIONS 

The  force  data  obtained  from  the  wind-tunnel  balance 
system  were  not  corrected  for  support-strut  interference 
but  were  corrected  for  the  effects  of  the  wind-tunnel-wall 
interference  as  follows: 

a=att+0.61lCi,u 

cD=cDu+o.omcLu2 

Cm—Cmu-\- 0.0069 \CLu  (for  tail-on  tests  only) 


The  following  corrections  for  the  effects  of  the  engine 
thrust  were  made: 


Cl — 


total  lift  Fn  . , , . 

sin  (a+e) 


qS  qS  “ 
n total  drag  . Fn  t . x 

CD= Zci — -+To  COS  (a+e) 


qS 


qS 


p total  moment  F^d 

ffSc  +^jsi 


FLIGHT  TEST  AIRPLANE 

The  flight  tests  were  conducted  with  an  F-86F  airplane 
on  which  the  standard  single-slotted  flaps  were  replaced  by 
blowing  flaps.  Pertinent  dimensions  of  the  airplane  are 
given  in  table  II.  A general  view  of  the  airplane  and  a 
close-up  of  the  flap  are  presented  in  figures  5 and  6,  re- 
spectively. The  blowing  system  consisted  of  a manifold 
to  collect  air  from  the  last  stage  of  the  engine  compressor 
of  the  J-47  engine,  a butterfly  valve  controlled  b}^  the  pilot, 
and  a 3-inch-diameter  ducting  to  each  flap.  The  ducting 
was  mounted  on  the  underside  of  the  fusealge  to  facilitate 
installation. 

The  flap  used  for  the  blowing  system  was  a plain  type 
made  by  reworking  the  nose  section  of  the  slotted  flaps 
normally  used  on  the  airplane.  The  flap  tracks  were  re- 
moved and  external  hinge  brackets  were  installed  on  the 
undersurface  of  the  wing,  allowing  flap  deflections  up  to  66°. 
A rotating  O-ring-type  seal  was  used  to  supply  air  to  the  flap 
at  a point  on  the  center  of  flap  rotation.  A sketch  of  the 


Figure  5. — General  view  of  test  airplane. 


Figure  6. — Close-up  of  flap. 
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Figure  7. — Details  of  blowing  flap  construction  for  flight  airplane. 


Figure  8. — Illustration  of  analysis  for  selecting  proper  nozzle  size  for 

blowing  flap. 

flap  cross  section  is  given  in  figure  7.  All  parts  of  the  air- 
supply  system  were  made  of  steel.  The  nozzle  block  was 
made  in  two  parts,  the  lower  part  of  steel  welded  to  the  3- 
inch-diameter  tubing,  the  upper  part  forming  the  nozzle  exit 
of  2024-T  aluminum,  fastened  by  screws  to  the  steel  nozzle 
block.  Spacers  were  used  at  3-inch-span  intervals  to  pro- 
vide a 0.020-inch  nozzle  gap.  The  area  of  the  nozzle  was 
0.0221  square  feet. 

It  should  be  noted  that  the  nozzle  area  was  not  selected 
arbitrarily,  but  was  carefully  chosen  to  meet  the  flow  require- 
ments of  the  blowing  flaps  and  the  limitations  of  bleed  air 
from  the  engine.  Figure  8 indicates  graphically  how  this 
selection  was  made.  First,  the  weight  rate  of  flow  available 
from  the  engine  bleed  ah*  system  was  plotted  as  a function  of 


pressure  ratio  for  various  engine  speeds.  These  are  the 
dashed  lines  in  figure  8.  Curves  representing  the  jet  mo- 
mentum required  to  give  the  desired  flap  lift  were  then  super- 
imposed on  this  same  plot.  These  are  the  hyperbolic-shaped 
solid  curves  in  figure  8 and  were  obtained  from  the  equation 

Mj  (dj/ad)-y! yRTd 

The  value  of  used  was  0.012,  which  the  wind-tunnel 
investigation  indicated  to  be  about  14  percent  above  that 
required  to  prevent  flow  separation  with  the  flap  deflected 
60°.  The  values  of  dynamic  pressure  used  correspond  to 
flight  speeds  of  100  to  140  knots,  the  range  of  interest  in  the 
landing  approach.  Finally,  the  weight  rate  of  flow  which 
can  be  driven  through  nozzles  of  various  size  was  computed 
and  is  shown  in  figure  8 by  the  long  dash  lines.  These  were 
developed  from  the  equation. 

w=M£)(ih 

where  p/pd= 0.634  and  a/ad— 0.913  for  air  flow  in  choked 
nozzles. 

It  is  seen  from  figure  8 that,  to  have  the  flap  fully  effective 
for  landing  approach  conditions  (say  70-  to  80-percent  rpm 
and  100  to  120  knots)  a nozzle  height  of  0.02  to  0.03  inch 
should  be  used.  For  a nozzle  height  of  0.02  inch,  a loss  of 
maximum  thrust  of  between  5 and  6 percent  due  to  bleeding 
ak  from  the  engine  would  be  anticipated. 

The  weight  of  the  boundary-layer-control  equipment  for 
this  research-type  installation  was  175  pounds.  In  a 
production-type  installation  a considerable  savings  in  weight 
should  be  possible. 

The  amount  of  engine  bleed  ah'  actually  used  at  various 
engine  speeds  is  presented  in  figure  9.  These  values  of 
bleed  ah'  correspond  to  approximately  3.5  percent  of  the 
primary  engine  air  flow.  The  bleed  flow  quantity  was  calcu- 


Figure  9. — Variation  of  engine  bleed  with  engine  speed;  sea  level,  J-47 

engine. 


Static  thrust,  lb 
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lated  from  one-dimensional  flow  equations  using  measured 
values  of  pressure,  temperature,  and  nozzle  area.  The 
variation  of  static  thrust  (measured  on  a thrust  stand)  with 
percent  engine  speed  is  presented  in  figure  10  with  and 


Figure  10. — Variation  of  static  thrust  with  engine  speed  for  blowing 
on  and  off ; sea  level,  J-47  engine. 


All  dimensions  in  feet 


6-3  section  showing  slat  open  and  closed. 

Slot  extent:  .24  A to  .96 1 

Figure  12. — Cross  sections  normal  to  wing  leading  edge  of  the  normal 
slat  and  the  6-3  slat. 

without  bleed  air  extraction.  It  can  be  noted  that  for  the 
blowing-on  case  there  was  a reduction  in  static  thrust  of 
approximately  5 percent.  The  variation  of  pressure  ratio 
with  percent  engine  speed  is  presented  in  figure  11.  It  will 
be  noted  that  sonic  flow  would  occur  in  the  nozzle  exit  at 
approximately  63-percent  rpm. 

Standard  NACA  instruments  were  used  to  record  airspeed, 
altitude,  acceleration,  duct  pressures,  and  angle  of  attack. 
Values  of  airspeed,  altitude,  and  angle  of  attack  were 
measured  approximately  8 feet  ahead  of  the  fuselage  nose. 
Duct  pressures  in  the  flaps  were  measured  at  the  midspan 
station  of  the  flaps. 

The  flight  tests  were  conducted  with  two  wing  leading- 
edge  configurations,  an  F-86D  type  slat,  and  a 6-3  slat.2 
A sketch  of  the  cross  section  of  each  leading-edge  device  is 
shown  in  figure  12.  The  majority  of  data  obtained  in  the 
flight  investigation  was  with  the  6-3  slat,  since  this  is  the 
leading  edge  currently  used  with  F-86F  type  airplanes. 

Tests  were  conducted  at  sea  level  and  5,000  feet  over  a 
speed  range  from  170  knots  to  the  stall.  An  average  wing 
loading  of  45.5  pounds  per  square  foot  was  used  with  the 
take-off  center  of  gravity  at  24.1  and  26.6-percent  mean 
aerod3rnamic  chord  for  the  airplane  with  the  F-86D  slatted 
leading  edge  and  6-3  leading  edge,  respectively.  The  engine 
rpm  was  held  fixed  for  a given  series  of  test  runs.  Tests 
were  conducted  at  trailing-edge  flap  deflections  of  38°,  45°, 
55°,  60°,  and  66°. 

RESULTS  AND  DISCUSSION 

WIND-TUNNEL  TEST3 

Correlation  of  blowing-flap  performance  with  momen- 
tum coefficient. — One  of  the  first  objectives  of  the  test  pro- 
grams was  to  establish  whether  the  effectiveness  of  a partic- 

2 The  designation  “6-3”  refers  to  a full-span  chord  extension  of  6 inches  at  the  wing  root 
and  3 inches  at  the  wing  tip. 


Figure  11. — Variation  of  pressure  ratio  at  engine  bleed  ports  with 
engine  speed;  J-47  engine. 
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ular  blowing-flap  configuration  was  determined  solely  by  the 
momentum  of  the  air  ejected  over  the  flap.  This  was  done 
by  making  a series  of  tests  on  the  same  basic  flap  configura- 
tion with  various  nozzle  openings.  Typical  results  of  these 
tests  are  presented  in  figure  13  (a).  It  should  be  noted  that, 
although  the  nozzle  opening  was  changed  from  a value  of 
0.016  inch  to  0.065  inch  (corresponding  to  values  of  hs/c  from 
0.00017  to  0.00067),  good  correlation  with  momentum  co- 
efficient is  obtained.  The  data  presented  in  figure  13  (a) 
cover  a range  of  nozzle  pressure  ratios  from  subcritical  up 
to  2.9,  and  therefore  a range  of  expanded  jet  velocities  from 
subsonic  to  supersonic.  It  should  be  noted  that  no  particular 
aerodynamic  difficulties  or  benefits  are  associated  with  either 
subsonic  or  supersonic  jet  velocities.  Corresponding  varia- 
tions of  lift  coefficient  with  flow  coefficient  and  duct  pressure 
coefficient  are  shown  in  figures  13  (b)  and  13  (c),  respectively. 
Here  it  is  seen  that  the  effects  of  nozzle  height  are  significant, 
and  that  values  of  flow  coefficient  or  pressure  coefficient  have 
meaning  only  when  the  nozzle  height  is  specified.  While 
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(a)  Variation  of  lift  coefficient  with  momentum  coefficient. 
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(b)  Variation  of  lift  coefficient  with  flow  coefficient. 


(c)  Variation  of  lift  coefficient  with  duct  pressure  coefficient. 

Figure  13. — Effect  of  nozzle  height  on  the  flow  requirements  of  the 
blowing  flap;  5/=60°,  au  = 0°,  72  — 7.5X10®,  tail  off. 


Cu 

Figure  14. — Effect  of  nozzle  height  on  the  flow  requirements  of  the 
blowing  flap  of  reference  4;  $/—  60°,  72  = 10.7X10®. 

the  data  presented  in  figure  13  are  for  0°  angle  of  attack  only, 
similar  results  were  obtained  at  8°  and  12°  angle  of  attack. 
Figure  14  presents  similar  results  obtained  from  later  wind- 
tunnel  tests  of  an  F-93  airplane  equipped  with  similar  blow- 
ing flaps  (ref.  4).  Here  the  range  of  nozzle  pressure  ratios 
used  was  from  subcritical  up  to  9.5,  and  good  correlation 
of  CL  with  Cu  was  again  obtained.  Thus,  it  appears  that, 
for  pressure  ratios  obtainable  from  turbojet  engine  bleed- air 
systems,  the  effects  of  blowing  boundary-layer  control  on 
flap  lift  are  adequately  defined  by  the  jet  momentum. 

Typical  effects  of  blowing  on  aerodynamic  characteris- 
tics.— Figure  15  (a)  presents  the  tail-off  lift,  drag,  and 
pitching-moment  characteristics  of  the  airplane  with  various 
flap  deflections  with  and  without  blowing.  The  data  ob- 
tained with  blowing  were  taken  at  constant  values  of  momen- 
tum coefficient  which  were  more  than  sufficient  to  provide 
attached  flow  for  each  flap  deflection.  It  is  seen  that  blow- 
ing over  the  flap  produced  the  type  of  lift  and  pitching- 
moment  increments  which  would  be  expected  from  substan- 
tial increases  in  flap  effectiveness.  The  drag  coefficient  for 
a given  flap  deflection  was  increased  by  blowing.  This  may 
be  surprising  in  view  of  the  fact  that  blowing  over  the  flap 
should  reduce  the  amount  of  flow  separation  and  hence  the 
profile  drag  of  the  flap.  However,  it  must  be  remembered 
that  the  total  airplane  drag  is  the  sum  of  both  profile  and 
induced  drag.  Since  the  total  drag  was  increased  by  blow- 
ing, while  the  profile  drag  was  decreased,  it  must  be  con- 
cluded that  blowing  over  the  flaps  resulted  in  an  increase  in 
induced  drag.  The  use  of  a short  span,  highly  effective  flap 
will  usually  cause  a significant  distortion  of  the  wing  span 
loading  and  a resulting  increase  in  the  induced  drag  of  the 
wing.  The  order  of  magnitude  of  this  induced  drag  can  be 
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(a)  Typical  aerodynamic  characteristics  with  and  without  blowing. 

Figure  15. — Effects  of  blowing  over  the  flaps  on  the  aerodynamic  characteristics  of  the  airplane;  R = 7.5X106,  tail  off,  h9— 0.065  inch. 


estimated  from  the  theory  of  reference  5.  It  should  be  noted 
that  this  induced  drag  increment  is  a function  of  flap  span 
and  is  more  for  small-span  flaps  than  it  is  for  large-span 
flaps. 

The  data  presented  in  figure  15  were  obtained  with  the 
flap  nozzle  located  at  an  angular  setting  (p)  equal  to  one-half 
the  flap  deflection,  as  previously  pointed  out  in  the  section 
“Wind-Tunnel  Airplane  and  Instrumentation.”  This  was 
done  because  previous  research  (ref.  6)  had  indicated  that 
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Cy. 

(b)  Variation  of  lift  coefficient  with  momentum  coefficient. 
Figure  15.— Continued. 


(c)  Variation  of  drag  coefficient  with  momentum  coefficient. 
Figure  15. — Continued. 
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(d)  Variation  of  pitching-moment  coefficient  with  momentum 
coefficient. 

Figure  15. — Concluded. 


this  setting  would  put  the  nozzle  near  the  minim um-pressure 
point  on  the  flap,  and  this  was  believed  to  be  near  the 
optimum  location.  Subsequent  testing  to  determine  the 
effects  of  nozzle  location  (see  section  entitled  “Effect  of 
Nozzle  Location”)  indicated  that  this  location  was,  in  fact, 
near  the  optimum.  However,  the  flap  lift  was  relativel}7 
insensitive  to  nozzle  position,  and  the  data  presented  in 
figure  15  are  typical  of  those  which  would  be  obtained  with 
the  nozzle  located  anywhere  between  the  minimum-pressure 
point  on  the  flap  and  the  wing-flap  juncture. 

Figures  15  (b),  (c),  and  (d)  present  the  variation  of  lift, 
drag,  and  pitching-moment  coefficient  with  momentum 
coefficient.  As  mentioned  previously,  the  momemtum 
coefficient  was  varied  only  at  uncorrected  angles  of  attack 
of  0°,  8°,  and  12°.  (The  momentum  coefficient  was  not 
varied  at  12°  angle  of  attack  for  flap  deflections  of  75°  and 
85°  since,  with  these  flap  deflections,  the  wing  had  already 
passed  maximum  lift.)  Figure  15  (b)  shows  that,  as  the 
momentum  coefficient  was  increased,  the  lift  at  first  increased 
rapidly,  but  then  the  rate  of  increase  fell  off  to  a relatively 
low  value.  Static-pressure  measurements  on  the  upper 
surface  of  the  flap  indicated  that  the  initial  rapid  increase  in 
lift  was  associated  with  the  control  of  the  boundary  layer  on 
the  flap.  The  additional  lift  obtained  after  the  flow  was 
attached  is  due  to  wing  circulation  induced  by  the  jet  flow 
over  the  flap.  The  data  presented  in  figure  15  (b)  indicate 
that  the  momentum  coefficient  required  for  a given  flap 
lift  increment  is  relatively  low  when  the  flap  deflection  is 
large  enough  so  that  the  desired  lift  is  obtained  by  using 
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blowing  primarily  for  boundary-layer  control  rather  than  to 
provide  jet-induced  circulation.  It  might  be  noted  that  the 
pitching  moment  per  unit  lift  due  to  flap  deflection  is  not 
significantly  changed  by  blowing.  This  is  shown  in  the 
following  table  which  was  obtained  from  the  data  presented 
in  figures  15  (b)  and  15  (d)  for  0°  uncorrected  angle  of  attack: 


Zf 

45° 

60° 

75° 

85° 

Cn 

0 

0.006 

0 

0. 0105 

0 

0. 0168 

0 

0. 0255 

A Cm 
A Cl 

-.20 

18 

-.20 

-.  18 

-.18 

-.17 

16 

-.  17 

All  of  the  preceding  data  were  obtained  at  a Reynolds  number 
of  7.5 X106.  Results  of  this  investigation  showed  no  effect 
of  Reynolds  number  on  the  lift  increment  due  to  blowing 
from  R=5.8  to  10X106. 

Results  of  tests  to  determine  the  effects  of  blowing  over 
the  flaps  on  static  lateral  and  directional  stability  indicated 
that  both  were  slightly  increased.  It  was  also  found  that 
blowing  over  the  flaps  increased  the  aileron  effectiveness  by 
about  25  percent. 

Effects  of  leading-edge  slats. — Figures  16  (a)  and  (b)  show 
the  effects  of  extending  the  leading-edge  slats  on  the  aero- 
dynamic characteristics  of  the  airplane  with  and  without 
blowing  on  the  flaps.  It  is  seen  that  extending  the  slats 
had  no  significant  effect  on  the  flap  performance,  that  is,  had 
no  effect  on  the  lift  increment  due  to  blowing  or  the  required 
momentum  coefficients.  The  loss  in  lift  at  angles  of  attack 
below  maximum  lift  is  due  primarily  to  the  nose  camber 
effect  of  the  slats.  It  should  be  noted  that  there  is  no 
nonlinearity  in  the  lift  curve  such  as  that  obtained  with 
area-suction  flaps  in  the  investigation  of  reference  6,  where 
the  vortex  shed  from  the  slat  root  spoiled  the  flow  over 
a portion  of  the  flap.  The  leading-edge  slats  did  not  provide 
a significant  increase  in  maximum  lift,  although  they  did 
change  the  type  of  stall  from  one  that  was  very  abrupt  to  one 
that  was  relatively  gradual.  The  pitching-moment  data 
show  that,  with  blowing  on,  the  leading-edge  slats  did  not 
provide  the  stable  variation  in  pitching  moment  at  the  stall 
that  was  obtained  without  blowing. 

Effect  of  horizontal  tail. — Lift  and  pitching-moment  data 
for  the  airplane  with  and  without  the  horizontal  tail  and 
with  and  without  blowing  on  the  flap  are  shown  in  figures 
17  (a)  and  (b).  It  is  seen  that  with  the  tail  on  and  the 
airplane  at  a constant  lift  coefficient,  blowing  over  the  flap 
produced  a positive  pitching-moment  change.  This  was 
caused  by  an  increase  in  down  wash  in  the  vicinity  of  the 
horizontal  tail.  (The  dynamic  pressure  at  the  tail  was 
measured  and  found  equal  to  free-stream  dynamic  pressure.) 

Effect  of  nozzle  location. — Figure  18  presents  lift  coefficient 
as  a function  of  momentum  coefficient  for  various  nozzle  loca- 
tions on  the  flaps  which  were  deflected  60°.  The  data  indicate 
that,  for  the  range  of  nozzle  locations  available  with  the  flaps 
deflected  60°,  no  appreciable  effect  of  nozzle  location  was 
found  at  angles  of  attack  of  8°  and  12°,  which  are  in  the  range 
of  most  significance  as  far  as  landing  and  take-off  of  the 
airplane  is  concerned.  Results  from  similar  tests  with 
the  flaps  deflected  85°  showed  that,  with  the  nozzle  behind  the 
minimum  pressure  point  (<p=62.5°),  the  flow  could  not  be 
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(b)  Blowing  on. 
Figure  17. — Concluded. 


Figure  18. — Effect  of  nozzle  position  on  the  variation  of  lift  coefficient 
with  momentum  coefficient  with  the  nozzle  in  the  flap  upper  surface; 
5/=60°,  tail  off,  72  = 7. 5X 106. 


Figure  19. — Effects  of  flap  position  on  the  variation  of  lift  coefficient 
with  momentum  coefficient  for  the  nozzle  located  in  the  wing 
shroud;  flap  upper  surface  tangent  to  nozzle  centerline;  S/=60°, 
tail  off,  72  = 7.5X106. 

attached  with  the  highest  value  of  momentum  coefficient 
available.  In  general,  these  data  indicate  that,  as  long  as 
the  nozzle  is  located  between  the  wing-flap  juncture  and  the 
minimum-pressure  point  on  the  flap,  no  significant  effect  on 
flow  requirements  will  be  obtained.  It  should  be  noted  that, 
for  the  case  where  the  nozzle  is  fixed  with  respect  to  the 
flap,  the  nozzle  should  be  positioned  approximately  at 
the  location  of  the  minimum-pressure  point  on  the  flap 
for  the  maximum  flap  deflection  contemplated.  . At  lower 
flap  deflections  the  nozzle  will  then  be  ahead  of  the  minimum- 
pressure  point  on  the  flap  and  satisfactory  performance 
should  be  obtained. 

Figure  19  shows  similar  results  obtained  from  subsequent 
tests  of  this  airplane  with  a blowing  flap  with  the  nozzle  in 
the  wing  shroud.  With  this  arrangement,  it  was  found  that 
to  obtain  the  minimum  jet  momentum  requirements,  the  flap 
should  be  positioned  close  to  the  nozzle  (within  0.44  inch  for 
this  flap).  At  this  optimum  position,  the  variation  of  lift 
coefficient  with  momentum  coefficient  for  the  shroud  blowing 
flap  compares  favorably  with  that  for  the  plain  blowing  flap. 

Effect  of  spacers  in  nozzle, — For  this  phase  of  the  investi- 
gation the  nozzle  was  plugged  with  rectangular  spacers  at 
regular  span  wise  intervals  to  simulate  an  interrupted  nozzle, 
that  is,  several  discrete  nozzles  along  the  flap  span.  Data 
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Figure  20. — Variation  of  lift  coefficient  with  momentum  coefficient 
for  nozzles  having  various  spacer  arrangements;  S/=  60°,  72  — 
7.5X106,  tail  off,  h8  — 0.040  inch. 


for  various  nozzle  configurations  are  presented  in  figure  20. 
It  is  seen  that  no  significant  effect  was  obtained  until  nozzles 
2 inches  long  separated  by  1-inch  spacers  were  simulated. 
For  this  arrangement,  it  was  found  that  the  required  mo- 
mentum coefficient  for  a given  lift  coefficient  was  somewhat 
increased. 

Comparison  with  theory. — Usually  any  large  discrepancies 
between  the  lift  of  a wing  and  that  predicted  from  inviscid 
fluid  theory  can  be  attributed  to  flow  separation.  Since  the 
application  of  boundary-layer  control  should  reduce  the 
amount  of  flow  separation,  it  is  reasonable  to  assume  that 
the  lift  obtained  by  the  use  of  boundary-layer  control  should 
approximate  that  predicted  by  inviscid  fluid  theory.  Figure 
21  shows  a comparison  of  the  flap  lift  increments  due  to 
boundary-layer  control  obtained  in  this  investigation  with 
those  estimated  by  the  theory  of  reference  5. 3 The  experi- 


> Tlie  theoretical  flap  effectiveness  was  estimated  from  A Cl=  (equivalent  to 

daf  *“  *57.3 

cq.  (7),  ref.  6) 

For  the  F-86D  wing 

Cl.  =1.52  (from  cross  plot  of  fig.  5,  ref.  5) 

-i 

~ =0.58  (from  curve  for  theoretical  flap  effectiveness,  fig.  3,  ref.  5.  Average  c/fc- 0.23 
perpendicular  to  flap  hinge  line) 


tan  S^cos  A/  tan  «/=0.895  tan  5, 
ACt=(2i|mMi/=0.o.54i/ 


S f,  deg 


Figure  21. — Comparison  of  theoretical  flap  lift  increments  with  those 
obtained  experimentally  on  the  blowing  flap  at  the  point  of  flow* 
attachment;  a=0°. 

mental  flap  lift  increments  chosen  were  those  existing  when 
the  flow  over  the  flap  first  became  attached,  as  indicated  by 
static-pressure  measurements  near  the  flap  trailing  edge. 
The  momentum  coefficients  required  to  eliminate  flow  sepa- 
ration for  each  flap  deflection  are  also  presented.  It  may  be 
seen  by  referring  to  figure  15(b)  that  these  momentum  coeffi- 
cients are  in  the  region  where  the  rate  of  increase  of  lift  co- 
efficient with  momentum  coefficient  falls  off  to  a relatively 
low  value.  This  affords  an  alternative,  but  often  less  precise, 
method  of  selecting  the  point  of  flow  attachment.  It  may  be 
seen  from  figure  21  that,  for  flap  deflections  up  to  60°,  the 
estimated  and  experimental  flap  lift  increments  are  in  good 
agreement.  The  discrepancies  between  the  predicted  and 
experimental  values  at  higher  flap  deflections  are  believed 
to  be  due  more  to  the  linearizing  assumptions  utilized  in  the 
theory  rather  than  to  an  actual  deterioration  of  the  flow  over 
the  flap.  Even  at  a flap  deflection  of  85°  the  static-pressure 
measurements  on  the  flaps  indicated  that  attached  flow  was 
obtained. 

FLIGHT  TESTS 

Aerodynamic  characteristics  with  the  6-3  slatted  leading 
edge. — Data  are  presented  in  figures  22  (a)  and  (b)  for  vari- 
ous flap  deflections  with  blowing  on  and  off  for  100-  and  80- 
percent  engine  rpm,  and  in  figure  22  (c)  for  60°  flap  deflec- 
tion and  various  engine  rpm/s.  The  equations  used  to  deter- 
mine CL  and  CD  are  discussed  in  appendix  A.  The  data  in 
figure  22  indicate  substantial  increases  in  lift  resulting  from 
the  application  of  blowing  at  all  flap  deflections.  It  will  be 
noted  that  the  angle  of  attack  for  maximum  lift  coefficient 
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decreases  with  the  amount  of  blowing,  and  with  increase  in 
flap  deflection. 

Flight  tests  of  the  airplane  equipped  with  the  standard 
38°  slotted  flap  normally  used  on  this  airplane  gave  essen- 
tially the  same  results  as  those  shown  for  the  plain  flap 
deflected  38°  without  blowing.  The  improvement  in  CL 
with  blowing  on  the  flaps  deflected  55°  over  that  obtained 
with  the  38°  flap  was  from  1.02  to  1.37  at  the  landing  ap- 
proach condition  (a=ll°,  80-percent  rpm).  With  the 
flaps  deflected  66°,  there  was  an  increase  in  CL  from 
1.40  to  1.68  at  maximum  engine  power. 

It  can  be  observed  from  the  data  in  figure  22  that  the  flap 
lift  increment  due  to  blowing  varies  over  the  angle-of- 


attack  range.  It  is  noteworthy  that  maximum  flap  lift 
increment  occurs  in  the  angle-of-attack  range  (10°  to  12°) 
for  the  landing  approach. 

Aerodynamic  characteristics  with  the  standard  F-86 
leading-edge  slats. — The  lift  and  drag  characteristics  of 
the  airplane  equipped  with  the  standard  F-86  leading- 
edge  slats  are  shown  in  figure  23.  It  is  seen  that,  with 
blowing  on,  opening  the  leading-edge  slats  did  not  provide 
any  increase  in  CL  . This  same  result  was  obtained  in 
the  wind-tunnel  investigation.  However,  the  leading-edge 
slats  did  improve  the  stalling  characteristics  of  the  airplane 
considerably. 


Co 


(a)  100-percent  engine  speed. 

Figure  22. — Lift,  drag,  and  momentum  coefficient  curves  for  various  flap  deflections;  6-3  slatted  leading  edge. 
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CD 

Figure  23. — Lift  and  drag  curves  for  the  airplane  with  the  standard  F-86D  leading-edge  slats;  80-percent  engine  speed. 


Figure  24  shows  a comparison  between  flight  and  wind- 
tunnel  results  for  the  flaps  deflected  60°  and  at  an  angle  of 
attack  of  12°.  The  flight  results  are  presented  with  the 
gear  up  to  correspond  to  the  configuration  tested  in  the  wind 
tunnel.  These  data  show  reasonably  good  correlation 
between  the  wind-tunnel  results  and  the  flight  results  over 
the  (7m  range  tested. 

Pilot  evaluation  of  the  use  of  boundary-layer  control. — 

A total  of  48  flights  were  made  by  four  Ames  pilots,  a number 
of  company  test  pilots,  and  service  pilots  to  evaluate  the 
airplane  with  and  without  boundary-layer  control.  In 
particular,  it  was  desired  to  know  the  effect  of  BLC  on  the 
landing-approach  speeds,  take-off  characteristics,  and  flying 
qualities. 

Approach  speeds:  The  landing-approach  speeds  chosen  by 
the  NACA  pilots  for  a carrier- type  approach  at  12,850 
pounds,  the  stalling  speeds,  and  the  stalling  characteristics 
are  presented  in  table  III  for  the  airplane  with  various 
leading-edge  devices  for  55°  flap  deflection.  Included  in 
the  table  for  comparison  are  the  values  for  the  slotted  flap 
(5/=  38°). 


Figure  24. — Comparison  of  wind-tunnel  and  flight  results;  F-86D 
slatted  leading  edge,  5/=60°,  gear  up. 
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These  data  indicate  that  substantial  reductions  in  ap- 
proach speed  are  realized  with  the  boundary-layer  control 
operating.  For  the  normal  type  slatted  leading  edge,  a 12- 
knot  reduction  in  average  approach  speed  over  the  slotted 
flap  was  obtained,  while  a 9-knot  reduction  was  obtained 
with  the  6-3  slatted  leading  edge.  The  variation  of  average 
approach  speed  with  gross  weight  with  the  6-3  leading  edge 
for  the  55°  flap  deflection,  blowing  on  and  off,  and  the  slotted 
flap  is  presented  in  figure  25.  These  data  were  computed  on 
the  assumption  that  the  pilot  would  approach  at  the  same 
angle  of  attack  regardless  of  gross  weight.4 


Figure  25. — Variation  of  approach  speed  with  gross  weight  for 
various  flap  deflections ) 6-3  slatted  leading  edge. 


The  reasons  given  by  the  pilots  for  selecting  a minimum 
comfortable  approach  speed  changed  in  most  cases  from  the 
ability  to  arrest  a sink  rate  or  to  control  altitude  without 
bound  ary -layer  control  to  proximity  to  the  stall  with  boun- 
dary-layer control  on.  The  relationship  between  the  pilots’ 
selected  approach  speeds  and  the  lift  curves  for  the  airplane 
with  the  6-3  slatted  leading  edge  is  given  in  figure  26.  These 
data  indicate  that  the  pilots  did  not  make  approaches  at  the 
same  angle  of  attack  with  blowing  on  and  off.  Although  the 
pilots  felt  that  the  ability  to  control  altitude  while  maintain- 
ing a desired  approach  airspeed  was  greatly  improved  with 
blowing  on,  a reduction  in  angle  of  attack  was  necessary  to 
maintain  a safe  margin  below  maximum  lift. 

Each  pilot  also  made  carrier  approaches  with  the  flaps 
deflected  66°.  In  this  case  the  increased  lift  resulted  in  only 
small  (1  to  2 knots)  reductions  in  approach  speed.  The  66° 
flap  deflection  was  not  felt  to  be  desirable  for  carrier  ap- 

* Several  pilots  commented  on  the  improvement  in  turning  performance  during  landing 
approach  by  noting  an  increase  in  attainable  angle  of  bank  or  normal  acceleration  with  blow- 
ing on. 


a,  deg 


Figure  26. — Relationship  of  pilot’s  selected  approach  speeds  to  lift 
curves  for  various  flap  deflections;  6-3  slatted  leading  edge,  S0- 
percent  engine  speed,  W/S= 42.5,  5/=55°. 

proaches  because  of  the  increased  drag  causing  poorer  wave- 
off  performance. 

The  foregoing  discussion  has  been  concerned  with  carrier- 
type  approaches  which  are  made  at  essentially  constant 
altitude  with  power  for  level  flight.  For  normal  held 
operation,  a sinking-type  approach  is  used  at  reduced  engine 
powers.  Because  engine  power  has  a direct  effect  on  the 
amount  of  flap  lift  produced  with  blowing  on,  as  well  as 
affecting  the  steepness  of  the  glide  path,  the  approach  speeds 
selected  in  a sinking-type  approach  will  vary,  depending  on 
the  amount  of  power  used.  The  effect  of  engine  power  on 
flap  lift  increment  is  indicated  by  the  data  presented  in 
figure  27  for  a 55°  flap  deflection.  The  data  show  a smooth 
variation  of  flap  lift  with  rpm.  Figure  28  shows  the  varia- 
tion of  selected  approach  speed  with  engine  rpm  for  a 55° 
flap  deflection  with  boundary -layer  control  on  and  off. 
These  approaches  were  made  at  constant  power  and  constant 
airspeed  with  the  throttle  retarded  after  the  flare  (except  for 
idle  condition).  Although  an  appreciable  amount  of  lift  due 
to  blowing  is  present  even  at  idle  power,  the  data  in  figure  2S 
indicated  that  if  the  entire  approach  is  made  near  idle  power, 
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Figure  27. — Variation  of  flap  lift  increment  with  engine  speed;  6-3 
slatted  leading  edge,  5/=55°. 


Figure  28. — Effect  of  engine  speed  on  approach  speed;  blowing  off 
and  on,  5/=55°,  6-3  slatted  leading  edge,  sinking- type  approach. 


little  or  no  reduction  in  approach  speed  would  be  realized. 
It  should  be  noted  that  for  modern  jet-powered  aircraft, 
approaches  rarely  are  made  at  idle  power.  With  the  low 
values  of  L/D  characteristic  of  modern  aircraft,  it  is  neces- 
sary in  the  interest  of  safety  to  use  moderate  amounts  of 
engine  power  to  prevent  excessively  high  sink  rates  and 
provide  satisfactoiy  engine  response  in  case  of  a wave-off. 
If  idle  power  approaches  are  necessary  for  a particular  design, 
a larger  nozzle  gap  could  be  used  to  provide  the  required 
C\i  values.  There  should  be  incorporated,  however,  a means 
of  reducing  the  flow  to  avoid  unnecessary  loss  of  engine 
thrust  at  higher  values  of  engine  power.  In  order  to  get  the 
maximum  utilization  of  the  boundary-layer  control  for  a 
sinking-type  approach,  the  NACA  pilots  modified  their 
approach  and  used  lower  power  to  reduce  airspeed  and  lose 
altitude  in  the  early  part  of  the  landing  pattern,  and  then 
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increased  power  in  the  final  approach,  with  a cut  in  power 
after  the  flare.  Final  approach  speeds  for  landings  made  in 
this  manner  could  be  as  slow  as  those  obtained  in  the  carrier- 
type  approaches.  In  an  approach  where  70-percent  rpm  was 
maintained  until  the  landing  flare  was  initiated,  due  to 
windmilling  action,  the  engine  rpm  dropped  off  only  to  55 
percent  at  touchdown.  For  the  sinking-type  approach, 
some  pilots  preferred  a 66°  flap  deflection  since  the  added 
drag  permitted  higher  engine  rpm  and  resulted  in  improved 
engine  response  and  increased  lift  due  to  blowing. 

In  regard  to  instrument- type  landings,  several  pilots  com- 
mented that  with  blowing  the  airplane  was  held  more  easily 
at  a desired  approach  speed.  This  effect  is  presumable*  tied 
in  with  the  increased  slope  of  the  CL — CD  curve  with  blowing 
on  which  results  in  smaller  drag  changes  for  a given  lift 
change. 

In  order  to  investigate  further  the  action  of  boundary- 
layer  control  in  sinking- type  approaches,  several  GCA 
(ground  control  approach)  approaches  were  made  using  the 
Moffett  Field  GCA  facilities.  The  pilot's  comments  were 
as  follows : 

“The  first  approach  was  made  attempting  to  use  the 
technique  described  in  the  pilot's  handbook  (i.  e.,  power 
constant  at  78  percent,  150  knots,  on  level  portion  of  final 
approach,  and  upon  reaching  glide  slope,  opening  speed 
brakes  which  is  supposed  to  result  in  500  feet  per  minute  rate 
of  descent  at  150  knots).  The  flaps  were  set  at  38°,  blowing 
off.  Altitude  control  was  good;  however,  it  seemed  rather 
difficult  to  maintain  the  desired  airspeed  and  a number  of 
power  corrections  had  to  be  made.  Even  so,  rather  large 
excursions  from  the  desired  airspeed  occurred  (10  to  15 
knots).  The  second  approach  was  made  with  55°  flap 
deflection  with  bound ary -layer  control  off.  The  entire 
approach  was  made  at  130  knots  which  seemed  quite  com- 
fortable. Power  required  was  about  80  percent,  speed 
brakes  were  opened  upon  reaching  the  glide  slope.  In 
general,  it  seemed  easier  to  hold  close  to  the  desired  airspeed. 
Altitude  control  again  was  good.  Two  approaches  were 
then  made  with  the  boundary-layer  control  on.  On  the 
first  the  flap  deflection  was  left  at  55°  throughout  the 
approach  and  the  speed  brakes  were  opened  to  start  the 
rate  of  descent.  On  the  second,  55°  flap  deflection  was  used 
to  the  glide  slope,  at  which  point  the  flaps  were  lowered  to 
66°,  leaving  the  speed  brakes  retracted.  This  latter  pro- 
cedure seemed  the  most  effective  in  commencing  the  500 
feet  per  minute  rate  of  descent.  The  desirable  approach 
speed  seemed  to  be  115  knots  which  required  about  83-per- 
cent rpm.  Speed  control  with  boundary-layer  control  on 
was  excellent.  Glide  slope  corrections  were  easily  made 
with  little  effort,  requiring  only  slight  changes  in  power. 
Once  the  correct  power  and  rate  of  descent  were  established 
the  airplane  seemed  to  ride  down  the  glide  slope  as  if  it  were 
on  a track." 

Other  pilots  made  comments  relative  to  the  take-off 
characteristics.  The  fact  that  additional  lift  was  available 
with  no  change  in  airplane  attitude  when  the  blowing  was 
turned  on  was  appreciated  by  some  pilots  and  was  felt  to 
be  desirable  for  instrument-type  take-offs.  Because  of  the 
high  drag  above  110  knots,  a modified  climb-out  technique 
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was  used  to  get  maximum  performance  (i.  e.,  climb  initially 
at  100  to  110  knots,  then  turn  the  boundaiy -layer  control 
off  before  acceleration  to  higher  speeds). 

Flying  qualities:  The  following  discussion  will  cover  those 
items  on  which  boundary-layer  control  had  an  effect.  All 
other  flying  qualities  were  unaffected  by  boundary-layer- 
control  operation. 

The  longitudinal  trim  changes  due  to  the  operation  of  the 
boundary-layer-control  s}7stem  on  this  airplane  were  con- 
sidered to  be  excessive  by  the  pilots.  The  measured  con- 
trol forces  are  presented  in  the  following  table: 


Longitudi- 
nal stick 
force,  lb 

Initial  trim  condition 

Configuration 

change 

Parameter  to 
be  held 
constant 

Speed, 

knots 

Gear 

Flaps 

Power, 

percent 

BLC 

0 

140 

(1.4 

V.g) 

Down 

Up 

80 

Off 

7 pull 

140 

Down 

55°  down 

80 

Off 

Flaps  down 

Altitude 

18  pull 

140 

Down 

55°  down 

87 

On 

BLC  on 

Altitude 

0 

140 

Up 

55°  down 

100 

On 

15  push 

Up 

55°  down 

100 

Off 

BLC  off 

Rate  of  climb 

24  push 

Up 

Up 

100 

Off 

Flaps  up 

Rate  of  climb 

Although  the  trim  changes  noted  in  the  table  are  large,  it 
is  not  felt  that  the  boundary-layer-control  operation  in  itself 
would  represent  a serious  trim  change  problem.  It  can  be 
noted  that  large  trim  changes  were  encountered  in  operation 
of  the  flaps  alone  and  result  from  the  type  of  force  feel  system 
(irreversible  control  system  with  a bungee-fixed  spring 
gradient  picked  on  the  basis  of  high-speed  flight)  employed 
on  this  airplane.  It  is  of  interest  to  note  that  the  pitching- 
moment  change  with  the  application  of  blowing  measured  in 
the  wind  tunnel  for  the  F-86D  airplane  was  in  an  opposite 
direction  to  that  measured  in  flight  in  the  present  investiga- 
tion. The 'reason  for  this  is  felt  to  be  due  to  the  difference 
in  horizontal  tail  geometry  between  the  two  airplanes. 

The  effect  of  the  boundary -layer  control  on  the  stalling 
characteristics  was  dependent  somewhat  on  the  type  of 
leading-edge  device  employed  with  it.  For  the  6-3  slats 
and  the  slotted  flap  (^=38°)  the  stall  was  characterized  by 
a mild  pitch-up  coupled  with  a lateral  unsteadiness  which  was 
controllable.  The  pitch-up  was  followed  by  a pitch-down. 
There  was  no  stall  warning.  The  stall  in  this  configuration 
was  considered  satisfactory.  With  the  plain  flap  deflected 
55°  and  bound  ary -layer  control  off,  the  pitch-up  was  more 
pronounced.  Applying  boundaiy -layer  control  tended  to 
increase  the  pitcli-up  and  the  stall  itself  was  considered 
marginal  to  unsatisfactory  due  chiefly  to  the  poor  stall  re- 
covery characteristics.  In  order  to  recover  from  the  stall, 
large  forward  stick  displacements  were  necessary  and  the 
associated  stick  forces  were  objectionable.  The  pitch-up  at 
the  stall  and  the  poor  stall  recovery  characteristics  were 
aggravated  by  the  extreme  rearward  center-of-gravity  loca- 
tion (approximately  27  percent)  with  the  6-3  slats  installed. 
With  the  F-86D  slats,  the  stall  was  considered  satisfactory 
for  all  conditions;  however,  the  application  of  boundary- 
layer  control  tended  to  reduce  the  stall  warning  and  render 
it  marginal  to  unsatisfactory. 


Operational  characteristics:  In  the  evaluation  of  the 
performance  of  the  airplane,  actual  measurements  of  landing 
and  take-off  distances,  climb,  and  catapult  launching  were 
not  made;  but  by  the  use  of  the  lift  and  drag  data  obtained 
with  the  6-3  slatted  leading  edge  and  engine  thrust  data, 
computations  have  been  made  of  the  performance.  The 
methods  used  for  computing  performance  are  contained  in 
appendix  B and  are  felt  to  be  adequate  for  comparative  pur- 
poses. 

Landing  performance:  The  landing  distance  over  a 50- 
foot  obstacle  and  the  ground  roll  distance  were  computed 


Figure  29. — Variation  of  landing  distance  with  gross  weight  for 
various  flap  deflections;  6-3  slatted  leading  edge,  sea  level. 


for  the  landing  configuration  using  the  average  approach 
speeds  selected  by  the  pilots  and  are  presented  in  figure  29 
for  flap  deflections  of  55°  and  66°,  blowing  on  and  off.  For 
comparison  purposes  the  computed  distances  for  the  normal 
38°  slotted  flap  deflection  are  also  presented  in  figure  29. 
These  data  indicate  that  a reduction  of  approximately  30 
percent  in  total  distance  would  be  realized  using  the  66° 
flap  deflection  with  blowing  on  at  an  airplane  gross  weight 
of  14,000  pounds. 

Take-off  performance:  In  the  computations  for  take-off 
and  climb,  account  is  taken  of  the  thrust  loss  incurred  as  a 
result  of  extracting  air  from  the  engine  compressor.  In  order 
to  operate  the  engine  within  the  allowable  tail-pipe  tempera- 
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ture  when  extracting  ah*  for  bound  ary-layer  control,  a re- 
duced value  of  rpm  is  used.  The  thrust  reduction  was  ap- 
proximately 270  pounds  at  maximum  power. 

In  considering  a catapult  type  take-off  this  reduction  in 
thrust  is  not  too  significant,  since  take-off  acceleration  is 
provided  principally  by  the  catapult  itself.  It  is  required, 
however,  that  sufficient  engine  thrust  be  available  to  acceler- 
ate the  airplane  after  launch  with  a minimum  longitudinal 
acceleration  of  approximately  0.065g.5  Lift-off  speed  is  se- 
lected as  the  speed  at  nine-tenths  of  CLfnax  or  at  the  maxi- 
mum ground  attitude.  The  results  of  computations  of  the 
take-off  speeds  at  the  end  of  the  catapult  run  as  a function 
of  gross  weight  for  various  flap  deflections  with  blowing  on 
and  off  are  presented  in  figure  30.  Indicated  in  this  figure 


Figure  30. — Variation  of  catapult  take-off  velocity  with  gross  weight 
for  various  flap  deflections  with  blowing  on  and  off;  6-3  leading 
edge,  sea  level. 


are  the  H8-catapult  characteristics.  The  results  indicate 
significant  improvements  in  performance  with  blowing  on. 
Compared  to  the  38°  deflection  of  the  slotted  flap,  the  66° 
deflection  of  the  flap  with  boundary-layer  control  would 
allow  an  8-knot  reduction  in  catapult  take-off  speed  at  a 
gross  weight  of  16,000  pounds.  At  this  gross  weight  the 
longitudinal  acceleration  would  be  approximately  0.1 5g. 

With  regard  to  a field  take-off , the  assumption  is  made  that 
the  airplane  accelerates  on  the  ground  in  a level  attitude, 
and  at  take-off  speed  the  airplane  is  rotated  to  the  angle  of 
attack  corresponding  to  a velocity  of  1.2  Vs.  For  the  transi- 
tion distance,  it  is  assumed  that  the  airplane  is  in  a steady 
rate  of  climb  at  the  value  for  the  50-foot-height  point.  The 
results  of  the  computations  presented  in  figure  31  indicate 


* Assumed  minimum  acceleration  value  used  to  assure  that  the  airplane  does  not  sink  after 
launch. 


Figure  31. — Variation  of  take-off  distance  with  gross  weight  for 
various  flap  deflections;  blowing  on  and  off,  6-3  slatted  leading 
edge,  sea  level. 


small  improvements  in  total  distance  over  a 50-foot  obstacle 
with  blowing  on  for  the  45°  flap  deflection  compared  with 
the  standard  38°  slotted  flap.  The  take-off  performance" was 
computed  with  the  maximum  possible  C available.  Reduc- 
ing the  air  flow  to  the  flaps  to  reduce  the  thrust  loss  and  thus 
operate  at  a lower  made  a further  improvement  in  the 
take-off  performance.  By  waiting  until  take-off  speed  is 
reached  before  turning  on  the  boundary-layer  control,  a 
further  reduction  of  6 percent  would  be  realized. 

Climb  characteristics:  The  rate  of  climb  after  a catapult 
take-off  (at  a speed  of  1.05  Vs)  is  presented  as  a function  of 
gross  weight  in  figure  32.  Although  the  rate  of  climb  is 
reduced  when  blowing  is  used,  it  should  be  kept  in  mind  that 
because  of  the  lower  stalling  speed  it  is  possible  to  climb  at 
a lower  airspeed  with  blowing  on  so  that  there  is  no  significant 
change  in  climb  angle. 

SUMMARY  OF  RESULTS  AND  CONCLUSIONS 

The  following  conclusions  are  based  on  wind-tunnel  and 
flight  investigations  of  F-86  type  aircraft  with  blowing 
boundary-layer  control  on  the  trailing-edge  flaps: 

1.  Correlation  of  flap  lift  with  jet  momentum  coefficient 
was  good  for  the  range  of  pressure  ratios  obtainable  from 
turbojet  engine  bleed  air  systems. 

2.  The  lift  increment  obtained  by  preventing  flow  separa- 
tion on  the  flap  can  be  predicted  up  to  60°  flap  deflection 
by  the  linear  inviscid  fluid  theory  of  NACA  Rep.  1071. 
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Figure  32. — Variation  of  rate  of  climb  with  gross  weight  for  various 
flap  deflections  with  blowing  on  and  off;  wave-off  speed  = 1.05V,, 
6-3  leading  edge,  sea  level. 


3.  Higher  lift  increments  than  those  obtained  by  pre- 
venting flow  separation  on  the  flaps  can  be  achieved  by 
further  increasing  the  momentum  coefficient  to  values  above 
that  required  to  prevent  flow  separation.  However,  once 
the  flow  is  attached  to  the  flap,  large  values  of  momentum 
coefficient  are  required  to  increase  the  lift  significantly. 

4.  Lateral  stability  was  increased  slightly  by  blowing 
over  the  flaps,  and  the  maximum  roll  power  of  the  ailerons 
was  increased  by  about  25  percent. 

5.  When  the  blowing  nozzle  was  located  in  the  upper 

surface  of  the  flap,  it  was  found  that  the  chordwise  position 

of  the  nozzle  could  be  anywhere  between  the  minimum 


pressure  point  on  the  flap  and  the  wing-flap  juncture  without 
seriously  affecting  the  flap  lift.  If  the  nozzle  is  located  too 
far  downstream  of  the  minimum  pressure  point,  large  losses 
in  flap  lift  may  result. 

6.  When  the  blowing  nozzle  was  located  in  the  wing 
shroud  ahead  of  the  flap,  it  was  necessary  to  position  the 
flap  close  to  the  nozzle  to  obtain  the  same  lift  coefficients  at 
low  momentum  coefficients  as  those  for  the  plain-blowing- 
flap  configuration. 

7.  The  blowing  flap  lift  is  relatively  insensitive  to  spacers 
or  structural  members  in  the  nozzle  throat.  It  is  also 
insensitive  to  flow  disturbances  such  as  those  caused  by 
leading-edge  slats. 

8.  Blowing  with  the  flaps  deflected  55°  reduced  the  aver- 
age approach  speed  by  as  much  as  12  knots  in  a carrier-t33 4 5 * 7pe 
approach  compared  to  the  slotted  flap  deflected  38°.  In 
sinking-type  approaches  smaller  reductions  in  speed  were 
realized. 

9.  Blowing  with  the  flaps  deflected  66°  reduced  the  cal- 
culated landing  distance  by  30  percent  compared  to  the 
standard  38°  slotted  flap.  In  takeoff  performance  calcula- 
tions, the  catapult  end  speed  required  at  a given  gross 
weight  was  reduced  by  8 knots  due  to  blowing.  For  a field- 
type  takeoff  the  gains  calculated  were  relatively  small. 

10.  Improvements  were  noted  by  the  pilots  in  control  of 
the  glide  path  with  blowing  on.  Improvements  were  noted 
also  in  take-off  since  the  airplane  would  tend  to  fly  off 
without  as  much  rotation  in  attitude  required. 

11.  The  longitudinal  trim  changes  due  to  flap  deflection 
and  application  of  blowing  were  considered  excessive  by  the 
pilots. 

12.  In  some  cases  the  stalling  characteristics  were  made 
less  desirable  with  blowing  on. 

Ames  Aeronautical  Laboratory 

National  Advisory  Committee  for  Aeronautics 
Moffett  Field,  Calif.,  April  80,  1958 


APPENDIX  A 

EQUATIONS  USED  FOR  DETERMINING  LIFT  AND  DRAG 


The  equations  used  to  determine  the  lift  coefficients  and 
drag  coefficients  are  as  follows : 

CL (Az  cos  <x+Az  sin  a)  — ^ ( FG  sin  a) 

(Az  sin  a — Ax  cos  cos  oc—wV) 


where 

W 

-p-  airplane  wing  loading,  lb/sq  ft 

o 

q dynamic  pressure,  lb/sq  ft 

Az  normal  acceleration  factor,  g units 
Ax  longitudinal  acceleration  factor,  g units 
a angle  of  attack,  deg 

w engine  air  flow,  lb  sec/ft 

V frce-stream  velocity,  ft/sec 
Fg  engine  gross  thrust,  lb 


APPENDIX  B 

METHODS  USED  FOR  PERFORMANCE  EVALUATION 


The  following  equations  and  assumptions  were  used  in 
computing  the  performance: 

Landing  distance : 

'TV-IV+50  \L 


Air  distance 


-Q 


64.4 


w ft 


(ref.  7,  p.  198)  where  V5Q  is  pilots’  average  approach  speed 
and  the  landing  velocity 

Vl=1.05V, 


Ground  run= 


"64.41m- (D/L)] 

and  ju- -0.4  (ref.  8,  p.  312). 

Take-off  distance : 

WV. 

Ground  run= 


log  e (^j)  n,  ft 


<MA[T-nW-Sq(CD-»CL)] 

(from  ref.  7,  pp.  195-196) 

* • i • i_  50W  , V to 2 ^ 

Air  distance:  ™ It 

1 ~u  W2 

(ref.  9,  p.  51)  where  take-off  velocity 

Vm=1.2V, 

= 1.2^W=£™S,  f./sec 


ft 


and 

T thrust  at  100-percent  engine  speed 

3 § (0.7Fro)2 

W airplane  gross  weight  in  pounds 
a angle  of  attack  at  CLmax  or  at  maximum  ground  angle 

fj,  0.02 

(The  assumption  is  made  that  steady  climb  has  been  attained 
before  reaching  the  50  foot  height.) 

Catapult  end  speed : 


F„-A/295<VFri’si"  knots 

where 

Cl  to 

0-9  CLmaz 

OiTO 

angle  of  attack  at  CLt0 

Climb : 

i.  t v i 60FC(X' — D ) - , 

Rate  of  clnnb= > ft/sec 

where 

V, 

1.05F,,  ft/sec 

T 

thrust  at  climb  power 

D 

drag  at  Vc 
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TABLE  I— COORDINATES  OF  THE  WING  AIRFOIL  SEC- 
TIONS NORMAL  TO  THE  WING  QUARTER-CHORD  LINE 
AT  TWO  SPAN  STATIONS 

[Dimensions  given  in  inches] 


Section  at  0.467  semispan 

Section  at  0.857  semispan 

Dis- 

Ordinate 

Dis- 

Ordinate 

tance 

lance 

from 

from 

L.  E. 

Upper 

Lower 

L.  E. 

Upper 

Lower 

. 

o 

0 231 

0 

-0. 098 

.119 

.738 

-0.  307 

.089 

. 278 

-6. 464 

.239 

.943 

-.516 

. 177 

.420 

-.605 

.398 

1. 127 

698 

.295 

. 562 

-.739 

.597 

1.320 

-.  895 

.443 

. 701 

-.879 

.996 

1.607 

-1. 196 

. 738 

.908 

-1.089 

1.992 

2.  104 

-1.  703 

1. 470 

1.273 

-1.437 

3.  984 

2.715 

-2. 358 

2.  952 

1.  730 

-1.878 

5.976 

3.  121 

-2.811 

4.  428 

2.  046 

-2. 176 

7.968 

3.  428 

-3.  161 

5.  903 

2.  290 

-2.  401 

11.  952 

3.  863 

-3. 687 

8.855 

2.648 

-2.  722 

15.  936 

4.  157 

-4.  064 

11.806 

2.  911 

-2.  944 

19.  920 

4.  357 

-4.364 

14. 758 

3. 104 

-3. 102 

23.  904 

4.480 

-4.  573 

17.  710 

3.244 

-3.200 

27.  888 

4.  533 

-4.719 

20.  661 

3.333 

-3.  250 

31.872 

4.  525 

-4.800 

23.613 

3.380 

-3.256 

35.  856 

4.  444 

-4. 812 

26.  564 

3.373 

-3.  213 

39.  840 

4.299 

-4.  758 

29. 516 

3.  322 

-3. 126 

43.825 

4.081 

-4.  638 

32.  467 

3. 219 

-2. 989 

47.  809 

3.  808 

-4.452 

35. 419 

3.074 

-2. 803 

51.  793 

3.  470 

-4.202 

38.  370 

2.885 

-2. 574 

55.  777 

3. 066 

-3. 891 

41.322 

2. 650 

-2.  302 

59.  761 

2.603 

-3. 521 

44.  273 

2.  374 

-1.986 

a 63.  745 

2.079 

-3. 080 

a 47. 225 

2. 054 

-1.625 

83. 681 

-.740 

63. 031 

.321 

Le.  E.  radius:  1.202,  center 

L.  E.  radius:  0.822,  center 

at  (1.201  0.216) 

at  (0.822,  -0.  093) 

TABLE  II.— DIMENSIONS  OF  TEST  AIRPLANE 


Wing: 

Total  area,  sq  ft  (with  F-86D-fcype  slats) 287.  9 

Total  area,  sq  ft  (with  extended  leading  edge) 302 

Span,  ft * 37. 12 

Aspect  ratio 4.  79 

Taper  ratio 0.51 

Mean  aerodynamic  chord  (wing  station  98.7  in.),  ft 8. 1 

Dihedral  angle,  deg 3. 0 

Sweepback  of  0.25-chord  line,  deg - - 35.  23 

Geometric  twist,  deg . 2.0 

Root  airfoil  section  (normal  to  0.25-chord  line) NACA  0012-64  (modified) 

Tip  airfoil  section  (normal  to  0.25-chord  line) NACA  0011-64  (modified) 

Wing  area  affected  by  flap,  sq  ft 116.  6 

Horizontal  tail: 

Total  area,  sq  ft - — 35.0 

Span,  ft - 12.7 

Aspect  ratio - 4. 65 

Taper  ratio 0.45 

Dihedral  angle,  deg 10. 0 

Mean  aerodynamic  chord  (horizontal-tail  station  33.54  in.),  ft 2. 9 

Sweepback  of  0.25-chord  line— 34.  58 

Airfoil  section  (parallel  to  center  line) NACA  0010-64 

Vertical  tail: 


Total  area,  sqft 

Span,  ft__ 

Aspect  ratio 

Taper  ratio 

Sweepback  of  0.25-chord  line,  deg_ 

Flap: 

Total  area,  sq  ft 

Span  (from  13.4  to  49.5-percent  semispan),  ft 
Chord  (constant),  ft 


34.4 
7.5 
1.  74 
0.36 
35.00 

23.7 
7.27 
1. 67 


Straight  lines  to  trailing  edge. 
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TABLE  III.— PILOTS’  OBSERVED  STALLING  AND  APPROACH  CHARACTERISTICS 
FOR  VARIOUS  FLAP  AND  LEADING-EDGE  DEVICES 


Configuration 

Stall 

Carrier  approach 
12,850  lb 

Pilot 

Leading 

edge 

Flap 

BLC 

Indicated 
air  speed, 
knots 

Gross 

weight, 

lb 

Characteristics 

Indicated 
air  speed, 
knots 

Reason  for  limiting 
approach  speed 

6-3  slat 

38°  slotted 

None 

89 

12,750 

Warning:  Unsatisfactory 
Stall:  No  comment 

105 

Inadequate  longitudinal  control 
and  visibility 

6-3  slat 

55° 

On 

85 

12, 630 

Warning:  None— unsatisfactory 
Stall:  Marginal— satisfactory 

95 

Proximity  to  stall,  inadequate 
altitude  control 

6-3  slat 

55° 

Off 

90 

12,  720 

Warning:  None— unsatisfactory 
Stall:  Marginal— satisfactory 

103 

Proximity  to  stall,  inadequate 
altitude  control  and  visibility 

A 

F-86D  slat 

38°  slotted 

None 

96 

14.200 

Warning:  Satisfactory 
Stall:  Satisfactory 

106 

Inadequate  longitudinal  control 
and  visibility 

F-86D  slat 

55° 

On 

88 

12,860 

Warning:  93  knots,  less  than  with 
BLC  off 

Stall:  Satisfactory 

98 

Proximity  to  stall 

F-S6D  slat 

65° 

Off 

93 

12, 860 

Warning:  103  knots,  satisfactory 
Stall:  Satisfactory 

111 

Inadequate  longitudinal  control 
and  ability  to  arrest  sink 

6-3  slat 

38°  slotted 

None 

90 

12,470 

Mild  pitch-up  with  roll-off 

103-108 

Proximity  to  pitch-up  and  roll-off 

6-3  slat 

55° 

On 

86-88 

12,860 

Warning:  Unsatisfactory 
Stall:  Marginal,  stall  recovery 
unsatisfactory,  mild  pitch-up 
with  lateral  instability  at  Cum 

93-98 

Proximity  to  pitch-up 

B 

6-3  slat 

55° 

Off 

93 

12, 860 

Warning:  Unsatisfactory 
Stall:  Marginal,  satisfactory 

98-103 

Proximity  to  pitch-up 

F-86D  slat 

38°  slotted 

None 

92 

12,860 

Warning:  Satisfactory 
Stall:  Satisfactory 

103 

Ability  to  arrest  rate  of  sink, 
visibility 

F-86D  slat 

55° 

On 

88 

12,860 

AVarning:  91  knots,  satisfactory 
Stall:  Satisfactory 

96-98 

Ability  to  control  rate  of  sink 

F-S6D  slat 

55° 

Off 

92 

12,860 

Warning:  96  knots;  very  mild; 

unsatisfactory 
Stall:  Satisfactory 

108-113 

Ability  to  control  rate  of  sink 

6-3  slat 

38°  slotted 

j 

None 

92 

13, 310 

Smooth  to  100  knots;  yaw  to  left 
at  98  knots  and  fall  through 
at  94  knots 

106 

Inadequate  altitude  control  and 
proximity  to  stall 

C 

6-3  slat 

55° 

On 

86 

12, 860 

Warning:  Unsatisfactory 
Stall:  Unsatisfactory  due  to 
pitch-up 

97 

Proximity  to  pitch-up 

6 3 slat 

55° 

Off 

92 

12,860 

AVarning:  Unsatisfactory 
Stall:  Marginal  due  to  pitch-up 

110 

Ability  to  arrest  rate  of  sink 

F-86D  slat 

38°  slotted 

None 

98  : 

14,  300 

AVarning:  Satisfactory 
Stall:  Satisfactory 

110 

Ability  to  control  rate  of  sink 

F -86 D slat 

55°  ; 

On 

88 

12, 860 

Stall:  Satisfactory 

98-100 

Proximity  to  stall 

F-86D  slat 

55° 

Off 

92 

12, 860 

Stall:  Satisfactory 

110-113 

Ability  to  control  altitude 

D 

F-S6I)  slat 

55° 

On 

90 

12,  960 

AVarning:  98  knots,  unsatisfactory, 
light  pitch-up 
Stall;  Satisfactory 

98 

Inadequate  altitude  control 

F-86D  slat 

55° 

Off 

96 

13,660 

Warning:  99  knots,  unsatisfactory 
Stall:  No  comment 

108 

Slow  longitudinal  control  of  flight 
path  visibility 
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AREA-SUCTION  BOUNDARY-LAYER  CONTROL  AS  APPLIED  TO  THE  TRAIL1NG-EDGE  FLAPS  OF 

A 35°  SWEPT- WING  AIRPLANE  1 


By  Woodrow  L.  Cook,  Seth  B.  Anderson,  and  George  E.  Cooper 


SUMMARY 


NOTATION 


A wind-tunnel  investigation  was  made  to  determine  the  effects 
on  the  aerodynamic  characteristics  of  a 35°  swept-wing  air- 
plane of  applying  area-suction  boundary-layer  control  to  the 
trailing-edge  flaps . Flight  tests  of  a similar  airplane  were 
then  conducted  to  determine  the  effect  of  boundary-layer  control 
on  the  handling  qualities  and  operation  of  the  airplane , particu- 
larly during  landing . 

The  wind-tunnel  and  flight  tests  indicated  that  area  suction 
applied  to  the  trailing-edge  flaps  produced  significant  increases 
in  flap  lift  increment.  Although  the  flap  boundary-layer 
control  reduced  the  stall  speed  only  slightly , a reduction  in 
minimum  comfortable  approach  speed  of  about  12  knots  was 
obtained. 

INTRODUCTION 

Reference  1 indicated  that  much  less  air  flow  and  power 
were  required  to  obtain  boundaiy-layer  control  at  a wing 
leading  edge  with  suction  through  a porous  area  than 
through  a slot.  It  was  therefore  reasoned  that  similar  gains 
in  suction  requirements  would  be  realized  if  boundary-layer 
control  were  applied  by  suction  through  a porous  surface 
near  the  forward  edge  of  trailing-edge  flaps. 

Because  of  the  possibility  of  the  power  requirements  with 
area  suction  being  low  enough  to  be  of  practical  value;  an 
investigation  was  conducted  on  the  35°  sweptback  wing 
F-86  airplane  in  flight  and  in  the  Ames  40-  by  80-foot  wind 
tunnel.  Area  suction  was  applied  at  several  trailing-edge 
flap  deflections  through  various  chordwise  extents  and  posi- 
tions of  porous  surface.  It  was  anticipated  that  maximum 
lift  would  be  limited  by  leading-edge  air-flow  separation  on 
the  wing;  thus,  the  investigations  also  included  the  use  of 
the  suction  flap  with  (1)  a modified  wing  leading  having 
camber  and  increased  leading-edge  radius,  and  (2)  a wing 
leading-edge  slat. 

In  the  flight  tests,  the  landing  approach  with  and  without 
boundary-layer  control  was  evaluated  by  16  Air  Force, 
Navy,  contractor,  and  NACA  pilots.  The  results  of  these 
evaluations  are  examined  in  this  report  to  determine  the 
relationship  between  the  pilots’  opinions  of  the  several 
configurations  flown  and  their  choice  of  minimum  com- 
fortable landing-approach  speed. 


Ax 

Az 

BLC 

b 

c 


c 


Gd 


Gl 


C.  L.  E. 

Cm 


CQ 

d 

Fg 

Fr 

I.  A.  S. 

L 

D 

l 

V*> 

V 

P 


longitudinal  acceleration 
normal  acceleration 
boundary-layer  control 
wing  span,  ft 

chord,  measured  parallel  to  the  plane  of  sym- 
metry, ft 


mean  aerodynamic  chord 


2 Cbn 

SJ0  ' 


c2dy,  ft 


drag  coefficient, 


drag 

qS 


lift  coefficient, 


lift 


Maximum  lift  coefficient 


cambered  leading  edge 

pitching-moment  coefficient  computed  about  the 
quarter-chord  point  of  the  mean  aerodynamic 
pitching  moment 
qSc 

flow  coefficient, 


chord, 


chordwise  extent  of  porous  surface,  measured  in 
chord  plane,  ft 
gross  thrust 
ram  drag 

pilots’  indicated  airspeed  as  read  from  cockpit 
indicator,  knots 


lift-to-drag  ratio 

length  of  porous  surface,  measured  along  surface 
normal  to  leading  edge,  in. 
free-stream  static  pressure,  lb/sq  ft 
static  pressure,  lb/sq  ft 

airfoil  pressure  coefficient,  — — — 


Pa 

Pp 

Q. 


average  duct  pressure  coefficient, 

7)  — 7) 

plenum -chamber  pressure  coefficient,  — ^ — 
free-stream  dynamic  pressure,  lb/sq  ft 


i Summarizes  NACA  Research  Memorandums  A53E06by  Woodrow  L.  Cook,  Curt  II.  Holzbauser  and  Mark  W.  Kelly,  A55K14  by  George  E.  Cooperand  Robert  C.  Innis,  and  A55K29 
by  Seth  B.  Anderson  and  Hervcy  C.  Quigley. 
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Q volume  of  air  removed  through  porous  surface, 

cu  ft /sec,  based  on  free-stream  density  at  test 
attitude 

Vc 

Ii  Reynolds  number,  — 

v 

S wing  area,  sq  ft 

t thickness  of  porous  material,  in. 

V free-stream  velocity,  ft/sec 

VA  calibrated  approach  airspeed,  knots 

VCr  calibrated  airspeed  corresponding  to  maximum  lift 

coefficient,  knots 

w suction-air  velocity,  ft/sec 

W assumed  weight  of  airplane,  CLqS 

/W\  wing  loading  for  approach  condition  (1000  lb  of 
\ S ) a fuel  remaining) 

x chordwise  distance,  parallel  to  plane  of  symmetry, 

ft 

y spanwise  distance,  perpendicular  to  plane  of 

symmetry,  ft 

z height  above  wing  reference  plane,  ft 

a angle  of  attack  of  fuselage  center  line,  deg 

bf  flap  deflection,  measured  in  plane  normal  to  the 

hinge  line,  deg 

bf  flap  deflection,  measured  in  plane  parallel  to  plane 

of  symmetry  ( 8 in  ref.  2),  deg 

A p pressure  drop  across  porous  material,  lb/sq  ft 

A sweep  angle,  deg 

v kinematic  viscosity,  ft2/sec 

SUBSCRIPTS 

crit  critical 

d duct 

/ trailing-edge  flap 

L leading  edge 

p plenum  chamber 

R reference  conditions 

Z local  surface 

MODEL  AND  APPARATUS 

WIND-TUNNEL  MODEL 

A general  view  of  the  model  is  shown  in  figure  1 (a).  Except 
for  the  flaps,  the  model  is  the  same  as  that  used  in  the  investi- 
gation of  reference  1 where  it  is  described  completely.  The 
geometric  characteristics  of  the  model  are  shown  in  figures 
2 (a)  and  3.  Additional  dimensions  of  the  model  are  provided 
in  table  I.  The  wing  panels  and  horizontal  tail  are  from  an 
F-86A  airplane.  The  horizontal  tail  is  in  the  same  position 
relative  to  the  wing  as  on  the  airplane.  The  coordinates  for 
the  airfoil  section  at  two  spanwise  sections  are  given  in 
table  II. 

The  original  trailing-edge  flaps  on  the  wing  were  removed 
and  replaced  with  suction  flaps  that  could  be  deflected  to 
45°,  55°,  64°,  and  70°.  The  flaps  has  a constant  chord  and 
extended  from  0.135  to  0.495  semispan.  The  flap  chord  of 
the  wind-tunnel  model  was  larger  than  that  on  the  flight  air- 
plane, as  is  shown  in  figure  4.  The  flaps  were  constructed 
with  the  upper  surface  porous  over  the  axis  of  rotation  (fig.  4). 
The  porous  surface  extended  from  a point  % inch  aft  of  the 
reference  line  to  8 inches  aft  of  the  reference  line  measured 
along  the  surface  normal  to  the  reference  line.  The  reference 


line  shown  in  figure  4 is  a line  on  the  upper  surface  of  the  wing 
in  a vertical  plane  with  the  hinge  line.  The  chordwise  extent 
and  position  of  porous  surface  was  controlled  with  a non- 
porous  tape  of  about  0.003-inch  thickness.  The  various 
extents  and  positions  of  porous  areas  tested  are  listed  in 
table  III.  The  dimensions  given  are  normal  to  the  reference 
line  and  are  measured  along  the  curved  porous  surface.  The 
chordwise  extent  of  the  porous  surface  for  all  configurations 
was  constant  across  the  span  of  the  flap. 

The  porous  material  used  for  the  flap  was  the  same  type 
used  in  the  investigation  of  reference  1.  The  material  was 
composed  of  a metal  mesh  sheet  backed  with  a white  wool 
felt  material.  The  metal  mesh  sheet  had  4,225  holes  per 
square  inch,  and  was  11  percent  open  and  0.008  inch  thick. 
The  flow  resistance  characteristics  for  the  porous  material 
are  shown  in  figure  5 for  two  grades  of  wool  felt,  each  having 
Ke-inch  thickness.  For  other  thicknesses  of  felt,  the  pressure 


(a)  The  35°  sweptback  wing  wind-tunnel  model. 

Figure  1. — General  arrangements  of  the  test  vehicles  equipped  with 
area  suction  flaps. 


(b)  The  F86-A  airplane. 
Figure  1. — Concluded. 
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(a) 


(a)  35°  swept  wing  wind-tunnel  model. 
Figure  2. — Geometry  of  test  vehicles. 


(b) 


Sponwise  station,  2 \y/b 


Note:  Coordinates  of  airfoil  given  in  table  H. 

Sweep  angle  of  quarter-chord  line  in  plane  of  wing  34°58' 
All  dimensions  in  feet 

Figure  3. — Wing  geometry. 


drop  across  the  surface  was  directly  proportional  to  thickness 
of  the  wool  felt.  The  variation  of  thickness  of  a tapered  felt 
is  also  shown  in  figure  5.  Because  of  the  external  pressure 
variation  over  the  flap,  variations  in  thickness  are  used  to 
give  a more  uniform  chordwise  distribution  of  suction- air 
velocity,  as  discussed  in  reference  1. 

The  model  was  tested  with  three  wing  leading-edge  con- 
figurations. The  majority  of  the  tests  were  made  with  the 
normal  F-86A  leading  edge  for  which  the  coordinates  are 
given  in  table  II.  Two  leading  edges  were  used  to  enable 
studies  of  the  area-suction  flap  at  higher  lift  coefficients: 
(1)  the  modified  leading  edge  which  had  camber  added  to  the 
forward  portion  of  the  chord,  and  an  increased  leading-edge 
radius  as  shown  in  figure  6 (a)  and  table  IV  and  (2)  the  F-86A 
leading-edge  slat,  shown  in  figure  6 (b),  extending  from  0.245 
semispan  to  0.94  semispan. 

The  fuselage  used  in  the  wind-tunnel  tests  was  circular  in 
cross  section,  and  the  radius,  in  feet,  is  defined  by  the 
equation 


(b)  Flight-test  airplane. 
Figure  2.— Concluded. 
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This  fuselage  has  a larger  fineness  ratio  (11.5)  and  smaller 
width  (0.10  6/2)  than  the  fuselage  of  the  F-86  airplane  (fine- 
ness ratio  6.9,  and  0.13  6/2  width).  With  this  fuselage  the 
wing  was  mounted  at  a mid-fuselage  position  in  contrast  to 
the  low  wing  position  of  the  F-86  airplane. 

The  suction  system  consisted  of  a centrifugal  compressor 
driven  by  an  electric  motor  mounted  in  a plenum  chamber 
in  the  fuselage.  The  ah  was  drawn  through  the  wing  surface, 


(a)  Slotted  flap. 

(b)  Area-suction  flap,  wind-tunnel  model.  • 

(c)  Area-suction  flap,  airplane. 

Figure  4. — Cross  sections  of  various  trailing-edge  flaps. 


into  wing  ducts,  through  the  plenum  chamber  and  the  com- 
pressor, and  out  the  exit  duct  at  the  bottom  of  the  fuselage. 
The  quantity  of  air  removed  was  measured  by  survey  rakes 
located  at  the  exit  of  the  S37stem.  The  rakes  were  calibrated 
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(a)  Flow  characteristics. 

(b)  Chordwise  distribution.  Grade  1 felt. 

Figure  o. — Chordwise  distribution  of  porous  surface  and  flow 

characteristics  of  two  grades  of  porous  material. 

Dimensions  in  feet 
unless  otherwise 


(a)  Cambered  leading  edge. 

(b)  Slotted  leading  edge. 

Figure  6. — Cross  sections  of  the  various  leading  edges. 
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with  standard  ASME  orifice  meters.  Plenum-chamber  and 
duct  pressures  were  measured  with  static-pressure  orifices  and 
were  assumed  to  be  equal  to  the  total  pressure,  since  the  suc- 
tion-air velocities  in  the  duct  and  plenum  chamber  were  low. 
The  spanwise  and  chordwise  positions  of  surface-pressure 
orifices  are  listed  in  table  V.  The  total  suction  power  was 
measured  with  a wattmeter  and  included  pump  losses,  duct 
losses,  and  the  suction  requirements. 

FLIGHT-TEST  AIRPLANE 

The  installation  of  the  area-suction  flap  was  made  on  an 
F-86A-5  airplane.  Figure  1 is  a photograph  showing  the 
airplane  with  the  bound  ary-layer-con  trol  equipment  in- 
stalled. The  test  airplane  dimensions  are  presented  in  table  I 
and  a two-view  drawing  is  showm  in  figure  2.  Some  of  the 
boundary-layer-control  equipment  was  moimted  externally 
to  facilitate  installation.  The  external  modifications  to  the 
airplane  consisted  of  a faired  pod,  enclosng  an  ejector  pump 
for  supplying  suction,  and  ducts  on  the  underside  of  the 
fuselage  for  removing  air  from  the  flaps  (see  fig  7).  Air  w as 
bled  from  the  last  stage  of  the  compressor  of  the  J-47  engine 
through  a pilot-controlled  butterfly  valve  to  the  primary 
nozzle  of  the  ejector  pump.  The  weight  of  the  boundary- 
layer-control  equipment  for  this  research-type  installation 
was  105  pounds.  Considerable  savings  in  weight  should  be 
possible  in  a production-type  installation. 

The  F-86A  slotted  flap  was  modified  to  a plain  type  by 
reworking  the  nose  section,  removing  the  flap  tracks,  and 
mounting  external  hinge  brackets  on  the  under  surface  of  the 
wing.  This  mounting  allowed  flap  deflections  up  to  65°.  The 
portion  of  the  flap  ahead  of  the  flap  spar  w as  used  as  a duct 
and  is  shown  in  figure  7.  A sketch  of  the  flap  cross  section  is 
given  in  figure  4 (c).  Boundary-layer  air  was  drawn  in 
through  a graded  porous  material  of  sintered  stainless  steel, 
which  had  the  permeability  characteristics  shown  in  figure  8. 
It  should  be  noted  that  the  characteristics  showm  in  figure  8 
w'ere  not  measured  but  were  those  specified  to  the  manu- 
facturer and  were  designed  for  a uniform  inflow  velocity  of 
3.75  feet  per  second  (at  8f=  55°)  on  the  basis  of  pressure- 
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(a)  External  flap  duct  and  ejection  pump. 

Figure  7. — Close-up  view  showing  area  suction  flap  on  airplane. 


(b)  Internal  duct  and  porous  material. 
Figure  7. — Concluded. 


distribution  data  obtained  from  the  40-  by  80-foot  wind- 
tunnel  tests.  The  chordwise  length  and  placement  on  the 
flap  of  the  porous  material  were  estimated  also  from  the 
wind-tunnel  tests.  The  porous  material  was  formed  easily, 
was  readily  adapted  to  the  flap  structure,  and  had  a reported 
tensile  strength  of  approximately  15,000  pounds  per  square 
inch. 

The  airplane  w-as  fitted  with  modified  leading  edges  which 
replaced  the  slats  for  some  of  the  flights.  The  modified  lead- 
ing edge  consisted  of  a cambered  leading  edge  having  an 
increased  radius  similar  to  the  leading  edge  used  in  the  wind- 
tunnel  tests.  With  this  leading  edge,  tests  were  conducted 
both  with  and  without  a 0.20c  wrap-around  fence  (0.05c 
height)  at  63-percent  spanwise  section. 

Standard  NACA  instruments  were  used  to  record  airspeed, 
altitude,  acceleration,  duct  pressures,  and  angle  of  attack. 
Values  of  airspeed  and  angle  of  attack  wrere  measured 
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Length  of  porous  surface,  in. 

Figure  8. — Variation  of  pressure  drop  with  chordwise  length  of  porous 
surface  for  flight  test  airplane. 
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approximately  8 feet  ahead  of  the  fuselage  nose.  Duct 
pressures  in  the  flap  were  measured  at  the  midspan  station  of 
the  flap.  The  flow  quantity  drawn  through  the  porous 
material  was  measured  by  calibrated  rakes  in  the  ducts. 
Measurements  taken  on  the  ground  with  a flowmeter  indi- 
cated uniform  inflow  velocities  along  the  span  of  the  flap. 

TESTS  AND  CORRECTIONS 

WIND  TUNNEL 

The  primary  purpose  of  the  investigation  was  to  determine 
the  relation  between  the  lift  increments  realized  from  the 
flap  and  the  suction  power  and  flow  quantities  required. 
Three-component  force  data  were  obtained  at  zero  sideslip 
for  all  flap  and  wing  configurations.  For  some  conditions, 
pressure  distributions  over  the  wing  were  obtained.  In 
addition,  tests  were  made  with  the  horizontal  tail  removed 
to  show~the  effects  on  longitudinal  stability. 

Initial  tests  showed  that  as  suction  was  increased,  the  lift 
increment  first  increased  rapidly,  then  quite  abruptly  the 
rate  of  increase  fell  off  to  a very  low  value.  The  test  pro- 
cedure, therefore,  was  to  determine  for  each  model  arrange- 
ment and  angle  of  attack  the  power  and  suction  quantities 
required  to  reach  the  point  where  further  increases  in  these 
quantities  gave  little  increase  in  lift  increment.  The 
values  of  flow  coefficient  and  lift  coefficient  at  this  point 
are  called  CQcrit  and  CLcrit , respectively.  In  the  tests  the 
angle  of  attack  and  free-stream  velocity  were  held  constant 
and  the  suction  quantity  was  varied. 

For  the  model  with  the  unmodified  wing  leading-edge 
profile,  an  extensive  investigation  was  made  for  45°,  55°, 
64°,  and  70°  of  flap  deflections  of  the  effect  of  position  and 
extent  of  the  porous  area.  Table  III  presents  a summary 
of  the  porous  area  arrangements  tested.  Data  were  obtained 
at  Reynolds  numbers  of  7.5 X106  and  9.6 X108.  For  the 
model  with  wing  leading-edge  modifications,  only  one  flap 
deflection,  55°,  and  only  one  arrangement  of  porous  area 
(config.  1)  on  the  flap  were  tested. 

The  standard  tunnel-wall  corrections  for  a straight  wing 
of  the  same  area  and  span  as  the  sweptback  wing  were 
applied  to  the  angle  of  attack,  pitching-moment,  and  drag- 
coefficient  data.  This  procedure  was  followed  since  an 
analysis  indicated  that  tunnel-wall  corrections  were  approxi- 
mately the  same  for  straight  and  swept  wings  of  the  size 
under  consideration.  The  following  increments  were  added: 

Aa  = 0.61  Cl 
A (7^=0. 0107  CL2 

A(7to=0.008  Cl  (tail-on  data  only) 

No  corrections  were  made  for  strut  interference.  All 
flow  coefficients  were  corrected  to  standard  sea-level  condi- 
tions. The  effect  of  the  thrust  of  the  exhaust  jets  was  found 
to  be  negligible. 

FLIGHT 

To  obtain  the  lift  and  drag  characteristics,  tests  were 
conducted  at  altitudes  of  10,000  and  2,000  feet  over  a speed 
range  of  150  knots  to  the  stall.  The  tests  were  conducted 
at  an  average  wing  loading  of  45  pounds  per  square  foot 
except  as  noted,  with  the  center  of  gravity  at  22.5-percent 


mean  aerodynamic  chord.  The  engine  rpm  was  held  fixed 
for  a given  series  of  test  runs.  For  the  data  presented  in 
this  report,  an  engine  rpm  of  70  percent  was  used  (approxi- 
mate rpm  used  in  landing  approach) . In  obtaining  the  data 
for  the  lift  curves  presented  herein,  no  attempt  was  made 
to  change  the  amount  of  bleed  air  to  the  primary  nozzle 
of  the  ejector  pump  with  airspeed  so  as  to  maintain  a critical 
value  of  CQ. 

The  initial  phase  of  the  landing-approach  evaluation  was 
flown  by  a total  of  16  Air  Force,  Navy,  contractor,  and 
NACA  pilots.  For  comparison  purposes,  most  of  the  pilots 
also  flew  a standard  F-86A-1  equipped  with  38°  flaps  and 
10°  leading-edge  slats.  (For  the  major  portion  of  the  data 
reported  herein,  the  normal  (15°)  F-86A-5  type  slats  were 
used  on  the  wing  leading  edge.)  Each  pilot  was  requested 
to  furnish  the  following  information  on  each  different  con- 
figuration flown:  stall  speed,  stall  characteristics,  and 
opinion  of  stall,  the  minimum  comfortable  approach  speed 
at  landing  weight,2  and  the  primary  reasons  for  choosing 
that  particular  approach  speed.  The  Navy  and  NACA 
pilots  made  their  evaluation  based  on  the  requirements 
for  a carrier  approach  and  landing.  The  Ah*  Force  pilots, 
in  general,  made  360°  overhead,  partial  power,  sinking- 
type  approaches,  which  started  at  approximately  1,000-feet 
altitude  over  the  touchdown  point.  While  the  carrier-type 
approach  may  be  defined  by  a single  approach  speed,  it 
was  noted  that  with  the  sinking  approach  at  least  three 
different  speeds  at  different  points  in  the  pattern  were 
considered  necessary  by  most  pilots  to  define  adequately 
any  given  approach.  For  reasons  of  simplicity  and  com- 
parison in  those  cases  where  three  speeds  were  given,  only 
the  over-the-fence  speed  has  been  used  as  it  was  found  to  be 
more  similar  to  the  carrier-approach  speed. 

Another  phase  of  the  investigation  comprised  field  carrier- 
landing evaluation  flights  of  the  suction-flap  airplane  with 
several  leading-edge  combinations.  This  phase  of  the  evalu- 
ation was  conducted  by  four  NACA  research  pilots. 

In  the  calculation  of  the  measured  stalling  speeds  and 
thrust-required  curves,  the  value  of  wing  loading  used  for 
each  airplane  was  that  corresponding  to  1000  pounds  of  fuel 
remaining.  This  is  given  below  for  each  test  airplane. 

Standard  airplane 42.3  lb/sq  ft 

Suction-flap  airplane 42.6  lb/sq  ft 

The  value  of  gross  weight  for  which  many  of  the  pilots 
reported  stalling  speeds  was  not  accurately  known.  This 
factor  undoubtedly  contributed  to  the  scatter  in  the  re- 
ported stalling  speeds,  as  well  as  to  the  differences  between 
reported  stalling  speeds  and  the  measured  values  based  on 
Cx  . For  the  standard  airplane,  this  discrepancy  is  further 
aggravated  by  an  unreliable  but  large  error  in  indicated  air- 
speed below  about  102  knots.  Consequently,  the  measured 
rather  than  reported  value  of  stall  speed  has  been  used  for 
all  comparative  purposes. 

The  airspeed  covering  the  approach  speed  ranges  was 
calibrated  in  flight  for  the  airplanes.  This  made  possible  cor- 
relation between  pilot-reported  speeds  of  the  airplanes,  as 
well  as  between  these  speeds  and  the  various  measured 


* Landing  weight  as  used  herein  Is  defined  as  the  gross  weight  with  1000  pounds  of  fuel 
remaining. 


Calibrated  airspeed,  knots 
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quantities.  With  the  exception  of  table  VI,  which  gives 
pilot-reported  stall  and  approach  speeds  in  terms  of  the 


pilot’s  indicated  airspeed,  all  other  airspeed  values  are  cali- 
brated speeds  and  were  obtained  from  pilots’  indicated  speeds 
using  the  flight-determined  calibration  curves  of  figure  9. 

The  equations  used  to  determine  the  lift  coefficients  and 
drag  coefficients  are  as  follows: 


W - i 

cos  a-j-Aj;  sin  a) — FG  sin  a) 

W . 1 

(A,  sin  a—Ax  cos  a)  + ^ ( F0  cos  <x—FR) 


In  the  equations  above,  the  first  portion  is  for  the  acceler- 
ations on  the  airplane,  while  the  second  portion  is  for  the 
thrust  force  acting  on  the  airplane.  The  gross  thrust  and 
engine  air  flow  were  determined  from  measurements  of  the 
total  pressure  and  temperature  in  the  tail  pipe  of  the  jet 
engine. 

Measured  stalling  speeds  were  determined  using  the 
measured  values  of  CLmax  with  a correction  for  thrust  based 
on  the  thrust  required  at  the  approach  airspeed. 

Thrust-required  curves  were  determined  at  landing  weight 
for  each  configuration  by  the  following  relationship: 

Net  thrust  from  the  engine  required  for  level  flights 

cos  a 


RESULTS  AND  DISCUSSION 


WIND-TUNNEL  TESTS 

Static-longitudinal  characteristics  with  area  suction  applied 
to  trailing-edge  flaps.- — The  lift,  drag,  and  pitching-moment 
data  are  shown  in  figure  10  with  the  trailing-edge  flaps  de- 


Qy  deg 

(a)  Horizontal  tail  off. 

Figure  10. — Aerodynamic  characteristics  of  the  35°  swept  wing  model  with  area-suction  trailing-edge  flaps;  plain  leading  edge. 
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a, deg 

(b)  Horizontal  tail  on. 
Figure  10. — Concluded. 


fleeted  45°,  55°,  and  64°.  The  results  are  shown  with  and 
without  suction  on  the  flap  and  are  compared  with  the 
slotted  flap  deflected  38°.  The  results  indicate  that  an  ap- 
preciable increase  in  flap  lift  increment,  A CL,  can  be  obtained 
up  to '64°  flap  deflection  with  area  suction  applied  through- 
out the  angle-of-attack  range  up  to  the  angle  for  maximum 
lift  coefficient.  Representative  pressure  distributions  are 
shown  in  figure  11. 

The  flap  lift  increments  obtained  with  suction  applied  at 
an  angle  of  attack  of  0°  are  compared  in  figure  12  to  theo- 
retical values  3 calculated  by  the  method  of  reference  2.  On 
this  wing  with  area  suction  applied  to  the  trailing-edge  flaps, 
flap  effectiveness  above  90  percent  of  theoretical  values  is 
obtained  to  64°  of  flap  deflection.  Although  the  theory  is 
limited  in  its  accuracy  when  wing-fuselage  effects  are  con- 
sidered, it  is  also  known  that  some  air-flow  separation  did 
exist  on  the  trailing-edge  flaps  at  all  deflections,  as  indicated 
by  tuft  studies  and  by  the  pressure  distribution  shown  in 
figure  11;  and  therefore  higher  flap  lift  increments  possibly 
even  greater  than  the  theoretical  values  would  be  expected 
with  more  complete  elimination  of  air-flow  separation  on 
the  flaps.  The  use  of  70°  flap  deflection  with  suction  gave 
no  more  flap  lift  increment  than  the  64°  flap  deflection. 

The  gain  in  flap  lift  increment  with  area  suction  applied 
was  retained  at  nearly  a constant  value  to  maximum  lift 

3 The  theoretical  flap  effectiveness  was  computed  from  reference  2. 

&CL=  _ (equivalent  to  eq.  (7),  ref.  2) 

for  the  subject  wing 
Cz,5/=  1.52  (cross  plot  of  fig.  5,  ref.  2) 

rfa/d5/=0.61  (curve  of  theoretical  flap  effectiveness,  fig.  3,  ref  2;  c//c=0.2G,  average  value  per- 
pendicular to  flap  hinge  line) 
tan  5/— cos  A/tan  5/=0.895  tan  5/ 


coefficient  witli  the  normal  wing  leading  edge.  The  maxi- 
mum lift  coefficient  was  established  by  leading-edge  air- 
flow separation  occurring  on  the  wing  from  approximately 
mid-semispan  to  the  tip,  as  indicated  by  the  pressure 
distributions  shown  in  figure  11,  as  well  as  by  observa- 
tions of  the  tufts  on  the  wing.  In  order  to  study  the 
effect  of  area  suction  on  the  flap  at  higher  lift  coefficients, 
tests  were  made  with  a modified  wing  leading  edge  and  a 
wing  leading-edge  slat,  both  used  to  delay  the  occurrence 
of  leading-edge  air-flow  separation.  The  effect  of  the 
leading-edge  devices  on  the  lift,  drag,  and  pitching-moment 
characteristics  is  shown  by  a comparison  of  figures  13  and 
10  (b).  With  the  modified  leading  edge  and  flap  deflection 
of  55°,  the  flap  lift  increment  with  area  suction  was  almost 
constant  to  maximum  lift;  CLmax  was  1.97,  whereas  with  the 
normal  leading  edge  it  was  1.61.  However,  with  the  partial- 
span  leading-edge  slat,  a reduction  in  flap  lift  increment 
occurred  at  about  an  angle  of  attack  of  6°  which  was  traced 
to  rough  air  flow  from  the  discontinuity,  formed  by  the 
inboard  end  of  the  slat  and  the  wing  leading  edge,  causing 
air-flow  separation  to  occur  on  the  flap  over  an  area  directly 
aft  of  the  discontinuity.  With  the  slats,  a value  of  CLmax  of 
1.7  was  obtained.  From  these  results,  it  is  concluded  that 
the  major  effect  of  applying  area  suction  to  trailing-edge 
flaps  is  to  increase  lift  at  a given  attitude. 

Suppression  of  air-flow  separation  on  the  flaps  caused  no 
particular  change  in  pitching  moment,  with  horizontal  tail 
on,  except  to  extend  the  linear  range  of  pitching  moment  to 
higher  lift  coefficients.  In  the  tail-off  case,  the  increase  in 
flap  lift  increment  was  accompanied  by  an  increase  in  pitch- 
ing moment.  With  area  suction  applied,  the  pitching 
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Figure  12. — Variation  of  flap  lift  increment  with  flap-deflection  angle. 


moment  per  unit  of  flap  lift  increment  at  a given  angle  of 
attack  is  0.155,  compared  to  a value  of  0.185  for  plain  flap 
without  suction.  Presumably,  this  results  from  a forward 
movement  of  center  of  pressure  at  a given  angle  of  attack 
as  air-flow  separation  is  suppressed  on  the  flap.  The  in- 
crease in  pitching  moment  with  boundary-layer-control 
application  may  be  of  greater  importance  for  larger  flap 
lift  increments,  for  example,  with  greater  span  wise  extent 
of  flaps  than  studied  herein  the  maximum  lift  of  the  hori- 
zontal tail  would  be  approached  for  trimmed  conditions. 

With  boundary-layer  control  applied  to  the  flaps,  the 
data  in  figure  10  indicate  an  increase  in  drag  -at  a given  lift 
coefficient  or  angle  of  attack.  The  increase  in  drag  is  due 
to  the  particular  spanwise  extent  of  flap  which,  with  the 
application  of  suction,  results  in  a span  loading  considerably 
more  distorted  from  the  ideal  elliptical  loading  than  the 
span  loading  obtained  without  boundary-layer  control. 
It  is  deduced  that  the  increase  in  induced  drag  due  to  the 
distorted  loading  is  considerably  greater  than  the  reduction 
in  profile  drag  due  to  suppression  of  air-flow  separation  and 
hence  there  is  an  ovei--all  increase  in  drag.  A decrease  in 
drag  with  boundary-layer  control  would  be  expected  with 
flaps  of  larger  span. 

Suction  requirements  of  area-suction  flap/ — Figure  14 
shows  the  variation  of  flap  lift  increment  with  flow  coefficient 


for  four  flap  deflections.  These  data  were  obtained  at  an 
angle  of  attack  near  0°  and  for  one  location  and  chord  wise 
extent  of  porous  area.  Similar  data  were  obtained  at  other 
angles  of  attack  and  other  configurations  of  porous  area. 
Examination  of  all  these  data  showed  the  following  facts 
which  are  generally  applicable  to  each  flap  deflection: 

1.  For  any  configuration  of  porous  area,  as  flow  coefficient 
was  increased,  an  initial  slow  rise  in  lift  was  followed  by  an 
abrupt  rise  to  a particular  value  which  could  be  increased 
only  slightly  by  further  large  increases  in  flow  coefficient. 

2.  For  any  one  configuration  of  porous  area,  the  variation 
of  lift  increment  with  flow  coefficient  was  essentially  the 
same  at  all  angles  of  attack,  provided  the  angle  of  attack 
was  less  than  that  at  which  separation  of  flow  appeared  at 
the  wing  leading  edge. 

3.  For  nearly  all  configurations  of  porous  area,  nearly 
the  same  total  increase  in  lift  occurred  as  the  flow  coefficient 
was  increased,  but  the  abruptness  of  the  rise  and  the  flow 
coefficient  at  which  it  occurred  were  modified  by  the  chord- 
wise  extent  and  location  of  the  porous  area. 

For  each  flap  deflection,  a particular  value  of  lift  increment 
was  obtained  that  was  exceeded  only  slightly  with  large 
increases  in  flow  coefficient;  for  example,  with  the  55°  flap 
deflection  (fig.  14),  the  A CL  increased  from  about  0.78  to 
0.79  with  a fourfold  increase  in  flow  coefficient  from  0.0005 
to  0.0020.  These  values  of  flap  increment  are  also  shown 
in  figure  12,  where  a comparison  is  made  between  the  meas- 
ured values  of  lift  increment  for  several  flap  deflection 
angles  and  values  calculated  by  the  method  of  reference  2. 

The  variation  of  flow  coefficient  required  for  a range  of 
flap  deflections  is  shown  in  figure  15  for  three  chordwise 
distributions  of  suction-air  velocities.  The  required  suction- 
air  velocities  can  be  controlled  by  two  methods:  first,  by 
having  porous  surfaces  of  constant  thickness  with  different 
pressure-drop  characteristics  and  second,  by  having  a 
porous  surface  with  chordwise  variation  of  pressure-drop 
characteristics,  as  described  in  reference  1.  The  pressure- 
drop  characteristics  of  the  materials  used  in  these  tests  are 
shown  in  figure  5.  The  chordwise  distributions  of  suction- 
air  velocity  for  the  three  porous  surfaces  required  to  obtain 
equal  values  of  A CLer{t  are  shown  in  figure  16  for  the  flap 
deflection  of  55°.  For  the  least  dense  porous  material 
(curve  (a)  of  fig.  16),  a pumping  pressure  coefficient  of 
—4.5  was  required  for  boundary-layer  control,  and  the 
total  air-flow  coefficient  was  0.00049.  For  a porous  surface 
having  twice  the  pressure  drop  (curve  (b)),  the  pumping 
pressure  coefficient  was  —4.9,  and  the  total  flow  coefficient 
was  0.00036,  about  a 27-percent  reduction  in  air  flow.  A fur- 
ther reduction  in  flow  coefficient  was  obtained  by  using  a 
tapered  porous  material  which  represented  a porous  surface 
with  the  pressure  drop  varying  chordwise.  The  change  in 
thickness  of  the  porous  material,  shown  in  figure  5(b), 
varied  as  the  external  surface  pressure  with  the  thinnest  or 
low-pressure-drop  section  at  the  forward  edge  near  the  peak 
negative  pressure  and  the  thick  or  high-pressure-drop  sec- 
tion at  the  aft  edge  where  the  external  surface  pressure  was 
less  negative.  With  this  tapered  porous  surface,  the  chord- 
wise  distribution  of  suction-air  velocities  required  to  prevent 
air-flow  separation  is  shown  by  curve  (c)  in  figure  16. 
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Figure  13. — -Aerodynamic  characteristics  of  the  35°  swept-wing  model  with  area-suction  flaps  and  two  wing  leading-edge  devices;  horizontal  tail  on; 

Cq  = 0.0005  for  5/=5 5°. 


Figure  14. — -Variation  of  flap  lift  coefficient  increment  with  suction 
flow  coefficient;  72=7.5X10®. 

A pumping  pressure  coefficient  of  —5.3  was  required  to 
obtain  this  distribution,  resulting  in  a flow  coefficient  of 
0.00022  or  a 55-percent  reduction  of  total  flow  from  the 
first  case  of  the  constant  thickness  high-porosity  material. 
It  can  be  concluded  that  the  proper  distribution  of  suction  - 
air  velocities  is  required  to  obtain  low  flow  coefficients. 

A limited  study  was  made  of  the  effect  of  Reynolds 
number  and  angle  of  attack  or  wing  lift  coefficient  on  the 
flow  coefficients  required  for  boundary-layer  control. 


Figure  15. — Variation  of  flow-coefficient  requirements  with  flap- 
deflection  angle  for  three  types  of  porous  materials;  72  = 9.6X10®. 


These  results  shown  in  figure  17  indicate  that  within  the 
range  studied,  there  is  essentially  no  effect  of  either  Reynolds 
number  or  wing  lift  coefficient  on  the  flow  coefficients 
required  for  area-suction- type  boundary-layer  control. 
There  is,  however,  a significant  effect  of  angle  of  attack  or 
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Figure  16. — Chordwise  distribution  of  suction-air  velocities  for  three 
types  of  porous  material;  <5/=55°,  /£  = 9.6X108. 
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Figure  17. — Effect  of  wing  lift  coefficient  and  Reynolds  number  on 
^ow-coefficient  requirements. 


Figure  18. — Variation  of  plenum-chamber  pressure  coefficient  with 
wing  lift  coefficient. 


wing  lift  coefficient  on  the  suction  pressure  coefficient 
(fig.  18).  This  effect,  decreasing  magnitude  of  pressure 
coefficient  with  increasing  angle  of  attack,  was  due  entirely 
to  a reduction  in  magnitude  of  peak  negative  pressure 
coefficient  over  the  porous  surface  with  wing  angle  of  attack. 
Such  a drop  in  peak  pressure  is  not  compatible  with  potential 
theory.  It  was  concluded  that  air-flow  separation  was  not 
completely  eliminated  on  the  flaps  and  that  more  air-flow 
separation  existed  at  the  higher  angles  of  attack.  As  in 
the  case  of  flow  coefficient,  the  suction  pressure  coefficient 
was  independent  of  free-stream  velocity. 

It  was  noted  previously  that  the  value  of  &CLcrit  could  be 
obtained  with  numerous  variations  of  porous  surface  position 
and  extent.  It  was  also  noted  that  to  obtain  A CL  , , the 
value  of  CqctU  varied  for  each  configuration  of  porous  area. 
Figures  19,  20,  and  21  have  been  prepared  to  show  the  vari- 
ation of  CqctU  for  several  configurations  of  porous  area  for 
55°,  64°,  and  70°  of  flap  deflection.  The  effects  of  two 
variables  are  shown  in  each  figure,  first,  the  effect  of  position 
of  several  extents  of  porous  area,  and  second,  the  effect  of 
the  extent  of  porous  opening  with  the  forward  edge  at  a 
fixed  point. 

The  results  shown  in  figures  19  (a),  20  (a),  and  21  (a) 
indicate  that  there  is  a particular  position  for  the  forward 
edge  of  the  porous  opening  which  results  in  minimum 
CqctU  and  that  this  position  is  not  greatly  affected  by  the 
extent  of  opening — at  least  within  the  range  tested.  Fig- 
ures 18  (b),  19  (b),  and  20  (b)  indicate  that  with  the  forward 
edge  at  the  position  for  minimum  CQeritf  for  any  of  the 
extents,  there  is  also  a particular  extent  required  to  realize 
minimum  CQ  These  results  were  obtained  with  the 
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(a)  Porous-surface  position. 

(b)  Porous-surface  extent. 

Figure  19. — Variation  of  flow  coefficient  required  for  <5/=ou°  with 
extent  and  position  of  porous  area;  ACLcrti  = 0.78;  7?  = 7.5X105. 

low-pressure-drop  porous  surface,  grade  number  1,  but  the 
results  shown  indicating  the  chordwise  location  and  extent 
of  porous  surface  for  minimum  flow  coefficient  are  typical  of 
those  for  the  other  two  porous  surfaces  studied.  While  the 
foregoing  results  serve  to  show  trends,  it  would  appear 
reasonable  to  assume  they  are  not  quantitatively  applicable 
to  other  wing-flap  arrangements. 

It  has  been  shown  previously  (ref.  1),  in  connection  with 
application  of  area  suction  to  control  separation  of  air  flow 
from  the  leading  edge  of  a wing,  that  area  suction  is  most 
effective  when  the  forward  edge  of  the  porous  area  coincides 
with  the  point  of  maximum  negative  pressure.  That  this 
is  also  true  in  the  case  of  the  flap  is  indicated  by  the  relative 
positions  of  the  maximum  negative  pressure  measured  over 
the  flap  and  the  position  of  the  forward  edge  of  the  porous 


(a)  Porous-surface  position. 

(b)  Porous-surface  extent. 

Figure  20. — Variation  of  flow  coefficient  required  for  <5/=64°  with 
extent  and  position  of  porous  area;  ACLCrt«=0.87,  ft=7.5X105. 

area  for  minimum  flow-coefficient  requirement.  Suction 
forward  of  this  point  results  in  needlessly  withdrawing  air 
in  the  region  of  a favorable  pressure  gradient.  Moving  the 
leading  edge  of  the  area  suction  progressively  aft  resulted  in 
not  only  increased  flow  requirements  but,  as  found  during 
this  investigation,  instability  of  the  flow  and,  finally,  in- 
ability to  attain  the  value  of  A ClctU  obtained  with  the  best 
positions  and  extents  of  porous  area.  It  thus  appears  that 
the  optimum  location  for  the  forward  edge  of  the  porous 
area  will,  for  any  plain  flap,  be  at  or  very  close  to  the  point 
of  maximum  negative  pressure. 

General  conclusions  with  regard  to  the  extent  of  the  porous 
area  are  not  so  readily  reached.  It  can  be  conjectured  from 
the  results  shown  in  figures  19,  20,  and  21  that  the  position 
of  the  aft  edge  of  the  porous  area  for  the  minimum  flow 
coefficient  is  at  the  point  where  the  boundary  layer  is  just 
sufficiently  stable  to  withstand  the  subsequent  pressure 
recovery  without  aid.  If  the  porous  area  is  not  carried  to 
this  optimum  point,  then  the  boundary  layer  must  be  made 
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Position  of  forward  edge  of  porous  surface,  inches  from  reference  line 


Length  of  porous  surface,  inches 


(a)  Porous-surface  position. 

(b)  Porous-surface  extent. 

Figure  21. — Variation  of  flow  coefficient  required  for  5/=70°  with 
extent  and  position  of  porous  area;  ACfLcr^  = 0.86,  /£  = 7.5X105. 


Figure  22. — Variation  of  suction  pressure  ratio  (duct  pressure  to  flap 
peak  pressure)  with  wing  lift  coefficient  for  two  types  of  porous 
surface. 


more  stable  than  in  the  case  just  mentioned;  that  is,  larger 
flow  coefficients  would  be  required  to  suppress  flow  separa- 
tion beyond  the  region  of  porous  area.  If  the  porous  area  is 
carried  beyond  the  optimum  point,  air  would  be  withdrawn 
needlessly.  As  yet,  however,  no  method  analogous  to  that 
shown  in  reference  1 is  available  for  predicting  the  required 
extent  of  porous  area  in  the  case  of  the  flap. 

The  total  suction  power  required  is  a function  of  plenum- 
chamber  pressure  coefficient,  as  well  as  flow  coefficient. 


The  plenum-chamber  coefficient  PP  must  have  a sufficiently 
negative  value  to  overcome  duct  losses,  pressure  drop 
through  the  porous  material  at  the  required  flow  rate,  and 
the  external  negative  pressure.  In  the  present  investiga- 
tion, the  duct  losses  and  pressure  drop  through  the  material 
were  negligible  compared  to  the  negative  pressure  peak 
over  the  flap;  hence,  the  required  values  of  PP  are  almost 
entirely  a result  of  the  external  surface  pressure,  especially 
for  the  least-dense  constant-thickness  porous  material. 
The  variations  with  lift  coefficient  of  the  ratio  of  plenum- 
chamber  pressure  to  external  surface  pressure  are  shown  in 
figure  22.  A surprising  feature  for  the  low-pressure-drop 
constant-thickness  material  is  that  the  ratio  is  less  than 
1.0  for  a large  part  of  the  lift-coefficient  range.  For  all 
the  points  shown,  the  forward  edge  of  the  porous  area  was 
at  the  location  for  minimum  CQcrit;  as  noted  previously,  this 
location  is  near  the  peak  negative  pressure,  indicating  that 
some  outflow  of  air  occurred  near  the  forward  edge  (curve 
(a),  fig.  16).  Such  an  occurrence  does  not  seem  favorable 
to  any  form  of  boundaiy-layer  control,  and  it  is  probable 
that  the  outflow  in  these  cases  was  possible  only  because 
excess  air  was  being  withdrawn  through  a major  portion 
of  the  porous  area  (curve  (a),  fig.  16).  With  the  airflow 
distribution  controlled  by  cliordwise  porosity  variation 
(curve  (c),  fig.  16),  the  value  of  the  ratio  of  plenum-chamber 
pressure  to  peak  negative  pressure  was  significantly  greater 
than  1.0,  as  shown  in  figure  22,  which  indicates  that  for 
near  the  minimum  values  of  flow  coefficient  of  the  suction 
air,  the  required  internal  duct  pressures  will  have  to  be 
somewhat  greater  than  the  peak  negative  pressures. 

The  actual  power  requirements  for  an  airplane  are  specified 
in  terms  of  wing  loading  and  landing  or  take-off  speeds.  In 
order  to  determine  these  values  without  the  uncertainties 
of  estimating  flow  coefficient  and  pressure  coefficient,  wind- 
tunnel  data  were  obtained  and  suction  powers  measured  at 
conditions  corresponding  to  level  flight  at  wing  loadings 
of  40  and  60  pounds  per  square  foot  for  55°  and  64°  flap 
deflection  with  the  low-pressure -drop  porous  surface  and  at 
a wing  loading  of  40  pounds  per  square  foot  for  55°  of  flap 
deflection  with  the  variable-pressure-drop  porous  surface. 
For  64°  flap  deflection,  the  measured  powers  were  also 
obtained  with  the  high-pressure-drop  constant-thickness 
material  at  a wing  loading  of  40  pounds  per  square  foot. 
The  measured  values  of  suction  horsepower  required  to 
obtain  A CLertt  and  the  corresponding  flow  coefficients  and 
plenum-chamber  pressure  coefficients  are  given  in  table 
VII.  The  measured  suction  horsepower  shown  in  the  table 
are  the  power  required  to  drive  the  pump,  as  well  as  duct 
losses,  system  leakage,  and  the  effect  of  pump  efficiency. 
For  most  conditions,  the  duct  losses  and  system  leakage 
were  very  small  and  caused  little  increase  in  power. , For 
all  conditions,  the  pump  efficiency  ranged  between  63  and 
67  percent.  The  results  obtained  indicate  that  for  this 
type  of  airplane,  10  to  25  horesepower  would  be  required  for 
landing  approach  and  take-off,  and  that  at  the  lower  value 
of  power  required  it  is  necessary  to  control  the  distribution 
of  the  suction-air  velocities. 

It  is  apparent  that  more  horsepower  is  required  to  reach 
A CLctU  at  higher  forward  speeds.  This  does  not  appear  to 
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Figure  23. — Flight  test  lift  and  drag  curves,  area-suction  flaps,  and  slatted  leading  edge. 

be  of  particular  importance,  however,  because  it  was  demon- 
strated during  the  tests  that  area  suction  will  cause  reattach- 
ment of  flow  when  applied  where  separation  exists. 

Therefore,  it  would  be  necessary  to  supply  only  the  power 
required  to  prevent  separation  at  low  landing  approach  speed ; 
as  this  speed  is  approached  from  some  higher  speed,  the  flow 
will  attach  to  the  flap. 

FLIGHT  TESTS 

Lift  and  drag  characteristics  of  airplane  with  area-suction 
flaps. — The  lift  and  drag  data  are  presented  in  figure  23  for 
flap  deflections  of  55°  and  64°  for  the  flap,  and  gear-down 
configuration  with  boundary-layer  control  on  and  off.  For 
comparative  purposes,  data  for  the  38°  plain  flap  4 with  no 
suction  are  also  shown  in  figure  23.  The  data  in  figure  23 
indicate  an  increase  in  CL  from  1.38  for  the  38°  flap  to  1.54 
for  the  64°  flap  with  suction.  A comparison  of  the  lift 
increment  of  the  64°  flap  deflection  (suction  on)  with  the 
38°  flap  at  a constant  angle  of  attack  of  11°  (average  angle 
of  attack  used  in  landing  approach)  indicates  an  approximate 
increase  in  CL  of  0.24.  The  lift  increment  due  to  suction 
flaps  was  essentially  constant  over  the  angle-of-attack  range 
except  near  0L  where  there  was  a 50-percent  reduction. 

* The  plain  flap  at  a deflection  of  38°  was  used  as  a basis  for  assessing  the  effectiveness  of  the 
suction  flap  since,  at  this  deflection,  the  flap  lift  increment  and  lift  curves  were  similar  to 
that  obtained  with  the  normal  38°  slotted  flap  on  the  unmodified  airplane  (ref.  3).  The  lift 
curves  from  refei  ence  3 were  not  used  directly  since  drag  data,  used  for  performance  computa 
tion  reported  herein,  were  not  available  from  reference  3. 


Figure  24. — Flight-test  lift  curves  with  various  leading-edge  con* 

figurations. 

No  marked  loss  in  suction  lift  increment  occurred  at  a=6° 
as  in  the  tunnel  tests.  In  the  tunnel,  this  loss  in  lift  was 
felt  to  be  due  to  a vortex  emanating  from  the  inboard  end  of 
the  slat  flowing  over  the  flap  and  causing  an  area  of  separated 
flow  over,  a portion  of  the  flap.  In  the  flight  tests,  the  duct 
structure  at  the  wing-fuselage  juncture  caused  flow  separation 
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on  the  inboard  end  of  the  flap  and  the  addition  of  the  vortex 
flow  from  the  inboard  edge  of  the  slat  did  not  increase  the 
amount  of  separated  area  at  6°  angle  of  attack  as  it  did  in 
the  tunnel. 

The  lift  characteristics  of  the  airplane  equipped  with 
various  leading-edge  devices  are  summarized  in  figure  24 
for  a flap  deflection  of  55°.  These  data  indicate  that  the 
type  of  leading-edge  configuration  had  no  effect  on  the 
magnitude  of  the  lift  increment  due  to  suction  in  the  landing 
approach  (a=ll°).  There  was,  however,  a difference  in 
magnitude  at  0Ljnax  which  was  associated  with  the  type  of 
leading  edge  used.  For  the  t}'pe  of  leading  edge  which 
produced  a well-rounded  lift-curve  top  and  a satisfactory 
stall  such  as  the  cambered  leading  edge  plus  fence,  less  lift 
due  to  suction  was  realized.  This  was  felt  to  result  from  the 
increased  thickness  of  the  boundary  la}rer  flowing  over  the 
flap  at  the  higher  CL  values.  This  increased  boundary-layer 
thickness  was  the  result  of  the  action  of  the  fence  in  tending 
to  produce  a stall  in  the  area  inboard  of  the  fence.  The 
significance  of  the  decrease  in  lift  due  to  suction  at  CL 
compared  to  that  obtained  at  the  approach  angle  of  attack 
is  not  definitely  known.  Evidence  is  given  later,  however, 
that  greater  reductions  in  approach  speed  were  realized  than 
the  reduction  in  stalling  speed  alone. 
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Figure  25. — Comparison  of  flight  and  wind-tunnel  values  of  flap  lift 
increment  with  flap  deflection  angle;  at  = 6°. 

The  variation  of  flap  lift  increment  with  flap  deflection  is 
presented  in  figure  25  for  the  flight  and  wind-tunnel  tests  and 
compared  with  theory.  The  theoretical  value  was  calcu- 
lated by  means  of  reference  2.  The  wind-tunnel  results 
have  been  corrected  to  the  flight  airplane  flap  chord  and  cor- 
rected for  trim.  The  results  in  figure  25  indicate  that  the 
flight  flap  lift  values  are  less  than  the  tunnel  values  for  both 
suction  on  and  off.  The  reason  for  this  is  not  completely 
understood.  Some  of  the  differences  in  flap  lift  are  felt  to 
be  associated  with  the  effect  of  the  type  of  wing-fuselage 
combination  used  on  the  flow  at  the  inboard  flap  edge.  In 
the  tunnel  tests,  a midwing  mounting  was  used  in  contrast 
to  the  low-wing  position  on  the  F-86A  airplane.  A limited 
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Figure  26. — Variation  of  flap  lift  increment  with  flow  coefficient; 

Sf=  64°. 

amount  of  fairing  of  the  upper  wing  surface  of  the  airplane 
at  the  fuselage  trailing-edge  juncture  resulted  in  improve- 
ments in  lift  due  to  suction.  Other  attempts  to  increase  the 
flap  lift,  such  as  a fence  on  the  flap,  a seal  between  the  wing 
and  the  flap,  and  turning  vanes  to  direct  high  energy  air 
over  the  inboard  area  of  the  flap,  did  little  or  nothing  to 
improve  the  lift  increment  due  to  suction. 

Suction  requirements.- — Suction  requirements  are  illus- 
trated by  the  data  presented  in  figure  26  in  terms  of  flap  lift 
increment,  A CL)  and  flow  coefficient.  These  data  indicate 
that  the  flap  lift  increased  with  flow  coefficient  up  to  a value 
of  approximately  0.0005,  beyond  which  no  further  increase 
in  flap  lift  occurred.  These  data  bear  out  the  results  of  the 
wind-tunnel  tests  regarding  the  amount  of  flow  coefficient 
required.  A pressure  coefficient  of  —4.0  was  necessary  to 
obtain  the  flow  coefficient  of  0.0005  at  a CL  of  1.0.  The 
values  of  flow  coefficient  and  pressure  coefficient  in  the  flap 
duct  used  in  the  flight  tests  are  shown  in  figure  27.  These 
data  indicate  that  sufficient  flow  coefficient  and  pressure 
coefficient  were  used  over  the  speed  range  of  these  tests.. 

Operational  characteristics  of  boundary-layer  control.— 
One  of  the  main  points  of  interest  in  the  use  of  boundary- 
layer  control  is  the  effect  on  the  performance  and  handling 
characteristics  of  the  airplane.  Actual  measurements  were 
not  made  of  landing  distance,  take-off  distance,  climb,  and 
catapult  launchings,  but  flight  measurements  of  lift,  drag, 
and  engine  thrust  have  been  used  to  make  computations  of 
the  various  performance  items  for  a range  of  gross  weights 
and  at  standard  sea-level  conditions.  The  methods  used 
for  computing  performance  are  noted  in  the  appendix. 

In  evaluation  of  the  landing  performance  of  the  airplane 
with  area-suction  flaps  deflected  55°,  the  opinions  of  the  16 
pilots,  presented  in  table  VI,  were  used  in  relating  stalling 
and  landing-approach  characteristics  for  the  airplane  with 
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(a)  Variation  CQ  and  Pd  with  CL. 

Figure  27. — Pump  characteristics  obtained  over  test  range  with 

5/ = 64°. 

area-suction  flaps  as  well  as  for  the  standard  airplane  with 
slotted  flaps.  The  stall  data  for  the  two  airplane  configura- 
tions are  shown  in  table  VIII,  while  a compilation  of  mini- 
mum approach  speed  (or  over-the-fence  speeds)  is  shown  in 
table  IX.  Comparative  figures  are  listed  showing  the  effects 
of  suction  alone  and  of  increased  flap  deflection,  as  well  as 
comparisons  with  the  standard  airplane.  Additional  data 
are  shown  in  table  X for  other  configurations  of  wing  leading 
edge,  the  slatted  leading  edge  and  the  cambered  leading  edge 
without  fence  for  55°  and  64°  deflection  of  area-suction  flap, 
which  were  flown  by  the  four  research  pilots  (K,  L,  M,  and 

N). 

The  lift  coefficient  and  angle  of  attack  corresponding  to 
each  pilot's  approach  speed  are  shown  on  the  curves  of 
figure  28  for  three  configurations  of  the  airplane,  with  and 
without  suction  applied  to  the  plain  flaps  and  with  the  slotted 
flaps,  and  indicate  the  wide  range  of  angles  of  attack  used 
by  various  pilots.  The  maximum  lift  coefficient  with  bound- 
ary-layer control  shown  in  this  figure  is  for  the  configuration 
evaluated  by  the  16  pilots.  Improvements  to  the  installa- 
tion later  resulted  in  a slightly  higher  CLmax  value,  shown  in 
figure  24.  Curves  of  thrust  required  for  level  flight  plotted 
against  airspeed  are  presented  in  figure  29  for  the  various 
configurations  tested  and  include  the  average  approach  speed 
chosen  by  the  pilots. 


Indicated  airspeed,  Knots 
(b)  V ariation  of  CQ  and  Pd  with  velocity. 
Figure  27. — Concluded. 


Figure  28. — Variation  of  lift  coefficient  with  angle  of  attack  for  the 
test  airplanes  with  values  corresponding  to  individual  pilot’s  ap- 
proach speed  shown. 


520597—  CO- 
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(a)  bf=  55°,  cambered  leading  edge  with  fence.  (b)  $/=55°,  slatted  leading  edge, 

(c)  5/-=  64°,  cambered  leading  edge  with  fence.  (d)  6/=  64°,  slatted  leading  edge. 


Figure  29. — -Thrust  required  for  level  flight  for  various  configurations  of  test  airplane,  gear  down  and  speed  brakes  out. 


There  is  a wide  variety  of  factors  which  may  be  considered 
by  a pilot  as  affecting  his  choice  of  minimum  comfortable 
approach  speed.  It  is  possible,  and  often  the  case,  that 
several  factors  are  present  for  one  airplane,  making  selection 
of  a single  primary  reason  difficult  because  of  complex  in- 
terrelationships. An  attempt  has  been  made  here,  however, 
to  isolate  those  factors  considered  of  primary  importance  by 
the  pilots. 

Examination  of  table  VI  indicates  that  the  pilots'  reasons 
for  limiting  the  approach  speed  of  the  various  airplanes  can 
be  divided  into  three  categories,  as  follows: 

A . Seasons  associated  with  stall  characteristics : It  would 
be  expected  that  on  airplanes  limited  by  stall  character- 
istics the  most  direct  influence  on  the  approach  speed 
would  result  from  an  increase  in  CLjnax  or  improvements 
in  the  stalling  characteristics. 

B . Reasons  associated  with  attitude  or  visibility  limita- 
tions: It  would  be  expected  that  on  an  airplane  limited 
by  this  characteristic  the  most  direct  influence  on  ap- 
proach speed  would  result  from  an  increase  in  lift  at 
attitudes  below  CL  . 

max 

C.  Reasons  associated  with  longitudinal  control , that  is, 
ability  to  control  altitude  or  flight  path:  A number  of 
factors  influence  this  characteristic.  One  expected  to 
be  of  primary  importance,  which  was  varied  on  the  test 
airplanes,  was  the  variation  of  LjD  with  a . This  varia- 
tion is  evident  from  the  change  in  the  shape  of  the  curve 


of  thrust  required  for  steady  level  flight  versus  speed 
(fig.  29). 

It  is  of  interest  to  examine  the  above  listed  categories  in 
comparison  with  the  approach  speed  decrements  realized 
from  boundary-layer  control. 

The  16  pilots  who  flew  the  airplane  with  boundary-layer 
control  inoperative  gave  reasons  for  limiting  approach  speed 
which  were  almost  evenly  divided  between  these  categories 
(table  XI). 

On  the  basis  of  the  lift  curves  presented  in  figure  28,  it 
would  be  expected  that  application  of  boundary-layer  con- 
trol to  the  flap  would  tend  to  relieve  attitude  and  visibility 
limitations  but  would  not  significantly  change  stall  speed 
(a  AVS  of  only  1 knot).  The  pilots'  comments  are  con- 
sistent with  these  changes  in  that,  with  boundary-layer  con- 
trol operating,  only  two  considered  the  attitude  or  visi- 
bility the  limiting  factor.  The  average  decrease  in  approach 
speed  was  5.9  knots.  Closer  examination  of  this  average, 
however,  reveals  that  the  pilots  who  previously  considered 
Category  B or  C the  limiting  factor  benefited  most  from  the 
operation  of  boundary-layer  control  to  the  extent  of  a 7.9- 
knot  decrease.  The  pilots  who  previously  bad  considered 
proximity  to  the  stall  the  limiting  factor  benefited  the  least 
to  the  extent  of  3.0  knots.  Thus,  despite  the  lack  of  any 
dominant  limiting  factor  on  this  airplane,  there  is  a con- 
sistent relationship  between  the  effect  of  aerodynamic 
change  and  the  factors  which  the  individual  pilot  considered 
limiting  on  choice  of  approach  speed. 


AREA-SUCTION  BOUNDARY-LAYER  CONTROL  APPLIED  TO  TRAILING-EDGE  FLAPS  OF  35°  SWEPT-WING  AIRPLANE  841 


The  aerodynamic  factors  which  influence  the  ease  with 
which  the  attitude  or  flight  path  of  the  airplane  can  be  con- 
trolled are  more  complex  than  the  Category  A and  B limita- 
tions. However,  on  all  of  the  configurations  tested  the 
average  minimum  approach  speed  (fig.  29)  lies  slightly  above 
the  speed  for  minimum  thrust  required.  For  the  configura- 
tions flown  in  this  investigation,  it  would  appear  that  the 
ability  to  flare  or  to  arrest  sink  rates  deteriorates  below  the 
minimum  acceptable  to  the  pilot  at  or  near  the  speed  for 
minimum  thrust  required  and  tends  to  result  in  his  setting 
his  approach  speed  accordingly.  This  surmise  is  not  ex- 
plicitly borne  out  by  the  pilots’  comments,  but  it  will  be 
observed  from  table  X that  the  decreases  in  average  ap- 
proach speed  due  to  boundary-layer  control  on  the  flap  are 
related  very  closely  to  the  corresponding  decreases  in  speed 
for  minimum  thrust  required.  It  is  noteworthy  that  the 
research  pilots  (K,  L,  M,  and  N)  who  had  the  most  oppor- 
tunity to  fly  the  test  airplanes  were  consistent  in  noting 
Category  C (ability  to  control  altitude)  as  the  primary 
limiting  factor  establishing  the  approach  speeds  on  all  the 
configurations  with  flap  boundary-layer  control.  Category 
C is  also  considered  as  the  limiting  factor  for  the  standard 
F-S6A-1  by  7 out  of  the  12  other  pilots. 

Of  the  additional  configurations  flown  with  flap  boundary- 
layer  control  (table  X),  it  is  of  interest  to  note  that  the  air- 
plane with  cambered  leading  edge  and  no  fence  had  an  un- 
satisfactory roll-off  at  the  stall  but  fell  in  Category  C rather 
than  Category  A.  The  airplane  with  slats  and  55°  flap  de- 
flection, which  had  excellent  stall  characteristics,  was  also 
limited  by  Category  C and  was  generally  considered  the 
most  desirable  configuration  flown,  although  it  did  not 
result  in  any  appreciable  decrease  in  approach  speed  over 
the  airplane  with  cambered  leading  edge  and  no  fence.  A 
slightly  greater  decrease  in  a approach  speed  resulted  from 
increasing  the  flap  deflection  to  64°,  but  the  increased  drag 
resulted  in  less  desirable’ wave-off  characteristics. 

From  the  foregoing  results,  it  is  apparent  that  the  pilot 
utilized  the  increased  lift  offered  by  the  64°  boundary-layer- 
control  flap  to  decrease  the  approach  speeds  by  ikying  at 
approximately  the  same  attitude  with  suction  off  or  on. 
These  speeds  correspond  to  1.19  VstaU  and  1.15  Vstan  for 
suction  off  and  on,  respectively.  Based  on  these  values  of 
approach  speed  and  an  assumed  touchdown  speed  of  1.05 
Vstau,  the  effect  of  boundary-layer  control  on  the  landing 
distance  over  a 50-foot  obstacle  was  computed  and  is  shown 
in  figure  30  for  various  gross  weights.  . These  data  indicate 
that  a 14.5-percent  reduction  in  landing  distance  due  to 
boundary-layer  control  would  be  obtained  at  64°  flap  deflec- 
tion. 

In  the  computations  for  take-off  and  climb,  account  is 
taken  of  the  thrust  loss  incurred  as  a result  of  extracting 
air  from  the  engine  compressor.  In  order  to  operate  the 
engine  within  allowable  tail-pipe  temperature  limits  with  the 
suction  system  on,  a reduction  from  100-percent  rpm  was 
necessary  for  the  type  of  engine  tail  pipe  used  in  the  F-86A 
airplane.  The  thrust  loss  associated  with  the  decreased 
rpm  was  approximately  150  pounds.  It  is  assumed  that 
in  take-off,  the  bleed-air  valve  would  be  opened  only  to 
that  amount  necessary  to  reach  the  CQ  value  above  which 


Figure  30. — Variation  of  landing  distance  over  a 50-foot  obstacle  with 
gross  weight  for  64°  flap  deflection,  slatted  leading  edge,  speed 
brakes  out. 


no  further  increase  in  flap  lift  occurred  (as  shown  in  fig.  26) 
in  order  not  to  penalize  unduly  the  suction  S3rstem.  With 
a more  efficient  pumping  system  (ejector  pump  used  has 
an  efficiency  of  approximately  15  percent)  or  a variable 
exit  area  type  tail  pipe,  the  thrust  loss  would  be  reduced 
appreciably  with  a resultant  gain  in  performance  with  suc- 
tion on. 

Consider  first  catapult  take-off.  The  following  assump- 
tions are  used  in  computing  the  speed  at  the  end  of  the 
catapult  run.  Lift-off  speed  is  selected  as  the  speed  at 
nine-tenths  of  CLfnax  or  at  the  maximum  ground  attitude. 
This  speed  has  the  additional  restriction  that  the  longitudinal 
acceleration  shall  be  equal  to  or  greater  than  0.065g. 6 The 
results  of  computations  of  the  take-off  speeds  at  the  end 
of  the  catapult  run  as  a function  of  gross  weight  for  various 
flap  deflections  with  suction  on  and  off  are  presented  in 
figure  31.  Indicated  in  this  figure  are  the  H8  catapult 
characteristics.  The  take-off  speeds  for  the  55°  and  64° 
flap-defection  configurations  with  suction  on  were  based 
on  nine-tenths  of  0Ljnax;  the  other  configurations  were 
limited  in  take-off  speed  by  ground  attitude  to  the  CL  at 
a=16°.  At  21,000  pounds  or  greater,  the  0.065g  accelera- 
tion requirement  becomes  limiting.  The  data  in  figure  31 
indicate  improvements  in  take-off  performance  with  suc- 
tion on.  By  use  of  the  H8  catapult  characteristics  and  the 
data  in  figure  31.  computations  were  made  of  the  wind 
required  over  the  deck  as  a function  of  gross  weight  for 
the  operational  pressure  limit  of  3500  psi,  a reduced  pressure 
of  2950  psi,  and  the  catapult  end  speed  limit.  These  data 
are  presented  in  figure  32.  It  can  be  noted  in  this  figure 
that  when  the  limit  H8  catapult  pressure  is  used,  wind  is 
required  over  the  deck  only  for  the  very  highest  gross 
weights.  The  data  in  figure  32  indicate  that  approxi- 
mately 6 knots  less  wind  would  be  required  for  the  flap 
deflected  64°  with  suction  on,  compared  with  the  38°  flap  with 
no  suction. 

Next,  with  regard  to  a field  take-off,  the  assumption  is 
made  that  the  airplane  accelerates  on  the  ground  in  a level 
attitude,  and  at  take-off  speed  the  airplane  is  rotated  to 
the  angle  of  attack  corresponding  to  a velocity  of  1.2  Vs[au. 
For  the  transition  distance,  it  is  assumed  that  the  airplane 

5 Assumed  minimum  acceleration  value  used  to  assure  that  the  aircraft  does  not  sink  after 
launch. 
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Figure  31. — Variation  of  catapult  take-off  velocity  with  gross  weight 
for  various  flap  deflections  and  boundary-layer  control  on  and  off. 


Figure  32. — Variation  of  wind  required  over  deck  with  gross  weight 
and  boundary-layer  control  on  and  off. 


Figure  33. — Variation  of  take-off  distance  for  boundarj^-layer  control 
on  and  off;  6/=5 5°,  slatted  leading  edge. 


Gross  weight,  lb 

(a)  Catapult  speed,  V=l.05Vataw 


Figure  34. — Variation  of  rate  of  climb  with  gross  weight  for  various 
flap  deflections  and  boundary-layer  control  on  and  off;  slatted 
leading  edge. 

is  in  a steady  rate  of  climb  before  attaining  the  50-foot- 
height  point.  The  results  of  the  computations  indicate 
very  little  change  in  take-off  performance  due  to  boundary- 
layer  control  or  change  in  flap  deflection.  The  effect  of 
boundary-layer  control  on  take-off  performance  is  illustrated 
in  figure  33  for  55°  flap  deflection.  For  this  case,  the  gains 
in  take-off  performance  which  would  result  from  the  use  of 
boundary-layer  control  are  cancelled  by  the  thrust  loss 
associated  with  the  type  of  pumping  system  used.  The 
take-off  performance  could  be  improved  by  turning  on  the 
boundary-layer  control  after  the  airplane  has  accelerated 
to  the  take-off  speed. 

The  rates  of  climb  after  a catapult  take-off  (1.05  Vstaii ) 
and  after  wave-off  (1.15  Vstau)  are  presented  in  figure  34. 
These  data  indicate  less  rate  of  climb  with  the  boundary- 
layer  control  on  due  to  the  loss  in  thrust  previously  men- 
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10,000  11,000  12,000  13,000  14,000  15,000  16,000  17,000  18,000 
Gross  weight,  lb 

■ (b)  Wave-off  speed,  V=  1.15 V8tau. 

, Figure  34. — Concluded. 

tioned.  The  rate  of  climb  should  be  adequate,  however, 
over  the  gross-weight  range  covered. 

Turning  the  suction  off  produced  a nose-up  pitch  change 
which  was  considered  small.  No  hazardous  flight  condi- 
tions were  encountered  in  simulating  loss  of  suction  power 
at  any  airspeed.  There  was  no  marked  change  in  stick-free 
stability  as  a result  of  the  use  of  boundary-layer  control. 

Flight  tests  conducted  in  areas  of  moderate  rain  showed 
negligible  effect  of  the  rain  on  either  the  lift  due  to  suction 
or  the  pumping  requirements.  No  clogging  of  the  porous 
material  was  evident  after  approximately  50  hours  of  flight 


testing.  No  particular  effort  was  made  to  protect  the 
porous  area  in  the  hangar.  No  detrimental  effects  on  en- 
gine life  due  to  the  use  of  the  air  bleed  (3  pounds  per  second, 
average)  were  noted  for  approximately  67  hours  of  flight 
testing. 

CONCLUDING  REMARKS 

The  results  of  wind-tunnel  and  flight  tests  of  a 35°  swept- 
wing  airplane  having  area  suction  applied  to  trailing-edge 
flaps  indicated  that  trailing-edge  flap  effectiveness  could  be 
improved  to  values  approaching  theory  for  flap  deflections 
ranging  from  45°  to  64°  of  deflection.  The  primary  effects 
of  boundary-layer  control  applied  to  trailing-edge  flaps  was 
to  increase  lift  at  a given  angle  of  attack.  Although  the 
flap  boundary-layer  control  reduced  the  stall  speed  only 
slightly,  a reduction  in  minimum  comfortable  approach 
speed  of  about  12  knots  was  obtained  by  a number  of  pilots, 
particularly  those  giving  visibility  and  attitude  or  longitu- 
dinal control  as  the  limiting  factor.  The  improvements  in 
flap  effectiveness  were  accomplished  with  low  values  of  flow 
quantity  and  suction  horsepower;  flow  coefficients  ranging 
from  0.0003  to  0.0008  were  required;  and  suction  power 
ranging  from  10  to  25  horsepower  would  be  required  in  the 
normal  landing-approach  and  take-off  speed  ranges. 

Ames  Aeronautical  Laboratory 

National  Advisory  Committee  for  Aeronautics 
Moffett  Field,  Calif.,  May  6 , 1958 


APPENDIX 


METHODS  USED  FOR  PERFORMANCE  EVALUATION 


The  following  equations  and  assumptions  were  used  in 
computing  the  performance. 

Take-ojj  distance: 


Ground  run= 


~64A[T-nW-Sq(CD-yCL)) 
(from  ref.  4,  pp.  195-196). 

Air  distance=^^L+-^^r;  ft 

T~D  fh! 2 

(ref.  5,  p.  51)  where  take-off  velocity 
V to—  1-2  V stall 

10/1f71  jW—T  sin  a\ 

- v 7 V cLmax  )’ft/sec 

and 

T~ engine  thrust 


; ft 


2=|  (0.7  Fro)2 

W=  gross  weight  in  pounds. 
a—  angle  of  attack  at  CL/nax 


m=0.02 


(The  assumption  is  made  that  steady  climb  has  been  reached 
before  the  50-foot  heigh tjs  attained.) 


Climb : 


where 


r , 101.4  VTex  . 

Rate  ol  chmb= ^ > ffc/mm 

TEx— excess  thrust  at  V 


Landing  distance : 

Air  dis tance ^ + 50 j ft 

l°ge  (|j)  n,  ft 


Ground  run= 


Vr? 


644  [<*-(r)! 


(ref.  6,  p.  312)  where  V50  is  pilot's  actual  approach  speed, 
and  the  landing  velocity, 


and 

Catapult  end  speed: 


VL — 1.05  V$tall 


m=0.4 


V btLro 

where 

T=  thrust  at  100-percent  rpm 
CLto=0.9  CLmax 

aTo=oc  at  Clt( 
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TABLE  I.— DIMENSIONS  OF  MODEL  AND  TEST  AIRPLANE 


Wing 

Total  area,  sqft 287.  9 

Span,  ft 37.  12 

Aspect  ratio 4.79 

Taper  ratio 0.  51 

Mean  aerodynamic  chord  (wing  station  98.7  in.),  ft_  8.  1 

Dihedral  angle,  deg 3.  0 

Sweepback  of  0.25-chord  line 35°  14' 

Geometric  twist,  deg 2.  0 

Root  airfoil  section  (normal  to  0.25-chord  line) 


NACA  0012-64 
modified 

Tip  airfoil  section  (normal  to  0.25-chord  line) 

NACA  0011-64 
modified 


Wing  area  affected  by  flaps,  sq  ft—  — 116.  6 

Flap 

Wind-tunnel  model 

Flap  area  (total),  sqft 29.  8 

Flap  span  (from  13.5  to  49.5-percent  semispan), 

ft 7.  27 

Flap  chord  (constant),  ft 2.  108 

Test  Airplane 

Flap  area  (total),  sqft 23.  7 

Flap  span  (from  13.5  to  49.5-percent  semi- 
span), ft 7.  27 

Flap  chord  (constant),  ft 1.  67 
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TABLE  II.— COORDINATES  OF  THE  WING  AIRFOIL  SECTIONS  NORMAL  TO  THE  WING  QUARTER-CHORD  LINE  AT  TWO 

SPAN  STATIONS 


[Dimensions  given  in  inches] 


Section  at  0.467  semispan 

Section  at  0.857  semispan 

z 

z 

X 

X 

Upper 

Lower 

Upper 

Lower 

surface 

surface 

surface 

surface 

0 

0.  231 

0 

-0.  098 

. 119 

. 738 

-0.  307 

. 089 

. 278 

-0.  464 

. 239 

. 943 

-.  516 

. 177 

. 420 

-.  605 

. 398 

1.  127 

-.  698 

. 295 

. 562 

739 

. 597 

1.  320 

895 

. 443 

. 701 

879 

. 996 

1.  607 

- 1.  196 

. 738 

. 908 

- 1.  089 

1.  992 

2.  104 

- 1.  703 

1.  476 

1.  273 

- 1.  437 

3.  984 

2.  715 

-2.  358 

2.  952 

1.  730 

- 1.  878 

5.  976 

3.  121 

-2.  811 

4.  428 

2.  046 

-2.  176 

7.  968 

3.  428 

-3.  161 

5.  903 

2.  290 

-2.  401 

11.  952 

3.  863 

-3.  687 

8.  855 

2.  648 

- 2.  722 

15.  936 

4.  157 

-4.  064 

11.  806 

2.  911 

- 2.  944 

19.  920 

4.  357 

-4.  364 

14.  758 

3.  104 

-3.  102 

. 23.  904 

4.  480 

-4.  573 

17.  710 

3.  244 

-3.  200 

27.  888 

4.  533 

-4.  719 

20.  661 

3.  333 

-3.  250 

31.  872 

4.  525 

-4.  800 

23.  613 

3.  380 

-3.  256 

35.  856 

4.  444 

— 4.  812 

26.  564 

3.  373 

-3.  213 

39.  840 

4.  299 

-4.  758 

29.  516 

3.  322 

-3.  126 

43.  825 

4.  081 

-4.  638 

32.  467 

3.  219 

-2.  989 

47.  809 

3.  808 

-4.  452 

35.  419 

3.  074 

-2.  803 

51.  793 

3.  470 

-4.  202 

38.  370 

2.  885 

-2.  574 

55.  777 

3.  066 

— 3.  891 

41.  322 

2.  650 

-2.  302 

59.  761 

2.  603 

-3.  521 

44.  273 

2.  374 

-1.  986 

a 63.  745 

2.  079 

— 3.  089 

a 47.  225 

2.  054 

- 1.  625 

83.  681 

740 

63.  031 

. 321 

L.  E.  radius:  1.202,  center  at  1.201,  0.216 

L.  E.  radius:  0.822,  center  at  0.822,  —0.093 

Straight  lines  to  trailing  edge. 
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TABLE  III— SUMMARY  OF  EXTENT  AND  POSITIONS  OF  POROUS  SURFACE  TESTED  ON  SUCTION  FLAP;  DIMENSIONS 

NORMAL  TO  HINGE  REFERENCE  LINE 

[Dimensions  in  inches] 


Configuration 

no. 

Extent  of 
ehordwise 
opening 

Position  of 
forward  edge 
(aft  of  ref. 
line) 

Flap  deflec- 
tion, deg 

Configura- 
tion no. 

Extent  of 
ehordwise 
opening 

Position  of 
forward  edge 
(aft  of  ref. 
line) 

Flap  deflec- 
tion, deg 

1 

2,  5 

2,  5 

4o,  oo 

20 

3.  0 

1.  0 

64 

2 

2.  5 

3.  5 

45,  55,  64 

21 

3.  0 

2,0 

64 

3 

2.  5 

1.  5 

45 

22 

3.  0 

3.  0 

64 

4 

2.  5 

4.  5 

55 

23 

3.  0 

4.  0 

64 

5 

2.  5 

4.  5 

55 

24 

4.  0 

2.  0 

64 

6 

. 5 

2.  5 

55 

25 

4.  5 

1.  5 

64 

7 

1.  0 

2.  5 

55 

26 

5.  0 

2.  0 

64 

8 

1.  5 

2.  5 

55 

27 

1.  25 

1.  87 

70 

9 

3.  5 

2.  5 

55 

28 

2.  62 

1.  87 

70 

10 

5.  5 

2.  5 

55 

29 

3.  12 

1.  87 

70 

11 

1.  5 

. 5 

55 

30 

3.  62 

1.  87 

70 

12 

1.  5 

1.  5 

55 

31 

4.  12 

1.  87 

70 

13 

1.  5 

3.  5 

55 

32 

5.  12 

1.  87 

70  ! 

14 

1.  5 

4.  5 

55 

33 

3.  62 

2.  12 

70 

15 

1.  5 

5.  5 

55 

34 

3.  62 

.2.  32 

70 

16 

1.  5 

6.  5 

55 

35 

3.  62 

2,  62 

70 

17 

1.  0 

2.  0 

64 

36 

3.  62 

3.  12 

70 

18 

2.  0 

2.  0 

64 

37 

3.  62 

3.  62 

70 

19 

2.  0 

2.  5 

64 

38 

3.  62 

4.  12, 

70 

TABLE  IV.— COORDINATES  OF  THE  MODIFIED  WING 
LEADING  EDGE  AT  TWO  SPAN  STATIONS,  NORMAL  TO 
THE  WING  QUARTER-CHORD  LINE 


[Dimensions  given  in  inches] 


Section  at  0.467  semispan 

Section  at  0.857  semispan 

z 

Z 

X 

X 

Upper 

Lower 

Upper 

Lower 

surface 

surface 

surface 

surface 

— 1 692 

— 1.  445 

- 1.  250 

-1.  359 

- 1.  273 

348 

- 2.  552 

-.  934 

-.  495 

-2.  192 

855 

. 222 

-2.  898 

619 

099 

- 2.  454 

436 

. 629 

-3.  114 

-.  304 

. 197 

-2.  609 

018 

. 969 

-3.  272 

. 011 

. 456 

-2.  701 

. 400 

1.  266 

-3.  391 

. 326 

. 675 

-2.  769 

. 819 

1.  527 

- 3.  473 

. 641 

. 867 

-2.  796 

1.  237 

1.  760 

-3.  523 

. 956 

1.  040 

-2.  813 

1.  655 

1.  952 

- 3.  549 

1.  272 

1.  189 

-2.  821 

1 992 

2.  104 

1.  476 

1.  273 

2.  074 

- 3.  552 

1.  587 

-2.  813 

2.  911 

-3.  531 

2.  217 

-2.  787 

4.  166 

-3.  481 

3.  163 

-2.  742 

6.  258 

-3.  472 

4.  739 

-2.  709 

8.  350 

-3.  542 

6.  314 

-2.  712 

10.  442 

-3.  657 

7.  890 

-2.  751 

14.  626 

-3.  956 

9.  466 

-2.  808 

15.  936 

-4.  064 

11.  042 

-2.  885 

11.  806 

-2.  944 

L.  E.  radius:  1.674, 

center 

L.  E.  radius:  1.261,  center 

at 

-0.018,  -1.445 

at  0.011,  -1.359 
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TABLE  V.— LOCATION  OF  SURFACE  PRESSURE  ORIFICES 


[Position  of  orifices,1  chord  wise  percent] 


Orifice 

No. 

0.256/2  and  0.456/2  station 

0.656/2  and  0.856/2  station 

Upper 

surface 

Lower 

surface 

Upper 

surface 

Lower 

surface 

1 

o 

0 

2 

. 25 

0.  25 

. 25 

0.  25 

3 

. 5 

. 5 

. 5 

. 15 

4 

1.  0 

1.  0 

1.  0 

1.  0 

5 

1.  5 

1.  5 

1.  5 

1.  5 

6 

2.  0 

2.  0 

2.  0 

2.  0 

7 

2.  5 

2.  5 

2.  5 

2,  5 

8 

3.  5 

3.  5 

3.  5 

3.  5 

9 

5.0 

5.  0 

5.  0 . 

5.  0 

10 

7.  5 

7.  5 

7.  5 

7.  5 

11 

10.  0 

10.  0 

10.  0 

10.  0 

12 

15.  0 

15.  0 

15.  0 

15.  0 

13 

20.  0 

20.  0 

20.  0 

• 20.  0 

14 

30.  0 

30.  0 

30.  0 

30.  0 

15 

40.  0 

40.  0 

40.  0 

40.  0 

16 

50.  0 

70.  0 

50.  0 

60.  0 

17 

60.0 

75.  0 

60.  0 

70.  0 

18 

70.  0 

80.  0 

70.  0 

80.  0 

19 

75.  0 

88.  0 

80.  0 

90.  0 

20 

80.  0 

90.  5 

90.  0 

97.  5 

21 

83.  3 

93.  2 

97.  5 

22 

84.  0 

96.  0 

oq 

84.  4 

98.  0 

AO 

24 

84.  8 

25 

85.  4 

26 

86.  5 

27 

87.  7 

28 

91.  0 

29 

93.  0 

30 

95.  0 

31 

97.  0 

32 

99.  0 

1 Upper  surface  orifices  omitted: 
Station  0.256/2,  no.  6. 

Station  0.856/2,  nos.  2,  6, 
and  IX. 

Station  0.656/2,  no.  7. 


Lower  surface  orifices  omitted: 
Station  0.256/2,  no.  16. 
Station  0.656/2,  nos.  6,  7, 
and  8. 

Station  0.85J/2,  no.  10  above 

12.8. 
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TABLE  VI.— PILOTS’  COMMENTS  RELATING  TO  STALL  AND  APPROACH  CHARACTERISTICS 

(a)  Configuration  I:  Standard  F-86A-1;  38°  flap;  slats 


Pilot 

Suction 
B.  L.  C. 

Stall  speed, 
I.  A.  S.,  knots 

Stall  characteristics 

Approach  speed 
I.  A.  S.,  knots 

Primary  reasons  for  choosing  approach 
speed 

A 

98-100 

Warning:  Lightening  of  stick  forces. 
Stall:  Satisfactory.  Mild  pitch-up  and 
roll-off. 

115 

Visibility  is  limiting  factor.  Have  good 
control  down  to  105,  but  attitude  best 
at  115-120.  At  about  100  much 
larger  stick  movement  is  necessary  for 
control.  Approach  speed  dependent 
upon  gustiness. 

B 

98 

Warning:  Marginally  satisfactory.  Force 
lightening  at  105-102  and  pitch-up  at 
102.  No  aerodjmamic  warning. 

Stall:  Satisfactory.  Mild  buffet,  left 
roll-off,  easy  to  control.  Ailerons 
more  effective  than  elevator  at  stall. 

115 

115  chosen  to  give  adequate  speed  above 
stall  (in  this  case  105  .where  force 
lightening  occurred).  L.  S.  O.  (Land- 
ing Signal  Officer)  would  add  15  to 
stall  for  approach  speed.  Pilot 

chooses  a minimum  of  10.  Airplane 
flyable  at  any  speed  above  stall. 
Elevator  control  good  at  110.  At 
110-115  visibility  is  a problem  but 
would  not  be  if  seat  could  be  raised. 
Considerable  floating  experienced  at 
115. 

E 

102 

Warning:  None. 

Stall:  Slight  pitch-up,  left  wing  drop, 
incipient  spin. 

130  on  final. 
120  over  fence. 

Forward  visibility. 

F 

97-101 

Warning:  Insufficient. 

Stall:  Satisfactory.  Moderate  pitch-up 
and  roll-off. 

115 

Poor  lateral  control  and  normal  margin 
for  flare  out.  Better  lateral  control 
and  feel  on  suction  flap  airplane. 
Worse  sink  rate  than  suction  flap 
airplane  suction  on. 

G 

99 

Warning:  Light  buffet  110.  Yaws  left 
at  103  but  controllable. 

Stall:  Very  good.  Slow  left  wing  drop. 

130  on  final. 

120  over  fence 
110  touchdown. 

Pattern  felt  comfortable  by  touching 
down  at  110  with  no  buffet  or  yaw. 

H 

100 

Warning:  Good.  Light  buffet  and  pitch- 
up  at  105. 

Stall:  No  comments. 

130 

Limited  by  visibility  and  feel  of  aircraft. 
Lack  of  adequate  seat  adjustment 
restricts  visibility  over  nose  more 
than  on  suction-flap  airplane.  Less 
able  to  rack  around  at  120  than 
suction-flap  airplane. 

I 

100 

Warning:  Good.  3-6  above  stall. 
Stall:  Good  to  excellent. 

125  over  fence. 
115-110  on 
touchdown. 

Comfortable  attitude,  visibility.  Not 
worried  about  hitting  tailpipe. 

K 

100 

Stall:  Satisfactory. 

120 

Decrease  in  ability  to  control  altitude 
by  longitudinal  control  alone. 

L 

100 

Stall:  Satisfactory.  Mild  pitch-up  and 
roll-off. 

120 

Loss  of  longitudinal  control.  No  stick 
centering  from  trim  at  approach 
speed. 

M 

101-102 

Stall:  Unsatisfactory.  Due  to  pitch-up. 

115 

Positive  altitude  control. 

N 

101 

Warning:  Unsatisfactory.  Very  little. 
Stall:  Satisfactory. 

115 

No  comment. 
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TABLE  VI.— PILOTS’  COMMENTS  RELATING  TO  STALL  AND  APPROACH  CHARACTERISTICS— Continued 


(b)  Configuration  II:  F-86A-5;  55°  suction  flap;  C.  L.  E.  plus  fence 


Pilot 

Suction 
B.  L.  C. 

Stall  speed, 
I.  A.  S.,  knots 

Stall  characteristics 

Approach  speed  . 
. I.  A.  S.,  knots 

Primary  reasons  for  choosing  approach 
speed 

A 

Off 

100 

Warning:  W~eak  buffet. 

Stall:  Very  satisfactory.  Mild  pitching, 
very  gentle. 

115 

Proximity  to  stall.  Good  control  100  up. 
Good  visibility  115-118.  No  notice- 
able difference  between  suction  on  and 
off. 

115  __  - 

On 

100 

B 

Off 

100 

Warning:  Too  close  but  adequate. 
Stall:  Mild,  satisfactory. 

115 

Limited  by  visibility  at  110.  Control  is 
satisfactory  right  down  to  stall. 
Longitudinal  control  too  sensitive  at 
approach  speeds.  More  positive 

stick-free  stability  as  on  F-86F  is  more 
desirable. 

On 

95-98 

Warning:  Too  close  but  adequate. 
Stall:  Mild,  satisfactory. 

108  . - 

Limited  by  nearness  to  stall.  Visibility 
was  not  limiting  at  110.  Attitude  is 
more  desirable  with  suction  on,  but 
without  lower  stall  speed,  would  not 
lower  approach  speed. 

C 

Off 

100 

Stall:  Satisfactory. 

125-  

Minimum  positive  control  for  gusts  or 
emergency. 

On 

95 

Stall:  Good. 

115 -- 

Has  better  control  and  stability  than 
with  suction  off.  No  visibility  prob- 
lem. 

D 

Off 

100 

Warning:  Buffeting,  slight  wing  roll. 
Stall:  Satisfactory. 

140  base. 

120  over  fence. 
110  touchdown. 

Adequate  speed  above  stall.  Feels  com- 
fortable at  110.  Satisfactory  stall 
allows  coming  to  within  10  of  stall. 

On 

99 

i 

Warning:  Buffeting  and  slight  wing,  roll. 
Stall:  Satisfactory. 

140  base. 

120  over  fence. 
105  touchdowm. 

Adequate  speed  above  stall.  Decreased 
attitude  allows  lower  touchdown 
speed.  Visibility  not  a problem  at 
base  and  final  approach  speeds  used 
but  noticeably  improved  on  touch- 
down. 

E 

Off 

98 

Warning:  High  angle  of  attack,  shaking 
and  wallowing  of  airplane  at  102  (more 
than  suction  on). 

Stall:  Satisfactory,  nose  drops  through. 

125-130  on  final. 
115-120  over 
fences. 

Optimum  visibility  with  more  than  ade- 
quate airspeed.  No  control  diffi- 
culties. 

On 

97 

Warning:  None. 

Stall:  Satisfactory.  Consists  of  wing  drop 
which  is  controllable  but  worse  than 
suction  off.  Inconsistent:  wing  drops 
or  stalls  straight  ahead. 

115  on  final. 
105  over  fence. 

Decrease  in  approach  speed  due  to 
better  visibility.  Not  limited  other- 
wise. Possibly  could  use  110  ap- 
proach speed  on  final.  Over  fence 
speed  limited  by  fear  of  dragging  tail. 

F 

Off 

92-97 

Warning:  Good  (100-103). 

Stall:  Satisfactory.  Pitch-up  followed  by 
pitch-down. 

115  - - 

Limited  by  concern  about  ability  to  flare 
and  the  time  spent  in  transition- 
power  off. 

On 

90-94 

Warning:  Inadequate. 
Stall:  Satisfactory. 

no 

Limited  by  lack  of  stall  warning.  Like 
increased  visibility  with  suction. 
Suction  also  reduces  rate  of  sink. 
Flared  better  than  anticipated  but 
may  have  been  influenced  by  carrying 
more  power  than  usual.  Flies  better 
5-10  above  stall  than  suction  off. 

G 

Off 

101 

Warning:  O.  Iv.  Burble  at  115,  slight 
left  yaw  at  102. 

Stall:  Satisfactory.  Slight  left  roll  tend- 
ency. 

130  on  final. 

120  over  fence. 
110  touchdown. 

Limited  by  speed  above  yaw  and  stall. 
Sink  rate  higher  than  suction  on. 
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TABLE  VI. — PILOTS’  COMMENTS  RELATING  TO  STALL  AND  APPROACH  CHARACTERISTICS— Continued 

(b)  Configuration  II;  F-86A-5;  55°  suction  flap;  C.  L.  E.  plus  fence 


Pilot 

Suction 
B.  L.  C. 

Stall  speed, 
I.  A.  S.,  knots 

Stall  characteristics 

Approach  speed 
I.  A.  S.,  knots 

Primary  reasons  for  choosing  approach 
speed 

G 

On 

99 

Warning:  Satisfactory.  Light  buffet  at 
105. 

Stall:  Satisfactory.  Straight  ahead. 

120  on  final. 

115  over  fence. 
105  touchdown. 

Limited  by  speed  above  stall.  Speed  on 
base  and  final  very  comfortable  120 
kts.  due  to  increased  ability  to  turn. 
Feels  better  suction  on,  especially  in 
jet  wash  (i.  e.,  turbulence).  Could 
tighten  pattern  suction  on.  Decrease 
in  attitude  very  significant,  may 
influence  reduction  in  approach  speed. 

H 

Off 

99 

Warning:  Satisfactory.  Light  buffet. 
Stall:  Satisfactory. 

115 

Limited  by  proximity  to  stall.  Added 
flap  deflection  55°  over  38°  quite  ap- 
parent, gave  large  improvement,  more 
than  that  due  to  effect  of  suction. 

On 

94-97 

Warning:  Light  to  moderate  buffet;  more 
than  suction  off. 

Stall:  Satisfactory. 

110 

Limited  by  general  feel  in  approach. 
Decrease  in  sink  rate  with  suction  on. 
A more  solid  feel,  especially  in  turns. 
Decrease  in  attitude  quite  noticeable. 
Not  limited  by  nearness  to  stall. 

I 

Off 

100-101 

Warning:  Good.  Buffet  3 less  than  nor- 
mal F-86. 

125  (power  on 
approach) . 

Comfortable  attitude.  Not  worried 
about  proximity  to  stall. 

On 

98 

Warning:  Good.  Buffet  3 less  than  nor- 
mal F-86. 

115  over  fence 
110  touchdown. 

Speed  above  stall.  Attitude  improved. 
Maneuvering  in  approach  felt  better. 

J 

Off 

100 

Warning:  Wing  drop  and  buffet  2 or  3 
above  stall. 

120 

Attitude.  Sufficient  speed  above  stall. 

On 

97 

Warning:  Sufficient.  Right  wing  drop 
and  buffet.  2 or  3 above  stall. 

115 

Feels  comfortable.  Proximity  to  stall. 
With  more  power  on  would  be  com- 
fortable at  110. 

K 

Off 

95 

Stall:  Satisfactory. 

115 

Decrease  in  ability  to  control  altitude  by 
longitudinal  control  alone,  Visibility. 

i 

! 

On 

90 

Stall:  Satisfactory. 

108 

Decrease  in  ability  to  control  altitude  by 
longitudinal  control  alone.  Visibility 
improved  over  suction  off  but  becomes 
contributing  factor  again  at  this  lower 
speed. 

L 

Off 

95 

Warning:  Satisfactory.  Buffet  3-4  be- 
fore stall. 

Stall:  Satisfactory.  Mild  pitch-up, 

straight  ahead. 

115 

Loss  of  longitudinal  control  or  ability  to 
adequately  control  altitude. 

On 

90 

Warning:  Marginal.  Buffet  2-3  before 
stall. 

Stall:  Satisfactory.  Mild  pitch-up, 

straight  ahead. 

105-107 

Loss  of  longitudinal  control  or  ability  to 
adequately  control  altitude. 

M 

Off 

95-97 

Warning:  Marginal.  Buffet  98. 
Stall:  Satisfactory. 

105-110 

Ability  to  stop  sink  rate. 

On 

92-95 

Warning:  Marginal.  Buffet  98. 
Stall:  Satisfactory. 

100-105 

Ability  to  stop  sink  rate. 

N 

Off 

98 

Warning:  Marginal.  Buffet  at  106. 
Stall:  Good. 

110-115 

Adequate  margin  above  stall. 

On 

98 

Warning:  Marginal.  Buffet  at  106. 
Stall:  Good. 

110-115 

Adequate  margin  above  stall.  Visibility 
good  suction  on.  Pilot  noted  no  dif- 
ference in  approach  speed  suction  on 
or  off  but  did  note  improved  visibility. 
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TABLE  VI.— PILOTS'  COMMENTS  RELATING  TO  STALL  AND  APPROACH  CHARACTERISTICS— Concluded 

(b)  Configuration  II;  F-86A-5;  55  suction  flap;  C.  L.  E.  plus  fence 


Pilot 

Suction 
B.  L.  C. 

Stall  speed, 
I.  A.  S.,  knots 

Stall  characteristics 

Approach  speed 
I.  A.  S.,  knots 

Primary  reasons  for  choosing  approach 
speed 

0 

Off 

98 

Warning:  Mild  aileron  buffet  102. 
Stall:  Good  except  for  mild  pitch-up. 

120  on  base. 

115  over  fence. 
100  touchdown. 

Ability  to  pull  g. 

On 

92 

Warning:  Mild  aileron  buffet  96. 
Stall:  Good  except  for  mild  pitch-up. 

110  on  base. 
110  over  fence. 
95  touchdown. 

Ability  to  pull  g. 

P 

Off 

100 

Satisfactory. 

108 

Proximity  to  stall. 

On 

99 

Satisfactory. 

104 

Proximity  to  stall. 

TABLE  VII.— SUCTION  FLOW  COEFFICIENT,  PRESSURE  COEFFICIENT,  AND  HORSEPOWER  REQUIREMENTS 

(a)  Porous  surfaces  having  low-pressure-drop  characteristics 


W/S,  40  lb/sq  ft 

1 

Flap  deflection,  55° 

Flap  deflection,  64° 

a 

deg 

CL 

V, 

ft/sec 

CQf 

Measured 

suction, 

hp 

CL 

V, 

ft/see 

CQ/ 

p*; 

Measured 

suction, 

hp 

0.  5 

0.  79 

206 

0.  00047 

-4.  4 

23.  0 

0.  92 

191 

0.  00078 

-6.  8 

44.  0 

4.  6 

1.  06 

178 

. 00050 

— 4.  2 

15.  7 

6.  6 

1.  30 

160 

00082 

— 6 3 

24  6 

10.  9 

1.  45 

152.  5 

. 00062 

-3.  5 

10.  1 

1.  52 

148 

. 00082 

-6.  0 

18.  1 

15.  1 

1.  68 

141.  5 

. 00065 

-3.  0 

6.  7 

W/S,  60  lb/sq  ft 

0.  6 

0.  78 

255 

0.  00049 

-4.  5 

43.  7 

0.  92 

237 

0.  00079 

-6.  9 

87.  5 

4.  6 

1.  04 

220 

. 00052 

-4.  2 

28.  5 

6.  6 

1 29 

209 

00082 

— 6 4 

56  0 

10.  9 

1.  44 

187.  6 

. 00056 

-3.  8 

16.  9 

1.  51 

187 

. 00080 

-6.  0 

33.  8 

13.  0 

1.  6 

179.  5 

. 00058 

-3.  4 

14.  0 

TABLE  VII.— SUCTION  FLOW  COEFFICIENT,  PRESSURE  COEFFICIENT  AND  HORSEPOWER  REQUIREMENTS— Concluded 


(b)  Porous  surface  having  variable-  and  high-pressure-drop  characteristics 


W/S,  40  lb/sq  ft 

1 Flap  deflection,  55° 

2 Flap  deflection,  64° 

a 

deg  • 

CL 

V, 

ft/sec 

CQf 

. p»f 

Measured 

suction, 

hp 

Cl 

V, 

ft/sec 

CQ, 

p*r 

Measured 

suction, 

hp 

0.  5 

0.  83 

202 

0.  00022 

-5.  3 

12.  5 

0.  92 

191 

0.  00054 

-6.  8 

28.  0 

6.  6 

1.  28 

162 

00050 

— 6 3 

15  8 

10.  9 

1.  46 

151.  5 

. 00035 

-4.  8 

8.  3 

1.  52 

148.  5 

. 00050 

-6.  0 

12.  4 

1 <$/=5 5°,  variable-pressure-drop  tapered-thickness  porous  material. 

2 5/=64°,  high-pressure-drop  constant-thickness  porous  material.. 
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TABLE  VIII— STALL  DATA— LANDING  APPROACH  CONFIGURATION 


Pilot 

I.  Standard  F-86A-1;  38°  flap;  slats 

II.  F-86A-5;  55°  suction  flap;  C.  L.  E.  plus  fence 

Suction  off 

Suction  on 

V stall 

knots  1 

Opinion  of 
warning 

Opinion  of 
stall 

F stall 

knots  1 

Opinion  of 
warning 

Opinion  of 
stall 

F stall 

knots  1 

Opinion  of 
warning 

Opinion  of 
stall 

A 

91-95 

Satisfactory.,- 

Satisfactory— _ 

99 

Weak 

Satisfactory... 

99 

Weak 

Satisfactory. 

B 

91 

Marginal - 

Satisfactory... 

99 

Adequate 

Satisfactory... 

93-96 

Adequate.  _ .. 

Satisfactory. 

C 

--- 

99 

Satisfactory... 

92 

Good. 

D 

--- 

99 

Satisfactor}7..  _ 

98 

Satisfactory. 

E 

97 

No  warning  .. 

96 

Satisfactory... 

95 

None 

Satisfactory. 

F 

90-96 

Insufficient 

Satisfactory... 

89-95 

Good .. 

Satisfactory... 

87-91 

Inadequate 

Satisfactory. 

G 

93 

Good 

100 

Satisfactory... 

Satisfactory—  _ 

98 

Satisfactory... 

Satisfactor}7. 

H 

95 

Good 

97 

Satisfactory... 

Satisfactory... 

91-95 

Satisfactory. 

I 

95 

Good 

Good 

99-100 

Good 

96 

Good 

J 

--- 

99 

95 

Adequate 

K .. 

95 

Satisfactory... 

94 

Satisfactory..  _ 

90 

Satisfactory . 

L 

95 

Satisfactory... 

94 

Satisfactory... 

Satisfactory ... 

90 

Marginal 

Satisfactory. 

M 

96-97 

Unsatisfactory. 

93-95 

Marginal 

Satisfactory... 

89-93 

Marginal.. 

Satisfactory. 

N 

96 

Unsatisfactory. 

Satisfactory ... 

97 

Marginal 

Good 

97 

Marginal 

Good. 

0 __ 

96 

Good.  

89 

Good. 

P 

--- 

99 

Satisfactory... 

97 

Satisfactory. 

Average  pilot’s 
calibrated 
stall  speed. 

94.  6 

Unsatisfactory 
to  good. 

Satisfactory 
to  good. 

97.  1 

Marginal  to 
satisfac- 
tory. 

Satisfactory— _ 

94.  0 

Marginal 

Satisfactory 
to  good. 

Measured  stall 
speed 

VCL  for 

max 

( W/S)A 

88.  5 

93.  9 

\ 

92.  9 

1 Extrapolation  of  the  airspeed  calibration  curves  of  figure  9 has  been  required  for  some  of  these  values. 
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TABLE  IX.— APPROACH  SPEEDS  OR  OVER-THE-FENCE  SPEEDS  CHOSEN 


Configuration 

Suction 

Calibrated  approach  speed  in  knots  for  each  pilot 

Average 

A 

B 

C 

D 

E 

F 

G 

H 

I 

J 

K 

L 

M 

N 

0 

P 

I.  Standard  F- 
86A-1;  38°  flap; 
slats. 

114 

114 

118 

114 

118 

130 

125 

118 

118 

114 

114 

117.  9 

II.  F-86A-5;  55° 
suction  flap; 

C.  L.  E.  plus 
fence. 

Off 

On 

115 

115 

126 

121 

115- 

121 

115 

i2r 

115 

126 

121 

115 

115 

105- 

no 

HO- 

115 

115 

108 

116.  0 

115 

108 

115 

121 

105 

110 

115 

110 

115 

115 

108 

105- 

107 

99- 

105 

no- 

us 

no 

104 

110.  8 

Decrease  in  ap- 
proach speed  due 
to  added  flap  de- 
flection. 

-1 

-1 

+ 3- 
— 2 

-1 

-2 

15 

-1 

3 

3 

4- 

9 

+ 4— 

-1 

""" 

— 

2.  1 

Decrease  in  ap- 
proach speed  due 
to  addition  of  flap 
BLC. 

0 

7 

11 

0 

10- 

16 

5 

6 

5 

11 

6 

7 

8- 

10 

5 

0 

5 

4 

5.  9 
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TABLE  X.— COMPILATION  OF  CALIBRATED  LANDING-APPROACH  AIRSPEED  DATA  ON  ALL  CONFIGURATIONS  FOR  THE 

PILOTS  FLYING  THE  COMPLETE  EVALUATIONS 


Pilot 

Configu- 
ration I. 
Standard 
airplane 

Configuration  II. 
55°  flap;  C.  L.  E. 
plus  fence 

Configuration  III. 
55°  flap;  C.  L.  E. 
no  fence 

Configuration  IV. 
55°  flap;  slats 

Configuration  V. 
64°  flap;  C.  L.  E. 
and  fence 

Configuration  VI. 
64°  flap;  slats 

Suction 

Suction 

Suction 

Suction 

Suction 

Off 

On 

Off 

On 

Off 

On 

Off 

On 

Off 

On 

Iv 

118 

115 

108 

no 

101- 

105 

no 

101- 

105 

no 

102 

105 

100 

L 

118 

115 

105- 

107 

115 

108 

112 

105 

115 

107 

— 

M 

114 

105- 

no 

99- 

105 

105 

99 

105 

95- 

100 

no- 

112 

99- 

105 

105- 

HO 

100 

N 

114  ' 

no- 

115 

no- 

115 

no- 

115 

105 

107- 

108 

102- 

105 

108- 

no 

102 

105 

100- 

102 

Average  pilot’s 
calibrated  ap- 
proach speed, 
knots  

116.  0 

112.  5 

107.  1 

no.  6 

103.  7 

108.  6 

102.  2 

111.  2 

103.  2 

105.  8 

100.  3 

Average  decrease 
in  approach 
speed  due  to 
added  flap  de- 
flection, knots 

3.  5 

5.  4 

7.  4 

4.  8 

9.  5 

Average  decrease 
in  approach 
speed  due  to 
addition  of  suc- 
tion BLC,  knots.. 

5.  4 

6.  9 

6.  0 

8.  0 

5.  5 

Average  decrease 
in  approach 
speed  below 
standard  air- 
plane, knots 

8.  9 

12.  3 

13.  4 

12.  8 

15.  0 

Measured  stall 
speed  Vc  for 

Lmax 

(1 V/S) A,  knots. 

88.  5 

93.9 

92.  9 

85.  3 

82.  1 

90.2 

88.  4 

91.  7 

89.  4 

89.  3 

87.  3 

Ratio  of  average 
approach  speed 
to  measured  stall 
speed,  knots 

1.  31 

1.  20 

1.  15 

1.  30 

1.  26 

1.  20 

1.  16 

1.  21 

1.  16 

1.  19 

1.  15 

Decrease  in  speed 
for  minimum 
thrust  required 
due  to  suction 
BLC,  knots - 

6.  3 

8.  0 

6.  7 

7.  0 
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TABLE  XI.— PRIMARY  REASONS  FOR  LIMITING  APPROACH  SPEEDS 


Cate- 

gory 

Reasons 

I.  Standard 
F-86A-1 ; 38° 
flap;  slats 

II.  F-86A-5;  55°  suction  flap; 
C.  L.  E.  plus  fence 

III- VII.  F-86A; 
suction  flap  (all 
configurations) 

Suction  off 

Suction  on 

Suction  on 
or  off 

A 

B 

A,  D,  G,  H,  J, 
N,  P. 

A,  B,  D,  G,  I, 
J,  N,  P. 

- 

Provimity  to  yaw  _ _ 

Poor  stall  characteristics  _ 

F 

Number  of  pilots  limiting  because  of  stall  character- 
istics. 

1 

7 

8 

B 

Visibility  - - _ 

A.  B,  E,  H,  I 

B,  E,  L 

E,  L 

Attitude 

A,  I 

I,  J 

Concern  for  dragging  tail 

E 

Number  of  pilots  limiting  because  of  attitude  or  visi- 
bility characteristics. 

5 

5 

i 

2 

C 

Minimum  positive  longitudinal  or  altitude  control 

F,  K,  L,  M,  N__ 

C,  K,  L 

C,  'K,  L 

K,  L,  M,  N. 

Ability  to  flare  maneuver  or  arrest  sink 

F 

F,  M,  0 

M,  0 

K,  L,  M,  N. 

Feel  

G,  H 

H 

Number  of  pilots  limiting  for  altitude  or  longitudinal 
control  characteristics. 

7 

6 

6 

4. 
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INVESTIGATION  OF  SOME  WAKE  VORTEX  CHARACTERISTICS  OF  AN  INCLINED  OGIVE- 

CYLINDER  BODY  AT  MACH  NUMBER  2 1 


By  Leland  H.  Jorgensen  and  Edward  W.  Perkins 


SUMMARY 

For  an  inclined  body  of  revolution  at  a free-stream  Mach 
number  of  1.98 , pitot-pressure  distributions  in  the  flow  field, 
pressure  distributions  over  the  body,  and  downwash  distributions 
through  the  shed  vortices  have  been  measured.  The  body  con- 
sisted of  a fineness-ratio-8 , circular-arc,  ogival  nose  tangent  to 
a cylindrical  afterbody  7.3  diameters  long.  The  free-stream 
Reynolds  numbers,  based  on  body  diameter , were  0.15X10Q  and 
0 fil(.XlO* , and  the  angle-of -attack  range  was  from  5°  to  20°. 
Pressure  distributions  on  the  body  surface  have  been  used  in 
conjunction  with  flow-field  contour  plots  of  constant  pitot  pressure 
to  determine  the  approximate  locations  at  which  the  vortices  left 
the  body  surface  and  their  paths  downstream. 

To  aid  in  the  study  of  the  experimental  data,  expressions 
have  been  written  for  the  flow  about  a simple  theoretical  model  in 
which  the  induced  flow)  field  in  any  crossdow  plane  along  the 
cylindrical  afterbody  is  represented  by  the  incompressible  steady 
potential  flow  around  a cylinder  in  the  presence  of  two  sym- 
metrical vortices  of  equal  strength.  By  the  use  oj  velocity  and 
vortex  strength  formulae  resulting  from  consideration  of  this 
theoretical  model,  vortex  paths  which  agree  well  with  the  experi- 
mental paths  have  been  computed.  However,  in  computing  these 
paths,  starting  vortex  positions  and  strengths  determined  from 
experiment  were  used,  since  there  is  no  reliable  theoretical  method 
for  determining  these  starting  conditions. 

Comparisons  of  theoretical  and  experimental  downwash  angle 
distributions  along  a line  through  the  vortex  centers  illustrate 
the  inadequacy  of  the  sometimes-used  potential  flow  about  a 
cylinder  which  fails  to  account  for  the  presence  of  vortices  in 
the  flow  field.  Except  through  and  between  the  vortex  cores , the 
downwash  can  be  closely  computed  by  assuming  two  symmetrical 
potential  vortices  in  the  flow  field.  If  the  sizes  of  the  core 
radii  are  known,  the  agreement  of  theory  with  experiment  both 
through  and  between  the  cores  can  be  improved  by  the  assumption 
of  viscous  rather  than  potential  vortices  in  the  field. 

INTRODUCTION 

One  phase  of  the  general  problem  of  the  interference  be- 
tween component  parts  of  aircraft  is  the  interference  effects 
resulting  from  the  vortices  shed  from  a body  of  revolution  at 
large  angles  of  attack.  Wind-tunnel  tests  have  shown  that 
these  vortices  can  have  a large  effect  upon  the  forces  de- 
veloped on  wing  and  tail  surfaces.  Fortunately,  techniques 
are  available  for  estimating  the  forces  developed  on  the  wing 
and  tail  surfaces  provided  the  strengths  and  positions  of  the 

1 Supersedes  NACA  RM  A55E31  by  Lelaud  H.  Jorgensen  and  Edward  W.  Perkins,  1955, 


body  vortices  are  known  (see,  e.  g.,  refs.  1 and  2).  Although 
as  yet,  there  is  no  rigorous  theoretical  method  for  predicting 
either  the  strengths  or  the  positions  of  the  vortices,  certain 
simplified  methods  for  estimating  these  characteristics  can 
be  suggested. 

The  purpose  of  this  report  is  twofold : first,  to  present  ex- 
perimental results  of  flow-field  characteristics  about  an  in- 
clined body  of  revolution  and  second,  to  assess  the  adequacy 
of  a simplified  method  of  estimating  these  characteristics. 
To  this  end  an  inclined  body  of  revolution  has  been  utilized 
for  obtaining  measurements  of  body  pressure  distributions, 
paths  of  the  shed  vortices,  and  downwash  distributions 
through  the  vortex  cores.  Comparisons  of  computed  vortex 
paths  and  downwash  distributions  are  made  with  the  results 
of  the  experimental  measurements. 
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SYMBOLS 


reference  area,  iva? 

radius  of  cylindrical  portion  of  body 
a constant  of  integration 


normal-force  coefficient, 


A 

qA 


normal-force  coefficient  by  Tsien’s  potential 
theory 


pressure  coefficient, 

body  diameter 
body  length 
length  of  ogival  nose 
free-stream  Mach  number 
normal  force 

local  static  pressure  on  body 
free-stream  static  pressure 
pitot  pressure  in  body  flow  field  (measured 
parallel  to  body  axis) 
free-stream  total  pressure 
free-stream  dynamic  pressure 
free-stream  Reynolds  number  per  inch 
core  radius  of  viscous  vortex 
radial  distance  from  vortex  center  to  point  y,z 
in  crossflow  plane 

position  of  a point  in  crossflow  plane,  yfiiz 
time  of  vortex  growth 

induced  velocities  in  y and  z directions,  re- 
spectively 
free-stream  velocity 
crossflow  velocity,  V sin  a ^ V a 


Preced' 


857 
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VT  vortex  velocit}7  in  crossflow  plane,  V^2+w2 

x,y,z  Cartesian  coordinates  of  point  in  space,  origin 

at  nose  vertex,  x axis  coincident  with  body 
axis,  z axis  perpendicular  to  x axis  in  pitch 
plane 

x,r,d  cylindrical  coordinates  of  point  in  space,  origin 

at  nose  vertex,  x axis  coincident  with  body 
axis,  and  0=0°  in  crossflow  plane  on  wind- 
ward side 

x8  distance  from  nose  to  vortex  separation  posi- 

tion 

a angle  of  attack 

T circulation  strength 

e local  flow  (downwash)  angle  with  respect  to 

w 

free-stream  direction,  a~y  (Note  that  w is 

taken  with  respect  to  body  axes.) 
f position  of  vortex  center  in  crossflow  plane, 

n£,ri  Cartesian  coordinates  of  vortex  filament  posi- 

tion (referred  to  body  axis  with  origin  at 
nose) 

v kinematic  viscosity  of  air 

p free-stream  air  density 

a sidewash  angle  with  respect  to  free-stream  di- 

rection, •— 

c p potential  function  in  crossflow  plane 

stream  function  in  crossflow  plane 

SUBSCRIPTS 

x conditions  at  “ x ” distance  from  nose  vertex 

?i=l,2,3;4  identifies  real  and  image  vortices 

EXPERIMENTAL  CONSIDERATIONS 
APPARATUS 

The  experimental  investigation  was  conducted  in  the  . 
Ames  1-  by  3-foot  supersonic  wind  tunnel  No.  1.  This  tun- 
nel is  a closed -circuit  variable-pressure  tunnel  in  which  the 
Reynolds  number  is  changed  by  varying  the  total  pressure 
within  the  approximate  limits  of  one-fifth  of  an  atmosphere 
to  two  atmospheres.  Mach  numbers  between  1.2  and  2.5 
are  obtained  by  adjustment  of  the  upper  and  lower  flexible 
steel  plates  of  the  nozzle. 

The  model  tested  had  a fineness-ratio-3,  circular-arc,  ogival 
nose  tangent  to  a cylindrical  afterbody  7.3  diameters  long. 
A single  row  of  23  orifices  extended  longitudinally  over  both 
nose  and  afterbody.  The  model,  which  was  constructed  of 
steel,  was  sting  supported  from  the  rear  and  could  be  rotated 
360°  about  its  longitudinal  axis  by  a mechanism  operated 
from  outside  the  tunnel.  Pertinent  model  dimensions  are 
shown  in  figure  1 (a). 

Sketches  of  the  pitot-survey  rake  and  survey  cone  which 
were  used  to  measure  total  pressures  and  local  stream  angles, 
respectively,  are  shown  in  figures  1 (b)  and  1 (c).  Photo- 
graphs of  the  model  and  survey  cone  apparatus  are  presented 
in  figures  1 (d)  and  1 (e).  The  pitot-survey  rake  could  be 
mounted  on  the  body  at  various  model  length  positions  and 
could  be  rotated  with  the  model  about  the  model  longitudinal 
axis.  The  survey  cone  was  supported  on  a movable  strut 


projecting  from  the  steel  side  plate  which  replaced  a tunnel 
window  (fig.  1 (d)).  The  cone  could  be  positioned  laterally 
in  the  tunnel  to  within  ±0.01  inch  by  the  use  of  a hand  crank 
and  lateral  position  scale  (fig.  1 (e)).  In  addition,  the  cone 
could  be  pitched  about  the  lateral  strut  axis  which  passed 
midway  between  the  top  and  bottom  (downwash)  orifices  of 
the  cone.  The  pitch  angle  could  be  set  to  within  ±0.05°. 

Pressure  leads  from  the  body,  pitot  rake,  and  survey  cone 
were  connected  to  a liquid  manometer  system.  The  pressures 
were  photographically  recorded. 

TESTS  AND  RESULTS 

All  data  were  obtained  for  a free-stream  Mach  number  of 
1.98.  The  model  was  tested  at  angles  of  attack  of  5°,  10°, 
15°,  and  20°  for  a free-stream  Reynolds  number  of  0.39 X109 
per  inch  and  at  an  angle  of  attack  of  15°  for  a Reynolds  num- 
ber of  0.13X106  per  inch  (Reynolds  numbers  of  0.44  X106 
and  0.15X106  based  on  body  diameter).  Circumferential 
pressure  distributions  were  obtained  by  rotating  the  model 
through  the  desired  range  of  circumferential  angle  (0).  At 
various  model  length  stations  (x/d)  pitot-pressure  distribu- 
tions of  the  flow  field  were  obtained  also  by  rotating  the  model 
about  its  longitudinal  axis. 

Downwash  angle  measurements  were  made  along  hori- 
zontal lines  perpendicular  to  the  model  pitch  plane  and  pass- 
ing approximately  through  the  vortex  centers.  The  down- 
wash  angle  surveys  were  made  by  the  null-cone  method  in 
which  the  cone  is  pitched  until  the  pressures  measured  at  the 
top  and  bottom  cone  orifices  indicate  that  the  axis  of  the 
cone  is  alined  with  the  local  stream.  The  repeatability  of  the 
measurements  was  checked  by  making  random  reruns. 
Except  at  positions  very  close  to  the  vortex  centers  where 
the  induced  velocity  gradients  were  large,  it  was  found  that 
the  downwash  angles  generally  could  be  repeated  to  within 
±0.2°. 

All  of  the  pressure  data  for  the  model  surface  were  reduced 
to  coefficient  form  and  are  plotted  in  figures  2 through  6. 
(The  data  are  tabulated  in  ref.  3.).  The  pitot-pressure  data 
for  the  model  flow  field  were  reduced  to  the  form  of  the  ratio 
of  local  pitot  pressure  to  free-stream  total  pressure,  pjpi. 
Contour  plots  of  constant  values  of  pP/pt  are  presented  in 
figures  2 through  6.  Downwash  angles,  measured  in  degrees 
with  reference  to  the  free-stream  flow  direction,  are  listed  in 
tables  I and  II. 

THEORETICAL  CONSIDERATIONS 

Calculation  of  the  interference  effects  resulting  from^the 
vortices  shed  from  a lifting  body  depends  to  a large  extent 
upon  an  understanding  of  the  manner  in  which  the  vorticity 
is  discharged  from  the  body  and  upon  a satisfactory  repre- 
sentation of  the  induced  flow  downstream  of  the  body  nose. 
From  visual  flow  studies  (e.  g.,  ref.  4)  it  is  known  that  the 
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22  stainless  steel  tubes  .OI5"OD 
sweated  into  .030" O.D.  tubing 


(a)  Ogive-cylinder  body. 

(b)  Pitot  survey  rake. 

(c)  Survey  cone. 


(d)  Model  and  survey  cone  mounted  in  wind  tunnel. 

(e)  Exterior  view  of  side  plate  and  cone  survey  apparatus. 

Figure  1. — Model  and  survey  apparatus. 
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— Approximate  minimum 

pressure  position 


physical  flow  field  for  moderate  angles  of  attack  is  approxi- 
mately as  indicated  in  the  foregoing  sketch.  The  vortex 
formation  for  the  bod}’  is  somewhat  similar  to  that  for  the 
slender  triangular  plan-form  wing  considered  by  Brown  and 
Michael  (ref.  5).  For  both  the  body  and  the  wing  two  spiral 
vortex  sheets  are  produced,  with  flow  separation  occurring  on 
the  sides  of  the  inclined  body  and  on  the  leading  edges  of  the 
wing.  The  sheets  roll  up  to  form  two  regions  of  concentrated 
vorticity.  The  large  flow  angles  associated  with  these  regions 
of  vorticity  are  responsible  for  interference  effects.  The 
complex  nature  of  the  actual  flow  precludes  an  exact  repre- 
sentation of  the  three-dimensional  flow  field;  hence,  a simpli- 
fied model  of  the  real  flow  must  be  chosen  for  study.  In  this 
section  of  the  report  expressions  for  the  flow  about  a simple 
theoretical  model  are  presented. 


9,  deg 


THEORETICAL  MODEL  AND  BASIC  FORMULAE  FOR  POTENTIAL  AND 
VELOCITIES  IN  THE  FLOW  FIELD 

The  assumption  of  slender-body  theory  that  the  flow  is 
independent  of  Mach  number  is  made.  It  is  assumed  that 
the  induced  flow  field  in  any  crossflow  plane  along  the 
cylindrical  afterbody  can  be  adequately  represented  as  the 
steady  two-dimensional,  incompressible  potential  flow  around 
a circular  cylinder  in  the  presence  of  two  symmetrical  vortices 
of  equal  strength.  This  representation  in  a crossflow  plane 
is  shown  in  the  following  sketch.  All  of  the  vorticity  is  con- 
sidered to  be  concentrated  in  the  two  external  vortices,  the 
effects  of  the  feeding  vortex  sheets  being  omitted.  In  addi- 
tion, it  is  assumed  that  the  vortices  need  be  considered  only 
at  positions  downstream  of  the  nose-cylinder  junction.  The 
boundary  condition  of  tangential  flow  at  the  body  surface  is 
satisfied  by  placing  image  vortices  within  the  body  at  the 
appropriate  positions. 


9 , deg 


(a)  Constant  pressure-coefficient  contours. 

(b)  Constant  pitot-pressure  ratio  contours,  x/d=  7.61. 

(c)  Constant  pitot-pressure  ratio  contours,  x/d=  10.28. 

Figure  2. — Experimental  contours  of  pressure  coefficient  on  the  body 
and  pitot  to  free-stream  total-pressure  ratio  in  the  flow  field;  M= 
1.98;  Re=0. 39X10®  per  inch;  «=5°. 
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Approximate  minimum  Circumferential  location  of 

pressure  position  vortex  centers 

Approximate  separation 

position 


(a)  Constant  pressure-coefficient  contours.  (c)  Constant  pitot-pressure  ratio  contours,  x/</=7.61. 

(b)  Constant  pitot-pressure  ratio  contours,  xjd=  5.83.  (d)  Constant  pitot-pressure  ratio  contours,  x(d=  10.28. 

Figure  4.— Experimental  contours  of  pressure  coefficient  on  the  body  and  pitot  to  free-stream  total-pressure  ratio  in  the  flow  field;  M=1.98;  Ee  = 0.39X10fl  per  inch; 


(a)  Constant  pressure-coefficient  contours.  (c)  Constant  pitot-pressure  ratio  contours,  x/d=  5. S3. 

(b)  Constant  pitot-pressure  ratio  contours,  x/d= 4.50.  (d)  Constant  pitot-pressure  ratio  contours,  x/d—  10.2S. 

Figure  6.— Experimental  contours  of  pressure  coefficient  on  the  body  and  pitot  to  free-stream  total-pressure  ratio  in  the  flow  field;  Af=1.98;  fie  = 0.39X  106  per  inch; 
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The  complex  potential  equation  for  the  crossflow  is 


<p+  i^=  — Vci 


(s-fx)(s-r3) 

(«— f4) 


(1) 


where  |r|  is  the  magnitude  of  the  strength  of  each  vortex; 
s=y+iz  is  the  position  of  a point  in  the  field;  and  fx,  f3,  fa, 
and  f4  are  the  positions  of  the  real  and  image  vortices,  with 
Resulting  expressions  from  which  the  veloc- 
ities induced  at  any  position  ( y}  z)  can  be  calculated  are  as 
follows: 


-y-[i+fwKs  <-*>•[»-  JhW]  (2) 

<3) 


2 Vca?yz  T 
~(y2+z2)2^  2tt^ 


where 


Ve~Va 


&=  ”?2: 


a% 

tf+Vi2 


and 


V4T=Vl 


d2Vi 

£l2+*h2 


Downwash  and  sidewash  angles  (with  respect  to  the  free- 
stream  direction)  are  then  given  approximately  by  e^a— 
(w/V)  and  a~(v/V). 


VELOCITY  RELATIONSHIPS  WITH  VISCOUS  VORTICES 


Because  of  the  effects  of  viscosity,  downwash  and  side- 
wash  distributions  computed  by  equations  (2)  and  (3)  cannot 
be  expected  to  agree  closely  with  experiment  near  to  and  at 
the  vortex  centers.  It  is  likely,  however,  that  the  agreement 
of  theory  with  experiment  can  be  improved  by  substituting 
theoretical  viscous  vortices  for  potential  vortices  in  the  flow 
field.  For  a single  isolated  viscous  vortex  it  has  been  shown 
(ref.  6,  p.  592)  that  the  velocity  varies  according  to  the 
expression, 

Vr=2^r  (4) 

where 

VT=^^+W2 


and 


^=V(s— v)2+(y-£)2 
^—kinematic  viscosity 
£=time  of  vortex  growth 


What  is  assumed  to  be  a viscous  vortex  is,  in  essence,  a vortex 
having  a “solid”  core  with  potential  outer  flow  joined  by  a 
transition  region.  In  this  transition  region,  at  some  radial 
distance,  r*,  from  the  vortex  center  the  velocity  reaches  a 
maximum.  Using  equation  (4)  it  can  be  shown  (see,  e.  g., 
ref.  7)  that  r*  can  be  expressed  as  a simple  function  of  time, 
t,  by 


r*=2.24(rOK 


In  this  report  r*  is  assumed  to  be  the  core  radius  of  the 
viscous  vortex. 

For  the  complete  flow  field,  if  it  is  assumed  that  both  the 
real  and  image  vortices  have  core  radii  which  are  equal  in 
magnitude,  then  approximate  formulae  for  induced  veloc- 
ities in  the  field  can  be  written  as  follows: 


«=V«.[: 


H 

P 71  = 1 

£:S(- 

±Tr 


a2(y2-zT)l 

(y2+z2)2  J 


■1)n[(z-jH*V-U2](1  gB) 


(6) 


v= 


2Vca2yz  , r " 


(y2+z2)2 

where 


(7) 

— 1.254  (l/r*)2l(z—T)n)2+(y—£n)2] 


It  is  of  note  that  these  formulae,  due  to  the  linear  super- 
position of  a viscous  onto  a potential  flow  system,  are  not 
mathematically  rigorous  and  do  not  satisfy  the  body  bound- 
ary condition  of  zero  normal  velocity  for  all  values  of  0 in 
the  crossflow  plane.  However,  at  least  for  positions  through 
and  in  the  vicinity  of  the  vortices,  their  use  can  be  justified 
on  the  basis  of  good  agreement  between  computed  and  ex- 
perimental downwash  distributions  (discussed  later  in  the 
report). 

VORTEX  STRENGTHS,  ORIGINS,  AND  PATHS 

Vortex  strengths. — For  a theoretical  model  in  which  two 
symmetrical  vortices  originate  on  and  remain  in  the  presence 
of  an  infinitely  long  circular  cylinder,  the  strength  of  the 
vortices  at  a given  station,  x,  can  be  related  to  the  normal 
force  on  the  portion  of  the  cylinder  between  the  origin  of 
the  vortices  and  station  x by  the  Kutta-Joukowsky  law  (see, 
e.  g.,  ref.  8).  Thus, 

(iV«i).=  pr,F(2f1-2fe),  ‘ (8) 


For  the  considered  theoretical  model,  which  includes  a 
slender  ogival  nose  with  a pah  of  symmetrical  vortices  origi- 
nating on  the  cylinder  or  at  the  nose-cylinder  junction,  the 
total  normal  force  at  a given  x station  can  be  approximated  by 


Nx=(Ncvl)x+Nnose=pTxV(2^-2^)x+2aqA  (9) 

Thus, 

/r\  do) 

where  CN  is  the  coefficient  of  the  total  normal  force  devel- 
oped  from  the  nose  vertex  to  the  body-length  station  con- 
sidered. The  normal-force  coefficient  for  the  nose  portion 
of  the  body  is  the  slender-body  result  of  CN—2a.  For  this 
theoretical  model  any  so-called  “lift  carry-over”  from  the 
nose  onto  the  cylinder  is  neglected.  The  lift  on  the  cylinder 
is  considered  to  be  only  that  resulting  from  the  motion  of 
the  vortices  relative  to  the  cylinder  (the  slender-body  value 
of  lift  being  zero  over  the  cylinder).  Experimental  data 
(ref.  3),  however,  indicate  that,  even  for  the  body  at  low 
angles  of  attack  (of  the  order  of  5°),  there  is  a moderate 


(5) 
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amount  of  lift  carry-over  from  the  nose  onto  the  cylinder. 
Studies  of  these  data  have  shown  that  this  lift  carry-over 
can  be  accounted  for,  at  least  in  part,  by  the  use  of  Tsien’s 
potential  theory  (ref.  9).  Hence,  a preferred  hybrid  ex- 
pression relating  vortex  strength  and  position  to  normal- 
force  coefficient  can  be  written  as 


/ r\  _(CV— Gvp)  XA 
\v)x  4(6-6), 


(ll) 


where  CNp  is  the  normal-force  coefficient  computed  by 
Tsien’s  theory.  The  use  of  equation  (10)  or  (11)  is,  of  course, 
tantamount  to  assuming  that  only  the  so-called  viscous 
crossflow  component  of  the  body  normal  force  contributes  to 
the  vortex  strength. 

Vortex  origins, — No  theoretical  procedure  is  known  for 
predicting  the  positions  of  the  origins  of  the  vortices  (that  is, 
the  positions  at  which  the  vortices  leave  the  body  surface). 
Qualitatively  it  is  known  that,  as  the  angle  of  attack  of  the 
body  is  increased,  the  boundary  layer  first  begins  to  thicken 
on  the  downstream  lee  side.  This  is  followed  by  separation 
of  the  boundary  layer  and  formation  of  two  regions  of  con- 
centrated vorticity  in  the  wake  on  the  lee  side  of  the  body. 
Moore  (ref.  10)  has  studied  the  three-dimensional  boundary- 
layer  flow  on  inclined  cones  and  has  found  that  on  the  lee 
side  of  the  cone,  unique  solutions  to  the  classical  boundary- 
layer-flow  equations  are  limited  to  small  angles  of  attack. 
Beyond  a certain  critical  angle  of  attack,  dependent  on  Mach 
number  and  cone  angle,  the  boundary  layer  cannot  remain 
thin.  The  critical  angle  of  attack  is  of  the  same  order  as  the 
semivertex  angle  of  the  cone.  Moore  presumes  that,  for 
angles  of  attack  in  excess  of  this  critical  value,  the  flat  vortex 
bubbles  which  have  formed  on  the  lee  side  of  the  cone  must 
be  in  the  process  of  forming  a symmetric  pair  of  strong 
vortices.  Similar  considerations  probably  apply  for  the  flow 
about  inclined  bodies  other  than  cones.  Consideration  of 
pressure  distributions  along  streamlines  on  an  inclined 
cylinder  indicate  that,  because  of  the  adverse  pressure 
gradient,  there  is  a tendency  toward  separation  and  formation 
of  a vortex  bubble  even  at  very  low  angles  of  attack.  How- 
ever, as  yet  there  is  no  method  for  calculating  the  position  on 
an  inclined  body  at  which  coalescence  of  the  vorticity  has 
progressed  to  such  a degree  that  a symmetric  pair  of  steady 
vortices  are  formed.  Hence,  experimental  measurements 
(some  of  which  are  presented  in  this  report)  must  be  relied 
upon  entirety. 

Vortex  paths. — With  the  aid  of  equations  (2)  and  (3)  the 
paths  of  the  vortex  centers  can  be  computed  by  stepwise 
procedures  if  the  origins  and  strengths  of  the  vortices  are 
known.  For  example,  if  a vortex  position  (£,17)  and  strength 
(T/V)  are  known,  values  of  w/V  and  v/V  induced  at  the  fila- 
ment of  the  vortex  can  be  computed  by  equations  (2)  and 
(3). 2 If  in  a given  time  interval  At  the  vortex  filament  can 
be  considered  to  move  (with  respect  to  the  bod}7)  an  axial 
distance  An~VAt,  a vertical  distance  Ai)=wAt}  and  a lateral 
distance  A£=vA t;  then, 


* The  more  complex  expressions,  equations  (6)  and  (7),  also  can  be  used;  however,  essentially 
the  same  results  are  obtained  with  equations  (2)  and  (3) . 


(12) 

A?«Aju(0/V) 

(13) 

Hence,  for  a small  incremental  distance  A/z,  a new  vortex 
center  position  can  be  estimated  by  the  use  of  equations  (12) 
and  (13).  Then  if  the  strength  of  the  vortex  is  known  at 
this  new  body  length  station  and  at  succeeding  stations,  this 
computation  process  may  be  repeated  a sufficient  number  of 
times  to  determine  the  path.  If  the  normal-force  distribution 
over  the  body  is  known,3  the  vortex  strength  at  each  A /z 
interval  can  be  estimated  by  equation  (11).  The  proper 
spacing  A^  of  successive  stations  should  be,  of  course,  checked 
by  trial  and  error.  For  the  stepwise  calculations  made  for 
this  investigation  the  experimental  normal-force  distributions 
of  reference  3 have  been  used. 

DISCUSSION 

In  this  section  of  the  report  the  pressure  distribution  and 
pitot-pressure  data  are  used  to  illustrate  the  flow  conditions 
on  the  bod}7  which  lead  to  the  formation  of  the  vortices  and 
to  isolate  the  positions  along  the  body  at  which  the  vorticity 
is  concentrated  into  two  well-defined  vortex  centers.  As  an 
aid  in  assessing  the  usefulness  of  the  simple  theoretical  flow 
model  previously  outlined,  comparisons  of  computed  vortex 
paths  and  downwash  distributions  are  made  with  the  results 
of  the  experimental  measurements. 

experimental  pressure  distributions  and  vortex  positions 

From  a study  of  the  pressure  distributions  on  the  surface 
of  the  body  and  pitot-pressure  distributions  in  the  flow  field 
on  the  lee  side  of  the  body,  the  positions  at  which  the  body 
vortices  originated  and  the  paths  of  the  vortices  downstream 
from  the  origin  can  be  determined.  The  body  pressure 
distribution  data  and  the  pitot-tube  survey  data  have  been 
plotted  in  figures  2 through  6 to  show  constant  pressure 
contours  for  each  of  the  test  conditions.4  On  the  contour 
plots  of  body  pressure  coefficient,  lines  are  shown  to  indicate 
the  circumferential  positions  of  minimum  pressure  coeffi- 
cient (0P  minimum  with  respect  to  0),  the  approximate  flow- 
separation  positions,  and  the  circumferential  locations  of  the 
vortex  centers.  The  minimum  pressure  positions,  of  course, 
are  obvious.  The  flow-separation  and  vortex-center  positions 
will  be  discussed  in  the  following  paragraphs. 

The  pitot-pressure  plots  are  very  useful  for  determining 
the  positions  of  the  vortex  centers.  The  vortex  center  posi- 
tions, indicated  in  figures  3 through  6,  are  assumed  to  be  at 
the  approximate  centers  of  the  smallest  closed  contours  of 
Pp/Pt-  It  is  interesting  to  note  that  these  positions,  when 
superimposed  on  schlieren  photographs  of  the  flow  field 
taken  with  the  knife  edge  horizontal,  coincide  with  the  inner 
edges  of  the  dark  vortex  regions.  (See,  e.  g.,  fig.  7.) 

The  conditions  leading  to  flow  separation  and  subsequent 
formation  of  the  vortices  are  perhaps  best  illustrated  by 
typical  pressure  distributions  along  approximate  streamlines 

8 If  the  normal-force  distribution  is  not  known  from  experiment  it  can  sometimes  be  comput- 
ed by  a semiempirical  method  (see,  e.  g.,  ref.  3). 

* Since  the  pitot-pressure  tubes  were  always  alined  with  the  body  axis  and  not  with  the  local 
stream  direction,  some  of  the  indicated  loss  in  pitot  pressure  results  from  the  large  inclination 
of  the  stream  relative  to  the  axes  of  the  tubes. 
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Figure  7. — Typical  sehlieren  photograph  of  flow  field  with  super- 
imposed vortex  path  as  measured  from  pitot-rake  surveys;  a=  15°; 
Re= 0.39X106  per  inch;  M=1.98. 


on  the  cylindrical  afterbody  (fig.  4). 5 For  a=15°  and  Re= 
0.39  X106  per  inch,  pressure  distributions  along  the  stream- 
lines shown  in  figure  4 are  plotted  in  figure  8.  Along  the 
streamlines  the  pressure  decreases  rapidly  proceeding  from 
the  windward  toward  the  leeward  side  of  the  body.  A mini- 
mum pressure  is  reached  near  the  side  of  the  body.  This  is 
followed  by  a rising  pressure  (adverse  pressure  gradient)  and 
eventual  flow  separation.  The  flow  separation  position  is 
assumed  to  coincide  with  the  point  at  which  the  pressure  then 
begins  to  decrease.  Following  flow  separation  a second  mini- 

* These  streamlines,  which  were  derived  simply  from  consideration  of  incompressible  poten- 
tial flow  over  an  inclined  circular  cylinder  (with  no  vortices  considered),  are  defined  by 
0=2  tan -i(ce4ax/d). 


Figure  8. — Pressure  distributions  along  the  streamlines  shown  in 
figure  4;  Af  = 1 .98;  Re= 0.39X106  per  inch;  a=15. 


mum  pressure  occurs  (except  for  streamline  a)  at  the  approxi- 
mate circumferential  location  of  the  vortex  center.  (Al- 
though the  identity  of  the  individual  streamlines  is  lost 
beyond  the  flow  separation  point,  these  plots  have  been  con- 
tinued by  dashed  lines  into  the  separated  flow  region  to  show 
the  influence  on  the  pressure  distributions  of  the  secondary 
flow  associated  with  the  vortices.) 

From  a study  of  the  differences  between  the  pressure  dis- 
tributions along  the  various  streamlines  coupled  with  a study 
of  the  pitot-pressure  plots  for  various  xjd  positions,  the  ap- 
proximate region  of  the  origin  of  the  vortices  can  be  deter- 
mined. For  instance,  for  the  pressure  distribution  along  the 
streamline  labeled  “a”  there  is  no  clear  indication  of  flow 
separation,  nor  is  there  any  second  minimum  pressure  that 
has  been  associated  with  the  location  of  the  vortex  core. 
However,  along  the  streamline  labeled  “b”  there  is  an  indi- 
cation of  a vortex  forming  at  an  x/d  position  of  about  4. 
Since  the  pitot  survey  data  (fig.  4)  show  that  the  vortices 
are  clearly  developed  at  x/d=5.8 , it  is  reasonable  to  assume 
that  the  vortices  originated  at  about  4 or  5 diameters  from 
the  nose.  From  similar  studies  of  the  data  for  the  other 
angles  of  attack  (5°,  10°,  and  20°)  additional  information 
concerning  the  approximate  origin  of  the  vortices  has  been 
determined.  In  figure  9 the  approximate  length  positions 
at  which  the  effects  of  the  vortices  were  first  discernible  in 
the  pressure  distributions  are  plotted  as  a function  of  angle 
of  attack. 

A considerable  effect  of  Reynolds  number  upon  the  flow 
about  the  inclined  body  of  this  investigation  was  previously 
reported  in  reference  3.  The  changes  in  the  pressure  dis- 
tribution and  flow-separation  characteristics  at  a=15°  for 
an  increase  in  Reynolds  number  from  0.13X106  to  0.39X106 
per  inch  can  be  seen  by  comparing  figures  5 and  4.  Al- 
though there  is  a significant  effect  upon  the  pressure  dis- 
tributions, comparison  of  corresponding  pitot-pressure  plots 
reveal  only  a small  effect  upon  the  vortex  positions.  For  the 
lower  Reynolds  number  tests  the  positions  of  the  vortex 
centers  at  x/d=5. 8 were  approximately  0.1  body  radius 
farther  from  the  body  surface  and  about  5°  closer  to  the 
vertical  plane  of  symmetry  than  for  the  higher  Reynolds 
number.  At  the  base  of  the  body,  xjd=  10.3,  the  locations 


Figure  9. — Approximate  body  length  positions  at  ^eich  vortices 
separated  frombody;  M=  1.198. 


868 


REPORT  1371 — NATIONAL  ADVISORY  COMMITTEE  FOR  AERONAUTICS 


of  the  vortices  were  practically  identical  for  both  Reynolds 
numbers. 

VORTEX  STRENGTHS  COMPUTED  FROM  EXPERIMENT 

To  provide  values  of  vortex  strength  to  aid  in  assessing 
the  methods  of  computing  the  vortex  paths  and  the  down- 
wash  distributions,  the  strengths  of  the  vortices  at  various 
body  length  positions  have  been  computed  by  equations  (10) 
and  (11).  They  are  presented  nondimension  ally  in  figure 
10  (a)  as  TfeiraV  as  a function  of  x/d.  The  calculations 
have  been  made  using  the  experimental  normal-force  distri- 
butions of  reference  3 with  both  measured  and  computed 
vortex  positions  taken  at  various  body  length  stations. 
The  measured  vortex  positions  were  obtained  from  figures  3 
through  6.  Where  the  vortices  are  shown  to  be  slightly 
asymmetric,  average  values  of  the  positions  have  been  used. 
The  strengths  obtained  using  computed  vortex  positions 


Computed  using  measured  vortex  Computed  by  path  stepwise 
positions  (figs  3 through  6)  and  method  (measured  vortex 
normal-force  distributions  (ref.  3)  positions  used  only  at  starting 
Eq.(IO)  x/d  position) 


Distance  from  model  vertex,  x/d 
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(a)  Vortex  strengths  computed  from  measured  vortex  positions  and 
normal-force  distributions;  M=1.98. 

(b)  Correlation  and  comparison  of  vortex  strengths. 

Figure  10. — 'Vortex  strengths  computed  from  experiment. 


(discussed  later)  result  from  application  of  the  stepwise  path 
calculation  method  previously  outlined.  In  general,  the 
strengths  of  the  vortices  would  be  expected  to  increase  with 
distance  downstream.  It  is  believed  that  the  small  decreases 
in  some  of  the  computed  vortex  strengths  with  distance 
downstream  are  a result  of  approximations  in  the  methods 
used  and  do  not  actually  exist. 

The  data  of  figure  10  (a)  have  been  replotted  in  figure 
10  (b)  with  the  vortex  strength  parameter  T/2iraVa  as  a 
function  of  the  quantity  (x—xs)ct/a.  Also  included  in  figure 
10  (b)  are  vortex  strengths  computed  from  crossflow  measure- 
ments around  a cone-cylinder  body  at  a=10°,  15.?,  and  20° 
(ref.  11).  The  vortex  strengths  for  the  cone  C37linder  were 
determined  by  Raney  (ref.  11)  through  adjusting  theoretical 
crossflow  velocities  to  match  measured  ones.  As  shown  in 
figure  9,  the  precise  location  of  the  separation  position  x5  is 
not  known.  It  lies  within  a band  of  about  one  diameter 
width.  For  the  correlations  in  figure  10  (b),  values  of  x3 
were  taken  from  figure  9,  a mean  position  through  the 
uncertainty  band  being  assumed.  Values  of  xs  for  the 
ogive-cylinder  body  were  used  to  correlate  the  data  for  the 
cone-cylinder  body.  For  small  values  of  (x—xs)a/a,  the 
differences  between  the  vortex  strengths  for  the  two  bodies 
are  appreciable.  However,  for  larger  values  of  the  parameter 
where  bod}7  vortex  effects  on  stability  are  most  important, 
the  differences  are  not  large.  In  reference  2 these  strengths 
have  been  used  in  successfully  predicting  the  effect  of  body 
vortices  on  the  pitching  moments  of  high-tail  airplanes. 

COMPARISONS  OF  THEORETICAL  AND  EXPERIMENTAL  VORTEX  PATHS 

Theoretical  and  experimental  vortex  path  positions  are 
compared  in  figure  11.  The  experimental  positions  were 
taken  from  the  pitot-pressure  contour  plots  (figs.  3 through 
6).  The  theoretical  path  positions  were  computed  by  the 
stepwise  method  (previously  outlined)  in  which  the  vortex 
strength  is  computed  by  equation  (11)  and  varies  with 
distance  x downstream  (as  shown  in  fig.  10  (a)).  In  addition, 
calculations  were  made  by  the  stepwise  procedure  but  with 
the  vortex  strength  held  constant  over  the  path  length  and 
given  by  r/F=4aa,  an  assumed  relation  to  be  mentioned 
later.  The  Foppl  equilibrium  positions  for  vortices  in  the 
crossflow  plane  of  a two-dimensional  cylinder  (ref.  6,  p.  223) 
are  also  presented  in  figure  11  merely  for  reference.  All 
stepwise  path  calculations  were  started  at  the  most  forward 
body  length  positions  at  which  pitot-pressure  surveys  re- 
vealed the  presence  of  well-defined  vortices.  Incremental 
length  spacings  (A/x’s)  of  25  percent  of  the  body  radius  were 
used,  although  Ajds  of  50  percent  of  the  radius  were  found 
to  be  satisfactory.  For  the  stepwise  method  in  which  T/V 
varies  with  x}  the  initial  vortex  strengths  at  the  starting  posi- 
tions were  assumed  to  be  the  same  as  those  computed  using 
the  measured  vortex  positions  of  this  investigation  and  the 
normal-force  distributions  in  figure  8 of  reference  3.  In 
general,  the  paths  computed  by  this  method  are  in  very  good 
agreement  with  experiment.  However,  for  a=15°  and  Re= 
0.39 X 106  per  inch,  it  appears  that  the  initial  vortex  strength 
calculated  from  experiment  is  too  large,  and  as  a result  the 
computed  vortex  position  initially  moves  too  far  in  the  £ 
direction  and  not  far  enough  in  the  r\  direction  (as  shown  in 
the  end  view  of  fig.  11  (b)).  However,  with  increase  in 
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Theory 

Stepwise  method  with  F/V 

varying  with  x (by  eq.(ll)) 

Stepwise  method  with 

F/V  =4  oq 

Foppl  equilibrium  position  (ref.  6) 


(a)  <*=  10°,  #e=0.39X106  per  inch. 

(b)  a=  15°,  7fc=0.39X106  per  inch. 

(c)  e*=15°,  #<?=(). 13X106  per  inch. 

(d)  a = 20°,  #e=0.39X  106  per  inch. 


Figure  11, — Comparisons  of  computed  and  experimental  vortex  center  positions;  M— 1.98. 


distance  downstream  the  strength  computed  by  the  stepwise 
method  decreases  at  a sufficient  rate  (see  fig.  10  (a))  so  that 
the  computed  path  agrees  reasonably  well  with  experiment 
even  though  the  initial  vortex  strength  seems  much  too  large. 
For  the  other  test  conditions  the  initial  strengths  seem  to  be 
about  right,  and  the  agreement  between  the  computed  and 
measured  path  positions  is  very  good. 

Further  investigation  into  the  computation  of  the  paths 


revealed  that  the  vortex  strengths  only  had  to  be  approxi- 
mated in  order  to  compute  the  paths  reasonably  well.  In 
fact,  it  was  found  that  the  strengths  could  be  assumed  to 
remain  constant  over  the  path  lengths  for  each  angle  of 
attack.  For  example,  at  all  a’s  the  paths  were  satisfactorily 
computed  (see  fig.  11)  by  assuming  the  strengths  to  be  given 
by  r/F=4aa,  an  expression  which  was  merely  chosen  to 
given  the  correct  value  of  strength  (according  to  fig.  10  (a)) 
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for  a=10°  but  which  underestimates  the  strengths  for  15° 
and  20°. 

It  is  interesting  to  note  that,  although  there  was  a con- 
siderable effect  on  the  body  loading  at  15°  angle  of  attack 
due  to  change  in  Reynolds  number  from  0.13X10®  to 

0.39X10®  per  inch,  there  was  only  a small  effect  on  the  vortex- 
positions,  and  the  vortex  paths  for  both  Reynolds  numbers 
can  be  computed  reasonably  well.  Although  there  may  be 
larger  effects  on  the  paths  due  to  greater  changes  in  Reyn- 
olds number,  the  data  of  this  investigation  indicate  that  the 
effect  of  Reynolds  number  on  the  paths  need  be  considered 
only  in  determining  the  proper  starting  positions.  As  vet , 
no  reliable  solution  to  the  starting  problem  has  been  deter- 
mined. 

COMPARISONS  OF  THEORETICAL  AND  EXPERIMENTAL  DOWNWASH 
DISTRIBUTIONS  THROUGH  THE  BODY  VORTICES 

Comparisons  of  theoretical  and  experimental  downwash 
angle  distributions  along  a line  through  the  body  vortices  at 
various  length  stations  and  at  angles  of  attack  of  10°,  15°, 
and  20°  are  presented  in  figure  12.  (Since  the  downwash 
surveys  were  made  along  horizontal  lines  passing  just  a 
little  above  or  below  the  vortex  centers,  the  zja  survey 
locations  are  not  quite  equal  to  the  77/a  vortex  center  loca- 
tions shown  in  figure  12.)  For  the  test  conditions  of  this 
investigation  the  effect  on  the  downwash  distributions  due 
to  change  in  Reynolds  number  was  small.  Typical  com- 
parisons of  downwash  distributions  for  Reynolds  numbers  of 
0.13X106  per  inch  and  0.39X106  per  inch  are  shown  in 
figure  13.  Since  the  Reynolds  number  effects  were  small, 
only  data  for  one  Reynolds  number  (7fe  = 0.39X106  per 
inch)  have  been  used  for  the  comparisons  with  theory. 

The  comparisons  of  theory  with  experiment  (fig.  12)  show 
that  the  downwash  distributions  computed  using  only  the 
potential  flow  around  the  cylinder  with  r/F=0  are  com- 
pletely erroneous;  whereas,  the  distributions  computed 
with  the  inclusion  of  a symmetrical  pair  of  potential  vor- 
tices (and  images)  superimposed  in  the  flow  field  agree  well 
with  experiment  except  between  and  close  to  the  vortex 
centers.  The  downwash  distributions  which  include  the 
effects  of  potential  vortices  (see  eq.  (2))  were  computed 
with  values  of  vortex  strength  taken  from  figure  10  (a) 
(eq.  (11))  and  also  from  the  assumed  relation  r/F=4aa. 
Except  for  a=20°  at  x/d’s  greater  than  6.7  where  the  dis- 
tributions computed  with  T/V^iaa  differ  appreciably  from 
experiment,  about  the  same  agreement  between  theory  and 
experiment  is  obtained  with  either  method  of  estimating  the 
strength.  This,  of  course,  is  not  surprising  since  the  values 
of  vortex  strength  from  the  assumed  formula  and  from  ex- 
periment only  differ  markedly  for  a=20°. 

Although  the  distributions  computed  with  potential 
vortices  superimposed  in  the  flow  field  agree  well  with  ex- 
periment at  lateral  positions  (y’s)  greater  than  about  1.5 
bod}7  radii  from  the  vertical  axis  of  symmetry,  the  agree- 
ment near  the  vortex  cores  is  poor.  Close  to  and  through 
the  vortex  cores  the  experimental  distributions  can  be  more 
nearly  duplicated  by  the  assumption  of  viscous  instead  of 
potential  flow  vortices  (see  eq.  (6)).  This  is  demonstrated 
clearly  in  figure  12  (b)  for  a=15°  at  x/d=S.S.  For  the 
computed  distributions  in  figure  12  (b)  all  of  the  core  radii 


(including  images)  were  assumed  to  be  equal  and  of  the  same 
magnitude  as  the  core  radii  estimated  from  the  experi- 
mental distribution  (r*/a=0.28,  the  yja  distance  from  the 
vortex  center  to  the  maximum  negative  value  of  c).  Theoret- 
ically, the  size  of  a core  radius  can  be  considered  to  be  a 
simple  function  of  the  kinematic  viscosity  and  the  time  of 
development  of  the  vortex  (see  eq.  (5)).  However,  without 
a clearer  understanding  of  the  time  history  and  viscosity  of 
the  vortices,  it  is  difficult  to  make  a logical  estimate  of  the 
core  size.  For  example,  the  product  vt  computed  from  free- 
stream  conditions  indicates  that  viscosity  is  of  minor  im- 
portance, since  the  resulting  magnitude  of  r*  by  equation 
(5)  is  negligibly  small  compared  to  the  value  indicated  by 
experiment. 

At  a= 20°  the  agreement  between  theory  and  experiment 
is  somewhat  adversely  affected  because  of  the  effect  of  wake 
shock  waves  (see  figs.  12  (d),  (e),  (f),  and  (g)).  These  shock 
waves,  which  have  been  observed  in  previous  visual  studies 
of  the  wake  shed  from  inclined  flat-nosed  cylinders  (ref.  12) 
and  pointed  bodies  apparently  are  formed  when  the  cross- 
flow  Mach  number  (M  sin  a)  exceeds  about  0.5.  The 
downwash  data  indicate  that  these  waves  move  outboard 
and  toward  the  windward  side  of  the  body  with  increase  in 
distance  downstream. 

CONCLUSIONS 

A body  with  a fineness-ratio-3,  circular-arc,  ogival  nose 
tangent  to  a cylindrical  afterbody  7.3  diameters  long  has 
been  tested  in  the  Ames  1-  by  3-foot  supersonic  wind  tunnel 
No.  1 at  a free-stream  Mach  number  of  1.98.  Pitot-pressure 
distributions  in  the  flow  field,  pressure  distributions  over  the 
body,  and  downwash  measurements  through  the  body 
vortices  have  been  obtained  for  angles  of  attack  to  20°. 
Pressure  distributions  on  the  body  surface  and  pitot-pressure 
contours  in  the  flow  field  have  been  used  to  determine  the 
approximate  positions  at  which  the  vortices  left  the  bod}7 
surface  and  their  paths  downstream.  An  analysis  of  these 
data  in  conjunction  with  a simple  theoretical  flow  model, 
which  has  been  outlined  in  the  report,  has  led  to  the  following 
conclusions : 

1.  The  paths  of  symmetrically  shed  body  vortices  can  be 
computed  quite  accurately  by  the  use  of  a simple  stepwise 
method.  However,  in  the  application  of  this  method,  a 
knowledge  of  the  body  normal-force  distribution  and  the 
starting  positions  and  strengths  of  the  vortices  is  required. 
Additional  research  on  the  problem  of  predicting  the  starting 
positions  and  strengths  of  the  vortices  is  necessary. 

2.  Although  not  confirmed  by  detailed  measurements  of 
the  flow  field,  it  appears  that  the  strengths  of  the  concen- 
trated body  vortices  can  be  estimatedcfrom  the  normal-force 
distributions  and  vortex  positions. 

3.  Flow  angle  distributions  through  the  body  vortex  re- 
gions computed  by  assuming  a pair  of  symmetric  potential 
vortices  (and  images)  superimposed  in  the  flow  field  agree 
well  with  experiment,  except  between  and  through  the 
vortex  cores. 

Ames  Aeronautical  Laboratory 

National  Advisory  Committee  for  Aeronautics 
Moffett  Field,  Calif.,  May  81,  1955 
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Figure  12. — Comparison  of  theoretical  and  experimental  downwash  distributions  through  body  vortices  for  various  a’s  and  x/d  sta- 

tions;  M=  1.9S;  /?e=0.39X106  per  inch. 
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Figure  13. — Effect  of  Reynolds  number  on  the  downwash  distributions 
through  the  body  vortices  for  a=15°  and  xfd=\ 0.2;  Af=1.98. 
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TABLE  II.— EXPERIMENTAL  DOWNWASH  ANGLES  MEAS- 
URED THROUGH  MODEL  VORTICES  AT  MACH  NUMBER 
1.98,  /Je=0.13X  106  PER  INCH 


(a) 

a=15°;  x/d~S.S]  zja=  1.61 

(b) 

a=  15°;  x/d=  10.2;  z/a=  1.82 

Via 

(,  deg 

y/a 

deg 

— 6.  75 

-0.  95 

-6.  40 

-0.  80 

— 6.  40 

-1.  05 

-5.  70 

80 

-5.  67 

-1.  25 

-4.  98 

- 1.  30 

-4.  98 

-1  50 

-4.  27 

-1.  70 

-4.  27 

-1.  75 

-3.  56 

-2.  40 

-3.  56 

-2.  45 

-2,  85 

-3.  38 

-2.  84 

-3.  20 

-2.  49 

-4.  20 

-2.  49 

-4.  02 

-2.  13 

-5.  38 

— 2.  13 

-5.  19 

-1.  78 

-7.  10 

— 1.  78 

-6.  90 

-1.  42 

-9.  73 

-1.  42 

- 10.  06 

-1.  24 

-9.  90 

- 1.  24 

- 10.  83 

-1.  07 

-9.  96 

-1.  07 

- 10.  84 

-.  89 

-9.  12 

89 

-10.  15 

-.  80 

-4.  52 

71 

6.  83 

71 

6.  77 

71 

6.  88 

-.  62 

16.  07 

57 

21.  90 

. 38 

24.  33 

36 

19.  91 

. 44 

22.  33 

-.  18 

24.  88 

. 53 

16.  82 

0 

24.  92 

. 62 

13.  92 

. 18 

25.  29 

. 71 

5.  31 

. 36 

19.  93 

. 89 

-9.  00 

. 36 

20.  48 

1.  07 

-9.  23 

. 53 

17.  62 

1.  24 

-9.  10 

. 71 

6.  31 

1.  42 

-8.  83 

. 89 

-7.  60 

1.  78 

-6.  60 

1.  07 

-9.  81 

2.  49 

-3.  86 

1.  24 

-10.  08 

3.  20 

-2.  57 

1.  42 

-9.  44 

3.  91 

-1.  88 

1.  78 

-6.  65 

4.  63 

-1.  44 

2.  13 

— 5.  05 

5.  34 

-1.  05 

2.  49 

-3.  80 

2.  84 

-3.  25 

3.  56 

-2.  35 

4.  27 

-1.  65 

4.  98 

-1.  30 

5.  33 

-1.  30 

5.  67 

-1.  30 
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and  other  data  are  substituted  into  explicit  algebraic  for- 
mulas to  determine  the  temperature  of  the  heated  wall 
surface.  If  the  heat-transfer  coefficients  are  known,  no 
guess  or  iteration  procedure  is  required.  As  can  be  seen  by 
the  results  of  the  example  problems  presented,  the  accuracy 
can  be  as  good  as  is  desired.  For  equal  time-step  sizes,  the 
method  is  more  accurate  than  more  laborious  numerical 
methods. 

The  simplicity  of  the  results  depends  on  two  factors: 
One  is  the  suppression  of  the  variable  x representing  the 
distance  into  the  wall  by  using  an  integrated  form  of  Fourier’s 
equation  and  assigning  a value  of  x corresponding  to  the 
heated  surface.  The  other  is  a mathematical  device  known 
as  the  time  series  introduced  by  Tustin  (ref.  3).  The  time 
series  is  defined  in  appendix  A.  Reference  3 also  introduced 
various  manipulations  of  the  series.  The  multiplication  of 
two  series  is  an  important  manipulation  by  means  of  which 
specific  results  can  be  generalized.  Other  writers  (ref.  4, 
for  example)  have  also  presented  various  manipulations  of 
the  series.  - 

The  present  paper  is  divided  into  two  parts,  analysis  and 
application.  The  section  on  analysis  includes  a treatment 
of  the  determination  of  the  temperature  history  for  the 
special  cases  of  the  thermally  thin  wall  and  the  infinitely 
thick  wall  as  well  as  for  the  wall  of  intermediate  thickness. 
The  inverse  problem  of  determining  the  heat  flow  correspond- 
ing to  a known  temperature  history  is  also  discussed.  Al- 
though the  method  was  set  up  for  the  purpose  of  predicting 
wall  temperatures  in  engineering  applications,  it  has  also 
been  found  to  be  suitable  for  research  applications  wherein 
the  transient  skin  temperature  is  measured  and  the  heat-flow 
and  heat-transfer-coefficient  histories  are  deduced.  Appen- 
dix A gives  background  material  pertaining  to  the  use  of  time 
series  that  may  be  an  aid  to  a study  of  the  analysis.  Ap- 
pendix B gives  a summary  of  analytical  temperature  and 
heat-flow  formulas  used  either  as  a basis  of  analysis  or  used 
in  the  solution  of  examples  to  test  the  accuracy  of  the  present 
method.  In  the  section  on  application  the  computing 
formulas  are  reviewed  and  several  examples  of  their  use  are 
given.  Because  of  the  explicit  nature  of  the  temperature 
formulas,  it  is  not  necessary  to  study  the  analysis  to  use  the 
results. 

SYMBOLS 

A dimensionless  coefficient  to  determine  heated- 

surface  temperature  history 

b slope  of  adiabatic-wall  temperature  with  respect  to 

time,  °F/hr 

B dimensionless  coefficient  to  determine  inside-wall 

temperature  history 
c specific  heat,  Btu/lb-°F 

e base  of  natural  logarithms 

F(x,t)  any  fimetion  corresponding  to  reference  slope 

y=(l/8)t 

Fy(t)  any  function  corresponding  to  arbitrary  control 
line  y=y(t) 

F&(t)  any  function  corresponding  to  unit  triangle  control 
line 

G heat  capacity  of  wall,  pci , Btu/(sq  ft)(°F) 


rjh  heat-transfer  coefficient  at  x=0 , Btu/(hr)(sq  ft) 

(°F) 

h heat-transfer  coefficient  at  x=l}  Btu/(hr)(sq  ft) 

(°F) 

H heat-transfer  number, 

Hm  heat-transfer  number  for  infinitely  thick  wall, 

3 h^j  7 rkd/SK 

k diffusivity,  K/cp,  sq  ft/hr 

K conductivity,  (Btu)(ft)/(hr)(sq  ft)(°F) 

l wall  thickness,  ft 

M memory  coefficients,  dimensionless 

m term  designating  time  in  multiples  of  basic  inter- 

val 5 

n term  number  in  infinite  series 

q instantaneous  heat-transfer  rate  due  to  uniform 

temperature  rise  of  heated  wall  surface  of  1° 
in  time  8,  Btu/(hr)(sq  ft) 

qm  average  heat-transfer  rate  from  time  (m— 1)5  to 

md  due  to  uniform  temperature  rise  of  heated 
wall  surface  of  1°  in  time  6,  Btu/(hr)(sq  ft) 
heat-transfer  rate  corresponding  to  unit  triangle 
variation  of  surface  temperature 
q&,m  average  heat-transfer  rate  from  time  (m  — 1)6  to 
ra6  due  to  unit  triangle  reference  temperature 
variation  of  heated-wall  surface,  Btu/(hr)(sq  ft) 
qs(t)  heat-flow  history  at  heated  surface  due  to  unit 
temperature  step  of  heated  surface 
r radiation  rate,  Btu/(hr)(sq  ft) 

R radiation  term,  rdi^/lSG,  °F 

Rm  radiation  term  for  infinitely  thick  wall,  SR^/irkb/SK, 

°F 

t time,  hr 

T heated-wall-surface  temperature,  °F 

Ts  value  of  step  in  wall-surface  temperature,  °F 

Taw  adiabatic-wall  temperature  or  effective  boundary- 

layer  temperature,  °F 

Tf  temperature  of  inside  (unheated)  surface  or  of  any 

plane  within  wall,  °F 

temperature  response  to  unit  step  in  TaW)  °F 
x distance  through  wall,  ft 

y ordinate  of  control  line  or  altitude  of  triangle 

arl  positive  roots  of  auxiliary  equation  in  analytical 

solution  of  wall  temperature 

5 basic  time  interval  in  time  series 

t?  ratio  of  heat-transfer  coefficient  at  cooier  wall 

surface  to  heat-transfer  coefficient  at  heated 
wall  surface 

6 difference  in  temperature  between  heated  surface 

and  any  other  plane  due  to  unit  triangle  varia- 

tion of  heated  surface,  °F 

6t  difference  in  temperature  between  heated  surface 

and  any  other  plane  due  to  uniform  reference- 
temperature  rise  of  1°  in  time  6,  °F 
p weight  density,  lb/cu  ft 

r dummy  time  variable,  hr 

Subscript  or  superscript: 
m index  denoting  term  number 

A dot  over  a symbol  denotes  the  derivative  with  respect 
to  time. 
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ANALYSIS 

TEMPERATURES  ON  OUTSIDE  SURFACE 

The  wall  considered  in  this  paper  is  composed  of  a homo- 
geneous material,  and  the  temperature  gradients  and  heat 
flow  parallel  to  the  surface  are  negligible.  The  transient 
temperatures  of  the  heated  or  outside  surface  of  the  wall 
are  determined  by  means  of  Fourier’s  equation  which  governs 
the  heat  flow  through  the  wall: 


dr,  b2T 
bt  k bx* 


(1) 


The  wall  properties  expressed  by  the  diffusivity  k are  con- 
stant. The  boundary  conditions  are  given  by  the  state- 
ments that  the  flow  of  heat  at  the  unheated  face  of  the  wall 
(where  x is  taken  as  zero)  is  zero,  that  is, 


and  that  the  heat  transferred  to  the  heated  face  is  given  by 
the  relation 

h(Tau-T)=K{bT/bz)Xml  (3) 

For  convenience,  the  initial  temperature  is  taken  as  zero  at 
zero  time: 

T=0  (*=0)  (4) 

Since  both  h and  T are  functions  of  t and  occur  as  a product 
in  equation  (3),  the  transform  procedures  of  operational 
calculus  do  not  apply.  The  problem  may  be  stated  in 
another  form  by  means  of  an  integral  equation  expressing 
the  heat  balance  at  the  heated  surface. 

Let  q s(t)  be  the  heat-flow  history  at  the  heated  wall  surface 
at  x=l  due  to  a unit  step  in  that  wall-surface  temperature 
at  t— 0.  Then  the  heat  flow  q(t)  due  to  a temperature 
history  T(t)  of  the  heated  surface  that  is  continuous  and  is 
zero  when  t— 0,  but  is  otherwise  an  arbitrary  variation,  can 
be  expressed  by  DuhamePs  integral  in  the  form  indicated  in 

the  following  equation,  T represents  ^ T(t)  and  r is  a dummy 

time  variable: 

2(0=  f f(t—T)q,(r)dT  (5) 

A heat  balance  is  formed  at  x=l  by  equating  the  integral  in 
equation  (5)  to  the  left  member  of  the  boundary  condition 
expressed  by  equation  (3) : 

h(Taw-T)^j‘ T(t-r)qs(r)dT  (6) 

The  determination  of  T from  equation  (6)  establishes  the 
solution. 

The  wall  temperature  T is  determined,  in  general,  from 
equation  (6)  for  thermally  thin,  thick,  and  infinitely  thick 
walls.  The  method  first  discussed  is  based  on  thick  walls, 
and  modifications  of  this  method  are  introduced  for  the 
special  cases  of  thermally  thin  and  infinitely  thick  walls. 

SOLUTION  FOR  THERMALLY  THICK  WALLS 

Time  series. — In  the  calculation  of  wall  temperature  T 
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for  thick  walls,  the  right-hand  member  of  equation  (6)  is  re- 
placed by  the  product  of  two  time  series.  As  explained  in 
detail  in  appendix  A,  a time  series  is  the  value  (here  the 
ordinate)  of  a function  of  time  at  successive  equal  incre- 
ments of  time  <5.  Thus,  any  variation  of  wall  surface  tem- 
perature can  be  expressed  as  the  series 

T=T1}  To,  Tz,  ...  Tm  (7) 

When  a wall  surface  has  a unit  triangle  variation  of  surface 
temperature,  the  surface  temperature  increases  from  0°  at  a 
constant  rate  to  a value  of  1°  at  the  time  t=b  and  decreases 
at  a constant  rate  to  the  value  0°  at  t=2b . .The  heat  flow 
corresponding  to  a unit  triangle  variation  of  surface  tem- 
perature can  be  expressed  by  the  series 

q&=qA, i,  q&,2,  q&,z,  • • • qA,m  (8) 

The  product  of  equations  (7)  and  (8)  gives  the  instan- 
taneous values  of  heat  flow  due  to  the  temperature  varia- 
tion given  by  equation  (7)  and  could  be  used  to  eliminate 
the  integral  in  equation  (6).  However,  a slight  variation 
or  refinement  of  the  method  is  introduced  which  has  been 
found  to  increase  the  accurac}7  of  the  results  without  in- 
creasing the  labor  involved. 

If  m represents  the  term  number  of  a time  series,  the  prod- 
uct m8  represents  the  corresponding  time.  The  refinement 
consists  in  averaging  the  heat  flow  from  the  time  (m— 1)5  to 
the  time  mb.  Let  q&,m  represent  the  average  heat  flow  over 
this  interval  due  to  a triangular  variation  in  surface  tempera- 
ture. Then  the  heat-flow  history  due  to  the  triangular 
temperature  variation  can  be  represented  by  the  series 

q_A  — g_A,  1,  <[a,  2,  • • • q A,m  (9) 

where  is-the  average  for  the  time  0 to  b,  ^,2  is  the  average 
for  time  b to  25,  and  so  forth. 

The  heat-flow  history  expressed  as  the  average  heat  flow 
over  successive  increments  b,  but  due  to  the  temperature 
variation  (7),  is  given  by  the  product  of  equations  (7) 
and  (0) : 

q=  (Ti,  T2,  T3,  . . . Tm)  (^A,  1,  q_A,2i  q.A/6)  • • • qA,m)  (10) 

Such  a multiplication  actually  gives  the  result  by  forming 
the  proper  superpositions,  as  demonstrated  in  appendix  A. 

In  order  to  adjust  the  boundary  condition  expressed  by 
equation  (3)  or  the  left-hand  side  of  equation  (6)  to  represent 
an  average  flow  of  heat  qm  over  the  interval  b,  the  average 
flow  of  heat  from  the  boundary  layer  is  approximated  by 
the  mean  of  the  values  at  the  beginning  and  end  of  the  in- 
terval. Thus,  for  the  interval  ending  at  t=mb,  has  the 
value 

qa=\  [hm(T.u-T)m+K-1{T„-T)m-i\  (11) 

If  radiation  is  important  to  the  problem,  it  may  be  in- 
cluded. Let  rm  be  the  rate  of  heat  radiation  per  unit  area 
at  the  time  mb.  Equation  (11)  may  then  be  mitten 

<Zm=|  [hm(Tau—T)m—rm+hm.l(Tau,—T)m-l—rm.1]  (11a) 
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With  or  without  radiation,  the  heating  history,  or  varia- 
tion of  3,  may  be  expressed  by  the  series 


3=3i;32,  ff3, 


(12) 


wherein  each  term  lias  the  value  given  by  equation  (11)  or 
(11a).  Equating  the  average  heat  flow  given  by  equation 
(12)  to  that  given  by  equation  (10)  yields 


3n  0.2)  0.3)  * • • Om  {T\f  To,  Tzy  • • • -F m)  (^A,  1:  0&,  2)  3a,  3,  ♦ * ■ 3a,  m) 

(13) 

In  order  to  evaluate  equation  (13),  the  product  in  the 
right-hand  member  is  expanded  by  algebraic  multiplication 
and  values  of  both  members  of  the  equation  pertaining  to 
equal  time  are  equated.  The  following  set  of  equations 
results  (for  simplicity,  the  radiation  terms  are  not  written  in): 


^[Ai(T«w-r)1+/i0(r«»-r)o]=riSA.i 


: [A*  (Taw-  T)2+h 1 (Taw- T ) ,] = T2 , + T&, 


2 [hrn(Taw~ 1 {Taw—  T) m- 1]  — Tm x + Tm- 1 3a, 24- 
Equations  (14)  can  be  rearranged  to  obtain  the  equivalent  equations  for  T\ 


4"27l3A,n 


(14) 


rn  ^\Taw>\~\~^'oT aWtQ 

'V 

1 23a,i4~Ai 

rii  h2TaW'2~\-hi  Taw,  1 h\T\  2Ti$a,2 

23a,  1 4 

rr  __(hTaw)m-]-(hTaw—hT)fn-i--2(qA,2Tm-i-\-qA,zTm-2’{-  ♦ 

• * 4-3a,.Ti) 

23a,  1 4 -hm 

. 

> 

(15) 


'The  values  of  3a,  m must  be  derived. 

Average  heat  flow  due  to  unit  triangle  variation  of  surface 
temperature. — In  order  to  obtain  the  average  heat  flow  due 
to  a unit  triangle  variation  of  surface  temperature,  the 
average  heat-flow  rate  gm  due  to  a uniform  increase  in  the 
surface  temperature  of  1°  in  each  unit  time  5 must  be 
obtained.  The  average  is  taken  over  the  time  5 by  inte- 
grating the  instantaneous  heat-flow  rate  from  £=(ra — 1)5  to 
t—mb  and  dividing  by  5.  This  determination  is  carried  out 
in  appendix  B.  The  result  is 


2*  ^s{s+Am 

In  equation  (16),  Am  and  Am-,  are  the  summations 


(16) 


ir2  ks 

-«<*»-!)*  — 


a - — 

^ ±m  Ic8 


n=l~'^(2n-iy 

n 7T 2 kS 

-{m- 1)  (271-1)2  — — 



n = 1 it 


4 l 2 


{2n—l)A 


(17) 


and  G is  the  heat  capacity  of  the  wall  per  square  foot  per  °F 
and  is  the  product  of  weight  density,  specific  heat,  and  wall 
thickness: 

G=pcl  (18) 

The  average  heat  flow  due  to  a unit  triangle  variation  of 
surface  temperature  ^a,™  is  obtained  by  the  superposition  of 


the  heat  flows  3 due  to  three  linear  variations  of  wall  tem- 
perature as  follows  (for  further  details,  see  the  development 
of  equation  (Al)  in  appendix  A) : 


3a,  m O.m  ^Om—  1 4~~  3^—2 


(19) 


Expanding  equation  (19)"by~substituting  for  gm  from  equa- 
tion (16)  gives 

3A,m=^^g'4-Aw—Aw_i^—2(^—4-Am_i—Am_2^)4- 

-\-Am-2— (20) 

Substituting  in  equation  (20)  successive  values  of  m,  starting 
with  m=l,  ignoring  any  parenthetical  group  in  which  nega- 
tive subscripts  appear,  and  collecting  terms  result  in  the 
following  equations: 

_ _8<2/t2  , . . \ 

3a.  “-g  4- A2— 3A 1 4~2A0^ 


3a,  3”^  (A3— 3^24-3^!— ^40) 


8 Q 

2*. m (,Am  3^4m_l  + 3^4m_2  A ln _ 3) 


(21) 
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For  convenience,  the  quantities  in  parentheses  can  be  tabu- 
lated. The  quantities  in  parentheses  usually  retain  sig- 
nificant values  after  the  completion  of  the  temperature 
triangle  which  created  them.  For  this  reason,  in  accordance 
with  the  notation  of  reference  4,  they  are  called  memory 
terms  and  are  designated  by  the  symbol  M.  With  this 
notation,  equations  (21)  become 

SG  ,,  1 
u' 


established : 

M{=~+A,—A0 

Mi—  — g-+^l2 — 3-41+2A0 
M3=A3—3A2+ 3 A , — A„ 


(22) 


86  , , 
2.,2=^M2 


M-m — Am  3A„_1  + 2 Am_ 3 J 


qA-3  t25Mz 


- SG  r 

(Za,to  m 


(21a) 


Hence,  the  following  equations  for  memory  terms  are 


Obviously,  the  values  of  M are  combinations  of  the  values 
of  A.  Values  of  A and  M were  computed  for  a range  of 
values  of  k8jl2}  and  the  memory  coefficients  M are  listed  in 
table  I.  The  value  of  M decreases  with  increasing  term 
number  and  sooner  or  later  further  terms  can  be  neglected. 

Resulting  temperature  formulas. — Equations  (21a)  give 
the  value  of  qA,m  sought  to  complete  equations  (15);  there- 
fore, equations  (21a)  are  substituted  into  equations  (15). 


The  result  can  be  simplified  by  dividing  through  by  16G/tt28  and  letting 


(23) 


If  radiation  is  important,  the  appropriate  terms  are  included  by  using  equation  (11a)  rather  than  equation  (11).  Since 
equations  (15)  are  being  divided  through  by  16G/ir28,  the  radiation  term  R is  defined  as 


(24) 


With  the  substitutions  of  equations  (23)  and  (24)  in  equations  (15),  the  final  results,  including  terms  for  radiation,  are 


rp  H\  Tau>'  I + HoTg^q—  R\  — /?( 

1 1 i TT 


Ml+Hl 


T _H2raw.2  + (HTaw-HT)l-M2Ti-R2--Rl 

m,+h2 

_H3Taw,3  + (HTaw-HT)2-M2T2--M2Tl-Rz-R2 

3 MATT,  — 


(25) 


T 

J m 


(HTttW)m+  (HTaa-HT) m_ i - M,Tm _ , -M,Tm. . . . -MmT1-Rm-Rrn_1 

Mi+Hm 


Determination  of  average  heat  flow  due  to  unit  triangle 


SOLUTION  FOR  INFINITELY  THICK  WALLS 

General  considerations. — If  a wall  is  thermally  very  thick 
and  is  heated  rapidly  so  that  the  unheated  side  experiences 
little  heating,  it  is  convenient  and  accurate  to  assume  that 
the  wall  is  infinitely  thick.  The  same  formulas,  equations 
(25),  are  used  to  compute  the  wall  surface  temperature. 
However,  instead  of  the  values  of  M for  a particular  wall 
or  diffusion  number,  the  values  of  M which  are  used  are 
always  a fixed  set  of  numbers  which  are  now  derived.  The 
values  of  H and  R are  also  changed. 


variation  of  surface  temperature. — The  determination  of  the 
heat  flow  due  to  a unit  triangle  variation  of  surface  temper- 
ature of  an  infinitely  thick  wall  depends  upon  the  instanta- 
neous heat  flow  into  the  surface  due  to  a unit  rise  in  surface 
temperature  in  unit  time.  From  page  110  of  reference  5, 
the  instantaneous  heat  flow  is  equivalent  to  2K\fi/^irk. 
Since  the  heat-flow  rate  is  proportional  to  the  surface- 
temperature  slope,  the  instantaneous  heat  transfer  due  to 
unit  rise  of  surface  temperature  in  the  time  8 is  2 K^fi/8^Trk. 
This  expression  is  integrated  with  respect  to  t between  the 
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TABLE  I.— VALUES  OF  M AND  0 


\ kbiv 

\ Uf 

0.01 

0.  02 

0.  05 

0.  1 

0.  2 

0.  5 

1.  0 

2,  0 

5.  0 

M 

1 

0.09280547 

0.13124675 

0.20751933 

0.29347652 

0.41495535 

0.64728198 

0.85683719 

1.02954117 

1.15145420 

2 

-.01592290 

- .02251838 

-.03560496 

— .05051887 

— .07836507 

— . 22817155 

- .51142924 

-.82682869 

-1.06920821 

3 

- .02683275 

- .03794724 

-.06002546 

-.08722820 

-.14861561 

- .30052454 

-.31662013 

- .20127599 

-.08224564 

4 

-.00957529 

- .01354153 

-.02166582 

-.03696546 

-.07338883 

- .08405219 

- .02634648 

- .00142616 

-.00000036 

5 

-.00553399 

-.00782683 

- .01320029 

— .02628367 

- .04463344 

— .02447704 

- .00223431 

-.00001026 

-.00000000 

6 

- .00373390 

- .00528487 

-.00983261 

— .02025561 

- .02724662 

-.00712803 

-.00018948 

- .00000007 

7 

- .00274116 

- .00389296 

-.00809228 

- .01579610 

-.01663399 

- . 00207577 

- .00001607 

- .00000000 

8 

-.00212390 

- .00304409 

-.00695594 

- .01233887 

-.01015501 

- .00060449 

- .00000136 

9 

-.00170890 

- .00249270 

-.00608368 

- .00964054 

- .00619962 

— .00017604 

- .00000012 

10 

-.00141412 

- .00211864 

- . 00535620 

- .00753254 

- .00378485 

- .00005126 

- .00000001 

11 

- .00119615 

- .00185533 

- .00472749 

- .00588550 

-.00231065 

-.00001493 

- . 00000000 

12 

- .00103005 

-.00166301 

- .00417648 

- .00459860 

- .00141064 

- .00000435 

13 

-.00090058 

-.00151702 

- .00369098 

-.00359308 

- .00086120 

-.00000127 

14 

-.00079788 

- .00140175 

-.00326234 

-.00280743 

-.00052576 

-.00000037 

15 

- .00071529 

-.00130717 

-.00288362 

-.00219357 

-.00032097 

-.00000011 

16 

-.00064810 

-.00122687 

-.00254891 

-.00171393 

-.00019595 

-.00000003 

17 

-.00059290 

-.00115666 

-.00225306 

-.00133917 

-.00011963 

-.00000001 

18 

- .00054712 

-.00109383 

-.00199156 

-.00104635 

-.00007303 

-.00000000 

19 

- .00050883 

-.00103658 

-.00176041 

-.00081756 

- .00004459 

20 

-.00047651 

-.00098373 

- .00155609 

- .00063880 

-.00002722 

21 

- .00044899 

-.00093448 

-.00137549 

- .00049912 

-.00001662 

22 

-.00042532 

-.00088827 

-.00121584 

-.00038998 

-.00001015 

23 

-.00040477 

- .00084473 

-.00107473 

-.00030471 

-.00000619 

24 

-.00038676 

-.00080356 

- .00094999 

-.00023808 

-.00000378 

25 

-.00037081 

- .00076455 

-.00083973 

- .00018603 

-.00000231 

26 

-.00035655 

-.00072753 

-.00074227 

-.00014535 

-.00000141 

27 

-.00034368 

-.00069237 

-.00065612 

-.00011357 

- .00000086 

28 

- .00033196 

-.00065895 

-.00057997 

-.00008874 

-.00000053 

29 

- .00032119 

-.00062716 

-.00051265 

-.00006933 

-.00000032 

30 

- .00031121 

-.00059693 

-.00045315 

- .00005417 

-.00000020 

$ 

1 

1.00000000 

0.99999992 

0.99956262 

0.98873183 

0.92596579 

0.69945453 

0.45623855 

0.24814441 

0.09999955 

2 

-.00000015 

-.00019241 

- .02166158 

-.12553206 

-.31355030 

- .48643195 

-.41618829 

-.24630216 

-.09999909 

3 

- .00002494 

-.00333067 

-.06963676 

- . 17636953 

— .23787104 

- . 15098748 

-.03665380 

- .00182900 

-.00000045 

4 

- .00033480 

- .01195026 

-.09012904 

- . 14882949 

- . 14587796 

- .04396967 

-.00310842 

- .00001315 

-.00000000 

5 

- .00144190 

-.02167828 

- .08988006 

-.11749067 

-.08906596 

- .01280454 

- .00026361 

-.00000009 

6 

-.00344276 

- .02904775 

-.08284990 

-.09193126 

-.05437468 

- .00372885 

- .00002236 

- .00000000 

7 

-.00595602 

-.03361673 

- .07435643 

- .07184409 

- .03319564 

- .00108589 

-.00000190 

8 

-.00854573 

-.03599626 

- .06609621 

-.05613647 

- .02026587 

- .00031622 

-.00000016 

9 

-.01092537 

-.03687746 

— .05854671 

-.04386205 

— .01237227 

- .00009209 

- .00000001 

10 

-.01296010 

-.03679326 

-.05179171 

-.03427135 

- .00755325 

-.00002682 

- .00000000 

11 

-.01461453 

-.03611078 

-.04579381 

-.02677771 

- .00461124 

-.00000781 

12 

-.01590635 

-.03507183 

-.04048318 

-.02092260 

-.00281516 

-.00000227 

13 

-.01687671 

-.03383230 

- .03578599 

-.01634774 

-.00171865 

-:  00000066 

14 

- .01757370 

- .03249148 

-.03163302 

-.01277320 

- .00104923 

-.00000019 

15 

-.01804423 

-.03111189 

-.02796174 

-.00998026 

-.00064055 

-.00000006 

16 

-.01833036 

-.02973243 

-.02471645 

-.00779802 

-.00039106 

-.00000002 

17 

- .01846823 

-.02837687 

-.02184779 

-.00609293 

- .00023874 

-.00000000 

18 

- .01848809 

-.02705931 

-.01931206 

-.00476067 

-.00014575 

19 

-.01841484 

-.02578769 

-.01707064 

-.00371972 

-.00008898 

20 

-.01826874 

- . 02456607 

-.01508936 

-.00290638 

- .00005432 

21 

- .01806620 

-.02339609 

-.01333804 

-.00227088 

-.00003316 

22 

-.01782042 

-.02227782 

-.01178998 

-.00177434 

-.00002025 

23 

-.01754197 

-.02121043 

-.01042159 

- .00138637 

-.00001236 

24 

-.01723931 

-.02019254 

-.00921203 

-.00108323 

-.00000755 

25 

-.01691918 

- .01922244 

-.00814285 

- . 00084638 

- .00000461 

26 

-.01658695 

- .01829828 

-.00719776 

-.00066131 

-.00000281 

27 

- .01624686 

-.01741811 

- .00636236 

- .00051671 

-.00000172 

28 

-.01590229 

-.01658000 

-.00562392 

-.00040373 

-.00000105 

29 

-.01555588 

- .01578203 

- .00497119 

-.00031545 

- . 00000064 

30 

-.01520972 

- .01502236 

- . 00439422 

- . 00024648 

-.00000039 

a For  additional  value  of  k8/l2,  see  table  II. 


limits  (m  — 1)5  and  mb.  Dividing  by  5 gives,  for  the 
average  heat-flow  rate  g,„  over  the  interval  5 terminating 
at  mb, 

4»=-^S=  [»»*-(«- 1)*]  (26) 

3 V Trkd 

The  usual  superposition  required  to  change  the  result  of  the 


slope  function  to  that  of  the  unit  triangle  input  function  is 
accomplished  by  substituting  equation  (26)  into  equation 
(19): 

[m^— 3(w— l)*H-3(m— 2)>4—  (m— 3)*] 

(27) 


A METHOD  OF  COMPUTING  THE  TRANSIENT  TEMPERATURE  OF  THICK  WALLS 


883 


Resulting  temperature  formulas. — If  the  bracketed  quan- 
tity in  equation  (27)  is  designated  as  the  memory  coefficient 
Mm  then 

Mm—  [ra?— 3 (ra — 1 ) ^- + 3 (m — 2) 54  — (m — 3)  (28) 


the  following  heat  balance: 
hm{Taw--T)m—rmJrhm^l{Taw—T)rn-i-~ 

rm-x=\{{QT)m-{GT)^x\  (33) 


A dimensionless  heat-transfer  coefficient  (suggested  by  eq. 
(27))  is  defined  as 


H 


CO 


3 h-f/rkS 

SK 


(29) 


and  a corresponding  term  for  radiation  is  defined  as 


R 


3 r-\lirkS 
~8 K~ 


(30) 


The  substitution  of  equation  (27)  into  equations  (15)  again 
results  in  equations  (25) . Hence,  equations  (25)  are  used  to 
obtain  the  heated-surface  temperature  of  the  infinitely  thick 
wall  as  well  as  of  walls  of  intermediate  thickness,  except 
that  M,  II,  and  R for  infinitely  thick  walls  are  defined  by 
equations  (28)  to  (30).  Inspection  of  equations  (28)  to 
(30)  indicates  that  the  wall  material  properties  and  time-step 
size  are  expressed  by  equations  (29)  and  (30),  while  the  mem- 
ory terms  are  invariant  with  wall  properties  or  step  size. 
Substituting  successive  integers  for  to  from  1 to  20  into 
equation  (28)  gives  the  following  corresponding  values  of  M: 


M,= 1.0 
Mt=  -0.171573 
Mz=  -0.289129 
M4= -0.103176 
M5=  -0.059630 
M6=— 0.040234 
M7= -0.029536 


Mb=  -0.022885 
M9= -0.018412 
M,0=  -0.015232 
M„= -0.012874 
M,a=  -0.01 1069 
Mu=  -0.009650 
Mu= -0.008511 


M15= -0.007580' 
M,6=  -0.006807 
M17=  -0.006157 
M,8= -0.005605  ► 
A/,„=  -0.005130 
M20= -0.004719 


These  values  of  M,  along  with  values  of  Ha  and  R„  from 
equations  (29)  and  (30),  can  be  used  in  all  problems  wherein 
the  wall  is  so  thick  relative  to  the  heating  rates  and  times 
involved  that  the  wall  behaves  as  though  it  were  infinitely 
thick. 


THIN  WALLS 

When  a wall  is  thermally  thin,  the  temperature  drop 
through  the  wall  becomes  negligible  and  the  problem  is 
simplified  by  assuming  that  all  interior  temperatures  are 
equal  to  the  surface  temperature.  The  heat  absorbed  by 
the  wall  during  any  time  interval  5 must  be  equal  to  the 
gain  in  enthalpy7  or  total  heat  during  this  time.  Hence, 

{GmTm—Om-\Tm-i)  (32) 

Equating  the  average  rate  of  gain  in  enthalpy  as  given  by 
equation  (32)  to  the  average  rate  of  heat  transfer  through 
the  boundary  layer  as  given  by  equation  (11a)  results  in 


Solving  for  Tm  gives 


KTatc.  l-^KTaw^— Ao2o+t  GqTq — — r0 


Ti= 

9 

8 :Gl+hl 

T — 

.i-hA+jQA-rt-n 

J-  2 

j62+h2 

y (34) 


hmTaWtmA^hTaw’—h'T-{--  GT\  —rm—rm-x 

- - 

^ Gm  ~b 


Any  variation  of  G with  temperature  is  accounted  for  by 
equations  (34).  If  the  wall  properties  do  not  change  over 
the  temperature  range  covered,  obviously,  G is  a constant. 
If  G is  considered  to  be  constant,  equations  (34)  can  be 
derived  from  equations  (25)  as  follows:  As  the  diffusion 
number  kd/l2  becomes  large,  all  values  of  A approach  the 
value  7r2/8,  and  from  equations  (22)  it  is  seen  that  the  only 
memory  terms  not  identically  equal  to  zero  are  Mx  and  M2, 
which  have  the  values  7 r2/S  and  — 7r/8 • Eliminating  M from 
equations  (25)  and  utilizing  definitions  (23)  and  (24)  yield 
equations  (34). 

In  equations  (34)  the  terms  h0,  TaWt 0,  and  T0  have  been 
retained  since  in  the  thin-wall  problem,  unlike  the  thick-wall 
problem,  it  is  convenient  for  T0  to  have  any  value.  These 
equations  have  considerable  advantage  because  the  need 
for  temperature  extrapolation  is  reduced,  if  not  eliminated. 
The  equations  tend  to  give  accurate  results  and,  as  is  shown 
subsequently,  are  suitable  for  the  use  of  relatively  large  time 
increments. 

INSIDE  TEMPERATURES 


If  the  heated  wall  surface  is  called  the  outside  surface, 
the  temperatures  at  other  parallel  planes  may  be  called 
inside  temperatures.  In  particular,  this  paper  is  concerned 
with  the  inside  surface  temperature.  According  to  the 
notation  used  in  this  paper,  the  inside  surface  is  designated 
b}7  x/l= 0,  the  outside  surface  by  x/l=  1,  and  other  planes  by 
values  of  xjl  between  0 and  1. 

Consider  a wall,  initially  at  zero  temperature,  which  has 
the  heated  surface  x=l  raised  at  a reference  temperature 
slope  T~(l/8)t}  while  the  surface  x=0  is  insulated.  The 
difference  in  temperature  0T  between  the  heated  surface  and 
any  plane  x is  shown  by  equation  (Bll)  of  appendix  B to  be 


{(2»-0§f] 


°°  ( l)U~l 

S(2tt-l)3COS| 


,-(271-1)2  _ 


4 1*  y 


(35) 
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A set  of  terms  is  defined  to  represent  the  summations  in 
equation  (35) : 


p 16  l'  ^ (-1)"-1 
0 7T3  ks^i  (2a—  l)3 


cos 


P 16  l* 

1 v3  k8£t(2n-l)3 


cos 


, 16  P ^ (-1)"-1 

2 7T3  k&^i  (2«,- 1)3 


cos 


1 (36a) 


16  l 2 » (-1)"- 


7 ) 

3 


7T3  (2?/,— 1): 


cos 


rm(2n-1),TP5 


variation  of  the  heated  surface  would  be  given  by  the  time 
series  6t=01}  02,  03,  . . . 0W.  In  addition,  any  general  tem- 
perature of  the  heated  surface  can  be  represented  as  2 = Tu 
T2}  Tz,  . . . Tm.  The  temperature  difference  due  to  this 
general  temperature  variation  is  obtained  by  formally 
multiplying  these  two  time  series,  and  the  inside  temperature 
is  obtained  by  subtracting  the  product  from  the  heated- 
surface  temperature  T.  Hence 


Ti,2~  T2 — (0i  T2+02 ^0 

Ti,z=  — (0i  Tz-\-62T2-\-83Ti) 


f (40) 


m ~~  T m (0i  Tm  d-  02  Tm—\  ~ . . . +0J.r1)J 


If  the  temperature  difference  across  the  entire  wall  is  sought, 
then  xjl— 0 and  equations  (36a)  become 


_16  l2  ^ (-I)”"1  l 2 

0 t r3  kb  (2n—  l)3  2kb 

B,—- - — V'  1 e — (2w — i) 2 — s 

^1  _3  kx  2—1  (On  6 4/2 


B, 


"t r3  &S  (2^—1) 3 

1 A 72  CO  ( 1\n-l  x2  jfc 

0==:I2  _L  V'  ^ ; />  — 2(2n— l)2  — - < 

7 r3  (2n— l)3  4 /2 


(36b) 


R _16 
* 7T3  to 


( l^n-1  v2  fc 

1 j e-"<*~WTTl* 


(2n—l) 


Regardless  of  whether  equations  (36a)  or  (36b)  are  used, 
equation  (35)  may  be  written 


dr=Bo-Bm  (37) 

By  the  usual  superposition,  in  order  to  change  the  result 
of  the  reference  slope  function  to  that  of  a unit  triangular 
input  function,  the  temperature  difference  between  the  plane 
of  the  heated  wall  and  the  plane  being  considered  is 

6=  B0  Bm — 2 (Bo  — Bm-i)  + B0— Bm-2  (38) 


Computation  of  TUm  does  not  depend  on  prior  computation 
of  TUi,  Tit 2,  and  so  forth. 

If  the  temperature  distribution  through  the  wall  is  required 
in  a form  which  is  analytical  with  respect  to  x and  can  be 
differentiated  or  integrated  analytically  with  respect  to  x, 
the  procedures  outlined  in  appendix  C should  be  followed. 

CALCULATION  OF  HEAT  FLOW  FROM  TEMPERATURE 
HISTORY 

TEMPERATURE  HISTORY  OF  OUTSIDE  SURFACE  KNOWN 

If  the  heated-surface  temperature  history  is  known,  the 
heat-flow  history  can  be  determined  by  substituting  equa- 
tions (21a)  into  equation  (10)  as  follows: 

2=^  (Tu  T2,  T3i  . . . Tm)(M1,M2,M3,  ....  Mm)  (41) 
Multiplication  shows  that  the  mth  term  is  given  by 

_ O Q 

(M\Tm-\-M2Tm-i-\-  . . . +MmTi)  (42) 

The  heat-flow  history  can  be  determined  readily  from  a given 
temperature  history  of  the  heated  surface  by  means  of 
equation  (42).  The  average  heat  flow  over  a small  interval  S 
can  be  assumed  to  give  the  instantaneous  rate  at  the  center 
of  the  interval. 


Assigning  integral  values  to  m and  simplifying  give  the 
equations  corresponding  to  successive  values  of  time: 

&i  = — Bi  + Bo 

62—  — B2-\-2B\ — Bo 
d3—  B3-\-2B2 — Bi 

#4=  — .£>4-|-2.7?3 — .Bo 


— —■Bm-\-2Bm-i — Bm- 2 J 

A sufficient  number  of  values  of  6 for  practical  purposes  are 
given  in  table  I.  According  to  equations  (39),  the  tem- 
perature difference  between  the  plane  of  the  heated  surface 
and  auy  other  plane  due  to  a unit  triangle  temperature 


TEMPERATURE  HISTORY  OF  INSIDE  SURFACE  KNOWN 

If  the  temperature  history  of  the  outer  surface  or  of  a 
plane  near  the  outer  surface  is  known,  the  feasibility  of 
accurately  determining  the  heat  flow  is  excellent.  If  the 
temperature  history  of  the  inside  surface  for  a thermally 
thin  wall  (kt/l2  large  and  hl/K  small)  is  known,  it  is  also 
feasible  to  determine  the  history  of  the  heat  flow  into  the 
outer  surface.  However,  if  the  wall  is  thermally  thick, 
relatively  small  changes  in  temperatures  at  the  inside  surface 
may  make  it  difficult  to  reconstruct  the  temperature  history 
and  heat  flow  at  the  outer  surface. 

A rearrangement  of  equations  (40)  may  be  used  to  deter- 
mine the  outside-surface-temperature  history  from  the 
inside-surface-temperature  history.  Rearranging  equations 
(40)  gives 


(39) 
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1 1-0, 

rp  Tir2  + 02Ti 

- 1-0! 

rp  Titz-\-d2T2-\-dsTi 

1 3 1 a 


y (43) 


rp  ?7i,m  + 02^.-l  + 0321m-2+  • • ■ + OmTi 

±m~~  1-0!  J 

The  rate  of  heat  flow  at  any  time  is  then  determined  from 
equation  (42). 

APPLICATION 

GENERAL  CONSIDERATIONS 

The  section  on  application  is  devoted  to  demonstrating 
the  solution  of  two  types  of  problems:  In  the  first  type  the 
heat-transfer  coefficient  and  adiabatic-wall-temperature 
histories  are  given  and  the  wall-temperature  solutions  are 
obtained.  In  the  second  type  the  temperature  history  is 
known  and  the  heating-rate  history  is  computed.  In  each 
example,  the  problem  chosen  was  a special  case,  selected  so 
that  its  solution  could  be  and  was  obtained  by  an  exact 
analytical  method.  The  degree  of  exactness  of  the  present 
method  is  demonstrated  by  comparing  each  result  with  the 
solution  calculated  by  exact  theory. 

With  one  exception,  radiation  was  a negligible  considera- 
tion in  the  examples  given.  Although  the  method  presented 
is  well  suited  to  accounting  for  radiation  and  includes  terms 
for  that  purpose,  radiation  was  neglected  in  all  cases  to  make 
possible  an  exact  analytical  solution  for  comparison. 

EQUATIONS  FOR  HEATED  SURFACE 

If  the  temperature  of  the  heated  surface  of  the  wall  is 
required,  equations  (18)  and  (23)  to  (25)  are  used.  Whether 
the  objective  is  to  compute  wall  temperature  or  to  compute 
the  heat  flow  from  a known  wall  temperature,  the  first  steps 
involve  the  determination  of  the  required  memory  coeffi- 
cients. In  order  to  minimize  the  labor  involved,  the  recom- 
mended procedure  is  as  follows:  First,  choose  a tentative 
time  interval  5 which  seems  appropriate  to  the  particular 
problem.  (A  review  of  the  examples  presented  herein  will 
give  an  idea  of  a reasonable  value.)  Then  compute  a tenta- 
tive value  of  the  dimensionless  diffusion  number  fc8/l2.  From 
table  I or  II  pick  a diffusion  number  close  to  the  one  tenta- 
tively computed.  The  memory  coefficients  M and  inside 
temperature  coefficients  6 given  in  the  table  for  this  diffusion 
number  are  to  be  used,  and  they  do  not  therefore  have  to 
be  computed.  An  adjustment  in  the  value  of  8 is  made  by 
multiplying  it  by  the  ratio  of  the  tabular  value  of  k8/l2 
selected  to  the  value  of  Jc8/l 2 tentatively  computed.  Then 
compute  from  equations  (18)  and  (23)  the  value  of  0 and 
the  values  of  H]  if  the  radiation  is  important,  R must  be 
computed  also  (eq.  (24)).  The  temperature  history  of  the 
heated-wall  surface  is  then  found  from  equations  (25).  If 
the  heating  rate  is  being  determined  from  a known  tempera- 
ture history,  the  values  of  H and  R are  not  required.  The 
procedure  for  this  case  is  discussed  in  the  section  entitled 
“Example  6.” 


The  temperature  formulas  were  derived  with  the  assump- 
tion that  the  initial  wall  temperature  was  zero  in  order  to 
avoid  mi  ting  T-T0  numerous  times  in  the  formula.  The 
simplest  way  to  handle  most  problems  is  to  subtract  the 
amount  that  the  initial  wall  temperature  is  above  zero  from 
both  the  wall  and  the  adiabatic-wall  temperatures.  The 
last  step  in  the  problem  is  to  add  this  amount  to  the  solution. 

EQUATIONS  FOR  INSIDE  SURFACE 

If  the  temperature  of  the  un heated  side  of  the  wall  is 
required,  equations  (40)  are  used.  Except  for  the  case  of 
the  thermally  thin  wall,  all  equations  were  derived  for  con- 
stant material  properties.  For  small  changes  in  material 
properties  with  temperature,  it  appears  reasonable  to  use 
an  average  value  of  the  properties  for  the  temperature  range 
involved.  For  cases  in  which  material  properties  vary,  it 
seems  possible  that  a more  accurate  solution  might  be  ob- 
tained by  varying  the  diffusion  number  or  by  varying  the 
step  size  to  keep  the  diffusion  number  constant;  however, 
any  consideration  of  such  a technique  is  beyond  the  scope 
of  this  paper, 

APPLICATION  OF  METHOD  IN  SPECIFIC  EXAMPLES 

The  following  illustrative  examples  were  calculated  before 
table  1 was  prepared.  Therefore,  the  values  of  the  coeffi- 
cients M and  0 were  computed  for  the  particular  walls  and 
chosen  time  intervals  8 of  the  examples.  All  values  of  M 
and  0 used  are  listed  in  table  II,  which  may  be  considered 
as  being  supplementary  to  table  I. 

EXAMPLE  1 

Problem  for  example  1 (a). — A copper  wall  which  is  y2 
inch  ft)  thick  is  initially  at  a temperature  of  0°  F.  One 
surface  is  heated  by  a boundary  layer  while  the  other  side 
is  insulated.  The  effective  boundary-layer  temperature  Taw 
is  initially  0°  F but  increases  linearly  at  the  rate  of  1,000°  F 
per  second  for  10  seconds.  The  heat-transfer  coefficient 
remains  constant  at  4 = 100  Btu/(hr)(sq  ft)(°F).  The  con- 
ductivity K and  diffusivity  k of  copper  are  taken  as 

K=  227  (Btu)  (ft)/ (hr)  (sq  ft)(°F) 

4=4.41  sq  ft/hr 

Find  the  temperature  history  of  both  wall  surfaces. 


Solution  for  example  1 (a). — The  material  properties  are 
usually  givenjin  terms  of  the  hour  unit.  However,  since 
fast  heating  conditions  may  be  more  easily  understood  in 
terms  of  seconds,  time  is  referred  to  in  seconds  and  is  con- 
verted to  hours  for  use  in  the  equations.  For  example,  if 


then 


5=1  sec 


1 

3600 


hr 


k8 (4.41)  (24) 2 

l2~  3600 


0.7056 


By  using  this  dimensionless  diffusion  number,  the  values  of 
M in  column  2 of  the  following  table  are  obtained  from  table 
II.  The  values  of  Taw  are  listed  in  column  4.  The  value  of 
6 is  given  by  the  equation 

a-f=mm=2-Ui7  Bt"i <“i  ft>™ 
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TABLE  II.— VALUES  OF  M AND  0 USED  IN  ILLUSTRATIVE  EXAMPLES 


\ ii/I> 
m 

0.  00980 

0.  08820 

0.  17640 

0.  35280 

0.  70560 

M 

1 

0.  09187272 

0.  27561815 

0.  38974974 

0.  54911553 

0.  75160198 

2 

— . 01576287 

04735497 

07101815 

-.  14414264 

-.  35255882 

3 

02656306 

-.  08094552 

13303643 

24244390 

— . 33055113 

4 

— . 00947905 

03275298 

06587129 

-.  09447354 

— . 05648228 

5 

-.  00547837 

-.  02295825 

04229223 

03955774 

-.  00990390 

6 

-.  00369637 

~.  01799364 

02736081 

01656451 

00173660 

7 

00271361 

01440765 

01770513 

00693626 

— . 00030451 

8 

-.  00210254 

— . 01 158046 

— . 01145704 

00290451 

00005339 

9 

00169169 

-.  00931431 

-.  00741389 

— . 00121624 

— . 00000936 

10 

00139980 

00749250 

00479755 

-.  00050929 

00000164 

11 

-.  00118389 

00602714 

00310451 

00021326 

00000029 

12 

00101926 

00484839 

-.  00200894 

00008930 

-.  00000005 

13 

00089082 

_.  00390018 

-.  00129999 

00003739 

-.  00000001 

14 

00078882 

00313741 

-.  00084123 

— . 00001566 

00000000 

15 

00070668 

-.  00252382 

00054436 

00000656 

16 

-.  00063977 

00203023 

00035226 

00000275 

17 

-.  00058474 

-.  00163317 

00022795 

00000115 

18 

-.  00053905 

-.  00131377 

00014751 

00000048 

19 

-.  00050081 

00105683 

00009545 

00000020 

20 

-.  00046851 

-.  00085014 

-.  00006177 

-.  00000008 

e 

1 

1.  00000000 

0.  99289947 

0.  94364543 

0.  80477935 

0.  58038199 

2 

-.  00000012 

09850808 

27773216 

44879472 

-.  47463257 

3 

00002053 

-.  15766415 

23367386 

20690977 

08720676 

4 

00028945 

~.  14162795 

15250956 

08665088 

01529129 

5 

00128807 

— . 11603872 

-.  09871526 

03628441 

-.  00268126 

6 

-.  00314564 

09364233 

-.  06387947 

01519382 

-.  00047015 

7 

-.  00552973 

-.  07537042 

04133662 

00636230 

-.  00008244 

8 

-.  00802789 

-.  06063594 

-.  02674906 

-.  00266417 

-.  00001446 

9 

01035556 

-.  04877804 

01730940 

00111560 

00000253 

10 

01237062 

-.  03923850 

01120097 

— . 00046715 

-.  00000044 

11 

01402862 

-.  03156453 

00724818 

00019562 

00000008 

12 

-.  01533940 

-.  02539137 

00469032 

-.  00008191 

00000001 

13 

01633809 

02042551 

00303512 

— . 00003430 

00000000 

14 

— . 01706855 

-.  01643084 

00196404 

-.  00001436 

15 

— . 01757475 

-.  01321741 

00127093 

00000601 

16 

01789689 

01063245 

00082243 

00000252 

17 

01806993 

00855303 

00053219 

-.  00000105 

18 

— . 01812340 

-.  00688029 

00034438 

-.  00000044 

19 

01808182 

-.  00553469 

00022285 

00000018 

20 

-.  01796529 

-.  00445226 

00014421 

-.  00000008 

The  value  of  ^=100  Btu/(hr)(sq  ft)(°F)  is  converted  to 
H=  0.00800.  The  use  of  columns  2 and  4 in  equations  (25) 
gives  the  heated-wall  temperature  in  column  5.  Using  the 
inside-surf  ace-temperature  formulas,  equations  (40),  and 
the  values  of  6 in  column  6 gives  the  values  of  Tt  in  column  7. 


1 

2 

3 

4 

5 

6 

7 

Term 

M 

Time, 

Taw, 

T, 

0, 

T„ 

number 

sec 

°F 

op 

op 

°F 

0 

0 

0 

0 

0 

1 

0.  75160 

1 

1,000 

11 

0.  580382 

4 

2 

35256 

2 

2,  000 

36 

474632 

21 

3 

33055 

3 

3,  000 

74 

087207 

" 50 

4 

-.  05648 

4 

4,  000 

124 

015291 

91 

5 

00990 

5 

5,  000 

186 

002681 

144 

6 

00174 

6 

6,  000 

260 

-.  000470 

210 

7 

00030 

7 

7,  000 

346 

000082 

288 

8 

00005 

8 

8,  000 

443 

-.  000015 

377 

9 

-.  00001 

9 

9,  000 

552 

000002 

478 

10 

00000 

10 

10,  000 

673 

000000 

591 

The  wall-surface-temperature  curves  of  T and  Tx  are 
shown  in  figure  1 (a).  For  comparison,  the  results  calcu- 
lated by  the  theoretically  exact  formula  (eq.  (B10)  of  ap- 
pendix B)  are  shown.  This  formula  is 


T=bt-2b^j: 

tC  n= 


COS 


1 2 ( 1 I M I ^ 2^ 

\1+K+hlan) 


(44) 


COS  an 


where  b represents  the  slope  of  the  adiabatic-wall-tempera- 
ture curve  and  an  represents  the  positive  roots  of  the  auxil- 
iary equation 

an  tan  an==f~  (44a) 

Setting  5 = 3,600,000  °F/hr  and  setting  x=l  and  z=0  in 
equation  (44)  result  in  the  values  for  outside  and  inside 
temperatures  plotted  as  circles  and  squares  in  figure  1. 
The  comparison  shows  that  accurate  results  are  obtained 
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Time,  sec 

(a)  ^-inch-thick  wail. 

Figure  1. — Example  1.  Temperatures  of  copper-wall  surfaces. 
Adiabatic-wall  temperature  varies  linearly  from  0°  to  10,000°  in 
10  seconds;  A=100  Btu/(hr)(sq  ft)(°F). 


by  the  present  method,  the  maximum  difference  between 
methods  being  about  1°. 

Problem  for  example  1 (b). — The  conditions  for  example 
1 (b)  are  the  same  as  those  for  example  1 (a),  except  that 
the  copper  wall  is  3 inches  thick,  or  l~ }{  foot. 

Solution  for  example  1 (b). — Since  this  wall  is  so  thick, 
more  highly  transient  conditions  prevail  throughout  the 
heating  period.  A value  of  8 of  }{  second  or  1/7200  hour 
was  therefore  used.  With  the  same  procedure  as  used  be- 
fore, the  results  of  the  present  method  are  given  as  con- 
tinuous lines  in  figure  1 (b),  while  the  results  from  equation 
(44)  are  given  by  the  symbols.  The  agreement  is  evident. 

EXAMPLE  2 

Problem. — Example  2 illustrates  the  principal  advantage 
of  the  present  method;  that  is,  its  capability  of  handling 
arbitrary  variations  of  Taw  and  h.  Neither  is  it  necessary 
to  know  a mathematical  formulation  for  these  variations. 

A X-inch  copper  wall  which  is  initially  at  a temperature 


(b)  3-inch- thick  wall. 


Figure  1. — Concluded. 


of  zero  is  aeiwtynamically  heated  on  one  side  and  insulated 
on  the  other.  The  time  histories  of  Taw  and  h are  given  at 
K-second  intervals  in  the  following  table: 


Time, 

sec 

Tou>, 

°F 

h,  Btu/(hr) 
(sq  ft)  ( °F) 

Time, 

sec 

Taw, 

°F 

h,  Btu/(hr) 
(sqft)(°F) 

0 

0 

36 

5.  5 

5,  391 

68.  4 

. 5 

1,  365 

41.  4 

6.  0 

5,  356 

66.  6 

1.0 

2,  485 

45.  0 

6.  5 

5,  255 

63.  9 

1.  5 

3,  388 

48.  6 

7.  0 

5,  107 

60.  0 

2.  0 

4,  094 

52.  2 

7.  5 

4,  831 

55.  8 

2.  5 

4,  620 

55.  8 

8.  0 

1 4,  335 

52.  2 

3.  0 

4,  932 

60.  0 

8.  5 

! 3,  654 

48.  6 

3.  5 

5,  119 

63.  9 

9.  0 

2,  769 

45.  0 

4.  0 

5,  263 

66.  6 

9.  5 

1,  658 

41.  4 

4.  5 

5,  345 

68.  4 

10.  0 

297.  5 

36.  0 

5.  0 

5,  387 

69.  0 

The  temperature  history  of  both  wall  surfaces  is  to  be 
found. 

Solution. — The  heating  conditions  are  severe  and  con- 
tinuously transient,  with  the  boundary-layer  temperature 
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rising  and  falling  over  5,000°  in  10  seconds.  A computing 
interval  8 smaller  than  that  used  in  the  first  problem  is 
therefore  used.  Let  8 =■){  second— 1/7200  hour.  The  re- 
sulting wall-surface-temperature  curves  are  drawn  in  figure 
2.  The  circles  and  squares  give  the  surface  temperatures 
computed  by  a theoretically  exact  procedure.  Comparison 
shows  the  present  method  to  be  accurate. 

EXAMPLE  3 

Problem. — Example  3 is  the  same  as  example  2 except 
that  the  wall  is  3 inches  thick  and  the  effective  boundary-layer 
temperatures  are  slighthr  different.  The  initial  value  of 
Taw  is  0.  The  subsequent  values  of  Taw  are  given  at  0.5- 
second  intervals  by  the  following  time  series:  Tat0=  1,365, 
2,484,  3,386,  4,088^  4,609,  4,915,  5,094,  5,227,  5,296,  5,325, 
5,315,  5,265,  5,149,  4,986,  4,694,  4,184,  3,489,  2,591,  1,471, 
100.  Find  the  temperature  history  of  both  wall  surfaces. 

Solution  (a)  (thick-wall  solution). — The  value  of  8 was 
taken  as  % second.  By  following  the  procedure  previously 


presented,  the  wall-surface-temperature  curves  shown  in 
figure  3 were  obtained.  Again  the  symbols  give  the  results 
of  exact  theory. 

It  should  be  noted  that  the  “exact  solution”  for  examples 
2 and  3 is  not  actually  an  alternate  method  of  solution  for 
am~  practical  problem  but  gives  a solution  to  the  particular 
problems  only.  The  “solution”  was  obtained  by  working 
in  reverse;  that  is,  a heat  flow  was  assumed  and  the  corre- 
sponding boundary-la3^er  characteristics  were  computed. 
A truly  alternate  method  of  solution  is  now  considered, 
however. 

Solution  (b)  (infinitely  thick-wall  solution). — Since  the 
thermal  lag  of  a 3-inch  copper  wall  is  so  great  when  subjected 
to  the  rapid  heating  specified  by  this  problem,  it  appears 
reasonable  to  obtain  the  heated-surface  temperature  by 
assuming  that  the  wall  is  infinitely  thick.  The  memory 
coefficients  are  the  same  for  all  infinitely  thick  walls  and  are 
given  by  equations  (31).  The  same  temperature  formulas, 
the  same  values  of  TaW)  and  the  same  values  of  h are  used 
as  before,  but  the  values  of  Hm  are  given  by  equation  (29). 

The  results  calculated  by  this  method  are  listed  along  with 
) 

igr 


Figure  2. — Example  2.  Temperatures  of  J4-inch  copper  wall  heated 
according  to  assigned  history  of  h and  Taw. 


Figure  3. — Example  3.  Temperatures  of  3-inch  copper  wall  heated 
according  to  assigned  history  of  h and  Taw. 
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those  from  the  thick-wall  solution  (a). 


Time, 

sec 

T,  °F,  calculated  by — 

Thick- wall 
solution 

Infinitely 

thick-wall 

solution 

I 

12.  8 

12.  8 

2 

35.  3 

35.  3 

3 

61.  3 

61.  3 

4 

87.  0 

87.  0 

5 

io9:  i 

109.  1 

6 

124.  8 

124.  8 

7 

132.  3 

132.  3 

8 

130.  6 

130.  6 

9 

119.  5 

119.  4 

10 

100.  0 

99.  8 

The  consistency  of  the  alternate  methods  for  a thermally 
thick  wall  is  evident.  The  reason  for  the  close  agreement 
may  be  found  in  figure  3,  which  shows  that  the  unheated 
surface  of  the  3-inch  wall  rose  to  only  14°  F. 

EXAMPLE  4 

Problem. — The  most  severe  test  of  the  present  method 
would  occur  if  there  were  a large  instantaneous  increase  of 
Taw . While  this  condition  could  hardly  happen  in  flight,  it 
might  happen  if  a research  model  were  suddenly  immersed 
in  a high-stagnation-temperature  jet.  Let  a J^-inch  copper 
wall,  initially  at  a temperature  of  zero,  be  instantly  subjected 
to  an  effective  boundary-layer  temperature  of  5,000°  F on 
one  surface  while  no  heat  transfer  occurs  on  the  other  sur- 
face. The  heat-transfer  coefficient  is  100  Btu/(hr)(sq  ft) 
(°F).  Solve  for  the  temperature  history  of  both  wall  sur- 
faces for  10  seconds. 

Solution. — In  this  case  not  only  is  there  a very  high 
transient-temperature  condition  initially  but  the  instanta- 
neous increase  in  Taw  does  not  lend  itself  to  approximation 
by  the  unit  triangle.  The  simplest  procedure  is  to  take 
small  steps  for  the  first  few  seconds  to  minimize  the  errors 
introduced.  In  order  to  help  circumvent  the  difficulty  of 
calculation,  an  excellent  method  of  approximating  the  wall 
surface  temperature  for  the  first  or  first  few  small  steps  is  to 
use  the  following  formula  from  page  109  of  reference  5, 
which  gives  the  temperature  on  the  surface  of  an  infinitely 
thick  wall  for  a constant  flow  of  heat  at  the  surface: 
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Figure  4. — Example  4.  Temperatures  of  ¥>- inch  copper  wall 
after  application  of  5,000  °F  jump  in  gas  temperature.  /i=100 
Btu/(hr)(sq  ft)(°F). 


define  the  highly  transient  part  of  the  curve,  then  X-second 
steps  for  the  remaining  9 seconds. 

A theoretically  exact  solution  to  this  problem  was  obtained 
by  equation  (B7)  of  appendix  B.  The  results  of  applying 
this  equation  are  given  by  the  symbols  in  figure  4,  which 
shows  that  agreement  was  obtained. 

EXAMPLE  5 


The  values  of  <5  used  were  <5  = X second  for  2 seconds,  then 
d—Y2  second  for  8 seconds.  Since  the  use  of  an  equation 
based  on  an  infinite  wall  is  permissible  for  a K-inch  copper 
wall  for  at  least  }{  second,  the  values  of  T were  computed  by 
equation  (45)  for  the  first  two  ^-second  steps,  then  by  the 
usual  equations.  The  results  are  presented  in  figure  4. 
Since  the  inside  temperature  Tt  depends  on  the  outside 
temperature  T and  not  directly  on  Taw , there  is  no  particular 
difficulty  of  approximation  in  obtaining  Tt.  Accordingly, 
in  obtaining  Ti}  }£-second  steps  were  taken  for  1 second  to 


Problem. — A Xe-inch  Inconel  wall  is  heated  by  a higb- 
temperature  jet.  If  Taw—  5,000°  F and  h—b 0 Btu/(hr) (sq 
ft)(°F),  determine  the  skin- temperature  history  for  15  sec- 
onds. Neglect  radiation. 

Solution. — The  heat  capacity  of  a X 6-inch  Inconel  wall  was 
assumed  to  be  (7=0.3229  Btu/(sq  ft)  (°F) . The  example  was 
worked  three  times  with  values  of  5 of  1,  2,.  and  5 seconds  to 
show  how  sensitive  the  “thin  wall”  formula  is  to  the  time 
interval.  Substituting  the  given  constants  into  equation 
(34)  yielded  the  results  given  by  the  symbols  in  figure  5. 
For  this  example  the  exact  theory  is  shown  by  the  solid  line. 
Evidently,  large  time  intervals  are  permissible  with  this 
formula. 
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Time, sec 

Figure  5. — Example  5.  Temperatures  of^e-inch  Inconel  wall. 

Tau>= 5,000  °F;  ft =50  Btu/(hr)(sq  ft)(°F). 

EXAMPLE  6 

Problem  for  example  6 (a). — The  temperature  history  of 
the  heated  surface  of  a %-inch  copper  wall  initially  at  zero 
temperature  is  given  by  the  following  time  series  in  which 
the  temperatures  are  for  %-second  intervals:  T=4.8,  13.2, 
25.2,  40.2,  58.2,  77.9,  99.4,  122.6,  146.3,  169.8,  193.0,  214.8, 
235.3,  253.2,  268.8,  281.5,  290.8,  296.7,  298.0,  297.5.  The 
inside  surface  is  insulated.  Determine  the  history  of  heat 
flow  into  the  heated  surface  from  the  given  surf  ace- tempera- 
ture history. 

Solution  for  example  6 (a). — If  the  time  interval  used  is 
sufficiently  small,  the  average  rate  of  heat  flow  over  the 
interval  is  a good  approximation  to  the  rate  of  heat  flow 
at  the  center  of  the  interval.  Equation  (42),  which  gives 
the  average  rate  of  heat  flow  over  the  interval  ending  at 
t=mb}  may  be  used.  For  a value  of  5 of  ){  second,  the 
values  of  M are  given  in  table  II.  Substituting  in  equation 
(42)  gives  the  rate  of  heat  flow  plotted  as  circles  in  figure  6. 
The  solid  curve  gives  the  theoretically  exact  instantaneous 
rate  of  heat  flow  for  comparison.  The  results  from  equation 
(42)  are  seen  to  be  precise.  The  system  yielding  instan- 
taneous heat  flow,  mentioned  previously,  would  seem  to  be 
a natural  one  for  the  present  problem;  however,  the  results 
obtained  by  that  system  were  found  to  be  inferior  to  those 
presented. 

Problem  for  example  6 (b). — The  corresponding  inside- 
surface-temperature  history  of  the  same  wall  is  given  by 


Figure  6. — Example  6.  Rate  of  heat  flow  into  heated  (outer)  sur- 
face of  }4-inch  copper  wall  computed  from  temperature  history  of 
outer  surface  and  from  temperature  history  of  inner  surface. 


the  following  time  series  in  which  the  temperatures  are  for 
^-second  intervals:  T*=0.8,  4.4,  11.7,  22.4,  36.0,  52.6, 

71.6,  92.3,  114.2,  137.4,  160.6,  183.7,  205.4,  226.4,  245.3, 

261.6,  275.2,  285.6,  292.4,  296.3.  Determine  the  history 
of  heat  flow  into  the  outer  surface  by  using  only  the  given 
inside  temperatures. 

Solution  for  example  6 (b), — Equations  (43)  may  be  used 
to  determine  the  outside-surface-temperature  history  from 
the  inside-temperature  history.  Then,  the  rate  of  heat 
flow  at  any  time  is  determined  as  in  the  solution  for  example 
6 (a).  The  factor  1/(1— 0j)  in  equations  (43)  may  be 
thought  of  as  a magnification  factor.  Large  values  of  this 
factor  tend  to  cause  an  instability  in  the  computed  tempera- 
tures. In  this  example,  if  5 is  taken  as }{ second  or  1/7200  hour, 
the  value  of  k8/l2  is  0.3528,  6X  is  0.80478,  and  the  magnifica- 
tion factor  is  5.1.  On  substitution  in  equations  (43),  an 
oscillation  of  period  25  builds  up  in  the  values  of  T,  very 
slowly  at  first  and  to  either  side  of  the  correct  answer  as  a 
mean  value,  but  in  a divergent  manner  so  that  by  4 seconds 
the  amplitude  is  6°.  For  a value  of  5 of  1 second,  the  value 
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of  khjl2  is  0.7056,  6X  is  0.58038,  and  the  magnification  factor 
is  2.4.  In  this  instance,  an  oscillation  in  T of  period  25  and 
maximum  amplitude  of  1.5°  occurred.  Substituting  these 
values  of  T,  without  fairing,  into  equation  (42)  gives  the 
results  shown  by  the  square  symbols  in  figure  6.  If  a larger 
value  of  5 were  used,  the  oscillation  would  be  damped  out 
but  the  accuracy  would  suffer  because  of  a lack  of  definition 
of  the  rapidly  varying  heating  rate.  The  particular  case 
demonstrated  is  therefore  a marginal  one  for  the  determina- 
tion of  heat  flow  from  the  temperatures  of  the  inside  surface. 
The  instability  is  found  to  disappear  for  thermally  thinner 
walls  and  conversely  to  increase  rapidly  for  thicker  walls. 


CONCLUDING  REMARKS 

Fonmdas  to  facilitate  the  determination  of  the  transient 
surface  temperatures  of  thick  walls  from  an  arbitrary 
variation  of  adiabatic-wall  temperature  and  heat-transfer 
coefficient  have  been  developed.  Formulas  to  facilitate  the 
determination  of  heat  flow  from  an  arbitrary  variation  of 
wall  surface  temperature  were  also  obtained.  The  numerical 
applications  given  demonstrate  a high  degree  of  accuracy 
for  the  present  method. 

Langley  Aeronautical  Laboratory, 

National  Advisory  Committee  for  Aeronautics, 
Langley  Field,  Va.,  June  18,  1957. 


APPENDIX  A 

REVIEW  OF  SUPERPOSITION  AND  TIME  SERIES 


TIME  SERIES 

A time  series  may  be  defined  as  a series  of  numbers  or 
quantities  which  represent  the  values  of  a function  of  time 
at  successive  equal  intervals  of  time.  According  to  the 
notation  of  Tustin  (ref.  3),  each  quantity  is  separated  from 
the  others  by  a comma  since  the  values  corresponding  to 
different  times  are  not  added  together.  The  quantity  at 
zero  time  is  zero.  The  first  quantity  recorded  represents 
the  value  of  the  function  at  the  end  of  the  first  time  interval. 
The  time  interval  used  is  arbitrary  and  its  size  is  selected 
to  obtain  the  accurac}7  required  in  the  solution  of  a specific 
problem.  The  symbol  for  the  time  interval  is  5.  Thus,  the 
series  y=y1}  y2,  yz,  . . . ym  represents  the  values  of  the 
function  y at  the  times  8 , 28,  3 8,  . . . mb. 

THE  UNIT  TRIANGLE 

A unit  triangle  is  an  isosceles  triangle  which  has  an  altitude 
of  unit  magnitude' and  a base  of  25,  or  two  time  intervals. 
Since  5 is  an  arbitrary  time  interval,  the  unit  triangle  is 
accordingly  arbitrary.  A plot  of  a unit  triangle  centered 
at  t=8  is  shown  in  sketch  1,  where  y represents  magnitude 


or  altitude.  The  slopes  of  the  sides  of  the  triangle  depend 
on  the  value  of  5 and  are  equal  to  ± 1/5.  Three  lines  may  be 
superimposed  to  represent  the  unit  triangle.  The  equations 
of  the  three  lines  which  may  be  added  to  represent  the  unit 
triangle  are  y=(l/8)t,  y=-(2/8)(t-8),  and  y=(l/8)(t-28). 
Although  the  triangle  terminates  at  £=25,  the  values  of  £ in 
the  equations  for  y can  go  on  to  infinity  since  the  values  of  y 
add  to  0 beyond  £=25. 

892 


THE  FUNCTION  CORRESPONDING  TO  A REFERENCE  LINE 

Let  F(x,t)  be  the  solution  to  a boundary-value  problem 
specified  by  a linear  partial  differential  equation  and  the 
linear  boundaiy  condition  ?/=(l/5)£,  where  y is  the  value  of 
F or  one  of  its  derivatives  or  integrals  at  some  fixed  value  of 
x.  Because  of  the  linearity  of  the  problem,  the  magnitude 
of  the  solution  is  directly  proportional  to  the  magnitude  of 
the  slope  1/5  of  the  boundaiy  condition.  For  example,  if 
y=(2/5)£,  the  corresponding  function  representing  the  solu- 
tion is  2 F(x,t).  Again,  if  y=  — (2/8)t,  the  corresponding 
function  is  —2 F(x,t).  The  slope  of  the  line  y=(l/8)t  can 
thus  be  used  as  a reference  magnitude.  This  slope  is  the 
same  as  that  of  the  left  side  of  the  unit  triangle. 

The  value  of  £ in  F(x,t)  is  always  identical  with  the  value 
of  £ in  the  boundary  condition  ?/=  (l/5)£.  Thus,  if  the  origin 
is  shifted  so  that  y~(  1/5)  (£ — 25),  then  the  corresponding 
function  is  F(x,t—28).  Particular  solutions  of  a linear 
differential  equation  can  always  be  added  in  linear  combi- 
nations to  satisfy  more  general  boundary  conditions.  If  a 
and  b are  constants,  and  aF(x,t)  corresponds  to  the  bound- 
ary condition  y\~ (d/8)t,  and  bF(x,t—8)  corresponds  to 
2/2=  (b/8)  (£—5),  then  the  function  corresponding  to  the  sum  of 
the  two  lines  y=yr+y2  is  F=aF(x,t)  + bF(x,t-8 ).  Let  an 
additional  property  of  F,  as  well  as  of  y,  be  that  it  assumes 
the  value  0 for  any  time  less  than  0.  The  range  of  time  of 
interest  is  therefore  from  0 to  °°  . 

THE  FUNCTION  CORRESPONDING  TO  A TRIANGLE 

Now  consider  a function  FA(t)  dependent  on  the  lines  of 
the  unit  triangle  in  sketch  1 for  its  value  just  as  F(t)  is 
related  to  the  line  ?/=(l/5)£.  In  consideration  of  the  three 
lines  by  which  the  unit  triangle  may  be  replaced,  y=(l/8)t, 
y~  — (2/5) (£—5),  and  y=  (1/8) (t— 25),  the  three  correspond- 
ing solutions  or  functions  of  time  are  F(t),  — 2F(t— 5),  and 
F(t— 25).  Because  of  the  additive  nature  of  solutions,  the 
solution  corresponding  to  the  complete  triangle  may  be 
defined  as  the  sum  of  the  solutions  for  the  lines  which  com- 
pose it: 

Fa  (t)=F(t)  - 2F(t — 5) +F(£-  25)  (Al) 

In  equation  (Al)  each  term  has  a value  of  zero  for  negative 
values  of  its  argument. 

REPRESENTATION  OF  A GENERAL  CURVE  BY  TRIANGLES 

The  curve  A-B  in  sketch  2 (a)  is  any  arbitrary  continuous 
function  in  the  plane  y,t  which  can  be  faired  through  its 
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ordinate  values  0,  yu  y2,  and  yz.  The  curve  may  be  well 
approximated  by  a series  of  chords  such  as  a,  b,  and  c if  a 
suitable  spacing  5 is  used. 


Sketch  2. 

Draw  the  lines  d,  e,  f,  g,  and  h of  sketch  2 (b)  to  form  the 
isosceles  triangles  with  sides  a and  d,  e and  f,  and  g and  h. 
Since  the  sum  of  two  straight  lines  is  a straight  line,  it  is 
clear  that,  if  the  letters  which  designated  the  lines  are  now 
used  to  designate  the  equation  of  the  line,  then  d+e=b  and 
f-fg=c.  Of  course,  the  line  a is  the  first  half  of  the  first 
triangle  as  well  as  the  first  chord  of  the  curve  A-B.  In 
designating  the  ordinates  yu  y2)  j/3,  . . . ym)  the  altitudes  of 
three  triangles  whose  sides  add  up  to  the  chords  of  the  curve 
A-B  are  simultaneously  designated.  The  ordinate  series 
yl}  y2j  yz,  . . . ymj  with  spacing  8,  is  a time-series  approxi- 
mation of  the  curve  A-B.  In  this  case,  as  well  as  elsewhere 
in  this  report,  each  ordinate  of  a series  is  understood  to 
represent  the  altitude  of  an  isosceles  triangle  with  a base 
width  of  25. 


ARBITRARY  CONTROL  FUNCTIONS 

Suppose  that  the  curve  A-B,  or  y(t ),  is  to  serve  as  an 
arbitrary  reference  or  control  function  for  a corresponding 
function  Fv(t).  It  is  desired  to  determine  Fv(t)  in  terms  of 
functions  corresponding  to  unit  triangles,  such  as  FA(t), 
given  by  equation  (Al).  The  function  FA(t)  is  a function 
corresponding  to  a unit  triangle  centered  at  t=8.  If  FA(t)  is 
multiplied  by  yu  there  results  the  function  corresponding  to 
the  triangle  with  sides  a and  d of  sketch  2 (b).  By  super- 
position, the  function  corresponding  to  the  three  triangles 
centered  at  5,  25,  and  35  is 

Fv{t)=y\FA  (t)  -\-y2FA  ( t—8 ) -\-yzFA  (£—25)  (A2) 

Then,  since  the  three  triangles  add  up  to  the  chords  of  the 
curve  A-B,  this  is  the  function,  in  ordinary  algebraic  form,, 
corresponding  exactly  to  the  chords  of  the  general  reference 
curve  y=Vu  V2,  yz,  . . • ym • Iu  order  to  put  equation  (A2) 
in  time-series  form,  let  FA(t)=ah  a2,  a3,  . . . am , with  spacing 
5.  Substituting  in  (A2)  and  placing  terms  for  the  same  time 
in  columns  and  adding  yield 

yiFA(t)  =yi<hi  2/i«2,  yia3,  . . . 

y2FA{t—8)  = 0,  y2au  y2a2}  . . . 

y3FA(t—28)  = 0,  0,  yzau  ... 

Fy(t)  =yialf  (y1a2+y2a1))  (yias+^+^i),  . . . (A3) 

The  result  shown  by  equation  (A3)  is  obviously  that  which 
is  obtained  by  formal  algebraic  multiplication  of  au  a2)  aZ)  . . . 
by  3/i,  2/2, 2/3,  . • . as  follows: 


% a(0 — ® 2 ) #3} 

v (0=  Vu  V2,  yz, 

yidu  y\<h,  yidz, 

V2<h,  yzdo, 

yi&  i, 


Fy(t)=yiai,  0/ia2+?/2ai),  (yias+ y2a2 +^0,  . . ♦ (A4) 
Therefore, 

Fv(t)s=lFA(t)s][y(t)s)  (A5) 

where  the  subscript  s denotes  time-series  form. 

Equation  (A5)  states  a simple  theorem  which  was  first 
given  in  reference  3.  It  was  developed  with  y(t)  having  a 
value  of  0 at  £=0  and  FA(t)  also  having  a value  of  0 at 
If  either  or  both  of  the  series  had  values  other  than  0 at 
t— 0,  multiplication  as  in  equation  (A5)  would  not  be  suffi- 
cient to  obtain  Fv. 


APPENDIX  B 


SUMMARY  OF  ANALYTICAL  TEMPERATURE  FORMULAS  FOR  THICK  WALLS 


CONSTANT  FLUID  TEMPERATURES 

Consider  an  infinite  wall  of  thickness  l and  an  initial  tem- 
perature of  zero.  (See  sketch  3.)  Let  the  wall  be  suddenly 


Sketch  3. 


contacted  at  the  face  x—l  by  a fluid  of  temperature  Taw  while 
the  face  at  x—0  remains  exposed  to  a fluid  of  zero  tempera- 
ture. Let  the  heat-transfer  coefficient  at  the  face  x=l  have 
the  value  h and  the  heat-transfer  coefficient  at  the  face  x=0 
have  the  value  rjh.  Let  the  wall  have  uniform  physical  prop- 
erties which  are  invariant  with  time. 


The  flow  of  heat  within  the  wall  is  governed  by  Fourier’s 
equation  for  transient  heat  flow,  which  states  that  the  rate 
of  increase  of  temperature  is  proportional  to  the  rate  of 
change  of  temperature  gradient: 


d?7  b2T 
bt  bx2 


(Bl) 


The  constant  of  proportionality,  called  the  diffusion  coeffi- 
cient, is  equal  to  the  ratio  of  the  conductivity  of  the  material 
to  the  heat  capacity  as  represented  by  the  product  of  specific 
heat  and  weight  density  as  follows : 


k= 


K 

Cp 


The  boundary  equation  for  the  wall  at  x=l  is  obtained  by 
equating  the  heat  transfer  between  the  fluid  at  temperature 
Taw  and  the  wall  at  temperature  T to  the  rate  of  heat  transfer 
in  the  wall  at  x=l: 


h(Taw—Tx=i)—K 


(B2) 


A similar  boundary  equation  is  written  for  x=0 : 


vhTx=0~K 


(S3) 


The  initial  condition  specifies  that  the  initial  temperature  of 
the  wall  is  zero : 


OV  o=0 


(B4) 


The  simultaneous  solution  of  partial  differential  equations  (Bl)  to  (B4)  by  operational  methods  yields  the  infinite  series: 


T=Tat 


, hx 
1+11  K 

l+’z+v 


-ZTaic  23 


COS  Oi 

■)+iisi"  (?«■)] 

a”2/2 

e 

r K 2 hi 
\hl  “*  V K 

-3(l+i/) 

COS  an+ 

\ r,  v hi 

sin  an 

CBS) 


The  parameters  an  are  angles  which  are  the  positive  roots  of 
the  equation 

tan  an= — ^ (Boa) 
an2hi~v  K 

Two  dimensionless  numbers  of  physical  significance  are 
present  in  equation  (B5) : the  diffusion  number  ktjl 2,  and  the 
conductance  or  Nusselt  number  hljK.  The  first  term  of 
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equation  (B5)  gives  the  steady-state  solution  or  equilibrium 
condition. 

SPECIAL  CASE  *=0 

The  special  case  of  a plate  that  is  heated  by  convection 
on  one  face  while  the  heat  transfer  on  the  other  face  is  so 
small  as  to  be  negligible  is  important.  Setting  the  heat- 
transfer  coefficient  at  the  unheated  face  equal  to  zero  cor- 
responds to  making  the  assumption  that  the  plate  is  per- 
fectly insulated  at  that  face.  If  the  plate  is  perfectly  in- 
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sulated  at  the  face  x=0,  substitute  77=0  in  equations 
(B5)  and  (Boa)  and  utilize  the  following  relation  to  eliminate 
sin  ocni 

a„  tan  (B6) 


where  an  represents  the  positive  roots  of  the  equation. 
These  substitutions  yield  the  following  expression  for  tem- 
perature : 


cos 


T=Tam-2Taw. 2 


(x  Kl 

?«■>'* 


W 2 

— TT  «n2 


1 , If  2\ 

(1+K+Ma'  ) 


(B7) 


COS  OLn 


where  F is  the  derivative  of  F with  respect  to  t and  r is  a 
dummy  time  variable. 

LINEAR  VARIATION  OF  TQW 


In  the  linear  variation  of  Taw , Taw—btf  or,  in  the  notation 
of  DuhamePs  formula,  F—bt  and  F=b.  Substituting  T 
from  equation  (B7),  with  Taw=  1,  into  equation.  (B9)  and 
performing  the  integration  give 


9/i/2  CD 

n-  «=1 


cos(|a„^(l— e 

7777hi7K  a ^ 

&n  ( 1 ^ ^ n J COS  Otn 


(BIO) 


Equations  (B6)  and  (B7)  may  be  found  on  page  100  of  ref- 
erence 1. 


Equation  (B6)  is  used  to  obtain  an. 


SPECIAL  CASE  77=0  AND  A=® 

The  special  case  in  which  77= 0 and  h—  co  corresponds 
physically  to  perfect  insulation  on  one  face  and  a known 
initial  temperature  on  the  other  face.  This  case  is  developed 
by  setting  h—  <»  in  equations  (B6)  and  (B7).  Equation 
(B6)  becomes 

an  tan  otn=  co 
tan  an=  <» 

or,  since  an  assumes  the  sequence  ^ Tp  and  s0  forth, 


an=(2n-l)l 
Equation  (B7)  reduces  to 


(B8) 

Equation  (B'8)  may  be  found  in  standard  references  (ref.  5, 
page  196,  problem  6,  for  example).  In  this  equation,  Ts 
is  the  step  in  wall-surface  temperature  used  in  place  of 
Taw. 


A a 1 


VARIABLE  FLUID  TEMPERATURE 

ARBITRARY  VARIATION  OF  Taw 


LINEAR  VARIATION  OF  WALL  SURFACE  TEMPERATURE 

One  of  the  fundamental  equations  on  which  is  based  the 
time-series  development  of  surface-temperature  equations  is 
one  expressing  the  transient  wall  temperature  due  to  an  in- 
crease of  1°  in  temperature  of  one  wall  surface  during  each 
interval  of  time  5.  The  assumptions  are  made  that  the 
initial  temperature  is  zero  and  that  one  wall  is  insulated. 
From  these  considerations,  F in  DuhamePs  formula  is 
F=t/B  and  F=l/8.  Substituting  this  derivative  and  T from 
equation  (B8),  with  Ts=  1,  into  equation  (B9)  and  perform- 
ing the  integration  give  the  following  equation  for  the  tem- 
perature at  any  plane  due  to  a surface  temperature  rise  of  1° 
per  unit  of  time  5: 


T—~—  i!  v 

8 tt3 


(—  l)n  1 cos 


cos  [(2-1)  I!]/,  -<*— 1 

(2n — l)3  V ' / 


(Bll) 


The  heat  flow  at  any  point  within  the  wall  due  to  1°  rise  of 
wall  surface  temperature  in  the  time  8 is  obtained  by  multi- 
plying the  conductivity  by  the  temperature  gradient.  Dif- 
ferentiating equation  (Bll)  with  respect  to  x and  multiplying 
by  K yield 


2 ir2  kd 


(-1) 


sin  [(2»-l)  ||] 
(271-1)2 


1 — 6 


— (2n— l)2  — 
4 


k 

¥ 


) 


Equation  (B7)  is  an  exact  solution  of  a thick-wall  bound- 
ary-layer  heating  problem  which  is  suitable  for  checking 
the  accuracy  of  the  present  method  of  computing  wall 
temperatures.  Another  method,  which  is  more  general, 
can  be  obtained  by  letting  the  adiabatic-wall  temperature 
vary  in  a known  manner,  Taw=F(t).  Let  V(x,t)  be  the 
variation  of  wall  temperature  due  to  a 1°  step  in  adiabatic- 
wall  temperature.  If  the  initial  wall  temperature  is  zero,  the 
wall  temperature  is  given  by  DuhamePs  formula  as 


T(x,t)=f‘  F(T)V(x,t~, 


■)di 


In  order  to  eliminate  k in  the  coefficient,  substitute  for  k its 
definition  k—K/pc . Then  lK/k8—pcl/8.  The  product  pci 
is  the  heat  capacity  of  the  wall  per  unit  area  per  degree  and 
is  represented  by  the  symbol  G.  I11  order  to  obtain  the  heat 
flow  at  the  heated  surface,  where  the  heat  balance  is  to  be 
made,  let  x—l.  Hence,  the  instantaneous  heat  flow  due  to  a 
uniformly  increasing  surface  temperature  of  1°  per  unit  of 
time  8 is  simplified  to 


_86r  “ 1-  -p 

® 7 r2<5  (2n 


_(2n_1)2^ 

4/2 


-1)2 


(BO) 


(B12) 
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In  order  to  find  the  average  flow  of  heat  over  the  interval 
5,  equation  (Bl2)  is  integrated  with  respect  to  time  between 
the  limits  (t—  5)  and  t.  This  integration  gives  the  total  heat 
flow  through  the  surface  during  the  interval.  On  dividing  by 
5,  the  average  rate  of  flow  for  the  interval  is  obtained.  The 
result  is 


8 G ® 

2 _2  s 

7T  0 72  = 1 


3T2  k 


(2n-l)2 


^±5(2n-iy 


4 l 2 


8(2n — l)4 


co  J 

The  summation  T]  ^ 

(271—1) 2 


(Bl3) 

is  a constant  with  the  value  7 r2/8. 

In  working  with  time  series  only  integral  increments  of  time 
(5,25,35,.  . . m8)  are  used.  In  equation  (B 13),  therefore, 
t may  have  any  value  mb,  where  m is  an  integer.  For  con- 
venience, and  to  systematize  results,  the  following  identities 
are  defined: 


[sj*L 

0 ir2kS 


t, 


1 

(2»— l)4 


w2  ft 

— (m-l)(2n— 1)2  — -s 

A - W ^ ' 

m~l  t r2k8^i  (2n— l)4 


(B14) 


A - y'  e 

— Hi  . / i 


■k1  k 

— 77i(2n— l)2  — 5 

4 /2 


ir2k8 (2n—\y 
Equation  (Bl3)  then  becomes 

a -±G(£+a 


-) 


(B15) 


for  the  time  interval  ending  at  t—m8.  Equation  (B15)  is 
used  in  forming  the  heat  balance  at  the  heated  wall  surface 
in  the  derivation  of  wall  temperature  formulas. 


APPENDIX  C 


ANALYTICAL  TEMPERATURE  DISTRIBUTION 


Equations  (40)  are  the  formulas  most  convenient  for 
determining  the  temperature  of  the  inside  surface  or  of  any 
plane  within  the  surface.  For  the  determination  of  the 
temperature  of  planes  within  the  wall,  equations  (36a)  are 
ordinarily  evaluated  numerically  to  obtain  6 for  a given  kt/l1 2 
and  x/l.  However,  it  may  be  necessary  to  obtain  the  tem- 
perature distribution  through  the  wall  at  some  instant  of 


time  due  to  an  arbitrary  s urf  ace- temp  era  ture  history  in  a 
form  that  is  analytical  with  respect  to  x and  that  can  be 
differentiated  or  integrated  with  respect  to  x (for  example, 
in  the  derivation  of  a general  formula  for  the  thermal  stress 
distribution  or  maximum  stress).  This  temperature  dis- 
tribution is  obtained  by  substituting  equations  (36a)  into 
equations  (39),  substituting  equations  (39)  into  equations 
(40),  and  collecting  terms.  The  results  are 


T — T — — - I7  V ( 1 cos  P (27*,— 1)  - -1  1—6  (2”  1)2  4 12 

J i l II  7T3  ks 1 1 h'i  (2?1-1)3  c L 2 1}  2 / J L1 


T —T— 

lu2~  - 7 r3ks^i 


rn  rp  16  Z2  J 

J-3~J*  7T3  k8  ‘ 


(— 1)"  ‘cos  (2n-l)~ 


(2n — l)3 


► [z’.-Z’. 


(-1)"  1 cos  (2w — 1)  § 
(2n. — l)3 


+(2  rI-r2)e-(2a-1)2^-rie-2(2n-1)!7f 
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7,3-T2+(-y3+2r2-r1)e  <2n  1)2  "4  ';+ 


(2Tl-T2)e  2<"  1)2  T ll-Tl6  3(2"  1)2  ^ " 


x2fc5™| 
4 Z2 


rr i rp  16  J 
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+ (2T-T.2)e 
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Note  that  TiA , Tit2 , Tit 3,  and  Titm  can  be  computed  inde-  labor,  however,  because  all  terms  in  the  summation  must  be 
pendently.  The  use  of  these  equations  involves  considerable  summed  in  unison; 
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THEORETICAL  ANALYSIS  OF  TOTAL-PRESSURE  LOSS  AND  AIRFLOW  DISTRIBUTION  FOR 
TUBULAR  TURBOJET  COMBUSTORS  WITH  CONSTANT  ANNULUS  AND  LINER 

CROSS-SECTIONAL  AREAS 1 

By  Charles  C.  Graves  and  Jack  S.  Grobman 


SUMMARY 

Compressible - and  incompressible-flow  calculations  were 
made  of  the  combustor  total-pressure-loss  coeflicient  and  liner 
airflow  distribution  for  tubular  turbojet  combustors  having  con- 
stant annulus  and  liner  cross-sectional  areas  along  the  com- 
bustor axis.  Information  on  static-  and  total-pressure  dis- 
tribution and  liner  air-jet  entrance  angles  along  the  length  of 
the  combustor  was  obtained  as  an  intermediate  step  in  the 
calculations.  The  calculations  include  the  effects  of  heat  re- 
lease, annulus  wall  friction,  and  variation  in  discharge  co- 
efficients of  the  liner  wall  openings  along  the  combustor . 

The  combustor  total-pressure-loss  coefficient  and  liner  air- 
flow distribution  are  presented  graphically  in  terms  of  the  fol- 
lowing dimensionless  parameters:  (1)  combustor  reference 
Mach  number,  (2)  ratio  of  combustor-exit  to  - inlet  total  tem- 
perature, (3)  fraction  of  total  airflow  passing  through  the  liner 
dome,  (4)  ratio  of  total  open  hole  area  in  liner  wall  to  total 
combustor  cross-sectional  area , and  (5)  ratio  of  liner  cross- 
sectional  area  to  total  combustor  cross-sectional  area. 

INTRODUCTION 

In  the  design  of  combustors  for  turbojet  and  ramjet 
engines,  it  is  desirable  to  be  able  to  predict  the  combustor 
total-pressure  loss  and  liner  airflow  distribution  from  the 
combustor  geometry  and  operating  conditions.  Low  values 
of  combustor  total-pressure  loss  are  desired  since  such 
losses  reduce  engine  thrust  and  cycle  efficiency  (ref.  1).  Air- 
flow distribution  and  liner  air-jet  entrance  angles  are  of 
direct  interest  to  the  combustor  designer  since  they  in- 
fluence combustion  efficiency  and  stability  and  combustor- 
outlet  temperature  profile  (ref.  2).  A combustion  research 
program  being  conducted  at  the  Lems  laboratory  is  con- 
cerned with  these  aerodynamic  aspects  of  combustor  design. 

The  loss  in  total  pressure  across  a combustor  may  be 
attributed  primarily  to  losses  resulting  from  (1)  mixing  of 
high-velocity  liner  ah  jets  with  the  liner  gas  stream,  (2)  heat 
release  in  the  liner,  and  (3)  annulus  wall  friction.  The 
effects  of  these  factors  on  combustor  total-pressure  loss  are 
considered  in  the  calculations  of  the  present  report.  The 
liner  airflow  distribution  and  liner  air-jet  entrance  angles 
are  obtained  in  the  course  of  the  combustor  total-pressure- 
loss  calculations. 

* Supersedes  recently  declassified  NACA  Research  Memorandum  E5GI04  by  Charles  C. 


Previous  analytical  investigations  of  combustor  total- 
pressure  loss  and  liner  airflow  distribution  have  involved 
stepwise  calculations  in  which  the  combustor  is  divided  into 
an  arbitary  number  of  transverse  sections.  In  a trial-and- 
error  method  presented  in  reference  3,  the  liner  airflow  dis- 
tribution and  combustor  total-pressure  loss  are  calcu- 
lated for  an  assigned  liner  open  hole  area  distribution.  In  a 
more  rapid  method  presented  in  reference  4,  the  liner  open 
hole  area  distribution  is  calculated  for  an  assigned  liner  air- 
flow distribution  and  combustor  total-pressure  loss.  Both 
methods  include  the  effects  of  heat  release  on  the  calculated 
values  and  could  account  for  variation  along  the  combustor 
of  the  discharge  coefficient  of  the  liner  wall  openings. 

For  particular  combustor  configurations,  stepwise  calcu- 
lation methods  such  as  presented  in  references  3 and  4 have 
been  used  to  calculate  the  combustor  flow  conditions.  How- 
ever, there  is  a need  for  generalized  curves  that  can  be  used 
to  obtain  preliminary  estimates  of  combustor  total-pressure 
loss,  liner  airflow  distribution,  and  liner  air  jet  entrance 
angles.  Such  curves  are  not  intended  as  a substitute  for 
the  stepwise  calculation  methods,  but  would  serve  as  a 
supplement.  The  curves  would  also  be  useful  in  indicating 
the  relative  effects  of  combustor  geometry  and  operating 
conditions  on  combustor  total-pressure  loss  and  airflow  dis- 
tribution. The  present  report  is  concerned  with  the  de- 
velopment of  such  generalized  curves  for  tubular  combustors 
having  (1)  constant  annulus  and  liner  cross-sectional  areas 
along  the  combustor  axis  and  (2)  flush  circular  holes  in  the 
liner  wall.  The  results  should  apply  approximately  to 
cannular  combustors  and  to  annular  combustors  having 
equal  velocities  in  the  inner  and  outer  annuli  at  all  stations 
along  the  combustor. 

From  compressible-  and  incompressible-flow  calculations, 
the  combustor  total-pressure-loss  coefficient  and  fractional 
liner  airflow  distribution  are  obtained  in  terms  of  the  fol- 
lowing dimensionless  parameters:  (1)  combustor  reference 
Mach  number,  (2)  ratio  of  combustor-exit  to  -inlet  total 
temperature,  (3)  fraction  of  total  airflow  passing  through  the 
liner  dome,  (4)  ratio  of  total  open  hole  area  in  liner  wall  to 
total  combustor  cross-sectional  area,  and  (5)  ratio  of  liner 
cross-sectional  area  to  total  combustor  cross-sectional  area. 
The  calculations  include  the  effects  of  heat  release,  annulus 
wall  friction,  and  variation  in  the  discharge  coefficient  of  the 
liner  wall  openings  along  the  combustor. 

ves  and  Jack  S.  Grobman,  1957. 
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ANALYSIS 

The  present  report  considers  the  effect  on  combustor 
total-pressure  loss  of  (1)  mixing  of  high-velocity  liner  air 
jets  with  the  liner  gas  stream,  (2)  heat  release,  and  (3)  an- 
nulus wall  friction.  The  total-pressure  loss  resulting  from 
these  factors  is  calculated  for  tubular  combustors  having 
constant  annulus  and  liner  cross-sectional  areas  along  the 
combustor  axis  and  flush  circular  liner  wall  openings. 

Values  of  the  combustor  total-pressure-loss  coefficient  for 
cold  flow  are  presented  for  the  cases  of  incompressible  and 
compressible  flow.  Compressible-flow  calculations  were  made 
for  reference  Mach  numbers  up  to  0.15.  All  values  of  the 
combustor  total-pressure-loss  coefficient  for  flow  with  heat 
release  were  obtained  from  the  incompressible-flow  calcula- 
tions. The  liner  airflow  distribution  and  liner  air-jet  entrance 
angles  are  obtained  in  the  course  of  the  calculations  of  the 
total -pressure-loss  coefficient.  A list  of  the  symbols  used 
in  the  calculations  is  presented  in  appendix  A. 

A sketch  of  the  tubular,  parallel-wall  combustor  consid- 
ered is  presented  in  figure  1(a).  In  this  figure,  station  1 is 
the  combustor  inlet,  station  2 is  just  upstream  of  the  first 
air  admission  opening  in  the  liner  wall  excluding  openings 
hi  the  liner  dome,  and  station  3 is  just  downstream  of  the 
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(a)  Schematic  sketch  of  parallel- wall  combustor. 

(b)  Representative  combustor  airflow  distribution. 

(c)  Schematic  sketch  of  flow  through  liner  wall  opening. 


Figure  1. — Air  admission  in  tubular  turbojet  combustor  with  constant 
annulus  and  liner  cross-sectional  areas. 


last  ah’  admission  opening  in  the  liner  wall.  The  cross- 
sectional  area  at  station  1 is  the  combustor  reference  cross- 
sectional  area  An  and  inlet  flow  conditions  are  referenced 
at  this  station.  If  the  air  distribution  along  the  combustor 
is  directly  proportional  to  liner  open  hole  area,  the  liner 
airflow  distribution  for  a representative  turbojet  combustor 
might  correspond  to  the  segmented  curve  of  figure  1(b). 
The  fraction  of  the  total  airflow  passing  through  the  liner 
at  a given  station  wL/wT  is  plotted  against  the  dimension- 
less parameter  xjl , where  l is  the  axial  distance  between  sta- 
tions 2 and  3 and  x is  the  axial  distance  downstream  of 
station  2.  The  segmented  distribution  curve  corresponding 
to  a finite  number  of  liner  wall  openings  may  be  replaced 


approximately  by  the  continuous  distribution  curve  corre- 
sponding to  an  infinite  number  of  liner  wall  openings  or, 
rather,  to  continuous  slots  between  stations  2 and  3. 

The  orifice  discharge  equation  for  a given  liner  wall  open- 
ing, such  as  is  illustrated  in  figure  1(c),  is  given  by 

Awl  — Cps  lt  j V j AAh  ( 1 ) 

For  a differential  portion  of  the  air  passing  through  the 
opening,  equation  (1)  becomes 

dwL=CpsttJVjdAh  (2) 

In  the  use  of  equation  (2),  it  is  assumed  that  the  flow  in  the 
jet  from  the  annulus  to  the  vena  contracta  is  isentropic  and 
that  the  static  pressure  in  the  vena  contracta  equals  that 
within  the  liner  at  the  station  considered.  The  effect  of 
cross-sectional  area  blockage  of  the  liner  gas  stream  by  the 
air  jet  on  the  local  static  pressure  at  the  vena  contracta  is 
neglected.  The  term  psttj Vj  in  equation  (2)  may  then  be 
determined  from  the  annulus  total  pressure  and  tempera- 
ture and  the  liner  static  pressure  at  the  station  considered. 
In  the  calculation  of  flow  conditions  in  the  parallel  wall 
combustor,  the  airflow  distribution  in  the  liner  was  assumed 
to  be  of  a continuous  form  such  as  illustrated  by  the  smooth 
curve  of  figure  1(b),  which  thus  allows  the  integration  of 
equation  (2). 


INCOMPRESSIBLE-FLOW  CALCULATIONS 

Combustor  total-pressure-loss  coefficient/ — As  shown  in 
appendix  B,  for  incompressible  flow,  equation  (2)  may  be  re- 
arranged and  integrated  between  stations  2 and  3 to  obtain 
the  dimensionless  equation 


In  equation  (3)  the  annulus  total  pressure  PA  may  be  cal- 
culated from  the  combustor-inlet  total  pressure  and  the 
friction  pressure  drop  along  the  annulus,  while  the  liner 
static  pressure  pL  may  be  calculated  from  the  momentum 
equation  for  the  liner  gas  stream.  For  the  case  where  the 
annulus  and  liner  cross-sectional  areas  are  constant  along 
the  combustor,  the  term  ( PA—vP)kr  of  equation  (3)  is 
related  to  the  combustor  total-pressure-loss  coefficient 
aPIQt  by 


Pa-Vl  Px~Pl,z  Pi-Pa 
qT  q_T 


AYl-A  A 
w>t)  y al  aa 


(4) 


where  (Pi—Pz,>3)/^r  is  the  combustor  total-pressure-loss 
coefficient  A P/qr.  The  principal  assumptions  required  in 
the  derivation  of  equation  (4)  are: 

(1)  The  actual  flow  can  be  approximated  with  sufficient 
accuracy  by  one-dimensional  equations. 

(2)  The  liner  air  jets  mix  instantaneously  with  the  liner 
gas  stream. 
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(3)  The  effect  of  fuel  flow  on  molecular  weight  and  weight 

w of  the  liner  gas  stream  can  be  neglected 
off  (4)  Heat  transfer  between  the  annulus  and  liner  gas 
streams  is  negligible. 

(5)  Mixing  losses  in  the  annulus  are  negligible. 

(6)  Liner  wall  friction  is  negligible. 

(7)  Density  is  independent  of  pressure  changes  along  the 
combustor  and  is  affected  only  by  the  temperature  changes 
along  the  combustor  associated  with  heat  release. 

The  relation  between  A P/qr  and  AhyT/AT  is  obtained  from 
the  solutions  of  equations  (3)  and  (4).  A value  of  AhtTjAr  is 
obtained  for  specified  values  of  A P/qT  and  AL/Ar  and  values 
of  ( Px—PA)/qr  and  TLjTx  along  the  combustor.  In  equation 
(4),  Th  and  Th:i  are  the  average  temperatures  of  the  liner  gas 
stream  at  a given  station  and  at  the  combustor  exit,  respec- 
tively. The  evaluation  of  TL  with  combustion  would  require 
knowledge  of  the  fuel-air  ratio  and  average  combustion 
efficiency  along  the  combustor.  In  typical  combustors,  the 
major  portion  of  the  inlet  air  is  b37passed  around  the  liner 
dome  where  all  the  fuel  is  injected.  Accordingly,  the  average 
fuel-air  ratio  of  the  liner  gas  stream  ma}7  vary  from  values 
well  in  excess  of  stoichiometric  at  the  upstream  end  of  the 
combustor  to  lean  fuel-ad  ratios  at  the  combustor  exit.  For 
the  case  where  all  the  fuel  is  injected  at  the  liner  dome,  the 
average  fuel-air  ratio  Fh  of  the  liner  gas  stream  at  various 
stations  along  the  combustor  is  given  by 


fl=^ 

wT 


(5) 


where  FL>3  is  the  over-all  fuel-air  ratio  of  the  combustor. 

In  the  present  calculations,  the  combustion  efficiency  was 
assumed  to  be  100  percent  in  the  downstream  portion  of  the 
combustor  where  the  average  fuel-air  ratio  of  the  liner  gas 
stream  is  stoichiometric  or  leaner.  In  the  upstream  portion 
of  the  combustor  where  the  overrich  fuel-air  ratios  exist,  the 
average  temperature  of  the  liner  gas  stream  was  assumed  to  be 
that  corresponding  to  a stoichiometric  fuel-air  ratio  and 
100-percent  combustion  efficiency.  The  calculated  hot-flow 
total-pressure-loss  coefficient  is  limited  by  the  accuracy  in 
the  determination  of  gas  stream  temperature  TL  along  the 
combustor. 

Figure  2 presents  values  of  TJTX  for  100-percent  com- 
bustion efficiency  and  a range  of  fuel-air  ratios.  The  curve 
was  calculated  by  the  method  of  references  5 and  6 for  Tx 
equal  to  728°  R and  for  normal  octane  at  an  initial  temper- 
ature of  540°  R.  From  figure  2 and  equation  (5),  the  tem- 
perature ratio  TL/TX  of  equation  (4)  may  be  calculated  for 
various  values  of  wL/wT  and  FLt  3.  Values  of  FL#  may  be 
obtained  from  figure  2 and  assigned  values  of  the  combustor 
over-all  temperature  ratio  TLfZ/Tx. 

The  annulus  total-pressure-loss  term  (Pi~—Pa)/Qt  of 
equation  (4)  can  be  calculated  from  the  relation 


Figure  2. — Variation  of  exhaust  to  inlet  temperature  ratio  with  fuel- 
air  ratio  for  combustion  of  w-octane  fuel  with  100-percent  efficiency. 
Initial  air  temperature,  72S°  R;  initial  fuel  temperature,  540°  R; 
pressure,  1 atmosphere. 

use  of  equation  (6)  requires  an  estimate  of  liner  airflow 
distribution  along  the  combustor  axis.  In  the  present  cal- 
culations and  for  zero  flow  through  the  liner  dome,  the  liner 
airflow  distribution  used  in  equation  (6)  was 


Wl 

WT 


(7) 


Values  of  fA  and  l/D  of  0.005  and  4,  respective^7,  were  used 
in  equation  (6). 

Airflow  distribution  and  air-jet  entrance  angles. — The 
liner  airflow  distribution  is  obtained  as  shown  in  appendix  B 
from  the  relation 


From  equation  (8),  values  for  the  fractional  liner  open 
hole  area  Ah/Ah  T may  be  calculated  for  various  values  of 
WlIWt- 

For  thin-walled  air  admission  openings  in  the  liner,  the 
entrance  angle  6 of  the  liner  air  jets  (fig.  1)  is  calculated  from 
the  relation 


Vs 

0=COS-1  ^4 

where 

VA_  wT 

VJ  A A 1. PA—pL 
A, V qr 

where  the  friction  factor  fA  is  assumed  to  be  constant.  The 


(10) 
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COMPRESSIBLE-FLOW  CALCULATIONS 

The  compressible-flow  calculations  of  the  combustor  total- 
pressure-loss  coefficient,  airflow  distribution,  and  liner  air-jet 
entrance  angles  are  similar  to  the  incompressible-flow 
calculations.  The  assumptions  made  in  the  use  of  equation 
(2)  as  well  as  assumptions  (1)  to  (6)  made  in  the  derivation 
of  equation  (4)  are  also  made  in  the  compressible-flow  calcu- 
lations. As  a result  of  the  complexity  of  the  compressible- 
flow  relations,  however,  the  difference  between  annulus  total 
pressure  and  liner  static  pressure  along  the  combustor  is  not 
obtained  directly  as  in  equation  (4)  for  incompressible  flow. 
Details  of  the  compressible-flow  calculations  are  presented 
in  appendix  C.  The  compressible-flow  calculations  pre- 
sented herein  were  made  only  for  cold  flow.  However,  the 
equations  and  procedure  used  for  flow  with  combustion  are 
presented  in  appendix  C. 

Combustor  total-pressure-loss  coefficient. — As  shown  in 
appendix  C,  equation  (2)  may  be  rearranged  and  integrated 
along  the  combustor  between  stations  2 and  3 to  yield  the 
following  dimensionless  equation: 

ri  M i d (—')  , 

C xWtJ  Ah'T 

JWl2„Tn(p_uV\Pi~  At  y } 

The  term  Mf  in  equation  (11)  is  related  to  the  combustor 
reference  Mach  number  MT.  The  term  (pstV/ptat)j  is  obtained 
from  the  momentum  equation  for  the  liner.  As  shown  in 
appendix  C,  values  of  (pstVj  ptat)j  for  cold  flow  may  be  cal- 
culated in  terms  of  wLjwT  for  specified  values  of  AP/qT, 
AL/Ar}  and  Mr.  As  in  the  incompressible-flow  calculations, 
the  annulus  total  pressure  PA  is  obtained  from  friction 
pressure-drop  relations  and  an  estimate  of  the  axial  liner 
airflow  distribution.  For  the  compressible-flow  calculations, 
the  liner  airflow  distribution  used  to  calculate  friction  pres- 
sure drop  was  also  assumed  to  follow  equation  (7),  and  the 
values  of  fA  and  IjD  were  also  assumed  to  equal  0.005  and  4, 
respectively.  Then  from  equation  (11),  values  of  Ah  T/Ar  for 
•cold  flow  may  be  obtained  for  specified  values  of  AP/qr,  AL/AT) 
:an  d Mr. 

Airflow  distribution  and  air-jet  entrance  angles. — The 
liner  airflow  distribution  for  the  compressible-flow  case  is 
■obtained  as  shown  in  appendix  C from 


From  equation  (12),  values  of  AJAhT  may  be  calculated  for 
various  values  of  wL[wT. 

The  entrance  angle  6 of  the  liner  air  jets  (see  fig.  1(c))  is 
obtained  as  shown  in  appendix  C from  the  relation 

0=cos'm;  (13) 


DISCHARGE  COEFFICIENT  OF  LINER  WALL  OPENINGS 

Values  of  the  liner  wall  opening  discharge  coefficient  C 
required  in  the  calculations  of  the  combustor  total-pressure- 
loss  coefficient  and  airflow  distribution  may  be  obtained 
from  correlations  such  as  those  presented  in  reference  7. 
The  present  calculations  were  based  on  the  correlation  from 
reference  7 for  a %-inch-diameter  hole  in  a 0.040-inch  wall. 
The  correlation  curves  for  this  opening  are  presented  in 
figure  3.  In  figure  3(a),  the  discharge  coefficient  Cv  cor- 
rected to  a static-pressure  ratio  pjpj  of  unity  is  plotted 
against  the  correlating  parameter  ( Pa—Pj)KPa~Pa )♦  In 
figure  3(b),  the  ratio  GICP  is  plotted  against  the  static- 


Flow  parameter,  ^A'Pj/^- pj 


(a)  Variation  of  corrected  discharge  coefficient  with  flow  parameter, 
(b)  Effect  of  pressure  ratio  on  discharge-coefficient  ratio. 


Figure  3. — Discharge  coefficient  of  %-inch-diameter  hole  in  0.040-inch 
wall  under  external  crossflow  conditions  (ref.  7). 

pressure  ratio  pA/Pj * The  discharge  coefficient  C is  obtained 
from  the  relation 

0=Cp(§)  (14) 

For  incompressible-flow  calculations,  the  correlation  pa- 
rameter ( PA  ~~Pj) / ( PA  —pA)  of  figure  3 (a)  may  be  taken  equal  to 
(Vj/VA)2  and  the  pressure-ratio  correction  C/CP  of  figure  3(b) 
can  be  neglected;  thus,  the  discharge  coefficient  (7 is  obtained 
directly  from  figure  3(a)  and  the  given  value  of  (Vj VA)2. 

In  theory,  one  would  expect  that  the  discharge  coefficient 
0 is  related  to  the  product  of  the  discharge  coefficient  for 
flow  normal  to  the  hole  Cn  and  the  ratio  of  the  normal  com- 
ponent of  velocity  to  the  resultant  jet  velocity  VJV The 
term  VJV ) is  related  to  the  air-jet  entrance  angle  6 from 
the  complementary  function  of  equation  (9)  by 

V^vf=sin  9 (15) 

The  relation  between  the  experimental  value  of  C taken  from 
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the  data  of  figure  3(a)  and  sin  0 is  shown  in  figure  4.  The 
dashed  curve  represents  the  theoretical  equation 

C~Cnsind  (16) 

where  Cn  was  obtained  from  the  experimental  curve  at 
sin  0=1.0.  The  experimental  curve  exhibited  linearity  only 
for  values  of  sin  0 greater  than  0.45.  For  values  of  sin  0 
greater  than  0.45,  the  experimental  discharge-coefficient  data 


Figure  4. — Variation  of  discharge  coefficient  with  sine  of  air-jet 
entrance  angle  0. 


of  figure  3(a)  can  be  represented  by  the  following  empirical 
equation : 

' <7=0.827  sin  0-0.232  (17) 

The  data  of  figure  3,  however,  were  used  directly  for  cal- 
culations involving  discharge  coefficients  in  this  report 
because  of  their  wider  range  of  application. 

The  correlation  of  figure  3 gives  only  the  effect  of  annulus 
flow  on  the  discharge  coefficient.  Data  of  references  S and 
9 indicate  that  there  can  also  be  a large  effect  of  liner  gas 
stream  velocity  on  the  discharge  coefficient.  However, 
provided  the  component  of  the  jet  velocity  normal  to  the 
liner  wall  is  larger  than  the  local  liner  gas  stream  velocity, 
the  effect  of  liner  gas  stream  velocity  on  the  discharge  coeffi- 
cient would  appear  to  be  small  (refs.  8 and  9).  Since  such 
a condition  existed  for  most  of  the  calculations  of  the  present 
report,  the  effect  of  liner  gas  stream  velocity  on  the  discharge 
coefficient  was  neglected. 


RESULTS  AND  DISCUSSION 

Results  presented  herein  pertain  only  to  parallel-wall 
combustors  with  flush  liner  hole  openings.  The  results  are 
considered  representative  of  typical  flush  liner  wall  openings 
even  though  they  are  based  on  only  one  particular  air  ad- 
mission hole  geometry,  since  the  data  of  reference  7 show 
that  the  effects  of  hole  diameter  and  wall  thickness  on  dis- 
charge coefficient  are  small  compared  to  the  effects  of  annulus 
flow  shown  in  figure  3.  The  data  may  not  be  applicable 
to  combustor  liners  having  a substantial  portion  of  the  air 
admitted  through  louvers  or  through  holes  having  intake 
scoops  to  direct  the  ah  through  them. 

The  calculation  of  combustor  total-pressure  loss  and 
airflow  distribution  requires  a knowledge  of  static  and  total 
pressures  in  the  annulus  and  in  the  liner  along  the  axis  of 
the  combustor  from  station  2 to  station  3 (fig.  1).  Figure 
5(a)  shows  the  variation  of  calculated  static  and  total  pres- 
sures along  the  combustor  expressed  as  a ratio  of  pressure 
at  a given  station  to  the  inlet  total  pressure  at  station  1. 
This  pressure  ratio  is  plotted  against  the  fractional  distance 
along  the  combustor  axis  from  station  2 to  3.  The  data  for 
figure  5 were  computed  for  a reference  velocity  Vr  of  100 
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Fractional  distance  along  liner,  x/l 

(a)  Static  and  total  pressures  along  length  of  combustor  referenced  to 
inlet  total  pressure. 

Figure  5. — Variation  in  total  and  static  pressures  in  annulus  and  liner 
and  in  pressure  drop  across  liner  along  combustor.  Ratio  of  liner 
cross-sectional  area  to  reference  area  AL/Ar,  0.6;  ratio  of  total  liner 
open  hole  area  to  reference  area  AhtT!Ar)  1.09;  flow  through  liner  dome 
wLt z/wt,  0;  reference  velocity,  100  feet  per  second;  inlet  total  pressure, 
1 atmosphere. 

feet  per  second,  an  inlet  total  pressure  Px  of  30  inches  of 
mercury  absolute,  and  zero  flow  through  the  liner  dome 
(w/,,2/wr= 0)  by  using  incompressible-flow  equations  in- 
cluding annulus  wall  friction.  The  calculations  were  made 
for  a combustor  with  a ratio  of  liner  cross-sectional  area  to 
reference  area  AJAr  of  0.6,  a ratio  of  total  liner  open  hole 
area  to  reference  area  AhtT/Ar  of  1.09,  and  total-temperature 
ratios  across  the  combustor  TL<zjTi  of  1 (cold  flow)  and  3. 
The  curves  shown  are  for  the  case  of  uniformly  distributed 
liner  wall  openings  along  the  length  of  the  combustor. 

Figure  5(a)  shows  that  the  total  pressure  of  the  liner  gas 
stream  increases  with  an  increase  in  xjl  in  the  upstream 
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portion  of  the  combustor,  reaches  a maximum,  and  then 
decreases  in  the  downstream  portion  of  the  combustor. 
The  variation  in  the  total  pressure  of  the  liner  gas  stream 
for  cold-flow  conditions  is  a result  of  the  difference  in  velocity 
of  the  annulus  and  liner  gas  streams.  In  the  upstream 
portion  of  the  combustor,  annulus  air  at  high  axial  velocity 
mixes  with  the  low-velocity  liner  airstream  and,  hence, 
increases  the  total  pressure  of  the  liner  airstream.  In  the 
downstream  portion  of  the  combustor,  the  mixing  of  the 
low-velocity  annulus  air  with  the  high-velocity  liner  air- 
stream results  in  a decrease  in  total  pressure  of  the  liner 
airstream.  The  maximum  total  pressure  of  the  liner  air- 
stream for  cold  flow  occurs  at  the  station  where  the  axial 
velocities  of  the  two  streams  are  equal.  The  curve  for  the 
static  pressure  of  the  liner  airstream  exhibits  a similar 
trend  although  it  differs  in  location  of  the  maximum  pressure 
and  the  magnitude  of  the  pressure  variation.  The  curves 
shown  in  figure  5(a)  are  intended  only  to  illustrate  typical 
trends  in  pressure  along  a combustor;  actual  values  of  pres- 
sure will  vary  with  combustor  geometry  and  operating 
conditions. 

The  static-pressure  drop  across  the  liner  wall  openings  as 
shown  in  figure  5(b)  reaches  a minimum  in  the  upstream 
portion  of  the  combustor  and  then  increases  steadil}7  along  the 
axis  of  the  combustor.  The  pressure-drop  terms  required  for 
the  determination  of  the  flow  parameter  (Pa  ~Pj) /(Pa— Pa) 
(fig.  3(a))  are  also  presented  in  figure  5(b).  The  calculated 
flow  parameter  is  plotted  against  fractional  liner  distance  in 
figure  5(c).  A comparison  of  the  curves  of  figures  3(a)  and 
5(c)  shows  that  in  a parallel-wall  combustor  the  discharge 


Figure  5. — Continued.  Variation  in  total  and  static  pressures  in 
annulus  and  liner  and  in  pressure  drop  across  liner  along  combustor. 
Ratio  of  liner  cross-sectional  area  to  reference  area  AL/Ar)  0.6;  ratio 
of  total  liner  open  hole  area  to  reference  area  AhtTIAr,  1.09;  flow 
through  liner  dome  wL^wT7  0;  reference  velocity,  100  feet  per 
second;  inlet  total  pressure,  1 atmosphere. 


Figure  5. — Concluded.  Variation  in  total  and  static  pressures  in 
annulus  and  liner  and  in  pressure  drop  across  liner  along  combustor. 
Ratio  of  liner  cross-sectional  area  to  reference  area  AL/Ar)  0.6;  ratio 
of  total  liner  open  hole  area  to  reference  area  AhtT/Ar)  1.09;  flow 
through  liner  dome  wL,2lwT}  0;  reference  velocity,  100  feet  per 
second;  inlet  total  pressure,  1 atmosphere. 

coefficients  of  the  liner  hole  openings  are  a minimum  at  the 
upstream  end  of  the  combustor  and  a maximum  at  the  ex- 
haust end.  Discharge  coefficients  range  from  about  0.1  for 
the  upstream  liner  holes  to  about  0.6  for  the  holes  at  the 
extreme  end  of  the  liner.  A variation  in  discharge  coeffi- 
cients along  the  liner  such  as  is  illustrated  by  these  data 
would  be  expected  in  all  parallel-wall  combustors  with  flush 
liner  hole  openings;  the  actual  values  of  discharge  coefficients 
for  any  given  combustor  will  vary,  however,  as  the  pressure 
distribution  along  the  liner  is  altered.  Since  the  discharge 
coefficient  and  static-pressure  drop  are  indicative  of  the 
relative  airflow  through  openings  of  a given  size,  it  is  evident 
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that  the  openings  in  the  upstream  region  of  the  liner  pass 
less  flow  per  unit  area  than  those  in  the  downstream  region 
of  the  liner. 

COMBUSTOR  TOTAL-PRESSURE-LOSS  COEFFICIENT 

Effect  of  liner  cross-sectional  area  and  liner  total  open 
hole  area. — Figure  6 shows  the  effect  of  (1)  the  ratio  of  liner 
total  open  hole  area  to  combustor  reference  area  and  (2)  the 
ratio  of  the  liner  cross  sectional  area  to  combustor  reference 
area  on  the  combustor  total-pressure-loss  coefficient  AP/qT. 
The  data  were  calculated  from  incompressible-cold-flow  rela- 
tions described  in  appendix  B with  zero  flow  through  the  liner 
dome  and  with  and  without  considering  the  effects  of  annulus 
wall  friction.  For  any  given  value  of  AL/Ar , the  pressure- 
loss  coefficient  AP/qr  asymptotically  approaches  a minimum 
value  as  AhtT/Ar  is  increased  over  a value  of  about  1.5.  For 
any  given  value  of  AL/AT,  the  pressure-loss  coefficient 


Figure  6. — Variation  of  total-pressure-loss  coefficient  A P/qr  with  ratio 
of  liner  total  open  hole  area  to  combustor  reference  area  AhtT!Ar  for 
various  ratios  of  liner  cross-sectional  area  to  combustor  reference  area 
ALIAr.  Data  calculated  from  incompressible-cold-flow  relations 
with  zero  flow  through  liner  dome. 

A P/qr  increases  very  rapidly  as  Aht  t/At  is  decreased  to  values 
below  about  1.0. 

The  consideration  of  annulus  wall  friction  in  the  pressure- 
loss  calculations  tends  to  increase  A Pjqr  for  given  values  of 
Ah ,t/At  and  AL/AT.  The  effect  of  annulus  wall  friction  in- 
creased as  the  annulus  area  decreased,  that  is,  as  AL/AT  in- 
creased. The  importance  of  annulus  wall  friction  on  the 
calculations  will,  of  course,  vary  with  the  combustor  l/D  and 
airflow  distribution.  The  dashed  curves  of  figure  6 were 
calculated  for  an  IjD  of  4,  which  is  higher  than  that  found  in 
practice,  and  for  an  airflow  distribution  given  by  equation 
(7),  which  corresponds  approximately  to  some  fractional 
open  hole  area  distributions  found  in  practice.  Values  of 
A PlqT  for  an  l/D  less  than  4 and  for  the  airflow  distribution 
given  by  equation  (7)  may  be  estimated  from  linear  inter- 


polation between  the  solid  curves  (negligible  wall  friction) 
and  the  dashed  curves  of  figure  6. 

Figure  7 presents  the  variation  of  the  minimum  combustor 
total-pressure-loss  coefficient  A PjqT  with  the  ratio  of  liner 
cross-sectional  area  to  reference  area  AJAT.  The  data  for 
figure  7 were  calculated  from  incompressible-cold-flow  rela- 
tions assuming  annulus  wall  friction  negligible  with  zero 
flow  through  the  liner  dome  (wLf2/wT=  0).  The  minimum 
combustor  total-pressure-loss  coefficient  is  obtained  by 
arbitrarily  setting  liner  static  pressure  equal  to  annulus 
static  pressure  at  station  2 and  is  calculated  from  equation 
(B24).  The  value  obtained  for  the  minimum  total-pressure- 
loss  coefficient  for  any  given  value  of  AJAr  is  independent 
of  the  discharge  coefficients  of  the  liner  wall  openings  and 
corresponds  to  relatively  large  values  of  liner  total  open  hole 
area  (AhfT/Ar^>2.0).  Figure  7 shows  that  a minimum  cold 
flow  A PjqT  is  obtained  by  using  a liner  that  blocks  50  percent 


Figure  7. — Variation  of  minimum  total-pressure-loss  coefficient  A P/qr 
with  ratio  of  liner  cross-sectional  area  to  combustor  reference  area 
AJAr.  Data  calculated  from  incompressible-cold-flow  relations 
assuming  annulus  wall  friction  negligible,  zero  flow  through  dome, 
and  liner  and  annulus  static  pressures  equal  at  station  2 (see  fig.  1). 

of  the  total  cross-sectional  area  of  the  combustor.  Either 
increasing  or  decreasing  the  percent  blocked  area  from  a 
mean  of  50  percent  tends  to  increase  A P/qT.  The  data  of 
figures  6 and  7 show  that  for  a parallel-wall  combustor  an 
Ah,TIAr  greater  than  1.0  and  an  Ah/Ar  between  0.4  and  0.6 
are  desirable  in  order  to  obtain  a low  cold-flow  total-pressure 
loss. 

Effect  of  airflow  through  liner  dome. — The  effects  of  the 
fraction  of  total  airflow  passing  through  the  liner  dome 
Wl,2/wt  on  the  calculated  combustor  total-pressure-loss 
coefficient  are  illustrated  in  figure  8.  The  values  were  cal- 
culated from  the  incompressible-flow  relations  neglecting 
the  effect  of  annulus  wall  friction.  As  would  be  expected, 
an  increase  in  decreases  the  total-pressure-loss 

coefficient  throughout  the  range  of  values  of  AhtT/Ar  covered 
in  the  figure  because  the  effective  open  hole  area  of  the  liner 
has  been  increased  by  opening  holes  in  the  liner  dome.  The 
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Figure  8. — Variation  of  total-pressure-loss  coefficient  A P/qr  with  ratio 
of  liner  total  open  hole  area  to  combustor  reference  area  Ahtr/Ar 
for  various  liner  dome  airflows  wu/wt-  Data  calculated  from 
incompressible-cold-flow  relations  assuming  negligible  annulus  wall 
friction. 

value  of  AhiT/AT  does  not  include  the  open  hole  area  in  the 
liner  dome.  The  open  hole  area  in  the  liner  dome  required 
to  pass  the  specified  wLt2 /wT  may  be  calculated  from  the 
orifice  discharge  equation  in  conjunction  with  the  total 
pressure  upstream  of  the  liner  dome,  values  of  the  discharge 
coefficient  of  the  liner  dome  openings,  and  the  static  pressure 
pLt2  in  the  liner  at  station  2.  Discharge  coefficients  for 
swirler-type  liner  dome  openings  are  presented  in  reference 
10.  Values  of  pLt2  may  be  obtained  from  equation  (B18) 
for  wl/Wt  equal  to  wLt2lwT. 

Effect  of  combustor  reference  Mach  number. — The  effects 
of  combustor  reference  Mach  number  Mr  at  station  1 (see 
fig.  1)  on  the  calculated  combustor  total-pressure-loss 
coefficient  are  illustrated  in  figures  9,  10,  and  11.  The 
curves  for  Mr  equal  to  0.05,  0.10,  and  0.15  were  calculated 
from  the  compressible-flow  relations  of  appendix  C.  The 
incompressible-flow  data  of  figure  6 are  also  included  in 
these  figures  for  comparison  with  the  compressible-flow 
data.  The  data  were  computed  for  an  AL/Ar  of  0.5,  0.6, 
and  0.7  with  cold  flow  and  with  zero  flow  through  the  liner 
dome.  The  data  of  figures  9 and  10  were  computed  neglect- 
ing annulus  wall  friction.  A comparison  of  data  calculated 
with  and  without  the  effects  of  annulus  wall  friction  is  shown 
in  figure  11. 

Figure  9 indicates  that  increasing  Mr  up  to  0.10  results  in 
a relatively  small  increase  in  AP/qr ; therefore,  at  values  of 
Mt  below  0.1,  the  results  of  the  incompressible-flow  relations 
agree  quite  well  with  the  results  of  the  compressible-flow 
relations.  The  incompressible-flow  relations  are  considered 
sufficiently  accurate  for  design  purposes  for  combustors 
operating  below  an  Mr  of  0.1.  However,  for  Mr  above 
approximately  0.10,  there  is  an  increase  in  A P/qr  with  an 
increase  in  MT,  particularly  at  values  of  AL/A.T  over  about  0.6. 
The  effect  of  reference  Mach  number  on  A PjqT  is  shown  more 


(a)  Ratio  of  liner  cross-sectional  area  to  reference  area  AL/Ar)  0.5. 

(b)  Ratio  of  liner  cross-sectional  area  to  reference  area  AL/Ary  0.6. 

(c)  Ratio  of  liner  cross-sectional  area  to  reference  area  AjjAry  0.7. 


Figure  9. — Variation  of  total-pressure-loss  coefficient  A P/qT  with  ratio 
of  liner  total  open  hole  area  to  combustor  reference  area  AhtTjAr  for 
various  combustor  reference  Mach  numbers  Mr.  Data  calculated  for 
cold  flow  and  zero  liner  dome  flow  assuming  negligible  annulus  wall 
friction. 


clearly  in  figure  10  in  which  the  data  of  figure  9 are  cross- 
plotted  for  a value  of  AhiT/AT=  1.0.  Figure  11  indicates  the 
calculated  increase  in  A P/qr  with  M,  when  annulus  wall 
friction  effects  are  included. 
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Figure  10. — Variation  of  total-pressure-loss  coefficient  A P/qr  with 
reference  Mach  number  Mr  for  various  ratios  of  liner  cross-sectional 
area  to  reference  area  ALIAr.  Data  calculated  for  cold  flow  and 
zero  liner  dome  flow  assuming  negligible  annulus  wall  friction; 
ratio  of  total  liner  open  hole  area  to  reference  area  AhtTlAr,  1.0. 


Effect  of  heat  release. — The  variation  in  AP/qr  with 
An,T/Ar  for  various  values  of  temperature  ratio  across  the 
combustor  TL^TX  and  various  values  of  AL/Ar  is  presented 
in  figure  12.  The  data  for  these  curves  were  obtained  from 
incompressible-flow  relations  including  annulus  wall  friction 
for  a wLt2 /wT  of  0 and  0.1.  The  curves  for  a wLt2lwT  of  0.1 
were  obtained  from  the  calculations  for  a wLf2/wT  of  zero  by 
the  method  presented  in  appendix  B.  Use  of  this  method 
for  the  case  where  annulus  wall  friction  effects  are  included 
in  the  calculations  necessitated  the  preliminary  estimation 
of  the  airflow  distribution  by  the  curves  of  figure  13  in  the 
calculations  of  annulus  total  pressure.  The  curve  for  a 
WlvIwt  of  zero  corresponds  to  that  of  equation  (7).  Approxi- 
mate values  of  the  combustor  total-pressure-loss  coefficient 
for  values  of  wLt2/wT  between  0 and  0.1  may  be  obtained  from 
linear  interpolation  between  the  solid  and  dashed  curves  of 
figure  12. 

The  combustor  total-pressure-loss  coefficient  increases  as 
combustor  exhaust  temperature  is  increased.  The  relative 
effect  of  aii*flow  through  the  liner  dome  and  annulus  wall 
friction  on  A P/qr  is  the  same  for  hot  flow  as  it  was  for  cold 
flow.  The  data  of  figure  12  are  cross-plotted  in  figure  14  to 
show  the  effect  of  the  temperature  ratio  TLtJTx  on  A P/qr. 
Curves  of  A P/qr  against  TLtJTx  are  shown  for  AL/AT  values 
of  0.5,  0.6,  and  0.7  and  AKTjAT  values  of  0.6  and  1.6.  For  a 
given  value  of  AhiT/AT  the  total-pressure-loss  coefficient  in- 
creases with  temperature  ratio  at  a more  rapid  rate  as  AL/Ar 
decreases.  As  a result,  at  higher  values  of  temperature 
ratio,  larger  AL/AT  values  are  required  to  minimize  A P/qT. 
A value  of  AL/AT  of  0.5  provided  minimum  A P/qr  under  cold- 
flow  conditions;  a value  of  0.6  provided  the  lowest  total- 
pressure  loss  at  temperature  ratios  above  about  2.0.  This 


(a)  Ratio  of  liner  cross-sectional  area  to  reference  area  AL/AT]  0.5. 

(b)  Ratio  of  liner  cross-sectional  area  to  reference  area  AJAr)  0.6. 

(c)  Ratio  of  liner  cross-sectional  area  to  reference  area  ALjATi  0.7. 


Figure  11. — Variation  of  total-pressure-loss  coefficient  A P/qT  with 
ratio  of  liner  total  open  hole  area  to  combustor  reference  area 
Ahtr!Ar  calculated  for  combustor  reference  Mach  number  Mr  of 
0.15  and  for  incompressible  flow  with  and  without  including  effects 
of  annulus  wall  friction. 


effect  is  shown  more  clearly  in  figure  15  where  A P/qT  is  plotted 
against  AL/Ar  for  various  temperature  ratios  across  the  com- 
bustor. These  data  were  obtained  from  incompressible-flow 
relations  including  annulus  wall  friction  with  zero  liner  dome 
flow  for  values  of  Ah>T/Ar  of  0.6  and  1.6.  For  combustors 
with  AhtT/Ar  equal  to  0.6  or  1.6  the  value  of  AL/AT  for  a 
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(a)  Total- temperatuie  ratio  across  combustor  TL>3/T1;  1;  ratio  of  liner  cross-sectional  area  to  reference  area  AL/Ar,  0.5. 

(b)  Total-temperature  ratio  across  combustor  TLtZ/Tl}  2;  ratio  of  liner  cross-sectional  area  to  reference  area  AL/AT,  0.5. 

(c)  Total-temperature  ratio  across  combustor  TLtZ/Th  3;  ratio  of  liner  cross-sectional  area  to  reference  area  AJAr,  0.5. 

(d)  Total-temperature  ratio  across  combustor  TL,Z/TU  4;  ratio  of  liner  cross-sectional  area  to  reference  area  ALIAf)  0.5. 

(e)  Total-temperature  ratio  across  combustor  TLiZIT1}  1;  ratio  of  liner  cross-sectional  area  to  reference  area  A JAr,  0.6. 

(f)  Total-temperature  ratio  across  combustor  TLtZITu  2;  ratio  of  linei  cross-sectional  area  to  reference  area  ALlAr,  0.6. 

(g)  Total-temperature  ratio  across  combustor  TLtZ/Th  3;  ratio  of  liner  cross-sectional  area  to  reference  area  AiJAr,  0.6. 

(k)  Total-temperature  ratio  across  combustor  TLiZITu  4;  ratio  of  liner  cross-sectional  area  to  reference  area  ALfAr,  0.6. 

(i)  Total-temperature  ratio  across  combustor  TLtZITh  1;  ratio  of  liner  cross-sectional  area  to  reference  area  AL/Ar,  0.7. 

(j)  Total-temperature  ratio  across  combustor  TLj/Th  2;  ratio  of  liner  cross-sectional  area  to  reference  area  AL/Ar,  0.7. 

(k)  Total-temperature  ratio  across  combustor  TLtZjTu  3;  ratio  of  liner  cross-sectional  area  to  reference  area  AL/AT,  0.7. 

(l)  Total-temperature  ratio  across  combustor  TL<ZITX,  4;  ratio  of  liner  cross-sectional  area  to  reference  area  ALIAT)  0.7. 

Figure  12.— Variation  of  total-pressure-loss  coefficient  A P/qr  with  ratio  of  liner  total  open  hole  area  to  combustor  reference  area  AhtTIAT  for 
flow  ratios  through  liner  dome  wL%2 jwT  of  0 and  0.1.  Data  calculated  from  incompressible-flow  relations  including  annulus  wall  friction. 
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Figure  13. — Combustor  airflow  distributions  assumed  in  calculations 
of  variation  in  annulus  total  pressure  along  combustor. 


Figure  14. — Variation  of  total-pressure-loss  coefficient  A P/qr  with  tem- 
perature ratio  across  combustor  Tl,z!T\.  Data  calculated  from 
incompressible-flow  relations  including  annulus  wall  friction  with 
zero  liner  dome  flow. 

minimum  A P/qr  shifts  from  0.5  to  0.6  as  combustor  exhaust 
temperature  is  increased. 

AIRFLOW  DISTRIBUTION 

The  airflow  distribution  curves  obtained  from  incompressible- 
and  compressible-flow  calculations  are  presented 
in  figures  16  to  23.  Except  for  the  effects  of  variation  in 


A l/ A r 


(a)  Ratio  of  total  liner  open  hole  area  to  reference  area  Ak>TIAr,  0.6. 

(b)  Ratio  of  total  liner  open  hole  area  to  reference  area  Ah.r/Ar,  1.6. 

Figure  15. — Variation  of  total-pressure-loss  coefficient  A P/qr  with 
ratio  of  liner  cross-sectional  area  to  reference  area  AL/Ar  for  various 
values  of  temperature  ratio  across  combustor  Tl^/Ti.  Data 
calculated  from  incompressible-flow  relations  including  annulus 
wall  friction  with  zero  liner  dome  flow. 

annulus  wall  friction  with  airflow  distribution,  the  relations 
between  wLjwT  and  An/AhtT  presented  in  figures  16  to  23 
are  independent  of  the  distribution  of  air  entry  holes  along 
the  liner.  According^,  the  variation  of  wL/wT  along  the 
combustor  for  a particular  liner  configuration  may  be  esti- 
mated from  the  given  values  of  AhIAK  T along  the  combustor 
and  the  appropriate  figure  from  figures  16  to  23.  If,  for 
example,  there  is  a linear  increase  in  liner  open  hole  area 
along  the  combustor  (Ah/AhtT=x/l),  the  curves  of  figures  16 
to  23  represent  the  variation  in  liner  airflow  with  distance 
along  the  combustor.  It  is  emphasized  that  the  relations 
presented  are  representative  only  for  parallel-wall  combustors 
having  flush  liner  air  openings  (see  fig.  1). 
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(a)  Reference  Mach  number  Mr,  0.15;  ratio  of  liner  cross-sectional  area  to  reference  area  AJAry  0.5. 

(b)  Reference  Mach  number  Mrj  0.15;  ratio  of  liner  cross-sectional  area  to  reference  area  AJAr , 0.6. 

(c)  Reference  Mach  number  Mr,  0.05;  ratio  of  liner  cross-sectional  area  to  reference  area  AJAti  0.7. 

(d)  Reference  Mach  number  Mr,  0.10;  ratio  of  liner  cross-sectional  area  to  reference  area  AJAT,  0.7. 

(e)  Reference  Mach  number  Mr,  0.15;  ratio  of  liner  cross-sectional  area  to  reference  area  AL/Ar,  0.7. 


Figure  17. — Effect  of  ratio  of  liner  total  open  hole  area  to  combustor  reference  area  A^t!At  on  airflow  distribution.  Compressible-cold-flow 

relations  including  annulus  wall  friction  with  zero  liner  dome  flow. 


Effect  of  liner  total  open  hole  area. — The  fraction  of  total 
air  passing  through  the  liner  at  any  given  station  along  the 
combustor  wLlwT  is  plotted  against  the  fraction  of  liner 
total  open  hole  area  AhIAhtT  in  figure  16  for  values  of  AJAr 
of  0.5,  0.6,  and  0.7.  Curves  are  shown  for  various  values  of 
AhtT/Ar,  and  the  data  were  obtained  from  compressible- 
flow  relations  for  reference  Mach  numbers  of  0.05,  0.10,  and 
0.15.  Data  obtained  from  the  incompressible-flow  relations 
are  also  presented.  Cold  flow  conditions  with  zero  liner 
dome  flow  (wLt2lwT=  0)  and  with  negligible  annulus  wall 
friction  were  assumed.  The  45°  dashed  line  on  the  airflow 
distribution  curves  represents  the  airflow  distribution  that 
would  be  obtained  if  each  hole  in  the  liner  admitted  a quan- 
tity of  air  directly  proportional  to  its  area.  Increasing  the 
liner  total  open  hole  area  Ah%T  decreases  the  fraction  of  total 
air  entering  the  upstream  region  of  the  combustor  liner. 
This  decrease  in  upstream  liner  airflow  becomes  appreciable 
at  large  values  of  AhtT/Ar.  This  reduction  in  wLiwT  is  a 
result  of  higher  reductions  in  pressure  drop  and  discharge 
coefficient  for  the  holes  at  the  upstream  stations  than  for 
those  at  the  downstream  stations.  The  reduction  becomes 
more  critical  as  AL/Ar  is  increased  from  0.5  to  0.7.  This 
effect  is  partially  due  to  increased  velocities  in  the  upstream 


region  of  the  annulus,  which  reduce  the  discharge  coefficient 
of  upstream  holes  in  the  liner  (ref.  7). 

Effect  of  combustor  reference  Mach  number. — The  effect 
of  reference  Mach  number  on  combustor  airflow  distribution 
is  shown  in  figure  16  for  cold  flow.  Increasing  reference 
Mach  number  decreases  the  fraction  of  the  total  airflow 
entering  the  liner  through  the  upstream  liner  hole  openings. 
The  increased  velocity  in  the  upstream  end  of  the  annulus 
reduced  the  static-pressure  drop  and  the  discharge  coefficient 
of  upstream  holes  in  the  liner.  The  effect  of  Mach  number 
becomes  more  pronounced  as  AL/AT  is  increased  because  of 
increased  upstream  velocities  in  the  annulus.  For  the  data 
presented  in  figure  16,  annulus  wall  friction  was  neglected. 
Figure  17  shows  the  airflow  distribution  calculated  from  the 
compressible-flow  relations  with  annulus  wall  friction  in- 
cluded. The  results  are  similar  to  those  shown  in  figure  16 
with  the  exception  that  annulus  wall  friction  tends  to 
increase  the  fraction  of  air  entering  the  liner  through  the 
upstream  holes  in  the  liner.  Friction  reduced  the  total 
pressure  in  the  downstream  end  of  the  annulus,  which  resulted 
in  a lower  pressure  drop  across  the  holes  in  this  region  and, 
hence,  reduced  airflow.  The  effect  of  reference  Mach  num- 
ber on  airflow  distribution  is  shown  more  clearly  in  figure  18 
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Figure  18. — Effect  of  reference  Mach  number  Mr  on  airflow  dis- 
tribution. Compressible-cold-flow  relations  including  annulus  wall 
friction  with  zero  liner  dome  flow;  ratio  of  liner  cross-sectional  area 
to  reference  area  ALIAr,  0.7. 

where  the  data  of  figures  17(c)  to  (e)  are  replotted  for 
AhtT/Ar  equal  to  0.6  and  1.6.  Larger  reductions  in  the 
fraction  of  total  air  entering  the  liner  through  the  holes  in 
the  upstream  region  of  the  combustor  occur  at  higher  values 
of  Ah'TjAr  and  at  higher  values  of  Mr. 

The  airflow  distributions  obtained  from  incompressible- 
flow  relations  with  and  without  annulus  wall  friction  are  com- 
pared in  figure  19  for  AhiT/AT  equal  to  0.6  and  1.6  and  AJAr 
equal  to  0.5,  0.6,  and  0.7.  Including  annulus  wall  friction  in 
the  computations  tends  to  increase  the  fraction  of  total  air 
entering  the  upstream  region  of  the  liner.  The  effect  is  more 
pronounced  at  higher  values  of  AL/Ar  and  Ah,T!Ar.  The 
change  in  airflow  distribution  is  a direct  result  of  the  added 
pressure  loss  in  the  annulus;  increased  AJAr  increases  the 
velocity  in  the  annulus,  which  in  turn  increases  pressure  loss 
due  to  friction. 

Effect  of  heat  release.- — -The  effect  of  heat  release  on  airflow 
distribution  is  shown  in  figure  20  for  AL/Ar  equal  to  0.5,  0.6, 
and  0.7.  These  data  were  obtained  from  the  incompressible- 
flow  relations  with  annulus  wall  friction  included  and  zero 
liner  dome  flow.  Curves  are  shown  for  values  of  TLtJTx  of 
1,  2,  3,  and  4.  Increases  in  combustor  temperature  ratio  tend 
to  decrease  the  fraction  of  total  air  entering  the  upstream 
region  of  the  liner.  Heat  release  affects  the  liner  pressures 
and  velocities  along  the  combustor,  which  in  turn  affect  the 
static-pressure  drop  and  the  discharge  coefficient  of  the  liner 
wall  openings.  The  data  for  AhiT/AT  equal  to  0.6  and  1.6  are 
cross-plotted  in  figure  21  to  show  more  clearly  the  effect  of 
temperature  ratio  on  airflow  distribution.  The  decrease  in 
upstream  liner  airflow  with  increasing  combustor  tempera- 
ture ratio  is  more  pronounced  for  larger  values  of  AhtTIAr 
and  smaller  values  of  AL/AT . 
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(a)  Ratio  of  liner  cross-sectional  area  to  reference  area  AL/Ar , 0.5. 

(b)  Ratio  of  liner  cross-sectional  area  to  reference  area  AL/Ar , 0.6. 

(c)  Ratio  of  liner  cross-sectional  area  to  reference  area  AL/Ar)  0.7. 

Figure  19. — Comparison  of  airflow  distributions  obtained  from 

incompressible-cold-flow  relations  with  and  without  annulus  wall 
friction.  Zero  liner  dome  airflow. 

Effect  of  liner  cross-sectional  area. — The  effect  of  the  ratio 
of  liner  cross-sectional  area  to  reference  area  on  airflow  dis- 
tribution is  shown  in  figure  22  for  flow  with  and  without  heat 
release.  The  data  were  obtained  from  incompressible-flow 
relations  for  values  of  Ah,TjAT  of  0.6  and  1.6  with  annulus 


Fraction  of  airflow  passing  through  liner, 
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Fraction  of  open  hole  area  between  station  2 and  station  x,  Ah/ Ahy 

(a)  Total-temperature  ratio  across  combustor  TL^ITh  1;  ratio  of  liner  cross-sectional  area  to  reference  area  AL/An  0.5. 

(b)  TLJTU  2;  AL/Ar,  0.5.  (f)  TLJTh  2;  AL/Ar,  0.6.  (j)  TLJTU  2;  AJA„  0.7. 

(c)  TtJTu  3;  AJAr,  0.5.  (g)  TtJTt.  3;  AJAr,  0.6.  (k)  TLJTU  3;  AL/Ar,  0.7. 

(d)  TLJTh  4;  AJAr,  0.5.  GO  TLJTU  4;  AJAr,  0.6.  (1)  TLJT„  4;  AJA„  0.7. 

(e)  TlJTu  1;  AJAr,  0.6.  (i)  TLJTU  1;  AJAr,  0.7. 

Figure  20. — Effect  of  ratio  of  liner  total  open  hole  area  to  reference  area  Ah_TIAr  on  airflow  distribution.  Incompressible-flow  relations  including 

annulus  wall  friction  with  zero  liner  dome  flow. 
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between  station  2 and  station  x, 

Ah/A  h,T 

(a)  Ratio  of  liner  cross-sectional  area  to  reference  area  AL/Ar)  0.5. 

(b)  Ratio  of  liner  cross-sectional  area  to  reference  area  AJAri  0.6. 

(c)  Ratio  of  liner  cross-sectional  area  to  reference  area  AL/AT,  0.7. 

Figure  21. — Effect  of  temperature  ratio  across  combustor  TLt3/Ti  on 
airflow  distribution  for  values  of  ratio  of  liner  total  open  hole  area 
to  reference  area  AhtTIAr  of  0.6  and  1.6.  Incompressible-flow  rela- 
tions with  annulus  wall  friction  and  zero  liner  dome  flow. 

wall  friction  and  zero  liner  dome  flow.  The  fraction  of  total 
air  entering  the  upstream  region  of  the  combustor  increases 
as  the  combustor  liner  area  is  reduced  for  cold  flow  (fig. 
22(a)).  The  effect  is  similar  to  that  of  reference  Mach 
number;  that  is,  as  velocity  in  the  annulus  is  reduced  by  a 


Fraction  of  open  hole  area  between  station  2 and  station  x,  Ah/AhT 


(a)  Total-temperature  ratio  across  combustor  TLtZITl}  1. 

(b)  Total-temperature  ratio  across  combustor  Tl,z!T1}  4. 

Figure  22. — Effect  of  ratio  of  liner  cross-sectional  area  to  reference 
area  on  airflow  distribution  for  values  of  ratio  of  liner  total  open 
hole  area  to  reference  area  AhiTIAr  of  0.6  and  1.6.  Incomprc-ssible- 
flow  relations  with  annulus  wall  friction  and  zero  liner  dome  flow. 


reduction  in  reference  Mach  number  or  an  increase  in  annulus 
area,  the  static-pressure  drop  and  the  orifice  coefficients  of 
the  upstream  liner  holes  increase.  Calculations  showed, 
however,  that  an  AJAr  of  0.4  would  have  about  the  same 
cold-flow  airflow  distribution  as  an  AJAr  of  0.6  despite  the 
effect  of  reduced  upstream  annulus  velocity.  This  reversal  is 
attributed  to  high  velocities  in  the  downstream  end  of  the 
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liner,  which  increase  the  static-pressure  drop  across  the  holes 
in  the  downstream  region  in  the  liner  and  thus  increase  the 
fraction  of  total  air  entering  this  region. 

The  effect  of  combustor-liner  area  on  airflow  distribution 
with  a temperature  ratio  of  4 across  the  combustor  is  shown 
in  figure  22(b).  In  this  case  the  fraction  of  total  air  entering 
the  upstream  region  of  the  combustor  increases  as  AL/AT  is 
increased  from  0.5  to  0.7.  The  increased  sensitivity  of  the 
airflow  distribution  to  changes  in  TL  3/  Tx  for  the  smaller 
values  of  AL/Ar  causes  a reversal  in  the  effect  of  annulus  area 
on  airflow  distribution.  For  cold  flow  (TLtJTi~  1)  an  in- 
crease in  Al/At  from  0.5  to  0.7  reduces  the  flow  to  the  up- 
stream end  of  the  combustor.  However,  the  opposite  trend 
is  found  for  Tl,3/J,i=4. 

Effect  of  airflow  through  liner  dome. — The  effect  of  flow 
through  the  liner  dome  on  the  airflow  distribution  is  illus- 
trated in  figure  23  for  incompressible  cold  flow  and  negligible 
annulus  wall  friction.  An  increase  in  the  flow  through  the 
liner  dome  for  a given  value  of  AhtT/AT  increases  the  flow 
through  the  upstream  end  of  the  combustor.  Adding  air 
through  openings  in  the  liner  dome  also  tends  to  distribute 
the  air  in  more  direct  proportion  to  the  open  area. 

LINER  AIR-JET  ENTRANCE  ANGLE 

The  variation  of  liner  air-jet  entrance  angle  0 with  xjl  for 
various  values  of  AhtT/Ar  and  AL/AT  is  shown  in  figure  24. 
The  calculations  are  for  cold  flow  and  include  the  effects  of 
annulus  wall  friction.  The  curves  shown  are  for  liner  wall 
openings  uniformly  distributed  along  the  length  of  the  com- 
bustor. The  value  of  0 is  a minimum  at  low  values  of  x/l  at 
the  upstream  end  of  the  combustor  where  the  static-pressure 
drop  across  the  holes  is  lower  and  the  annulus  velocity  is 
higher  than  corresponding  values  for  the  downstream  liner 
openings.  The  air  jet  is  not  perpendicular  to  the  plane  of  the 
hole  until  the  last  liner  hole  station  is  approached.  Increasing 
AhiT/Ar  from  0.6  to  1.6  and  AL/Ar  from  0.5  to  0.7  decreases 
the  relative  value  of  0,  the  reduction  being  more  pronounced 
in  the  upstream  portion  of  the  combustor.  It  is  to  be  noted 
that  the  data  of  figure  24  do  not  include  the  effect  of  liner 
air-jet  deflection  by  the  liner  gas  stream;  this  deflection  can 
be  appreciable  in  the  downstream  region  of  the  combustor 
liner. 

SIGNIFICANCE  OF  RESULTS  TO  TURBOJET  COMBUSTOR 

DESIGN 


The  thrust  and  cycle  efficiency  of  a turbojet  engine  may 
be  increased  by  reducing  the  total-pressure  loss  associated 
with  the  combustion  chamber.  Curves  are  presented  in  this 
report  that  show  the  effect  of  a number  of  combustor  geo- 
metric and  flow  variables  on  the  total-pressure-loss  coefficient 
for  a parallel-wall  combustor.  It  is  shown  that  the  hot-flow 
pressure  loss  can  be  minimized  by  designing  the  combustor 
with  a ratio  of  liner  to  total  cross-sectional  area  of  0.6  and 
a total  liner  open  hole  area  greater  than  the  total  cross- 
sectional  area.  The  percent  total-pressure  loss  of  a combustor 
with  a constant  total-pressure-loss  coefficient  increases  with 

<T-T  KIM 


the  square  of  reference  Mach  number 


The  total-pressure  loss  becomes  even  more  severe  when  the 
total-pressure-loss  coefficient  A P/qT  also  increases  with  refer- 


(a) Ratio  of  liner  cross-sectional  area  to  reference  area  ALIAr,  0.5. 

(b)  Ratio  of  liner  cross-sectional  area  to  reference  area  ALIATf  0.7. 


Figure  23. — Effect  of  airflow  into  liner  dome  wlj/iot  on  airflow  dis- 
tribution for  values  of  ratio  of  liner  total  open  hole  area  to  reference 
area  AhtT/Ar  of  0.6  and  1.2.  Incompressible-cold-flow  relations 
with  annulus  wall  friction. 

ence  Mach  number.  The  severity  of  the  increase  in  total- 
pressure  loss  can  be  minimized,  however,  by  adequately 
designing  the  the  liner  cross-sectional  area  and  total  open 
hole  area  as  suggested  previousl}T.  Increasing  the  com- 
bustor frontal  area  is  another  means  of  reducing  reference 
velocity  and  the  pressure  losses  related  to  high  velocity. 

It  is  shown  that  the  percent  of  total  air  entering  the  up- 
stream region  of  the  liner  where  combustion  of  the  fuel  occurs 
is  reduced  as  combustor  exhaust  temperature  is  increased. 
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Fractional  distance  along  liner,  x/l 


(a)  Ratio  of  liner  cross-sectional  area  to  reference  area  ALIAr,  0.5. 

(b)  Ratio  of  liner  cross-sectional  area  to  reference  area  AL/ATt  0.7. 

Figure  24. — Variation  of  liner  air-jet  entrance  angle  along  liner  for 
various  values  of  ratio  of  liner  total  open  hole  area  to  reference  area 
Ah,TlAr.  Incompressible-cold-flow  relations  including  annulus  wall 
friction  with  zero  liner  dome  flow. 

The  application  of  turbine-cooling  techniques  to  turbojet 
engines  will  permit  higher  combustor  exhaust  gas  temper- 
atures for  increased  thrust  output.  These  conditions  will 
require  the  use  of  a larger  percentage  of  the  total  airflow  in 
the  combustion  process.  If  the  combustion  process  is  to 
occur  in  the  same  upstream  region  for  high-temperature 
operation  as  for  low-temperature  operation,  a larger  per- 
centage of  air  must  be  admitted  into  the  upstream  region. 
Future  combustors  may  also  be  required  to  operate  at  higher 
reference  Mach  numbers  because  of  the  increased  mass  flow 
per  unit  frontal  area  that  can  be  handled  by  the  newer  com- 
pressor designs.  It  was  found  that  increasing  reference 


Mach  number  also  decreases  the  fraction  of  total  air  entering 
the  upstream  region  of  the  liner. 

Desirable  decreases  in  pressure  loss  of  the  combustor  may 
be  obtained  by  increasing  the  liner  total  open  hole  area. 
This  also  entails  reductions  in  the  upstream  liner  airflow. 
Thus,  providing  for  adequate  air  into  the  upstream  primary 
combustion  zone  of  combustors  without  inducing  excessive 
pressure  losses  will  be  a big  problem  in  future  combustor 
development.  Increasing  the  fraction  of  total  open  hole 
area  in  the  upstream  region  of  the  liner  may  or  may  not 
alleviate  the  problem  since  the  discharge  coefficient  of  up- 
stream liner  holes  can  vary  over  a wide  range  as  annulus 
flow  conditions  - are  varied.  Providing  adequate  air  admis- 
sion for  the  severe  operating  conditions  by  increasing 
upstream  total  open  hole  area  could  result  in  excessive  air 
admission  for  the  less  severe  operating  conditions.  The  use 
of  scoops  or  shrouds  in  the  primary  or  upstream  end  of  the 
combustor  may  provide  at  least  a partial  solution  to  this 
problem. 

This  report  illustrates  the  effects  of  geometric  configura- 
tions and  operating  conditions  on  the  distribution  of  air  to 
the  combustion  chamber  without  considering  the  effects  of 
these  factors  on  combustor  performance  and  stability.  The 
effect  of  mass-flow  distribution  on  the  performance  of  a 
homogeneous  ramjet  combustor,  based  on  theoretical  calcu- 
lations, is  presented  in  reference  11.  Also  available  are 
experimental  design  data  for  turbojet  combustors  which 
show  the  effects  on  performance  of  a number  of  geometric 
variables,  including  the  open  hole  area  distribution  (ref.  12). 

APPLICATION  OF  ANALYTICAL  TECHNIQUE 

The  combustor  total-pressure-loss  coefficient  and  the  air- 
flow distribution  of  a given  parallel-wall  tubular  combustor 
design  can  be  estimated  from  the  curves  provided  in  the 
report  by  determining  the  dimensionless  parameters  MT) 
TLtzlTi,  Wlj/wtj  Ah't/At,  AL/Ar,  and  IjD.  The  curves  based 
on  compressible-flow  relations  are  preferred  over  the 
incompressible-flow  relations  for  all  cases  for  determining 
the  combustor  total-pressure  loss  and  the  airflow  distribu- 
tion. However,  the  results  comparing  compressible-  and 
incompressible-flow  relations  show  that  at  reference  Mach 
numbers  below  about  0.1  similar  results  should  be  obtained 
from  both  curves.  Appreciable  error  can  be  introduced  using 
incompressible-flow  relations  at  higher  reference  Mach  num- 
bers, especially  for  combustors  with  small  annulus  air  pas- 
sages which  have  relatively  high  annulus  velocities.  Gen- 
eralized curves  are  presented  which  both  include  and  neglect 
the  effect  of  annulus  wall  friction  for  a tubular  combustor 
with  an  IjD  of  4.  For  many  combustor  designs,  this  effect 
will  be  small.  If  the  curves  presented  herein  show  appreci- 
able effects  of  annulus  wall  friction,  the  choice  between  the 
curves  will  depend  on  the  IjD  of  the  design  combustor. 
For  example,  the  combustor  aerodynamics  of  a design  with 
an  l/D  of  2 could  be  determined  by  interpolating  halfway 
between  the  curves  calculated  with  and  without  annulus 
wall  friction. 

The  curves  presented  herein  can  be  applied  to  an  annular 
combustor  only  if  the  velocities  in  the  inner  and  outer  annuli 
at  any  station  are  the  same  and  if  the  walls  are  parallel.  An 
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approach  similar  to  that  reported  herein  could  be  used  to 
calculate  total-pressure  loss  and  airflow  distribution  for  com- 
bustors with  variable  annulus  and  liner  cross-sectional  areas. 

CONCLUSIONS 

The  effects  of  a number  of  geometric  and  operating  vari- 
ables of  turbojet  combustors  on  combustor  total-pressure  loss 
and  airflow  distribution  were  determined  analytically  from 
compressible-  and  incompressible-flow  relations.  The  fol- 
lowing conclusions  were  reached  for  combustors  having  a 
given  maximum  (reference)  cross-sectional  area,  constant 
annulus  and  liner  cross-sectional  areas  along  the  axis,  and 
flush  liner  wall  openings: 

1.  Combustor  total-pressure  loss  increases  rapidly  as  liner 
cross-sectional  area  is  increased  above  70  percent  of  reference 
area.  For  a given  liner  total  open  hole  area,  the  minimum 
total -pressure  loss  is  obtained  when  the  liner  cross-sectional 
area  is  60  percent  of  the  reference  area  for  combustor  tem- 
perature ratios  from  3 to  4. 

2.  Combustor  total-pressure  loss  increases  rapidly  as  the 
liner  total  open  hole  area  is  decreased  below  100  percent  of 
the  reference  area.  Increasing  the  liner  total  open  hole  area 
above  about  200  percent  has  little  effect  on  reducing  the  com- 
bustor total-pressure-loss  coefficient. 


3.  The  combustor  total-pressure-loss  coefficient  increases 
with  increasing  reference  velocities  and  annulus  velocities 
and  with  increasing  combustor  exhaust  temperature. 

4.  The  distribution  of  air  entering  the  combustor  liner  is 
approximately  proportional  to  the  open  hole  area  distribu- 
tion only  for  low  values  of  total  open  hole  area,  which  entail 
high  pressure  losses.  Airflow  distribution  for  larger  total 
open  hole  area  required  for  low  pressure  losses  deviated  appre- 
ciably from  the  open  hole  area  distribution.  For  a given 
liner  open  hole  area  distribution,  the  fraction  of  total  air 
entering  the  upstream  region  of  the  combustor  under  burn- 
ing conditions  decreased  with  an  increase  in  liner  total  open 
hole  area,  reference  Mach  number,  and  combustor  tempera- 
ture ratio.  The  discharge  coefficients  of  upstream  holes  are 
markedly  lower  than  0.6;  the  discharge  coefficients  of  down- 
stream holes  approach  0.6. 

5.  The  liner  air-jet  entrance  angle  in  the  upstream  region 
of  the  liner  is  markedly  reduced  with  increases  in  total  open 
hole  area.  The  jet  entrance  angle  for  holes  in  the  down- 
stream region  of  the  liner  approaches  90°. 

Lewis  Flight  Propulsion  Laboratory 

National  Advisory  Committee  for  Aeronautics 
Cleveland,  Ohio,  September  17,  1956 


SYMBOLS 


APPENDIX  A 


A 


Aa 


Ah 

&Ah 

AhtT 

Al 

A, 


<h 

C 

Cv 

D 

d 

F 

f 

9 

l 


M 

MlA 


M* 


P 

AP/qr 
V - 


cross-sectional  area  of  any  given  flow  passage, 
sq  ft 

cross-sectional  area  of  annulus  formed  by  outer 
diameter  of  liner  d and  inner ' diameter  of 
combustor  housing  D , sq  ft 
liner  open  hole  area  from  station  2 to  station 
at  x,  sq  ft 

liner  open  hole  area  from  station  at  x to  station 
at  x-\-Ax,  sq  ft 

total  open  hole  area,  in  liner  wall  (excluding 
liner  dome  openings),  sq  ft 
cross-sectional  area  of  liner,  sq  ft 
total  combustor  cross-sectional  area;  reference 
area,  sq  ft 

speed  of  sound  at  local  total  temperature 
orifice  discharge  coefficient,  ratio  of  measured 
to  theoretical  flow  through  hole 
orifice  discharge  coefficient,  corrected  for 
pressure-ratio  effect 

inner  diameter  of  combustor  housing,  ft 
outer  diameter  of  liner,  ft 
fuel-air  ratio  by  weight 
Fanning  friction  factor 
gravitational  constant,  32.2  ft/sec2 
length  of  combustor  from  station  2,  just  up- 
stream of  first  row  of  holes  in  liner,  to  station 
3,  downstream  of  last  row  of  holes  at  end  of 
combustor 

Mach  number  based  on  local  average  velocity 
and  local  static  temperature 
Mach  number  based  on  local  average  velocity 
and  local  total  temperature  in  annulus  of 
combustor,  V/at 

w PstV 

ptdtA  pidi 

Wt  (PstV\ 

(ptdt)lAr  \Pt&t/l 

local  total  pressure,  lb/sq  ft 
combustor  total-pressure-loss  coefficient 
local  static  pressure,  lb/sq  ft 


9 

9r 


djmamic  pressure,  lb/sq  ft 
reference  dynamic  pressure; 


w% 


• la 


2 gPst,iAr  2 


Pi  Mi; 


lb 

sq  ft 


rH  hydraulic  radius,  ft 

T local  total  temperature,  °R 

t local  static  temperature,  °R 

V local  average  velocit}7,  ft/sec 

w „ weight-flow  rate  of  air  passing  through  any 

given  flow  passage,  lb/sec 

wA  weight-flow  rate  of  air  passing  through  annulus 

at  given  station,  lb/sec 

wL  weight-flow  rate  of  air  passing  through  liner  at 

given  station,  lb/sec 

WlsJWt  fraction  of  total  air  passing  through  liner  dome 
openings 

Awl  weight-flow  rate  of  air  passing  through  liner 

from  station  at  x to  station  at  rc+Az,  lb/sec 
wT  total  weight-flow  rate  of  air  passing  through 

combustor,  lb/sec 

x distance  along  combustor  measured  from  station 

2 just  upstream  of  first  holes  in  liner,  ft 
0,/3'  functions 

Ya  specific-heat  ratio  of  air 

Yg  specific-heat  ratio  of  combustion  gases 

8 entrance  angle  of  air  issuing  from  liner  wall 

openings,  deg 

pBt  density  based  on  static  pressure  and  static 

temperature,  lb/cu  ft 

pt  density  based  on  total  pressure  and  total  tem- 
perature, lb/cu  ft 

<p  function 

functions 

Subscripts: 


A 

j 

L 

n 

r 

1 

2 

3 


annulus 

jet  issuing  from  liner  wall  opening 
liner 

flow  normal  to  hole 
reference 
combustor  inlet 

station  just  upstream  of  first  liner  wall  opening 
combustor-exit  station  downstream  of  last  liner 
wall  opening 
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APPENDIX  B 


INCOMPRESSIBLE-FLOW  CALCULATIONS  FOR  TUBULAR 

TURBOJET  COMBUSTOR  WITH  CONSTANT  ANNULUS  AND 
LINER  CROSS-SECTIONAL  AREAS 

The  orifice  discharge  equation  for  a given  liner  wall 
opening  such  as  illustrated  in  figure  1(c)  is  given  by 

AwL=Cp„.]Vj  A (1) 

For  a differential  portion  of  the  air  passing  through  the 
opening,  equation  (1)  becomes 

dwL=Cpst.jVj  d Ah  (2) 

It  is  assumed  that  the  static  and  total  pressures  in  the 
vena  contracta  of  the  jet  are  equal  to  the  liner  static  and 
annulus  total  pressures,  respectively,  at  the  station  con- 
sidered; then  the  term  pstjVj  in  equations  (1)  and  (2)  can 
be  determined  from  Bernoulli’s  equation  for  incompressible 
flow: 

P.=PL+^1=PL+q1  (Bl) 

If  the  density  p„  is  assumed  to  be  independent  of  pressure 
changes  along  the  combustor  but  to  vary  only  with  temper- 
ature changes  resulting  from  combustion,  equation  (2)  can 
be  put  in  the  following  dimensionless  form  by  the  sub- 
stitution of  equation  (Bl)  and  the  introduction  of  the 
reference  dynamic-pressure  term  qr : 

d(S>°V5i5d(x)  (B2) 


Equation  (B2)  may  be  rearranged  and  integrated  from 
station  2 (fig.  1)  to  a given  station  along  the  combustor  to 


yield 


(B3) 


The  combustor  total  open  hole  area  AhiT  for  various  com- 
bustor total-pressure  losses  is  obtained  from 


while  the  fractional  liner  open  hole  areas  AJAh,T  for  various 
fractional  liner  airflows  wL/wT  are  obtained  from 


r v>l!wt 

j/  Wtp 


(8) 


The  term  (Pa—Pl)/Qt  in  equations  (B3),  (3),  and  (8)  is  ob- 
tained from  the  solution  of  the  momentum  equation.  For  a 
differential  cross-sectional  volume  of  the  parallel-wall  com- 
bustor of  figure  1(a)  it  is  assumed  that  (1)  the  flow  is  one 
dimensional,  (2)  the  wall  friction  in  the  liner  is  negligible, 
and  (3)  the  force  exerted  on  the  edge  of  the  liner  wall  open- 
ings by  the  airstream  is  negligible.  Then  the  differential 
momentum  equation  for  both  the  annulus  and  liner  is  (see, 
e.  g.,  ref.  13) 

Aa  d pA+^f  dFA+^  dwA+f'f,AJ  d (f)+ 

y y 7h,a  V/ 

Al  dPz,+y  AVl+—  dwL=()  (B4) 

For  the  annulus  alone,  the  differential  momentum  equation 
is 

Aa  d PaA~  d d (j)=0  (B5) 

y th.a  W 

If  it  is  assumed  that  the  air  crosses  the 'plane  of  the  liner 
wall  opening  with  an  axial  component  of  velocity  equal  to 
VA,  subtracting  equation  (B5)  from  (B4)  gives  the  differen- 
tial momentum  equation  for  the  liner  as 

Al  dPt+Y dVL+Y  dwt-y  dwL=()  (B6) 

since 

dwA=  — dioL  (B7) 

For  this  case  of  constant  Au  equation  (B6)  may  be  expressed 
as 

dfe+2a>-^/.d(g)-0  (B8) 


Equation  (B8)  may  be  integrated  from  the  end  of  the  com- 
bustor (station  3)  to  a given  station  to  give 

Vl+Hl-  (2>A3+2fc.3)  f“L/“T  Va  d(  ^)=0  (B9) 

Again,  by  assuming  density  to  be  a function  of  temperature 
only, 


and 


Pst, A — Pst,l 


Pst.L  Pst,liji 


(BIO) 

(Bll) 


The  relation  between  annulus  and  liner  weight  flows  at  any 
station  is  given  by 


wT  wT 


(B12) 


where  the  effect  of  fuel-flow  rate  on  wL  is  neglected.  Then, 
from  the  continuity  equation  and  equations  (BlO)  and  (Bl2), 

y __  ^a  __  *wT  Ar  A wL\ 

Psi.aAa  psi  iAr  \ Wt/ 


013) 
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and,  for  constant  Aa,  the  integral  term  of  equation  (B9) 
becomes 

wI_r»Li«T  d / w2t  At  ArP  wl\2 
qAlj  i A \wT)  2gpsl'lAr  A A AL  \ wT) 




~ qrAAAL\  wT) 


(B14) 


From  the  continuity  equation  and  equation  (Bll)  the 
dynamic  pressures  qL  and  qLtZ  of  equation  (B9)  can  be 
related  to  the  reference  djmamic  pressure  qT  by 


and 


(AX  Tl  (wX 

*L=q-T\AJ  tXt) 

(MTai 
3~2rUJ  Ti 


Ql,  3“ 


For  incompressible  flow, 

*5  3=R3+&.3 


(B15) 

(B16) 

(B17) 


Then  the  substitution  of  equations  (B14)  to  (B17)  in  equa- 
tion (B9)  gives 

t £ 0-£)‘ 

(B18) 

Now, 

Pa—Pl=Pi~Pl  Pi— Pa 
q.r  ir  ffr 


(B19) 


Combining  equations  (B18)  and  (B19)  yields 

PA-PL  Px-Pl.1  Pi-Pa  [TL.t  0 Tl  MAH 

<[r  Qt  It  \Al)  L T Ti  \WTJ  J 

where  the  area  ratios  AA/Ar  and  AL/AT  are  related  by 


Aa 1 Al 

At~L  At 


(B20) 


The  annulus  total-pressure  Joss  coefficient  {Px—PA)lqT  of 
equation  (4)  may  be  obtained  by  rearranging  equation 
(B5),  dividing  through  by  the  constants  Aa  and  qr,  sub- 
stituting the  continuity  relation,  and  integrating  from 
station  2 to  the  station  at  x/l: 


P^P 

<h 


f I A (P\ 

^=-i  (’•  r-  vA  dvA=  r At.  w 

V aJPA. 2 M JKi,2  Jo  rHiA 


(B21) 


The  expression  for  the  hydraulic  radius  of  the  annulus  rHA  is 

The  ratio  of  annulus  dynamic  pressure  qA  to  reference 
dynamic  pressure  q , is  given  by 


H¥J  (£>  <B23> 

Substituting  equations  (B22)  and  (B23)  into  equation  (B21) 
and  assuming  fA  to  be  constant  along  the  combustor  give 


Pi-Pa 


.r  L 

4 fAD 


ro-mi)  «> 


The  use  of  equation  (6)  requires  an  estimate  of  the  airflow 
distribution  along  the  combustor.  For  the  present  calcula- 
tions and  for  zero  airflow  through  the  liner  dome  (wLi2/Wt=0), 
the  airflow  distribution  used  in  equation  (6)  was  assumed 
to  be 


Wl(  xV 

wT  \l ) 


(7) 


For  the  calculations  presented  herein,  the  correlation  of 
reference  7 for  the  discharge  coefficient  of  flush  circular  holes 
was  used  (see  fig.  3)  to  obtain  values  of  C in  equations  (B3), 
(3),  and  (8).  For  incompressible  flow,  the  correlation  pa- 
rameter (Pa~Pj)/(Pa—Pa)  of  figure  3(a)  is  equal  to  (V j/VA)2 
and  the  correction  of  figure  3(b)  is  neglected.  The  velocity 
artio  VA/Vj  may  be  obtained  by  relating  qj  to  qA  by  equa- 
itons  (Bl)  and  (B23),  which  gives 


VA 


WT 


Vj 


A 

A. 


;aP 


~Pl 


(10) 


The  liner  air-jet  entrance  angle  6 may  be  obtained  from 
equation  (10)  and  the  relation 


Va 

0=COS  1-fr 
V ) 


(9) 


From  equations  (B3),  (3),  (8),  (4),  (B20)  to  (B23),  (6),  (7), 
and  (10),  the  liner  total  open  hole  area  and  airflow  distribu- 
tion may  be  calculated  for  specified  values  of  the  combustor 
total-pressure  Joss  coefficient.  However,  if  the  specified 
value  of  the  combustor  total-pressure  Joss  coefficient  in  equa- 
tion (4)  is  too  low,  the  calculated  liner  static  pressure  pL 
will  be  greater  than  the  annulus  static  jDressure  pA  at  some 
point  in  the  combustor,  and  a solution  for  equations  (B3), 
(3),  and  (8)  will  not  be  obtained.  For  the  parallel-wall 
combustor  and  negligible  annulus  wall  friction,  the  minimum 
difference  between  the  annulus  and  liner  static  pressures 
occurs  at  the  upstream  end  of  the  combustor  where  vo(iwT  is 
equal  to  wLt2jwT . From  equation  (4)  the  combustor  total- 
pressure-loss  coefficient  is  related  to  the  difference  between 
annulus  and  liner  static  pressures  at  this  point  by 


Pi-Pl 


<B24> 
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The  minimum  combustor  total-pressure-loss  coefficient  re- 
quired for  a solution  of  equations  (B3),  (3),  and  (8)  is 
obtained  from  equation  (B24)  by  setting  Pa,2^Pl,2  equal  to 
zero.  It  is  noted  that  this  minimum  combustor  total- 
pressure-loss  coefficient  is  independent  of  the  discharge  co- 
efficients of  the  liner  wall  openings.  If  annulus  wall  friction 
effects  are  included  in  the  calculations,  the  minimum  com- 
bustor total-pressure-loss  coefficient  will  be  somewhat 
greater  than  that  given  by  equation  (B24),  and  the  minimum 
value  of  Va—Vl  will  occur  at  values  of  wL/wT  greater  than 
wLt2fwT, 

In  the  present  report,  the  solutions  of  equations  (B3),  (3), 
and  (8)  were  obtained  for  wLt2lwT  equal  to  zero.  The  com- 
bustor total-pressure-loss  coefficient  and  airflow  distribution 
curves  for  values  of  wl>2Iwt  other  than  zero  were  obtained 
by  correcting  the  curves  where  was  equal  to  zero  by 

the  following  procedure: 

(1)  For  given  values  of  An,TlAT}ALIAT , and  TLfz/Ti,  AP/qr 
is  obtained  from  the  combustor  total-pressure-loss  coefficient 
curves  computed  with  a wLt2lwT  of  zero.  The  airflow  dis- 
tribution curve  at  corresponding  conditions  for  a Wlj2Iwt  of 
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zero  is  then  used  to  obtain  a value  for  Ah/AhtT  at  a value  of 
wJwT  equal  to  the  chosen  finite  value  of  wLt2/wT. 

(2)  A corrected  value  for  AhtTIAr  is  then  obtained  by 
multiplying  the  value  of  AhtT/AT  corresponding  to  the  data 
for  wLi2/wT  equal  to  zero  by  the  quantity  l — (Ah/AhtT),  where 
the  value  of  Ah/AhfT  was  obtained  bv  step  (1). 

(3)  Values  of  AjJAhtT  are  selected  from  the  airflow  distri- 
bution curve  for  wLt2jwT  equal  to  zero  at  various  values  of 
wL/wT  greater  than  the  chosen  finite  value  of  wLt2lwT . Cor- 
rected values  of  AhIAhtT  are  then  obtained  by  subtracting 
the  value  of  Ab/AhtT  obtained  in  step  (1)  from  the  selected 
value  of  Ah/Ah,T  and  then  dividing  by  the  quantity 
1 ~(Ah/AhtT)  obtained  in  step  (2). 

With  the  preceding  procedure  the  major  portion  of  the 
combustor  total-pressure-loss  coefficient  and  airflow  distri- 
bution curves  may  be  obtained.  However,  for  large  values 
of  AhtTIAT  the  use  of  equations  (B3),  (3),  and  (8)  for  the 
given  value  of  wL,2lwT  will  be  required.  It  is  noted  that  the 
use  of  the  preceding  procedure  for  the  cases  where  annulus 
wall  friction  effects  are  included  requires  the  use  of  airflow 
distributions  similar  to  those  shown  in  figure  13. 


APPENDIX  C 


COMPRESSIBLE-FLOW  CALCULATIONS  FOR  TUBULAR  TURBOJET  COMBUSTOR  WITH  CONSTANT  ANNULUS  AND  LINER 

CROSS-SECTIONAL  AREAS 


From  application  of  the  continuity  equation,  the  flow  at 
any  station  in  the  combustor  may  be  related  to  the  total 
airflow  through  the  combustor  by 


w 


1 PstV  A P 


wT  Mf  ptat 


where 


M*=- 


wT 


A L (T± V 

Ar  Pi\Tj 


__(PstV\ 


Pt.lO't^Ar  \Pt^t)  1 

Transposing  terms  in  equation  (Cl)  gives 

Bi V=m*=M?  E.  A (TJ 

Pt&t  A Wt  P \TJ 


Since 


e^-Ml 

ptat  P 


(Cl) 


(C2) 


(C3) 


(C4) 


the  relation  between  pstVlp,at  and  local  Mach  number,  local 
static  to  total  temperature  and  pressure  ratios,  and  other 
compressible-flow  functions  may  be  obtained  from 
compressible-flow  tables  (e.  g.,  ref.  14). 

For  any  station  in  the  liner, 


m* — m* — — — ( — y 

Ml~Mi  AlWtPAtJ 

For  the  end  of  the  liner, 

M*  —M*  At 

f-31  alpl. At,  ) 


(C5) 


(C6) 


For  the  annulus,  where  the  total  temperature  is  assumed 
equal  to  the  combustor-inlet  total  temperature, 


The  dynamic  pressure  q is  given  by 

2=^  pi¥!=|  | M2P=/3'(M*)P 
and  the  combustor  total-pressure-loss  coefficient  by 

Pl,  3 


(07) 


(08) 


AP P i — Pl.z_ 


1- 


px 


p '{MX) 


(09) 


For  the  compressible-flow  calculations,  equation  (B2)  is 
put  in  the  dimensionless  form 

(C10) 

For  isentropic  flow  through  the  liner  wall  openings  to  the 
jet  vena  contracta,  Pj  equals  PA,  and,  for  Tj  equal  to  Tu 
equation  (CIO)  may  be  rearranged  and  integrated  from  sta- 
tion 2 to  a given  station  along  the  combustor  to  obtain 


J'wL/wT 
WL  ^ 


M 


fd(-) 

\WT/ 


' L,2lWT(j{ A.  A T 

\ Piat  ) j P 1 


(Oil) 


As  in  appendix  B,  the  total  liner  open  hole  area  is  obtained 
from  the  integration  from  station  2 to  station  3 where 
Wl,zIwt=  1: 

MKS)  4 


f 

J tOL  2/tD 


ft,  t 


(J  ( Pa  At 

\p,a,  )i  Pi 


(11) 
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The  airflow  distribution  is  obtained  from 


and  the  values  of  (Pi—PA)/qr  were  obtained  from  equations 
(6)  and  (7). 

For  the  case  of  negligible  annulus  wall  friction,  the 
integral  term  of  equation  (C16)  is  given  by 


(12) 


where 


(019) 


If  the  static  pressure  at  the  jet  vena  contracta  is  assumed 
equal  to  the  liner  static  pressure  at  the  station  considered, 
the  term  (patVfp&t)s  of  equations  (Oil),  (11),  and  (12)  is 
obtained  from  the  ratio  of  liner  static  to  annulus  total 
pressure  Vl/Pa  and  equation  (C4). 

As  in  appendix  B,  the  liner  static  pressure  is  obtained 
from  the  solution  of  the  momentum  equation.  With  the 
use  of  equation  (08)  and  the  definition  of  MltA,  the  momen- 
tum equation  (B9)  can  be  put  in  the  form 

It  0-+ygMl)PL-^  (i+7*ME.3)P£,3- 

l L + L,  3 


<p(M *)==■££  (1+ToMj) 

1 A 

and  equation  (Cl6)  reduces  to 


(C20) 


mt) 


where 


wl  /Tvy* 

wT  \TlJ 

_y(M3)-l 

M* 


(C21) 


(C22) 


(Ci2) 

From  equations  (C4)  to  (C6), 


P (1+7 gMD=<p(Mt) 


and 


Jr^  (1+7 gMl3)=<p(MZ3) 

1 L,3 


(C13) 

(C14) 


In  equations  (C12)  to  (C14),  the  specific-heat  ratio  yg  of  the 
liner  gas  stream  is  assumed  constant  along  the  combustor. 
Combining  equations  (C12)  to  (C14)  and  dividing  through 

b7Mt  riffle 


<p(mi)  1 

m 

1 mi. 

-+7 a 

« 

rwLfwT 

1 M,.a  d| 

& 

Mt  { 

III 

(Cl  5) 


Equation  (C15)  may  be  written 


mt)- (rjy — (Cl6) 

\TJ  wT 


where 


\p(M  *)  -- 


v(M*) 
’ M* 


(C17) 


From  equation  (C3),  the  integral  in  equation  (Cl6)  can 
be  expressed  as  a function  of  M%.  For  the  present  calcula- 
tions, the  total-pressure  ratio  P4/P,  required  in  the  evalua- 
tion of  Mf  was  obtained  by  using  the  following  relation : 

<C18) 


In  table  I,  <p,  + \p',  p/P,  and  M*  are  presented  for  a range 
of  values  of  M and  for  specific-heat  ratios  of  1.4  and  1.3. 

If  values  of  M*,  ALIAT,  P,/PL.3,  and  TJP  are  specified, 
the  right  side  of  equation  (Cl6)  or  (C21)  can  be  calculated 
for  various  values  of  wL/wT.  From  these  values  of 
values  for  M*  and  the  pressure  ratio  pL/PL  can  be  obtained 
from  table  1(a).  Then 


P±-(Pa\{PF\(P)\_Pl  Pi  lALwT  \Tj 
Pa  \pJ\pJ\PaJ  PlPa  Ml 


(C23) ' 


where  P\/PA  is  obtained  from  equation  (C18).  From  this 
value  of  pLIPA,  the  term  (psiV/ptat)j  of  equations  (11)  and 
(12)  is  obtained. 

In  the  present  report,  the  orifice-discharge-coefficient 
correlation  of  reference  7 was  used  (see  fig.  3).  The  pressure 
ratio  pA/PA  of  the  correlation  parameter  of  figure  3(a)  is 
obtained  from  table  1(a)  and  M*,  while  the  pressure  ratio 
VaIVl  of  figure  3(b)  is  obtained  from 


Pa 

VaJPa 
Pl  Pl 

Pa 


(C24) 


where  pJPA  is  obtained  from  equation  (23).  With  the  above 
values  of  0(p, , Vj p/aty  and  Pj/PA,  the  integrals  of  equations 
(11)  and  (12)  may  be  evaluated  by  trapezoidal  or  graphical 
integration. 

The  entrance  angle  0 of  a liner  air  jet  may  be  obtained  from 
the  relation 


0=cos-1^! 

Mj 


(13) 


where  MA  and  M}  are  obtained  from  table  1(a)  and  values  of 
Ma  andM*=(^lY\ , respectively. 
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TABLE  I— SUBSONIC  COMPRESSIBLE-FLOW  PARAMETERS 


(a)  Specific-heat  ratio  yc,  1.4.  (b)  Specific-heat  ratio  y,,  1.3. 
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THE  SIMILARITY  RULES  FOR  SECOND-ORDER  SUBSONIC  AND  SUPERSONIC  FLOW  1 

By  Milton  D.  Van  Dyke 


SUMMARY 

The  similarity  rules  for  linearized  compressible  flow  theory 
(< GotherVs  rule  and  its  supersonic  counterpart)  are  extended  to 
second  order . It  is  shown  that  any  second-order  subsonic  flow 
can  be  related  to  unearly  incompressible ” flow  past  the  same 
body,  which  can  be  calculated  by  the  Janzen-Rayleigh  method . 

INTRODUCTION 

The  linearized  small-disturbance  theory  of  stead}7-  com- 
pressible flow,  based  on  the  Prandtl-Glauert  equation,  yields 
a first  approximation  for  thin  objects  moving  at  either  sub- 
sonic or  supersonic  speeds.  More  precisely,  it  provides  the 
first  term  in  an  asymptotic  expansion  of  the  solution  for 
small  disturbances,  provided  that  the  flight  Mach  number 
is  not  too  close  either  to  unity  (transonic  flow)  or  to  infinity 
(hypersonic  flow). 

The  similarity  rule  that  governs  linearized  subsonic  flow 
past  general  three-dimensional  objects  was  first  given  cor- 
rectly by  Gothert  (ref.  1).  It  has  an  obvious  counterpart  in 
supersonic  flow,  and  the  rules  have  rendered  great  service  in 
both  theoretical  and  experimental  investigations. 

Recently,  various  investigators  have  sought  to  improve 
on  the  linearized  theory  by  finding  higher  approximations 
(see,  e.g.,  refs.  2 to  5).  The  second  step  is  commonly 
referred  to  as  the  second-order  small-disturbance  theory,  or 
simply  “second-order  theory.”  It  can  be  found  in  general 
by  iterating  upon  the  linearized  solution,  retaining  all  terms 
out  of  the  full  nonlinear  equations  of  motion  whose  contri- 
bution is  of  the  order  of  the  square  of  the  disturbances  in 
linearized  theory  (ref.  3).  In  the  simplest  case  of  plane 
flow  without  stagnation  points,  the  linearized  disturbances 
are  proportional  to  the  thickness  ratio  r of  the  airfoil,  so  that 
second-order  theory  adds  terms  in  r2,  and  higher  approxi- 
mations extend  the  series  in  powers  of  rn.  Stagnation  points 
lead  to  the  appearance  of  ‘logarithmic  terms,  beginning  with 
rHn  t in  the  fourth  approximation.  The  series  diverges  in 
the  immediate  vicinity  of  stagnation  points,  although  it  can 
be  corrected  there  by  simple  techniques  (ref.  6).  Slender 
pointed  objects,  such  as  a smooth  body  of  revolution,  cause 
smaller  disturbances  than  airfoils,  but  logarithmic  terms 
always  arise  at  the  outset;  hence  the  linearized  solution 
contains  terms  of  order  r2ln  r and  t2,  and  the  second-order 
increment  then  consists  of  terms  of  order  TAln2T,  rHn  r,  and  r4. 
Nothing  is  known  of  the  convergence  of  these  series;  they 
are  perhaps  only  asymptotic  expansions  for  small  thickness. 
Second-order  theory,  like  linearized  theory,  breaks  down  in 
the  transonic  and  hypersonic  ranges,  though  it  may  pene- 
trate somewhat  farther  into  their  fringes. 

1 Supersedes  NACA  TN  3875,  by  Milton  D.  Van  Dyke,  1957. 


A similarity  rule  for  second-order  theory  has  recently 
been  given  in  the  special  case  of  supersonic  flow  past  thin 
flat  wings  by  Fenain  and  Germain,  who  demonstrate  its 
usefulness  in  theoretical  studies  (ref.  5).  However,  as  in 
linearized  theory,  the  rules  for  flat  wings  are  only  special 
cases  of  those  for  general  three-dimensional  shapes.  The 
present  paper  is  devoted  to  deducing  the  general  rules  for 
subsonic  and  supersonic  flows,  and  examining  their  implica- 
tions. In  particular,  it  is  shown  how  the  rule  for  subsonic 
flow  relates  the  second-order  solution  for  any  object  to  nearly 
incompressible  flow  past  the  same  body,  which  can  be  calcu- 
lated by  the  Janzen-Rayleigh  method. 

The  author  is  indebted  to  Wallace  D.  Hayes  for  suggesting 
several  improvements  that  have  been  incorporated  in  the 
present  version  of  this  paper.  In  particular,  the  procedure 
for  recovering  the  second-order  solution  from  the  Janzen- 
Rayleigh  solution  (p.  930)  is  simpler  and  more  logical  than 
that  originally  given  in  NACA  TN  3875. 

DERIVATION  OF  RULES  FOR  BODIES  OF  REVOLUTION 

A body  of  revolution  is  the  simplest  shape  that  is  not  a 
special  case,  but  displays  the  full  generality  of  the  existing 
similarity  rules  for  subsonic,  supersonic,  transonic,  and  hy- 
personic flows.  The  same  can  be  shown  to  be  true  of  the 
second-order  rules  to  be  discussed  here.  Hence  for  clarity 
of  exposition,  the  second-order  rules  will  be  derived  in 
detail  only  for  an  axisymmetric  body  at  zero  angle  of 
attack.  The  rules  for  general  three-dimensional  thin  or 
slender  objects  will  thereafter  be  stated  without  proof.  The 
subsonic  and  supersonic  cases  are  so  similar  that  they  can 
be  treated  simultaneously. 

Let  the  body  be  described  by  r=rR{x),  where  r is  a thick- 
ness parameter  or  characteristic  slope  (say,  the  maximum 
slope,  average  slope,  thickness  ratio,  or  the  like),  and  R(x) 
is  a function  of  order  unity  (fig.  1).  As  usual  in  similarity 
analysis,  the  characteristic  slope  r is  regarded  as  a parameter, 
so  that  different  values  of  r correspond  to  affinely  related 
members  of  the  same  family  of  bodies. 


V - - r = T/?U) 


Figure  1. — Notation  for  body  of  revolution. 
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To  second  order  the  flow  is  irrotational,  so  that  there 
exists  a velocity  potential  &(z,  r;  M,  y , r).  This  notation 
indicates  that  for  each  family  of  bodies  (associated  with  a 
given  function  R(x)),  the  flow  field  is  regarded  as  depending 
not  only  upon  the  two  independent  variables  x and  r but 
also  upon  the  three  parameters  following  the  semicolon : 

M free-stream  Mach  number 
y adiabatic  exponent  of  gas  2 

r characteristic  slope  of  body 

The  aim  of  a similarity  analysis  is  to  transform  the  prob- 
lem so  as  to  reduce  the  number  of  parameters  appearing  in 
it.  If  that  can  be  accomplished,  flows  having  different 
values  of  the  original  parameters  are  related  provided  only 
that  the  reduced  parameters  are  equal.  The  transforma- 
tion to  be  used  here  consists  in  separating  the  dependent 
variable  $ into  several  components,  and  then  stretching 
each  component  and  the  independent  variables  by  factors 
that  depend  upon  the  original  parameters.  It  is  convenient, 
and  involves  no  loss  of  general^,  to  leave  streamwise 
coordinates  unchanged,  so  that  r is  to  be  stretched  but  not  x . 

Perturbation  potentials  are  first  introduced  by  setting 

+ 0 + • • • (1) 

U co 

where  $ is  the  potential  of  linearized  theory,  and  the 
second-order  increment. 

RULES  FOR  LINEARIZED  THEORY 

The  linearized  problem  is 

□ *-( l-M>ra+4>rr+y=0 

<j>-> 0 at  infinity  " ® 

$f—rR'{x)  at  r=rR{x)  j 


from  two  to  one  is  (temporarily  suppressing  the  dependence 
on  parameters) 

<t>(x,r)=pF(x>p) 

(3a) 

and 

where 

p=fir 

(3b) 

f Vl— M2  for  subsonic  flow 
VM2  — 1 for  sup  ersonic  flo  w 

(3c) 

Then  the  problem  becomes 

af=f„+^±fiz=o 

p 

F-> 0 at  infinity 

Fp=I3tR'(x)  at  p—PrR(x)  j 


where  here  and  later  the  upper  and  lower  signs  apply, 
respective^,  to  the  subsonic  and  supersonic  problems. 

The  transformations  of  <f>  and  r have  been  so  chosen  that 
the  problem  is  reduced  to  one  involving  the  two  parameters 
M and  r not  separately,  but  only  in  the  combination  /Jr. 
This  is  the  similarity  parameter.  Two  subsonic  or  super- 
sonic flows  past  bodies  of  the  same  family  are  related  if 
the  corresponding  Mach  numbers  are  such  that  the  param- 
eter fir  is  the  same  for  both.  The  nature  of  the  relationship 
is  found  by  reintroducing  the  dependence  on  parameters 
into  equation  (3a),  which  gives  the  similarity  rules 

<t>{x,r-,M,  t)  F(x,  fir;  fir)  (5) 

SECOND-ORDER  RULES 

The  second-order  problem  is  found  to  be  (ref.  3) 


The  first  relation  is  the  linearized  Prandtl-Glauert  equation. 
The  second  is  a statement,  sufficiently  definite  for  present 
purposes,  of  the  requirement  that  the  flow  approach  a uni- 
form stream  far  from  the  body  in  almost  all  directions.  The 
third  is  the  linearized  condition  of  tangent  flow  at  the  body 
surface.3  The  linearized  problem  is  seen  not  to  involve  y, 
so  that  the  solution  depends  upon  only  the  two  parameters 
M and  r. 

The  similarity  rules  can  be  obtained  by  considering  arbi- 
trary scale  transformations  of  <j>  and  r.  It  is  readily  found 
that  the  only  choice  that  reduces  the  number  of  parameters 


□ <p— M2{  [(Y+l)M2+2(l--M2)]^x:c+20r(/)3.r+0r2<^rr}  ^ 
<p— > 0 ' at  infinity  > 

ipr—r^)xRf{x)  at  t=tR(x)  j 


(6) 


Note  that  the  first  equation  contains  not  only  quadratic 
terms  on  the  right-hand  side,  but  also  the  triple  product 
( pr2<Prr  whose  contribution  is  of  second  order  in  some  cases. 

The  parameter  y appears  only  linearly  in  the  combination 
(y+l)  and  can  accordingly  be  separated  out.  Thus  the 
appropriate  transformation  is  found  to  be 


2 Hayes  has  pointed  out  (ref.  7)  that  to  second  order  an  imperfect  gas  corresponds  to  a 
polytropic  gas  having  a y equal  to  the  free-stream  value  of 

where  c is  the  speed  of  sound  and  p the  density,  the  partial  derivative  being  taken  at  constant 
entropy  s. 

3 In  what  is  generally  called  the  slender-body  approximation,  the  body  is  assumed  to  be 
so  smooth  and  slender  that  the  tangency  condition  can  be  imposed  on  the  axis  rather  than 
on  the  actual  surface,  for  bodies  of  revolution  in  the  form  lim  r<f>^=T2B{x)Rl  (x)^  Thus 

r~*o 

slender-body  theory  is  a further  approximation  wuthin  linearized  theory  (being,  in  fact,  the 
leading  term  in  the  asymptotic  expansion  of  the  linearized  solution  for  small  thickness  r) . 
Consequently,  the  slender-body  solution  obeys  the  similarity  rules  of  linearized  theory,  and 
he  second-order  slender-body  solution  likewise  obeys  the  second-order  similarity  rules. 


v(x,r)=j<  [fi(x,P)+M*f2(x,p)  + (y+ 1)  ^ /3(x,P)]  (7) 

Then  equating  like  powers  of  M2  yields  the  following  set  of 
three  problems  for  /i,/2,/3  in  which  the  parameters  M,y,r 
appear  again  only  in  the  form  of  the  single  similarity  param- 


eter  /3r: 

A/i=0 

N 

a 

/ 1-*0 

at  infinity 

(8a) 

, 

flf=firFxR'(x) 

at  p=PrR(x)  j 
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A/2=  ^FxFxxJr2FpFxpJrFp2FpP> 

f2-> 0 at  infinity  V 

/2p=  0 at  p=PtR(x)  j 
AU=FXFXX  ' 

fz— >0  at  infinity  f 

/3p==0  at  p=firR{x)  j 


(8b) 


(8c) 


Then  reintroducing  the  explicit  dependence  on  parameters 
into  the  functions  /i,/2,/3  of  equation  (7)  gives  the  similarity 
rules  for  the  second-order  increment  in  perturbation  po- 
tential : 


<p(xrM,y,r)=ji[fi(x,^r^r)+M%()  + (y+l)^  j3(  )]  (9) 

where  the  arguments  of  j%  and  /3  are  the  same  as  those  of 
jx.  Hereafter  the  arguments  of  later  terms  will  be  omitted 
in  this  fashion  when  the}7  are  the  same  as  for  the  leading 
term.  It  should  be  emphasized  that,  just  as  in  linearized 
theory,  the  subsonic  and  supersonic  rules  are  quite  distinct, 
although  they  have  the  same  form  (9).  Because  of  the 
different  definitions  of  0,  and  the  resulting  ± signs  in  equa- 
tions (4)  and  (8b),  a supersonic  flow  is  not  related  to  a sub- 
sonic flow.  Discussion  of  these  results  is  deferred  to  the 
general  case. 

RULES  FOR  GENERAL  BODIES 

Consider  a family  of  general  three-dimensional  bodies, 
whose  members  are  derived  from  one  another  by  a uniform 
magnification  or  reduction  of  all  dimensions  normal  to  the 
free  stream  (fig.  2).  Each  member  of  such  a family  can  be 
characterized,  as  before,  by  some  characteristic  slope  r.  It 
may  be  emphasized  that  r can  be  identified  with  thickness, 
camber,  or  angle  of  attack,  all  of  which  vary  together  for 
related  bodies. 


The  preceding  analysis  can  be  extended  in  a straight- 
forward way  to  such  general  bodies,  at  the  expense  only  of 
typographic  complexity.  Both  cross-stream  dimensions 
behave  in  the  way  that  r did  before.  Hence  the  subsonic 
and  supersonic  second-order  rules  for  the  velocity  potential, 
corresponding  to  equations  (5)  and  (9),  are,  in  Cartesian 
coordinates : 

£ } - $(x,y,z;M,v,T)=x+jp  F(x,0y,0z;  \ 3r)  + 

[/.(*, 0y,/te;  0r)  +M%(  ) + (y+i)  ~ H )]  (10a) 

Differentiation  yields  the  corresponding  rules  for  velocity 
components  (those  for  w having  the  same  form  as  for  v) : 

jj-=  i+-jpU(x,  Py,  Pz;P?)  + 

^u1(x,Py,^z;fiT)+M2u2()  + (y+l)~-u3(  )J  (10b) 

jj-= jj  V(x>Py,0z;@T)  + 

^ (x,  Py,  Pz;Pt)  +M% ( ) + (7+ 1)  v3  ( ) J (10c) 

(The  functions  appearing  here  are  actually  related  to  deriva- 
tives of  the  functions  in  equation  (10a),  but  the  connection 
is  of  little  interest.)  To  second  order  the  pressure  coefficient 
is  given  by 


Ov— — 2<px—  (<t>y2Jr  4>z2)  ~ 2<Pz— 2 (<£i,^v+  <t>z<pz)  + {M2—  1)  <kc2+ 

M^(0/  + ^)+lil^(^2  + ^2)2 

where  the  terms  in  the  second  line  may  be  significant  for 
slender  shapes.  Substituting  the  expressions  (10)  for  veloc- 
ity components  and  simplifying  shows  that  the  similitude  for 
pressure  coefficient  has  the  same  form  as  that  for  the  stream- 
wise  velocity  increment  A u/Um: 

Cv  (x,  y,  z;M,y,T)  =ty(z,  Py,  pz ;/3r)ty  jjpj  (x,  py,  pz;  fir)  + 

Af*ft()  + ( 7+1)  ^3*o]  (10d) 

The  similarity  rules  for  the  perturbation  stream  function 
in  plane  flow  are  the  same  as  those  for  v/Um  (eq.  (10c)). 

ALTERNATIVE  FORMS 

As  with  other  similarity  rules,  an  unlimited  number  of 
alternative  forms  can  be  produced  by  multiplying  by  powers 
of  the  similarity  parameter.  Thus,  of  the  many  possible 
alternatives  to  the  second-order  rules  (lOd)  for  pressure 
coefficient,  two  of  the  most  useful  are: 

T __  r2[“  M4 

/^;/3r)+^|Jpi(  )+M2p2(  ) + (y+i)  )J 

(10e) 

Cp=T*P(x, py, Pz;Pt)+t*  [j>,  ( ) +M%( ) + (7+ 1) )] 

(lOf) 
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In  addition,  the  first  two  second-order  terms  can  be  manip- 
ulated, using  the  connection  between  M2  and  /32,  to  yield 
additional  alternative  forms  such  as  the  following,  which 
correspond  to  the  three  forms  above: 

0T=^P{x,Py,pz-, fir)  [M  ) A ( ) + (T+ 1)  ^ 2>s( )] 

(10g) 

)+-^2_^2,(  ) + (t+i)  -prPK  )J 

(10h) 

Cp=t*P(xM0z;M +r<  [j8*p,( ) + jV  ( ) + (y+i)^h( )] 

(10i) 

FORCE  COEFFICIENTS 

The  rules  for  pressure  imply  rules  for  the  lift  and  drag 
coefficients.  For  example,  equation  (lOe)  leads  to 

CL(M,y, r)=-  Wr)+T~  [z,(|8r)+M^(/3r)  + (Y+l) 

(10j) 

Co(M,y, r)=j  DQ} r)+j2  [fWd+M^O Sr)+(7+l)  ^V(/5t)] 

(10k) 

if  the  coefficients  are  referred  to  some  plan-form  area.  If 
some  cross-sectional  area  is  used,  each  term  is  reduced  by  one 
power  of  t\  Various  alternative  forms  are  again  useful.  In 
the  case  of  lift  coefficient,  one  will  ordinarily  choose  to 
identify  r with  the  angle  of  attack. 


RULES  FOR  QUASI-CYLINDRICAL  BODIES 


A special  class  of  objects  must  be  distinguished,  which  will 
be  termed  quasi-cylindrical  bodies.  These  are  shapes  that 
lie  everywhere  so  close  to  some  cjdinder  (not  necessarily 
circular)  parallel  to  the  free  stream  that  to  a first  approxi- 
mation the  condition  of  tangent  flow  can  be  imposed  at  the 
cylinder  rather  than  on  the  actual  body  surface.  Likewise, 
in  second-order  theory  the  tangency  condition  can  be  trans- 
ferred to  the  cylinder  by  Taylor  series  expansion.  The  sim- 
plest example  is  an  airfoil  whose  thickness,  camber,  and  angle 
of  attack  are  so  small  that  the  tangency  condition  can  be 
transferred  from  the  airfoil  surface  to  a mean  plane  parallel 
to  the  stream  (fig.  3).  Another  example  is  an  open-nosed 


//////// 


///////  / 

Figure  3. — Examples  of  quasi-cylindrical  bodies. 


body  of  revolution  whose  radius  varies  only  slightty.  Others 
are  biplanes,  cruciform  wings,  any  of  these  in  an  open  or 
closed  wind  tunnel,  in  combination  with  one  another,  etc. 

A quasi-cylindrical  bod}7  can  be  regarded  as  consisting  of 
a skeleton  upon  which  is  superimposed  a small  slope  distri- 
bution. The  skeleton  is  simpty  the  projection  of  the  body 
onto  the  basic  cylinder.  For  example,  the  skeleton  of  the 
quasi-cylindrical  body  of  revolution  is  the  circular  tube 
shown  dashed  in  figure  3.  • 

The  special  place  of  quasi-cylindrical  bodies  in  similarity 
theory  arises  from  the  fact  that  the  skeleton  and  the  slope 
distribution  can  be  varied  independently.  This  extra 
freedom  is  important.  For  example,  it  leads  to  a useful 
transonic  similarity  rule  for  quasi-cylindrical  bodies  whereas 
none  exists  for  general  shapes.  It  is  convenient  always  to 
leave  streamwise  dimensions  unaltered.  Hence,  we  consider 
families  of  quasi-cylindrical  bodies  that  are  derived  from 
one  another  by  a lateral  compression  or  expansion  of  the 
skeleton,  and  a quite  independent  magnification  or  reduction 
of  all  surface  slopes.  Two  members  of  such  a family  are 
shown  in  figure  4. 


Figure  4. — Example  of  two  related  quasi-cylindrical  bodies. 


Distortions  of  the  skeleton  will  be  measured  by  some 
characteristic  “aspect  ratio”  A.  It  is  important  to  note 
that  the  term  “aspect  ratio”  is  used  here  in  a very  general 
sense  to  mean  any  typical  ratio  of  gross  cross  stream  to 
streamwise  dimensions.  For  example,  in  the  last  shape 
in  figure  3,  the  ratio  of  wind-tunnel  height  to  airfoil  chord  is 
an  appropriate  characteristic  aspect  ratio.  Changes  of 
slope  are  measured,  as  before,  by  some  characteristic  slope  r. 

The  preceding  similarity  rules  can  be  simplified  for  quasi- 
cylindrical  bodies  by  using  the  facts  that  first-order  per- 
turbation quantities  are  directly  proportional 4 to  r,  and 
second-order  terms  to  r2.  The  simplification  can  be  carried 
out  by  first  imagining  the  quasi-cylindrical  body  to  be 
restricted  to  be  a general  body,  which  means  that  both 
PA  and  fir  must  be  the  same  for  similarity.  Then  consider 
the  preceding  rules  in  the  particular  alternative  forms  in 
which  r appears  explicitly  outside  the  first-order  term  and 

4 This  is  by  no  means  true  for  general  bodies;  as  noted  previously,  the  first-order  pressure 
coefficient  on  a smooth  slender  pointed  body  of  revolution  varies  as  r*1n  r for  small  r. 


THE  SIMILARITY  RULES  FOR  SECOND-ORDER  SUBSONIC  AND  SUPERSONIC  FLOW 


929 


t2  outside  the  second-order  terms.  For  the  pressure  co- 
efficient, this  form  is  that  of  equation  (lOe): 

2 I-  71^" 4 ”1 

Cp—^P(,x,fty,ftz;  ftT,ftA)+-^^px(  )+M2p2(  ) + (7+l)  -jp-foi  )J 

So  far  the  functions  P,Pi,p2,Jh  have  been  supposed  to  depend 
parametrically  upon  both  ftA  and  fir.  However,  the  first- 
and  second-order  terms  can  be  proportional  to  r and  r2, 
respectively,  only  if  the  supposed  dependence  upon  ft r is 
nonexistent.  Hence,  the  similarity  parameter  is  ftA  alone, 
and  the  rules  for  pressure  are  (dropping  bars  from  the 
functional  symbols) : 

CP(x, y, z ; M,y,  r,  A)  P{x,  ft y,  ftz)  ftA)  |j>, {x,  fty,  ftz ; ftA)  + 

M4  "1 

M%()  + (y+i)~pA  )J  (ll a) 

The  corresponding  rules  for  the  potential  and  velocity 
components  can,  if  desired,  be  written  down  by  inspection 
from  equations  (10). 

With  'p2='p2±Vi  (where,  as  before,  the  upper  sign  applies 
to  subsonic  and  the  lower  to  supersonic  flow),  these  rules  can 
be  rewritten  as 

<7J)=^P(  )+t2|^2>i(  )+^-i>2( ) + (?+!)  )J  C11*5) 

and  this  is  the  result  that  Fenain  and  Germain  found  in  their 
treatment  of  the  flat  diamond  cone  in  supersonic  flow  (ref.  5) . 


CONNECTION  WITH  HAYES’  RULE 

For  plane  flow  past  a single  body,  Hayes  has  discovered  a 
remarkable  rule  for  the  second-order  surface  pressure  (ref.  7) . 
It  implies  that,  on  the  surface,  the  functions  in  equation 
(11a)  are  such  that  p2=0  and  pi=4p3.  Hence, 


r r , (T+1)M4+4(1-M2) 

Lp.—pP(x)+T  4(1— M2)2 


(12) 


In  supersonic  flow  this  is  simply  Busemann’s  well-known 
second-order  solution,  P being  twice  the  local  slope  of  the 
surface  and  pi  twice  its  square;  in  subsonic  flow  P and  px  are 
more  complicated  (ref.  8) . This  rule  implies  a corresponding, 
but  more  complicated,  rule  for  surface  velocity  (ref.  8) . 

In  addition  to  the  restriction  to  single  bodies  and  plane 
flow,  these  rules  are  not  similarity  rules  in  the  sense  of  the 
preceding  results,  because  they  apply  only  at  the  surface 
rather  than  throughout  the  field. 


EXAMPLES 


The  rules  will  be  illustrated  by  two  simple  examples,  at- 
tention being  confined  to  the  surface  pressure  coefficient. 

SLENDER  CIRCULAR  CONE  IN  SUPERSONIC  FLOW 

Broderick  has  derived  the  second-order  slender-body 
solution  for  a circular  cone  at  zero  angle  in  a supersonic 


stream  (ref.  2).  The  surface  pressure  coefficient  on  a cone 
of  slope  r is 

(5M2— l)  ^|:+^M2+|-Ky+i)^]  (13) 

This  has  the  form  of  equation  (lOi)  with 

p=2lnrrl  h'=-4in£+ f 

- 079  2 2.13  - , 

Pi=3M-^-5ln^+j  p3=  1 

WAVY  WALL  IN  CLOSED  SUBSONIC  WIND  TUNNEL 

Consider  the  sinusoidal  wall  y=r  sin  a;  at  a distance  h from 
a flat  wall  (or  a distance  2 h from  its  mirror  image)  as  indi- 
cated in  figure  5.  Subsonic  flow  between  the  walls  at  a mean 


s 


\ 


y 

i h ////// L L L L L L L 


Mach  number  M can  be  readily  calculated  to  second  order 
by  separation  of  variables.  The  resulting  pressure  coeffi- 
cient on  the  surface  of  the  wavy  wall  is 


c*=- 


2r  l+e~^  . . , (7+l)M4+4(l-M2k, 

'ft  l-e-^sm:B+r  4(1— M2)2  A 


cos2z— 2r2 


0-W 


(1— «-*»)* 

Ofr.  uM1t>  

ft 4 T (i+e-^)  (\-e-wy 


(l-e-^)2 
cos  2x 


(14) 


The  relevant  aspect  ratio  is  the  height  h (which  is  really  a 
multiple  of  the  height-chord  ratio,  because  of  the  choice  of 
scale  for  the  wavy  wall) . Thus  the  result  is  seen  to  have  the 
similitude  of  equation  (11a).  As  the  tunnel  height  increases 
indefinitely,  the  last  two  terms  disappear,  and  the  remainder 
follows  the  similitude  of  equation  (12)  for  the  surface  of  a 
single  plane  body. 
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REDUCTION  OF  SUBSONIC  PROBLEM  TO  NEARLY  INCOM- 
PRESSIBLE FLOW 

In  linearized  theory,  an  important  application  of  the 
similitude  is  Gothert's  rule,  which  reduces  any  subsonic  flow 
problem  to  a related  incompressible  flow  (ref.  1).  As  the 
rule  is  usually  stated,  the  incompressible  flow  is  that  past  a 
thinner  affinely  related  body.  However,  the  incompressible 
solution  for  one  member  of  an  affinety  related  family  of  bodies 
determines  that  for  all  other  members,  so  that  the  subsonic 
flow  nuiy,  if  desired,  be  related  to  the  same  body  rather  than 
a thinner  one,  and  that  viewpoint  will  be  adopted  here  as 
being  the  simplest. 

In  second-order  theory,  the  explicit  appearance  of  terms  in 
M 2 and  (T+l )MA  in  equations  (10)  means  that  reduction  to 
an  incompressible  problem  is  .impossible  (except  for  the 
special  case  of  the  surface  of  a single  plane  body,  where  eq. 
(12)  applies).  The  second-order  problem  can,  however,  be 
reduced  to  a nearly  incompressible  flow. 

Flows  at  low  Mach  numbers  can  be  calculated  by  the 
Janzen-Rayleigh  method,  which  involves  iterating  on  the 
incompressible  solution  to  obtain  a power  series  in  M 2. 
Thus  the  velocity  potential  is  approximated  by 

~ <f> (x,y,  z; M, 7,  r)  = $0 0, y}  z;  t)  -fM2^ y,z;r)  + 

(T+l )M4*2(  )+M4<£3(  )+  . . . (15a) 


the  first-order  term  F and  the  second-order  increment 
combining  them  as  Fi=F+fi  gives 

* — U x ^ A/f2  A/f  4 

-TTJ-=FiMy,pz-,(iT)  /,( ) + (T+l)  + /3()  (10m) 

The  Janzen-Rayleigh  solution  is  now  to  be  manipulated 
into  this  same  form.  The  first  three  terms  as  given  in  equa- 
tion (15a)  are  equivalent  to 


1 M2 

jj-  $(z,y>z;M,y,T)^$0(x,y,z;T)+-p  $j(  ) + 


(v+l)f  *2()+o(f)  (15b) 


which  may  be  rewritten  as 
<S>-Umx  , „ , M2 


with 


lj~^=‘Po(x,y,z-,T)+~  Vl(  ) + (Y+l)  ~ <p2(  )+0  (— ) 

(15c) 


X") 

<P0 2~ 


$ 1 

= — 2 


$2 

<P2=~t 


(15d) 


The  two  terms  in  M 4 are  ordinarily  considered  together, 
but  for  present  purposes  it  is  essential  to  separate  them 
because  only  $2  is  required.  This  is  fortunate  because  $2 
can  be  calculated  almost  as  easily  as  <^>1?  whereas  the  deter- 
mination of  $3  is  much  more  difficult. 

The  small-disturbance  and  Janzen-Rayleigh  series  repre- 
sent two  different  asymptotic  expansions  of  the  actual  solu- 
tion. They  are  believed  to  complement  each  other,  so  that 
an  expansion  of  the  Janzen-Rayleigh  solution  for  small 
thickness  must  be  identical  with  the  expansion  of  the  small- 
disturbance  solution  in  powers  of  M2,  as  has  been  verified 
in  all  worked  examples.  This  fact  permits  the  small-dis- 
turbance solution  to  be  recovered  from  the  Janzen-Rayleigh 
series.  The  converse  is  not  true,  however,  except  for  bodies 
without  stagnation  points,  because  the  small-disburbance 
expansion  is  not  uniformly  valid  near  a stagnation  point. 

PROCEDURE  FOR  RECOVERING  SECOND-ORDER  SOLUTION 

Another  alternative  form  for  the  second-order  velocity  po- 
tential of  equation  (10a),  which  is  useful  here,  is 

rr  $ y,z ; M,' 7,  r ) = x+  r2F (x} Py, pz ; Pt ) + 

C'  oo 


Finally,  with  the  aid  of 

I a n , 1 M2 , „/M4Yl 

y=^yi+^=^L +2  ^+0(^r)J  (16) 

and  corresponding  expansions  for  z and  r,  this  may  be 
re-expressed  as 

^2<PoBz(  )+^-%T(  )J+(t+1)  ~^rV2(, ) (15e) 

which  is  the  desired  form.  Here,  for  example,  <p0^(x,Py,pz;pT) 

means  $/dy)<po(x,y,z;  r)  evaluated  at  x=x}  y~Py,  z=Pz , 
and  r—pT. 

The  second-order  solution  is  thus  recovered  from  the 
Janzen-Rayleigh  approximation  simply  by  calculating  in 
turn  the  expressions  in  equations  (15d)  and  (15e).  The 
procedure  can  actually  be  expressed  by  a single  equation 
as  follows.  From  the  J a nz on -R ayl eigh  approximation  in  the 
form  of  equation  (15a),  the  second-order  small-disturbance 
solution  is  recovered  according  to 


[/«( )+^r/*(  ) + (t+i)  ^/,( )] 

(101) 

(Here  F and  fh  /2,  /3  are  not  the  same  functions  as  in  equa- 
tion (10a)  but  related  ones;  in  the  notation  of  equations 
(lOh)  and  (lOi)  they  are  actually  F and  J2,  J3.) 

For  presen  t purposes  it  is  unnecessary  to  distinguish  between 


_$ 

Uc 


r | _2  f $o(x,d,z]t)—x  ?//$0— x\ 

rx+T  \ + 

2/4>o— x\  t ( $0  x\  ”|  , , , ^M4  $2"\ 

2(~)+2(— )J+<->'+1>  TT* } 


2->0z 

t— >0r 


(17) 


where  means  $n(x,y,z;r)  throughout,  and  subscripts 
indicate  differentiation. 
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APPLICATION  TO  PARABOLA 

As  an  example,  consider  plane  subsonic  flow  at  zero  angle 
of  attack  past  the  parabola  described  by  y=r^fx  (fig.  6). 
y 


Figure  6. — Parabola  at  zero  angle  of  attack. 

The  Janzen-Rayleigh  solution  including  terms  in  (7  + 1 )M* 
has  been  calculated  by  Imai  (ref.  9).  Although  the  velocity 
potential  is  complicated,  it  simplifies  when  only  second- 
order  terms  in  r are  retained  to 


—=x+tv+-M*tv2  V~T  --  MV  In  ^+^- 
TJ  x-^TV-t2nirV  g m 


7+1  MV  4 7,4 


32  *"  ' L"  (£2-H2)2~r'"<'  r2 


-In  - 


+ 


(18a) 


Here  £,77  are  parabolic  coordinates  related  to  the  Cartesian 
coordinates  by 

7’2)+m/J=(?+^)2 


so  that  to  second  order 


2?=^x*+y*+x' 


(18b) 


2 7)2=^lx2-\-y2—x  J 

In  this  case  the  expressions  given  by  equation  (15d)  are 
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This  example  illustrates  the  fact  that  for  planar  systems 
these  terms  are  not  of  order  unity  in  r.  Then  according  to 
equation  (15e)  the  second-order  small-disturbance  solution  is 


where 


$ _ , r - 1 M2  _2  f A 7 f , j |2+772\ 
U~X+^  8 P T (4  ?+?+ln  ) 

r4— y -+fag±gi 
L (I2+?)2+  J 


7+1  Ml  2 

32  /34 


=Vx2+/322/2+a: 


2^=yl^+PY-x, 


(19a) 


(19b) 


This  result  is  of  interest  because  it  apparently  cannot  be 
found  directly.  Plane  small-disturbance  flows  can  be  calcu- 
lated easily  if  one  adopts  the  thin-airfoil  approximation  of 
transferring  the  boundary  conditions  to  the  line  y— 0 by 
Taylor  series  expansion,  but  that  approximation  fails  near 
round  noses  in  the  second  approximation  and,  as  a con- 
sequence, divergent  integrals  arise  (ref.  8).  Instead,  one 
can  try  to  treat  the  round  nose  more  carefully  using  con- 
formal mapping  (cf.  ref.  11,  pp.  361-367),  but  the  result  is 
found  to  be  indeterminate  to  the  extent  of  a multiple  of 
ln(£2+!j2)-  This  is  the  potential  of  a point  source  at  the 
origin,  which  is  an  eigensolution,  the  proper  multiple  of 
which  (appearing  in  eq.  (19a))  is  not  determined  by  the 
suggested  method . 

The  second-order  increment  in  equation  (49a)  is  seen 
to  include  terms  in  r2  In  r,  whose  function  is  to  render  the 
argument  of  the  logarithm  dimensionless.  However,  these 
terms  are  simply  constants,  so  that  no  logarithms  of  thick- 
ness appear  in  the  actual  flow  quantities  such  as  velocity 
and  pressure.  As  remarked  in  the  introduction,  logarithmic 
terms  in  thickness  arise  in  the  actual  flow  disturbances  only 
in  the  fourth  approximation. 

The  second-order  small-disturbance  solution  for  the  stream 
function  can  in  the  same  way  be  extracted  from  Imai’s 
Janzen-Rayleigh  solution,  and  the  result  is  found  to  agree 
with  that  calculated  directly  by  Kaplan  (ref.  10)  using  con- 
formal mapping.  It  contains  no  terms  in  In  t.  (The  direct 
approach  succeeds  for  the  stream  function,  although  it  fails 
for  the  velocity  potential,  because  the  tangency  condition 
is  imposed  on  the  mass  flux,  which  is  affected  by  the  above 
eigensolution.)  Then  using  the  connections  between  the 
stream  function  and  velocity  potential,  one  can  verify  the 
correctness  of  equations  (19). 

CONCLUDING  REMARKS 

UTILITY  OF  THE  RULES 

The  second-order  rules  are  scarcely  suited  for  correlating 
experimental  data,  since  tests  on  four  related  bodies  would 
be  needed  in  order  to  isolate  the  four  functions  involved. 
That  they  are,  however,  useful  in  theoretical  anah’ses  has 
already  been  pointed  out  by  Fenain  and  Germain  in  the 
special  case  of  supersonic  flow  past  flat  wings  (ref.  5).  Pre- 
vious investigators  had  calculated  (erroneously,  as  it  turns 
out)  the  second-order  solution  for  the  flat  diamond  cone 
shown  in  figure  7,  and  carried  out  numerical  computations 

^ M 


Figure  7. — Flat  diamond  cone. 
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for  three  different  Mach  numbers  and  four  values  of  the 
parameter  P tan  X (reported  in  ref.  11).  Because  the  latter 
is  the  similarity  parameter  PA  of  equations  (11),  failure  to 
take  advantage  of  the  similitude  resulted  in  three  fold  un- 
necessary duplication  of  computing  labor. 

The  reduction  to  nearly  incompressible  flow  assumes  im- 
portance for  bodies  with  stagnation  points.  The  small- 
disturbance  assumption  is  violated,  and,  as  was  noted  in 
the  example  of  the  parabola,  the  second-order  solution 
consequently  cannot  be  found  directly.  For  bodies  of 
revolution  the  difficulties  appear  to  be  even  more  severe. 
In  such  cases  it  is  convenient  to  calculate  the  Janzen-Ray- 
leigh  solution,  and  from  it  extract  the  true  second-order 
solution  by  the  procedure  outlined  above.  This  process 
has  been  carried  out  for  the  paraboloid  of  revolution  in 
reference  12. 

NONUNIFORMITY  IN  SUPERSONIC  FLOW 

It  should  be  noted  that  in  supersonic  flow  the  similarity 
rules  may  fail  in  localized  regions.  Shock  waves  or  expan- 
sion fans  spring  from  corners  and  edges,  and  in  their  vicinity 
the  formal  interation  procedure  is  not  uniformly  valid.  The 
similarity  rules  for  surface  pressure  fail  locally  when  such 
waves  intersect  other  parts  of  the  body,  as  in  the  case  of  a 
triangular  wing  with  leading  edges  ahead  of  the  Mach  cone. 
The  rules  for  integrated  lift  and  drag  are  correct  to  first 
order,  but  may  be  in  error  in  second-order  terms.  These 
difficulties  can  in  principle  be  eliminated  by  straining  the 
coordinates  according  to  Ligh thill’s  technique  (ref.  13). 

FURTHER  EXTENSIONS 

The  similarity  rules  can  readily  be  extended  to  third  and 
higher  order  in  the  same  fashion  (except  for  additional  com- 
plications in  supersonic  flow  because  of  the  ultimate  appear- 
ance of  significant  vorticity  engendered  by  curved  shock 
waves).  The  similarity  parameter  remains  unchanged;  the 
complexity  arising  in  a proliferation  of  functions  multiplied 
by  powers  of  (y+l)mM2nP~2p.  Likewise,  the  small-disturb- 
ance solution  to  any  order  can  be  recovered  from  the  nearly 


incompressible  solution  provided  b}7  an  appropriate  number 
of  terms  of  the  Janzen-Rayleigh  solution. 

Ames  Aeronautical  Laboratory 

National  Advisory  Committee  for  Aeronautics 
Moffett  Field,  Calif.,  Oct.  18 , 1956 
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A WIND-TUNNEL  INVESTIGATION  OF  THE  AERODYNAMIC  CHARACTERISTICS  OF  A 
FULL-SCALE  SUPERSONIC-TYPE  THREE-BLADE  PROPELLER  AT 

MACH  NUMBERS  TO  0.96 1 

By  Albert  J.  Evans  and  George  Liner 


SUMMARY 

An  investigation  of  the  characteristics  of  a full-scale  super- 
sonic-type propeller  has  been  made  in  the  Langley  16-foot 
transonic  tunnel  with  the  6000-horsepower  propeller  dynamom- 
eter. The  tests  covered  a range  of  blade  angles  from  20.2°  to 
60.2°  at  forward  Mach  numbers  up  to  0.96. 

The  results  showed  that  envelope  efficiency  at  an  advance 
ratio  of  2.8  decreased  from  86  percent  to  72  percent  when  the 
forward  Mach  number  was  increased  from  0.70  to  0.96.  A 
comparison  of  the  experimental  results  with  calculated  results 
showed  that  maximum  propeller  efficiency  can  be  calculated 
with  good  accuracy  by  using  ordinary  subsonic  strip  theory 
when  the  blade-section  speeds  are  supersonic.  The  investiga- 
tion also  showed  favorable  power-absorption  properties  of  the 
supersonic-type  propeller  at  high  speeds. 

INTRODUCTION 

The  lack  of  airfoil  data  and  adequate  theory  at  transonic 
flight  speeds  makes  the  design  and  performance  prediction 
of  aircraft  propellers  uncertain  for  high-subsonic-speed  air- 
craft. It  is  therefore  necessary  that  the  aerodynamic  char- 
acteristics of  propellers  designed  to  operate  at  transonic 
speeds  be  determined  experimentally.  The  experimental 
results  not  only  are  necessary  to  determine  the  characteristics 
of  specific  propellers  but  also  to  justify  the  assumptions  that 
are  necessary  with  respect  to  airfoil  data  and  propeller 
theory  in  the  transonic  speed  range. 

Two  facilities  of  the  Langley  Aeronautical  Laboratory  of 
the  National  Advisory  Committee  for  Aeronautics,  namely, 
the  6000-horsepower  propeller  dynamometer  and  the  Langley 
16-foot  transonic  tunnel,  have  made  it  possible  to  conduct 
full-scale  propeller  tests  at  transonic  speeds.  The  tests 
of  this  investigation  are  the  first  full-scale  propeller  tests 
to  be  made  in  the  transonic  speed  range  and  in  a slotted 
wind-tunnel  test  section.  The  investigation  included  meas- 
urements of  thrust  and  torque  of  the  propeller,  wake-pressure 
surveys  to  determine  the  blade  thrust  loadings,  dynamic 
blade  twist  measurements,  1 -P  vibratory-stress  measure- 
ments, and  a determination  of  the  effects  of  propeller 
thrust  on  the  tunnel-airspeed  calibration.  The  aerodynamic 
data  are  presented  in  the  form  of  plots  of  efficiency  and 


thrust  and  power  coefficients  against  propeller  advance 
ratio  for  a range  of  forward  Mach  numbers  from  0.20  to  0.96. 
An  airstream  calibration  of  the  Langley  16-foot  transonic 
tunnel  with  the  6000-horsepower  propeller  dynamometer 
installed  in  the  test  section  is  also  included  herein. 
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SYMBOLS 


propeller-disk  area,  sq  ft 
blade  width  (chord),  ft 

power  coefficient, 

T 

thrust  coefficient,  — 

J pn2Di 

section  lift  coefficient 
propeller  diameter,  ft 
blade-section  maximum  thickness,  ft 

advance  ratio, 

; nD 


forward  Mach  number 

forward  Mach  number  with  propeller  installed 
and  operating  ' fT) 

forward  Mach  number  with  no  propeller  on 
dynamometer 


helical  tip  Mach  number 


propeller  rotational  speed,  rps 
power,  ft-lb/sec 


power  disk-loading  coefficient, 


P 

qAV 


dynamic  pressure,  JpF2 
propeller  tip  radius,  ft 
radius  to  a blade  element,  ft 
thrust,  lb 

forward  velocity,  fps 

fraction  of  propeller  tip  radius,  r/R 

blade  angle 

blade  angle  at  0.75P,  deg 
efficiency 

maximum  efficiency 
air  density,  slugs/cu  ft 


tSupersedes  recently  declassified  NACA  Research  Memorandum  L53F01  by  Albert  J.  Evans  and  George  Liner,  1953. 
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APPARATUS 

LANGLEY  16-FOOT  TRANSONIC  TUNNEL 

The  investigation  was  made  in  the  Langley  16-foot  tran- 
sonic tunnel.  The  test  section  is  octagonal  in  cross  section 
with  longitudinal  slots  permitting  interference-free  testing 
with  the  propeller  dynamometer  installed  to  the  top  speed 
of  the  tunnel  as  limited  by  the  maximum  power.  Additional 
details  of  the  wind  tunnel  are  given  in  reference  1. 

THE  6000-HORSEPOWER  PROPELLER  DYNAMOMETER 

The  6000-horsepower  propeller  dynamometer  is  described 
in  reference  2.  The  two  3000-horsepower  units  of  the  dy- 
namometer were  coupled  in  tandem,  and  the  propeller  was 
mounted  on  the  forward  end  for  the  present  tests.  In 
order  to  obtain  a radially  uniform  axial  flow  field  in  the 
propeller  plane,  a long  (2  AD)  cylindrical  fairing  extended 
from  a point  upstream  of  the  minimum  area  section  of  the 
tunnel  to  the  propeller  spinner.  The  boundary-layer  thick- 
ness in  the  propeller  plane  caused  by  the  cylindrical  fairing 
was  computed  to  be  small  enough  in  magnitude  to  produce 
no  noticeable  effect  on  the  operating  propeller.  A sketch 


and  photograph  showing  the  arrangement  of  the  dynamom- 
eter and  the  cylindrical  fairing  in  the  tunnel  are  shown  in 
figures  1 and  2,  respective^. 

A variable-frequency  power  suppl}7  allows  continuous 
speed  control  of  the  dynamometer.  The  rotational  speed 
is  set  manually  with  the  aid  of  an  aircraft  tachometer  and 
measured  to  within  % rpm  on  a Stroboconn,  which  matches 
rotational  frequency  with  the  known  frequency  of  a tuning 
fork. 

Highly  refined  pressure  gages  convert  pneumatic  pressures 
from  the  thrust  and  torque  capsules  into  direct  readings  of 
thrust  and  torque.  Simultaneously,  spinner- juncture  pres- 
sures are  measured  on  a micromanometer  to  correct  thrust 
readings  for  effect  of  air-pressure  difference  on  the  ends  of 
the  rotating  spinner. 

The  spinner  diameter  was  32  inches,  the  same  as  the  for- 
ward cylindrical  fairing  and  the  d}7namometer  case.  The 
propeller  blade  airfoil  sections  extended  inboard  to  the 
spinner  surface. 

PROPELLER 

The  three-blade  propeller  used  for  this  investigation  had 
a diameter  of  9.75  feet.  The  blades  were  made  from  solid 


Tunnel  wal[-x 


Figure  1. — Sketch  of  propeller  dynamometer  and  Mach  number  distributions  in  the  Langley  16-foot  transonic  tunnel  with  dynamometer  but 
without  propeller.  Flagged  symbols  indicate  dynamometer  body  measurements  whereas  symbols  without  flags  represent  tunnel-wall  measure- 
ments. 
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Figure  2.— Propeller  mounted  on  the  6000-horsepower  dynamometer  in  the  Langley  16-foot  transonic  tunnel  test 

section  (tunnel  open,  view  looking  downstream). 
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6415  steel  and  had  symmetrical  16-series  airfoil  sections. 
The  blade-thickness  ratio  varied  from  0.06  at  the  spinner 
to  0.02  at  the  tip,  and  the  chord  was  constant  for  the  length 
of  the  exposed  blade.  Blade-form  characteristic  curves 


are  shown  in  figure  3.  The  propeller  was  designed  to  oper- 
ate at  a rotational  speed  of  2600  rpm  at  a forward  Mach 
number  of  0.95  at  35,000  feet  altitude,  corresponding  to  an 
advance  ratio  of  2.2. 


526597—60 


61 


936 


REPORT  1375 — NATIONAL  ADVISORY  COMMITTEE  FOR  AERONAUTICS 


Developed  plon  form 
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Figure  3. — Blade-form  characteristics. 


WAKE-SURVEY  HAKES 

The  wake-survey  rakes  were  constructed  so  that  the 
orifices  of  the  total-pressure  and  static-pressure  probes  were 
2 feet  ahead  of  the  leading  edge  of  the  rake  strut  which  was 
an  8-percent-  thick  circular-arc  airfoil  of  constant  2-foot  chord. 
The  general  arrangement  of  the  dynamometer  with  the 
wake-survey  rakes 1 mounted  with  the  orifices  located  17 
inches  behind  the  propeller  center  line  is  shown  in  figures 
2 and  4.  Because  of  the  difficulty  of  testing  the  propeller 
at  high  forward  Mach  numbers,  as  is  explained  subsequently, 
the  rakes  were  set  in  the  upper  position  for  all  tests  except 
for  rotational  speeds  of  1600  rpm. 

TESTS 

Most  of  the  tests  were  made  at  constant  values  of  forward 
Mach  number,  and  a range  of  advance  ratio  was  covered  by 
varying  the  propeller  rotational  speed.  One  group  of  tests 
was  made  with  the  propeller  operating  at  a rotational  speed 
of  1600  rpm  to  cover  a complete  range  of  blade  angles  at 
low  forward  Much  numbers.  Tor  these  tests,  the  advance 
ratio  was  varied  by  varying  the  tunnel  airspeed.  During 
the  group  of  tests  at  1600  rpm,  the  tunnel  airspeed  was 
lowered  until  flutter  was  audible  at  each  blade  angle  tested 
and,  although  no  data  were  recorded  at  flutter,  the  value 
of  forward  Mach  number  at  which  flutter  occurred  was 
determined. 

In  many  cases  the  range  of  the  tests  was  limited  by  the 
maximum  dynamometer  rotational  speed  and  the  available 
dynamometer  power.  These  limitations  did  not  permit  the 


Figure  4. — Sectional  view  (looking  downstream)  of  dynamometer 
and  survey  rakes  mounted  in  the  test  section.  Station  127, 


testing  of  the  propeller  at  its  design  condition  of  operation 
and  also  did  not  permit  testing  at  low  values  of  advance 
ratio  at  the  higher  Mach  numbers. 

CALIBRATIONS 

TUNNEL  AIRSPEED 

The  tunnel  airstream  was  calibrated  with  the  dynamom- 
eter installed  in  the  test  station  with  no  propeller.  The 
Mach  number  at  which  the  propeller  tests  were  run  was 
set  by  a Mach  number  indicator  that  was  referenced  to 
static  pressure  in  the  plenum  chamber  surrounding  the  test 
section.  The  relationship  between  the  Mach  number  at 
the  propeller  plane  (without  propeller)  and  the  Mach  number 
determined  from  the  plenum  static  pressure  was  established 
in  the  same  manner  as  in  reference  1.  Evidence  that  pro- 
peller operation  has  no  significant  effect  on  tunnel  wall 
pressures  is  discussed  in  a subsequent  section  of  this  report. 

A plot  of  the  longitudinal  Mach  number  distribution  as 
measured  by  static-pressure  orifices  near  the  center  line  of 
one  of  the  tunnel-wall  flats  and  along  the  dynamometer  body 
is  shown  in  figure  1.  At  low  speeds  (M=0.60),  the  longitudi- 
nal Mach  number  distribution  is  uniform  throughout  the 
tunnel  test' section.  At  the  higher  values  of  Mach  number, 
however,  an  acceleration  of  the  tunnel  airstream  is  indicated 
in  the  region  of  the  dynamometer  support  struts.  This 
acceleration,  which  is  due  to  the  partial  blockage  effect  of 
the  support  struts,  is  accompanied  by  a deceleration  of  the 
airstream  ahead  of  the  struts  in  the  region  of  the  propeller 
plane.  The  velocity  gradient  through  the  propeller  plane 
is  small,  however,  except  at  the  highest  value  of  Mach 
number  shown. 

A comparison  of  the  results  obtained  from  the  orifices  on 
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the  tunnel  wall  with  those  obtained  from  the  dynamometer 
body  orifices  showed  a negligible  radial  Mach  number  dif- 
ference across  the  propeller  plane  (see  fig.  1),  the  difference 
in  Mach  number  being  of  the  order  of  0.005  at  a stream 
Mach  number  of  0.95.  Results  from  static  probes  of  the 
wake-survey  rakes  in  the  lower  position  indicated  a marked 
difference  from  the  results  shown  in  figure  1.  The  survey 
rakes  indicated  a gradually  varying  radial  Mach  number 
distribution  which  amounted  to  a difference  in  Mach  number 
of  about  0.05  from  the  dynamometer  to  the  tunnel  wall  at 
the  highest  value  of  Mach  number.  However,  the  tests 
made  at  the  constant  rotational  speed  of  1600  rpm  were 
the  only  tests  made  with  the  wake-survey  rakes  in  the  lower 
position.  The  stream  Mach  number  for  the  tests  at  1600 
rpm  did  not  exceed  a value  of  about  0.70,  and  the  nonuniform 
radial  distribution  up  to  M=0.70  is  negligible. 

It  is  believed  that  with  the  survey  rakes  in  the  lower 
position  a partial  stream  blockage  was  caused  by  the  proxim- 
ity of  the  wake  rake  struts  to  the  dynamometer  support 
strut  which  caused  the  inboard  static  probes  to  record  a low 
velocity.  As  shown  in  figure  4,  the  dynamometer  body 
orifices  were  in  the  upper  part  of  the  test  section,  out  of  the 
area  of  influence  of  the  struts,  and  the  results  did  not  indicate 
the  low  velocities  indicated  by  the  rake  probes.  In  the  plane 
of  the  operating  propeller,  the  nonuniformity  of  the  axial 
velocity  distribution  with  the  rakes  in  the  lower  position 
was  further  indicated  by  severe  1 -P  vibratory  stresses  at 
a Mach  number  of  0.70  which  became  worse  as  the  Mach 
number  was  increased.  In  order  to  overcome  these  dif- 
ficulties, it  was  necessary  to  move  the  wake-survey  rakes 
to  the  upper  position  (fig.  4).  Unfortunately,  no  tunnel 
calibration  was  made  without  the  propeller  with  the  wake- 
survey  rakes  in  the  upper  position,  although  alleviation  of 
the  blockage  effect  was  indicated  by  the  absence  of  the  1-P 
vibration  on  the  operating  propeller  even  to  the  maximum 
speed  of  the  tunnel. 

With  the  wake-survey  rakes  in  the  upper  position,  the 
radial  Mach  number  distribution  was  therefore  presumed 
to  agree  with  the  results  indicated  by  figure  1.  From  the 
foregoing  considerations,  it  has  been  concluded  that  the 
propeller  data  presented  in  the  present  report  do  not  include 
any  detrimental  effects  that  may  be  considered  to  arise  from 
propeller  operation  in  a nonuniform  airstream  and  that  the 
values  of  stream  Mach  number  obtained  from  the  tunnel- 
wall  orifices  are  the  values  experienced  by  the  operating 
propeller. 

DYNAMOMETER  CALIBRATION 

Static  calibrations  of  the  thrust  and  torque  meters  were 
made  in  a manner  similar  to  that  for  the  2000-horsepower 
propeller  dynamometer  described  in  reference  3.  The  cali- 
brations were  straight  lines  when  the  indicated  loads  were 
plotted  against  the  applied  loads  and  the  slopes  of  the  lines 
were  determined  by  the  method  of  least  squares. 

The  probable  error  in  the  thrust  scale  readings  was  5.6 
pounds,  which  amounted  to  a maximum  error  of  about  0.6 
percent  in  the  important  operating  range  of  the  propeller. 


The  probable  error  in  the  total  torque  readings  was  4.9 
foot-pounds,  which  was  a maximum  error  of  about  0.3  per- 
cent in  the  range  of  propeller  operation  for  peak  efficiency. 

REDUCTION  OF  DATA 

THRUST 

Propeller  thrust  as  used  herein  is  defined  as  the  shaft 
tension  produced  by  the  aerodynamic  forces  acting  on  the 
propeller  blades  from  the  spinner  to  the  blade  tips. 

The  aerodynamic  forces  on  the  rotating  spinner  were  de- 
termined by  running  the  tunnel  and  the  dynamometer  over 
a range  of  airspeed  and  rotational  speed  with  no  propeller 
installed  and  recording  the  readings  of  the  thrust  scales. 
The  difference  in  pressure  between  the  upstream  face  and 
the  downstream  face  of  the  rotating  spinner  was  recorded 
simultaneously  with  the  thrust  readings.  The  variation 
of  thrust  with  the  spinner-juncture  pressure  difference  was 
one  straight  line  for  all  combinations  of  tunnel  airspeed 
and  dynamometer  rotational  speed.  With  this  relation 
determined,  the  spinner-juncture  pressure  difference  was 
measured  for  test  points  with  the  propeller  operating  and 
the  corresponding  value  of  thrust  was  subtracted  from  the 
indicated  scale  readings  as  a tare  thrust.  Propeller  thrust 
is,  therefore,  the  indicated  thrust  of  the  propeller  minus  the 
spinner  tare  thrust  created  by  the  difference  in  spinner- 
juncture  pressure  between  the  upstream  and  downstream 
faces  of  the  spinner,  the  spinner  skin-friction  drag  being  less 
than  the  accuracy  of  the  thrust  readings. 

TORQUE 

Torque  tare  readings  were  obtained  simultaneously  with 
the  thrust  tare  readings  during  the  tare  runs.  The  torque 
tare  forces  varied  with  tunnel  airspeed  and  to  a slight  extent 
with  dynamometer  rotational  speed.  The  variation  with 
rotational  speed  amounted  to  about  5 foot-pounds  for  the 
range  of  rotational  speeds  presented  herein.  The  variation 
of  torque  with  tunnel  airspeed,  however,  was  a straight- 
line  variation  which  amounted  to  about  55  foot-pounds  at 
a value  of  Mach  number  of  1.0.  Inherent  vibration  of  the 
dynamometer  with  the  wind  tunnel  was  believed  to  cause 
the  variation  of  torque  with  tunnel  airspeed. 

The  torque  tare  forces  for  all  rotational  speeds  were 
plotted  against  a function  of  tunnel  airspeed  and  a faired 
line  was  drawn  through  the  points.  This  procedure  neg- 
lected the  small  variation  of  torque  with  rotational  speed 
so  that  there  was  an  error  of  ±2.5  foot-pounds.  Propeller 
torque  was  the  indicated  torque  reading  minus  the  torque 
tare  readings. 

WIND-TUNNEL  WALL  CORRECTION 

A theory  was  presented  in  reference  4 for  the  solid  blockage 
interference  effect  in  circular  wind  tunnels  with  walls  slotted 
in  the  direction  of  flow.  The  theory  indicated  the  possibility 
of  obtaining  zero  blockage  interference  at  high  subsonic 
Mach  numbers,  and  tests  on  a model  tunnel  reported  in  the 
same  reference  confirmed  the  theoretical  results.  Pressure 
measurements  on  a body  of  revolution  in  the  Langley  16- 
foot  transonic  tunnel  are  compared  with  measurements 
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made  on  an  identical  body  by  the  free-fall  technique  in 
reference  5.  The  results  of  reference  5 showed  that  the 
tunnel-wall  interference  effects  were  negligible  up  to  and 
including  Mach  number  1.0. 

In  order  to  check  the  wall  effect  of  a slotted  test  section 
on  an  operating  propeller,  pressure  measurements  were 
made  along  a region  of  the  wind-tunnel  wall  extending  from 
1.3  feet  ahead  to  4.2  feet  behind  the  propeller  plane.  The 
results  of  the  pressure  measurements  are  presented  in  figure 
5 as  the  variation  with  tunnel  station  of  the  ratio  of  the 
Mach  number  with  the  propeller  operating  to  the  Mach 
number  obtained  from  calibration  tests  without  a propeller. 
The  shaded  area  between  the  two  curves  includes  repre- 
sentative data  obtained  throughout  the  entire  Mach  number 
and  propeller-tlirust-coefficient  ranges  covered  in  the  in- 
vestigation. The  scatter  of  points  in  the  enclosed  area  of 
figure  5 is  within  the  accuracy  of  the  tunnel-speed  measure- 
ments. The  Mach  number  with  the  propeller  operating 
was  within  about  ±1.0  percent  of  the  values  obtained 
without  the  propeller,  and  the  tunnel  longitudinal  Mach 
number  gradient  with  the  propeller  operating  was  essentially 
the  same  as  that  obtained  without  the  propeller  (fig.  1). 
The  variation  of  thrust  coefficients  from  a negative  value 
to  a relatively  high  positive  value  did  not  appreciably  affect 
the  Mach  number  ratio.  Since  it  is  evident  that  the  operat- 
ing propeller  had  no  significant  effect  on  the  tunnel  wall 
pressures,  it  has  been  concluded  that  no  wind-tunnel  wall 
correction  is  necessary  for  the  ranges  of  Mach  number  and 
thrust  coefficient  covered  in  the  present  tests. 

ACCURACY 

In  the  significant  range  of  propeller  operation  the  data 
are  accurate  to  1.3  percent  based  on  the  accuracy  of  the 
static  calibrations.  However,  the  accuracy  of  the  faired 
curves  is  believed  to  be  within  1.0  percent. 

RESULTS  AND  DISCUSSION 
PRESENTATION  OF  BASIC  RESULTS 

The  aerodynamic  data  obtained  during  the  tests  are  pre- 
sented in  figures  6 to  14  as  faired  curves  of  thrust  coefficient, 
power  coefficient,  propeller  efficiency,  airstream  Mach  num- 
ber, and  helical  tip  Mach  number  plotted  against  propeller 
advance  ratio.  The  data  test  points  are  included  on  the 
plots  of  thrust  and  power  coefficients. 

Many  of  the  tests  were  extended  into  the  negative  thrust 
and  power  range  of  operation  and  the  data  have  been 


Figure  5. — Effect  of  propeller  operation  on  the  tunnel-wall  measure- 
ments for  the  range  of  Mach  numbers  and  thrust  coefficients  ob- 
tained in  the  tests. 


included  in  figures  6 to  14.  The  curves  indicate  that  data 
obtained  in  the  positive  range  of  operation  can  be  extrapo- 
lated to  small  negative  values  with  good  accuracy. 

The  plot  of  thrust  coefficient  and  efficiency  in  figure  14 
for  ft) .75* =54.7°  was  obtained  from  wake-survey  pressure 
data,  since  the  thrust  data  obtained  for  this  particular  test 
were  believed  to  be  erroneous  because  of  difficulties  which 
were  encountered  in  the  operation  of  the  thrust  capsule. 

In  some  cases  the  data  have  been  extrapolated  to  define 
the  efficiency  peaks  better.  The  extrapolated  portions  of 
the  curves  are  shown  in  the  figures  as  a dashed  line.  The 
values  of  peak  efficiency  obtained  by  extrapolation  are 
considered  to.  be  within  the  experimental  accuracy  of  the 
data. 

Discontinuities  in  some  of  the  Mach  number  curves  shown 
in  figures  6 to  14  are  attributed  to  changes  in  air  temperature 
which  occurred  from  day  to  day. 

THE  EFFECTS  OF  ADVANCE  RATIO  ON  ENVELOPE  EFFICIENCY 

Figure  15  shows  the  variation  of  envelope  efficiency  with 
advance  ratio  for  several  values  of  forward  Mach  number. 
The  most  notable  feature  of  the  curves  in  figure  15  is  that 
the  loss  in  efficiency  with  an  increase  in  advance  ratio  is 
small  for  any  of  the  Mach  numbers.  Although  the  design 
value  of  advance  ratio  (2.2)  could  not  be  reached  at  the 
higher  Mach  numbers,  the  trend  of  the  curves  indicates  that 
a supersonic  propeller  designed  for  an  advance  ratio  of  2.2 
will  experience  a loss  in  envelope  efficiency  of  only  about 
1 percent  when  operated  at  an  advance  ratio  of  3.2.  As 
advance  ratio  is  increased  above  3.2  the  drop  in  envelope 
efficiency  is  more  rapid.  The  curves  in  figure  15  suggest 
the  possibility  that  a supersonic  propeller  could  be  designed 
for  advance  ratios  as  high  as  3.4.  At  these  higher  advance 
ratios  the  rotational  speed  would  be  much  lower,  and  the 
structural  problem  caused  by  large  centrifugal  forces  would 
be  less  severe;  therefore,  thinner  blade  sections  might  be 
used.  Although  there  is  an  increase  in  the  tendency  to 
flutter, -the  use  of  thinner  blade  sections  would  be  a definite 
advantage  because  of  their  higher  lift-drag  ratios  at  high 
Mach  numbers.  However,  the  use  of  a lower  rotational 
speed  would  lower  the  power-absorption  properties  of  the 
propeller  with  a given  diameter,  since  the  power  varies  as 
the  cube  of  the  rotational  speed.  Obviously,  the  selection 
of  the  proper  advance  ratio  for  a supersonic  propeller  involves 
a compromise  between  aerodynamic  and  structural  require- 
ments. 

COMPARISON  OF  CALCULATED  AND  EXPERIMENTAL  VALUES  OF 
ENVELOPE  EFFICIENCY 

It  was  not  possible  to  test  the  present  propeller  at  the 
design  operating  conditions  since  the  maximum  rotational 
speed  of  the  dynamometer  (2300  rpm)  did  not  permit  opera- 
tion at  an  advance  ratio  of  2.2  at  a forward  Mach  number  of 
0.95.  Strip-theory  calculations,  however,  have  been  made 
for  the  efficiency  of  the  propeller  by  using  the  method  de- 
scribed in  reference  3 and  the  results  are  plotted  in  figure  15. 
The  airfoil  data,  which  were  cross-plotted  and  extrapolated 
for  use  with  the  blade-thickness  ratios  of  the  test  propeller, 
were  obtained  for  the  calculations  from  reference  6. 
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Advance  ratio,  J 
(a)  Thrust  coefficient. 

Figure  6. — Characteristics  of  propeller.  Rotational  speed,  1600  rpm;  M<0.67. 


On  the  basis  of  the  nearly  constant  calculated  values  of 
efficiency  between  an  advance  ratio  of  2.20  and  2.86,  the 
experimental  curve  for  a Mach  number  of  0.96  is  faired  to 
J=  2.2  as  shown  in  figure  15.  This  extrapolation  of  the 
experimental  curve  indicates  an  efficiency  of  the  test  pro- 
peller for  M=0.96,  J=  2.20  of  about  73  percent.  There  is 
remarkably  close  agreement  shown  between  the  calculated 
values  of  efficiency  for  this  propeller  and  the  experimental 
data  in  figure  15.  In  the  worst  case  (J— 3.78)  the  difference 
between  the  calculated  efficiency  and  experimental  efficiency 
is  0.025,  whereas  at  J=2M  the  difference  is  0.008.  For 
the  calculations  at  J=  3.78,  some  of  the  effective  blade 


sections  were  operating  in  a transonic  speed  range,  where  a 
small  error  of  Mach  number  or  angle  of  attack  might  result 
in  a large  error  in  drag.  The  agreement  at  the  lower  ad- 
vance ratio  shows  that,  when  the  blade  section  speeds  are 
supersonic,  maximum  propeller  efficiency  can  be  calculated 
with  good  accuracy  by  using  ordinary  subsonic  strip  theory 
and  the  airfoil  data  compiled  in  reference  6.  The  calcula- 
tions of  thrust  and  torque  coefficients,  however,  were  about 
20  percent  below  the  experimental  values.  This  result 
indicates  that  the  lift-drag  ratios  used  in  the  calculations 
were  satisfactory  but  the  values  of  both  lift  and  drag  were 
somewhat  low. 


(c)  Efficiency. 
Figuke  6. — Concluded. 


Thrust  coefficient, 
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Advance  ratio,  J 

(a)  Thrust  coefficient. 

Figure  7. — Characteristics  of  propeller.  Forward  Mach  number  0.60, 
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(b)  Power  coefficient. 
Figure  7. — Continued. 
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(a)  Thrust  coefficient. 

Figure  8. — Characteristics  of  propeller.  Forward  Mach  number  0.70. 
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(c)  Efficiency. 
Figure  8. — Concluded 
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(a)  Thrust  coefficient. 

Figure  9. — Characteristics  of  propeller.  Forward  Mach  number  0.74. 


Power  coefficient, 
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Advance  ratio,  J 

(b)  Power  coefficient. 
Figure  9. — Continued, 


Efficiency, 
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(o)  Efficiency. 
Figure  9. — Concluded. 


Mach  number 


Thrust  coefficient,  Cj 
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(a)  Thrust  coefficient. 

Figure  10. — Characteristics  of  propeller.  Forward  Mach  number  0.80. 
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(b)  Power  coefficient. 
Figure  10. — Continued, 
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(a)  Thrust  coefficient. 

Figure  11. — Characteristics  of  propeller.  Forward  Mach  number  0.84. 
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Figure  11. — Continued. 
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Figure  11. — Concluded. 
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Thrust  coefficient 
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Figure  12. — Characteristics  of  propeller.  Forward  Mach  number  0.89. 
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(c)  Efficiency. 
Figure  12. — Concluded. 
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(a)  Thrust  coefficient. 

Figure  13. — Characteristics  of  propeller.  Forward  Mach  number  0.93. 
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(b)  Power  coefficient. 
Figure  13. — Continued. 


Efficiency, 
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(o)  Efficiency. 
Figure  13. — Concluded. 


Mach  number 


32  34  36  38 

Advance  ratio,  J 

(a)  Thrust  coefficient. 

Figure  14. — Characteristics  of  propeller.  Forward  Mach  number  0.96. 
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(b)  Power  coefficient. 
Figure  14. — Continued. 


Efficiency, 
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(c)  Efficiency. 
Figure  14. — Concluded. 


Mach  numtper 
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EFFECT  OF  FORWARD  MACH  NUMBER  ON  MAXIMUM  EFFICIENCY 

The  variation  of  maximum  propeller  efficiency  with  for- 
ward Mach  number  is  shown  in  figure  16  for  advance-ratio 
values  of  2.8,  3.4,  and  4.0.  These  data  show  that  the  maxi- 
mum efficiency  attained  during  the  tests  was  86  percent 
between  Mach  numbers  of  0.60  and  0.70  at  an  advance 
ratio  of  2.8.  Above  M= 0.70,  the  efficiency  decreased 
gradually  to  a value  of  72  percent  at  the  Mach  number  of 
0.96.  At  an  advance  ratio  of  4.0,  the  maximum  efficiency 
was  2.5  to  4.0  percent  less  than  that  for  J=  2.8  over  the 
Mach  number  range  from  0.60  to  0.96.1 

Results  of  this  investigation  of  the  supersonic  propeller 
agree  with  trends  shown  for  model  propellers  designed  for 
higher  advance  ratios  (ref.  7)  than  2.2.  At  a constant  value 
of  forward  Mach  number  any  increase  in  advance  ratio 
decreases  rotational  speed  and  therefore  results  in  lower 
values  of  blade-section  Mach  number.  It  is  thus  apparent 
that  a propeller  operating  at  high  advance  ratio  will  delay 
the  onset  of  the  adverse  effects  of  compressibility  on  the 
blade  sections  and  will  operate  to  higher  values  of  forward 
Mach  number  before  the  blade  sections  reach  the  critical 
speed.  It  is  seen  in  figure  16  that  the  critical  speed  of  the 
test  propeller  was  delayed  to  higher  Mach  numbers  as  ad- 
vance ratio  was  increased.  At  J—  2.8  the  point  at  which 
the  efficiency  began  to  decrease  rapidly  was  M=0.71  and 

1 In  later  tests  of  this  same  propeller  in  which  forward  Mach  number  was  extended  to  1.04, 
the  values  of  propeller  efficiency  at  speeds  near  Mach  number  0.96  were  slightly  different  from 
those  presented  in  this  report.  The  later  tests  indicate  a continuing  decrease  of  efficiency 
with  increasing  Mach  number  rather  than  the  tendency  for  values  of  efficiency  to  level  off 
in  the  region  of  Mach  number  0.96  as  indicated  in  figure  16.  The  actual  differences  in  ef- 
ficiency values  between  the  two  sets  of  data  are  generally  less  than  one  percent.  The  results 
of  these  tests  were  published  in  NACA  Research  Memorandum  L56E10  entitled  “Effect 
of  Blade  Section  Camber  on  Aerodynamic  Characteristics  of  Full-Scale  Supersonic-Type 
Propellers  at  Mach  Numbers  to  1.04"  by  Julian  D.  Maynard,  John  M.  Swihart,  and  Harry 
T.  Norton,  Jr. 


progressed  to  M=  0.75  at  J=3.4  and  M=0.80  at  J=4.0. 
Furthermore,  as  the  value  of  forward  Mach  number  is  in- 
creased into  the  supercritical  speed  range,  the  present  pro- 
peller and  the  model  propellers  of  reference  7 will  operate 
at  a low  advance  ratio  more  efficiently  than  at  a high  ad- 
vance ratio  because  of  the  more  advantageous  orientation 
of  the  blade  force  vectors. 

Below  the  critical  Mach  number,  there  is  a notable  dif- 
ference between  the  advance  ratio  at  which  maximum  effici- 
ency is  attained  for  the  model  propeller  tested  in  the  investi- 
gation of  reference  7 and  the  propeller  used  in  the  present 
investigation.  Obviously,  the  model  propeller  operating 
at  advance  ratios  lower  than  the  design  value  of  3.36  will 
not  have  all  blade  sections  at  maximum  lift-drag  ratio,  and 
a lower  efficiency  results.  The  present  propeller  will  oper- 
ate with  efficiency  decreasing  as  advance  ratio  is  increased 
from  the  design  value  of  2.2  for  the  same  reason. 

POWER  COEFFICIENT  FOR  MAXIMUM  EFFICIENCY 

The  variation  of  power  coefficient  for  maximum  efficiency 
with  advance  ratio  is  shown  in  figure  17  for  constant  values 
of  forward  Mach  number.  These  curves  can  be  used  to 
evaluate  the  power-absorption  properties  of  the  supersonic- 
type  propeller  designed  for  a low  advance  ratio.  If  a con- 
stant pressure  altitude  and  a constant  Mach  number  of  0.96 
is  assumed,  the  propeller  operating  at  an  advance  ratio  of 
2.8  would  absorb  nearly  twice  as  much  power  and,  as  shown 
in  figure  15,  would  operate  3 percent  more  efficiently  than 
a similar  propeller  operating  at  an  advance  ratio  of  3.8. 
More  power  is  absorbed  when  operating  at  the  lower  advance 
ratio  because  the  power  absorbed  is  inversely  proportional 
to  advance  ratio,  although  the  power  coefficient  is  lower  at 
the  lower  advance  ratio.  Another  way  to  illustrate  the 
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Figure  16. — Variation  of  maximum  propeller  efficiency  with  forward  Mach  number  for  several  values  of  advance  ratio. 


Figure  17. — Variation  of  power  coefficient  at  maximum  efficiency 
with  advance  ratio. 


advantages  of  operation  at  low  advance  ratios  is  to  compare 
the  diameters  of  propellers  designed  for  a given  power. 
In  the  foregoing  example,  the  propeller  operating  at  an 
advance  ratio  of  3.8  would  have  to  be  40  percent  greater  in 
diameter  to  absorb  the  same  power  as  the  propeller  oper- 
ating at  an  advance  ratio  of  2.8.  Therefore,  the  supersonic- 
type  propeller  with  low  design  advance  ratio  has  favorable 
power-absorption  characteristics  which  permit  the  use  of 
smaller  propeller  diameters. 

COMPARISON  OF  DATA  WITH  COMPRESSIBLE-FLOW 
MOMENTUM-THEORY  DATA 

' A compressible-flow  momentum  theory  has  been  developed 
in  reference  8,  some  results  of  which  are  reproduced  in  figure 
18.  Values  of  maximum  efficiency  obtained  experimentally 
in  the  present  tests  are  also  plotted  as  data  points  in  figure  18. 

The  compressible  momentum  theory  based  on  the  as- 
sumption of  a subsonic  slipstream  indicates  that,  as  the 
propeller  power  disk  loading  is  increased  beyond  a certain 
value  at  a constant  forward  Mach  number,  the  ideal  effici- 
ency decreases  very  rapidly  and,  if  such  were  the  case  in 
practice,  would  preclude  the  use  of  propellers  at  Mach 
numbers  above  about  0.90.  As  pointed  out  in  reference  8, 
however,  the  propeller  slipstream  can  attain  supersonic 
speeds  when  the  power  is  increased,  and  the  values  of  ef- 
ficiency shown  in  figure  18  for  the  supersonic  wake  appear 
to  be  more  reasonable.  Although  the  calculated  values  of 
efficiency  in  figure  18  do  not  include  any  profile  or  rotational 
losses,  most  of  the  experimental  data  for  the  higher  Mach 
numbers  (0.93  and  0.96)  are  above  the  subsonic-wake  curves. 
It  appears,  therefore,  that  the  propeller  slipstream  must 
have  attained  supersonic  velocities  for  at  least  a short 
distance  behind  the  propeller  for  the  tests  at  M—  0.93  and 
M— 0.96. 
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OPERATING  CHARTS 

In  order  to  facilitate  the  use  of  the  data  included  herein 
for  performance  estimates,  charts  have  been  prepared  and 
are  included  in  figure  19.  The  charts  consist  of  plots  of 
power  coefficient  against  advance  ratio  with  lines  of  constant 
efficiency  superimposed.  Except  for  the  first  chart  (fig. 
19  (a)),  which  presents  data  obtained  at  a rotational  speed  of 
1600  rpm  (M<0.67),  the  charts  are  presented  for  the  con- 
stant values  of  forward  Mach  number  at  which  the  tests 
were  made.  (See  figs.  19  (b)  to  (i).) 

STALL-FLUTTER  DATA 

The  purpose  of  the  present  investigation  was  to  determine 
the  aerodynamic  characteristics  of  the  propeller  tested,  and 
the  propeller  was  deliberately  not  operated  at  flutter  since 
violent  or  sustained  flutter  would  have  been  hazardous  to 
the  test  equipment.  Flutter  was  detected,  however,  both 
audibly  and  by  strain  gages  during  the  tests  at  a constant 


rotational  speed  of  1600  rpm,  during  which  propeller  stall 
conditions  were  encountered.  In  some  cases  it  was  possible 
to  record  the  value  of  forward  Mach  number  at  flutter 
whereas  in  other  cases  the  dynamometer  speed  was  dropped 
slightly  before  data  were  taken. 

No  analysis  of  the  flutter  data  is  presented,  but  the  data 
obtained  are  included  in  figure  6.  The  values  of  advance 
ratio  at  which  flutter  occurred  were  spotted  on  the  curves 
of  thrust  and  power  coefficient  and  a curve  drawn  through 
the  points  to  mark  the  flutter  boundary. 

The  flutter  data,  as  replotted  in  figure  20,  show  the  vari- 
ation of  the  section  lift  coefficient  and  helical  tip  Mach 
number  at  flutter  with  advance  ratio  for  the  2=0.60  station 
as  determined  from  wake  pressure  measurements.  The 
values  are  shown  for  the  2=0.60  station  since  the  maximum 
value  of  lift  coefficient  along  the  propeller-blade  radius 
occurred  at  approximately  this  station. 
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(f)  M=  0.84. 

(g)  M=0.89. 
Figure  19. — Continued. 


Power  coefficient, 
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(h)  M=0.93. 

(i)  M=0.96. 

Figure  19. — Concluded. 
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Figure  20. — Variation  with  advance  ratio  of  lift  coefficient  and  tip 

Mach  number  at  flutter,  x = 0.60;  rotational  speed,  1600  rpm. 

EFFECT  OF  STRAIN  GAGES  ON  PROPELLER  EFFICIENCY 

Most  of  the  tests  for  this  were  run  with  strain  gages 
cemented  to  the  surface  of  one  of  the  propeller  blades.  Con- 
sideration of  the  effect  of  the  strain  gages  on  the  aerodynamic 
characteristics  led  to  the  repeat  tests  with  the  strain  gages 
removed  from  the  propeller;  thus,  the  propeller  was  aero- 
dynamically  clean.  Data  shown  in  figure  21  gave  indication 
of  no  difference  in  maximum  efficiency  up  to  a Mach  number 
of  0.88.  Above  M=0.88,  the  clean  blades  were  slightly 
more  efficient  (about  2 percent  at  M=0.96)  than  the  blades 
with  gages  attached. 

It  should  be  noted  that  the  aerodynamic  characteristics 
presented  in  this  report  at  high  Mach  numbers  were  obtained 


Forward  Mach  number,  M 

Figure  21. — Effect  of  strain  gages  on  maximum  efficiency. 
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with  the  clean  propeller.  At  values  of  Mach  number  below 

0.90,  the  differences  in  efficienc}r  between  the  propeller  with 
gages  attached  and  the  clean  propeller  were  negligible. 

CONCLUSIONS 

Tests  of  a supersonic  three-blade  propeller  have  been  made 
on  the  6000-horsepower  propeller  dynamometer  in  the 
Langley  16-foot  transonic  tunnel  over  a range  of  blade 
angles  at  forward  Mach  numbers  up  to  0.96.  The  results 
of  the  investigation  indicate  the  following  conclusions: 

1.  In  the  range  of  the  tests  the  tunnel-wall  interference 
was  found  to  be  negligible  for  propeller  operation  in  the 
slotted  test  section  of  the  Langley  16-foot  transonic  tunnel. 

2.  Envelope  efficiency  at  an  advance  ratio  of  2.8  decreased 
from  86  percent  to  72  percent  when  the  forward  Mach  num- 
ber was  increased  from  0.70  to  0.96. 

3.  Maximum  propeller  efficiency  can  be  calculated  with 
good  accurac}7  b}^  using  ordinary  subsonic  strip  theoiy  when 
the  blade-section  speeds  are  supersonic. 

4.  The  loss  in  envelope  efficiency  with  increase  in  advance 
ratio  is  only  about  1 percent  between  advance  ratios  of  2.2 
and  3.2. 

5.  The  supersonic-type  propeller  with  a low  design  advance 
ratio  has  favorable  power  absorption  characteristics  which 
permit  the  use  of  smaller  propeller  diameters. 

6.  A comparison  of  the  experimental  data  with  compres- 
sible momentum  theory  indicates  that  the  propeller  slip- 
stream attained  supersonic  velocities  for  at  least  a short 
distance  behind  the  propeller  at  forward  Mach  numbers  of 

0. 93. and  0.96. 

Langley  Aeronautical  Laboratory, 

National  Advisory  Committee  for  Aeronautics, 
Langley  Field,  Va.,  May  18,  1953. 
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ELLIPTIC  CONES  ALONE  AND  WITH  WINGS  AT  SUPERSONIC  SPEEDS  1 

By  Leland  H.  Jorgensen 


SUMMARY 

To  help  fill  the  gap  in  the  knowledge  oj  aerodynamics  of 
shapes  intermediate  between  bodies  of  revolution  and  flat 
triangular  wings,  force  and  moment  characteristics  for  elliptic 
cones  have  been  experimentally  determined  for  Mach  numbers 
of  1.97  and  2.94.  Elliptic  cones  having  cross-sectional  axis 
ratios  from  1 through  6 and  with  lengths  and  base  areas  equal 
to  circular  cones  of  fineness  ratios  3.67  and  5 have  been  studied 
for  angles  of  bank  of  0°  and  90°.  Elliptic  and  circular  cones  in 
combination  with  triangular  wings  of  aspect  ratios  1 and  1.5 
also  have  been  considered.  The  angle-of -attack  range  was 
from  0°  to  about  16°,  and  the  Reynolds  number  was  8X10*, 
based  on  model  length.  In  addition  to  the  forces  and  moments 
at  angle  of  attack,  pressure  distributions  for  elliptic  cones  at 
zero  angle  of  attack  have  been  determined. 

The  results  of  this  investigation  indicate  that  there  are  dis- 
tinct aerodynamic  advantages  to  the  use  of  elliptic  cones.  With 
their  major  cross-sectional  axes  horizontal,  they  develop  greater 
lift  and  have  higher  lift-drag  ratios  than  circular  cones  of  the 
same  fineness  ratio  and  volume.  In  combination  with  tri- 
angular wings  of  low  aspect  ratio,  they  also  develop  higher  lift- 
drag  ratios  than  circular  cones  with  the  same  wings.  For 
winged  elliptic  cones,  this  increase  in  lift-drag'  ratio  results 
both  from  lower  zero-lift  drag  and  drag  due  to  lift.  Visual- 
flow  studies  indicate  that,  because  of  better  streamlining  in  the 
crossflow  plane,  vortex  How  is  inhibited  more  for  an  elliptic  cone 
with  major  axis  in  the  plane  of  the  wing  than  for  a circular  cone 
with  the  same  wing.  As  a result,  vortex  drag  resulting  from  lift 
is  reduced.  Shifts  in  center  of  pressure  with  changes  in  angle 
of  attack  and  Mach  number  are  small  and  about  the  same  as  for 
circular  cones. 

Comparisons  of  theoretical  and  experimental  force  and 
moment  characteristics  for  elliptic  cones  indicate  that  simple 
linearized  ( Hat  plate ) wing  theory  is  generally  adequate  even 
for  relatively  thick  cones.  Zero -lift  pressure  distributions  and 
drag  can  be  computed  using  Van  Dyke’s  second-order  slender- 
body  theory.  For  winged  circular  cones,  a modification  of  the 
slender-body  theory  of  NACA  Rep.  962  results  in  good  agree- 
ment of  theory  with  experiment. 

INTRODUCTION 

Various  theoretical  studies  have  indicated  that  elliptical 
cones  have  important  aerodynamic  advantages  over  circular 
cones  at  supersonic  speeds.  At  zero  angle  of  attack,  the 
pressure  drag  of  a cone  of  given  length  and  base  area  de- 
creases as  the  cross  section  is  changed  from  circular  to  flat 

i Supersedes  NACA  Technical  Note  4045  by  Leland  H.  Jorgensen,  1957. 
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elliptical  (refs.  1 to  4).  At  angle  of  attack,  it  can  be  shown 
from  theory  that  elliptic  cones  produce  large  gains  in  lift  and 
lift-drag  ratio  compared  to  circular  cones  (refs.  1,  5,  and  6). 

Although  there  is  a moderate  amount  of  theoretical  infor- 
mation applicable  to  elliptic  cones  (particularly  for  the  case 
of  zero  incidence),  relatively  little  experimental  data  have 
been  obtained.  There  are  some  pressure-distribution  data 
in  references  7 and  8.  Experimental  results  presented  by 
Kogers  and  Berry  (ref.  9)  include  pressure-distribution  and 
force  data  for  a series  of  relatively  flat  winglike  elliptic  cones 
having  ratios  of  major-to-minor  axes  between  5.4  and  23.1. 

In  order  to  provide  information  for  more  bodylike  shapes 
(shapes  which  might  be  adaptable  for  use  for  manned  entry 
into  planetary  atmospheres),  the  present  experimental  in- 
vestigation was  performed.  The  aerodynamic  characteris- 
tics of  a family  of  elliptic  cones  having  ratios  of  major-to- 
minor  axes  between  1 and  6 were  measured.  Also  included 
in  this  investigation  is  a study  of  the  effects  of  adding  tri- 
angular wings  to  circular  and  elliptic  cones  of  given  length 
and  base  area.  Tests  were  made  for  Mach  numbers  of  1.97 
and  2.94.  The  purpose  of  the  present  report  is  to  discuss 
the  resulting  aerodynamic  data  and  to  compare  theoretical 
and  experimental  results. 


SYMBOLS 

. 4 s2 

A aspect  ratio,  -p 

*C 

Ab  base  area  of  cone,  7ra& 

Av  plan-form  area  of  cone 

A„  total  wing  plan-form  area  (including  the  part 

within  the  body) 

a semimajor  axis  of  elliptic  cone 

b semiminor  axis  of  elliptic  cone 


Od 

Gdo 

CL 

Clb 

Cm 


Va2  cos2  <£+&2  sin 2<j> 
crossflow  drag  coefficient  of  cylinder 
D 

drag  coefficient,  — j- 
drag  coefficient  at  zero  lift 

lift  coefficient,  - 

lift  coefficient  for  basic  circular  cone 


pitching-moment  coefficient  about  base  of  cone, 
pitching  moment 


q<»Abl 
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Cm  Bl 

pitching-moment  coefficient  about  base  of  basic 
circular  cone 

C, 

pressure  coefficient,  - — — 

D 

drag 

(1 

diameter  of  cone  at  base 

E 

complete  elliptic  integral  of  second  kind 

l 

length  of  cone 

L 

lift 

(£1 

maximum  lift-drag  ratio 

/ L\  . ...  . 

maximum  lift-drag  ratio  for  basic  circular  cone 

M m free-stream  Mach  number 

p oo  free-stream  static  pressure 

( l oo  free-stream  djmamic  pressure 

s wing  semispan,  measured  from  bod}7  center  line 

x3  V,  z Cartesian  coordinates  as  shown  in  figure  1 

xv  center  of  pressure  measured  form  cone  vertex 

Va  half  the  distance  between  flow  separation  lines 

on  the  cone  at  the  base 

Vv  half  the  distance  between  vortex  traces  on  the 

cone  at  the  base 

a angle  of  attack  measured  between  body 

longitudinal  axis  and  free-stream  direction 

(see  fig.  1) 

J8  V®7=1 

e wing  semiapex  angle 

0$  angle  measured  around  base  ellipse  from  hori- 

zontal base  axis  to  flow  separation  line  on 
cone 

0*  angle  measured  around  base  ellipse  from  hori- 

zontal base  axis  to  vortex  trace  on  cone 
X modification  factor  to  take  account  of  finite  wing 

aspect  ratios 

<!>  angle  of  bank  about  body  longitudinal  axis  (see 

%•  i) 

The  positive  directions  of  the  angles  and  coefficients  arc 
shown  in  figure  1. 

APPARATUS  AND  TESTS 

WIND  TUNNELS 

The  experimental  investigation  was  conducted  in  the 
Ames  1-  by  3-foot  supersonic  wind  tunnels  no.  1 and  no.  2. 
Tunnel  no.  1 is  a closed-circuit,  continuous-operation  type 
and  is  equipped  with  a flexible-plate  nozzle  that  provides 
a variation  of  Mach  number  from  1.4  to  4.0.  The  Reynolds 
number  is  changed  by  varying  the  total  pressure  within  the 
approximate  limits  of  1/5  of  an  atmosphere  to  4 atmospheres. 
Tunnel  no.  2 is  a nonreturn,  intermittent-operation  type 
and  is  also  equipped  with  a flexible-plate  nozzle  that  provides 
a variation  of  Mach  number  from  1.4  to  3.8.  Air  for  this 
tunnel  is  obtained  from  the  Ames  12-foot  wind  tunnel  at 
a pressure  of  about  6 atmospheres  and  is  expanded  through 
the  nozzle  to  the  atmosphere.  Changes  in  Reynolds  number 
are  obtained  by  varying  the  total  pressure. 

Except  for  vapor-screen  tests,  the  water  content  of  the 
air  in  the  1-  by  3-foot  wind  tunnels  is  maintained  at  less 


Figure  1. — Coordinate  system  and  sign  convention. 


than  0.0003  pound  of  water  per  pound  of  dry  air.  Con- 
sequently, the  effect  of  humidity  on  the  flow  is  negligible. 

MODELS 

Plan-form  and  end  views  of  the  models  studied  are  shown 
in  figure  2.  Three  elliptic-cone  bodies  (B2,  B3,  and  B4)  with 
a/b  ratios  of  1.5,  3,  and  6 had  the  same  length  and  base  area 
as  the  basic  circular  cone  (Bj).  Hence,  the  fineness  ratio 
of  l/d= 3.67  for  the  circular  cone  was  also  the  equivalent 
fineness  ratio  for  these  elliptic  cones.  In  order  to  check 
the  effect  of  fineness  ratio  on  the  aerodynamic  characteristics, 
an  additional  elliptic  cone  body  (B5)  with  an  a/b  ratio  of  1.5 
and  a fineness  ratio  of  5 was  also  studied. 

In  addition  to  being  tested  alone,  bodies  Bi  (a/b=  1, 
l/d— 3.67)  and  B3  (a/b= 3,  l/d= 3.67)  were  also  tested  with 
triangular  wings  (Wj  and  W2)  of  aspect  ratio  1 and  1.5. 
With  the  major  cross-sectional  axis  (a)  of  body  B3  mounted 
horizontally  in  line  with  the  wings,  the  configurations  are 
designated  as  B3hW!  and  B3HW2.  With  the  major  axis  of  B3 
vertical  to  the  wings,  the  configurations  are  designated  as 
B3vWi  and  B3VW2.  The  wing  sections  were  flat  plates  with 
leading  and  trailing  edges  beveled  as  shown  in  figure  2. 

All  of  the  models  were  sting  supported  from  the  rear. 
Bodies  B3  and  B4  had  pressure  orifices  distributed  over  the 
surfaces  and  were  adaptable  for  both  force  and  pressure- 
distribution  tests. 

TESTS 

Force  and  pressure-distribution  tests— Force  data  were 
obtained  in  tunnel  no.  2 for  all  the  models  at  free-stream 
Mach  numbers  of  1.97  and  2.94.  The  Re)molds  number, 
which  was  maintained  constant  for  all  tests,  was  8X106 
based  on  body  length.  Measurements  of  lift,  drag,  and 
pitching  moment  were  taken  for  angles  of  attack  from  0°  to 
about  16°.  The  elliptic-cone  bodies  were  tested  at  angles 
of  bank  of  0°  and  90°  (i.  e.,  for  0=0°  and  90°  as  shown  in 
fig.  1).  The  winged  elliptic  cones  were  tested  only  with 
their  wings  at  0=0°.  Base  pressures  from  eight  orifices 
spaced  around  the  inside  of  the  base  periphery  of  each  body 
were  measured  by  photographic  recording  from  a multiple- 
tube  manometer  board. 

Pressure-distribution  data  were  obtained  in  tunnel  no.  1 
for  bodies  B3  and  B4  at  zero  angle  of  attack  and  Mach  number 
1.97.  The  surface  pressures  were  measured  by  photographic 
recording  from  a multiple-tube  manometer  system.  The 
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repeatability  of  both  force  and  pressure  measurements  was 
checked  by  making  reruns  for  several  configurations. 

Vapor-screen  tests. — To  make  the  vortices  shed  from  the 
models  at  angle  of  attack  visible,  the  “vapor-screen”  method 
(ref.  10)  was  used.  With  this  technique,  water  vapor  is 
added  to  the  tunnel  air  stream.  This  water  vapor  condenses 
in  the  wind-tunnel  test  section  to  produce  a fine  fog.  A 
narrow  sheet  of  bright  light,  produced  by  high-intensity 
mercury -vapor  lamps,  is  projected  through  the  tunnel 
window  in  a plane  perpendicular  to  the  model  longitudinal 
axis.  This  plane  of  light  appears  as  a uniformly  lighted 
screen  of  fog  particles  in  the  absence  of  a model.  However, 
with  a model  in  the  stream,  the  flow  about  the  model  affects 
the  light  scattered  by  the  water  particles,  and  vortices  shed 
from  the  model  are  visible  as  dark  spots. 

Vapor*  screen  tests  were  made  in  tunnel  no.  1 for  various 
models  at  Mach  number  1.97  and  a Reynolds  number  of 
SX108.  With  the  models  at  several  angles  of  attack,  the 
vortex  patterns  were  photographed  with  a camera  mounted 
inside  the  wind  tunnel  9 inches  downstream  from  the  base 
of  the  models. 

Sublimation  tests. — Another  method  of  flow  visualization 
that  was  used  was  the  sublimation  technique  (ref.  11)  for 
determining  boundary-layer  transition,  flow  separation,  and 
vortex  traces  on  the  surfaces  of  the  models.  The  models 
of  this  investigation,  which  were  initially  painted  black, 
were  sprayed  with  a 4-percent  solution  of  acenaphthene  in 
petroleum  ether.  This  solution  dries  on  contact  with  the 
model  surface  and  presents  a white  appearance.  The  wind 
tunnel  is  operated,  and  as  the  process  of  sublimation  takes 
place  with  the  model  in  the  tunnel,  evidences  of  boundary- 
layer  transition,  separation,  and  vortex  flow  appear  on  the 
model.  Regions  of  high  surface  shear,  such  as  turbulent 
boundary  layers  and  vortex  traces,  show  up  as  dark  areas, 
whereas  regions  of  laminar  flow  and  separation  remain  white. 
All  sublimation  tests  were  made  in  tunnel  no.  1 at  Mach 
number  1.97. 

REDUCTION  AND  ACCURACY  OF  DATA 

All  of  the  pressure-distribution,  force,  and  moment  data 
have  been  reduced  to  coefficient  form  and  are  referred  to 
the  coordinate  system  shown  in  figure  1.  The  base  drag 
was  computed  using  the  average  base  pressure  and  was 
subtracted  from  the  total  axial-force  balance  measurement, 
so  that  the  data  presented  are  for  forces  ahead  of  the  body 
base. 

The  accuracy  of  the  final  data  is  affected  by  uncertainties 
in  the  measurement  of  the  pressures,  forces,  and  moments, 
and  in  the  determination  of  the  stream  static  and  dynamic 
pressures  used  in  reducing  the  data  to  coefficient  form. 
These  individual  uncertainties  led  to  estimated  uncertainties 
which  are  listed  in  the  following  table: 


Coefficient 

Uncertainty 

cv 

±0.  004 

CL 

±.  02 

Cd 

±.  004 

cm 

±.  02 

±.  02 

The  values  of  angle  of  attack  are  estimated  to  be  accurate 
to  within  ±0.1°.  The  variation  of  the  free-stream  Mach 
number  in  the  region  of  the  test  models  was  less  than  ±0.01 
at  Mach  number  1.97  and  less  than  ±0.02  at  Mach  number 
2.94. 

RESULTS  AND  DISCUSSION 

This  section  of  the  report  is  divided  into  three  parts:  (1) 
experimental  force  and  moment  characteristics;  (2)  com- 
parisons of  theoretical  and  experimental  pressure  distribu- 
tions, forces,  and  moments;  and  (3)  visual  observations  of 
the  flow  over  various  models.  The  experimental  force  and 
moment  characteristics  are  presented  in  figures  3 through  9; 
comparisons  of  theoiy  and  experiment  are  presented  in 
figures  10  through  17 ; and  photographs  and  measurements 
from  the  visual -flow  studies  are  presented  in  figures  18 
through  22. 

EXPERIMENTAL  FORCE  AND  MOMENT  CHARACTERISTICS 

Effect  of  axis  ratio  (alb). — The  effect  of  change  in  cross- 
sectional  axis  ratio  ( a/b ) on  the  aerodynamic  characteristics 
of  the  elliptic  cones  of  fineness  ratio  3.67  is  presented  in 
figures  3 and  4 for  Mach  numbers  1.97  and  2.94.  For  the 
elliptic  cones  of  figures  3 and  4 the  lengths  and  base  areas 
are  constant;  hence,  increases  in  a/b  result  in  increases  in 
plan-form  area  with  the  major  axis,  a,  horizontal  (<j>= 0°) 
and  decreases  in  plan -form  area  with  the  major  axis  vertical 
(0=90°).  In  view  of  this  fact,  it  is  not  surprising  that 
with  increase  in  a/b  the  lift  coefficients  (which  are  referred 
to  base  area)  increase  appreciably  at  all  angles  of  attack 
for  <£=0°  and  decrease  for  <£—90°  (figs.  3(a)  and  4(a)). 
The  question  arises,  then,  of  whether  or  not  the  aerody- 
namic efficiency  as  determined  by  the  lift-drag  ratio  also 
can  be  markedly  increased  by  increasing  a/b.  From  figures 
3(c)  and  4(c)  it  is  clear  that,  at  least  throughout  the  angle- 
of-attack  range  investigated,  significant  gains  in  lift-drag 
ratio  can  be  realized  by  increasing  a/b  from  1 to  6.  In 
fact,  by  merely  changing  a/b  from  1 to  1.5  a gain  in  maxi- 
mum L/D  of  about  25  percent  results.  Furthermore,  in- 
creasing a/b  from  1 to  3 results  in  about  a 75-percent  increase 
in  maximum  L/D  at  Mach  number  1.97  and  in  about  a 60- 
percent  increase  at  Mach  number  2.94.  It  is  clear  that,  in 
many  cases  where  a body  of  given  volume  is  required,  it  can 
be  aero  dynamically  beneficial  to  deviate  from  a circular  cross 
section. 

The  effect  of  axis  ratio  on  pitching  moment  and  center  of 
pressure  is  shown  in  figures  3(d),  3(e),  4(d),  and  4(e).  For 
all  of  the  elliptic  cones  the  center  of  pressure  moves  very  little 
with  angle  of  attack.  With  the  major  axis  horizontal  the 
center  of  pressure  changes  little  with  a/b  and,  as  for  the  circu- 
lar cone,  is  located  at  about  the  centroid  of  plan-form  area 
for  both  Mach  numbers  1.97  and  2.94.  However,  with  the 
cones  rotated  to  <£=90°,  the  center  of  pressure  moves  rear- 
ward from  the  centroidal  position  with  increase  in  a/b  from 
1 to  6. 

Effect  of  fineness  ratio. — The  effect  of  change  in  fineness 
ratio  on  the  aerodynamic  characteristics  of  elliptic  cones  of 
a/b  = 1.5  is  illustrated  in  figure  5.  Data  are  compared  for 
body  B2  of  l/d= 3.67  and  body  B5  of  lfd= 5 tested  at  Mach 
numbers  1.97  and  2.94.  For  angles  of  attack  to  about  8° 
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Figure  3. — Effect  of  change  in  axis  ratio  (a/6)  on  the  aerodynamic  characteristics  of  elliptic  cones;  l/d= 3.67,  Af<» 
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Figure  4. — Effect  of  change  in  axis  ratio  (a/6)  on  the  aerodynamic  characteristics  of  elliptic  cones;  l/d— 3.67,  Mm  =2.94. 
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Figure  5. — Effect  of  change  in  fineness  ratio  on  the  aerodynamic  characteristics  of  elliptic  cones  of  o/6  = 1.5. 
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there  is  little  effect  of  fineness  ratio  on  the  lift  (fig.  5 (a)). 
At  higher  angles,  however,  the  lift  coefficients  are  greater  for 
the  more  slender  cone  (B5).  For  all  values  of  CL  the  drag 
coefficients  for  B5  were  at  least  20  percent  lower  than  for 
B2  (fig.  5 (b)).  It  is  not  surprising,  then,  that  an  increase 
in  fineness  ratio  also  results  in  substantially  higher  values  of 
maximum  lift-drag  ratio.  (See  fig.  5 (c).)  Although  the 
lift,  drag,  and  pitching-moment  results  w^ere  affected  by 
change  in  fineness  ratio,  there  was  no  effect  on  center  of 
pressure,  xpll  (fig.  5 (d)). 

It  is  interesting  to  note  that  there  is  an  effect  of  Mach 
number  on  maximum  lift-drag  ratio  which  depends  upon 
fineness  ratio.  For  body  B2  of  l/d= 3.67  the  maximum  value 
of  LID  decreases  with  increase  in  Mach  number  from  1.97  to 
2.94,  whereas  for  body  B5  of  l/d=5  the  maximum  value  of 
L/D  increases  (fig.  5 (c)). 


Effect  of  axis  ratio  ( a/b ) and  arrangement  for  winged  ellip- 
tic cones. — For  conical  bodies  alone  it  has  been  show  n that  use 
of  elliptic  cross  sections  results  in  worthwhile  gains  in  lift 
and  lift-drag  ratio.  It  is  not  clear,  however,  whether  sig- 
nificant gains  also  can  be  realized  through  the  use  of  elliptic 
cross  sections  for  winged  conical  bodies.  The  test  results 
presented  in  figures  6 through  9 demonstrate  that  important 
aerodynamic  advantages  can  be  obtained  through  proper  ar- 
rangement of  an  elliptic  body  with  a triangular  wing.  For 
instance,  as  shown  in  figures  6 and  7,  gains  in  lift  and  large 
gains  in  lift-drag  ratio  result  from  using  an  elliptic  body 
(a/6 =3)  with  the  major  axis,  a,  in  the  plane  of  an  aspect 
ratio  1 wdng  in  preference  to  a circular  body  with  the  same 
wing.  (Compare  results  for  B^W]  and  BiWi.)  However, 
with  the  elliptic  body  rotated  90°  so  that  the  minor  axis  is  in 
the  plane  of  the  wing  (model  B3VWi),  a loss  in  lift-drag  ratio 


□ B3hW|  3.0 

o B3VW,  3.0 


(a)  Lift. 

(c)  Lift-drag  ratio. 


(b)  Lift-drag  polar. 

(d)  Center  of  pressure. 

(e)  Pitching  moment. 


Figure  6. — Effect  of  change  in  axis  ratio  (a/b)  and  arrangement  on  the  aerodynamic  characteristics 
of  elliptic  cones  with  wings  of  aspect  ratio  1;  Moo  =1.97. 
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Figure  7. — Effect  of  change  in  axis  ratio  ( a/b ) and  arrangement  on  the  aerodynamic  characteristics 
of  elliptic  cones  with  wings  of  aspect  ratio  1;  Ma>  =2.94. 


results.  The  gain  in  LID  for  B^Wj  and  loss  in  L/D  for 
B3vWi  is  primarily  attributable  to  differences  in  drag  (figs. 
6 (b)  and  7 (b)).  Because  of  less  wetted  surface  area  and 
hence  less  skin  friction,  B3HWi  has  slightly  lower  drag  at  zero 
lift  than  the  other  configurations.  With  increase  in  lift, 
BshW!  still  has  the  least  drag,  but  the  difference  in  drag  be- 
tween the  models  increases,  resulting  in  a significantly  higher 
value  of  maximum  LID  for  B3HWi  than  for  B,Wi  or  B3VWi. 
For  the  same  bodies  with  a wing  of  aspect  ratio  1.5  instead 
of  1,  the  differences  between  the  maximum  lift-drag  ratios 
are  diminished.  (See  figs.  8 (c)  and  9 (c).)  However,  the 
results  still  significantly  favor  a body  of  elliptic  cross  section 
with  the  major  axis  in  the  plane  of  the  wing. 

The  maximum  lift-drag  ratios  were  higher  for  the  elliptic 
cones  with  major  axes  in  line  with  the  wings,  primarily  be- 
cause they  have  less  zero-lift  drag  and  develop  less  drag  due 


to  lift.  It  is  believed  that  the  lower  drag  due  to  lift  can  be 
attributed  to  less  vortex  drag  associated  with  the  formation 
of  vortices  at  angle  of  attack.  From  visual  observations  of 
the  flow  over  the  models  by  the  vapor-screen  technique,  it 
was  found  that,  at  least  for  angles  of  attack  from  0°  to  about 
10°,  the  formation  of  vortices  was  inhibited  more  with  the 
major  axis  of  an  elliptic  cone  in  line  with  a wing  (model 
B3HWi)  than  perpendicular  to  it  (model  B^Wx).  Vortices 
appeared  to  separate  from  B3vWi  and  BxWi  at  lower  angles 
of  attack  than  from  B3HWi.  It  is  interesting  to  note  that, 
as  shown  in  the  vapor-screen  photographs  of  figure  20  (a)  to 
be  discussed  later,  the  vortices  shed  from  B3vWi  and  B^Vj 
at  a=10°  appeared  to  be  more  completely  formed  and  rolled 
up  than  those  for  B3HWi.  As  shown  in  figures  6 and  7,  the 
drag  due  to  lift  is  higher  for  B3vWi  and  BiWi  at  a=10°  than 
for  B3HW!.  Apparently  because  of  better  streamlining  in 
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Figure  8. — Effect  of  change  in  axis  ratio  ( a/b ) and  arrangement  on  the  aerodynamic  characteristics  of 
elliptic  cones  with  wings  of  aspect  ratio  1.5;  Mm  =1.97. 
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Figure  9. — Effect  of  change  in  axis  ratio  (a/6)  and  arrangement  on  the  aerodynamic  characteristics 
of  elliptic  cones  with  wings  of  aspect  ratio  1.5;  A/®  =2.94. 


the  crossflow  plane,  the  vortex  formation  is  inhibited  and  the 
drag  due  to  lift  is  reduced  with  the  major  axis  of  the  elliptic 
cone  in  line  with  the  wing. 

COMPARISONS  OF  THEORETICAL  ANI)  EXPERIMENTAL  PRESSURE 
DISTRIBUTIONS,  FORCES,  AND  MOMENTS 

In  this  section  of  the  report,  theoretical  methods  of  esti- 
mating the  aerodynamic  characteristics  are  assessed  by  com- 
parison of  theoretical  results  with  experimental  data.  All 
comparisons  are  presented  in  figures  10  through  17  and  are 
discussed  in  the  following  paragraphs. 


Pressure  distributions  and  drag  of  elliptic  cones  at  zero 
angle  of  attack. — For  elliptic  cones  of  a/b  of  3 and  6 (B3 
and  B4)  theoretical  and  experimental  pressure  distributions 
for  a Mach  number  of  1.97  are  compared  in  figure  10.  The 
pressure  coefficients  are  plotted  as  a function  of  lateral  dis- 
tance, yla>  over  a quadrant  ot  each  cone.  The  fact  that  the 
flowr  was  conical  is  verified  by  the  multiple  experimental 
points  at  several  y/a  positions  which  were  obtained  at  differ- 
ent longitudinal  positions.  The  comparisons  show  that  best 
agreement  of  theory  with  experiment  is  obtained  through  use 
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Figure  10. — Comparison  of  theoretical  and  experimental  pressure 
distributions  for  elliptic  cones  at  zero  angle  of  attack;  Afm  =1.97. 

of  the  second-order  slender-bod}7  theory  of  Van  Dyke  (ref.  4). 
Both  the  slender-body  theory  of  references  1 and  2 and  the 
not-so-slender-body  theory  of  reference  4 result  in  pressure 
coefficients  which  are  lower  than  those  of  experiment. 
Rogers  and  Berry  (ref.  9)  also  found  the  agreement  of  second- 
order  slender-body  theory  with  experiment  to  be  quite  good 
for  elliptic  cones  having  even  higher  ratios  of  a/6. 
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Figure  11. — Effect  of  change  in  axis  ratio  (a/6)  on  the  zero-lift  drag 
of  elliptic  cones. 


A study  of  the  effect  of  change  in  axis  ratio  (a/6)  on  the 
zero-lift  drag  of  elliptic  cones  is  summarized  in  figure  11. 
The  experimental  results  show  that  for  these  cones  of  equal 
volume  and  fineness  ratio  the  drag  remains  essentially  con- 
stant with  change  in  axis  ratio  (a/6)  at  both  Mach  numbers 
1.97  and  2.94.  The  bound ary-la}rer  flow  over  the  models 
was  mostly  turbulent  as  shown  by  the  sublimation  results 
(to  be  discussed  later)  and  as  indicated  by  drag  measure- 
ments with  and  without  a transition  ring  at  the  nose  of 
models  Bi  and  B3.  As  seen  in  figure  11,  the  zero-lift  drag  is 
adequately  predicted  by  the  addition  of  turbulent  skin  fric- 
tion (ref.  12)  to  pressure  drag  calculated  by  second-order 
slender-body  theory  (ref.  4).  For  the  circular  cone  (Bj)  the 
drag  is  also  closely  given  by  the  addition  of  turbulent  skin- 
friction  drag  (ref.  12)  to  pressure  drag  by  Taylor-Maccoll 
cone  theory  (ref.  13).  It  is  noted  that  the  increase  in  skin- 
friction  drag  with  increase  in  a/6  (because  of  greater  wetted 
surface  area)  is  just  large  enough  to  nullify  the  drag  saving 
from  the  decrease  in  pressure  drag. 

Forces  and  moments  for  elliptic  cones. — Theoretical  and 
experimental  force  and  moment  characteristics  for  elliptic 
cones  at  Mach  numbers  1.97  and  2.94  are  compared  in  figures 
12  and  13.  Both  slender-body  theory  (refs.  1 and  5)  and 
linearized  wing  theory  (ref.  14)  have  been  used  in  computing 
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Figure  12. — Comparison  of  theoretical  and  experimental  aerodynamic  characteristics  of  elliptic  cones:  Ud— 3.67,  =1.9' 
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the  theoretical  values  of  lift,  drag,  and  pitching-moment 
coefficients  shown.  In  computing  the  drag  coefficient  at 
angle  of  attack,  the  following  expression  has  been  used : 

<», 

where 

t IGl=Cl 

da  a 

This  relationship  results  from  assuming  that  CL  varies  lin- 
earity with  a and  that  there  is  flow  separation  along  the  lead- 
ing edges  with  complete  loss  of  suction  force.  Theoretical 
values  of  CD  have  been  computed  by  assuming  dCJda  to  be 
given  both  by  slender-body  theory  and  by  linearized  wing 
theory.  As  discussed  in  the  previous  section,  the  drag  co- 
efficient at  zero  angle  of  attack  (CDq)  was  computed  from  the 
addition  of  turbulent  skin-friction  drag  (ref.  12)  to  pressure 
drag  by  second-order  slender-body  theory  (ref.  4).  As 
shown  in  figures  12  and  13,  the  agreement  with  experiment 
of  the  force  and  moment  characteristics  computed  by  means 
of  linearized  wing  theor}^  is  generally  quite  good,  especialty 
for  angles  of  attack  from  0°  to  about  10°. 

In  figure  14  theoretical  and  experimental  lift-curve  slopes 
are  compared.  Results  are  correlated  by  plotting  the  par- 
ameter of  lift-curve  slope,  4 as  a func^on  °f  the 

ratio  of  leading-edge  slope  to  Mach  wave  slope,  /3  tan  e.  Ex- 
cept for  bodies  B3  and  B4  at  0=90°  and  Mm  = 2.94,  the  experi- 
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mental  data  agree  closely  with  linearized  (flat  plate)  wing 
theory.  Bodies  B3(a/6=3)  and  B4  (a/b  = 6)  banked  to 
<t>= 90°  are  very  thick  in  the  lift  direction,  and  at  M00=2.94 
their  lift-curve  slopes  are  considerably  higher  than  those 
given  by  either  slender-body  or  linearized  wing  theory. 

The  nonlinearity  of  the  experimental  lift  and  pitching- 
moment  curves  (figs.  12  and  13),  which  becomes  more  evident 
at  angles  of  attack  greater  than  about  10°,  probably  results 
from  viscous  crossflow  separation.  Allen  (ref.  10)  has  shown 
that  for  slender  bodies  of  revolution  an  allowance  for  viscous 
effects  can  be  computed.  This  is  done  by  adding  to  the  lift 
computed  by  slender-body  or  linearized  theory  an  additional 
crossflow  lift  attributed  to  the  separation  effects  of  viscosity. 
Flax  and  Lawrence  (ref.  15)  have  suggested  the  same  pro- 
cedure for  low-aspect-ratio  wings,  and  the  resulting  expression 
for  lift  coefficient  is 


CL= 


linear 

theory 


a+Cd^A' 


(2) 


where  Cdc  is  the  drag  coefficient  of  a two-dimensional  cylinder 
of  equivalent  cross  section  placed  normal  to  a stream  at  a 
Mach  number  of  M.  sin  a.  For  the  elliptic  cones  of  this  in- 
vestigation, the  lift  is  greatly  overestimated  by  the  use  of 
equation  (2).  To  illustrate  this  fact,  the  lift  for  the  circular 
cone  (Bd  computed  using  equation  (2)  is  compared  with 
experiment  in  figure  12  (a).  The  usual  circular  cylinder 
value  of  Odc=l.2  was  used.  Rogers  and  Berry  (ref.  9)  in 
their  study  of  elliptic  cones  of  higher  ratios  of  a/b  also  found 
that  equation  (2)  leads  to  lift  coefficients  larger  than  those 
given  by  experiment. 

Although  the  lift  and  pitching-moment  results  of  figures 
12  and  13  show  moderate  nonlinearity  with  increase  in  a, 
the  data  can  be  simply  correlated  as  shown  in  figure  15. 
Here  the  lift  and  pitching-moment  coefficients  for  the  elliptic 
cones  are  divided  by  the  corresponding  coefficients  for  the 
equivalent  circular  cone,  and  the  ratios  are  plotted  as  a func- 
tion of  a.  The  results  of  the  correlation  demonstrate  that, 
in  general,  Cl/CLb i and  CJCmB  remain  constant  with  change 

in  a.  Except  for  the  elliptic  cone  of  a/b  = 6 (B4)  at  Mach 

number  2.94,  the  lift  and  moment  ratios  are  given  reasonably 
well  by  linearized  wing  theory. 

Effect  of  axis  ratio  (a/b)  on  maximum  lift-drag  ratios  of 
elliptic  cones. — The  effect  of  axis  ratio  (a/b)  on  the  maximum 
lift-drag  ratios  of  elliptic  cones  can  be  readily  computed. 
From  equation  (1)  the  maximum  lift-drag  ratio  is  given  by 
the  relation 


f—\  =1  \9ih 

\D/m  2 \ Cd0 


(3) 


If  for  cones  of  given  fineness  ratio  it  is  assumed  that  Co  is 
constant  with  change  in  a/b  (as  suggested  from  the  results 
of  the  present  experiments),  then  the  relative  efficiency  of  an 
elliptic  cone  to  a circular  cone  is  expressed  by  the  relation 


(L/D)m  I CL/a 
( L/D)mBi  \{CL/a)Bl 


Figure  14. — Comparison  of  theoretical  and  experimental  lift-curve 
slopes  for  elliptic  cones  at  Mach  numbers  1.97  and  2.94. 
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Figure  15. — Correlation  of  lift  and  pitching-moment  data  for  elliptic  cones. 
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In  figure  16,  computed  values  of  (LjD)M  and  (. L/D ) Mj(L/D)  mBi 

are  compared  with  the  experimental  results  for  the  cones  of 
(5)  fineness  ratio  3.67.  The  computations  were  made  with 
values  of  CL  given  both  by  slender-body  theory  and  linear- 
ized wing  theory.  Since,  as  was  shown  in  figure  11,  the 
zero-lift  drag  was  almost  constant  with  change  in  a/b , aver- 
age experimental  values  of  CDq  of  0.086  at  Mro  = 1.97  and 


Eq.(3)  with  CL  by:  Experiment 

Slender-body  theory  ° 1.97 

Linearized  wing  theory  □ A/cq-2.94 


A*js  ratio,  ^ 


Figure  16. — Effect  of  axis  ratio  (a/b)  oil  maximum  lift-drag  ratios  of  elliptic  cones. 
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0.073  at  Ma,=2.94  have  been  used  in  the  calculations.  In 
general,  the  agreement  of  theory  with  experiment  is  good, 
the  best  agreement  being  obtained  with  linearized  wing 
theory.  In  the  lower  plot  of  figure  16,  however,  the  com- 
parisons show  that  the  relative  efficiency  of  an  elliptic  to  a 
circular  cone  can  be  closely  estimated  by  means  of  slender- 
body  theory  (eq.  (5))  for  moderate  values  of  a/b  (of  the  order 
of  3 or  less) . 

Forces  and  moments  for  winged  circular  cones. — For  a 
slender  wing-body  combination  consisting  of  a triangular 
wing  mounted  on  a circular  cone  so  that  their  vertices 
coincide,  the  lift  coefficient  is  given  by  the  slender-body 
method  of  Spreiter  (ref.  16)  as 


(6) 


where 


<r=l  + 


(0+47>-(0]-K0]w 


d 

■s 


'+(01 


It  lias  been  shown  (refs.  16  and  17)  that  the  slender-body 
method  of  Spreiter  can  be  modified  so  as  to  give  results 
comparable  to  linearized  theory.  For  winged  circular  cones 
this  is  accomplished  merely  by  multiplying  equation  (6)  by 
a modification  factor  X.  This  factor  is  the  ratio  of  the  lift 
of  the  wing  alone  by  linearized  theory  to  the  lift  by 
slender-body  theory  and  is  given  by 


\= 


E ( V 1 — /32  tan2  e) 


; P tan  e < 1 


7 rj£?  tan  e 


; p tan  e > 1 


(7) 


By  application  of  the  factor  X to  equation  (6), 
tained 


CL=\A<y\^oi 


there  is  ob- 


(8) 


Since  the  center  of  pressure  is  at  the  centroid  of  plan-form 
area,  the  pitching-moment  coefficient  is  given  by  the  relation 

Cm=lA<r\^a  (9) 


In  figure  17,  theoretical  and  experimental  force  and 
moment  characteristics  of  winged  circular  cones  are  com- 
pared. Equations  (8)  and  (9)  were  used  to  compute  the 
lift  and  pitching-moment  curves,  and  equations  (1)  and  (8) 
to  compute  the  lift-drag  polars  and  ratios.  The  drag  at  zero 
lift  was  estimated  by  the  addition  of  turbulent  skin-friction 
drag  (ref.  12)  for  the  entire  surface  to  the  body  pressure  drag 
obtained  by  second-order  slender-body  theory  (ref.  4).  The 


agreement  of  the  computed  results  with  the  experimental 
data  is  good  for  angles  of  attack  below  about  10°.  As  yet, 
the  details  of  a theoretical  method  for  computing  the  aero- 
dynamic characteristics  of  winged  elliptic  cones  have  not 
been  worked  out.  However,  because  of  the  close  agreement 
of  the  experimental  lift  and  moment  characteristics  for 
winged  circular  and  elliptic  cones  at  angles  of  attack  to  10° 
(figs.  6 through  9),  the  method  for  winged  circular  cones  can 
be  used  for  winged  elliptic  cones. 

VISUAL  OBSERVATIONS  OF  FLOW  OVER  MODELS 

To  supplement  the  force  and  moment  results  with  studies 
that  aid  in  giving  a physical  representation  of  the  flow, 
vapor-screen  and  sublimation  tests  were  made  for  the  models 
at  Mach  number  1.97.  Photographs  and  measurements  of 
the  resulting  flow  patterns  are  presented  in  figures  18  through 
22.  As  mentioned  previously,  the  vapor-screen  pictures 
were  taken  with  a camera  mounted  inside  the  tunnel  just 
downstream  of  the  models.  The  pictures  of  the  models  from 
the  sublimation  tests  were  taken  immediately  following 
tunnel  shutdown. 

Vapor-screen  results. — In  the  photographs  of  figure  18, 
base  views  of  bodies  Bi,  B2,  and  B3  showing  vortices  are 
presented  for  a=10°,  15°,  and  20°.  For  these  pictures  the 
light  plane  intersected  the  model  axis  at  about  2 = 0.7 l,  and 
part  of  the  flow  field  was  in  the  shadow  of  the  model.  In 
figure  18  a symmetrical  pair  of  vortices  is  shown  above  each 
model.  These  vortices,  which  originate  at  the  nose,  were 
observed  to  grow  in  size  (and  presumably  strength)  with 
travel  from  the  nose  to  the  base.  At  each  axial  length 
position,  it  was  found  that  the  sizes  and  positions  of  the 
vortices  relative  to  the  body  cross  section  were  practically 
the  same.  In  figure  18  it  is  seen  that  the  sizes  of  the  vortex 
regions  increase  with  increase  in  a from  10°  to  20°.  The 
vortex  regions  also  flatten  out  and  move  outboard  relative 
to  the  body  vertical  center  line  with  increase  in  a/b  above  1. 

The  photographs  of  figures  19  (a)  and  19  (b)  are  presented 
in  order  to  demonstrate  the  effect  of  angle  of  bank  on  the 
vortex  regions  associated  with  elliptic  cones  at  a=15°  and 
20°.  For  all  cases  studied,  as  the  models  were  banked  from 
<f>—0°  to  </>—  — 45°  the  right  vortex  region  appeared  to 
flatten  out  and  lie  nearer  to  the  body  surface. 

In  figure  20  pictures  of  vortex  patterns  for  the  winged 
cones  of  aspect  ratio  1 (BiWj,  BanWj,  and  BayWO  are  shown. 
These  pictures  were  taken  with  the  light  plane  at  about  the 
base  of  each  model.  As  for  the  elliptic  cones  without  wings, 
the  vortex  regions  above  the  winged  cones  increase  in  size 
with  increase  in  a from  10°  to  15°.  With  a kept  constant 
at  15°,  the  right  vortex  region  flattens  out  and  moves  nearer 
to  the  model  surface  with  change  in  0 from  0°  to  —45° 
(fig.  20  (b)).  Comparison  of  these  pictures  with  those  for 
the  bodies  alone  shows  that  the  addition  to  a body  of  even 
low-aspect-ratio  wings  results  in  considerable  outboard  and 
downward  movement  of  the  vortex  regions;  for  instance, 
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A-24054 

Figure  18. — Rear  views  of  elliptic  cones  showing  effect  of  angle  of  attack  on  vortex  patterns 
(with  vapor-screen  light  plane  at  a*=0.7  l);  Mm  =1.97. 


(a)  a=  15°. 

Figure  19. — Rear  views  of  elliptic  cones  showing  effect  of  angle  of  bank  on  vortex  patterns 
(with  vapor-screen  light  plane  at  x=0.7  /);  M m =1.97. 
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compare  the  pictures  for  in  figure  18  with  those  for 
BiWi  in  figure  20.  From  these  observations,  it  appears  that 
body  vortex  interference  with  a vertical  fin  or  air-breathing 
engine  mounted  above  a body  can  be  reduced  by  extending 
low-aspect-ratio  wings  all  the  way  to  the  nose. 

What  is  believed  to  be  secondary  vortex  flow  below  and 
outboard  of  the  main  vortex  regions  is  indicated  in  some  of 
the  photographs  of  the  models  at  <*=20°.  This  is  especially 
evident  for  model  B3hWj  at  a=20°  in  figure  20  (a).  This 
secondary  vortex  flow  also  has  been  observed  for  delta  wings 
at  supersonic  speeds  by  Drougge  and  Larson  (ref.  18). 

Sublimation  technique  results. — -Transition,  separation, 
and  vortex  regions  for  models  B1?  B2,  and  B3  are  shown  in 
the  photographs  of  figure  21.  Top,  side,  and  bottom  views 
for  the  models  at  an  angle  of  attack  of  15°  are  presented. 
As  seen  in  the  bottom  views,  the  boundary-layer  flow  over 
the  models  was  mostly  turbulent,  the  laminar  region  being 
limited  to  the  white  area  near  the  nose.  In  the  side  views  a 
line  indicating  flow  separation  is  shown  for  each  model,  and 
in  the  top  views  symmetrical  vortex  traces  are  visible. 
Although  not  clearly  evident  in  the  pictures,  the  separation 
lines  and  vortex  traces  extended  almost  linearly  from  the 
nose  to  the  base  of  each  model.  Measurements  of  the  sym- 


metrical separation  and  vortex  positions  at  the  base  of  all  of 
the  body  models  of  Z/rf=3.67  were  taken.  In  figure  22  the 
separation  and  vortex  positions  are  plotted  as  a function  of 
a/b.  It  is  seen  that  for  a/b=  1.5  with  the  model  banked  90° 
so  that  the  minor  axis  is  horizontal,  the  separation  lines  and 
vortex  traces  are  close  together  and  near  the  top  of  the  body. 
With  the  model  unbanked  (<£=0°)  so  that  the  major  axis  is 
horizontal,  the  separation  and  vortex  positions  are  farther 
apart  and  nearer  the  sides  of  the  body.  For  unbanked  cones 
with  a/b  greater  than  3,  the  flow  separation  positions  are 
essentially  at  the  sides  of  the  body,  and  the  vortex  traces 
are  about  midway  between  the  sides  and  the  top. 

CONCLUSIONS 

Aerodynamic  characteristics  of  elliptic  cones  alone  and 
with  triangular  wings  have  been  measured  for  Mach  numbers 
1.97  and  2.94  at  a Reynolds  number  of  8X106,  based  on 
model  length.  Cones  having  fineness  ratios  ( l./d ) of  3.67 
and  5 and  cross-sectional  axis  ratios  (a/b)  from  1 through  6 
have  been  considered  for  angles  of  bank  of  0°  and  90°. 
In  addition,  a study  has  been  made  of  cones  of  l/d  of  3.67 
and  a/b  of  1 and  3 in  combination  with  wings  of  aspect  ratio 
1 and  1.5.  An  analysis  of  the  results  has  led  to  the  follow- 
ing conclusions: 

1.  Pressure  distributions  over  elliptic  cones  at  zero  inci- 
dence can  be  computed  reasonably  well  by  means  of  Van 
Dyke’s  second-order  slender-body  theory. 

2.  For  a cone  of  given  fineness  ratio  at  zero  lift,  the  pres- 
sure drag  decreases  with  increase  in  cross-sectional  axis 
ratio  a/b.  However,  with  a turbulent  boundary  layer,  the 
skin  friction  increases  enough  that  the  pressure  plus  skin- 
friction  drag  remains  practically  constant  with  increase  in 
a/b.  The  foredrag  can  be  computed  accurately  by  the  addi- 
tion of  theoretical  skin-friction  drag  to  pressure  drag  pre- 
dicted by  second-order  slender-body  theory. 

3.  With  the  major  cross-sectional  axis  horizontal,  increases 
in  axis  ratio  a/b  result  in  large  gains  in  lift  and  lift-drag 
ratio.  These  gains  can  be  computed  reasonably  well  by  the 
use  of  linearized  wing  theory. 

4.  For  a given  cross-sectional  axis  ratio  a/b)  the  lift-drag 
ratio  increases  with  increase  in  equivalent  fineness  ratio. 

5.  For  wing-body  combinations,  a body  with  an  elliptic 
cross  section  instead  of  a circular  cross  section  appears  aero- 
dynamically  advantageous.  With  triangular  wings  (aspect 
ratio=l,  1.5)  mounted  on  cones  (//d=3.67)  so  that  their 
vertices  coincide,  higher  lift-drag  ratios  result  from  an  elliptic 
cross  section  with  major  axis  in  line  with  the  wings  than 
from  a circular  cross  section.  However,  a decrease  in  lift- 
drag  ratio  results  from  an  elliptic  cross  section  with  the  minor 
axis  in  line  with  the  wing. 

6.  For  the  cones  alone  and  with  triangular  wings,  shifts 
in  center  of  pressure  with  changes  in  angle  of  attack  and 
Mach  number  are  very  small. 

7.  For  winged  circular  cones,  the  theoretical  results  of 
NACA  Rep.  962  can  be  modified  to  give  good  agreement  with 
experimental  results  for  angles  of  attack  below  about  10°. 
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(b) 


(b)  a=  15° 


A -24058 


Figure  20. — Rear  views  of  winged  elliptic  cones  (A=l)  showing  effects  of  angle  of  attack  and  angle 
of  bank  on  vortex  patterns  (with  vapor-screen  light  plane  at  base);  Mm  =1.97. 
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Side  views 


Bottom  views 

Figure  21. — Photographs  of  elliptic  cones  taken  following  sublimation  tests 


of  models  at  a =15°;  M » 


= 1.97. 


Figure  22. — Effect  of  axis  ratio  (a/6)  on  separation  and  vortex  traces 
appearing  on  elliptic  cones  at  <*=15°;  l/d=  3.67,  Mm  =1.97. 


8.  Visual  boundary-layer  flow  studies  indicate  that,  for 
unbanked  elliptic  cones  at  angle  of  attack,  a pair  of  sym- 
metrical vortices  start  at  the  nose  and  trace  a linear  path 
to  the  base.  These  vortices  increase  in  size  with  travel 
from  the  nose  to  the  base.  The  flow  separation  lines  from 
which  the  vortices  are  fed  also  trace  an  essentially  linear 
path  along  the  model  surface. 

Ames  Aeronautical  Laboratory 
National  Advisory  Committee  for  Aeronautics 
Moffett  Field,  Calif.,  July  17 , 1957 
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MEASUREMENTS  OF  FREE-SPACE  OSCILLATING  PRESSURES  NEAR  PROPELLERS  AT 

FLIGHT  MACH  NUMBERS  TO  0.72 f 

By  Max  C.  Kurbjun  and  Arthur  W.  Vogeley 


SUMMARY 

In  the  course  of  a short  flight  program  initiated  to  check  the 
theory  of  Garrick  and  Watkins  {NAG A Rep.  1198),  a series 
of  measurements  ai  three  stations  were  made  of  the  oscillating 
pressures  near  a tapered-blade  plan-form  propeller  and  a rec- 
tangular-blade plan-form  propeller  at  flight  Mach  numbers 
up  to  0.72.  These  measurements  were  made  at  a single  radial 
station  and  at  three  axial  positions  {ahead  of,  in  the  plane  of, 
and  behind  the  propeller  disk).  Despite  the  limited  scope  of 
the  tests,  agreement  with  the  theory  was  obtained  to  the  extent 
that: 

{a)  The  oscillating  pressures  near  the  propeller  tend  to  de- 
crease with  increase  in  flight  Mach  number  up  to  a Mach 
number  of  approximately  0.5  and  to  increase  rather  rapidly 
at  higher  Mach  numbers. 

(6)  The  sound-pressure  levels  of  the  higher  harmonics  of  the 
propeller  noise  increase  at  a higher  rate  with  increase  inflight 
Mach  number  than  the  lower  propeller  harmonics. 

In  contradiction  to  the  results  found  for  the  propeller  studied 
in  NACA  Rep.  1198,  the  oscillating  pressures  in  the  plane  and 
ahead  of  the  propeller  were  found  to  be  higher  than  those  im- 
mediately behind  the  propeller.  Factors  such  as  variation  in 
torque  and  thrust  distribution,  since  the  blades  of  the  present 
investigation  were  operating  above  their  design  forward  speed , 
may  account  for  this  contradiction. 

The  effect  of  blade  plan  form  shows  that  a tapered-blade 
plan-form  propeller  will  produce  lower  sound-pressure  levels 
than  a rectangular-blade  plan-form  propeller  for  the  low  blade- 
passage  harmonics  {the  frequencies  where  structural  consider- 
ations are  important)  and  produce  higher  sound-pressure  levels 
for  the  higher  blade-passage  harmonics  (frequencies  where 
passenger  comfort  is  important). 

INTRODUCTION 

The  effects  of  the  near-fielcl  noise  generated  by  propellers 
in  flight  are  of  continuously  increasing  concern  to  the  avi- 
ation industry.  With  regard  to  air  transportation,  the 
oscillating  pressures  in  the  form  of  noise  directly  affect  pas- 
senger comfort  and  the  field  of  public  relations.  For  the 
airplane  structural  engineer,  these  oscillating  pressures  are 
creating  serious  fatigue  problems.  The  severity  of  the 
problems  increases  with  the  continual  trend  toward  higher 


powers  and  higher  flight  speeds.  Detailed  knowledge  of 
the  pressure  fields  about  propellers  is  necessary  for  design 
and  also,  it  is  hoped,  will  eventually  indicate  a means  of 
reducing  the  oscillating  pressures. 

In  the  field  of  propeller-generated  pressures,  both  the 
-theoretical  and  experimental  backgrounds  are  rather  ex- 
tensive. The  Gutin  theory  (ref.  1)  for  the  far-field  pres- 
sures is  well  known.  This  theory  has  been  extended  in 
reference  2 to  predict  the  pressures  in  the  near  field.  Both 
references  1 and  2 deal  strictly  with  stationary  propellers 
but  the  results  of  investigations  under  static  conditions  have 
been  applied  with  some  success,  as  in  reference  3,  to  low 
flight  speeds.  In  reference  4,  Garrick  and  Watkins  have 
further  extended  Gutin’s  theory  to  take  into  account  the 
effect  of  forward  speed.  This  extended  theory  includes  the 
stationary  propeller  and  the  far-fiekl  simplifications  as  special 
cases. 

The  purpose  of  the  flight  tests  reported  herein  was  to 
obtain  in-flight  measurements  of  propeller  noise  with  which 
to  check,  if  possible,  the  theory  of  reference  4 and  to  investi- 
gate parameters  affecting  propeller  noise  such  as  propeller- 
blade  plan  form,  power,  and  tip  speeds  at  a range  of  forward 
speeds  up  to  the  maximum  permissible  Mach  number  of  0.72. 

SYMBOLS 

b blade  width,  ft 

Ci  section  design  lift  coefficient 

D propeller  diameter,  ft 

h blade  thickness,  ft 

Mm  flight  Mach  number 

Mr  rotational  tip  Mach  number 

Mt  helical  tip  Mach  number,  ^MJ+MR2 

N engine  speed,  rpm 

P power  absorbed  by  propeller,  hp 

p root  mean  square  of  oscillating  pressure,  lb/sq  ft  or 
decibels,  as  indicated 
p„  static  pressure,  lb/sq  ft 

R propeller  tip  radius,  ft 

r radius  to  a blade  element,  ft 

T thrust  of  propeller,  lb 

tm  free-air  temperature,  °F 

V airspeed,  ft/sec  v 


f Supersedes  NACA  Technical  Note  3417  by  Arthur  W.  Vogeley  and  Max  C.  Kurbjun,  1955,  and  NACA  Technical  Note  4063  by  Max  C.  Kurbjun,  1957. 
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x longitudinal  position  of  microphone,  measured  positive 
forward  of  propeller  disk,  ft 

y radial  position  of  microphone,  measured  from  pro- 
peller center,  ft 
p section  blade  angle,  deg 

TEST  EQUIPMENT 

The  airplane  available  for  this  investigation  was  a single- 
place fighter  type  equipped  with  a liquid-cooled  inline  engine. 
The  engine  was  equipped  with  individual  jet-ejector  exhaust 
stacks. 

Two  types  of  propellers,  differing  principally  in  blade 
plan  forms,  were  used  in  this  investigation.  The  difference 
in  the  propeller-blade  shapes  is  shown  in  the  photographs 
of  the  two  propellers  mounted  on  the  airplane  (fig.  1). 
Figure  1 (a)  shows  the  tapered  blade  and  figure  1 (b),  the 
rectangular  blade.  The  characteristics  of  the  two  blade 
designs  are  shown  in  figures  2 (a)  and  2 (b),  respectively. 
Both  propellers  had  a diameter  of  11  feet  2 inches  and  were 
driven  through  a reduction  gear  providing  a ratio  of  engine 
speed  to  propeller  speed  of  0.479. 

The  oscillating  pressure  pickup  used  was  a commercial 
condenser-type  microphone  modified  to  operate  under  the 
rapidly  varying  static  pressures  encountered  in  the  tests. 
A frequency-modulation  system  was  used  to  transmit  the 
pressure  signals  to  a ground-located  station  where  the  signals 
were  recorded  with  a magnetic-tape  recorder.  A complete 
description  of  the  pickup,  transmitter,  receiver,  and  analyzer 
equipment  is  contained  in  reference  5. 

The  microphone  was  installed  in  a boom  mounted  in  the 
center  gunport  of  the  right  wing.  This  location  placed  the 
microphone  at  a radial  distance  of  7.31  feet  from  the  pro- 
peller axis.  The  boom  was  constructed  in  such  a manner 
that  the  microphone  could  be  shifted  forward  and  backward 
through  a distance  of  approximately  4 feet  before  each  flight. 
Figures  1 (a),  1 (b),  and  3 show  the  microplione-boom  instal- 
lation. 

Before  the  start  of  the  flight-test  program,  the  boom  was 
tested  in  a wind  tunnel  to  check  for  background  noise  over 
the  anticipated  flight  speed  range.  It  was  found  that  the 
self-generated  overall  noise  level  of  the  microphone  in  the 
band  width  80  to  1,000  cps  was  below  113  decibels.  This 
level  of  self -generated  random  noise  is  considered  acceptable 
in  the  measurement  of  sound-pressure  levels  as  low  as  100 
decibels  for  discrete  frequencies.  The  response  of  the  system 
used  was  flat  within  ±1  decibel  between  80  to  1,000  cps. 

Standard  NACA  recording  instruments  were  used  to 
record  dynamic  pressure,  altitude,  free-air  temperature, 
engine  speed,  and  manifold  pressure. 

TEST  PROCEDURE 

All  static  ground  tests  and  flight  tests  were  made  with 
the  microphone  located  at  a fixed  radial  distance  of  y=0.655D. 
Tests  were  made  at  three  values  of  longitudinal  distance 
z=—0.125 D,  0,  and  0.125/?.  Flight  tests  were  arranged 
to  investigate  the  effects  of  flight  Mach  number,  engine 
speed,  and  engine  power  on  propeller  noise,  as  follows: 

(1)  Flight  Mach  number:  At  engine  speeds  of  approxi- 
mately 2,700  rpm  with  the  manifold  pressure  adjusted  to 
produce  a power  output  of  approximately  1,000  horsepower, 
flight  tests  were  made  on  both  propellers  at  flight  Mach 


Microphone 


(a)  Tapered-blade  plan  form, 
(b)  Rectangular-blade  plan  form. 


Figure  1. — Front  view  of  the  microphone  installation  showing  the 
propeller-blade  shape. 


numbers  from  approximately  0.2  to  0.7  by  varying  the  flight 
attitude.  Static  ground  tests  were  also  made  at  the  same 
power  and  engine  speed  setting. 

(2)  Engine  speed  (rotational  Mach  number):  At  a flight 
Mach  number  of  approximately  0.5  and  engine  output  of 
approximately  1,000  horsepower,  tests  were  made  with  the 
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tapered-blade  propeller  at  engine  speeds  of  approximately 
2,500,  2,600,  2,700,  2,800,  2,900,  and  3,000  rpm. 

(3)  Engine  power:  At  a flight  Mach  number  of  approxi- 
mately 0.5  and  engine  speeds  at  approximately  2,700  rpm, 
tests  were  made  with  the  tapered-blade  propeller  at  engine 
powers  of  approximately  0,  500,  1,000,  and  1,500  horsepower. 

RESULTS  AND  DISCUSSION 

Because  it  was  necessary  to  make  separate  flights  for  each 
propeller  and  for  each  boom  setting,  it  was  impossible  to 
repeat  the  test  conditions  exactly.  All  test  conditions  are 
given  in  tables  I and  II  for  the  tapered  and  rectangular 
blades,  respectively.  In  the  discussion  to  follow,  the 
small  differences  in  test  conditions  are  disregarded,  and  the 
data  are  compared  and  examined  in  only  a general  manner. 

The  effects  of  propeller-blade  plan  form  are  shown  in 
a series  of  figures  comparing  the  noise  emitted  from  the  two 
propellers  tested  with  changes  in  operating  parameters  of 
flight  Mach  number,  engine  speed  (rotational  Mach  number), 
and  power.  Correlation  of  theory  with  measured  results 
follows  the  discussions  of  changes  in  t lie  operating  parameters. 


Figure  3. — Three  microphone  locations  used  on  the  test  airplane 
during  the  investigation.  ?/=0.655Z)  for  all  positions. 


TABLE  I.— RESULTS  WITH  TAPERED-BLADE  PLAN-FORM  PROPELLERS 

b/=0.655D], 
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Lost  due  to  infiltration  of  extraneous  noise  at  receiving  station. 


Test  conditions  Sound-pressure  level,  db 

(Reference  pressure  level,  0.0002  dyr 
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EFFECTS  OF  FUGHT  MACH  NUMBER 

The  effects  of  flight  Mach  number  at  the  three  axial  micro- 
phone locations  are  shown  in  figure  4.  A trend  is  shown  for 
the  lower  blade-passage  harmonics  of  both  blade  designs  to 
decrease  slowly  in  sound-pressure  level  as  the  flight  Mach 
number  increases  to  approximately  0.5  and  to  increase 
rapidly  with  further  increase  in  flight  Mach  number.  For 
the  lower  blade-passage  harmonics  the  tapered  blade  shows 
a lower  sound-pressure  level  than  the  rectangular  blade. 

The  higher  harmonics  show  a slight  increase  in  sound- 
pressure  level  for  both  blade  designs  up  to  Mro~0.5  with 
rapid  increases  for  higher  flight  Mach  numbers.  Above 
Moo  — 0.5  the  tapered-blade  design  shows  a more  rapid  in- 
crease in  sound-pressure  level  with  Mach  number  than  the 
rectangular-blade  design.  This  trend,  which  is  more  pro- 
nounced for  the  higher  harmonics,  produces  higher  sound- 
pressure  levels  in  the  higher  harmonic  range  for  the  tapered- 
blade  design  than  for  the  rectangular-blade  design. 

EFFECTS  OF  ENGINE  SPEED  (ROTATIONAL  MACH  NUMBER) 

The  effects  of  changing  the  engine  speed  (rotational  Mach 
number)  on  the  sound-pressure  levels  at  a constant  forward 
Mach  number  and  power  are  shown  in  figures  5 and  6 for  the 
tapered-  and  rectangular-blade  designs,  respectively.  The 
results  for  both  blade  designs  show  small  increases  in  the 
oscillating  pressures  with  rotational  Mach  number  for  the 
first  harmonic,  but  the  increase  for  the  higher  harmonics 
becomes  increasingly  greater. 


Flight  Mach  number, 

Figure  4. — Variation  of  propeller  noise  harmonic  content  with  flight 
Mach  number.  N « 2,700  rpm;  1,000  hp;  y — 0.655D. 


Figure  5. — Variation  of  sound-pressure  levels  with  engine  speed  for 
the  tapered-blade  propeller.  Blade-passage  harmonics  are  con- 
nected with  dashed  lines  for  identification  purposes  only.  Mm  ^0.5; 
P « 1,000  hp;  2/=0.655Z>. 


Frequency,  cps 


Figure  6. — Variation  of  sound-pressure  levels  with  engine  speed  for 
the  rectangular-blade  propeller.  Blade-passage  harmonics  are  con- 
nected with  dashed  lines  for  identification  purposes  only.  Mm  «0.5; 
P«l,050  hp;  microphone  location,  x—  —0.125 D. 


Figures  7 (a)  and  7 (b)  show  that  the  effects  of  flight  Mach 
number  are  similar  to  those  of  rotational  Mach  number. 
Data  for  figure  7 (a)  were  obtained  at  a flight  Mach  number 
of  approximately  0.5  and  an  engine  speed  of  2,900  rpm. 
Data  for  figure  7 (b)  were  obtained  at  a flight  Mach  number 


(a)  Mm  ~0.5;  V~2,900  rpm;  P*  1,000  hp;  y = 0.6ooD. 

(b)  Mm  ~0.6;  V«2,700  rpm;  1,000  hp;  ?/^0.655£>. 


Figure  7. — Variation  of  sound-pressure  levels  with  axial  microphone 
location.  Blade-passage  harmonics  are  connected  with  dashed  lines 
for  identification  purposes  only. 

of  approximately  .0.6  and  an  engine  speed  of  2,700  rpm. 
The  resultant  tip  Mach  number  for  both  conditions  is  ap- 
proximately 0.95.  The  similarity  of  the  two  figures  shows 
that  in  the  range  of  the  two  conditions  the  effects  of  increase 
in  flight  Mach  number  are  the  same  as  increases  in  rotational 
speeds. 

EFFECTS  OF  ENGINE  POWER 

The  effects  of  engine  power  delivered  to  the  tapered- 
blade  propeller  on  the  noise  emitted  from  the  propeller  are 
shown  in  figure  8 for  the  three  axial  microphone  locations. 
Data  of  this  type  were  not  obtained  for  the  rectangular- 
blade  propeller.  The  relatively  small  change  in  noise  level 
with  large  changes  in  power  displayed  by  the  tapered- 
blade  propeller  seems  to  indicate  that  the  propeller  is  also 
producing  thickness  noise  of  at  least  the  same  order  of 
magnitude  as  the  loading  noise. 

The  power  delivered  to  the  propeller  is  seen  to  affect  the 
noise  emitted  by  the  order  of  6 decibels.  This  order  of 
magnitude  is  far  less  than  would  be  expected  from  consider- 
ation of  only  the  blade-loading  noise  as  was  done  in  reference 
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Frequency,  cps 

Figure  8. — Variation  of  sound-pressure  levels  with  engine  power  for 
the  tapered-blade  propeller.  Blade-passage  harmonics  are  con- 
nected with  dashed  lines  for  identification  purposes  only.  0.5 ; 

N — 2,700  rpm;  y = 0.Q55D. 

4.  However,  calculations  of  thickness  noise  made  in  refer- 
ence 6 show  that  the  magnitude  of  the  thickness  noise,  for 
the  rectangular-blade  propeller  operating  under  the  same 
flight  conditions  shown  for  figure  8,  is  within  6 decibels  of  the 
blade-loading  noise. 

It  should  be  noted  that  the  propellers  used  in  the  present 
investigation  are  designed  for  a flight  Mach  number  of  0.5. 
At  speeds  above  the  design  condition  the  outer  portions  of  the 
blades  tend  to  unload.  Also,  for  a given  horsepower  input, 
the  average  thrust  necessarity  drops  in  proportion  to  the 
forward-speed  increase.  The  combination  of  these  two 
factors  and  the  near  location  of  the  microphone  to  the  tip 
would  cause  the  results  found  in  the  present  investigation  to 
overemphasize  the  thickness  noise  in  comparison  with  the 
loading  noise  at  the  higher  speed  conditions.  This  may  be, 
in  part,  the  reason  that  the  results  of  the  present  investiga- 
tion do  not  completely  substantiate  the  theory  of  reference  4, 
as  will  be  discussed  subsequently. 

CORRELATION  WITH  THEORY 

Due  to  the  nature  and  limitations  of  the  present  investi- 
gation, it  was  not  possible  to  obtain  a complete  check  of 
the  theory  of  reference  4 for  the  effects  of  forward  speed 
on  the  sound-pressure  field  around  propellers.  The  results 
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obtained  allow  a few  broad  generalizations  to  be  made 
which  are  as  follows : 

(1)  In  agreement  with  the  theoretical  results  of  reference  4, 
the  results  of  the  present  investigation,  as  shown  in  figure  4, 
show  an  initial  gradual  decrease  in  the  oscillating  pressures 
with  a more  rapid  increase  at  flight  Mach  numbers  above  0.5. 
This  was  also  shown  in  the  results  of  reference  7,  which 
utilizes  the  theory  of  reference  4.  When  account  is  taken 
of  the  differences  between  the  flight-test  configuration  and 
the  configuration  examined  theoretically  in  references  4 and 
7,  the  pressure  levels  and  changes  in  level  with  Mach  number 
are  also  in  rather  satisfactory  agreement. 

(2)  In  agreement  with  the  theory  of  reference  4,  the  test 
results  show  that  the  level  of  the  higher  harmonics  of  the 
propeller  noise  increases  at  a higher  rate  than  that  of  the 
lower  harmonics  with  increase  in  flight  Mach  number.  This 
trend  is  shown  in  figure  5 of  reference  8.  The  calculations 
of  reference  8 utilize  the  theory  of  reference  4. 

(3)  For  the  propeller  studied  in  reference  4,  the  oscillating 
pressures  in  the  plane  of  the  propeller  disk  and  ahead  of  the 
disk  were  found  to  be  lower  than  those  immediately  behind 
the  disk.  This  theoretical  result  is  contrary  to  the  results 
found  in  the  present  tests,  as  is  shown  in  figures  5 to  8. 
This  contradiction  does  not,  however,  invalidate  the  theory. 
Rather  it  indicates  that  other  effects  such  as  variation  in 
torque  and  thrust  distribution  should  be  investigated.  As 
noted  in  the  previous  section,  the  outer  portion  of  the  blades 
was  operating  under  unloaded  condition  for  forward  Mach 
numbers  above  0.5. 

CONCLUSIONS 

As  part  of  a brief  flight  program  initiated  to  check  the 
theory  of  Garrick  and  Watkins  (NACA  Rep.  1198),  a brief 
set  of  measurements  were  made  of  the  oscillating  pressures 


in  the  vicinity  of  a blade  of  tapered  plan  form  and  a blade 
of  rectangular  plan  form  at  flight  Mach  numbers  up  to  0.72. 
Measurements  were  made  at  a single  radial  station  and  at 
positions  ahead  of,  in  the  plane  of,  and  behind  the  propeller 
disk.  The  scope  of  the  tests  was  found  to  be  insufficient  to 
obtain  complete  verification  of  the  theory  for  the  effect  of 
forward  speed  on  the  sound-pressure  field  around  propellers, 
but  it  was  possible  to  substantiate  the  following  two  phe- 
nomena: 

(a)  The  oscillating  pressures  near  the  tips  of  a propeller 
tend  to  decrease  slowly  with  increase  in  flight  Mach  number 
up  to  a Mach  number  of  approximately  0.5  and  then  to 
increase  rather  rapidly  at  higher  Mach  numbers. 

(b)  The  sound-pressure  levels  of  the  higher  harmonics  of 
the  propeller  noise  increase  at  a higher  rate  with  increase  in 
flight  Mach  number  than  do  the  lower  propeller  harmonics. 

In  contradiction  to  the  results  found  for  the  propeller 
studied  in  NACA  Rep.  1198,  the  oscillating  pressures  in  the 
plane  of  and  ahead  of  the  propellers  of  the  present  investiga- 
tion were  found  to  be  higher  than  those  immediately  behind 
the  propeller.  Factors  such  as  variations  in  torque  and 
thrust  distributions,  since  the  blades  in  the  present  investi- 
gation were  operating  above  their  design  forward  speed,  may 
account  for  this  contradiction. 

The  effect  of  blade  plan  form  shows  that  a tapered-blade 
plan-form  propeller  will  produce  lower  sound-pressure  levels 
than  a rectangular-blade  plan-form  propeller  for  the  low 
blade-passage  harmonics  (the  frequencies  where  structural 
considerations  are  important)  and  will  produce  higher  sound- 
pressure  levels  for  the  higher  blade-passage  harmonics 
(frequencies  where  passenger  comfort  is  important) . 

Langley  Aeronautical  Laboratory, 

National.  Advisory  Committee  for  Aeronautics, 
Langley  Field,  Va.,  July  1,  1958. 
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A METHOD  FOR  SIMULATING  THE  ATMOSPHERIC  ENTRY  OF  LONG-RANGE 

BALLISTIC  MISSILES' 


By  A.  J.  Eggers,  Jr. 


SUMMARY 

It  is  demonstrated  with  the  aid  of  similitude  arguments  that  a 
model  launched  from  a hypervelocity  gun  upstream  through  a 
special  supersonic  nozzle  should  experience  aerodynamic  heating 
and  resulting  thermal  stresses  like  those  encountered  by  a long- 
range  ballistic  missile  entering  the  earth’s  atmosphere.  This 
demonstration  hinges  on  the  requirements  that  model  and  missile 
be  geometrically  similar  and  made  of  the  same  material , and 
that  they  have  the  same  flight  speed  and  Reynolds  number 
{based  on  conditions  just  outside  the  boundary  layer)  at  corre- 
sponding points  in  their  trajectories.  The  hypervelocity  gun 
provides  the  model  with  the  required  initial  speed , while  the 
nozzle  scales  the  atmosphere , in  terms  of  density  variation , to 
provide  the  model  with  required  speeds  and  Reynolds  numbers 
over  its  entire  trajectory.  Since  both  the  motion  and  aerody- 
namic heating  of  a missile  tend  to  be  simulated  in  the  model 
tests,  this  combination  of  hypervelocity  gun  and  supersonic 
nozzle  is  termed  an  atmosphere  entry  simulator. 

INTRODUCTION 

The  aerodynamic  heating  of  a long-range  ballistic  missile 
entering  the  earth’s  atmosphere  poses  problems  of  so  serious 
a magnitude  that  the  success  or  failure  of  the  missile  may 
well  hinge  on  their  solution.  The  extent  to  which  these 
problems  are  solved  can  be  full}7  determined  only  by  flight 
tests,  but  such  tests  are,  per  se,  very  difficult,  time  consum- 
ing, and  costly.  It  is  appropriate  to  inquire,  therefore,  if  a 
method  can  be  devised  for  simulating  with  relatively  simple 
equipment  on  the  ground,  the  aerodynamic  heating  and  re- 
sulting thermal  stresses  in  a ballistic  missile.  This  question 
forms  the  starting  point  of  the  present  paper  which  under- 
takes first  to  establish  conditions  of  simulation  and  then  to 
determine  a practical  method  of  simulation.  In  the  course 
of  events  it  will  be  discovered  that  simulation  of  heating  goes 
hand  in  hand  with  simulation  of  motion  of  a missile;  accord- 
ingly, the  subject  of  this  paper  is,  more  generally,  an  atmos- 
phere entry  simulator. 

SYMBOLS 

A reference  area  for  drag  evaluation,  sq  ft 

C\{T)  rate  constant  (see  eq.  (Al)),  sec-1 

C2{T)  rate  constant  (see  eq.  (A2)),  cu  ft/sec 

CD  drag  coefficient,  dimensionless 

Cf  local  skin-friction  coefficient  based  on  conditions 

just  outside  of  boundary  layer,  dimensionless 
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equivalent  skin-friction  coefficient, 

— J Cf%  dimensionless 

typical  model  or  missile  dimension,  ft 
Young’s  modulus,  lb/sq  ft 
heat  transferred  per  unit  area,  ft-lb/ft2 
diffusivity,  sq  ft/sec 

thermal  conductivity,  ft-lb/sec  ft2(°R/ft) 
length  of  nozzle,  ft 
flight  Mach  number,  dimensionless 
mass  of  missile  or  model,  slugs 
concentration  of  particles  (i.  e.,  number  of  parti- 
cles per  unit  volume),  ft-3 
distance  normal  to  boundary,  ft 
reduced  normal  distance,  n/D,  dimensionless 
nozzle  reservoir  pressure,  lb/sq  ft 
total  heat  transferred,  ft-lb 

radius  of  curvature  of  body  surface  at  stagnation 
point,  ft 

surface  area,  sq  ft 
temperature,  °R 
nozzle  reservoir  temperature,  °F 
time,  sec 

reduced  time,  sec/sq  ft 

velocity,  ft/sec 
altitude,  ft 

rectangular  coordinates,  ft  (except  when  appear- 
ing as  subscripts  on  stresses) 
reduced  coordinates  (x=x/D,  y—y/D , z = z/D ), 
dimensionless 

coefficient  of  thermal  expansion,  ft/ft-°R 
constant  in  density-altitude  relation,  ft”1  (see  eq. 

(D) 

typical  flow  deflection  angle,  deg 
angle  of  flight  path  with  respect  to  horizontal, 
deg 

Poisson’s  ratio,  dimensionless 
air  density,  slugs/cu  ft 

reference  density,  slugs/cu  ft  (reservoir  density 
in  nozzle) 

tensile  or  compressive  stresses,  lb/sq  ft  (see 
sketch) 

shear  stresses,  lb/sq  ft  (see  sketch  and  note 

TXy:=TyX)  Txz==Tzx,  and  TyZ  T Zy) 


J Supersedes  NACA  Research  Memorandum  A55115  by  A.  J.  Eggers,  Jr.,  1955. 
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direction  cosines  of  normal  to  a boundary,  dimen- 
sionless 

SUBSCRIPTS 

average  conditions 

conditions  at  “entrance”  to  earth’s  atmosphere 
or  simulator 

local  conditions  just  outside  of  boundary  layer 
missile 
model 

stagnation  conditions 

ANALYSIS 

In  order  to  clarify  the  basic  requirements  of  a simulator, 
this  study  is  initiated  with  a review  of  some  of  the  more 
important  causes  and  effects  of  aerodynamic  heating  of  long- 
range  ballistic  missiles.  Following  this  review,  the  conditions 
of  simulation  will  be  set  forth  in  a mathematical  form  de- 
signed to  facilitate  the  choice  of  a practical  simulator. 

MOTION  AND  HEATING  OF  LONG-RANGE  BALLISTIC  MISSILES 

It  is  a fundamental  characteristic  of  ballistic  missiles 
(see  ref.  1)  that  speed  begets  range,  with  the  result  that 
hypervelocities  in  excess  of  10,000  feet  per  second  are  required 
in  order  to  obtain  long  ranges  in  excess  of  1,000  miles.  A 
long-range  ballistic  missile  first  attains  hypervelocities  near 
the  end  of  powered  flight.  In  this  phase  of  flight  and  through- 
out the  large  majority  of  unpowered  flight  the  vehicle  should 
pass  more  or  less  unimpeded  through  the  rarefied  upper 
.atmosphere  of  the  earth,  corresponding  to  altitudes  in  excess 
of  several  hundred  thousand  feet.2  Its  trajectory  terminates, 
however,  with  a very  rapid  descent  through  all  or  part  of 
the  earth’s  relatively  dense  lower  atmosphere.  In  this  phase 
of  flight,  termed  the  atmospheric  entry,  retardation  and 
severe  aerodynamic  heating  of  the  missile  can  almost  cer- 
tainly be  expected  to  "occur  (see  ref.  2). 

Retardation  during  atmospheric  entry  is  caused  by  the 
combined  action  of  pressure  and  viscous  forces,  while  aero- 
dynamic heating  stems  in  the  main  from  work  done  by 
viscous  forces.  In  both  cases  it  is  aerodynamic  rather  than 
gravity  forces  which  play  the  predominant  role,  with  the 
result  that  motion  and  heating  of  the  missile  emerge  as 
closely  related  phenomena.  Thus  changes  in  missile  shape 
which  affect  motion  will  also  affect  heating.  This  fact  can, 
as  discussed  in  reference  2,  be  exploited  in  the  design  of 
missiles  with  reduced  aerodynamic  heating.  The  potential 
for  excessive  heating  remains,  however,  as  an  unavoidable 
property  of  the  long-range  ballistic  missile  which  enters  the 
earth’s  atmosphere  at  hypervelocity. 

. Excessive  heating  can  have  several  effects.  First  and 
perhaps  most  serious  of  these  effects  is  the  development  of 
high  thermal  stresses  in  the  structure  of  the  missile.  These 
stresses  tend,  for  example,  to  far  overshadow  the  pressure 
induced  stresses.  In  addition,  there  is  the  natural  weakening 
of  the  missile  material  at  high  temperatures,  so  that  struc- 
tural failure  may  occur  during  atmospheric  entry.  There  is, 
of  course,  the  further  possibility  that  intense  aerodynamic 
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* It  is  presumed  that  the  missile  is,  unlike  the  usual  meteor,  so  large  (say  of  the  order  of  feet 
in  typical  dimension)  that  free  molecule  phenomena  play  a minor  role  in  its  motion  and  heating. 


heating  will,  as  with  meteors,  cause  burning  and  the  ultimate 
destruction  of  the  missile. 

These,  then,  are  some  of  the  important  causes  and  effects 
of  aerodynamic  heating  of  a long-range  ballistic  missile 
entering  the  atmosphere.  They  suggest  that  an  atmosphere 
entry  simulator  might  logically  include  means  of  simulating 
missile  velocity,  missile  configuration  (e.  g.,  shape),  and  the 
lower  portion  of  the  earth’s  atmosphere.  We  will  proceed 
from  this  suggestion  to  formulate  our  conditions  of  simula- 
tion. 

" CONDITIONS  OF  SIMULATION 


The  analysis  to  follow  tacitly  presumes  the  validity  of 
many  time- tested  assumptions  of  aerodynamics,  thermo- 
dynamics, and  solid  mechanics.  In  addition,  however,  it  is 
predicated  on  the  assumptions  that  during  atmospheric 
entry'  (1)  radiation  has  a secondary  effect  on  missile  heating, 
(2)  gravity  has  a secondary  effect  on  missile  motion,  (3)  the 
flow-field  freeze  principle  of  Oswatitsch  (ref.  3)  holds  for  the 
missile,  and  (4)  the  thermal  properties  (e.  g.,  specific  heats) 
and  transport  properties  (e.  g.,  thermal  conductivity  and 
viscosity)  of  air  are  functions  of  temperature  only.  The 
first  two  assumptions  are  suggested  by  the  calculations  of 
references  1 and  2, 3 while  the  third  assumption  hinges  essen- 
tially on  the  requirement  that  the  square  of  the  hypersonic 
similarity  parameter  for  a missile  be  large  compared  to  1 
during  entry  (i.  e.,  M 2 sin2  <$>>1).  For  missiles  of  normal 
slenderness,  the  hyperspeed  of  entry  tends  to  insure  the 
satisfying  of  this  requirement  with  the  result  that  flight 
Mach  number  loses  its  significance  as  an  important  similarity 
parameter.4  The  last  assumption  is  restrictive  only  in  the 
event  air  tends  to  dissociate  (or  possibly  ionize)  and  it  will 
therefore  be  treated  in  a discussion  of  these  phenomena 
later  in  the  paper  (see  section  on  “Performance  Limitations”) . 

Now  it  is  convenient  in  discussing  similitude  to  imagine  a 
model  counterpart  to  the  missile  and  a test  chamber  counter- 
part to  the  atmosphere.  Furthermore  it  is  permissible  for 
our  purposes  to  proceed  from  the  simplified  equations  of 
reference  2 for  the  convective  heating  of  ballistic  missiles. 
Thus  for  an  isothermal  atmosphere  (which  closely  approxi- 
mates the  earth’s  lower  atmosphere,  see  ref.  2) 


and  there  follows: 


(a)  Heat  absorbed  per  unit  mass  at  altitude  yf 


where 


Q_l(Q/S\ 
m 4 \CdAJ 


(Ve2—V2) 


V2=  V 2 e sin  € s 


(i) 


(2) 

(3) 


3 The  first  assumption  is,  of  course,  best  suited  to  “relatively  light”  missiles  which  are  de- 
signed on  the  so-called  “heat  sink”  principle,  or,  more  generally,  which  are  designed  to  main- 
tain relatively  cool  surfaces. 

4 It  is  demonstrated  in  reference  3 that  Mach  number  and  stream  angle  in  the  disturbed 
flow'  are  independent  of  flight  Mach  number,  provided  Af2  sin2  S»l,  and  provided  the  air 
behaves  ideally.  In  the  event  nonideal  behavior,  like  changes  in  the  specific  heats,  occurs 
as  a result  of  high  temperatures  in  the  disturbed  flow',  then  flight  velocity  tends  to  replace 
flight  Mach  number  as  the  important  index  of  motion  since  it  is  through  this  velocity  (via 
kinetic  energy)  that  high  disturbed  air  temperatures  are  created. 
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(b)  Average  rate  of  heat  transfer  per  unit  area 


dHav  C/PqV*  -g„l  ' 
dt  ~ 4 6 e 


3 CDp0A 

*—py* 

2 0m  sin  6, 


(c)  Rate  of  heat  transfer  to  stagnation  point 


dHs 

dt 


—const 


3 CpPoA 
£ 2 0m  sin  6, 


e~Pvf 


(4) 


(5) 


According  to  equation  (1)  the  density  of  the  air  in  the  test 
chamber  must  vary  exponentially  with  the  distance  corre- 
sponding to  altitude  in  the  atmosphere.  The  more  general 
implication  is;  of  course,  that  the  test  chamber  must  duplicate 
variations  of  p/pQ  in  the  atmosphere,  whatever  they  may  be, 
although  the  absolute  magnitudes  of  p and  p0  may  be  quite 
different  from  those  in  the  atmosphere.  The  static  tempera- 
ture of  the  air  in  the  test  chamber  is,  as  in  the  case  of  the 
atmosphere,  presumed  to  be  small  by  comparison  to  missile 
recovery  temperature  (see  ref.  2 in  connection  with  this  point 
as  it  relates  to  the  derivation  of  eqs.  (2)  through  (5)). 

It  will  be  stipulated  now  that  model  and  missile  be  geome- 
trically similar  in  structure  and  configuration,  and  made  of 
the  same  material.  Furthermore,  the  condition  is  imposed 
that  the  model  enter  the  test  chamber  at  the  same  speed  and 
temperature  as  the  missile  enters  the  atmosphere.  Finally, 
it  is  required  that  model  and  missile  have  the  same  Reynolds 
numbers  (based  on  local  conditions  outside  the  boundary 
layer)  at  corresponding  points  py'  in  their  trajectories.  By 
corresponding  points  it  is  meant  where  the  product  py'  is  the 
same  for  model  and  missile.  It  should  be  recognized,  of 
course,  that,  in  general,  P and  y ' will  individually  be  grossly 
different  for  model  and  missile. 

It  follows  from  these  requirements  and  equation  (2)  that 
the  heat  transfer  per  unit  mass  Q/m  to  model  and  missile 
will  be  the  same  at  corresponding  points  Py'  provided  V is 
the  same,  since  C / and  C/S/CDA  are  the  same.  But  from 
equation  (3)  the  velocity  V will  be  the  same  at  corresponding 
Py'  only  if  CDp0A/Pm  sin  6e  is  the  same.  If  the  subscript  mo 
refers  to  model  and  mi  to  missile,  then  the  last  provision  may 
be  written. 

(PoD)  mi_  {DmtV  (y'/sm  @e)mo  /r»\ 

(. PoD)mo\DmoJ  (y'/sm  6e)mi  K 


But  model  and  missile  Reynolds  numbers,  velocities,  and 
disturbed  air  temperatures  6 are  the  same,  hence 

(PoD)mi=(PoD)mo  (7) 

and  equation  (6)  may  be  written 


6 This  observation  with  regard  to  disturbed  air  temperatures  is  easily  verified  by  considering 
flow  near  the  surface  of  a missile  with  a stagnation  point.  Assuming  for  simplicity  that  air 
in  the  disturbed  flow  behaves  ideally,  we  have  at  the  stagnation  point  V*/2CP  since 
Af*»l.  Then  the  temperature  of  the  air  just  outside  the  boundary  layer  is  given  by  the 

T/2  / y — \ \-l 

expression  H — — MjM  * Hence  if  V and  Mi  are  the  same  for  model  and  missile. 

then  Ti  and  Vi  are  the  same,  independent  of  ambient  air  temperature.  We  are  assured  of 
erjual  Mi’s  by  the  freeze  principle  (see  footnote  4). 


This  expression  fixes  the  length  L of  the  test  chamber  in 
terms  of  the  portion  of  the  atmosphere  to  be  simulated 
therein  and  the  ratio  of  model  to  missile  size.6  If  equation 
(8)  and  the  previously  set  forth  requirements  are  satisfied, 
then  model  and  missile  should  experience  equal  heat  transfer 
per  unit  mass,  and  hence  equal  average  temperature  rise  at 
corresponding  points  in  their  trajectories.  These  quantities 
are  significant,  of  course,  because  they  tend  to  determine 
whether  a missile  will  melt  or  perhaps  burn  during  flight. 

The  next  question  is  how  do  the  heat-transfer  rates  com- 
pare in  the  case  of  model  and  missile?  It  is  easily  deduced 
from  equations  (4)  and  (5)  and  the  conditions  for  equal 
heat  transfer  per  unit  mass  that 


and 


(9) 


(10) 


at  corresponding  points  py' . That  is  to  say,  the  average 
and  stagnation  point  heat-transfer  rates  are  higher  for  the 
model  in  proportion  to  the  ratio  of  missile  to  model  size. 
But  perhaps  the  foremost  importance  of  heat-transfer  rates 
is,  as  discussed  earlier,  in  how  they  influence  thermal  stresses 
in  the  missile  structure  and,  for  example,  lead  to  ablation 
of  surface  material.  Evidently,  then,  it  would  be  most 
desirable  if  equations  (9)  and  (10)  implied  equal  thermal 
stresses  in  model  and  missile.  This  possibility  is  easily 
checked  using  modified  equilibrium  thermal-stress  equations 
for  an  unrestrained  isotropic  elastic  body  (see  ref.  (4)  and 
sketch). 


Z 


8 Since  model  and  missile  velocities  are  the  same  at  corresponding  points  in  their  trajectories, 
it  follows  from  equation  (8)  that  the  time  of  flight  in  the  test  chamber  is  reduced  below  that  of 
atmospheric  entry  by  the  ratio  (flw./flm.-)2. 
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Now  the  thermal  stresses  are  given  by  superposing  the 
“hydrostatic”  pressure  aETj\—2v  on  solutions  to  equations 
(11)  consistent  with  the  compatibility  and  boundary  con- 
ditions (eqs.  (12))  and  the  solution  to  the  heat-flow  equation 
(13)  along  with  its  boundary  conditions  (eqs.  (14)).  But  if 
equations  (9)  and  (10)  along  with  the  requirements  necessary 
for  their  development  are  satisfied,  then  equations  (11) 
through  (14)  (and  the  “hydrostatic”  pressure)  are  mathe- 
matically identical  for  model  and  missile.  Hence,  the  ther- 
mal stresses  must  be  the  same  in  model  and  missile  at  corre- 
sponding in  their  trajectories. 

Necessary  conditions  for  simulating  aerodynamic  heating 
and  resulting  thermal  stresses  in  a ballistic  missile  are  then, 
according  to  this  analysis,  as  follows.  First,  model  and 
missile  must  be  geometrically  similar  and  made  of  the  same 
material.  In  addition,  they  must  have  the  same  flight 
speeds  and  Reynolds  numbers  (based  on  local  conditions 
outside  the  boundary  layer)  at  corresponding  points  in  their 
trajectories.  Finally,  in  order  to  meet  these  conditions  and 
to  insure  equal  heating  of  model  and  missile,  the  test  chamber 
must  contain  air  at  relatively  low  temperature  and  with 
variations  in  p/p0  along  the  model  flight  path  equal  to  those 
in  the  atmosphere  along  the  missile  flight  path. 

With  this  knowledge  we  are  in  a position  to  consider  the 
practical  problems  of  simulating  atmospheric  entry. 

A PRACTICAL  ATMOSPHERE  ENTRY  SIMULATOR 

It  is  appropriate  to  determine  first  how  to  provide  a model 
with  the  correct  initial  hypervelocity  required  for  simula- 
tion. For  this  purpose  it  is  suggested  that  a hypervelocitv 
gun  can  be  employed.  Several  such  guns  have  been  developed 
(see  e.  g.,  ref.  6)  to  launch  small  models  at  speeds  above 
15,000  feet  per  second.  These  speeds  correspond  to  those  of 
ballistic  missiles  (see  ref.  1)  with  ranges  of  the  order  of  2,000 
miles  and  greater.  Both  speed  and  range  fall,  then,  into 
the  categories  of  interest  in  this  paper. 

The  next  question  is  how  to  provide  a model  test  chamber 
which  simulates  the  lower  portion  of  the  earth’s  atmosphere. 
For  this  purpose  it  is  suggested  that  a special  supersonic 
nozzle  can  be  used  to  advantage.  To  illustrate,  it  was  found 
in  reference  2 (see  fig.  4 therein)  that  the  major  part  of  the 
aerodynamic  heating  of  a ballistic  missile  entering  the  atmos- 
phere occurs  over  a range  of  about  100,000  feet  in  altitude. 
In  this  altitude  range  p/p0  varies  by  a factor  of  about  10“2. 
A corresponding  variation  in  density  can  be  obtained  be- 
tween the  settling  chamber  and  exit  section  of  a Mach 
number  5 supersonic  nozzle  (see  ref.  7).  Imagine,  then,  a 
hypervelocity  gun  positioned  to  launch  a model  upstream 
along  the  axis  of  such  a nozzle.  The  nozzle  is  designed  to 
provide  an  essentially  exponential  variation  in  density  along 
its  axis,  the  density  decreasing  from  a very  high  value  in 
the  settling  chamber  to  a very  low  value  at  the  exit.  Accord- 
ingty,  a model  proceeding  upstream  through  the  nozzle  en- 
counters an  increasingly  dense  atmosphere  like  that  pre- 
sented by  the  earth  to  a descending  ballistic  missile.  Now, 
to  be  sure,  unlike  atmospheric  air,  the  air  in  the  nozzle  is  in 
motion.  However,  the  air  velocity  is  small  by  comparison 
to  the  hypervelocity  of  the  model,  and  therefore  this  differ- 
ence between  nozzle  air  and  atmospheric  air  should  mar 
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Figure  1. — Example  atmosphere  entry  simulator. 


only  slightly  the  function  of  the  nozzle  as  a test  chamber.7 

The  combination  of  hypervelocity  gun  and  supersonic 
nozzle  merits  attention,  then,  as  an  atmosphere  entry  simu- 
lator. An  example  simulator  of  this  type  will  therefore  be 
considered  next. 

EXAMPLE  SIMULATOR 

Consistent  with  the  previous  discussion,  a Mach  number  5 
nozzle  is  chosen  to  simulate  the  earth’s  atmosphere  over  100,- 
000  feet  of  altitude.  Now  let  us  assume  that  ballistic  missiles 
with  up  to  4,000  miles  range  are  to  be  studied  with  this  simu- 
lator. The  corresponding  range  of  atmospheric  entrance  an- 
gles Be  is  from  45°  down  to  about  30°  (see  ref.  1).  The  length 
of  the  nozzle  is  fixed  according  to  equation  (8)  by  the  maxi- 
mum values  of  (y// sin  6e)mi  and  DmoIDmi.  This  value  of 

(y/l sin  Be)mi  is,  from  the  above  specifications, 

sin  ou 

200.000  feet.  The  maximum  value  of  Dm0/Dmi  will  be  dic- 
tated by  the  size  of  the  largest  model  which  can  be  launched 
by  the  special  gun  available  and  by  the  size  of  the  smallest 
missile  to  be  simulated.  For  the  purpose  of  this  discussion 
it  suffices  to  observe  that  the  model  size  will  probably  be  of 
the  order  of  a fraction  of  an  inch,  while  the  missile  size  will 
probably  be  of  the  order  of  several  feet.  It  follows  that  the 
maximum  value  of  Dm0/Dmi  should  be  of  the  order  of  10“2. 
In  this  event  we  have  from  equation  (8)  that  the  length  of 
the  nozzle  is  of  the  order  of  20  feet,  and  from  equation  (7) 
the  nozzle  stagnation  density  is  of  the  order  of  100  times  sea 
level  air  density.  A missile  3 feet  in  diameter  and  weighing 

5.000  pounds  would  thus  be  simulated  by  a model  0.36  inch 
in  diameter  and  weighing  0.005  pound. 

On  the  basis  of  these  considerations  our  example  simulator 
might  appear  something  like  the  one  shown  in  figure  1 . The 
required  nozzle  stagnation  densities  are  obtained  for  running 
times  of  the  order  of  a second  by  using  a settling  chamber 
charged  with  high  pressure  air.  A wide  range  of  settling- 
chamber  pressures  and,  hence,  densities  makes  it  possible  to 
vary  the  range  of  altitudes  simulated.  The  storage  heater 
in  the  settling  chamber  maintains  the  air  temperatures  above 
those  for  which  liquefaction  can  occur  in  the  nozzle.  The 
nozzle  contour  will  tend  to  have  very  small  slopes  in  the 

7 It  is  interesting  to  note  that  the  supersonic  nozzle  when  used  in  the  proposed  manner  has 
compensating  features;  namely,  as  model  velocity  decreases,  the  air  velocity  decreases  and, 
as  model  recovery  temperature  decreases,  the  air  static  temperature  rises  up  toward  atmos- 
pheric air  temperature.  These  features  are,  of  course,  favorable  to  simulating  atmospheric 
entry  in  that  they  tend  to  preserve  the  required  similarity  between  atmospheric  air  and  nozzle 
air.  In  this  manner,  too,  the  possibility  of  correcting  for  small  differences  between  these 
media  is  enhanced. 


streamwise  direction.  Hence  it  is  anticipated  that  flow  in 
the  nozzle  will  not  depart  radically  from  the  one-dimensional 
type.  Air  from  the  nozzle  passes  into  a vacuum  tank  which 
is  of  sufficient  size  to  maintain  the  nozzle  compression  ratios 
required  for  supersonic  flow  during  the  course  of  a test.  Ob- 
servation windows  are  located  at  short  intervals  along  the 
nozzle  side  walls  to  permit  photographing  models  in  flight 
and  determining  effects  of  aerodynamic  heating.  In  this  re- 
gard it  would  quite  likely  prove  desirable  to  employ  a spec- 
trometer to  identify  the  sources  of  radiation  energy  emitted 
in  the  vicinity  of  models.  The  simulator  would  be  instru- 
mented for  measuring  settling-chamber  pressure  and  temper- 
ature and,  of  course,  the  time-distance  history  of  models. 
Models  would  be  launched  from  a hypervelocity  gun  located 
at  or  near  the  end  of  the  nozzle,  and  they  would  be  arrested 
in  a catcher  located  in  the  settling  chamber.  The  damage  to 
models  in  the  catcher  should  be  negligible  for  low  impacting 
velocities,  thereby  permitting  the  study  of  recovered  models 
to  determine  changes  which  occurred  during  atmospheric 
entry. 

We  have,  then,  some  idea  of  how  the  proposed  simulator 
might  be  employed  in  practice.  It  is  important,  however, 
to  be  aware  of  the  points  of  difficulty  which  may  limit  the 
performance  of  the  device  as  a simulator. 

PERFORMANCE  LIMITATIONS 

First,  it  should  be  noted  that  pressure-induced  stresses  in 
the  model  will  be  higher  than  those  in  the  missile  by  the 
ratio  DmilDmo . This  point  may  prove  troublesome,  al- 
though not  unduly  so  if  these  stresses  are  very  low  (as  they 
tend  to  be)  in  the  missile.  It  should  be  remembered  too 
that  by  proper  model  design  (e.  g.,  the  use  of  internal 
pressurization  or  other  bracing)  this  problem  can  be  mini- 
mized. Careful  attention  must,  of  course,  be  given  to  both 
model  and  sabot  design  from  the  standpoint  of  minimizing 
stresses  in  the  model  during  launching. 

Another  point  of  difficulty  may  be  encountered  if  material 
properties  (e.  g.,  yield  point)  are  a significant  function  of 
time  under  rapid  heating  conditions.  There  is  some  indica- 
tion (see  ref.  8 and  papers  cited  therein)  that  at  the  very 
high  heating  rates  of  long-range  ballistic  missiles  (corre- 
sponding to  temperature-rise  rates  of  the  order  of  100°  F/sec 
and  more),  the  importance  of  time  is  small.  It  is  indicated 
too  that  this  remains  true,  and,  more  important,  that 
material  properties  remain  essentially  the  same  at  the  much 
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higher  heating  rates  produced  in  the  simulator.8  Far  more 
information  is  needed,  however,  before  the  significance  of 
time  in  the  sense  of  this  discussion  can  be  fully  assessed. 

A further  question  which  should  be  raised  is  whether  or  not 
a body  can  distort  fast  enough  with  changes  in  temperature 
to  remain  in  stress-strain  equilibrium  (i.  e.,  acceleration 
terms  negligible)  as  was  assumed  in  deriving  equations  (11) 
and  (12).  This  situation  would  be  more  serious  in  the  case 
of  the  model  than  in  the  case  of  the  missile.  A crude  check 
on  the  matter  is  easily  obtained  for  a body  which  behaves 
elastically.  To  illustrate,  the  time  required  for  the  model 
to  make  small  adjustments  in  stress-strain  equilibrium 
should  be  of  the  same  order  as  the  time  required  for  an 
elastic  wave  to  travel  the  length  of  the  model.  For  atypical 
steel  model  (D=%  in.)  in  the  simulator,  this  latter  time 
would  be  about  1CT6  seconds.  If  we  assume  that  the  model 
experiences  a total  temperature  rise  of  1500°  F while  traveling 
through  the  simulator,  then  10-6  seconds  is  also  the  time 
required  for  only  about  1°  temperature  change  in  the  model 
material.  Accordingly,  only  small  adjustments  in  stress- 
strain  equilibrium  are  evidently  required  in  this  time,  and 
hence  equilibrium  should  tend  to  be  realized  in  model  as  well 
as  missile.  If  time-dependent  plastic  deformation  should 
become  significant,  then  this  statement  obviously  no  longer 
holds.9  Thus,  for  example,  the  simulator  may  not  (in  view 
of  its  foreshortened  time  scale)  duplicate  more  than  quali- 
tatively a fracture  process  (see  ref.  9)  although  it  should  tend 
to  duplicate  thermal  deformation  up  to  and  including  the 
beginning  of  fracture.  If  fracture  occurs  on  a molecular 
scale,  like  ablation  by  sublimation,  then  the  phenomenon 
will  tend  to  be  properly  reproduced  in  the  simulator  provided 
the  sublimation  rate  is  proportional  to  heat- transfer  rate. 

There  is,  too,  the  possibility  of  a missile  being  aerody- 
namically  heated  to  temperatures  wdiere  it  will  burn  during 
descent  through  the  earth's  atmosphere.  The  simulator 
should  tend  to  duplicate  conditions  leading  up  to  this 
phenomenon;  however,  there  is  a question  as  to  how  well 
burning  would  be  duplicated.  The  complexity  and  lack  of 
complete  understanding  of  metal  burning  (see,  e.  g.,  ref.  10) 
preclude  the  possibility  of  obtaining  a quantitative  answer 
to  this  question  at  the  present  time.  From  the  qualitative 
viewpoint  it  is  reasonable  to  expect  that  the  effects  of 

8 This  discussion  should  not  he  construed  to  mean  that  material  properties  are  the  same 
under  conditions  of  high  rates  of  heating  as  they  are  under  steady  state  conditions  (see  ref.  8). 

8 Thus  with  a slow  process,  like  creep,  model  deformation  would  not  simulate  missile 
deformation  (see,  e.  g.,  ref.  9),  but  rather,  it  would  be  less  by  the  ratio  of  ( Dme(Dmi )J  due  to  the 
foreshortened  time  scale  in  the  simulator.  Even  in  the  case  of  the  missile,  however,  the 
entry  time  may  be  so  short  (of  the  order  of  seconds)  that  creep  plays  a minor  role  in  deforming 
the  vehicle. 


increased  partial  pressure  of  oxygen  (acting  to  increase 
burning  rate)  and  the  reduced  model  size  (acting  to  decrease 
the  amount  of  material  to  be  burned)  should  combine  in  the 
simulator  to  compensate  for  its  foreshortened  time  scale, 
thereby  more  nearly  providing  simulation  of  missile  burning. 
Burning  should  be  accurately  simulated  for  cases  where 
burning  rate  is  directly  proportional  to  the  partial  pressure 
of  oxygen. 

As  a final  point,  it  is  appropriate  to  consider  the  matter  of 
dissociation  and  association  of  the  oxygen  and  nitrogen  in 
air.  The  simulator  produces  essentially  the  same  disturbed 
air  temperatures  as  the  missile  entering  the  atmosphere. 
Accordingly,  the  potential  for  dissociation  and  association  is 
duplicated  by  the  simulator.  At  the  present  time,  however, 
it  is  felt  that  these  two  phenomena  obey  different  rate  laws 
(see  Appendix).  In  this  event,  neither  the  phenomena  nor 
their  effects  on  heating  of  a ballistic  missile  can  be  duplicated 
except  by  1 to  1 simulation  (i.  e.,  the  equivalent  of  flight  tests 
with  the  full-scale  missile).  An  indication  of  the  possible 
error  that  this  situation  may  introduce  in  tests  with  the  pro- 
posed simulator  can  be  obtained  from  the  calculations  of 
reference  11  which  suggest  that  the  net  effect  of  equilibrium 
dissociation  and  association  in  free  flight  may  be  to  increase 
the  rate  of  heat  transfer  to  a stagnation  point  by  only  about 
50  percent.10  This  increase  should  be  w7ell  within  the  design 
safety  factor  of  a missile. 

CONCLUDING  REMARKS 

It  has  been  found  that  an  atmosphere  entry  simulator  con- 
sisting of  a hypervelocity  gun  combined  with  a special  super- 
sonic nozzle  may  be  used  to  stud}7  the  conditions  of  extreme 
heat  transfer  and  thermal  stress  which  introduce  such  serious 
problems  in  the  flight  of  a long-range  ballistic  missile.  The 
effects  of  aerodynamic  heating  on  the  model  can  be  observed 
with  relative  ease,  and  further,  the  tests  can  be  conducted  at 
a cost  which  is  negligible  by  comparison  to  that  of  flight 
tests.  Indeed,  in  the  simplest  test,  the  simulator  could  pro- 
vide with  one  photograph  of  a model  rather  substantial  evi- 
dence as  to  whether  or  not  the  corresponding  missile  would 
remain  essentially  intact  while  traversing  the  atmosphere. 

Ames  Aeronautical  Laboratory 

National  Advisory  Committee  for  Aeronautics 
Moffett  Field,  Calif.,  Sept . 15,  1955 


w Dissociation  and  association  may  nave  especially  marked  effects  on  stagnation  point  heat 
transfer  since  these  phenomena  can  strongly  affect  both  the  in  viscid  and  viscous  flows  in  this 
region. 
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APPENDIX  A 

DISSOCIATION  AND  ASSOCIATION  RATES 


The  dissociation  of  02  and  N2  is  thought  (see,  e.  g.,  refs.  12 
and  13)  to  obey  the  linear  law 

(W=C\(T)N  (Al) 

where  N is  the  concentration  (or  density  in  particles  per  unit 
volume)  and  Ci(T)  is  the  rate  constant  which  usually  de- 
pends only  upon  temperature.  On  the  other  hand,  the  cor- 
responding association  process  (e.  g.,  0+0— >$2)  is  thought 
to  obey  the  second-order  law 1 

4^^c2(T)N2  (A2) 

at 

Now  disturbed  air  velocities  are  the  same  in  the  case  of  model 
and  missile,  while  disturbed  air  densities  are  higher  in  the 
case  of  the  model  by  the  ratio  of  DmilDmo . It  follows  then 
that  the  simulator  will  tend  to  duplicate  a rate  process  in 
which  the  percentage  rate  of  change  of  concentration  of  a 
given  type  of  particle  is  proportional  to  the  concentration  of 
that  particle,  namely, 

j_dN=CiT)N  (A3) 

But  the  simulator  tends  to  duplicate  temperature  and  type 
of  particle;  hence,  it  should  duplicate  the  “association”  rate 
process  given  by  equation  (A2)  since  C(T)  = C2(T).  It  will 
apparently  not,  however,  duplicate  the  “dissociation”  rate 
process  given  by  equation  (Al). 


1 Actually  there  is  some  question  as  to  the  correctness  of  either  equation  (Al)  or  (A2)  (see 

e.  gM  ref.  (14))  for  pure  media  and  there  is  the  further  complication  of  impurities  which  could 
lead,  for  example,  to  a third-order  rate  process. 
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COMPRESSIBLE  LAMINAR  BOUNDARY  LAYER  OVER  A YAWED  INFINITE  CYLINDER  WITH 

HEAT  TRANSFER  AND  ARBITRARY  PRANDTL  NUMBER  12 

By  Eli  Reshotko  and  Ivan  E.  Beckwith 


SUMMARY 

The  equations  are  'presented  for  the  development  of  the 
compressible  laminar  boundary  layer  over  a yawed  infinite 
cylinder . For  compressible  flow  with  a pressure  gradient  the 
chordwise  and  spanwise  flows  are  not  independent . Using 

the  Stewartson  transformation  and  a linear  viscosity-temperature 
relation  yields  a set  of  three  simultaneous  ordinary  differential 
equations  in  a form  yielding  similar  solutions.  These  equations 
are  solved  for  stagnation-line  flow  for  surface  temperatures 
from  zero  to  twice  the  free-stream  stagnation  temperature  and 
for  a wide  range  of  yaw  angle  and  free-stream  Mach  number. 

The  results  indicate  that  the  effect  of  yaw  on  the  heat-transfer 
coefficient  at  the  stagnation  line  depends  markedly  on  the  free- 
stream  Mach  number.  For  subsonic  Mach  numbers  the 
decrease  in  heat-transfer  coefficient  with  yaw  angle  A is  about 
Vcos  A,  which  is  the  decrease  for  incompressible  flow.  How- 
ever, for  free-stream  Mach  numbers  greater  than  approximately 
2 , the  variation  in  heat-transfer  coefficient  with  yaw  angle  is 
somewhat  less  than  cos  A except  when  the  normal  component  of 
the  stream  Mach  number  is  subsonic;  then  the  variation  tends 
to  approach  fcos  A This  decrease  in  heat-transfer  coef - 
hcient  with  yaw  angle  is  practically  independent  of  wall 
temperature  and  Prandtl  number  for  the  values  of  these  param- 
eters used  in  the  present  calculations.  The  recovery  factor , 
defined  in  terms  of  the  local  external  temperature , can  be 
approximated  as  the  square  root  of  the  Prandtl  number  for  the 
range  of  yaw  angle , Mach  number , and  Prandtl  number , 
included  in  the  calculations.  . 

An  unusual  result  of  the  solutions  is  that  for  large  yaw 
angles  and  stream  Mach  numbers  the  chordwise  velocity  within 
the  boundary  layer  exceeds  the  local  external  chordwise  velocity , 
even  for  a highly  cooled  wall. 

INTRODUCTION 

As  flight  speeds  are  increased,  the  problem  of  aerodynamic 
heating  becomes  more  serious,  and  the  temperatures  of 
critical  areas  such  as  the  nose  of  an  aircraft  or  the  wing 
leading  edge  may  exceed  the  design  specifications.  An 
accurate  knowledge  of  the  laminar-boundary-layer  charac- 
teristics then  becomes  desirable,  not  only  for  predicting  heat- 
transfer  rates,  but  also  for  calculating  the  stability  of  the 
boundary-layer  flow.  The  yawed  infinite  cylinder  approxi- 


mately simulates  the  leading  edge  of  a sweptback  wing  or  of 
a body  of  high  fineness  ratio  at  angle  of  attack  and  also 
allows  a basic  simplification  of  the  boundary-layer  theory. 

Almost  simultaneously,  Prandtl  (ref.  2),  Struminsky 
(ref.  3),  Jones  (ref.  4),  and  Sears  (ref.  5)  observed  that  for 
incompressible  flow  over  a yawed  infinite  cylinder  the 
boundary-layer  development  in  the  chordwise  direction 
(normal  to  the  cylinder  axis)  is  independent  of  the  spanwise 
"flow.  For  compressible  flow,  however,  this  “independence 
principle”  does  not  apply,  because  the  density  variation 
must  depend  on  the  velocities  in  both  the  chordwise  direction 
and  the  spanwise  direction  (refs.  3 and  6). 

Where  the  independence  principle  applies,  the  solutions  for 
boundary-layer  development  in  the  chordwise  plane  are 
those  that  have  been  obtained  for  incompressible  two- 
dimensional  flow.  A number  of  investigators  have  inte- 
grated the  spanwise  momentum  equation  for  the  various 
solutions  to  this  problem.  Seal's  (ref.  5)  has  obtained  the 
spanwise  solution  corresponding  to  the  series-type  solution 
about  a cylinder.  Wild  (ref.  7),  by  an  integral  technique, 
has  obtained  the  spanwise  solution  for  HowartlTs  elliptic 
cylinder,  and  Cooke  (ref.  8)  has  tabulated  the  spanwise 
solutions  corresponding  to  Hartree’s  solutions  (ref.  9)  to  the 
equations  of  Falkner  and  Skan.  Further,  Gol and  (ref.  10) 
lias  shown  that  the  heat-transfer  coefficient  of  a yawed 
cylinder  varies  as  the  square  root  of  the  Reynolds  number 
based  on  the  normal  component  of  the  stream  velocity. 
Thus,  for  a given  stream  velocity,  the  lieat-transfer  co- 
efficient decreases  as  the  square  root  of  the  cosine  of  the  yaw 
angle.  This  decrease  in  heat-transfer  coefficient  is  asso- 
ciated with  the  increase  in  boundary-layer  thickness  due  to 
yaw. 

For  compressible  flow  where  the  independence  principle 
does  not  apply,  the  momentum  equations  for  both  the 
chordwise  flow  and  the  spanwise  flow  must  be  solved  simul- 
taneously. Solutions  to  the  compressible-flow  problem 
with  zero  heat  transfer  and  a Prandtl  number  of  1 have  been 
given  by  Crabtree  (ref.  11)  and  Tinkler  (ref.  12).  Both  of 
these  solutions  are  for  flows  where  the  spanwise  Mach 
number  at  the  stagnation  line  of  the  cylinder  is  1 or  less. 
Consequently,  for  high  stream  Mach  numbers  these  solutions 
apply  only  to  cases  where  the  yaw  angle  is  small.  From  the 


1 Supersedes  NACA  Technical  Note  3980,  by  Eli  Reshotko  and  Ivan  E.  Beckwith,  1957. 

2 This  report  combines  the  results  of  two  independent  investigations,  one  at  the  Lewis  Flight  Propulsion  Laboratory  and  the  other  at  the  Langley  Aeronautical  Laboratory.  The  prin- 
cipal results  of  the  investigation  at  the  Lewis  laboratory  were  presented  by  the  senior  author  before  the  1956  Heat  Transfer  and  Fluid  Mechanics  Institute  at  Stanford  University  on  June 
22,  1956.  A brief  written  version  of  that  talk  appears  in  the  proceedings  of  the  institute  (ref.  1). 
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observation  that  for  a Prandtl  number  of  1 the  energy 
equation  and  the  spanwise  momentum  equations  are  similar 
(ref.  6),  Moore  (ref.  13)  has  indicated  the  form  that  Crab- 
tree's equations  take  for  a noninsulated  surface. 

The  present  report  extends  the  work  of  Crabtree,  Tinkler, 
and  Moore  to  the  more  general  case  of  arbitrary  Prandtl 
number  and  an  isothermal  wall  at  arbitrary  temperature  in 
flows  where  both  Mach  number  and  yaw  angle  may  be  large. 
The  boundary-layer  equations  are  first  simplified  by  the 
assumption  of  a linear  viscosity-temperature  relation  and 
by  the  application  of  Stewartson's  transformation  (ref.  14). 
The  resulting  system  of  partial  differential  equations  is 
simplified  further  by  assuming  an  external  chordwise  velocity 
distribution  of  the  Falkner-Skan  type  in  the  transformed 
coordinate  system.  The  conditions  required  to  reduce  the 
system  to  ordinary  differential  equations  are  discussed. 
Numerical  solutions  for  stagnation-line  flow  with  Prandtl 
numbers  of  1 and  0.7  are  presented.  Expressions  are  given 
for  shear,  heat  transfer,  and  the  variation  of  heat-transfer 
coefficient  with  yaw  angle. 

GENERAL  EQUATIONS 

BOUNDARY-LAYER  EQUATIONS 

The  compressible-boundary-layer  equations  for  a three- 
dimensional  flow  are  obtained  by  application  of  the  Prandtl 
boundary-layer  assumptions  to  the  general  equations  govern- 
ing.the  motion  of  a compressible,  viscous,  heat-conducting  gas 
(see,  e.  g.,  refs.  6 and  13).  One  of  these  assumptions  which 
may  be  emphasized  for  the  present  application  is  that  the 
boundary-layer  thickness  is  small  compared  with  the  local 
radius  of  curvature  of  the  surface.  Consequently,  the 
pressure  gradient  normal  to  the  surface  may  be  neglected, 
and  the  boundary-layer  equations  are  expected  to  be  valid 
in  the  region  of  the  stagnation  line  on  a yawed  cylinder. 

The  boundary-layer  equations  for  a yawed  infinite  cylinder 
are  obtained  from  the  three-dimensional  boundary-layer 
equations  by  noting  that  all  spanwise  derivatives  are  identi- 
cally zero.  The  coordinate  system  used  is  defined  by  the 
following  sketch: 


where  the  ^-coordinate  is  the  distance  along  the  cylinder 
surface  measured  in  the  chordwise  direction  from  the  leading- 
edge  stagnation  line,  y is  the  spanwise  coordinate,  and  2 is  the 
coordinate  normal  to  the  cylinder  surface.  (All  symbols  are 
defined  in  appendix  A.) 

The  equations  of  motion  of  the  steady  compressible  laminar 
boundary  layer  over  a yawed  infinite  cylinder  are  therefore: 
Continuit}7: 
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where  H is  the  total  or  stagnation  enthalpy. 

State: 

p—pRt 


The  boundary  conditions  for  equations  (1)  to  (4)  are: 
At  z=0 

dH 

u—v=w—  0 and  H=HW  or  -x-  ^ 0 

dz 

At  z— > co 


u—uej  v=ve,  and  H=He 


The  viscosity  is  assumed  to  be  a linear  function  of  the  tem- 
perature according  to  the  relation 


M= 


M ID 
tio 


t 


where  tw  is  a known  function  of  x,  and  pw  may  be  taken  as 
any  desired  function  of  tw,  such  as  the  Sutherland  viscosity- 
temperature  equation.  The  chordwise  velocity  outside  the 
boundary  layer  satisfies  the  following  form  of  Bernoulli’s 
equation: 


PeUe 


d ue_  dpe 
dz  dz 


dp 
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(5) 


since  from  equation  (2c)  the  pressure  is  constant  in  the  direc- 
tion normal  to  the  surface. 

STEWARTSON’S  TRANSFORMATION 

The  velocities  in  the  equations  of  motion  (eqs.  (1)  to  (3)) 
can  be  replaced  through  the  definition  of  a stream  function: 
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so  that  the  continuity  equation  (eq.  (1))  is  automatically 
satisfied. 

Stewartson’s  transformation  (ref.  14)  is  now  introduced, 
and  in  a slightly  modified  form  may  be  written 


[Y *o\  Ve  ^ ^ 

Jo  \M0  t if/  #0  Po 

&o  Jo  Po 


(7) 

(8) 


The  quantity  ( — ) of  equation  (7)  is  exactly  the  quantity 

\Mo  *w/ 

X of  reference  15.  The  transformed  coordinates  are  now  rep- 
resented by  uppercase  letters  Z),  and  the  subscript  e 
refers  to  local  conditions  at  the  outer  edge  of  the  boundary 
layer  (external).  The  subscript  0 refers  to  free-stream 
stagnation  values. 

With  the  assumptions  of  constant  Prandtl  number,  con- 
stant specific  heat,  and  an  isothermal  surface  and  by  use  of 
the  adiabatic  energy  equation  for  the  external  flow 


al=al+\ri 


(9) 


equations  (2a),  (2b),  and  (3)  become 

'Pz'Pxz  ~ 'Px'Pzz = U JJ \x  j^l  + (jf~  ^ ^ — ^ + 

(^o~1)(T^)il~e)~\+v^zzz  (10) 

'Pzflx  'I'xQz—VoQzz  (11) 
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Figure  1. — Effect  of  yaw  angle  on  yaw  parameter.  Ratio  of 
specific  heats,  1.4. 

For  a Prandtl  number  of  1,  g=0 , since  equations  (11)  and 
(12)  are  similar  and  since  the  functions  g and  9 satisfy  the 
same  boundary  conditions. 

In  terms  of  the  transformed  velocities,  which  are  defined 


tpzQx  fc  Qz- 


Tv a 7){yt  \T Cr)2(*l)z*+^2)*zl+ 


where 


0ZZ  (12) 

(13) 


and 


, H-Hw 
~H-HW 

1+^Ml 


tff0  l+^-n—  Ml  cos 2 A 


(14) 


(15) 


The  ratio  t0/tN 0 combines  the  effect  of  both  yaw  angle  and 
Mach  number  in  a single  parameter.  The  physical  inter- 
pretation of  this  parameter  is  simply  the  ratio  of  the  total 
or  stagnation  temperature  of  the  stream  to  the  stagnation 
temperature  of  the  normal  component  of  the  stream.  The 
variation  of  the  parameter  with  yaw  angle  for  various  Mach 
numbers  is  shown  in  figure  1.  It  is  seen  that  U/tNo<sec2A 
and  becomes  large  only  for  large  yaw  angles  combined  with 
high  Mach  numbers. 


U=*z  "I 

Wm-kJ 


(16) 


equations  (10)  to  (12)  can  be  written 
UUx+WUz=UeUex  [P  +(£-l)(l-0*)  + 

<17) 


Ugx+Wgz=v0gzz  (18) 


These  equations  should  be  useful  in  formulating  integral 
methods  for  calculation  of  laminar  boundary  layers  over 
yawed  cylinders. 

SIMILAR  SOLUTIONS 

In  order  to  obtain  similar  solutions,  an  external  flow  of  the 
Falkner-Skan  type 


Ue=CXm 


(20) 
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is  assumed,  which  together  with  the  transformation 


9=9  (v) 

6=6(7,) 

V=Z-yj- 


2v0UeX 

7M  + 1 


771 -p  1 U e 


(21) 


2 vqX 

yields  the  system  of  differential  equations 

(22a) 

9"+Jg'= 0 (22b) 

l—Pr  | 7—1  /ue\2  ^2y/l 

(22c) 


*"+"*'-7 H^[V  ®’(n"+(i-£) 


( 


tj 


where 


P= 


2m 


TO+1 


(23) 


The  boundary  conditions  for  the  system  of  equations  (22) 
are: 

At  17  = 0 


At 


(24) 


Since  ue  may  in  general  depend  on  x,  the  right  member  of 
the  energy  equation  (eq.  (22c))  is  not  yet  functionally  con- 
sistent with  the  left  member  for  arbitrary  ue  and  Pr . The 
right  member  of  the  equation  must  be  zero  or  a function  of 
7]  to  be  consistent  with  the  left  member.  This  may  be 
achieved  in  the  following  ways:  (1)  The  external  chordwise 
velocity  may  be  a constant  other  than  zero,  (2)  the  external 
chordwise  velocity  may  be  zero,  (3)  the  Prandtl  number 

may  equal  1,  (4)  the  factor  1 (^)  J may  approach  the 

constant  tNQ/to=cos2  A corresponding  to  hypersonic  flow,  or 
(5)  the  ratio  of  specific  heats  7 may  equal  1. 

INDEPENDENCE  PRINCIPLE 

The  independence  principle  can  be  demonstrated  from  the 
general  stystem  of  equations  (22).  The  chordwise  momen- 
tum equation  (eq.  (22a))  is  independent  of  the  spanwise 
momentum  and  energy  equations  under  the  following 
conditions: 

(1)  Flat-plate  flows  (m— 0=0)  for  all  Mach  numbers, 
Prandtl  numbers,  and  heat  transfers 

(2)  The  conditions  Zo=ty0,  tw~t 0,  which  correspond  to 
incompressible  flow 

Independence  does  not  exist  for  compressible  flow  with 
pressure  gradient,  even  for  zero  heat  transfer. 


STAGNATION-LINE  FLOW 


All  solutions  presented  in  this  report  are  for  stagnation-line 
flow  where  771=0=1.  Two  of  the  previously  described 
requirements  for  similarity  are  separately  considered  in 
these  solutions.  The  first  requirement  is  that  of  Prandtl 
number  equal  to  1.  The  sy-stem  of  equations  (22)  for  this 
case  is  reduced  to  the  following  two  differential  equations, 
since  equations  (22b)  and  (22c)  become  identical: 


f-1)  a-*) 


e"+fd'= 0 

with  the  boundary  conditions: 

At  r,=0 

j=f=6= 0] 
At  17-^co  > 

f=e= 1 1 


(25a) 

(25b) 


(26) 


For  the  case  of  zero  yaw,  equations  (25)  reduce  to  those 
presented  in  reference  15,  while  for  the  insulated  surface 

0^=1  for  Pr=l^  they  reduce  to  those  of  Crabtree  (ref.  11). 

The  second  requirement  considered  is  that  of  zero  external 
chordwise  velocity,  which  allows  arbitrary  Prandtl  number. 
For  this  case  equations  (22)  become 


^-1)  (1-0) 


g"+fg'=o 


6"+Prf6'=(  1- 


-Pr) — P (g2)'' 


1— 


i w 
to 


(27a) 

(27b) 

(27c) 


With  heat  transfer,  the  boundary  conditions  of  equations 
(27)  are  equations  (24). 

For  the  case  of  the  insulated  wall  an  additional  boundary 
condition  is  necessary,  since  the  wall  temperature  is  no 
longer  arbitrary.  The  heat-transfer  rate  to  the  wall  may  be 
expressed  as 


•~km 


A 


(28) 


which,  for  stagnation-line  flow  becomes,  with  use  of  expres- 
sions (8),  (14),  and  (21), 


i»=-7rJ-K(to-t„K 

Po  Go  V ^0 


(29) 


For  the  insulated  surface,  £«,=();  and  since  with  arbitrary 
Prandtl  number  the  surface  temperature  is  generally  not 
equal  to  the  stagnation  temperature,  the  additional  boundary 
condition  from  equation  (29)  is 


0^=0 


(30) 
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Thus,  for  the  insulated  surface  with  arbitrary  Prandtl 
number,  equations  (27)  are  solved  subject  to  the  conditions 
of  equations  (24)  and  (30).  For  convenience  in  computing, 
the  temperature  ratio  tw/to  was  replaced  b}~  the  following 
expression  involving  the  local  recoveiy  factor 


Values  of  then  resulted  from  the  solutions. 

Equations  (25)  and  (27)  were  solved  numerically  for  both 
insulated  and  noninsulated  surfaces.  The  techniques  used 
at  the  two  laboratories  were  different.  These  techniques 
are  discussed  in  appendix  B.  It  is  interesting  and  gratifying 
to  note  that  the  different  techniques  yielded  numerical 
results  that  were  in  excellent  agreement. 

PROPERTIES  OF  SOLUTIONS 

In  the  following  sections  the  solutions  obtained  in  this 
study  are  presented  and  their  properties  discussed.  All 
solutions  are  presented  in  tabular  form.  Table  I shows  the 
values  of/,/',/",  0,  and  0'  tabulated  against  rj  for  a Prandtl 
number  of  1.  Table  II  presents  /,  /',  /",  g , </',  0 , and  0' 
against  t?  for  a Prandtl  number  of  0.7.  Table  III  presents 
a summary  of  the  values  of  /^'  (related  to  wall  shear),  g'w 
(related  to  span  wise  shear),  and  $'w  (related  to  heat  trans- 
fer) for  the  cases  of  tables  I and  II.3  The  solutions  for 
Pr— 1.0  apply  whenever  the  external  chord  wise  velocity 
satisfies  equation  (20)  with  m—  1;  whereas,  the  solutions 
for  Pr  9*  1.0  apply  rigorously  only  at  the  stagnation  line 
where  ue= 0.  For  practical  purposes,  however,  the  solu- 
tions for  Prj*  1.0  are  expected  to  apply  also  in  the  vicinity 
of  the  stagnation  line  where  ue<^<^a0. 

VELOCITY  AND  ENTHALPY  PROFILES 

The  chordwise  and  spanwise  velocity  and  enthalpy  profiles 
obtained  from  the  tabulated  solutions  are  presented  as  func- 
tions of  t)  in  figures  2 and  3. 

The  chordwise  velocity  ratio  can  be  expressed 

from  the  definitions  of  i p,  z , and  tj.  It  should  be  remembered 
that  for  the  Pr—  1 solutions  the  normalized  temperature 
and  spanwise  velocity  profiles  are  identical.  For  Pr= 0.7 
(fig.  3)  the  spanwise  velocity  and  enthalpy  profiles  are 
separately  plotted.  The  distance  2 normal  to  the  surface 
at  a given  station  x in  the  physical  plane  is  related  to  the 
similarity  variable  rj  through  relations  (8)  and  (21)  and  may 
be  expressed  as 


3 Comparison  of  the  results  of  reference  II  with  the  solution  given  here  for  Pr=l, 
fo/Lvo=1.2  shows  that  the  present  values  for /'  and  6 (corresponding  to  /l+w/s  and  0i+«<?2  in 
the  notation  of  ref.  11)  are  considerably  larger  than  the  values  given  in  reference  11  at  the  same 
rj.  According  to  private  communication  with  Dr.  Crabtree,  the  original  numerical  results 
of  reference  11  were  in  error.  The  corrected  results  obtained  from  Dr.  Crabtree,  also  by 
private  communication,  are  in  substantial  agreement  with  the  present  solution. 


where 


At  the  stagnation  line,  equations  (33)  and  (34)  become 


The  differences  in  the  profiles  for  different  values  of  the 
yaw-angle  parameter  to/tNo  and  the  wall-temperature  param- 
eter tw/t0  (fig.  2)  can  be  attributed  to  the  effect  of  compres- 
sibilit}7,  since  for  incompressible  flow  the  chordwise  velocity 
profiles  and  the  temperature  profiles  are  independent  of  the 
spanwise  flow.  The  chordwise  velocity  ratios  are  especially 
affected  by  compressibility;  for  large  values  of  t0/tNo  these 
ratios  are  greater  than  1 within  the  boundary  layer,  even 
for  cases  where  the  wall  is  highly  cooled.  This  same  phe- 
nomenon has  been  observed  in  solutions  of  the  two- 
dimensional  compressible  boundary  layer  (e.g.,refs.  15and  16) 
for  cases  of  a heated  wall  and  favorable  pressure  gradient, 
and  in  reference  15  was  termed  “ velocity  overshoot." 
According  to  reference  15,  the  physical  explanation  for  this 
effect  is:  When  the  wall  is  heated,  the  density  in  the  outer 
part  of  the  boundar}^  layer  is  reduced  sufficiently  so  that 
the  local  flow  is  accelerated  more  than  the  external  flow. 
The  same  basic  explanation  appears  plausible  in  the  present 
solutions,  except  that  the  additional  heat  required  to  reduce 
the  local  density  is  generated  by  the  shear  of  the  spanwise 
boundary  layer,  and,  hence,  the  phenomenon  can  occur  even 
when  the  wall  temperature  is  less  than  the  recoveiy  tempera- 
ture. The  solutions  given  by  Moore  for  the  compressible- 
boundaiy-layer  equations  for  a cone  at  large  angle  of  attack 
(ref.  17)  also  show  similar  results;  that  is,  the  circumferential 
velocity  ratios  are  greater  than  unity  within  the  boundary 
layer.  Furthermore,  this  effect  becomes  larger  as  the  angle 
of  attack  of  the  cone  is  reduced.4  In  the  present  solutions 
this  is  analogous  to  increasing  the  yaw  angle,  which  also  has 
the  effect  of  increasing  the  excess  of  the  local  velocities  over 
the  external  velocity.  Note  also  that  this  excess  chordwise 
velocity  is  reduced  by  reducing  the  wall  temperature,  as 
might  be  expected  from  the  preceding  discussion. 

Twelve  solutions  were  computed  with  Pr=  0.7;  four  of 
these  are  for  zero  heat  transfer  and  give  a recovery  factor, 
and  eight  are  for  cooled-wall  conditions  with  tw/tQ=  0 and  0.5. 
The  velocit}^  and  enthalpy  profiles  for  these  solutions  are 
shown  in  figure  3,  and  the  numerical  values  of  the  functions 
are  given  in  tables  II  and  III.  For  corresponding  values  of 
to/tNo  and  for  tjt0  = 0 or  0.5,  the/',  g,  and  0 profiles  are 
almost  the  same  as  those  for  Pr=  1.  For  tw=taw,  the/'  and 
g profiles  are  also  similar  to  those  for  Pr=  1 with  tw=tQ] 
however,  the  0 profiles  for  FV=0.7  and  tw—taw  (fig.  3(a))  are 
considerably  different  from  the  corresponding  profiles  for 
Pr—  1.  The  fact  that  0^>1  for  this  case  indicates  that  the 
local  stagnation  enthalpy  within  the  boundary  layer  exceeds 
the  stagnation  enthalpy  outside  the  boundary  layer.  This 
excess  of  local  stagnation  enthalpy  over  the  external  value 


4 The  angle  of  yaw  as  defined  herein  Is  the  complement  of  the  cone  angle  of  attack. 


Chordwise  velocity  .ratio,  /'  _ _ ' Chordwise  velocity  ratio, 
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(a)  Wall-temperature  ratio,  0 and  0.25. 
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Wall-temperature 
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L Jtr\~  U.5 
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. parameter,. 
/o///Vn 


tw  ttc\  ~ 0.75 


Wall-temperature 

ratio, 

tw/t  0=  0.5 


Ar^o  =0.75 
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Similarity  variable,  rj 

(b)  Wall -temperature  ratio.  0.50  and  0.75. 

Figure  2. — Velocity  and  enthalpy  profiles  for  Prandtl  number  of  1. 


3.2  4.0 
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(c)  Wall-temperature  ratio,  1.0  and  1.5. 

Figure  2. — Continued.  Velocity  and  enthalpy  profiles  for  Prandtl  number  of  1. 


for  zero  heat  transfer  (and  also  to  a lesser  extent  for  a cooled 
wall)  is  apparently  caused  by  the  relative  increase  in  the 
cpiantity  of  heat  conducted  away  from  the  wall  into  the 
outer  layers  of  the  boundary  layer  when  Pr<C  1-  For  Pr—  1 
and  zero  heat  transfer  (tw=t0)  the  relative  effects  of  viscosity 
and  conductivity  are  balanced  and  H/He=l  throughout  the 
boundary  layer.  These  same  effects  have  been  previously 
noted  in  solutions  of  the  flat-plate  boundary  layer  (e.  g., 
ref.  18). 

The  domains  of  velocity  and  temperature  overshoot  can  be 
identified  with  the  aid  of  the  asymptotic  solution  to  equa- 
tions (27)  (appendix  C).  For  simplicity,  the  discussion  that 
follows  is  restricted  to  a Prandtl  number  of  1.  A more 
general  treatment  is  given  in  appendix  C. 


The  asymptotic  expressions  for  cliordwise  and  spanwise 
velocity  functions  for  a Prandtl  number  of  1 from  appendix 
C are,  respectively, 

k)  -1  exp  [_kjSl!]+^3(„_K)  -3  exp  (36) 

and 

9=1— y 0/-K)-,ea;2>£— (37) 

Examination  of  equation  (36)  shows  that  for  large  i)  the 
term  involving  Ax  is  dominant,  and  thus  (jf — 1)  will  have  the 
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(d)  Wall-temperature  ratio,  2.0. 

Figure  2. — Concluded.  Velocity  and  enthalpy  profiles  for  Prandtl  number  of  1. 


same  sign  as  Ax.  Since  the  g function  for  a Prandtl  number 
of  1 (fig.  2)  always  approaches  its  boundary  condition  from 
below,  A\  is  always  positive,  and,  consequently,  the  exis- 
tence of  chordwise  velocity  overshoot  depends  directly  on 

whether  the  quantity  j^2  1^+^-  (~—  is  positive. 

This  quantity  is  positive  when  tw+t0>>2tNo.  The  domain  of 
chordwise  velocity  overshoot  is  shown  in  figure  4.  It  may 
be  seen  that  for  cold  surfaces  there  is  only  a small  range  of 
t0/tN 0 in  which  no  overshoot  occurs. 

For  Prandtl  numbers  other  than  1,  the  behavior  of  the 
stagnation-temperature  profile  must  be  considered  separately 
from  the  spanwise  velocit}7  profile.  From  appendix  C the 
asymptotic  variation  of  6 is 


0=1  -f-  A i 


, v_!  r (v-kvi 

(v—  *)  exp\  — - 2 


9 i 

(i-S) 

1 

r— 1 
1 

+ 

* 

l to) 

(77  — #c)  1 exp 

r Pr(v-K)n 

t%D 

to 

1 

L 2 J 

(38) 


Figure  3 indicates  that  even  for  a Prandtl  number  of  0.7 
the  obtained  spanwise  velocit}7  profiles  approach  the  bound- 
ary condition  from  below;  hence,  Ax  is  positive  from  equa- 
tion (37).  For  Prandtl  numbers  less  than  1 the  dominant 
term  in  equation  (38)  is  the  last  one;  thus  the  existence  of 
temperature  overshoot  is  dependent  on  whether  the  quantity 


is  negative. 


The  quantity  is  negative 


when  the  numerator  is  positive  with  tw/t0<Cl.  It  must,  of 
course,  be  realized  that  for  tjt0>  1 the  stagnation  tempera- 
tures in  the  boundary  layer  are  always  higher  than  the 
stream  stagnation  temperature.  In  appendix  C it  is  shown 


COMPRESSIBLE  LAMINAR  BOUNDARY  LAYER  OVER  A YAWED  INFINITE  CYLINDER 


1025 


(a)  Spanwise  velocity  and  enthalpy  function. 

Figure  3. — Velocity  and  enthalpy  profiles  for  Prandtl  number  of  0.7. 


Chordwise  velocity  ratio. 
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Figure  3. — Concluded.  Velocity  and  enthalpy  profiles  for 
Prandtl  number  of  0.7. 


that  the  chordwise  velocity  overshoot  domain  for  a Prandtl 
number  of  0.7  is  the  same  as  for  a Prandtl  number  of  1. 
Thus  for  a cold  wall  with  Pr=  0.7,  velocity  overshoot  and 
enthalpy  overshoot  occur  simultaneously.  The  various 
regions  of  overshoot  are  summarized  in  figure  4. 


Figure  4. — Domains  of  velocity  and  enthalpy  overshoot  for 
stagnation-line  flow  over  yawed  cylinder. 


SKIN  FRICTION 


The  chordwise  and  spanwise  components  of  shear  stress 


at  the  wall  are  defined,  respectively,  as 

p*a- 

\OzJw  . -\VoX  2 p0Oo 

(39) 

t*^( |£)  =M«Jl  \ w+1  ^ 

\ox/w  \ VqX  2 p0  a0 

(40) 

Tliese  can  be  represented  in  dimensionless  form 
skin-friction  coefficients: 

by  local 

tc  juex  n,„  /m+ldinX 

1,  -Jw'\  2 dlnx 

2 Ptc^e 

(41) 

t,  jvtx  n lue  , /m+ldlnX 

1 Xva  vt  2 d In  x 

9 Pufle 

(42) 

For  the  specific  case  of  stagnation-line  flow  Ue=CX  the 
quantity  C is  related  to  the  physical  chordwise  velocity 
gradient  as  follows: 


n-U'-*V±- 

c~X~dX~ 


d ue 
do; 


(43) 
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By  use  of  equation  (43),  equations  (39)  and  (40)  can  then 
be  written  in  the  form  of  skin-friction  coefficients  based  on 
free-stream  conditions,  which  for  stagnation-line  flow  are 


1 


2 


TC 

Poiul+vl) 


£5«- A (OV  ©’]  '■  fe} ! <«> 


uf.s  T 


hpcoiul+vl) 


(45) 


At  the  stagnation  line  itself,  the  chordwise  velocity  in  the 
boundary  layer  is  identically  zero;  hence,  there  is  zero  chord- 
wise  viscous  shearing  stress.  The  dimensionless  wall-shear 
function  is  nevertheless  of  interest,  since  it  can  be  used 
in  calculating  cftC  from  equation  (44)  in  the  region  close  to 
the  stagnation  line.  For  the  presented  solutions,  values  of 
are  summarized  in  table  III  and  plotted  in  figure  5. 
Significant  increases  in  the  wall-shear  function  occur  with 
increases  in  the  yaw  parameter  U /tNo.  This  is  an  indication 
of  the  effect  of  lack  of  independence  between  the  spanwise 
and  chordwise  flows. 

In  the  evaluation  of  the  spanwise  skin-friction  coefficient 
for  a Prandtl  number  of  1,  the  function  g'w  is  exactly  0'w,  as 


Figure  5. — Effect  of  yaw  on  wall-shear  function  for  stagnation-line 

flow. 


indicated  in  table  III  and  in  figure  6.  For  a Prandtl  number 
of  0.7,  the  values  of  g'w  for  the  obtained  solutions  are  listed 
in  table  III.  It  may  be  readily  seen  from  the  table  that  for 
corresponding  values  of  surface  temperature  and  yaw  param- 
eter to/fjv0  there  is  very  little  effect  of  Prandtl  number  on 
the  spanwise  shear  parameter  g'w. 


Figure  6. — Effect  of  yaw  on  heat-transfer  parameter  for  stagnation- 
line  flow.  (For  Prandtl  number  of  1,  spanwise  shear  parameter  g'v 
is  equal  to  heat-transfer  parameter  0'w.) 


SECONDARY  FLOW 

Secondary  flows  are  generally  present  in  boundary  layers 
whenever  the  direction  of  the  pressure  gradient  impressed 
by  the  free-stream  flow  is  different  from  the  external  flow 
direction.  A comparison  of  the  directions  of  the  surface 
streamline  and  a corresponding  streamline  in  the  external 
flow  provides  a measure  of  the  degree  of  secondary  flow  in 
the  boundary  layer. 

The  direction  a of  the  streamline  in  the  vicinity  of  the 
surface  is  given  by  the  expression 


and  the  direction  of  the  external  streamline  is 

tan  <x,=—  (47) 

v,  v 


The  ratio 


tan  otu 7 ip 

tan  at  g'w 


(48) 
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is  then  indicative  of  the  degree  of  secondary  flow  in  the 
boundar}^  layer.  The  angles  ae  and  aw  are  defined  in  the 
following  sketch : 


Values  of  the  ratio  J'J Igi  for  the  obtained  solutions  are  given 
in  table  III  and  are  also  plotted  in  figure  7.  As  the  yaw 
parameter  is  increased,  large  relative  increases  in  the  second- 
ary flow  are  obtained. 


Figure  7. — Ratio  of  chordwise  to  spanwise  surface-shear  parameters 
for  stagnation-line  flow.  ( For  Prandtl  number  of  1, 

\ Qv>  v * / 


HEAT  TRANSFER  AND  ADIABATIC  WALL  TEMPERATURE 

The  heat-transfer  coefficient  is  defined  as  h=— > and 

taw  t w 

by  use  of  equations  (7),  (8),  (21),  and  (28)  may  be  written 
in  the  dimensionless  form 


Nu  _hx  r^_/ t0—tu\  q,  lm+1  d InV 

2 d In  x 


K(£=r>]  <5°> 


The  pertinent  parameter  from  the  exact  solution  is  the 


quantity  f-J°  ) d’w. 

\law  tic/ 


For  a Prandtl  number  of  1,  where 


taw=t{),  this  quantity  reduces  to  just  However,  for 
Prandtl  numbers  other  than  1,  the  complete  expression  is 
necessary,  and  the  adiabatic  wall  temperature  is  required. 


The  quantity  (y  * " \ d'w 

\taw  tw/ 


for  stagnation-line  flow  is 


plotted  in  figure  6 for  the  present  solutions.  Figures  5 and  6 
show  that,  while  yaw  tends  to  increase  both  the  wall-shear 
and  the  heat-transfer  functions,  the  magnitude  of  the  effect 
on  heat  transfer  is  much  smaller  than  the  corresponding 
effect  on  wall  shear.  For  example,  for  U/tNo<2  and  A <45°, 
which  from  figure  1 includes  all  free-stream  Mach  numbers, 
the  heat-transfer  parameter  is  increased  less  than  13  percent 
over  the  value  for  to/tNo=l-  This  indicates  that,  for  many 
practical  problems,  the  effects  of  lack  of  independence  on 
heat  transfer  may  not  be  of  great  significance. 

A comparison  of  the  solutions  for  Pr=  0.7  and  Pr=  1 at 
tw/to=  0 and  0.5  indicates  that  the  effect  of  Prandtl  number, 
on  the  heat-transfer  parameter  is  essentially  independent  of 
the  yaw  parameter  and  can  be  approximately  accounted  for 
by  the  expression 


rb^Ki  =/v°  46(cu=.  (5D 

tw/  _J  Pr 


The  factor  Pr0A 6 in  equation  (51)  represents  an  approxi- 
mate average  of  the  effect  of  Prandtl  number  on  heat  transfer 
based  on  the  presented  exact  solutions.  This  factor  differs 
slightly  from  the  expression  Pr0,4  proposed  by  Squire  (ref. 
19)  for  the  unyawed  stagnation-point  flow. 

The  adiabatic  wall  or  recovery  temperature  at  the  stagna- 
tion line  can  be  calculated  from  equation  (31),  where  the 
quantity  tw  is  the  local  recovery  factor  defined  by 


JV 


taw 

tN0 


(52) 


Values  of  have  been  calculated  and  are  presented  in  table 
IV.  The  values  for  incompressible  flow  (fo/^0=  1)  have 
been  calculated  by  the  method  described  in  appendix  D, 
while  those  for  to/tNo^>l  and  Pr =0.7  were  obtained  by 
solving  equations  (27)  subject  to  the  boundary  conditions 
of  equations  [(24),  and  (30),  as  described  in  the  section  Similar 
Solutions. 

The  results  for  to/ty0=l  may  be  closely  represented  by 
Pr0,46,  and  for  t0/tNo^>  1 there  is  only  a slight  rise  in  recovery 
factor  from  the  incompressible  value.  It  is  thus  felt  that 
the  use  of  the  conventional  laminar  recovery  factor  Pr1/2 
would  be  adequate  for  most  purposes. 

The  local  recovery  factor  may  be  converted  to  a recovery 
factor  based  on  free-stream  temperature  through  the 
expression 


In  terms  of  physical  quantities,  the  heat-transfer  coefficient 
for  stagnation-line  flow  may  be  expressed  as 


l-(l-r„)  sin2 A 

to  1 00 


(53) 
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REYNOLDS  ANALOGY 

From  equations  (41)  and  (49)  a Reynolds  analogy  para- 
meter between  heat  transfer  and  chordwise  shear  may  be 
written 


ENGINEERING  HEAT-TRANSFER  RELATIONS  FOR 
STAGNATION-LINE  FLOW 

The  local  rate  of  heat  transfer  to  the  wall  per  unit  wall 
area  is  calculated  from  the  relation 


For  a Prandtl  number  of  1,  this  equation  reduces  to  2j"/0'W) 
which  is  just  twice  the  secondary-flow  parameter  listed  in 
table  III  and  plotted  in  figure  7. 

A more  interesting  and  perhaps  more  useful  Reynolds 
analogy  can  be  written  in  terms  of  the  spanwise  shear. 
From  equations  (42),  (49),  and  (51), 


Q_w  h'itaw  tto)  (57) 

which  requires  a knowledge  of  the  heat-transfer  coefficient  h 
and  the  adiabatic  wall  temperature  taw . 

The  adiabatic  wall  temperature  at  the  stagnation  line  is 
obtained  from  equation  (52)  with  the  recovery  factor 
evaluated  from  table  IV. 

The  expression  for  heat-transfer  coefficient  is 


(50) 


This  latter  approximate  relation  applies  to  all  the  present 
solutions,  since  for  a Prandtl  number  of  1,  g'w=d'w;  and  the 
results  shown  in  table  III  indicate  that  (g,w)Pr= i is  approxi- 
mately equal  to  (g'w)pr= o.7-  The  resemblance  of  equation 
(55)  to  the  conventional  flat-plate  Reynolds  analogy  is  due 
to  the  zero  pressure  gradient  in  the  spanwise  direction. 


BOUNDARY-LAYER  THICKNESS 

The  boundary-layer  thickness  in  the  physical  plane  can 
be  computed  from  equation  (35).  By  definition  of  the 
boundary-layer  thickness  5 as  the  value  of  2 at  which  0= 
0.9990  (i.  e.,  77=975),  the  expression  for  boundary-layer 
thickness  for  a Prandtl  number  of  1 becomes  (from  eq.  (35)) 


w;  K'4:)  a]  * 


(56) 


This  expression  has  been  evaluated  for  a range  of  values  of 
tw/toj  and  the  results  are  shown  in  figure  8.  The  actual 
boundary-layer  thickness  may  then  be  computed  easily  for 
any  given  combination  of  flow  variables  and  wall  tempera- 
ture. 


Figure  8. — Boundary-layer  thickness  at  stagnation  line  of  yawed 
cylinder.  Prandtl  number,  1. 


To  evaluate  the  heat- transfer  coefficient  h in  the 
stagnation-line  region  of  a given  yawed  cylinder,  it  is  necessary 
to  evaluate  the  fluid  properties  at  the  wall,  the  chordwise 
velocity  gradient  dujdx  and  the  heat-transfer  parameter 

(/° f~)  d’w-  The  evaluation  of  these  items  with  consider- 

\law  tic/ 


ation  of  the  effects  of  yaw  is  discussed  in  the  following 
paragraphs. 


FLUID  PROPERTIES  AT  THE  WALL 

The  thermal  conductivity  and  absolute  viscosity  can  be 
considered  as  functions  of  temperature  alone,  but  the  density 
varies  also  with  the  pressure  according  to  the  equation  of 
state.  The  static  pressure  is  determined  from  the  inviscid 
flow.  When  the  chordwise  component  of  the  free-stream 
velocity  is  supersonic,  the  wall  pressure  at  the  stagnation 
line  is  that  which  would  be  sensed  by  a Pitot  tube  placed 
normal  to  the  shock.  This  pressure  is  related  to  the  free- 
stream  static  pressure  by  the  expression 


P 

r ir. 


■C41 


m. 


f[: 


7+1 


1 

7~1 


.M*3L— (7-1). 


(58) 


(where  My A-I cos  A).  For  subsonic  chordwise  flow 


V 

1 <fst 


(59) 


CHORDWISE  VELOCITY  GRADIENT 

Based  on  the  observation  (refs.  20  and  21)  that  for  normal 
circular  cylinders  at  free-stream  Mach  numbers  greater  than 
2 the  pressure  coefficient  varies  about  the  cylinder  as 


Cy 

@p,mux 


(60) 


an  expression  for  the  velocity  gradient  at  the  stagnation  line 
dujdx  was  derived.  This  relation  in  dimensionless  form  is 


D ( d«e\  2oo  h / \ 

wAdx/  MaaJ\  tV  pw  . ) 

wsl,  A = 0 


(61) 
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Penland  (ref.  20)  further  observed  that  equation  (60)  reason- 
ably represents  the  chordwise  pressure  distribution  over  a 
yawed  cylinder.  Therefore,  equation  (61)  for  a yawed 
cylinder  becomes  just  a function  of  the  normal  Mach  number. 
With  a normal  Mach  number  greater  than  about  2 and  upon 
introduction  of  the  proper  stagnation-line  fluid  properties, 
equation  (61)  becomes 


D c \u1=  2a-y0  j2  / p„  \ 

va  tlx  aaMNai\y\  Pu>s,'J 


(62) 


It  must  be  remembered  that  in  equation  (62 )u„  is  the 
chordwise  component  of  the  free-stream  velocity. 

For  subsonic  chordwise  flow  (according  to  ref.  22), 


d^=4.i_04i6M2r  _o.i64Mj^  ) (63) 

um  dx  v 00  09 ' 

Relations  (62)  and  (63)  are  plotted  in  figure  9 along  with 
available  data  on  the  chordwise  velocity  gradient  from  refer- 
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Figure  9. — Chordwise-velocity-gradient  parameter  as  function  of 
normal  Mach  number  component  for  flow  at  stagnation  line  of 
yawed  circular  cylinder. 


ences  20  and  23  to  25.  It  is  to  be  noted  that  for  subsonic 
normal  Mach  numbers  the  experimental  values  of  — 


differ  somewhat  from  the  values  of  equation  (63).  It  is 
therefore  recommended  that  these  experimental  values  be 
used  in  place  of  the  equation.  The  broken  line  in  figure  9 
in  the  region  0.8 <M.  cos  A<1.5  was  drawn  as  an.  estimate 
of  the  velocity-gradient  variation,  since  neither  equation  (62) 
nor  equation  (63)  is  strictly  applicable  and  there  are  no 
experimental  data  available  for  that  range. 


HEAT-TRANSFER  PARAMETER 

For  the  general  case  of  arbitrary  Prandtl  number  and 
surface  temperature,  it  is  reasonable  to  assume  from  equation 
(51)  that 

r (64) 

Values  of  (0»)pr= 1 may  be  obtained  from  either  table  III  or 
figure  6. 

When  equations  (58)  to  (64)  are  combined  as  required, 


equation  (50)  becomes,  for  the  stagnation  line  of  a }7awed 
cylinder, 


hA-kw(di)pr^Pr°  ^ p^)(u„  dx)  (6o) 


EFFECT  OF  YAW  ANGLE  AND  MACH  NUMBER  ON  HEAT-TRANSFER 
COEFFICENT  AT  THE  STAGNATION  LINE 

The  ratio  of  yawed  to  normal  heat-transfer  coefficient  for 
a given  cylinder  with  the  same  conditions  of  free-stream  and 
surface  temperatures  is,  from  equation  (65), 


This  relation  is  plotted  in  figure  10  as  a function  of  yaw 
angle  and  Mach  number  for  an  essentially  insulated  surface 

«l\  The  value  of  — for  these  calculations  was 
t0  ) dx 

taken  as  the  modified  Newtonian  value  for  Mm  cos  A>1.5 
(eq.  (62))  and  from  the  dotted  line  of  figure  9 for 
Mm  cos  A<1.5. 


For  incompressible  flow  ( — ^=1  ) the  ratio  of  yawed  to 

V*o  / 


normal  heat- transfer  coefficient  becomes 


(■—)  =(cos  A)5  (67) 

which  is  exactly  that  indicated  experimentally  for  hot  wires 
by  Schubauer  and  Klebanoff  (ref.  26).  For  subsonic  speeds 
the  yaw  effects  very  close  to  that  for  incompressible  flow. 
The  curve  for  — 1 is  in  some  doubt  because  of  the  lack 
of  suitable  experimental  information  on  the  chordwise 
velocity  gradient.  The  effect  of  yaw  for  supersonic  flow 
depends  on  the  normal  component  of  the  stream  Mach 
number.  In  the  region  where  the  normal  component  of  the 
stream  Mach  number  is  supersonic,  the  curves  of  the  ratio 
of  yawed  to  normal  heat-transfer  coefficient  are  all  very 
close  to  each  other  and  somewhat  below  cos  A (fig.  10). 
As  the  normal  Mach  number  becomes  transonic,  the  ratio 
exceeds  cos  A,  and  at  large  yaw  angles  where  the  normal 
Mach  number  is  subsonic,  the  curves  tend  to  approach  a 
(cos  A)*  variation. 

The  influence  of  the  exact  solutions  reported  herein  can 
be  seen  by  comparing  the  curve  for  Mm  — 7 with  that  for  the 
same  Mach  number  but  for  6'w  assumed  constant  at  the 
zero-yaw  value.  For  a Mach  number  of  infinity  the  ratio 
of  yawed  to  normal  heat-transfer  coefficient  (not  shown' in 
fig.  10)  is  only  slightly  below  that  for  MOT  = 7 and  from  equa- 
tions (58)  and  (66)  is  given  by  the  relation 


(O 


*<Avn=sec2A 


(O 


A = 0 


(cos  A)* 


(68) 


The  application  of  the  results  of  this  investigation  must 
be  terminated  before  the  case  of  the  parallel  cylinder 
(A =90°),  since  the  initial  hypothesis  that  span  wise  de- 
rivatives are  identically  zero  does  not  apply. 
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Figure  10. — Effect  of  yaw  on  heat-transfer  coefficient  at  stagnation 
line  of  circular  cylinder  with  nearly  insulated  surface.  Wall- 
temperature  ratio,  tw/to7  1.0;  Prandtl  number,  1. 


heat  transfer  has  been  approximately  included  through  a 
modification  to  the  Pr~  1 solutions.  The  effect  of  Prandtl 
number  is  accounted  for  exactly  through  the  expression 


(70) 


which  is  shown  in  figure  12  for  tw/tQ~ 0 and  0.5.  For  a Prandtl 
number  of  0.7  there  is  a maximum  effect  of  approximately 
4 percent,  which  occurs  for  large  values  of  the  yaw  param- 
eter and  a highly  cooled  wall. 


Figure  12. — Effect  of  Prandtl  number  on  heat-transfer-coefficient 

ratio. 


The  effect  of  heating  or  cooling  on  the  ratio  of  yawed  to 
normal  heat-transfer  coefficient  is  shown  in  figure  11  for  a 
Prandtl  number  of  1 in  terms  of  a modification  factor  to  the 
nearly  insulated  result.  The  factor  is 


Figure  11. — Effect  of  surface-temperature  level  on  heat-transfer- 
coefficient  ratio.  Prandtl  number,  1. 

The  effect  of  surface-temperature  level  from  absolute  zero 
to  twice  free-stream  stagnation  temperature  on  the  ratio  of 
heat-transfer  coefficients  is  shown  in  figure  11  to  be  within 
±10  percent  of  the  insulated  heat-transfer-coefficient  ratio 
for  io/for0<6.5. 

The  curves  of  figures  10  and  11  are  essentially  independent 
of  Prandtl  number,  since  the  effect  of  Prandtl  number  on 

526597—60—67 


SUMMARY  OF  RESULTS 

The  equations  for  compressible-boundary-layer  develop- 
ment over  a yawed  infinite  cylinder  with  heat  transfer  have 
been  presented  and  solutions  obtained  for  stagnation-line 
flow.  The  following  are  among  the  results  obtained: 

1.  The  ratio  of  yawed  to  normal  heat- transfer  coefficient 
for  the  stagnation  line  of  a given  cylinder  varies  with  yaw 
angle  A as  (cos  A)*  for  incompressible  flow  and  shows 
nearly  that  variation  for  much  of  the  subsonic  range. 
Where  the  velocity  normal  to  the  cylinder  is  supersonic, 
this  ratio  is  again  almost  a unique  function  of  yaw  angle, 
the  ratio  being  in  this  case  somewhat  lower  than  cos  A. 
Most  of  this  decrease  in  lieat-transfer  coefficient  with  yaw 
angle  can  be  accounted  for  by  the  change  in  local  flow 
quantities  outside  the  boundary  layer  that  occurs  as  the 
normal  Mach  number  and  strength  of  the  bow  shock  change 
with  yaw  angle. 

2.  The  effect  of  large  amounts  of  heating  or  cooling  on 
the  ratio  of  }rawed  to  normal  heat-transfer  coefficient  is 
less  than  10  percent  for  values  of  the  yaw  parameter  t0/t^Q 
less  than  6 for  surface-temperature  levels  from  absolute 
zero  to  twice  free-stream  stagnation  temperature.  Changing 
the  Prandtl  number  Pr  from  1 to  0.7  had  at  most  a 4-percent 
effect  on  the  ratio  of  yawed  to  normal  heat-transfer  co- 
efficient. 

3.  The  local  recovery  factor  at  the  stagnation  line  of 
yawed  cylinders  is  closety  represented  by  Pr0*46.  For  most 
purposes  this  may  be  approximated  by  the  square  root  of 
the  Prandtl  number. 

4.  Where  the  independence  principle  does  not  apply,  the 
effects  of  yaw  on  chord  wise  wall  shear  are  much  larger  on  a 
percentage  basis  than  the  corresponding  effects  on  span  wise 
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shear  or  heat  transfer.  For  yaw  angles  up  to  45°  and  for 
all  Mach  numbers,  values  of  a local  heat- transfer  parameter 
Nu/4Utw  (where  Nu  is  Nusselt  number  and  Rew  is  the 
Reynolds  number  at  the  wall)  for  stagnation-line  flow  are 
less  than  13  percent  above  the  zero -yaw  value. 

.5.  For  favorable  pressure  gradient,  a chordwise  velocity 
overshoot  is  obtained  where  the  sum  of  the  surface  tempera- 
ture and  the  free-stream  stagnation  temperature  is  greater 
than  twice  the  external  temperature  (tw+tQ^>2tNQ).  While 
in  the  unyawed  case  velocity  overshoot  is  obtained  only  for 
heated  surfaces,  with  yaw  it  is  obtained  also  for  cooled 
surfaces.  Another  unusual  effect  noted  was  that  for  Prandtl 


numbers  less  than  unity,  when  velocity  overshoot  was 
obtained  for  an  insulated  or  cooled  surface,  the  local  stagna- 
tion enthalpy7  within  the  boundary7  lay7er  exceeded  the  stream 
stagnation  enthalpy7. 

6.  The  degree  of  secondary7  flow,  as  evidenced  by  the 
deflection  of  the  “wall”  streamline  compared  with  the 
external  streamline,  increased  with  wall  temperature  and 
y7aw-angle  parameter. 

Lewis  Flight  Propulsion  Laboratory 
National  Advisory  Committee  for  Aeronautics 
Cleveland,  Ohio,  April  4,  1957 


APPENDIX  A 

SYMBOLS 


constants  in  asymptotic  solution 
sonic  velocity 

stagnation-line  chorchvise  velocity  gradient, 

p_Ue_^Uj 

.Y“dX 

pressure  coefficient,  ^ - 
2 P«u2m 

local  skin-friction  coefficient 
specific  heat  at  constant  pressure 
diameter  of  cylinder  at  stagnation  line 
function  related  to  stream  function, 

, / m+1 
V2  v0UeX 

spanwise  velocity  variable 

o/2_ 1—7)2 

total  enthalpy,  cvt-\ ^ — 

heat-transfer  coefficient 
thermal  conductivity 
Sutherland's  constant 
Mach  number 
exponent  from  Ue  — CXm 
Nusselt  number,  hx/kw 
Prandtl  number 
pressure 

heat- transfer  rate  to  wall  per  unit  area 
gas  constant 

free-stream  recovery  factor,  iaw 

to  t oo 

Reynolds  number  at  the  wall,  Pt°UeX 

Pw 

static  temperature 

transformed  chord  wise  velocity  component 
chord  wise  velocity  component 
spanwise  velocity  component 
transformed  normal  velocity  component 
normal  velocity  component 
transformed  chordwise  coordinate 
chord  wise  coordinate 
spanwise  coordinate 


Z 

2 

a 

P 

7 

8 

f 

V 

0 

K 

A 


transformed  normal  coordinate 
normal  coordinate 
streamline  inclination 


pressure-gradient  parameter, 


2 m 
m+1 


ratio  of  specific  heats 
boundary-layer  thickness 
spanwise  temperature-difference  parameter 
local  recovery  factor 


similarity  variable,  Z 


v 


m+1  Ue 
2 »oX 


normalized  enthalpy  function,  yj — tt 

t±  Q £Z  ( 

constant  in  asymptotic  solution 
yaw  angle 


X 

P 

v 

P 

T 

Subscripts: 

aw 

c 

e 

max 

N 

s 

si 

w 

oo 


0 

A 

A— 0 

Superscripts : 


jtw 

t/to  \tw-\-ksu/  V 

absolute  viscosity 
kinematic  viscosity 
density 

wall  shear  stress 
stream  function 

adiabatic  wall 
chordwise 

local  flow  outside  boundary  layer  (external) 
maximum 

component  normal  to  cylinder  axis 

spanwise 

stagnation  line 

wall  or  surface  value 

free-stream  quantity  ahead  of  bow  shock 
wave 

free-stream  stagnation  value 
quantity  pertaining  to  yawed  cylinder 
quantity  pertaining  to  normal  cylinder 

differentiation  with  respect  to 
asymptotic  quantity 
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APPENDIX  B 


SOLUTION  OF  ORDINARY  DIFFERENTIAL  EQUATIONS 


Solutions  to  equations  (25)  were  obtained  independently 
at  both  the  NACA  Lewis  and  Langley  laboratories.  The 
solutions  to  equations  (27)  were  obtained  at  the  Langley 
laboratory.  The  procedure  used  at  the  Lewis  laboratory 
was  the  forward  integration  technique  described  in  appendix 
B of  reference  27,  and  is  based  on  five-point  integration 
formulas.  This  is  the  same  procedure  as  that  used  in  obtain- 
ing some  of  the  solutions  presented  in  reference  15.  An  IBM 
card-programmed  electronic  calculator  was  used. 

At  the  Langley  laboratory  the  step-by-step  integration 
procedure  described  in  reference  28  was  used.  This  procedure 
seems  somewhat  superior  to  the  five-point  technique  and  some 
of  the  results  will  therefore  be  described  in  detail.  This 
particular  procedure  is  a modification  of  the  Bunge-Lutta 
method  and  was  developed  primarily  for  automatic  digital 
computing  machines.  The  Bell  Telephone  Laboratories 
X-66744  relay  computer  at  Langley  is  one  of  this  type  and 
was  used  for  tlie  present  solutions.  A step  size  of  0.2  was 
used  for  all  the  solutions,  although  a few  solutions  were  also 
calculated  with  a step  size  of  0.1  for  the  purpose  of  evaluating 
the  error  due  to  step  size.  The  calculations  were  carried  out 
to  ij=6.0,  since  the  results  showed  that  the  stream  boundary 
conditions  could  always  be  satisfied  to  the  desired  degree  of 
accuracy  for  ij<6.0. 

CONVERGENCE  TO  BOUNDARY  CONDITIONS 

The  integration  of  the  present  equations  constitutes  a 
“two-point  boundary-value  problem”  in  which  the  correct 
initial  values  at  ij=0  (such  that  the  boundary  conditions  for 
large  ij  are  satisfied)  of  the  functions  or  their  derivatives  are 
usually  found  by  a trial-and-error  or  interpolation  method. 

The  procedure  used  to  obtain  convergence  for  the  present 
solutions  involved  an  adaptation  of  Newton’s  method  to  three 
variables  and  the  idea  that  for  large  i?  the  value  of  the  func- 
tions depends  on  the  assumed  initial  values  at,  tj=0.  Apply- 
ing this  procedure  to  equations  (27)  with  boundary  conditions 
of  equations  (24)  results  in  the  following  general  functional 
forms : . 

c=/:(/;x,<7;n 

0m=eM^/w,g'J  f (B1) 

9a>  — 9<n(jw  >0mi9a)  J 

where  the  subscripts  and  w denote  the  computed  values 
of  the  function  at  large  v and  at  tj=0,  respectively.  The 
error  in  the  functions  at  large  v is'  then  given  by 
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d/:=|§d/;'+g?  dd'u+%?dg’„ 


i>9u 


dea  , ,,,  d0„  , , . d0oo  ,, 

d0"_c >/” d^“  +bd'a  A6w+(ig'aAjw 


dg„ 


^9  00  1 _/  * t | 00  1 V I J > 

-dy»d/„+d^  Ae«+^(J'wdgw 


(B 


The  various  partial  derivatives  in  equations  (B2)  may 
evaluated  approximately  from  four  trial  solutions  accordi 
to  the  following  table: 


Trial  solution 

Initial  values 

Partial  derivative 

r: 

el 

gl 

1 

el 

i 

0-, 

jw:  ' 

2 

/»' 

oL, 

5 

3 

A 

dw2 

‘be: 

4 

f" 

J m>2 

A 

<a2 

- - 

The  best  solution  of  these  four,  for  example  solution  i,  is  tl 
used  to  obtain  the  errors,  which  from  equations  (24)  are 


dem=  e(co)-dm=i~eMi  W 

d0oo  = {K°°)  _ 0“  J 


(1 


where  /«  , da3V  and  gmi  are  the  computed  values  at  larg 
from  the  best  solution. 

Equations  (B2)  are  then  solved  simultaneously 
d f„,  ddw,  and  d g’w.  The  corrected  initial  values  are 


rft ftf  i l rli 

Jwi  \ QJw 
0fW3=0'w.+d9fw 

9 9 w d g w 


0 


which  may  be  used  for  repeating  the  whole  procedure  ui 
convergence  is  attained.  In  the  present  problem,  howe^ 
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itisfactory  convergence  was  attained  by  computing  a trial 
elution  with  the  corrected  initial  values  and  then  using 
le  results  of  this  new  solution  to  reevaluate  d /»,  dA^, 
nd  d from  equations  (B3);  equations  (B2)  were  then 
)lved  for  d/",  dd'W}  and  d g’w  by  using  the  partial  derivatives 
Iready  obtained.  A new  set  of  initial  values  is  computed 
*om  equation  (B4)  and  the  results  of  the  new  solution, 
nd  the  procedure  is  repeated  until  the  boundary  conditions 
re  satisfied  to  the  desired  degree  of  accuracy.  In  most 
ases  four  or  five  more  trial  solutions  were  required  for  this 
urpose,  which  made  a total  of  about  nine  trial  solutions 
)r  any  one  case.  Note,  however,  that  in  accordance  with 
iewton’s  method  the  preceding  procedure  cannot  be  expected 
3 give  satisfactory  convergence  unless  the  errors  d fm) 
0m,  and  d#ro  from  the  original  four  solutions  are  reasonably 
mall.  In  the  present  problem  these  errors  were  limited 
o about  0.4  before  the  partial  derivatives  were  evaluated. 

ACCURACY  OF  SOLUTION 

The  inherent  error  in  the  Runge-Kutta  method  is  of  the 
irder  of  the  step  size  to  the  fifth  power.  A discussion  of  the 
rrors  in  the  integration  procedure  used  here  is  given  in 
eference  28. 

An  example  of  the  errors  due  to  step  size  and  initial  values 
or  one  of  the  present  solutions  is  given  in  the  following 
able  for  the  case  tw/tn=  1.5,  t0/tNo=  1.2,  and  Pr  = 1 : 


Initial  values 

Boundary  conditions  at 

Step  size 

v = 

6.0 

r: 

eL 

/'( 6.0) 

0(6.0) 

0.  2 

1.  664076 

0.  610859 

0.  999684 

0.  999998 

. 2 

1.  664085 

. 610863 

. 999987 

. 999999 

. 1 

1.  664085 

. 610863 

. 999328 

1.  000027 

Inspection  of  the  table  indicates  that  the  value  of  f at  large  y 
s relatively  sensitive  to  both  the  initial  values  and  the  step 
size.  This  is  in  accordance  with  the  values  of  the  partial 
derivatives,  which  for  this  case  were 


28.4 


15.4 


d0„ 

d/” 


=0.51 


= 1.56 


In  general,  all  the  solutions  were  repeated  until  the  maxi- 
mum error  in  the  boundary  conditions  was  at  most  0.0001 
in  f and  0.00001  in  0 or  g at  77= 6.0  with  a step  size  of  0.2. 
Reducing  the  step  size  to  0.1  gives  a more  accurate  solution, 
which  can  be  used  to  evaluate  the  errors  in  the  initial  values 
/"  and  B'a  for  the  0.2  step  size.  Thus,  the  sample  solutions 
given  in  the  table  indicate  that  reducing  the  step  size  to 
0.1,  but  using  the  same  initial  values,  increases  the  errors 
in  the  outer  boundary  conditions  by  0.00066  for  /'(6.0) 
and  by  0.00003  for  0( 6.0).  Adding  these  changes  to  the 
maximum  allowable  computing  errors  of  0.0001  in/7 (6.0)  and 
0.00001  in  0(6.0)  results  in  an  improved  evaluation  of  the 
actual  errors,  which  would  be  approximately  0.0007  in 
/'(6.0)  and  0.00004  in  0(6.0).  From  these  errors  in  f and  0 
and  the  values  of  the  partial  derivatives  just  given,  the 
maximum  errors  in  the  initial  values  as  obtained  from 
equations  (B2)  (modified  for  the  case  of  Pr=l)  are 

d/;'= ±0.00001 

d0;=  ±0.00003 


Thus,  the  initial  values  are  accurate  to  at  least  the  fourth 
decimal  place,  assuming  that  a further  decrease  in  step  size 
would  not  have  much  additional  effect  on  the  solutions. 
The  functions  f and  0 are  evidently  accurate  to  the  third 
and  fourth  decimal  places,  respectively,  for  large  values  of  y. 


COMPARISON  OF  THE  TWO  TECHNIQUES 

Among  the  cases  calculated,  three  for  twjt$=  1 were  done 
independently  by  both  techniques.  Comparisons  of  values 
of  fu  and  6'w  as  well  as  values  of/,/7,/77,  0 and  07  at  y=4 
are  given  in  the  following  tables: 


Wfo'  0 

r: 

0 

V) 

Five- 

point 

Runge- 

Kutta 

Five- 

point 

Runge- 

Kutta 

i.  1 

1.  29887 

L 29886 

0.  57760 

0.  57763 

1.  2 

1.  36401 

1.  36400 

. 58446 

. 58447 

3.  0 

2.  40863 

2.  40857 

. 67698 

. 67699 

hitNQ 

/ (4> 

S'  (4) 

/"  (4) 

6 ( 

4) 

0' 

(4) 

Five- 

point 

Runge- 

Kutta 

Five- 

point 

Runge- 

Kutta 

Five- 

point 

Runge- 

Kutta 

Five- 

point 

Runge- 

Kutta 

Five- 

point 

Runge- 

Kutta 

1. 1 
1.  2 
3.  0 

3.  3902 
3.  4265 
3.  8946 

3.  3901 
3.  4263 
3.  8947 

1.  0000 

1.  0002 

1.  0002 

1.  0000 

1.  0000 

1.  0001 

0.  0001 
0 

0006 

0 

0001 

0007 

0.  9996 
. 9997 
. 9999 

0.  9996 
. 9996 
. 9999 

0.  0016 
. 0015 
. 0004 

0.  0016 
. 0015 
. 0004 

There  is  a difference  of  not  more  than  0.0001  in  the  initial 
values  and  not  more  than  0.0002  in  the  functions  near  the 
outer  edge  of  the  boundary  layer.  An  examination  of  other 
values  of  the  functions  shows  them  to  differ  by  0.0002  or 


less  for  all  values  of  y.  It  is  felt  therefore  that  all  tabulated 
values  in  tables  I,  II,  and  III  are  certainly  correct  to  three 
decimal  places  and  that  most  of  the  tabulations  are  probably 
correct  to  ±0.0005. 


APPENDIX  C 


ASYMPTOTIC  SOLUTION 


In  examining  the  behavior  of  the  presented  solutions  near 
the  outer  edge  of  the  boundary  layer,  it  is  useful  to  find  a 
solution  of  the  system 

/'"+//"  =/'2- 1-(£— 1)  d-0*>-£(jf-i)  a-*) 

(27a) 

9"+W= 0 (27b) 

1 ^ 0 

0' ' +Prfd'  = (1  - Pr ) lf- (tf)  ' ' (27c) 

1 


for  large  77. 

The  asymptotic  form  for  j (designated  f)  is  assumed  to 
consist  of  a sum  of  terms,  each  smaller  than  the  preceding. 
Only  the  first  two  terms  are  considered  herein.  The  cor- 
responding solutions  for  the  spanwise  velocity  function  g 
and  the  stagnation  enthalpy  function  9 are  also  obtained. 
Let 

/— / 1+/2  (Cl) 

where 

y2«/i 

/2«y; 

Since  lim^— >/'=!,  let 


solution  is  similar  to  that  in  appendix  B of  reference  1 
Equation  (C4)  can  be  integrated  directly  to  give 

<72=^1  (O 

which  integrates  once  again  to  the  complementary  err 
function 


#2— 


exp- 


(7?  — k)2 


dr] 


or 


9 2 


By  use  of  equations  (C4)  and  (C6),  equation  (C5)  can  no 
be  written 

S'  2(l“i 


Oi'+Pr(v-K)%=?Q—i ^ (l-^-0)  (v-k)A,  exp- 

lW ^ ^ ?0/ 


(v  — k)2 


(Ci 


Which  has  as  its  complete  solution 


A , 

2 

(i-^i 

1 y cerf 

r(»»--c)‘i 

’V2| 

&-0 

i h) 

L V2  J 

y ce'/  (v~k)iJy  (Ci 


(C2) 

where  < is  an  undetermined  constant.  If/j  is  inserted  into 
equation  (27),  the  corresponding  spanwise  velocity  function 
9\  and  enthalpy  function  6X  must  both  be  1.  Inserting 
equations  (Cl)  and  (C2)  into  equations  (27)  and  dropping 
higher  order  terms  result  in 

«"+(.-«)7r-2/;+2  (£-1)  *+£  (^-1)5,  (C3) 


where  the  coefficient  A2  may  be  evaluated  by  recognizin 
that  the  asymptotic  forms  g2  and  02  are  identical  for  a Prand 
number  of  1.  From  equations  (C7)  and  (C9)  with  Pr= 


A2 — A\ 


Xu 


t to 2 

to 


(Cl( 


Assume  that  this  expression  holds  for  Pr^l.  Equatio 
(C9)  then  becomes 


92+(i 7-k)#=0  (C4) 

e'2'+Pr(v-K)e'2=~^ (C5) 

l_w i \ H/ 

to 

Equations  (C3),  (C4),  and  (C5)  are  very  similar  to  equations 
(B3)  of  reference  15.  For  Pr=l  and  t0/t„0=l,  they  are 
identical.  The  procedure  for  obtaining  the  asymptotic 
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The  expressions  (C7)  and  (Cll)  for  g2  and  02>  respectively, 
may  now  be  substituted  into  the  differential  equation  (C3) 
for /g: 

fr+(v-K)fi'-2fi=-At  ^ 1)+ 

For  large  7?  the  right  side  of  equation  (Cl2)  can  be  rewritten 
using  the  leading  term  of  the  following  expansion  of  the 
complementary  error  function 

Tcerfx^(l-^+---)  <C13) 

Equation  (Cl2)  then  becomes 

exp [— t (’,_k)2]  (C14> 

A particular  solution  to  equation  (Cl4)  is  sought  wherein 
the  leading  term  is  of  the  form 

3^B(v-k)n  (77— /c)2J  (Cl 5) 

Substituting  equation  (Cl5)  into  equation  (C14)  and  exam- 
ining the  results  separately  for  Pr^l  and  for  Pr=  1 result 
in  the  following  particular  solutions: 

F or  Pr  9^  1 

2Pr(Pr-l)  [2  (<^_1)+ 

^Qf-1)]^-*)-3  «p[~  (r?-K)2]  (Cl 6) 


and  for  Pr—  1 


^-t  [2  a-iyt  fe-0]  •*  [- 

(Cl  7) 

It  is  to  be  noted  that  for  Pr<  1,  equations  (Cl6)  and  (Cl7) 
have  the  same  qualitative  behavior;  that  is,  they  are  both 


positive  or  negative  depending  on  whether  the  quantity 

t2  G?-1)] is  positive  or  negative- 

The  complementary  function  for/2  can  be  found  by  noting 
that  the  homogeneous  part  of  equation  (Cl2)  is  Weber’s 
equation.  Hartree  (ref.  9)  gives  the  general  solution  for 
large  values  of  the  argument  tj — k,  which  can  be  written 

I2 =A3(v—k)~3  exp  (^~K)  k)2  (Cl 8) 

In  order  to  satisfy  the  boundary  condition  lim  /2  = 0,  it  is 
necessary  to  take  ^44=0  in  equation  (Cl8).  ’ 

The  asymptotic  variations  of  velocity  and  enthalpy  func- 
tions are,  from  equations  (C7),  (Cll),  (Cl3),  (Cl6),  (Cl7), 
and  (Cl 8) 

(£-*)] 

(v  — k)~3  exp  y(»7  — . k)2J+ 

Az(rj— K)  ~3  exp  J (C19) 

O’)  «--1+t[2(^-i)+^(^-1)]  “2> 

[-'"t/’]  -•  exp 

9=1— y (v—k)-1  exp  ^ j 


(36) 

(37) 


A 

2 


(t1) 

. (t1)  . 


(7 ,-«)->  (t/— k)2J  (38) 


An  examination  of  equations  (Cl8)  for  Pr<l  and  equation 
(36)  for  Pr=l  shows  that  the  velocity  functions  in  these 
cases  have  the  same  qualitative  asymptotic  behavior,  since 
the  Ai  terms  in  both  cases  dominate  over  the  Az  terms. 
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STAGNATION-LINE  RECOVERY  FACTOR  FOR  YAWED  CYLINDER 


The  evaluation  of  the  recovery  factor  for  the  stagnation 
line  of  a yawed  cylinder  in  essentially  incompressible  flow 
is  accomplished  byrewriting  equations  (27)  with  the  quantity 

tNJto  replaced  by  the  equivalent  expression  ? where 

0 ZCvt o 

<<1  and  with  y^)<<l.  The  resulting  equa- 
2cp£o  . \ to/ 

tions  are 


Substitution  of  relations  (D5)  and  (D2)  into  equation 
(D3)  yields  for  finite 

ZCpto 

P'+Prfp+2Pr  (f*=0  (D6) 

Equation  (D6)  is  identical  to  that  of  Schuh  (ref.  29). 
With  the  boundary  conditions: 


f"’+ff"=f'1 2 3 4 5 6- 1 (Dl) 

g"+fg'=0  (D2) 

vi 

e"+Prfe'=(l-Pr)  w (D3) 

(*-£) 


The  first  two  of  these  equations  are  recognized  as  the  mo- 
mentum equations  for  chordwise  and  spanwise  incompres- 
sible stagnation-line  flow  over  a yawed  cylinder.  The  energy 
equation  (eq.  (D3))  must  be  further  reduced  by  writing  6 
in  terms  of  the  temperature-difference  parameter 

,J-te 

* (D4) 

2 cp 


The  expression  for  0 in  terms  of  f becomes  from  equations 
(14)  and  (D4) 


0=1  - 


^ +^L>  i. 

^0  t id 


(D5) 


At  tj=0 
At  17— >oo 


f'  = 0 
f=0 


the  value  of  f at  the  wall  becomes  the  recovery  factor  and 
from  equations  (Dl),  (D2),  and  (D6)  can  be  written 


dr?  dr?  (D7) 


where 


(D8) 


For  the  present  paper,  values  of  were  obtained  for 
Pt—  0.7,  0.8,  0.9,  and  1 and  are  shown  in  table  IV.  The 
value  indicated  for  Pr=0.7  agrees  with  that  of  Schuh. 

A recovery  factor  for  the  stagnation  line  defined  in  terms 
of  free-stream  static  temperature  is  related  to  fw  as  follows: 

sin2A  tf>© 

to  too 
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. 0000 
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TABLE  I.— Continued.  STAGNATION-LINE  FLOW  SOLUTIONS  FOR  YAWED  INFINITE  CYLINDER  WITH  PRANDTL 

NUMBER  OF  1 


o 

ii 

© 

!l 

© 

li 

•^=6.0 

G'o 

V 

f 

r 

r 

e 

d' 

V 

/ 

r 

f" 

6 

e' 

0 

0.  0000 

0.  0000 

1.  1025 

0. 

0000 

0.  5815 

0 

0.  0000 

0.  0000 

1.  3679 

0.  0000 

0.  6174 

. 2 

.0219 

. 2176 

1.  0603 

1163 

. 5806 

. 2 

. 0271 

. 2690 

1.  3014 

. 1234 

. 6163 

. 4 

. 0860 

. 4196 

. 9509 

2319 

. 5748 

. 4 

. 1060 

. 5137 

1.  1320 

. 2461 

. 6086 

. 6 

. 1880 

. 5952 

. 7997 

3455 

. 5596 

. 6 

. 2299 

. 7179 

. 9038 

. 3661 

. 5889 

.8 

. 3219 

. 7383 

. 6304 

4549 

. 5320 

. 8 

. 3899 

. 8740 

. 6570 

. 4806 

. 5538 

1.  0 

. 4811 

. 8475 

. 4632 

5574 

. 4911 

1.  0 

. 5763 

. 9817 

. 4249 

. 5865 

. 5030 

1.  2 

. 6588 

. 9248 

. 3138 

6506 

. 4383 

1.  2 

. 7797 

1.  0465 

. 2307 

. 6810 

. 4393 

1.  4 

. 8492 

. 9748 

. 1918 

7322 

. 3770 

L 4 

. 9926 

1.  0773 

. 0861 

. 7618 

. 3680 

1.  6 

1.  0474 

1.  0036 

. 1009 

8011 

. 3119 

1.  6 

1.  2091 

1.  0843 

0082 

. 8281 

. 2953 

1.  8 

1.  2496 

1.  0172 

. 0397 

8571 

. 2479 

1.  8 

1.  4254 

1.  0770 

0590 

. 8802 

. 2269 

2.  0 

1.  4536 

1.  0211 

. 0032 

9007 

. 1892 

2.  0 

1.  6394 

1.  0629 

0776 

. 9194 

. 1670 

2.  2 

1.  6577 

1.  0197 

0149 

9333 

. 1386 

2.  2 

1.  8504 

1.  0473 

0759 

. 9477 

. 1178 

2.  4 

1.  8613 

1.  0159 

0210 

9567 

. 0975 

2.  4 

2.  0584 

1.  0332 

0638 

. 9673 

. 0797 

2.  6 

2.  0641 

1.  0117 

0203 

9729 

. 0659 

2.  6 

2.  2639 

1.  0220 

0484 

. 9802 

. 0517 

2.8 

2.  2660 

1.  0080 

0165 

9836 

. 0427 

2.  8 

2.  4674 

1.  0138 

0340 

. 9885 

. 0322 

3.  0 

2.  4673 

1.  0051 

0121 

9905 

. 0266 

3.  0 

2.  6696 

1.  0082 

0223 

. 9936 

. 0193 

3.  2 

2.  6682 

1.  0031 

0082 

9946 

. 0159 

3.  2 

2.  8709 

1.  0046 

0137 

. 9965 

. 0111 

3.  4 

2.  8686 

1.  0018 

0052 

9971 

. 0092 

3.  4 

3.  0715 

1.  0025  : 

0080 

. 9982 

. 0061 

3.  6 

3.  0689 

1.  0010 

0031 

9985 

. 0051 

3.  6 

3.  2719 

1.  0013 

0044 

. 9991 

. 0032 

3.  8 

3.  2691 

1.  0005 

0017 

9992 

. 0027 

3.  8 

3.  4721 

1.  0006 

0021 

. 9996 

. 0017 

4.  0 

3.  4691 

1.  0003 

0009 

9996 

. 0014 

4.  0 

3.  6722 

1.  0002  ; 

0005 

. 9998 

. 0008 

4.  2 

3.  6692 

1.  0001 

0005 

9998 

. 0007 

4.  2 

3.  8722 

i.  oooi  ; 

. 0013 

. 9999 

. 0004 

4.  4 

3.  8692 

1.  0001 

0002 

9999 

. 0003 

4.  6 

4.  0692 

1.  0000 

0001 

i! 

0000 

. 0001 

4.  8 

4.  2692 

1.  0000 

0001 

1. 

0000 

. 0001 

5.  0 

4.  4692 

1.  0000 

. 0000 

1. 

0000 

. 0000 

5.  2 

4.  6692 

1.  0000 

. 0000 

1. 

0000 

. 0000 

5.  4 

4.  8692 

1.  0000 

. 0000 

1. 

0000 

. 0000 

5.  6 

5.  0692 

1.  0000 

. 0000 

1. 

0000 

. 0000 

5.  8 

5.  2692 

1.  0000 

. 0000 

1. 

0000 

. 0000 

6.  0 

5.  4692 

1.  0000 

. 0000 

1. 

0000 

. 0000 
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TABLE  I— Continued  STAGNATION-LINE  FLOW  SOLUTIONS  FOR  YAWED  INFINITE  CYLINDER  WITH  PRANDTL 
" ' NUMBER  OF  1 


r=° 

-^=6.5 

Gro 

V 

/ 

J" 

Q 

ef 

0 

0.  0000 

0.  0000 

1.  4313 

0.  0000 

0.  6254 

. 2 

. 0284 

. 2813 

1.  3584 

. 1250 

. 6242 

. 4 

. 1107 

. 5359 

1.  1736 

. 2492 

. 6161 

. 6 

. 2398 

. 7465 

. 9259 

. 3706 

. 5953 

. 8 

. 4059 

. 9051 

. 6601 

. 4862 

. 5584 

1.  0 ■ 

. 5984 

L 0118 

. 4128 

. 5928 

. 5052 

1.  2 

. 8076 

1.  0731 

. 2089 

. 6874 

. 4390 

1.  4 

1.  0253 

1.  0990 

. 0602 

. 7680 

. 3655 

1.  6 

1.  2456 

1.  1008 

0334 

. 8336 

. 2913 

1.  8 

1.  4.648 

1.  0887 

0807 

. 8848 

. 2221 

2.  0 

1.  6808 

1.  0707 

0946 

. 9231 

. 1622 

2.  2 

1.  8930 

1.  0522 

0880 

. 9504 

. 1134 

, 2.  4 

2.  1018 

1.  0361 

0718 

. 9692 

. 0761 

2.  6 

2.  3077 

1.  0236 

0533 

. 9815 

. 0490 

2.  8 

2,  5115 

1.  0146 

0368 

. 9893 

. 0302 

3.  0 

2.  7138 

1.  0086 

0238 

. 9941 

. 0179 

3.  2 

2.  9151 

1.  0049 

0145 

. 9968 

. 0102 

3.  4 

3.  1158 

1.  0026 

0084  1 

. 9983 

. 0056 

3.  6 

3.  3162 

1.  0014 

0046 

. 9992 

.0029 

3.  8 

3.  5164 

1.  0007 

0024 

. 9996 

. 0015 

4.  0 

3.  7165 

L 0003 

0012 

. 9998 

. 0007 

4.  2V 

3.  9166 

1.  0002 

0006 

. 9999 

. 0003 

4.  4^ 

4.  1166 

1.  0001 

0003 

1.  0000 

. 0001 

4.  6 

4.  3166 

1.  0000 

0001 

1.  0000 

. 0001 

4.  8 

4.  5166 

1.  0000 

. 0000 

1.  0000 

. 0000 

5.  0 

4.  7166 

1.  0000 

. 0000 

1.  0000 

. 0000 

5.  2 

4.  9166 

1.  0000 

. 0000 

1.  0000 

. 0000 

5.  4 

5.  1166 

1.  0000 

. 0000 

1.  0000 

. 0000 

5.  6 

5.  3166 

1.  0000 

. 0000 

1.  0000 

. 0000 

5.  8 

5.  5166 

1.  0000 

. 0000 

1.  0000 

. 0000 

6.  0 

5.  7166 

1.  0000 

. 0000 

1.  0000 

. 0000 

— = 0.25;  = 1.2 

to  txQ 


V 

/ 

r 

f" 

0 

e' 

0 

0.  0000 

0.  0000 

0.  8673 

0.  0000 

0.  5344 

. 2 

. 0169 

. 1669 

. 7988 

. 1068 

. 5338 

. 4 

. 0657 

. 3187 

. 7175 

. 2133 

. 5297 

. 6 

. 1432 

. 4534 

. 6292 

. 3183 

. 5189 

. 8 

. 2459 

. 5702 

. 5387 

. 4203 

. 4993 

1.  0 

. 3701 

. 6690 

. 4503 

. 5173 

. 4697 

1.  2 

. 5124 

. 7506 

. . 3672 

. 6075 

. 4301 

1.  4 

. 6693 

. 8164 

. 2919 

. 6888 

. 3822 

1.  6 

. 8380 

. 8680 

. 2261 

. 7600 

. 3288 

1.  8 

1.  0157 

. 9075 

. 1703 

. 8202 

. 2732 

2.  0 

1.  2003 

. 9368 

. 1247 

. 8694 

. 2189 

2.  2 

1.  3899 

. 9580 

. 0887 

. 9081 

. 1690 

2.  4 

1.  5831 

. 9729 

. 0612 

. 9374 

. 1255 

2.  6 

1.  7788 

. 9830 

. 0410 

. 9588 

. 0897 

2.  8 

1.  9761 

. 9897 

. 0265 

. 9738 

. 0616 

3.  0 

2.  1745 

. 9939 

. 0166 

. 9839 

. 0407 

3.  2 

2.  3736 

. 9965 

. 0101 

. 9905 

. 0258 

3.  4 

2.  5730 

. 9981 

. 0059 

. 9945 

. 0158 

3.  6 

2.  7728 

. 9990 

. 0034 

. 9970 

. 0092 

3.  8 

2.  9726 

. 9995 

. 0019 

. 9984 

. 0052 

4.  0 

3.  1725 

. 9998 

. 0010 

. 9992 

. 0028 

4.  2 

3.  3725 

. 9999 

. 0005 

. 9996  ; 

. 0015 

4.  4 

3.  5725 

1.  0000 

. 0003 

. 9998  ! 

. 0007 

4.  6 

3.  7725 

1.  0001 

. 0002 

. 9999 

. 0004 

4.  8 

3.  9725 

1.  0001 

. 0001 

1.  0000 

. 0002 

5.  0 

4.  1726 

1.  0001 

. 0001 

1.  0000 

. 0001 

5.  2 

4.  3726 

1.  0001 

. 0001 

1.  0000 

. 0000 

5.  4 

4.  5726 

1.  0001 

. 0001 

1.  0000 

. 0000 

5.  6 

4.  7726 

1.  0001 

. 0001 

1.  0000 

. 0000 

5.  8 

4.  9727 

1.  0002 

. 0001 

1.  0000 

. 0000 

6.  0 

5.  1727 

1.  0002 

. 0001 

1.  0000 

. 0000 
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TABLE  I.  Continued.  STAGNATION-LINE  FLOW  SOLUTIONS  FOR  YAWED  INFINITE  CYLINDER  WITH  PRANDTL 

NUMBER  OF  1 


^=0.25;  A = i.e 
k Lx0 

V 

f 

r 

f" 

e 

e' 

0 

0.  0000 

0.  0000 

0.  9850 

0.  0000 

0.  5507 

. 2 

. 0191 

. 1882 

. 8935 

. 1101 

. 5500 

. 4 

. 0739 

. 3563 

. 7856 

. 2197 

. 5452 

. 6 

. 1602 

. 5019 

. 6699 

. 3277 

. 5329 

. 8 

. 2732 

. 6243 

. 5542 

. 4322 

. 5105 

1.  0 

. 4084 

. 7240 

. 4445 

. 5312 

. 4770 

1.  2 

. 5614 

. 8028 

. 3453 

. 6223 

. 4330 

1.  4 

. 7283 

. 8630 

. 2597 

. 7038 

. 3807 

1.  6 

. 9056 

. 9076 

. 1889 

. 7743 

. 3234 

1.  8 

1.  0905 

. 9395 

. 1328 

. 8331 

. 2649 

2.  0 

1.  2807 

. 9616 

. 0902 

. 8004 

. 2090 

2.  2 

1.  4746 

. 9764 

. 0592 

. 9171 

. 1587 

2.  4 

1.  6709 

. 9859 

. 0375 

. 9444 

. 1159 

2.  6 

1.  8688 

. 9919 

. 0230 

. 9640 

. 0813 

2.  8 

2.  0675 

. 9954 

. 0136 

. 9774 

. 0549 

3.  0 

2.  2669 

. 9975 

. 0078 

. 9864 

. 0356 

3.  2 

2.  4665 

. 9987 

. 0043 

. 9921 

. 0222 

3.  4 

2.  6663 

. 9994 

. 0023 

. 9955 

. 0133 

3.  6 

2.  8662 

. 9997 

. 0012 

. 9976 

. 0076 

3.  8 

3.  0662 

. 9999 

. 0006 

. 9987 

. 0042  ' 

4.  0 

3.  2662 

. 9999 

. 0003 

. 9994 

. 0022 

4.  2 

3.  4661 

L 0000 

. 0001 

. 9997 

. 0011 

4.  4 

3.  6661 

L 0000 

. 0001 

. 9999 

. 0006 

4.  6 

3.  8661 

1.  0000 

. 0000 

. 9999 

. 0003 

4.  8 

4.  0661 

1.  0000 

. 0000 

L 0000 

. 0001 

5.  0 

4.  2662 

1.  0000 

. 0000 

1.  0000 

. 0001 

5.  2 

4.  4662 

1.  0000 

. 0000 

1.  0000 

. 0000 

5.  4 

4.  6662 

I.  0000 

. 0000 

L 0000 

. 0000 

5.  6 

4.  8662 

1.  0000 

. 0000 

1.  0000 

. 0000 

5.  8 

5.  0662 

1.  0000 

. 0000 

1.  0000 

. 0000 

6.  0 

5.  2662 

1.  0000  ; 

. 0000 

1.  0000 

. 0000 

^=0.25;  A = 2.2 
k In0 

V 

/ 

r 

f" 

e 

e' 

0 

0.  0000 

0.  0000 

1.  1530 

0.  0000 

0.  5724 

. 2 

. 0223 

. 2185 

1.  0268 

. 1144 

. 5716 

. 4 

. 0856 

. 4093 

. 8787 

. 2283 

. 5658 

. 6 

. 1839 

. 5694 

. 7224 

. 3402 

. 5511 

. 8 

. 3113 

. 6985 

• 5698 

. 4479 

. 5247 

1.  0 

. 4614 

. 7982 

. 4299 

. 5492 

. 4858 

1.  2 

. 6288 

. 8717 

. 3092 

. 6415 

. 4358 

1.  4 

. 8086 

. 9233 

. 2109 

. 7229 

. 3775 

1.  6 

. 9970 

. 9576 

. 1355 

. 7922 

. 3152 

1.  8 

1.  1908 

. 9789 

. 0812 

. 8490 

. 2532 

2.  0 

1.  3880 

. 9912 

. 0446 

. 8939 

. 1957 

2.  2 

1.  5869 

. 9977 

. 0217 

. 9278 

. 1453 

2.  4 

1.  7868 

1.  0005 

. 0086 

. 9525 

. 1037 

2.  6 

L 9870 

1.  0015 

. 0019 

. 9699 

. 0711 

2.  8 

2.  1873 

1.  0015 

0010 

. 9815 

. 0469 

3.  0 

2.  3876 

1.  0012 

0018 

. 9891 

. 0297 

3.  2 

2.  5878 

1.  0009 

0017 

. 9938 

. 0180 

3.  4 

2.  7880 

1.  0006 

0013 

. 9966 

. 0105 

3.  6 

2.  9881 

1.  0003 

0009 

. 9982 

. 0059 

3.  8 

3.  1881 

1.  0002 

0005 

. 9991 

. 0032 

4.  0 

3.  3881 

1.  0001 

! 0003 

. 9995 

. 0017 

4.  2 

3.  5882 

1.  0001 

0002 

. 9998 

. 0008 

4.  4 

3.  7882 

1.  0000 

0001 

. 9999 

. 0004 

4.  6 

3.  9882 

1.  0000 

. 0000 

1.  0000 

. 0002 

4.  8 

4.  1882 

1.  0000 

. 0000 

1.  0000 

. 0001 

5.  0 

4.  3882 

1.  0000 

. 0000 

1.  0000 

. 0000 

5.  2 

4.  5882 

1.  0000 

. 0000 

1.  0000 

. 0000 

5.  4 

4.  7882 

1.  0000 

. 0000 

1.  0000 

. 0000 

5.  6 

4.  9882 

1.  0000 

. 0000 

1.  0000 

. 0000 

5.  8 

5.  1882 

1.  0000 

. 0000 

1.  0000 

. 0000 

6.  0 

5.  3882 

1.  0000 

. 0000 

1.  0000, 

. 0000 
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TABLE  I.— Continued.  STAGNATION-LINE  FLOW  SOLUTIONS  FOR  YAWED  INFINITE  CYLINDER  WITH  PRANDTL 

NUMBER  OF  1 


-~=0.25;  -^-=3.0 

-%=0.5 

to 

1.2 

V 

/ 

r 

f" 

e 

Qf 

V 

/ 

r 

f" 

6 

e’ 

0 

0.  0000 

0.  0000 

1.  3644 

0.  0000 

0.  5976 

0 

0.  0000 

0.  0000 

1.  0409 

0.  0000 

0.  5530 

. 2 

. 0262 

. 2563 

1.  1918 

. 1195 

. 5965 

. 2 

. 0200 

. 1958 

. 9158 

. 1106 

. 5522 

. 4 

. 1000 

. 4748 

. 9898 

. 2382 

. 5895 

. 4 

. 0766 

. 3660 

. 7859 

. 2206 

. 5472 

. 6 

. 2134 

. 6517 

. 7799 

. 3545 

. 5716 

. 6 

. 1647 

. 5103 

. 6582 

. 3289 

. 5344 

. 8 

. 3580 

. 7874 

. 5799 

. 4659 

. 5401 

. 8 

. 2791 

. 6298 

. 5379 

. 4337 

. 5114 

L 0 

. 5258 

. 8852 

. 4029 

. 5696 

. 4946 

1.  0 

. 4151 

. 7262 

. 4288 

. 5328 

. 4773 

1.  2 

. 7099 

. 9905 

. 2574 

. 6630 

. 4372 

1.  2 

. 5682 

. 8022 

. 3331 

. 6239 

. 4327 

1.  4 

. 9044 

1.  0115 

. 1466 

. 7440 

. 3721 

1.  4 

. 7348 

. 8605 

. 2521 

. 7053 

. 3799 

L 6 

1.  1049 

1.  0200 

. 0690 

. 8116 

. 3044 

1.  6 

. 9114 

. 9040 

. 1856 

. 7756 

. 3223 

1.  8 

1.  3082 

1.  0210 

. 0200 

. 8659 

. 2391 

1.  8 

1.  0956 

. 9356 

. 1329 

. 8341 

. 2637 

2.  0 

1.  5124 

1.  0182 

-.  0070 

. 9077 

. 1803 

2.  0 

1.  2851 

. 9579 

. 0925 

. 8812 

. 2079 

2.  2 

1.  7163 

1.  0141 

-.  0187 

. 9386 

. 1306 

2.  2 

1.  4783 

. 9733 

. 0625 

. 9177 

. 1577 

2.  4 

1.  9195 

1.  0100 

-.  0211 

. 9606 

. 0908 

2.4 

1.  6740 

. 9835 

. 0410 

. 9448 

. 1151 

2.  6 

2.  1219 

1.  0067 

-.  0187 

. 9756 

. 0606 

2.  6 

1.  8714 

. 9901 

. 0260 

. 9642 

. 0807 

2.  8 

2.  3236 

1.  0042 

0145 

. 9854 

. 0389 

2.  8 

2.  0699 

. 9942 

. 0160 

. 9776 

. 0544 

3.  0 

2.  5247 

1.  0025 

-.  0103 

. 9916 

. 0239 

3.  0 

2.  2690 

. 9967 

. 0096 

. 9865 

. 0353 

3.  2 

2.  7253 

1.  0014 

-.  0068 

. 9953 

. 0142 

3.  2 

2.  4685 

. 9982 

. 0055 

. 9921 

. 0220 

3.  4 

2.  9257 

1.  0008 

-.  0042 

. 9975 

. 0081 

3.  4 

2.  6683 

. 9990 

. 0031 

. 9956 

. 0131 

3.  6 

3.  1259 

1.  0004 

-.  0024 

. 9987 

. 0044 

3.  6 

2.  8681 

. 9995 

. 0017 

. 9976 

. 0076 

3.  8 

3.  3260 

1.0002 

-.0013 

. 9994 

. 0023 

3.8 

3.  0680 

. 9997 

. 0009 

. 9987 

. 0042 

4.  0 

3.  5261 

1.  0001 

-.  0007 

. 9997 

. 0012 

4.  0 

3.  2680 

. 9999 

. 0004 

. 9994 

.0022 

4.  2 

3.  7261 

1.  0001 

0004 

. 9999 

.0006 

4.  2 

3.  4680 

. 9999 

. 0002 

. 9997 

. 0011 

4.  4 

3.  9261 

1.  0000 

0002 

. 9999 

.0003 

4.  4 

3.  6680 

. 9999 

. 0001 

. 9999 

. 0006 

4.6  N 

4.  1262 

1.  0000 

. 0000 

1.  0000 

. 0001 

4.  6 

3.  8680 

1.  0000 

. 0000 

. 9999 

. 0003 

4.  8 

4.  3262 

1.  0000 

. 0000 

1.  0000 

. 0001 

4.  8 

4.  0680 

1.  0000 

. 0000 

1.  0000 

. 0001 

5.  0 

4.  5262 

1.  0000 

. 0000 

1.  0000 

. 0000 

5.  0 

4.  2680 

1.  0000 

. 0000 

1.  0000 

. 0000 

5.  2 

4.  7262 

1.  0000 

. 0000 

1.  0000 

. 0000 

5.  2 

4.  4680 

1.  0000 

. 0000 

1.  0000 

. 0000 

5.  4 

4.  9262 

1.  0000 

. 0000 

1.  0000 

.0000 

5.  4 

4.  6680 

1.  0000 

. 0000 

1.  0000 

. 0000 

5.  6 

5.  1262 

1.  00  0 

. 0000 

1.  0000 

. 0000 

5.  6 

4.  8679 

1.  0000 

. 0000 

1.  0000 

. 0000 

5.8 

5.  3262 

1.  0000 

. 0000 

1.  0000 

. 0000 

5.  8 

5.  0679 

1.  0000 

. 0000 

1.  0000 

. 0000 

6.  0 

5.  5262 

1.  0000 

. 0000 

1.  0000 

. 0000 

- 

6.  0 

5.  2679 

1.  0000 

. 0000 

1.  0000 

. 0000 
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TABLE  I.— Continued.  STAGNATION-LINE  FLOW  SOLUTIONS  FOR  YAWED  INFINITE  CYLINDER  WITH  PRANDTL 

NUMBER  OF  1 


4?= 0.5 
to 

-^-=1.6 

G'o 

-t=0.5; 

k 

p-  =2.2 

iATo 

V 

/ 

r 

f" 

Q 

6' 

V 

/ 

r 

f" 

d 

e' 

0 

0.  0000 

0.  0000 

1.  2062 

0.  0000 

0.  5728 

0 

0.  0000 

0.  0000 

1.  4406 

0.  0000 

0.  5986 

. 2 

. 0230 

. 2247 

1.  0394 

. 1145 

. 5719 

. 2 

. 0273 

. 2654 

1.  2111 

. 1197 

. 5975 

. 4 

. 0876 

. 4154 

. 8973 

. 2284 

. 5659 

. 4 

. 1031 

. 4841 

. 9760 

. 2386 

. 5902 

. 6 

. 1869 

. 5720 

. 7005 

. 3403 

. 5509 

. 6 

. 2179 

. 6565 

. 7518 

. 3550 

. 5719 

.8 

. 3143 

. 6965 

. 5469 

. 4480 

. 5242 

. 8 

. 3628 

. 7863 

. 5506 

. 4664 

. 5398 

1.  0 

. 4636 

. 7920 

. 4120 

. 5491 

. 4851 

1.  0 

. 5299 

. 8788 

. 3803 

. 5700 

. 4939 

1.  2 

. 6295 

. 8627 

. 2988 

. 6413 

. 4350 

1.  2 

. 7123 

. 9407 

. 2446 

. 6632 

. 4363 

1.  4 

. 8073 

. 9130 

. 2080 

. 7226 

. 3768 

1.  4 

. 9047 

. 9790 

. 1433 

. 7440 

. 3712 

1.  6 

. 9936 

. 9473 

. 1385 

. 7918 

. 3148 

1.  6 

1.  1028 

1.  0001 

. 0730 

.8115 

. 3037 

1.8 

1.  1855 

. 9697 

. 0880 

. 8485 

. 2532 

1.  8 

1.  3040 

1.  0098 

. 0283 

. 8657 

. 2387 

2.0 

1.  3809 

.9836 

. 0531 

. 8933 

. 1959 

2.0 

1.  5063 

1.  0127 

. 0029 

. 9074 

. 1803 

2.  2 

1.  5786 

. 9917 

. 0302 

. 9273 

. 1460 

2.  2 

1.  7088 

1.  0119 

-.  0091 

. 9384 

. 1307 

2.  4 

1.  7774 

. 9962 

. 0160 

. 9522 

. 1042 

2.  4 

1.  9110 

1.  0096 

0129 

. 9604 

. 0910 

2.-6 

1.  9769 

. 9985 

. 0078 

. 9696 

. 0716 

2.  6 

2.  1126 

1.  0070 

-.  0124 

. 9754 

. 0609 

2.8 

2.  1767 

. 9996 

. . 0034 

. 9813 

. 0472 

2.  8 

2.  3138 

1.  0047 

0100 

. 9853 

. 0391 

3.  0 

2.  3767 

1.  0000 

. 0012 

. 9889 

. 0300 

3.0 

2.  5146 

1.  0030 

-.  0072 

. 9915 

. 0241 

3.2 

2.  5767 

1.  0001 

. 0003 

. 9937 

. 0183 

3.  2 

2.  7150 

1.  0018 

-. 0048 

. 9953 

. 0143 

3.  4 

2.  7767 

1.0002 

-. 0001 

. 9965 

. 0107 

3.  4 

2.  9153 

1.  0010 

0030 

. 9974 

. 0082 

3.  6 

2.  9768 

1.  0001 

-. 0001 

. 9982 

. 0060 

3.  6 

3.  1155 

1.  0006 

0018 

. 9987 

. 0045 

3.  8 

3.  1768 

1.  0001 

-. 0001 

. 9991 

. 0033 

3.  8 

3.  3155 

1.  0003 

-.  0010 

. 9993 

. 0023 

4.  0 

3.  3768 

1.  0001 

0001 

. 9995 

. 0017 

4.  0 

3.  5156  . 

1.  0001 

-.0005 

. 9997 

. 0012 

4.  2- 

3.  5768 

1.  0001 

. 0000 

. 9998 

. 0008 

4.  2 

3.  7156 

1.  0001 

0003 

. 9998 

. 0006 

4.  4 

3.  7768 

1.  0001 

. 0000 

. 9999 

. 0004 

4.  4 

3.  9156 

1.  0000 

-. 0001 

. 9999 

. 0003 

4.  6 

3.  9769 

1.  0001 

. 0000 

1.  0000 

. 0002 

4.  6 

4.  1156 

1.  0000 

. 0000 

1.  0000 

. 0001 

4.  8 

4.  1769 

1.  0001 

. 0000 

1.  0000 

. 0001 

4.  8 

4.  3156 

1.  0000 

. 0000 

1.  0000 

. 0000 

5.  0 

4.  3769 

1.  0001 

. 0000 

1.  0000 

. 0000 

5.0 

4.  5156 

1.  0000 

. 0000 

1.  0000 

. 0000 

5.  2 

4.  5769 

1.  0001 

. 0000 

1.  0000 

. 0000 

5.  2 

4.  7156 

1.  0000 

. 0000 

1.  0000 

. 0000 

5.  4 

4.  7769 

1.  0001 

. 0000 

1.  0000 

. 0000 

5.  4 

4.  9156 

1.  0000 

. 0000 

1.  0000 

. 0000 

5.  6 

4.  9769 

1.  0001 

. 0000 

1.  0000 

. 0000 

5.  6 

5.  1157 

1.  0000 

. 0000 

1.  0000 

. 0000 

5.  8 

5.  1770 

1.  0001 

. 0000 

1.  0000 

. 0000 

5.  8 

5.  3157 

1.  0000 

. 0000 

1.  0000 

. 0000 

6.  0 

5.  3770 

1.  0001 

. 0000 

1.  0000 

. 0000 

6.  0 

5.  5157 

1.0000  , 

. 0000 

1.  0000 

. 0000 
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TABLE  I— Continued.  STAGNATION-LINE  FLOW  SOLUTIONS  FOR  YAWED  INFINITE  CYLINDER  WITH  PRANDTL 

NUMBER  OF  1 


iO 

o 

11 

^Sj.® 

r-=4.o 

lArQ 

V 

/ 

r 

f" 

e 

$' 

0 

0.  0000 

0.  0000 

2.  0785 

0.  0000 

0.  6593 

. 2 

. 0389 

. 3744 

1.  6608 

. 1318 

. 6576 

.4 

. 1441 

. 6640 

1.  2386 

. 2624 

. 6463 

. 6 

. 2990 

. 8720 

. 8491 

. 3892 

. 6187 

. 8 

. 4881 

1.  0076 

. 5184 

, 5086 

. 5721 

1.  0 

. 6982 

1.  0842 

. 2604 

. 9168 

. 5083 

1.  2 

. 9189 

1.  1168 

. 0783 

. 7111 

. 4324 

1.  4 

1.  1430 

1.  1200 

-.  0350 

. 7895 

. 3519 

1.  6 

1.  3658 

1.  1065 

-.  0926 

. 8520 

. 2738 

1.  8 

1.  5851 

1.  0856 

1105 

. 8995 

. 2038 

2.  0 

1.  8000 

1.  0638 

1043 

. 9342 

. 1453 

2.  2 

2.  0108 

1.  0446 

-.  0862 

. 9585 

. 0992 

2.  4 

2.  2182 

1.  0295 

0649 

. 9747 

. 0650 

2.  6 

2.  4229 

1.  0185 

0454 

. 9852 

. 0409 

2.  8 

2.  6258 

1.  0111 

-.  0298 

. 9916 

. 0247 

3.  0 

2.  8275 

1.  0063 

-.  0185 

. 9954 

. 0143 

3.  2 

3.  0284 

1.  0035 

-.  0109 

. 9976 

. 0080 

3.  4 

3.  2290 

1.  0018 

0061 

. 9988 

. 0043 

3.  6 

3.  4293 

1.  0009 

-.  0032 

. -9994 

. 0022 

3.  8 

3.  6294 

1.  0004 

0017 

. 9997 

. 0010 

4.  0 

3.  8294 

1.  0001 

-.  0008 

. 9999 

. 0005 

4.  2 

4.  0295 

1.  0001 

-.  0004 

1.  0000 

. 0002 

4.  4 

4.  2295 

1.  0000 

0002 

1.  0000 

. 0001 

4.  6 

4.  4295 

1.  0000 

0001 

1.  0000 

. 0000 

4.  8 

4.  6295 

1.  0000 

. 0000 

1.  0000 

. 0000 

5.  0 

4.  8295 

1.  0000 

. 0000 

1.  0000 

. 0000 

5.  2 

5.  0295 

1.  0000 

. 0000 

1.  0000 

. 0000 

5.  4 

5.  2295 

1.  0000 

. 0000 

1.  0000 

. 0000 

5.  6 

5.  4295 

1.  0000 

. 0000 

1.  0000 

. 0000 

5.  8 

5.  6295 

1.  0000 

. 0000 

1.  0000 

. 0000 

6.  0 

5.  8295 

1.  0000 

.0000 

1.  0000 

. 0000 

IT0-5 

© 

CO 

II 

V 

f 

f 

f" 

0 

e ' 

0 

0.  0000 

0.  0000 

1.  7341 

0.  0000 

0.  6280 

. 2 

. 0326 

. 3158 

1.  4210 

. 1255 

. 6266 

. 4 

. 1221 

. 5680 

1.  1024 

. 2501 

. 6175 

. 6 

. 2557 

. 7581 

. 8035 

. 3716 

. 5950 

. 8 

. 4216 

. 8919 

. 5425 

. 4870 

. 5563 

1.  0 

. 6094 

. 9781 

. 3303 

. 5931 

. 5020 

1.  2 

. 8105 

1.  0276 

. 1706 

. 6870 

. 4356 

1.  4 

1.  0186 

1.  0499 

. 0610 

. 7669 

. 3628 

1.  6 

1.  2293 

1.  0548 

0058 

. 8321 

. 2898  ‘ 

1.  8 

1.  4399 

1.  0498 

0398 

. 8832 

. 2219 

2.  0 

1.  6490 

L 0403 

0513 

. 9215 

. 1629 

2.  2 

1.  8560 

1.  0301 

0493 

. 9490 

. 1148 

2.  4 

2,  0611 

1.0210 

-. 0409 

. 9681 

. 0776 

2.  6 

2.  2646 

1.  0138 

-,0308 

. 9807 

. 0503 

2.  8 

2.  4668 

1.  0086 

— . 0214 

. 9887 

. 0314 

3.  0 

2.  6681 

1.  0051 

-.  0140 

. 9937 

. 0188 

3.  2 

2.  8689 

1.  0029 

-.  0086 

. 9966 

. 0108 

3.  4 

3.  0694 

1.  0016 

-.  0050 

. 9982 

. 0060 

3.  6 

3.  2696 

1.  0008 

-.  0028 

. 9991 

. 0032 

3.  8 

3.  4697 

1.  0004 

-. 0015 

. 9996 

. 0016 

4.  0 

3.  6698 

1.  0002 

0008 

. 9998 

. 0008 

4.  2 

3.  8698 

1.  0001 

-. 0004 

. 9999 

. 0004 

4.  4 

4.  0698 

1.  0000 

-. 0002 

1.  0000 

. 0001 

4.  6 

4.  2698 

1.  0000 

-. 0001 

1.  0000 

. 0001 

4.  8 

4.  4698 

1.  0000 

. 0000 

1.  0000 

. 0000 

5.  0 

4.  6698 

1.  0000 

. 0000 

1.  0000 

. 0000 

5.  2 

4.  8698 

1.  0000 

. 0000 

1.  0000 

. 0000 

5.  4 

5.  0698 

1.  0000 

. 0000 

1.  0000 

. 0000 

5.  6 

5.  2698 

1.  0000 

. 0000 

1.  0000 

. 0000 

5.  8 

5.  4698 

1.  0000 

. 0000 

1.  0000 

. 0000 

6.  0 

5.  6698 

1.  0000 

. 0000 

1.  0000 

. 0000 
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STAGNATION-LINE  FLOW  SOLUTIONS  FOR  YAWED  INFINITE  CYLINDER  WITH  PRANDTL 

NUMBER  OF  1 


Y=0.5;  ^-=6.5 

h t-Aro 

V 

/ 

r 

/" 

0 

O' 

0 

0.  0000 

0.  0000 

2.  8663 

0.  0000 

0.  7213 

. 2 

. 0529 

. 5060 

2.  1868 

. 1441 

. 7187 

. 4 

. 1933 

. 8749 

1.  5090 

. 2865 

. 7021 

. 6 

. 3943 

1.  1145 

. 9042 

. 4234 

. 6626 

. 8 

. 6318 

1.  2445 

. 4183 

. 5498 

. 5982 

1.  0 

. 8866 

1.  2910 

. 0709 

. 6613 

. 5140 

1.  2 

1.  1446 

1.  2817 

1423 

.7548 

. 4195 

1.  4 

1.  3973 

1.  2414 

2440 

. 8292 

. 3253 

1.  6 

1.  6404 

1.  1893 

2657 

. 8855 

. 2401 

1.  8 

1.  8731 

1.  1382 

2396 

. 9261 

. 1689 

2.  0 

2.  0963 

1.  0948 

1921 

. 9541 

. 1136 

2.  2 

2.  3117 

1.  0615 

1411 

. 9725 

. 0731 

2.  4 

2.  5215 

1.  0379 

0964 

. 9842 

. 0451 

2.  6 

2.  7274 

1.  0223 

0619 

. 9912 

. 0267 

2.  8 

2.  9308 

1.  0125 

0375 

. 9953 

. 0152 

3.  0 

3.  1327 

1.  0067 

0216 

. 9976 

. 0083 

3.  2 

3.  3337 

1.  0034 

0119 

. 9988 

. 0043 

3.  4 

3.  5342 

1.  0017 

0062 

. 9994 

. 0022 

3.  6 

3.  7344 

1.  0008 

0031 

. 9997 

. 0011 

3.  8 

3.  9345 

1.  0003 

0015 

. 9999 

. 0005 

4.  0 

4.  1346 

1.  0001 

0007 

. 9999 

. 0002 

4.  2 

4.  3346 

1.  0000 

0003 

1.  0000 

. 0001 

4.  4 

4.  5346 

1.  0000 

0001 

1.  0000 

. 0000 

4.  6 

4.  7346 

1.  0000 

0001 

1.  0000 

. 0000 

4.  8 

4.  9346 

1.  0000 

. 0000 

1.  0000 

. 0000 

5.  0 

5.  1346 

1.  0000 

. 0000 

1.  0000 

. 0000 

5.  2 

5.  3346 

1.  0000 

. 0000 

1.  0000 

. 0000 

5.  4 

5.  5346 

1.  0000 

. 0000 

1.  0000 

. 0000 

5.  6 

5.  7346 

i.  oooo  ; 

. 0000 

1.  0000 

. 0000 

5.  8 

5.  9346 

1.  0000 

. 0000 

1.  0000 

. 0000 

6.  0 

6.  1346 

1.  0000 

. 0000 

1.  0000 

. 0000 

-f  = 0.75;  ~ = 1.2 

*0  LV0 

V 

/ 

r 

/" 

0 

0' 

0 

0.  0000 

0.  0000 

1.  2059 

0.  0000 

0.  5995 

. 2 

. 0229 

. 2230 

1.  0244 

. 1139 

. 5686 

. 4 

. 0868 

. 4100 

. 8469 

. 2271 

. 5628 

. 6 

. 1846 

. 5626 

. 6814 

. 3384 

. 5480 

. 8 

. 3098 

. 6837 

. 5332 

. 4455 

. 5218 

1.  0 

. 4563 

. 7772 

. 4054 

. 5463 

. 4834 

1.  2 

. 6191 

. 8473 

. 2993 

. 6382 

. 4342 

1.  4 

. 7940 

. 8983 

. 2142 

. 7194 

. 3771 

1.  6 

. 9775 

. 9343 

. 1484 

. 7887 

. 3159 

1.  8 

1.  1669 

. 9588 

. 0995 

. 8458 

. 2550 

2.  0 

1.  3604 

. 9750 

. 0645 

. 8910 

. 1980 

2.  2 

1.  5566 

. 9853 

. 0403 

. 9255 

. 1479 

2.  4 

1.  7543 

. 9917 

. 0243 

. 9507 

. 1062 

2.  6 

1.  9531 

. 9954 

. 0142 

. 9685 

. 0733 

2.  8 

2.  1524 

. 9976 

. 0079 

. 9806 

. 0487 

3.  0 

2.  3520 

. 9988 

. 0043 

. 9885 

. 0310 

3.  2 

2.  5518 

. 9994 

. 0022 

. 9934 

. 0190 

3.  4 

2.  7518 

. 9997 

. 0011 

. 9963 

. 0112 

3.  6 

2.  9517 

. 9999 

. 0005 

. 9980 

. 0063 

3.  8 

3.  1517 

. 9999 

. 0002 

. 9990 

. 0034 

4.  0 

3.  3517 

1.  0000 

. 0001 

. 9995 

. 0018 

4.  2 

3.  5517 

1.  0000 

. 0000 

. 9998 

. 0009 

4.  4 

3.  7517 

1.  0000 

. 0000 

. 9999 

. 0004 

4.  6 

3.  9517 

1.  0000 

. 0000 

1.  0000 

. 0002 

4.  8 

4.  1517 

1.  0000 

. 0000 

1.  0000 

. 0001 

5.  0 

4.  3517 

1.  0000 

. 0000 

1.  0000 

. oooo 

5.  2 

4.  5517 

1.  0000 

. 0000 

1.  oooo 

. oooo 

5.  4 

4.  7517 

1.  0000 

. 0000 

1.  oooo 

. oooo 

5.  6 

4.  9517 

1.  0000 

. 0000 

1.  oooo 

. oooo 

5.  8 

5.  1516 

1.  0000 

. 0000 

1.  oooo 

. oooo 

6.  0 

5.  3516 

1.  0000 

. 0000 

1.  oooo 

. oooo 
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TABLE  I.— Continued.  STAGNATION-LINE  FLOW  SOLUTIONS  FOR  YAWED  INFINITE  CYLINDER  WITH  PRANDTL 

NUMBER  OF  1 


-^=0.75;  ^-=1.6 

to  G'o 

V 

/ 

r 

f" 

e 

e ' 

0 

0.  0000 

0.  0000 

1.  4153 

0.  0000 

0.  5921 

. 2 

. 0267 

. 2589 

1.  1735 

. 1184 

. 5910 

. 4 

. 1004 

. 4699 

. 9388 

. 2360 

. 5840 

. 6 

. 2117 

. 6357 

. 7231 

. 3512 

. 5663 

. 8 

. 3520 

. 7610 

. 5347 

. 4617 

. 5355 

1.  0 

. 5137 

. 8516 

. 3777 

. 5645 

. 4913 

1.  2 

. 6908 

. 9142 

. 2532 

. 6574 

. 4356 

1.  4 

. 8780 

. 9550 

. 1597 

. 7383 

. 3724 

1.  6 

L 0717 

. 9798 

. 0932 

. 8062 

. 3065 

1.  8 

1.  2692 

. 9937 

. 0490 

. 8610 

. 2425 

2.  0 

1.  4687 

1.  0006 

. 0218 

. 9036 

. 1844 

2.  2 

1.  6692 

1.  0032 

. 0065 

. 9353 

. 1348 

2,  4 

1.  8699 

1.  0037 

0009 

. 9581 

. 0946 

2.  6 

2.  0706 

1.  0032 

-. 0037 

. 9738 

. 0638 

2.  8 

2.  2711 

1.  0024 

0041 

. 9842 

. 0413 

3.  0 

2.  4715 

1.  0016 

0034 

. 9908 

. 0257 

3.  2 

2.  6718 

1.  0010 

0025 

. 9948 

. 0154 

3.  4 

2.  8720 

1.  0006 

-.  0016 

. 9972 

. 0088 

3.  6 

3.  0720 

1.  0004 

0010 

. 9984 

. 0049 

3.  8 

3.  2721 

1.  0002 

0006 

. 9993 

. 0026 

4.  0 

3.  4721 

1.  0001 

0003 

. 9996 

. 0013 

4.  2 

3.  6721 

1.  0001 
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1.  0000 

. 0000 

5.  0 

4.  3901 
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. 8600 

. 2651 

1.  8 

1.  6397 

1.  0797 

-.  1172 

. 9059 

. 1952 

2.  0 

1.  8534 

1.  0575 

— . 1024 

. 9389 

. 1377 

2.  2 

2.  0630 

1.  0392 

0805 

. 9618 

. 0931 

2.  4 

2.  2694 

1.  0253 

0584 

. 9770 

. 0603 

2.  6 

2.  4734 

1.  0156 

0397 

. 9866 

. 0376 

2.  8 

2.  6759 

1.  0092 

0254 

. 9925 

. 0225 

3.  0 

2.  8773 

1.  0051 

0154 

. 9959 

. 0129 

3.  2 

3.  0780 

1.  0028 

0089 

. 9979 

. 0071 

3.  4 

3.  2784 

! 1.  0014 

0049 

. 9989 

. 0038 

3.  6 

3.  4786 

, 1.  0007 

0026 

. 9995 

. 0019 

3.  8 

3.  6787 

1.  0003 

0013 

. 9998 

. 0009 

4.  0 

3.  8788 

1.  0001 

0006 

. 9999 

. 0004 

4.  2 

4.  0788 

1.  0001 

0002 

1.  0000 

. 0002 

4.  4 

4.  2788 

1.  0000 

-.  0001 

1.  0000 

. 0001 

4.  6 

4.  4788 

■ 1.  0000 

0001 

1.  0000 

. 0000 

4.  8 

4.  6788 

1.  0000 

. 0000 

1.  0000 

. 0000 

5.  0 

4.  8788 

; 1.  0000 

. 0000 

1.  0000 

. 0000 

5.  2 1 

5.  0788 

1 1.  0000 

. 0000 

1.  0000 

. 0000 

5.  4 

5.  2788 

! 1.0000 

. 0000 

1.  0000 

. 0000 

5.  6 

5.  4788 

1 1.  0000 

. 0000 

1.  0000 

. 0000 

5.  8 

5.  6788 

i 1.  0000 

. 0000 

1.  0000 

. 0000 

6.  0 

5.  8788 

1 1.  0000 

. 0000 

1.  0000 

. 0000 

j*=1.5 

to 

; £=3.0 

V 

/ • 

r 

J" 

0 

o' 

0 

0.  0000 

0.  0000 

3.  0259 

0.  0000 

0.  7163 

. 2 

. 0547 

. 5173 

2.  1607 

. 1431 

. 7136 

. 4 

. 1961 

. 8716 

1.  4056 

. 2845 

. 6968 

. 6 

. 3943 

1.  0893 

. 7977 

. 4203 

. 6573 

. 8 

. 6249 

1.  2012 

. 3482 

. 5458 

. 5939 

1.  0 

. 8699 

1.  2385 

. 0481 

. 6566 

. 5115 

1.  2 

1.  1172 

1.  2289 

1253 

. 7497 

. 4193 

1.  4 

1.  3598 

1.  1947 

2028 

. 8243 

. 3273 

1.  6 

1.  5946 

1.  1520 

-. 2159 

. 8812 

. 2435 

1.  8 

1.  8208 

1.  1107 

1924 

. 9226 

. 1731 

2.  0 

2.  0393 

1.  0760 

1534 

. 9514 

. 1176 

2.  2 

2.  2517 

1.  0414 

-.  1125 

. 9706 

. 0769 

2.  4 

2.  4596 

1.  0306 

0770 

. 9829 

. 0478 

2.  6 

2.  6644 

1.  0181 

— . 0496 

. 9904 

. 0287 

2.  8 

2.  8671 

1.  0102 

0303 

. 9948 

. 0165 

3.  0 

3.  0687 

1.  0055 

0176 

. 9973 

. 0091 

3.  2 

3.  2695 

1.  0029 

-.  0097 

. 9986 

. 0048 

3.  4 

3.  4699 

1.  0014 

-.  0051 

. 9993 

. 0025 

3.  6 

3.  6701 

1.  0007 

-.0026 

. 9997 

. 0012 

3.  8 

3.  8702 

1.  0003 

-.0012 

. 9999 

. 0006 

4.  0 

4.  0703 

1.  0001 

-.  0006 

. 9999 

. 0003 

4.  2 

4.  2703 

1.  0001 

0002 

1.  0000 

. 0001 

4.  4 

4.  4703 

1.  0001 

0001 

1.  0000 

. 0000 

4.  6 

4.  6703 

1.  0000 

. 0000 

1.  0000 

. 0000 

4.  8 

4.  8703 

1.  0000 

.0000 

1.  0000 

. 0000 

5.  0 

5.  0703 

1.  0000 

. 0000 

1.  0000 

. 0000 

5.  2 

5.  2703 

1.  0000 

. 0000 

1.  0000 

. 0000 

5.  4 

5.  4703 

1.  0000 

. 0000 

1.  0000 

. 0000 

5.  6 

5.  6703 

1.  0000 

. 0000 

1.  0000 

. 0000 

5.  8 

5.  8703 

1.  0000 

. 0000 

1.  0000 

. 0000 

6.  0 

6.  0704 

1.  0000 

. 0000 

1.  0000 

. 0000 
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TABLE  I.— Continued.  STAGNATION-LINE  FLOW  SOLUTIONS  FOR  YAWED  INFINITE  CYLINDER  WITH  PRANDTL 

NUMBER  OF  1 
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^-  = 2.0 

V 

f 

r 

/" 

e 

O'  ^ 

0 

0.  0000 

0.  0000 

2.  7262 

0.  0000 

0.  6931 

. 2 

. 0493 

. 4676 

1.  9638 

. 1385 

. 6908 

. 4 

. 1775 

. 7925 

1.  3058 

. 2755 

. 6760 

. 6 

. 3584 

. 9986 

. 7777 

. 4076 

. 6412 

. 8 

. 5708 

1.  1127 

. 3846 

. 5305 

. 5845 

1.  0 

. 7991 

1.  1609 

. 1168 

. 6401 

. 5098 

1.  2 

1.  0323 

1.  1665 

0453 

. 7337 

. 4245 

1.  4 

1.  2641 

1.  1481 

1265 

. 8098 

. 3373 

1.  6 

1.  4909 

1.  1196 

1520 

. 8690 

. 2561 

1.  8 

1.  7118 

1.  0896 

; 1439 

. 9130 

. 1859 

2.  0 

1.  9270 

1.  0631 

1196 

. 9443 

. 1292 

2.  2 

2.  1374 

1.  0420 

0906 

. 9656 

. 0860 

2.  4 

2.  3442 

1.  0267 

0639 

. 9795 

. 0549 

2.  6 

2.  5483 

1.  0161 

0423  j 

. 9882 

. 0337 

2.  8 

2.  7509 

1.  0093 

— . 0265 

. 9934 

. 0198 

3.  0 

2.  9523 

1.  0052 

0158 

. 9965 

. 0112 

3.2 

3.  1531 

1.  0028 

0090 

. 9982 

. 0061 

3.  4 

3.  3535 

1.  0014 

0049 

. 9991 

. 0032 

3.  6 

3.  5537 

1.  0007 

0025 

. 9995 

. 0016 

3.  8 

3.  7538 

1.  0003 

0013 

. 9997 

. 0008 

4.  0 

3.  9538 

1.  0002 

0007 

. 9998 

. 0003 

4.  2 

4.  1539 

1.  0001 

0004 

. 9999 

. 0000 

7£=2.0;  -^=1.0 
*0  *Nq 

V 

f 

r 

S" 

6 

e ' 

0 

0.  0000 

0.  0000 

1.  7638 

0.  0000 

0.  6154 

. 2 

. 0321 

. 3084 

1.  3526 

. 1230 

. 6140 

. 4 

. 1185 

. 5439 

1.  0114 

. 2451 

. 6053 

. 6 

. 2455 

. 7165 

. 7232 

. 3643 

. 5840 

. 8 

. 4016 

. 8370 

. 4915 

. 4777 

. 5476 

1.  0 

. 5776 

. 9167 

. 3142 

. 5824 

. 4967 

1.  2 

. 7663 

. 9659 

. 1857 

. 6757 

. 4343 

1.  4 

. 9625 

. 9936 

. 0979 

. 7556 

. 3654 

1.  6 

1.  1628 

1.  0073 

. 0422 

. 8217 

. 2954 

1.  8 

1.  3648 

1.  0122 

. 0101 

. 8741 

. 2294 

2.  0 

1.  5673 

1.  0123 

0061 

. 9140 

. 1711 

2.  2 

1.  7696 

1.  0104 

0123 

. 9432 

. 1226 

2.  4 

1.  9714 

1.  0078 

0130 

. 9637 

. 0843 

2.  6 

2.  1728 

1.  0053 

0111 

. 9776 

. 0557 

2.  8 

2.  3736 

1.  0034 

-.0085 

. 9866 

. 0354 

3.  0 

2.  5741 

1.  0020 

0059 

. 9922 

. 0216 

3.  2 

2.  7744 

1.  0010 

0040 

. 9955 

. 0126 

3.  4 

2.  9746 

1.  0003 

0026 

. 9974 

. 0071 

3.  6 

3.  1746 

. 9999 

0016 

. 9985 

. 0038 

TABLE  I.— Concluded.  STAGNATION-LINE  FLOW  SOLUTIONS 
FOR  YAWED  INFINITE  CYLINDER  WITH  PRANDTL 
NUMBER  OF  1 


^=2.0;  p-=6.0 

U)  IN o 

V 

f 

r 

f" 

6 

df 

0 

0.  0000 

0.  0000 

5.  9032 

0.  0000 

0.  8666 

. 2 

. 1025 

. 9500 

3.  6549 

. 1730 

. 8605 

. 4 

. 3527 

1.  4913 

1.  8409 

. 3421 

. 8236 

. 6 

. 6783' 

1.  7214 

. 5479 

. 4995 

. 7435 

. 8 

1.  0274 

1.  7438 

2461 

. 6370 

. 6270 

1.  0 

1.  3681 

1.  6502 

6321 

. 7492 

. 4933 

1.  2 

1.  6845 

1.  5100 

7325 

. 8346 

. 3633 

1.  4 

1.  9721 

1.  3682 

-.  6667 

. 8957 

. 2519 

1.  6 

2.  2332 

1.  2480 

5290 

. 9370 

. 1653 

1.8  1 

2.  4732 

1.  1572 

3809 

. 9635 

. 1032 

2.  0 

2.  6980 

1.  0943 

2537 

. 9797 

. 0615 

2.  2 

2.  9124 

1.  0536 

1583 

. 9891 

. 0351 

2.  4 

3.  1205 

1.  0289 

0931 

. 9944 

. 0192 

2.  6 

3.  3247 

1.  0148 

0519 

. 9973 

. 0101 

2.  8 

3.  5268 

1.  0071 

0275 

. 9987 

. 0050 

3.  0 

3.  7278 

1.  0031 

0140 

. 9995 

. 0023 

3.  2 

3.  9282 

1.  0011 

0071 

. 9998 

. 0007 

COMPRESSIBLE  LAMINAR  BOUNDARY  LAYER  OVER  A YAWED  INFINITE  CYLINDER 
TABLE  II.— STAGNATION-LINE  SOLUTIONS  FOR  YAWED  INFINITE  CYLINDER  WITH  PRANDTL  NUMBER  OF  0.7 
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^=°- 

^-=1.0 

-rr0; 

Y~— 1.6 

‘mVo 

V 

/ 

S' 

f" 

9 

9' 

9 

e' 

V 

/ 

r 

S" 

9 

o' 

e 

e' 

0 

0.  0000 

0.  0000 

0.  6071 

0.  0000 

0.  4970 

0.  0000 

0.  4362 

0 

0.  0000 

0.  0000 

0.  .6870 

0.  0000 

0.  5129 

0.  0000 

0.  4226 

2 

0121 

. 1209 

. 5989 

. 0994 

.4966 

. 0872 

. 4360 

. 2 

. 0137 

. 1365 

. 6744 

. 1025 

. 5124 

. 0857 

. 4342 

4 

0481 

. 2386 

. 5762 

. 1985 

.4938 

. 1743 

. 4343 

. 4 

. 0543 

. 2683 

. 6403 

. 2048 

. 5091 

. 1735 

. 4438 

6 

1072 

. 3506 

. 5418 

. 2966 

. 4864 

. 2608 

. 4297 

. 6 

. 1205 

. 3916 

. 5901 

. 3058 

. 5005 

. 2630 

. 4495 

. 8 

. 1878 

. 4547 

. 4987 

. 3926 

. 4724 

. 3459 

. 4210 

. 8 

. 2102 

. 5036 

. 5290 

. 4045 

. 4844 

. 3529 

. 4488 

] 0 

2884 

. 4596 

. 4496 

. 4850 

. 4506 

. 4288 

. 4073 

1.  0 

. 3211 

. 6028 

. 4620 

. 4990 

. 4595 

4419 

. 4399 

1 2 

4070 

. 6343 

. 3970 

. 5723 

. 4204 

. 5085 

. 3880 

1.  2 

. 4504 

. 6883 

. 3933 

. 5877 

. 4255 

. 5282 

. 4214 

3 4 

5415 

. 7084 

. 3433 

. 6527 

. 3825 

. 5837 

. 3632 

1.  4 

. 5955 

. 7602 

. 3265 

. 6687 

. 3834 

. 6098 

. 3930 

1 6 

6897 

7717 

. 2905 

. 7249 

. 3382 

. 6534 

. 3332 

1.  6 

. 7536 

. 8192 

. 2645 

. 7406 

. 3350 

. 6849 

. 3559 

1.  8 

. 8495 

. 8247 

. 2405 

. 7877 

. 2900 

. 7167 

. 2992 

1.  3 

. 9224 

. 8665 

. 2091 

. 8025 

. 2834 

. 7518 

. 3121 

2 0 

1 0189 

. 8682 

. 1946 

. 8408 

. 2407 

. 7729 

. 2626 

2.  0 

1.  0995 

. 9034 

. 1613 

. 8540 

. 2315 

. 8095 

. 2647 

2 2 

1 1962 

. 9029 

. 1538 

. 8841 

. 1929 

. 8217 

. 2249 

2.  2 

1.  2832 

. 9315 

. 1215 

. 8953 

. 1825 

. 8576 

. 2170 

2 4 

1 '3796 

. 9301 

.1186 

. 9182 

. 1491 

. 8629 

. 1878 

2.  4 

1.  4717 

. 9525 

. 0894 

. 9273 

. 1385 

. 8964 

. 1718 

2 6 

1.  5678 

. 9507 

. 0892 

. 9441 

.1110 

. 8969 

. 1528 

2.  6 

1.  6638 

. 9677 

. 0642 

. 9511 

. 1013 

. 9267 

. 1315 

2.  8 

1.  7595 

. 9661 

. 0654 

. 9631 

. 0796 

. 9242 

. 1210 

2.  8 

1.  8585 

. 9786 

. 0450 

. 9683 

. 0712 

. 9494 

. 0973 

3.  0 

1.  9539 

. 9772 

. 0467 

. 9764 

. 0549 

. 9456 

. 0933 

3.  0 

2.  0550 

. 9861 

. 0308 

. 9801 

. 0481 

. 9660 

. 0698 

3.  2 

2.  1502 

. 9851 

. 0324 

. 9854 

. 0364 

. 9619 

. 0700 

3.  2 

2.  2527 

. 9911 

. 0206 

. 9879 

. 0313 

. 9778 

. 0485 

3.  4 

2.  3478 

. 9905 

. 0219 

. 9913 

. 0232 

. 9739 

. 0511 

3.  4 

2.  4513 

. 9945 

. 0134 

. 9930 

. 0196 

. 9858 

. 0327 

3 6 

2 5463 

. 9940 

. 0144 

. 9950 

. 0143 

. 9826 

. 0363 

3.  6 

2.  6505 

. 9967 

. 0085 

. 9960 

. 0117 

. 9911 

. 0214 

3.  8 

2.  7453 

. 9964 

. 0092 

. 9972 

. 0084 

. 9887 

. 0251 

3.  8 

2.  8499 

. 99S0 

. 0053 

. 9978 

. 0068 

. 9946 

. 0137 

4.  0 

2.  9448 

. 9979 

. 0058 

. 9985 

. 0048 

. 9928 

. 0168 

4.  0 

3.  0496 

, 9989 

. 0032 

. 9989 

. 0038 

. 9968 

. 0085 

4.  2 

3.  1444 

. 9988 

. 0035 

. 9992 

. 0026 

. 9955 

. 0110 

4.  2 

3.  2495 

. 9994 

. 0019 

. 9994 

. 0020 

. 9981 

. 0052 

4.  4 

3.  3443 

. 9993 

. 0021 

. 9996 

. 0014 

. 9973 

. 0070 

4.  4 

3.  4494 

. 9996 

. 001.1 

. 9997 

. 0010 

. 9989 

. 0031 

4.  6 

3.  5441 

. 9996 

. 0012 

. 9998 

. 0007 

. 9984 

. 0043 

4.  6 

3.  6493 

. 9998 

. 0006 

. 9999 

. 0005 

. 9994 

. 0018 

4.  8 

3.  7441 

. 9998 

. 0007 

. 9999 

. 0003 

. 9991 

. 0026 

4.  8 

3.  8493 

. 9999 

. 0003 

. 9999 

. 0002 

. 9997 

. 0010 

5.  0 

i 3.  9441 

. 9999 

. 0004 

1.  0000 

. 0001 

. 9995 

. 0015 

5.  0 

4.  0493 

. 9999 

. 0002 

1.  0000 

. 0001 

. 9998 

.0006 

5.  2 

4.  1440 

. 9999 

. 0002 

1.  0000 

. 0001 

. 9997 

. 0009 

5.  2 

4.  2493 

1.  0000 

. 0001 

1.  0000 

. 0000 

. 9999 

. 0003 

5.  4 

4.  3440 

1.  0000 

i . 0001 

1.  0000 

.0000 

. 9999 

. 0005 

5.  4 

4.  4493 

1.  0000 

. 0000 

1.  0000 

. 0000 

1.  0000 

. 0002 

5 6 

i 4.  5440 

1 0000 

' . 0000 

1 1.  0000 

. 0000 

. 9999 

. 0003 

5.  6 

4.  6493 

1.  0000 

. 0000 

1.  0000 

. 0000 

1.  0000 

. 0001 

5.  S 

i 4.  7440 

1.  0000 

' . 0000 

1 1.0000 

. 0000 

1.  0000 

. 0001 

5.  8 

4.  8493 

1.  0000 

. 0000 

1.  0000 

. 0000 

1.  0000 

. 0000 

6.  C 

i 4.  9440 

■ 1.0000 

1 . 0000 

1 1.  0000 

> . 0000 

1.  0000 

. 0001 

6.  0 

5.  0493 

1.  0000 

. 0000 

1.  0000 

. 0000 

1.  0000 

. 0000 
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0 

0.  0000 

0.  0000 

0.  8617 

0.  0000 

0.  5444 

0.  0000 

0.  4262 

0 

0.  0000 

0.  0000 

1.  2526 

0.  0000 

0.  6041 

0.  0000 

0.  4582 

. 2 

. 0172 

. 1707 

. 8382 

. 1088 

. 5438 

. 0876 

. 4495 

. 2 

. 0249 

. 2468 

1.  1988 

. 1208 

. 6031 

. 0953 

. 4946 

. 4 

. 0677 

. 332/ 

. 7761 

. 2173 

. 5395 

. 1796 

. 4702 

. 4 

. 0974 

. 4739 

1.  0608 

. 2403 

. 5962 

. 1975 

. 5264 

. 6 

. 1492 

. 4794 

. 6876 

. 3242 

. 5282 

.2/53 

. 4847 

. 6 

. 2122 

. 6678 

. 8723 

. 3585 

. 5784 

. 3052 

. 5473 

. 8 

. 2582 

. 6068 

. 5844 

. 4279 

. 5073 

. 3728 

. 4892 

. 8 

. 3619 

. 8215 

. 6642 

. 4713 

. 5464 

. 4153 

. 5509 

1.  0 

. 3905 

. 7129 

. 4768 

. 5264 

. 4756 

. 4701 

. 4806 

1.  0 

. 5381 

. 9339 

. 4625 

. 5761 

. 4996 

. 5240 

. 5322 

1.  2 

. 5419 

. 7978 

. 3733 

. 6174 

. 4334 

. 5641 

. 4570 

1.  2 

. 7329 

1.  0082 

. 2864 

. 6702 

. 4401 

. 6266 

. 4903 

1.  4 

. / 083 

. 8629 

. 2803 

. 6992 

. 3825 

. 6519 

. 4186 

1.  4 

. 9393 

1.  0508 

. 1467 

. 7516 

. 3724 

. 7188 

. 4289 

1.  6 

. 8860 

. 9108 

. 2015 

. 7701 

. 3262 

. 7307 

. 3683 

1.  6 

1.  1517 

1.  0695 

. 0468 

. 8190 

. 3021 

. 7974 

. 3552 

1.  8 

1.  0717 

. 9445 

. 1385 

. 8295 

. 2682 

. 7987 

. 3104 

1.  8 

1.  3661 

1.  0720 

-.  0164 

. 8726 

. 2349 

. 8607 

. 2780 

2.  0 

1.  2630 

. 9672 

. 0907 

. 8775 

. 2124 

. 8547 

. 2503 

2.0 

1.  5799 

1.  0649 

0497 

. 9135 

. 1749 

. 9089 

2056 

2.  2 

1.  4581 

. 9817 

. 0565 

. 9148 

. 1618 

. 8990 

. 1929 

2.  2 

1.  7918 

1.  0535 

-.  0615 

. 9433 

. 1249 

. 9436 

1434 

2.  4 

3.  6554 

. 9905 

. 0332 

. 9427 

. 1185 

. 9323 

. 1422 

2.  4 

2.  0012 

1.  0412 

0599 

. 9641 

. 0855 

. 9671 

0943 

2.  6 

1.  8540 

. 9956 

. 0183 

. 9628 

.0835 

. 9564 

. 1001 

2.  6 

2.  2083 

1.  0300 

-.  0513 

. 9781 

. 0561 

. 9822 

. 0583 

2.  8 

2.  0534 

. 9982 

. 0093 

. 9767 

. 0565 

. 9730 

. 0674 

2.  8 

2.  4133 

1.  0208 

j-.  0403 

1 . 9871 

. 0353 

. 9912 

. 0336 

3.  0 

2.  2532 

. 9995 

. 0042 

. 9859 

. 0367 

. 9840 

. 0434 

3.  0 

2.  6168 

1.  0138 

0296 

. 9927 

. 0214 

. 9962 

. 0179 

3.  2 

2.  4532 

1.  0001 

. 0015 

. 9917 

. 0229 

. 9909 

. 0267 

3.  2 

2.  8190 

1.  0088 

-.  0206 

. 9960 

. 0124 

. 9988 

. 0085 

3.  4 

2.  6533 

1.  0002 

. 0003 

. 9953 

. 0138 

. 9950 

. 0157 

3.  4 

3.  0204 

1.  0054 

-.  0136 

. 9979 

. 0069 

. 9999 

. 0035 

3.  6 

2.  8533 

1.  0003 

0002 

. 9975 

. 0079 

. 9974 

. 0088 

3.  6 

3.  2212 

1.  0032 

0087 

. 9989 

. 0037 

1 . 0003 

. 0009 

3.  8 

3.  0534 

1.  0002 

0003 

. 9987 

. 0044 

. 9987 

. 0047 

3.  8 

3.  4217 

1.  0019 

-.  0053 

. 9995 

. 0019 

1.  0004 

0001 

4.0 

3.  2534 

1.  0001 

-.  0003 

. 9993 

. 0023 

. 9994 

. 0024 

4.  0 

3.  6220 

1.  0010 

-.  0031 

. 9997 

. 0009 

1.  0003 

— . 0004 

4.  2 

3.  4534 

1.  C001 

-.  0002 

. 9997 

. 0012 

. 9997 

. 0011 

4.  2 

3.  8222 

1.  0006 

0018 

. 9999 

. 0004 

1 . 0002 

— . 0004 

4.  4 

3.  6534 

1.  0000 

0001 

' . 9998 

. 0006 

. 9999 

. 0005 

4.  4 

4.  0223 

1.  0003 

-.  0010 

. 9999 

. 0002 

1.  0001 

— . 0003 

4.  6 

3.  8534 

1.  0000 

0001 

. 9999 

. 0003 

1.  0000 

. 0002 

4.  6 

4.  2223 

3.  0001 

0005 

1.  0000 

. 0001 

3.  0001 

— . 0002 

4.  8 

4.  0534 

1.  0000 

. 0000 

1.  0000 

. 0001 

1.  0000 

. 0001 

4.  8 

4.  4223 

1.  0001 

-.  0003 

1.  0000 

. 0000 

1.  0000 

-.  0001 

5.  0 

4.  2534 

1.  0000 

. 0000 

1.  0000 

. 0001 

1.  0000 

. oooo  • 

5.  0 

4.  6223 

1.  0000 

0001 

1.  0000 

. 0000 

1 . 0000 

— . 0001 

5.  2 

4.  4534 

1.  0000 

. 0000 

1.  0000 

. 0000 

1.  0000 

. 0000 

5.  2 

4.  8223 

1.  0000 

-.  0001 

1.  0000 

. 0000 

1.  0000 

. 0000 

5.  4 

4.  6534 

1.  0000 

. 0000 

1.  0000 

. 0000 

1.  0000 

. 0000 

5.  4 

5.  0223 

1.  0000 

. 0000 

1.  0000 

. 0000 

1.  0000 

. 0000 

5.  6 

4.  8534 

1.  0000 

. 0000 

1.  0000 

. 0000 

1.  0000 

. 0000 

5.  6 

5.  2224 

1.  0000 

. 0000 

1.  0000 

. 0000 

1 . 0000 

. 0000 

5.  8 

5.  0534 

1.  0000 

. 0000 

1.  0000 

.0000 

1.  0000 

. 0000 

5.  8 

5.  4224 

1.  0000 

. 0000 

1.  0000 

. 0000 

1.  0000 

. 0000 

6.0 

5.  2534 

1.  0000 

. 0000 

1.  0000 

. 0000 

1.  0000 

. 0000 

6.  0 

5.  6224 

1.  0000 

. 0000 

1.  0000 

. 0000 

1.  0000 

. 0000 
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%=0.5;  7^- = 1.0 

*0  tx0 

V 

/ 

/' 

/" 

9 

9' 

9 

e' 

0 

0.  0000 

0.  0000 

0.  9362 

0.  0000 

0.  5382 

0.  0000 

0.  4696 

. 2 

. 0180 

. 1770 

. 8326 

. 1076 

. 5375 

.0939 

. 4692 

. 4 

. 0694 

. 3328 

. 7258 

. 2148 

. 5331 

. 1875 

. 4665 

. 6 

. 1498 

. 4674 

. 6207 

. 3204 

. 5218 

. 2802 

. 4596 

. 8 

. 2550 

. 5815 

. 5210 

. 4229 

. 5013 

. 3710 

. 4468 

1-  0 

. 3811 

. 6763 

. 4293 

. 5202 

. 4705 

. 4585 

. 4275 

1.  2 

. 5244 

. 7538 

. 3472 

. 6104 

. 4299 

. 5415 

. 4013 

1.  4 

. 6816 

. 8159 

. 2756 

. 6916 

. 3812 

. 6186 

. 3689 

1.  0 

. 8499 

. 8648 

. 2146 

. 7625 

. 3271 

. 6887 

. 3314 

1.  8 

1.  0268 

. 9025 

. 1639 

. 8223 

. 2712 

. 7510 

. 2906 

2.  0 

1.  2102 

. 9310 

. 1226 

. 8711 

. 2168 

. 8049 

. 2485 

2.  2 

1.  3987 

. 9521 

. 0899 

. 9094 

. 1670 

. 8504 

. 2071 

2.  4 

1.  5907 

. 9674 

. 0645 

. 9384 

. 1239 

.8879 

. 1680 

2.  6 

1.  7853 

. 9783 

. 0452 

. 9595 

. 0884 

. 9179 

. 1326 

2.8 

1.  9818 

. 9858 

. 0310 

. 9742 

. 0607 

. 9412 

. 1019 

3.  0 

2.  1795 

. 9909 

. 0208 

. 9842 

. 0400 

. 9589 

. 0761 

3.  2 

2.  3780 

. 9943 

. 0136 

. 9906 

. 0254 

. 9720 

. 0553 

3.  4 

2.  5772 

. 9965 

. 0087 

. 9946 

. 0155 

. 9814 

. 0391 

3.  6 

2.  7766 

. 9979 

. 0054 

. 9970 

. 0091 

. 9879 

. 0269 

3.  8 

2.  9763 

. 9988 

. 0033 

. 9984 

. 0051 

. 9924 

. 0180 

4.  0 

3.  1761 

. 9993 

. 0020 

. 9992 

. 0028 

. 9953 

. 0117 

4.  2 

3.  3760 

. 9996 

. 0011 

. 9996 

. 0014 

.9972 

. 0074 

4.  4 

3.  5760 

. 9998 

. 0006 

. 9998 

. 0007 

. 9983 

. 0045 

4.  6 

3.  7759 

. 9999 

. 0003 

. 9999 

. 0003 

. 9991 

. 0027 

4.  8 

3.  9759 

. 9999 

. 0002 

1.  0000 

. 0002 

. 9995 

. 0016 

5.  0 

4.  175:9 

1.  0000 

. 0001 

1.  0000 

. 0001 

. 9997 

. 0009 

5.  2 

4.  3759 

1.  0000 

. 0000 

1.  0000 

. 0000 

. 9999 

. 0005 

5.  4 

4.  5759 

1.  0000 

. 0000 

1.  0000 

. 0000 

. 9999 

. 0003 

5.  6 

4.  7759 

1.  0000 

. 0000 

1.  0000 

. 0000 

1.  0000 

. 0001 

o.  8 

4.  9759 

1.  0000 

. 0000 

1.  0000 

. 0000 

1.  0000 

. 0001 

6.  0 

5.  1759 

1.  0000 

.0000 

1.  0000 

. 0000 

1.  0000 

. 0000 

^=0.5;  ^=1.6 

*0  Za'o 

V 

/ 

r 

r 

9 

9' 

9 

9f 

0 

0.  0000 

0.  0000 

1.  1824 

0.  0000 

0.  5692 

0.  0000 

0.  4386 

. 2 

. 0226 

. 2201 

1.  0175 

. 1138 

. 5683 

. 0906 

. 4672 

. 4 

. 0858 

.4068 

. 8502 

. 2270 

. 5625 

. 1866 

. 4922 

. 6 

. 1831 

. 5606 

. 6898 

. 3382 

. 5479 

. 2869 

. 5088 

. 8 

. 3080 

. 6836 

. 5429 

. 4454 

. 5218 

. 3893 

. 5125 

1.  0 

. 4547 

. 7790 

. 4140 

. 5461 

. 4837 

.4908 

. 4999 

1.  2 

. 6181 

. 8506 

. 3053 

. 6381 

. 4346 

. 5881 

. 4694 

1.  4 

. 7937 

. 9025 

. 2173 

. 7194 

. 3774 

. 6775 

. 4228 

1.  6 

. 9780 

. 9388 

. 1490 

. 7888 

. 3162 

. 7564 

. 3641 

1.  8 

1.  1684 

. 9632 

. 0981 

. 8459 

. 2551 

. 8227 

. 2993 

2.  0 

1.  3628 

. 9790 

. 0618 

.8911 

. 1981 

. 8761 

. 2345 

2.  2 

1.  5596 

■ . 9887 

. 0371 

. 9256 

. 1479 

. 9169 

. 1750 

2.  4 

1.  7580 

. 9944 

. 0210 

. 9509 

. 1061 

. 9467 

. 1244 

2.  6 

1.  9572 

. 9975 

. 0111 

. 9686 

. 0732 

. 9673 

. 0841 

2.  8 

2.  1569 

. 9991 

. 0054 

. 9807 

. 0485 

. 9810 

. 0540 

3.  0 

2.  3568 

. 9999 

. 0023 

. 9885 

. 0309 

. 9895 

. 0329 

3.  2 

2.  5568 

1.  0001 

. 0007 

. 9934 

. 0189 

. 9946 

. 0189  1 

3.  4 

2.  7569: 

1.  0002 

. 0000; 

. 9964 

. 0111 

. 9975 

. 0102 

3.  6 

2.  9569 

1.  0002 

— . 0002 

. 9981 

. 0063 

. 9989 

. 0051 

3.  8 

3.  1569 

1.  0002 

0002 

. 9990 

. 0034 

. 9996 

. 0023 

4.  0 

3.  3570 

1.  0001 

0002 

. 9995 

. 0018 

; . 9999 

. 0009 

4.  2 

3.  5570 

1.  0001 

-.  0001 

. 9998 

. 0009 

1.  0000 

. 0002 

4.  4 

3.  7570 

1.  0001 

-.  0001 

! . 9999 

. 0004 

1.  0001 

. 0000 

4.  6 

3.  9570 

1.  0001 

. 0000 

! . 9999 

. 0002 

1.  0001 

— . 0001 

4.  8 

4.  1570 

1.  0001 

. 0000 

1.  0000 

. 0001 

1.  0000 

0001 

5.  0 

4.  3570 

1.  0001 

. 0000 

1.  0000 

. 0000 

1.  0000 

— . 0001 

5.  2 

4.  5571 

1.  0001 

. 0000 

1.  0000 

. 0000 

1.  0000 

. 0000 

5.  4 

4.  7571 

1.  0001 

. 0000 

1.  0000 

. 0000 

1.  0000 

. 0000 

5.  6 

4.  9571 

1.  0001 

. 0000 

1.  0000 

. 0000 

1.  0000 

. 0000 

5.  8 

5.  1571 

1.  0001 

. 0000 

1.  0000 

. 0000 

1.  0000 

. 0000 

6.  0 

5.  3571 

1.  0001 

. 0000 

1.  0000 

. 0000 

1.  0000 

. 0000 
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IT0'5 

^-=3.0 

*AT0 

-ur™’ 

A=6.5 

£at0 

V 

/ 

r 

f" 

9 

9' 

6 

0' 

V 

/ 

r 

f" 

9 

9 ' 

e 

O' 

0 

0.  0000 

0.  0000 

1.  7009 

0.  0000 

0.  6252 

0.  0000 

0.  4350 

0 

0.  0000 

0.  0000 

2.8164 

0.  0000 

0.  7200 

0.  0000 

0.  4717 

. 2 

. 0320 

. 3096 

1.  3928 

. 1250 

. 6238 

.0932 

. 4966 

. 2 

. 0520 

. 4970 

2.  1505 

. 1439 

. 7175 

. 1048 

. 5752 

. 4 

. 1197 

. 5572 

1.  0861 

. 2490 

. 6150 

. 1982 

. 5515 

. 4 

. 1900 

. 8615 

1.  5030 

. 2860 

. 7012 

. 2291 

. 6639 

. 6 

. 2509 

. 7455 

. 8016 

. 3701 

. 5930 

. 3127 

. 5898 

. 6 

. 3884 

1.  1032 

. 9307 

. 4228 

. 6623 

. 3679 

. 7167 

. 8 

. 4144 

. 8803 

. 5537 

.4851 

. 5550 

. 4324 

. 6020 

. 8 

. 6244 

1.  2410 

. 4683 

. 5493 

. 5988 

. 5121 

. 7155 

1.  0 

. 6001 

. 9699 

. 3505 

. 5901 

. 5017 

. 5513 

. 5817 

1.  0 

. 8796 

1.  2987 

. 1294 

. 6610 

. 5153 

. 6501 

. 6550 

1.  2 

. 8000 

1.  0236 

. 1946 

. 6850 

. 4362 

. 6629 

. 5291 

1.  2 

1.  1403 

1.  3006 

-.  0904 

. 7547 

. 4210 

. 7709 

. 5468 

1.  4 

1.  0078 

1.  0507 

. 0836 

. 7651 

. 3641 

. 7612 

. 4509 

1.  4 

1.  3977 

1.  2691 

-.  2091 

. 8294 

. 3266 

. 8672 

. 4140 

1.  6 

1.  2191 

1.  0597 

. 0117 

. 8306 

. 2914 

. 8423 

. 3587 

1.  6 

1.  6469 

1.  2220 

-. 2519 

. 8859 

. 2409 

. 9366 

. 2820 

1.  8 

1.  4309 

1.  0575 

0292 

. 8820 

. 2236 

. 9046 

. 2653 

1.  8 

1.  8863 

1.  1716 

-.  2449 

. 9267 

. 1692 

. 9813 

. 1695 

2.  0 

1.  6417 

1.  0495 

0475 

. 9206 

. 1644 

. 9490 

. 1811 

2.  0 

2.  1159 

1.  1257 

-.  2110 

. 9546 

. 1134 

1.  0063 

. 0855 

2.  2 

1.  8506 

1.  0394 

0511 

. 9484 

. 1160 

. 9781 

. 1126 

2.  2 

2.  3371 

1.  0878 

1671 

. 9730 

. 0726 

1.  0174 

. 0302 

2.  4 

2.  0575 

1.  0295 

0465 

. 9677 

. 0785 

. 9953 

.0620 

2.  4 

2.  5516 

1.  0588 

-.  1239 

. 9845 

. 0446 

1.  0199 

-.0013 

2.  6 

2.  2625 

1.  0210 

0381 

. 9805 

.0509 

1.  0040 

. 0281 

2.  6 

2.  7612 

1.  0378 

-.  0869 

. 9914 

. 0262 

1.  0180 

-.  0158 

2.  8 

2.  4660 

1.  0143 

0290 

. 9886 

. 0318 

1.  0074 

. 0077 

2.  8 

2.  9672 

1.  0235 

-.  0581 

. 9954 

.0148 

1.  0143 

-.  0198 

3.  0 

2.  6684 

1.  0094 

0208 

. 9936 

. 0190 

1.  0077 

-.  0029 

3.0 

3.  1709 

1.  0141 

-.0372 

. 9977 

. 0080 

1.  0104 

-.  0183 

3.2 

2.  8699 

L 0059 

0142 

. 9965 

.0109 

1.  0066 

-. 0072 

3.  2 

3.  3731 

1.  0082 

0229 

. 9988 

. 0042 

1.  0071 

-.0146 

3.  4 

3.  0708 

1.  0036 

0092 

. 9982 

.0060 

1.  0051 

0078 

3.  4 

3.  5743 

1.  0046 

-.0136 

. 9994 

. 0021 

1.  0046 

-.0106 

3.  6 

3.  2714 

1.0021 

0058 

. 9991 

. 0032 

1.  0036 

-.  0068 

3.  6 

3.  7750 

1.  0025 

0078 

. 9997 

. 0010 

1.  0028 

-.0072 

3.  8 

3.  4717 

1.  0012 

0035 

. 9996 

. 0016 

1.  0024 

-.  0052 

3.  8 

3.  9754 

1.  0013 

0043 

. 9999 

. 0005 

1.  0017 

-. 0046 

4.  0 

3.  6719 

1.  0007 

0020 

. 9998 

. 0008 

1.  0015 

-.  0037 

4.  0 

4.  1756 

1.  0007 

-.  0023 

. 9999 

. 0002 

1.  0009 

-.0028 

4.  2 

3.  8720 

1.  0004 

0011 

. 9999 

. 0004 

1.  0009 

-. 0024 

4.  2 

4.  3757 

1.  0004 

0012 

1.  0000 

. 0001 

J.  0005 

-.  0016 

4.  4 

4.  0720 

1.  0002 

0006 

1.  0000 

. 0002 

1.  0005 

0015 

4.4 

4.  5757 

1.  0002 

-.0006 

1.  0000 

. 0000 

1.  0003 

0009 

4.  6 

4.  2721 

1.  0001 

0003 

1.  0000 

. 0001 

1.  0003 

-.  0009 

4.  6 

4.  7757 

1.  0001 

-. 0003 

1.  0000 

. 0000 

1.  0001 

-.  0005 

4.  8 

4.  4721 

1.  0001 

0002 

1.  0000 

. 0000 

1.  0002 

-. 0005 

4.  8 

4.  9758 

1.  0000 

-. 0001 

1.  0000 

. 0000 

1.  0001 

-.  0002 

5.  0 

4.  6721 

1.  0000 

0001 

1.  0000 

. 0000 

1.  0001 

-. 0003 

5.  0 

5.  1758 

1.  0000 

-.  0001 

1.  0000 

. 0000 

1.  0000 

-. 0001 

5.  2 

4.  8721 

1.  0000 

. 0000 

1.  0000 

. 0000 

1.  0000 

-. 0001 

5.2 

5.  3758 

1.  0000 

. 0000 

1.  0000 

. 0000 

1.  0000 

-.0001 

5.  4 

5.  0721 

1.  0000 

. 0000 

1.  0000 

. 0000 

1.  0000 

0001 

5.  4 

5.  5758 

1.  0000 

. 0000 

1.  0000 

. 0000 

1.  0000 

. 0000 

5.  6 

5.  2721 

1.  0000 

. 0000 

1.  0000 

. 0000 

1.  0000 

.0000 

5.  6 

5.  7758 

1.  0000 

.0000 

1.  0000 

. 0000 

1.  0000 

. 0000 

5.  8 

5.  472] 

1.  0000 

. 0000 

1.  0000 

. 0000 

1.  0000 

. 0000 

5.  8 

5.  9758 

1.  0000 

. 0000 

1.  0000 

.0000 

1.  0000 

. 0000 

6.  0 

5.  6721 

1.  0000 

. 0000 

1.  0000 

. 0000 

1.  0000 

. 0000 

6.  0 

6.  1 758 

1.  0000 

. 0000 

1.  0000 

. 0000 

1.  0000 

. 0000 
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Insulated  surface; 

to 

1.0,  7^= 
*Ar(» 

= 1.0, 

= 0.8485 

V 

/ 

/' 

/" 

9 

o' 

e 

■ e ' 

0 

0.  0000 

0.  0000 

1.  2326 

0.  0000 

0.  5705 

0.  0000 

0.  0000 

. 2 

. 0233 

. 2266 

1.  0344 

. 1140 

. 5696 

. 0258 

. 2571 

. 4 

. 0881 

. 4144 

. 8463 

. 2275 

. 5636 

. 1022 

. 5046 

. 6 

. 1867 

. 5663 

. 6752 

. 3389 

. 5486 

. 2256 

. 7213 

. 8 

. 3124 

. 6859 

. 5251 

. 4462 

. 5221 

. 3869 

. 8794 

1.  0 

. 4592 

. 7778 

. 3980 

. 5469 

. 4835 

. 5718 

. 9542 

1.  2 

. 6220 

. 8466 

. 2938 

. 6388 

. 4340 

. 7621 

. 9333 

1.  4 

. 7967 

. 8968 

. 2110 

. 7200 

. 3767 

. 9390 

. 8218 

1.  6 

. 9798 

. 9323 

. 1474 

. 7892 

. 3154 

1.  0863 

. 6424 

1.  8 

1.  1689 

. 9568 

. 1000 

. 8462 

. 2545 

1.  1937 

. 4290 

2.  0 

1.  3260 

. 9732 

. 0659 

. 8913 

. 1976 

1.  2580 

. 2172 

2.  2 

1.  5578 

. 9838 

. 0421 

. 9257 

. 1475 

1.  2826 

. 0359 

2.  4 

1.  7553 

. 9905 

. 0260 

. 9509 

. 1059 

1.  2755 

-.  0975 

2.  6 

1.  9538 

. 9946 

. 0156 

. 9686 

. 0731 

1.  2470 

— . 1788 

2.  8 

2.  1530 

. 9970 

. 0091 

. 9807 

. 0485 

1.  2071 

2135 

3.  0 

2.  3526 

. 9984 

. 0051 

. 9885 

. 0309 

1.  1640 

2128 

3.2 

2.  5523 

. 9992 

. 0028 

. 9934 

. 0189 

1.  1234 

-.  1897 

3.  4 

2.  7522 

. 9996 

. 0014 

. 9963 

. 0111 

1.  0887 

1559 

3.  6 

2.  9522 

. 9998 

.0007 

. 9980 

. 0063 

1.  0611 

1200 

3.  8 

3.  1521 

. 9999 

. 0004 

. 9990 

. 0034 

1.  0405 

-.  0873 

4.0 

3.  3521 

1.  0000 

. 0002 

. 9995 

. 0018 

1.  0258 

0604 

4.  2 

3.  5521 

i:  oooo 

. 0001 

. 9998 

. 0009 

1.  0159 

0400 

4.  4 

3.  7521 

1.  0000 

. 0000 

. 9999 

. 0004 

1.  0094 

0254 

4.  6 

3.  9521 

1.  0000 

. 0000 

. 9999 

. 0002 

1.  0054 

0155 

4.  8 

4.  1521 

1.  0000 

. 0000 

1.  0000 

. 0001 

1.  0030 

0091 

5.0 

4.  3521 

1.  0000 

. 0000 

1.  0000 

. 0000 

1.  0016 

-.  0052 

5.  2 

4.  5521 

1.  0000 

. 0000 

1.  0000 

. 0000 

1.  0008 

-.  0028 

5.  4 

4.  7521 

1.  0000 

. 0000 

1.  0000 

. 0000 

1.  0004 

0015 

5.  6 

4.  9521 

1.  0000 

. 0000 

1.  0000 

. 0000 

1.  0002 

-.  0008 

5.  8 

5.  1521 

1.  0000 

. 0000 

1.  0000 

.0000 

1.  0001 

-.  0004 

6.  0 

5.  3521 

1.  0000 

. 0000 

1.  0000 

. 0000 

1.  0000 

-.  0002 

Insulated  surface;  -—=0.9444;  -^-=1.6;  f 
to  txQ 

„=0.8518 

V 

f 

r 

f" 

9 

o' 

e 

6f 

0 

0.  0000 

0.  0000 

1.  5724 

0.  0000 

0.  6067 

0.  0000 

0.  0000 

. 2 

. 0294 

. 2844 

1.  2736 

. 1213 

. 6055 

.0298 

. 2971 

. 4 

. 1099 

. 5107 

. 9930 

. 2418 

. 5976 

. 1180 

. 5804 

. 6 

. 2302 

. 6836 

■ . 7429 

. 3595 

. 5780 

. 2591 

. 8200 

. 8 

.3803 

. 8103 

. 5305 

. 4720 

. 5440 

. 4406 

. 9794 

1.  0 

. 5518 

. 8985 

. 3585 

. 5762 

. 4957 

. 6435 

1.  0302 

1.  2 

. 7377 

. 9563 

. 2259 

. 6695 

. 4358 

. 8448 

. 9646 

1.  4 

. 9328 

. 9913 

. 1292 

. 7500 

. 3688 

1.  0227 

. 7997 

1.  6 

1.  1331 

1.  0100 

. 0630 

. 8169 

. 3000 

1.  1606 

. 5728 

1.  8 

1.  336] 

1.  0181 

. 0211 

. 8702 

. 2344 

1.  2506 

. 3290 

2.  0 

1.  5400 

1.  0197 

0027 

. 9111 

. 1758 

1.  2938 

. 1089 

2.  2 

1.  7438 

1.  0178 

-.  0142 

. 9412 

. 1266 

1.  2975 

-.  0612 

2.  4 

1.  9470 

1.  0145 

-.  0178 

. 9624 

. 0875 

1.  2733 

-.  1709 

2.  6 

2.  1496 

1.  0110 

-.  0170 

. 9768 

. 0581 

1.  2329 

-.  2241 

2.  8 

2.  3514 

1.  0078 

-.  0142 

. 9862 

. 0371 

1.  1866 

2329 

3.0 

2.  5527 

1.  0053 

-.  0109 

. 9921 

. 0227 

1.  1416 

-.  2126 

3.  2 

2.  7536 

1.  0035 

0078 

. 9956 

. 0134 

1.  1024 

1773 

3.  4 

2.  9542 

1.  0022 

-.  0053 

. .9977 

. 0076 

1.  0709 

1377 

3.6 

3.  1545 

1.  0013 

0034 

. 9988 

. 0041 

1.  0471 

-.  1009 

3.  8 

3.  3547 

1.  0008 

-.  0021 

. 9994 

. 0021 

1.  0301 

0702 

4.  0 

3.  5548 

1.  0004 

-.0013 

. 9997 

. 0011 

1.  0186 

-.  0466 

4.  2 

3.  7549 

1.  0002 

-.  0007 

. 9999 

. 0005 

1.  0111 

0296 

4.4 

3.  9549 

1.  0001 

0004 

. 9999 

. 0002 

1.  0064 

-.  0181 

4.  6 

4.  1550 

1.  0001 

0002 

1.  0000 

. 0001 

1.  0035 

-.  0107 

4.8 

4.  3550 

1.  0000 

-.  0001 

1.  0000 

. 0000 

1.0019 

-.  0061 

5.0 

4.  5550 

1.0000 

. 0000 

1.  0000 

. 0000 

1.  0010 

-.0033  : 

5.  2 

4.  7550 

1.0000 

.0000 

1.  0000 

. 0000 

1.  0005 

-.0018 

5.  4 

4.  9550 

1.  0000 

. 0000 

1.  0000 

. 0000 

1.  0002 

0009 

5.  6 

5.  1550 

1.  0000 

.0000 

1.  0000 

. 0000 

1.  0001 

-.  0005 

5.  8 

5.  3550 

1.  0000 

.0000 

1.  0000 

. 0000 

1.  0000 

-.  0002 

6.  0 

5.  5550 

1.  0000 

. 0000 

1.  0000 

. 0000 

1.  0000 

-.  0001 
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TABLE  II.— Concluded.  STAGNATION-LINE  SOLUTIONS  FOR  YAWED  INFINITE  CYLINDER  WITH  PRANDTL  NUMBER  OF  0.7 


Insulated  surface;  ^=0.8838;  ^ = 6.5;  { 

*0  ijVg 

„ = 0.8627 

V 

/ 

r 

S" 

9 

9' 

e 

e' 

0 

0.  0000 

0.  0000 

3.  8392 

0.  0000 

0.  7797 

0.  0000 

0.  0000 

. 2 

. 0692 

. 6541 

2.  7135 

. 1557 

. 7760 

.0530 

. 5270 

. 4 

. 2474 

1.  0934 

1.  7066 

. 3091 

. 7530 

. 2073 

. 9987 

. 6 

.4945 

1.  3493 

. 8885 

.4549 

. 6998 

. 4419 

1.  3117 

.8 

. 7778 

1.  4631 

. 2863 

. 5869 

. 6164 

. 7154 

1.  3802 

1.  0 

1.  0732 

1.  4776 

-. 1068 

. 7000 

. 5123 

. 9769 

1.  1976 

1.  2 

1.  3649 

1.  4320 

3220 

. 7914 

. 4014 

1.  1829 

. 8438 

1.  4 

1.  6442 

1.  3576 

-.  4032 

. 8610 

. 2970 

1.  3111 

. 4394 

1.  6 

1.  9076 

1.  2764 

-.  3968 

. 9112 

. 2082 

1.  3623 

. 0882 

1.  8 

2.  1553 

1.  2019 

3428 

. 9456 

. 1386 

1.  3536 

-.  1548 

2.  0 

2.  3893 

1.  1404 

-.  2709 

. 9679 

. 0880 

1.  3080 

2825 

2.  2 

2.  6124 

1.  0934 

-.  1999 

.9818 

. 0534 

1.  2466 

-.  3181 

2.  4 

2.  8275 

1.  0597 

1393 

. 9901 

. 0310 

1.  1845 

-.  2949 

2.  6 

3.  0370 

1.  0367 

-.  0924 

. 9948 

. 0173 

1.  1304 

-.  2430 

2.  8 

3.  2428 

1.  0218 

0587 

. 9974 

. 0092 

1.  0877 

-.  1840 

3.  0 

3.  4461 

1.  0126 

0358 

. 9987 

. 0047 

1.  0564 

-.  1304 

3.  2 

3.  6480 

1.  0070 

-.  0210 

. 9994 

. 0023 

1.  0348 

-.  0873 

3.  4 

3.  8491 

1.  0038 

0119 

. 9997 

.0011 

1.  0207 

0557 

3.  a 

4.  0496 

1.  0020 

-.  0065 

. 9999 

. 0005 

1.  0118 

-.  0340 

3.  8 

4.  2499 

1.  0010 

-.  0035 

. 9999 

. 0002 

1.  0065 

-.0199 

4.0 

4.  4501 

1.  0005 

-.  0018 

1.  0000 

. 0001 

1.  0035 

-.  0112 

4.  2 

4.  6501 

1.  0003 

0009 

1.  0000 

. 0000 

. 1.  0018 

0061 

4.  4 

4.  8502 

1.  0001 

0004 

1.  0000 

. 0000 

1.  0009 

-.  0032 

4.  6 

5.  0502 

1.  0001 

-.  0002 

1.  0000 

.0000 

1.  0004 

-.  0016 

4.  8 

5.  2502 

1.  0000 

-.  0001 

1.  0000 

.0000 

1.0002 

-.  0008 

5.  0 

5.  4502 

1.  0000 

. 0000 

1.  0000 

. 0000 

1.0001 

-.  0004 

5.2 

5.  6502 

1.  0000 

. 0000 

1.  0000 

. 0000 

1.0000 

-.  0002 

5.4 

5.  8502 

1.  0000 

. 0000 

1.  0000 

. 0000 

1.  0000 

0001 

5.  6 

6.  0502 

1.  0000 

. 0000 

1.  0000 

. 0000 

1.  0000 

. 0000 

5.  8 

6.  2502 

1.  0000 

.0000 

1.  0000 

.0000 

1.  0000 

.0000 

6.  0 

6.  4502 

1.  0000 

. 0000 

1.  0000 

.0000 

1.  0000 

.0000 

Insulated  surface;  %=0.9045;  ^-=3.0;  f„=0.8567 

to  tATo 

V 

/ 

r 

f" 

9 

9' 

Q 

ef 

0 

0.  0000 

0.  0000 

2.  2902 

0.  0000 

0.  6716 

0.  0000 

0.  0000 

.2 

. 0422 

. 4042 

1.  7554 

. 1342 

. 6696 

. 0377 

. 3758 

. 4 

. 1548 

. 7049 

1.  2622 

.2671 

. 6572 

. 1488 

. 7269 

. 6 

. 3181 

. 9136 

. 8375 

. 3959 

. 6273 

. 3235 

1.  0028 

.8 

. 5152 

1.  0454 

.4952 

. 5167 

. 5774 

. 5411 

1.  1487 

1.0 

. 7323 

1.  1174 

.2384 

. 6257 

' . 5098 

. 7721 

1.  1345 

1.  2 

. 9593 

1.  1460 

.0612 

. 7199 

. 4305 

. 9849 

. 9710 

1.  4 

1.  1889 

1.  1463 

-.  0479 

. 7976 

. 3473 

1.  1538 

. 7070 

1.  6 

1.  4168 

1.  1304 

-. 1041 

. 8590 

. 2676 

1.  2654 

. 4087 

1.  8 

1.  6406 

1.  1071 

1228 

. 9053 

. 1971 

1.  3190 

. 1365 

2.0 

1.  8596 

1.  0827 

-. 1182 

. 9387 

. 1389 

1.  3243 

-.  0707 

2.  2 

2.  0738 

1.  0607 

1013 

. 9617 

. 0937 

1.  2960 

-. 1998 

2.  4 

2.  2841 

1.  0425 

-.0801 

. 9770 

. 0606 

1.  2491 

-. 2576 

2.  6 

2.  4911 

1.  0285 

-.  0595 

. 9867 

. 0376 

1.  1964 

2620 

2.  8 

2.  6958 

1.  0185 

-.  0419 

. 9925 

.0224 

1.  1464 

-. 2336 

3.0 

2.  8987 

1.0115 

-.  0281 

. 9960 

.0128 

1.  1038 

1901 

3.  2 

3.  1005 

1.  0070 

-.  0181 

. 9979 

.0070 

1.  0704 

-. 1441 

3.  4 

3.  3016 

1.  0041 

-.  0112 

. 9990 

.0037 

1.  0458 

-.  1029 

3.  6 

3.  5022 

1.  0023 

-.  0067 

. 9995 

. 0019 

1.  0287 

-.  0698 

3.8 

3.  7026 

1.  0013 

-.  0039 

. 9998 

. 0009 

1.  0173 

-.  0453 

4.  0 

3.  9028 

1.  0007 

0021 

. 9999 

. 0004 

1.  0101 

-.0281 

4.  2 

4.  1029 

1.  0004 

-.0012 

. 9999 

. 0002 

1.  0057 

-.  0168 

4.  4 

4.  3030 

1.  0002 

-.  0006 

1.  0000 

. 0001 

1.  0031 

-. 0097 

4.  6 

4.  5030 

1.  0001 

-.  0003 

1.  0000 

. 0000 

1.  0016 

-.  0054 

4.  8 

4.  7030 

1.  0001 

-.  0001 

1.  0000 

.0000 

1.  0008 

-.  0029 

5.  0 

4.  9030 

1.  0001 

-. 0001 

1.  0000 

. 0000 

1.  0004 

-.  0015 

5.2 

5.  1030 

1.  0001 

.0000 

1.  0000 

. 0000 

1.  0002 

-.  0007 

5.4 

5.  3030 

1.  0001 

.0000 

1.  0000 

. 0000 

1.  0001 

-. 0004 

5.  6 

5.  5031 

1.  0001 

.0000 

1.  0000 

.0000 

1.  0000 

-.  0002 

5.  8 

5.  7031 

1.  0001 

.0000 

1.  0000 

.0000 

1.  0000 

-. 0001 

6.  0 

5.  9031 

1.  0001 

.0000 

1.  0000 

.0000 

1.  0000 

. 0000 
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TABLE  III.— SUMMARY  OF  HEAT-TRANSFER 
AND  SKIN-FRICTION  PARAMETERS  FOR 
YAWED  STAGNATION  LINE 


(a)  Prandtl  number,  1 


tu>_ 

to 

Jo_ 

fj 

or 

gi 

r: 

K 

0 

1.  0 

0.  6489 

0.  5067 

1.  2807 

1.  2 

. 6823 

. 5130 

1.  3300 

1.  6 

. 7475 

. 5249 

1.  4241 

2.  0 

. 8105 

. 5358 

1.  5127 

2.  2 

. 8413 

. 5410 

1.  5551 

3.  0 

. 9607 

. 5603 

1.  7146 

4.  0 

1.  1025 

. 5815 

1.  8960 

6.  0 

1.  3679 

. 6174 

2.  2156 

6.  5 

1.4313 

. 6254 

2.  2886 

0.  25 

1.  2 

0.  8673 

0.  5344 

1.  6229 

I.  6 

. 9850 

. 5507 

1.  7886 

2.  2 

1.  1530 

. 5724 

2.  0143 

3.  0 

1.  3644 

. 5976 

2.  2831 

0.  50 

1.  2 

1.  0409 

0.  5530 

1.  8823 

I.  6 ' 

1.  2062 

. 5728 

2.  1058 

2.  2 

1.  4406 

. 5986 

2.  4066 

3.  0 

1.  7341 

. 6280 

2.  7613 

4.  0 

2.  0785 

. 6593 

3.  1526 

0.  5 

2.  8663 

. 7213 

3.  9738 

0.  75 

1.  2 

1.  2059 

0.  5695 

2.  1175 

1.  6 

1.  4153 

. 5921 

2.  3903 

2.  2 

1.  7110 

. 6212 

2.  7543 

3.  0 

2.  0802 

. 6541 

3.  1802 

1.  00 

1.  0 

1.  2326 

0.  5704 

2.  1610 

1.  1 

1.  2989 

. 5776 

2.  2488 

1.  2 

1.  3640 

. 5845 

2.  3336 

1.  5 . 

1.  5535 

. 6035 

2.  5742 

1.  6 

1.  6149 

. 6094 

2.  6500 

2.  0 

1.  8532 

. 6313 

2.  9355 

2.  2 

1.  9684 

. 6413 

3.  0694 

3.  0 

2.  4086 

. 6770 

3.  5578 

4.  0 

2.  9230 

. 7143 

4.  0921 

6.  0 

3.  8711 

. 7742 

5.  0001 

6.  5 

4.  0951 

. 7871 

5.  2028 

11.  o 

5.  9630 

. 8808 

6.  7700 

1.  50 

1.  2 

1.  6641 

0.  6109 

2.  7240 

1.  6 

1.  9924 

. 6397 

3.  1146 

2.  2 

2.  4534 

. 6761 

3.  6288 

3.  0 

3.  0259 

. 7163 

4.  2243 

2.  00 

1.  0 

1.  7368 

0.  6154 

2.  8223 

2.  0 

2.  7262 

. 6931 

3.  9334 

6.  0 

5.  9032 

. 8666 

6.  8119 

TABLE  III.— Continued.  SUMMARY  OF  HEAT- 
TRANSFER  AND  SKIN-FRICTION  PARAM- 
ETERS FOR  YAWED  STAGNATION  LINE 


(b)  Prandtl  number,  0.7 


tv 

to 

to_ 
t*r o 

/:' 

0w 

11 

s'. 

(r=f  ) * 

0.  0000 

1.  0 

0.  6071 

0.  4970 

0.  4362 

1.  2216 

0.  4362 

1.  6 

. 6870 

. 5129 

. 4226 

1.  3395 

. 4475 

3.  0 

. 8617 

. 5444 

.4262 

1.  5827 

. 4712 

6.  5 

1.  2526 

. 6041 

. 4582 

2.  0734 

. 5184 

0.  5 

1.  0 

0.  9362 

0.  5382 

0.  4696 

1.  7395 

0.  4696 

1.  6 

1.  1824 

. 5692 

. 4386 

2.  0773 

. 4935 

3.  0 

1.  7009 

. 6252 

. 4350 

2.  7206 

. 5377 

6.  5 

2.  8164 

. 7200 

. 4717 

3.  9117 

. 6145 

1.  0 

1.  0 

1.  2326 

0.  5705 

0.  0000 

2.  1606 

. 9444 

1.  6 

1.  5724 

. 6067 

. 0000 

2.  5917 

. 9045 

3.  0 

2.  2902 

. 6716 

. 0000 

3.  4101 

. 8838 

6.  5 

3.  8392 

. 7797 

. 0000 

4.  9239 

TABLE  IV.— LOCAL  RECOVERY  FACTORS  FOR  YAWED 
STAGNATION  LINE 


Yaw 

parameter, 

Inq 

Local  recovery  factor, 

Prandtl  number 

0.7 

0.8 

0.9 

1.0 

1.0 
1.  6 
3.  0 
6.  5 

0.  8485 
. 8518 
. 8567 
. 8627 

0.  903 

0.953  . 

1.  000 
1.  000 
1.  000 
1.  000 
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AN  ANALYSIS  OF  PRESSURE  STUDIES  AND  EXPERIMENTAL  AND  THEORETICAL  DOWNWASH 
AND  SIDEWASH  BEHIND  FIVE  POINTED-TIP  WINGS  AT  SUPERSONIC  SPEEDS  1 

By  William  B.  Boatright 


SUMMARY 

Flow-angle  and  pressure  surveys  behind  five,  thin , pointed- 
tip  wings  oj  varying  plan  form  have  been  made  at  Mach  num- 
bers 1.62  and  2.41.  Schlieren  studies  at  a Mach  number  1.93 
for  the  same  five  plan-form  wings  were  made  to  illustrate  the 
behavior  of  the  vortex  sheet . The  surveys  were  conducted  at  1.5 , 
3,  and  4 root  chords  behind  three  triangular  wings  of  50 °,  63 °, 
and  72°  leading-edge  sweep  angle , and  behind  the  50°  triangular 
wing  reversed . The  flow  behind  a pointed-tip  wing  having  a 
sweptback  leading  edge  and  a sweptforward  trailing  edge  ( both 
50°)  was  also  surveyed. 

In  the  analysis  of  the  data , especial  attention  was  focused  on 
the  validity  of  the  various  theoretical  methods  for  predicting  the 
flow  at  wing  angles  of  attack  sufficiently  high  for  the  behavior 
of  the  vortex  sheet  to  become  important. 

For  the  low-aspect-ratio  triangular  wings,  {where  the  Mach 
number  component  normal  to  the  leading  edge  is  subsonic ), 
the  vortex  sheet  rolls  up  rapidly  into  a single  concentrated  region 
of  vorticity  and  the  theoretical  model  of  the  flow  was  assumed 
as  a single  bent  line  vortex  for  comparing  the  theoretical  predic- 
tion with  experiment  at  moderately  high  angles  of  attack  {9°  to 
17°).  An  adjustment  to  the  method  for  determining  the  vertical 
location  at  stations  behind  the  wing  is  suggested. 

For  the  high-aspect-ratio  triangular  wings  {where  the  Mach 
number  component  normal  to  the  leading  edge  is  supersonic ), 
the  more  complex  nature  of  the  vortex  sheet  is  illustrated , and 
for  the  triangular  wing  with  50°  leading-edge  sweep  angle , 
various  theoretical  methods  for  predicting  the  flow  field  are 
compared  with  experiment. 

Experiment  and  one  of  the  theoretical  methods  are  compared 
for  the  reversed  triangular  wing  and  the  pointed-tip  wing  with 
the  50°  sweptback  leading  edge  and  sweptforward  trailing  edge. 

INTRODUCTION 

A knowledge  of  the  flow  fields  behind  wings  at  supersonic 
speeds  is  important  in  assessing  the  stability  characteristics 
of  aircraft  and  missiles.  A general  study  of  the  complex 
nature  of  the  problem  and  the  relative  significance  of  wing 
lift  coefficient,  aspect  ratio,  and  distance  behind  the  wing, 
on  the  nonlinearities  involved  in  estimating  the  flow  field 
characteristics,  is  treated  theoretically  in  reference  1.  Point 
measurements  of  the  flow  angle  are  reported  in  references  2 


to  10  for  wings  of  rectangular,  triangular,  trapezoidal,  and 
sweptback  plan  forms  at  various  supersonic  Mach  numbers, 
and  studies  of  the  flow  fields  behind  wing-body  combinations 
for  both  airplane  and  missile  configurations  are  reported  in 
references  11  to  14.  It  can  be  seen  that  these  references 
include  some  downwash  measurements  at  transonic  and  low 
supersonic  speeds.  Various  theoretical  estimates  are  being 
used  to  approximate  the  flow  behind  different  wings,  but  as 
yet  sufficient  systematic  tests  are  not  available  to  assess 
completely  their  validity  at  various  locations  behind  the 
wing  or  throughout  the  variations  in  plan  form  and  lift 
coefficient  that  might  exist.  Data  are  being  accumulated, 
however,  particularly  in  the  high-aspect-ratio  case. 

Although  the  scope  of  the  present  investigation  includes 
only  wing-alone  tests,  the  flow  field  for  this  case  becomes 
very  complex  at  moderate  and  high  angles  of  attack  for 
different  variations  in  plan  form;  and  theoretical  predictions 
of  the  flow  field  have  met  with  little  success,  particularly 
for  downstream  locations  inboard  of  the  wing  tips. 

Most  of  the  theoretical  work  on  predicting  the  flow  fields 
behind  wings  has  been  developed  by  using  linear  theory  and 
assuming  that  the  wing  and  vortex  sheet  behind  the  wing 
remain  in  one  horizontal  plane  throughout  the  angle-of- 
attack  range.  (When  such  an  assumption  is  used,  agree- 
ment between  theory  and  experiment  can  be  expected  only 
at  low  angles  of  attack.)  Examples  of  theoretical  methods 
of  this  type  include  the  conical-flow  technique  of  references 
15  to  17,  vortex  and  lifting-line  methods  of  references  18 
and  19,  doublet  method  of  reference  20,  and  a line-source 
method  in  reference  21.  (This  latter  method  uses  a line 
source  to  build  up  solutions  that  are  applied  to  a particular 
plan  form  in  the  same  fashion  as  are  those  of  the  conical- 
flow  technique.)  When  applying  any  of  these  methods  to 
configurations  at  higher  angle  of  attack,  some  success  has 
been  obtained  by  correcting  for  the  deflection  of  the  vortex 
sheet  at  successive  spanwise  stations  to  determine  the 
actual  location  of  a particular  field  point  with  respect  to  this 
vortex  sheet  (refs.  2 and  4).  However,  for  those  cases  where 
the  rolling  up  of  the  vortex  sheet  becomes  more  important 
(higher  angles  of  attack,  lower  aspect  ratio,  or  larger  dis- 
tances behind  the  wing),  other  theoretical  treatments 
would  appear  to  be  better  for  predicting  the  downwash  or 


i Supersedes  recently  declassified  NACA  Research  Memorandum  L54B10  by  William  B.  Boatright,  1954. 
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sidewash.  Such  theoretical  methods  assume  either  that 
the  vortex  sheet  is  completely  rolled  up  and  can  be  repre- 
sented by  a single  line  vortex,  or  else  that  the  vortex  sheet 
can  be  represented  with  a number  of  two-dimensional  line 
vortices  which  are  allowed  to  float  and  deform  as  is  done  in 
references  22  and  23. 

The  purpose  of  the  present  investigation  is  to  supplement 
available  experimental  data  on  flow  fields  behind  wings,  as 
well  as  to  furnish  more  quantitative  information  on  the 
choice  of  the  theoretical  method  for  a given  configuration 
and  the  accuracy  to  be  expected  when  such  a method  is 
used.  The  experimental  phase  of  the  investigation  con- 
sisted of  downwash,  sidewash,  and  total  pressure  measure- 
ments in  planes  normal  to  the  free-stream  direction  at  sta- 
tions 1.5,  3,  and  4 root  chords  behind  the  wing  trailing  edge. 
Three  thin,  triangular-plan-form  wings,  having  leading 
edges  swept  back  50°,  63°,  and  72°,  were  surveyed  at  free- 
stream  Mach  numbers  1.62  and  2.41.  In  addition  surveys 
were  conducted  at  a Mach  number  of  1.62  for  the  same 
stations  behind  the  50°  sweptback  triangular  wing  reversed 
(i.e.,  apex  downstream),  and  a straight,  0-taper-ratio 
(diamond  plan  form)  wing  with  50°  swept  leading  and 
trailing  edges. 

SYMBOLS 


A 

aspect  ratio 

a=tan  A 

(appendix  A) 

b 

variable  denoting  ratio  of  tangent  of  conical 
ray  from  apex  of  triangular  wing  to  tangent 
of  Mach  angle  (appendix  A) 

b' 

wing  semispan 

cL 

lift  coefficient 

C l,m 

wing  section  lift  coefficient  at  wing  midspan 

CT 

wing  root  chord 

E(n 

complete  elliptic  integral  of  second  kind  of 
modulus  £',  where  t'=^/ 1~02  cot2A 

k 

distance  from  origin  to  apex  of  two  intersect- 
ing line  vortices  (appendix  C) 

M 

free-stream  Mach  number 

m 

tangent  of  Mach  angle  (appendix  A)  or  slope 
of  line  vortex  (appendix  C) 

Vt 

tunnel  stagnation  pressure 

Pt 

measured  total  pressure 

P,,<o 

free-stream  total  pressure 

Pw 

pressure  on  wedge  surface 

R 

Reynolds  number  (based  on  cT) 

r 

radius  of  conical  ray  in  polar  coordinate  sys- 
tern  (appendix  A),  ; also,  in  ap- 

X 

pendix  D,  radius  from  line  vortex 

u 

perturbation  velocity  in  ^-direction 

u' 

perturbation  velocity  in  x-direction  on  tri- 
angular wing  at  plane  of  symmetry  (ap- 
pendix A) 

Mo 

perturbation  velocity  in  z-direction  on  super- 
sonic leading-edge  triangular  wing  for 
region  between  leading  edge  and  Mach  line 
from  apex  (appendix  A) 

V 

free-stream  velocity 

V 

V) 

X 

xf 

y 

Vo 


z 

a 

P 

T 

Tm 

€ 

0— tan-1  - 

y 

A 

Atb 

<7 

</> 

Subscripts: 

B 

W 

T 

TE 


perturbation  velocity  in  y-direction 
perturbation  velocity  in  ^-direction 
longitudinal  coordinate  parallel  to  free-stream 
direction,  measured  from  wing  trailing  edge 
longitudinal  coordinate  measured  from  wing 
apex 

horizontal  coordinate,  normal  to  free-stream 
direction 

one-half  of  distance  apart  of  streamwise  legs 
of  bent-line  vortex  model  of  flow  (appendix 

C) 

vertical  coordinate,  normal  to  free-stream 
direction 

angle  of  attack,  deg 

VM^I 

circulation 

wing  circulation  at  plane  of  symmetry 
downwash  angle,  deg 

(appendix  A) 

sweepback  of  wing  leading  edge,  deg 
sweep  of  wing  trailing  edge 
sidewash  angle,  deg 

angle  in  vertical  plane  between  line  vortex 
and  free-stream  direction,  deg 

bod}7 

wing 

tail 

trailing  edge 
free  stream 


APPARATUS 

WIND  TUNNEL 

All  tests  were  made  in  the  Langley  9-inch  supersonic 
tunnel,  which  is  a continuously  operating,  closed-circuit  wind 
tunnel  in  which  the  temperature,  pressure,  and  humidity 
can  be  controlled.  The  test  Mach  number  is  varied  by 
interchangeable  nozzles  which  form  a test  section  about 
9 inches  square. 

MODELS  AND  MODEL-SUPPORT  APPARATUS 

The  five  semispan  wings  tested  are  shown  in  figure  1 (a). 
The  wings  were  solid  steel  flat  plates  with  beveled  leading  and 
trailing  edges.  All  wings  had  the  same  root  chord,  and  the 
maximum  thickness  of  the  root  chord  was  2.5  percent. 

The  wings  were  mounted  from  a boundary-layer  bypass 
plate  so  that  the  wing  angle  of  attack  could  be  changed  with 
the  bypass  plate  remaining  stationary.  With  the  model- 
support  design  illustrated  in  figure  1 (b),  there  was  no  appre- 
ciable leakage  of  air  through  the  bypass  plate  at  the  wing- 
plate  juncture  or  from  the  bottom  wing  surface  to  the  top. 
The  plan  form  of  the  plate  was  conservatively  designed  so 
that  a disturbance  from  behind  the  plate  could  not  bleed 
around  the  leading  edge  and  influence  the  flow  field  in  the 
region  of  the  surveys.  The  photograph  of  figure  2 (a), 
viewed  obliquely  downstream,  illustrates  the  bypass  plate 
and  a wing  model,  as  well  as  the  survey  apparatus,  mounted 
in  a mockup  using  dummy  sidewalls  to  represent  the  tunnel. 
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SURVEY  APPARATUS 

Measurements  of  total  pressure  and  downwasli  and  side- 
wash  angle  were  made  in  the  flow  fields  behind  the  wing. 
The  photograph  in  figure  2 (b)  illustrates  the  total  pressure 
rake,  which  consisted  of  eleven  0.040-inch-outside-diameter 
tubes  mounted  inch  apart  in  a vertical  row.  A 2-inch- 
outside-diameter  tube  (0.050-in.  wall  thickness)  with  its 
leading  edge  cut  oblique  to  its  longitudinal  axis  and  beveled 
on  the  outside  was  the  supporting  strut.  The  complete  rake 
could  be  traversed  both  spanwise  and  vertically  with  the 
tunnel  in  operation.  The  spanwise  motion  was  accom- 
plished by  a lead  screw7  directly  coupled  to  a counter  wdiich 
indicated  the  spanwise  position  of  the  rake  in  the  tunnel 
(1  count=0.0025  in.),  and  the  vertical  motion  was  accom- 
plished by  a gear  and  rack  at  the  rear  end  of  the  supporting 
strut.  The  vertical  location  was  determined  by  sighting 
directly  on  a reference  wedge  with  a cathetometer.  It  was 
necessary  to  stop  the  tunnel  to  change  the  longitudinal 
location. 

The  downwasli  and  sidewash  angles  were  obtained  by 
means  of  a rake  of  small  wedges  such  as  is  illustrated  in  the 
photograph  of  figure  2 (c).  Details  of  the  construction  of 
the  individual  wedges  are  illustrated  in  the  sketches  of 
figures  2 (d)  and  2 (e).  Because  the  smaller  size  wedges  used 
during  the  tests  at  M=2.41  responded  too  slowly  to  pressure 
changes,  a larger  version  of  the  wedges  was  used  for  the  tests 
at  Af=1.62.  With  the  larger  wredges,  it  was  necessary  to 
increase  the  spacing  of  the  wedges  on  the  rake  from  % to  % 
inch  in  order  to  prevent  any  interference  effects  between  the 
wedges.  The  wedges  were  mounted  on  the  rake  alternately 
horizontally  and  vertically,  so  that  they  would  measure 
downwasli  and  sidewash,  respectively.  Also  mounted  on 
the  rake  wras  a small  X6-inch-diameter  mirror  (fig.  2 (c)), 
which  was  used  in  conjunction  with  an  external  light  source 
and  a calibrated  scale,  for  referencing  the  horizontal  angle  of 
the  rake  in  the  tunnel.  The  small  1-inch-long  bar  at  the  top 
of  the  rake  was  used  for  referencing  the  vertical  angle  of  the 
rake  in  the  tunnel,  as  it  afforded  a convenient  surface  on 
which  to  sight  a cathetometer. 

TESTS  AND  METHODS 

TEST  CONDITIONS 

The  surveys  were  conducted  at  free-stream  Mach  numbers 
of  1.62  and  2.41.  At  each  Mach  number  the  tunnel  stagna- 
tion pressure  was  adjusted  to  obtain  data  at  two  Reynolds 
numbers  of  0.71  X106  and  1.42X106  (based  on  the  wing  root 
chord  which  was  the  same  for  all  models). 

The  tunnel  stagnation  temperatures  were  around  95°  F 
for  the  low-pressure  tests  and  105°  F for  the  high-pressure 
tests. 

The  moisture  content  of  the  tunnel  air  was  sufficiently 
low  for  all  the  tests  to  ensure  that  any  effects  of  condensation 
in  the  test  section  were  negligible. 

TEST  PROCEDURE 

Schlieren  studies. — Prior  to  the  detailed  surveys,  schlieren 
studies  were  undertaken  of  wings  of  the  same  plan  form  as 
used  in  the  detailed  surveys  in  order  to  obtain  a general 
picture  of  the  flow  fields  (fig.  3).  These  tests  were  made  at 


M=1.93.  For  all  the  schlieren  tests,  the  knife  edge  was 
horizontal  in  order  to  illustrate  the  density  gradients  in  the 
vertical  direction  and  thus  show  the  trails  of  the  vortices. 
The  angles  of  attack  of  the  tests  were  approximately  the 
same  as  the  maximum  angles  of  attack  of  the  wings  used  for 
the  surveys. 

Side  views  and  plan  views  of  the  flow  patterns  were  photo- 
graphed. In  the  side  views,  the  body  was  painted  in  a 
checkerboard  fashion  to  show  up  the  location  of  the  wing 
trailing  edge.  Two  tiny  wires  were  stretched  across  the 
tunnel  window  to  define  the  free-stream  direction.  These 
can  be  seen  in  the  plan  view  of  figure  3 (a)  at  about  1.5 
semispans  from  the  body  center  line.  The  silhouettes  in 
the  lower  left-hand  corner  of  all  the  side  views  of  figure  3 
merely  serve  to  identify  the  plan  forni  of  the  wing  being 
tested.  (In  fig.  3 (b),  this  silhouette  is  rotated  90°  from 
its  position  in  the  other  figures.) 

Figure  4 shows  the  locations  of  the  paths  of  high  vorticity, 
such  as  were  sketched  from  enlargements  of  figure  3,  and  is 
presented  to  aid  in  the  interpretation  of  the  schlieren 
photographs. 

Total-pressure  measurements. — Total-pressure  tubes  are 
not  sensitive  to  small  differences  in  alinement  between  the 
tube  axis  and  the  direction  of  the  flow.  For  example,  at 
M=1.62,  calibrations  have  shown  that  a misalinement  of 
5°  is  not  discernible  in  the  pressure  reading.  For  10° 
misalinement,  the  error  in  p/ /pt  amounts  to  about  1.3  per- 
cent. For  this  reason  no  provision  or  correction  for  the 
misalinement  of  the  total-pressure  tubes  with  the  local  flow 
angle  was  made  in  the  present  investigation. 

The  flow  field  was  surveyed  with  the  boundary-layer 
bypass  plate  installed,  both  with  and  without  the  wing. 
The  longitudinal  location  of  the  crossflow  planes  that  were 
surveyed  were  1.5,  3,  and  4 root  chords  behind  the  wing 
trailing  edge. 

With  the  wing  installed,  the  wing  angle  of  attack  was  held 
constant  while  the  pressure  survey  was  conducted  through- 
out each  plane  perpendicular  to  the  free-stream  direction. 
It  was  necessary  to  stop  the  tunnel  in  order  to  change  the 
longitudinal  location.  During  each  survey  at  a longitudinal 
station,  the  wing  angle  of  attack  was  changed  without 
stopping  the  tunnel,  and  the  survey  in  the  same  crossflow 
plane  was  repeated.  The  wing  angles  of  attack  used  were 
— 3°,  0°,  and  3°  for  all  the  wings,  as  well  as  two  higher 
angles  of  attack.  The  highest  angles  of  attack  of  the  tests 
were  about  17°  for  the  72°  sweptback  triangular  wing,  about 
14°  for  the  63°  sweptback  triangular  wing,  and  about  12° 
for  the  other  wings. 

In  the  survey  of  a crossflow  plane  at  an  assigned  value 
of  wing  angle  of  attack  and  longitudinal  location,  the  fol- 
lowing procedure  was  used:  The  rake  was  set  at  a desired 
spanwise  location,  then  moved  vertically  until  one  of  its 
tubes  registered  the  peak  of  minimum  pressure  in  the  viscous 
wake  or  vortex.  The  pressure  and  location  data  were  then 
recorded.  With  the  rake  at  the  same  spanwise  station,  the 
vertical  location  was  then  changed  by  about  one-half  the 
distance  between  the  tubes  (%*  in.),  and  the  new  data  were 
taken.  This  was  the  usual  procedure;  however,  in  some 
cases  where  double  peaks  were  observed  in  the  wake  profile, 
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(d) 


^ Two  .0135"  diameter  orifices 
(directly  opposite) 

/ / 


Two  .030"  O.D.  thin- 
wall  tubes,  soldered 
back  to  back 


Two  .010"  diameter  orifices 
//  (directly  opposite) 


// 

// 

// 


\' 

xTwo  .025"  O.D.  thin- 
wall  tubes,  soldered 
, . back  to  back 

(e) 


(a)  Arrangement  of  model,  bypass  plate,  and  survey  apparatus, 
(d)  Typical  wedge  used  in  tests  at  M=  1.62. 


(b)  Pitot  rake. 

(c)  Wedge  rake. 

(e)  Typical  wedge  used  in  tests  at  i\/ =2.41. 


Figure  2. — Test  apparatus. 


more  than  two  vertical  locations  of  the  rake  were  used  in 
order  to  define  the  wake  profile  more  accurately.  The 
spanwise  stations  selected  for  obtaining  wake  profiles  were 
the  same  as  those  for  which  flow-angle  measurements  were 
made. 

Flow-angle  measurements. — The  flow  angle  was  deter- 
mined by  using  the  pressures,  as  measured  on  opposite  sides 
of  the  previously  described  wedges,  and  the  value  of  the 
total  pressure  at  the  same  point.  The  sidewash  and  down- 
wash  were  measured  at  the  same  point  by  taking  measure- 
526597—60 70 


ments  at  two  vertical  locations  of  the  rake.  (The  equal 
spacing  of  the  six  wedges  on  the  rake  in  a vertical  row 
alternately  horizontally  and  vertically  permitted  this.) 
The  tests  were  conducted  in  the  same  manner  as  for  the 
total-pressure  measurements  except  that  selected  values 
of  vertical  location  were  used  instead  of  any  peak  value,  as 
was  the  case  with  the  total-pressure  measurements.  Prior 
to  observing  and  recording  the  vertical  and  horizontal 
location  of  the  rake,  the  alinement  of  the  rake  in  the  tunnel 
both  in  the  horizontal  and  vertical  plane  was  checked  by 
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Plan  view 


Side  view 


(a)  Triangular  wing;  A = 50°;  a=  12°. 

(b)  Triangular  wing;  A = 63°;  a = 12°. 

(c)  Triangular  wing;  A = 72°;a=18°. 

(d)  Triangular  wing  reversed;  A = 0°;  ATE  = —50°;  a = 12°. 

(e)  Diamond  plan  form;  a=  12°. 

Figure  3. — Schlieren  photographs  illustrating  the  flow  behind  various 
wings.  Af=1.93. 


the  referencing  system  described  under  “Apparatus.” 

All  flow-angle  measurements  were  made  at  the  desired 
locations,  first  with  only  the  boundary  bypass  plate  in  the 
tunnel  and  no  wing,  then  with  both  the  bypass  plate  and 
the  wing  in  the  tunnel.  When  the  flow-angle  values  de- 
termined from  the  no-wing  tests  were  subtracted  from  those 
with  the  wing  present,  the  flow  angle  caused  by  the  wing 
was  obtained  independent  of  any  small  variations  in  stream 
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^'Theoretical  centroid  of  vorticity 
Plan  view 


(b)  Triangular  wing;  A = 63°;a=12°;  M— 1.93;  R= 0.485 X 10rt. 
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,3 4_ 

Theoretical  streamline  due 
to  infinite  cylinder 


.^Theoretical  centroid  of  vorticity 

Plan  view 


(c)  Triangular  wing;  A = 72°;a  = 18°;  Af=1.93;  ft=0.485X  l()fl. 

Figure  4. — Sketches  illustrating  the  locations  of  the  paths  of  high 
vorticity  behind  triangular  wings. 


angle.  Also,  since  the  wedges  were  in  the  same  position 
with  respect  to  the  rake  for  both  the  wing-on  and  the  wing-off 
tests,  the  use  of  differences  avoided  the  question  of  how 
accurately  the  angle  of  the  small  wedges  with  respect  to 
the  rake  could  be  determined. 

DATA  REDUCTION 

The  data  were  mechanically  reduced  and  printed  in  the 
form  of  the  ratio  of  the  measured  pressure  to  the  tunnel 
stagnation  pressure.  All  total-pressure  data  are  presented 
in  this  form;  however,  further  reduction  was  necessary  in 
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order  to  obtain  the  downwash  and  sidewash.  Figure  5 
illustrates  the  type  of  chart  that  was  used  to  obtain  the 
downwash  and  sidewash.  The  dashed  lines  of  this  chart 
indicate  the  Mach  number  and  flow  angle  with  respect  to 
the  wedge  axis  for  given  pressure  ratios  such  as  two-dimen- 
sional wedge  theory  predicts.  The  ordinate  jpwtVt  (upper 
or  outboard,  depending  on  whether  a downwash  or  sidewash 
wedge  is  used)  is  the  ratio  of  the  pressure  on  the  wedge  to 
the  measured  total  pressure  (uncorrected  for  the  normal 
shock  at  the  nose  of  the  tube).  Similarly,  the  abscissa  is 
this  same  pressure  ratio  for  the  opposite  surface  of  the  wedge. 
With  these  pressure  ratios  and  the  wedge  angle  known, 
the  angle  of  the  flow  with  respect  to  the  wedge  and  the  local 
Mach  number  can  be  determined.  When  the  chart  of  figure 


5 is  used  for  the  determination  of  flow  angle,  the  parameters 
are  very  insensitive  to  changes  in  wedge  angle.  The  maxi- 
mum discrepancy  between  the  chart  of  figure  5,  which  was 
constructed  for  an  8°  half-wedge  angle,  and  a chart  which 
was  constructed  for  a 7°  half-wedge  angle  was  less  than  0.2° 
with  regard  to  predicting  the  flow  angle.  However,  with 
regard  to  predicting  the  Mach  number,  the  parameters  of 
the  chart  are  very  sensitive  to  wedge  angle  and  since  the 
wedges  used  for  the  tests  of  this  report  were  so  small  that 
the  wedge  angle  could  not  be  accurately  determined,  no 
Mach  number  data  are  presented  for  the  flow  surveys. 

Superimposed  on  the  theoretical  curves  of  figure  5 are  the 
experimental  points  obtained  when  a typical  wedge  is  varied 
through  an  angle-of-attack  range  at  three  different  Mach 


Figure  5. — Chart  illustrating  wedge  pressure  readings  as  a function  of  angle  of  flow  with  respect  to  wedge  and  the  local  Mach  number  (8°  half- 

angle  wedge). 
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numbers.  The  good  agreement  of  the  calibration  with  the 
theoretical  lines  of  the  chart  at  M=2A1,  with  regard  to 
predicting  the  flow  angle,  is  shown.  Consequently,  the 
chart  was  used  directly  for  reducing  the  flow-angle  data  at 
M=2.41.  At  M=  1.62,  the  discrepancy  between  experiment 
and  theory  is  larger  than  at  M=2Al,  These  discrepancies 
are  probabty  due  to  a side-edge  effect,  although  theoretically 
these  effects  should  not  start  appearing  until  the  angle  of 
attack  of  the  wedge  is  about  4°  or  5°.  Because  of  these 
discrepancies,  it  was  necessary  to  calibrate  the  wedge  rake 
for  the  tests  at  M=1.62.  This  calibration  was  made  at 
both  tunnel  stagnation  pressures  for  winch  the  tests  were 
conducted,  and  the  correction  was  applied  to  each  individual 
wedge  reading  throughout  the  tests. 

As  previously  stated,  no  Mach  number  data  are  presented. 
A comparison  of  the  experimental  points  with  theoiy  in 
figure  5 indicates  that  even  if  the  wedge  angle  were  known 
exactly,  the  Mach  number  as  indicated  by  the  wedge  theory 
would  still  be  unreliable,  since,  in  general,  the  experimental 
points  indicate  that  the  lines  of  constant  Mach  number  on 
the  chart  are  of  a different  shape  than  predicted  by  theor}7. 

PRECISION 

The  estimated  accuracies  of  the  controlled  conditions 
during  a test  are  as  follows: 

M ±0.  01 

deg ±0.  1 

a,  in.  

y,  in.  ±0.  005 

2.  in.  ±0.  005 

Checks  between  the  values  of  the  pressures  as  read 
directly,  and  the  pressure  ratios  which  were  reduced  mechan- 
ically, established  a precision  of  ±0.003  for  thept'/pt  values. 
The  precision  of  e and  cr,  when  estimated  from  the  largest 
possible  combination  of  inaccuracies  in  the  pressures,  vrith 
and  without  the  wing  present,  reduce  to  ±0.4°.  In  the 
case  of  the  flow-angle  measurements,  it  should  be  further 
pointed  out  that  for  the  tests  at  Mach  number  1.62,  an 
unknown  source  of  error  existed  because  of  the  fact  that 
the  calibration  tests  were  conducted  at  Mach  number  1.62, 
instead  of  at  the  particular  local  Mach  number  at  which 
each  wedge  was  operating.  Throughout  most  of  the  flow 
field  this  error  is  probably  negligible.  A further  source  of 
an  unknown  effect  on  the  precision  of  the  flow-angle  measure- 
ments depends  upon  how  well  the  finite  wedge  sizes  approxi- 
mate a point  measurement.  Although  the  wedges  were 
made  as  small  as  was  practicable,  the  results  in  a large 
pressure  gradient  might  be  subject  to  considerable  inaccuracy 
due  to  this  source.  This  effect  would  be  especially  significant 
for  the  tests  at  Mach  number  1.62  of  the  72°  sweptback 
delta  wing,  where  the  wedge  span  is  approximately  % the 
wing  span. 

RESULTS  AND  DISCUSSION 

BASIC  DATA 

Preliminary  schlieren  studies  at  M=  1.93. — The  schlieren 
observations,  such  as  are  shown  in  figure  3,  were  made  at 
M=1.93  in  order  to  aid  in  planning  the  test  program.  In 
this  figure,  the  regions  of  primary  interest  are  regions  where 
large  changes  occur  in  density  in  the  vertical  direction,  such 


as  accompany  regions  of  concentrated  vorticitv.  Although 
the  free-stream  Mach  number  is  between  the  two  Mach  num- 
bers for  which  the  detailed  surveys  were  made,  the  schlieren 
photographs  serve  to  illustrate  qualitatively  what  can  be 
expected  with  regard  to  the  locations  of  the  concentrated 
regions  of  vorticit}7  behind  the  wings. 

Although  the  wings  utilized  for  the  schlieren  studies  are  of 
the  same  plan  form  as  the  semispan  wings  for  which  the  de- 
tailed surve37s  were  made,  they  are  smaller  and  are  mounted 
on  a slender  body.  The  angles  of  attack  of  the  various  wings 
were  near  the  same  theoretical  lift  coefficient  in  order  to 
illustrate  the  variations  in  the  flow  patterns  due  primarily  to 
aspect  ratio.  The  flow  patterns  for  the  triangular  wing  plan 
forms  of  figures  3 (a),  3 (b),  and  3 (c)  show  that  the  region  of 
vorticity  for  the  lower-aspect-ratio  wings  is  more  distinct 
and  concentrated. 

The  paths  of  the  main  vortices  behind  the  various  trian- 
gular wings  are  shown  in  figure  4.  This  figure  was  sketched 
from  enlargements  of  the  schlieren  photographs.  For  figures 
4 (a)  and  4 (b),  where  a wing  shock  was  discernible,  the 
location  of  this  shock  is  shown  as  a solid  line. 

Since  theoretical  estimates  of  the  flow  angularity  behind 
triangular  wing  configurations  often  approximate  the  flow 
fields  obtained  by  using  a line  vortex  which  is  located  along 
the  theoretical  centroid  of  vorticity,  the  path  of  this  stream- 
line has  been  superposed  in  figure  4 for  each  wing.  The  dis- 
crepancy inherent  in  this  assumption  is  apparent.  The  term 
“centroid  of  vorticity”  is  used  to  indicate  the  resultant 
weighted  center  of  all  the  vorticity  in  a given  region.  It  is 
analogous  to  the  center  of  gravity  of  a similar  system  of 
point  masses. 

Pressure  contours. — The  contours  of  pressure  ratio  p/ /pt 
are  presented  in  figures  6 to  32.  The  dashed  lines  of  figures 
6 to  32,  which  were  constructed  from  the  total  pressure  meas- 
urements, represent  lines  of  constant  pressure  in  the  crossflow 
planes  for  the  various  configurations  tested.  Since  the  values 
of  pressure  were  not  corrected  for  the  shock  at  the  nose  of  the 
tube,  the  numbers  given  in  the  plots  are  not  the  true  total 
pressure  loss.  Nevertheless,  the  contours  do  give  a good 
pictorial  representation  as  to  the  nature  of  the  flow  field 
behind  each  wing.  The  z/bf  location  (yfb'  axis)  for  all  the 
figures  is  referenced  to  the  wing  trailing  edge. 

It  can  be  seen  that  at  approximately  0°  angle  of  attack  for 
all  the  wings  tested,  there  is  a relative^  flat  sheet  of  low 
dynamic  pressure  approximately  straight  behind  the  wing 
trailing  edge.  For  the  range  covered  by  the  tests  (1.5  to  4 
chords  behind  the  wing  trailing  edge),  the  variation,  both  in 
shape  and  intensity,  of  the  viscous  wake  with  distance  down- 
stream is  slight  if  an}7  (e.g.,  figs.  6 (b)  and  8 (b)). 

As  the  angle  of  attack  of  a wing  is  increased,  the  line  of 
maximum  pressure  deficiency  deflects  downward  for  inboard 
spanwise  locations  and  upward  for  the  outboard  locations 
(e.g,  figs.  6 (c),  6 (d),  6 (e),  7 (a),  7 (b),  8 (c),  and  8 (d)). 
Also,  at  various  spanwise  locations  along  this  line,  concen- 
trations of  lower  dynamic  pressure  form.  These  are  probably 
concentrated  regions  of  high  vorticity  which  occur  as  the 
vorticity  in  the  vortex  sheet  redistributes  itself.  The  forma- 
tion of  these  regions  makes  it  more  difficult  to  trace  the  actual 
sheet  of  vorticity  (or  of  minimum  total  pressure)  throughout 
its  breadth  at  high  angles  of  attack  than  at  low  angles  of 
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attack.  Actually,  the  interpretation  of  the  vorticity  existing 
as  a sheet  becomes  doubtful,  since  practically  all  the  vorticity 
will  be  contained  in  these  concentrated  regions.  At  the  same 
angle  of  attack,  it  is  much  easier  to  identify  the  existence  of 
the  vortex  sheet  as  a sheet  for  the  wings  of  higher  aspect  ratio 
(lower  sweep)  than  for  wings  of  lower  aspect  ratio.  (For 
example,  the  sheet  is  much  more  readily  discernible  in  figure 
6 (d),  or  even  6 (e),  than  it  is  in  the  subsonic  leading-edge 
configuration  of  figure  12  (d),  where  the  vorticity  is  more 
concentrated.  Similarly,  at  M=  1.62,  the  existence  of  the 
vortex  sheet  as  a sheet  is  more  apparent  in  figure  15  (d)  than 
in  figure  21  (d).) 

Downwash  and  sidewash. — In  addition  to  the  pressure 
contours,  figures  6 to  32  present  a vector  presentation  of  the 
flow  angles  existing  in  crossflow  planes  behind  the  various 
wings.  The  projection  of  a vector  on  a vertical  line  is  the 
downwash  or  upwash,  and  its  projection  on  a horizontal  line 
is  the  sidewash.  The  length  of  each  vector  is  referenced  from 
the  center  of  each  small  circle,  which  is  plotted  at  the  location 
for  which  the  measurement  was  made.  The  magnitude  of  a 
1°  reference  vector  indicates  a perturbation  velocity  sufficient 
to  deflect  the  local  stream  angles  by  1°  in  the  indicated  direc- 
tion. In  some  of  the  figures,  flow-angle  data  at  the  lower 
Reynolds  number  are  shown  as  dashed  vectors.  For  those 
figures  which  show  flow-angle  data  at  both  R~  1.42X  106  and 
0.71  X106,  the  pressure  contours  are  for  the  higher  Reynolds 
number.  ' Otherwise,  the  pressure  contours  are  for  the  same 
Reynolds  number  as  the  flow-angle  data. 

Although  a more  detailed  and  quantitative  analysis  will 
appear  in  succeeding  figures,  the  vector*  diagrams  afford  a 
good  pictorial  representation  of  the  flow  angles  behind  the 


wings,  and  illustrate  some  of  the  following  features  of  the 
flow. 

At  wing  angles  of  attack  of  approximately  zero  degrees,  the 
values  of  the  flow  angle  which  were  measured  are  small.  This 
result  indicates  that  the  thickness  effect  is  small  for  the  thin 
wings  of  these  tests. 

At  the  same  angle  of  attack,  the  largest  vectors  (largest 
flow  angles)  occur  behind  the  wings  of  lower  aspect  ratio 
(higher  sweep).  Also,  there  is  a tendency  for  the  intersec- 
tion of  the  normals  of  the  vectors  for  the  lower-aspect-ratio 
wings  to  define  a smaller  region  such  as  would  be  predicted 
by  a theoretical  model  of  the  flow  using  a single  line  vortex 
behind  each  wing  panel.  For  example,  at  M=2.41,  the  flow 
behind  the  50°  sweptback  triangular  wing  tends  to  circulate 
about  the  whole  sheet  of  low  pressure  as  defined  by  the  pres- 
sure contours  (fig.  8 (e)),  whereas  the  flow  behind  the  72° 
sweptback  triangular  wing  tends  to  circulate  about  the  small 
circular  region  of  lowest  pressure,  which  is  defined  by  the 
pressure  contours  (fig.  14  (d)  or  14  (e)).  For  all  cases  where 
this  small  low-pressure  region  exists,  it  is  the  vectors  nearest 
this  region  that  are  largest  and  whose  normals  come  closest 
to  intersecting  in  this  region.  Those  vectors  which  are  far- 
ther away  indicate  that  the  path  of  the  fluid  is  more  distorted 
from  a true  circle. 

No  systematic  variations  due  to  Reynolds  number  were 
observed  for  the  range  tested.  Minor  differences  in  the  high 
and  low  Reynolds  number  data  (as  for  example,  fig.  15  (d), 
or  figs.  23  (a)  and  23  (b)  as  compared  with  figs.  24  (a)  and 
24  (b))  can  be  observed,  but  the  vectors  are  very  similar  in 
size  and  direction  so  that  the  effects  of  the  Reynolds  number 
are  apparently  of  a secondary  nature. 


Constant  values  of  pt'/pt,  as  labeled 


(a)  a=  — 3.50°.  (b)  a=  0.50°. 

Figure  6. — Pressure  contours  and  vector  representation  of  the  flow  behind  a triangular  wing.  A=50°;  M—  2.41;  x=1.5 cr;  72=1.42X10®; 

£^=0.536. 
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Constant  values  of  Pt/Pt»  as  labeled 


(a)  a = 8.50°.  (b)  <*  = 11.50°. 

Figure  7. — Pressure  contours  and  vector  representation  of  the  flow  behind  a triangular  wing.  A — 50°;  M=2.41;  #=3cr;  i£  = 1.42X108; 

^=0.536. 
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_y 

b* 


(b)  « = — 0.10°. 

(d)  a=  11.95°. 

a triangular  wing.  A =63°;  M=2.41;  x = 1.5cr;  R—  1.42X106; 
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Constant  values  of  Pt  */Pt»  os  labeled 


y y 

F P 


y 

*F 

(a)  a=  — 3.00°. 

(c)  « = 3.00°. 


y 


(b)  a—  — 0.10°. 
(d)  a = 11.95°. 


Figure  11. — Pressure  contours  and  vector  representation  of  the  flow  behind  a triangular  wing.  A — 63°;  M=2.41;  z = 4cr;  R~1  42X10®; 

^-=0.536. 
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(c)  a = 3.00°.  (d)  a = 8.95°. 

(e)  ffl  = 14.00°.  (f)  a = 16.90°. 

Figure  12. — Concluded. 
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Constant  values  of  ptypt.  as  labeled 


Figure  13.— Pressure  contours  and  vector  representation  of  the  flow  behind  a triangular  wing.  A = 72°;  M=2.41;  x = 3cr;  72  = 1.42X106;  ^-^=0  536. 
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———Constant  values  of  pt'/pt,  as  labeled 


Figure  14 —Pressure  contours  and  vector  representation  of  the  flow  behind  a triangular  wing  A = 72°;  M—  2.41;z  = 4cr;  R = 1 .42 X 106 ; — = Q 536. 
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Constant  values  of  pt'/pt,  as  labeled 


y 

a 


(a)  a=— 3.40°.  (b)  a =—0.50°. 

(c)  a = 2.65°. 

Figure  16. — Pressure  contours  and  vector  representation  of  the  flow  behind  a triangular  wing.  A=50°;  M = 1 A'i‘2;x-  - 3cr:  R— 1.42  X 10* 
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Constant  values  of  p,’/pt.  as  labeled 


(a)  <*=  —3.40°.  (b)  a=— 0.50°. 

(c)  a = 2.60°.  (d)  a = 8.50°. 

Figure  17. — Pressure  contours  and  vector  representation  of  the  flow  behind  a triangular  wing.  A=50°;  M=1.62;  x=4cr;  ii=0.71X108 

and  1.42X108;  =0.888. 

Vt 


090 


REPORT  1380 — NATIONAL  ADVISORY  COMMITTEE  FOR  AERONAUTICS 


Constant  values  of  Pt'/Pt*  as  labeled 


Figure  18. — Concluded. 


Constant  values  of  pt'/pt»  as  labeled 


Figure  19. — Pressure  contours  and  vector  representation  of  the  flow  behind  a triangular  wing.  A=63°;  il/=1.62:  x=Scr;R=  1.42X  106;  — 
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Constant  values  of  fy'/p,,  os  labeled 


(a)  «=-3.30°.  (b)  a=  — 0.35°. 

(c)  a = 2.85°.  (d)  o = 8.90o. 

Figure  20. — Pressure  contours  and  vector  representation  of  the  flow  behind  a triangular  wing.  A = 63°;  M=1.62;x  = 4cr;  /f  = 1.42X  10°;  =0.888. 
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Constant  values  of  pt'/pt,  os  labeled 


y 

17 


(e)  a=  11.65°. 
Figure  20. — Concluded. 


(a)  a—  — 3.00°. 

Figure  21. — Pressure  contours  and  vector  representation  of  the  flow  behind  a triangular  wing. 


(b)  a — 0.05°. 

A = 72°;M=1.62;z  = 1.5c,;«  = 1.42X10«;^=0.088. 
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Figure  21. — Concluded. 
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Constont  values  of  p,  /p,.  as  lobeled 


(a)  a = 8.90°. 


Figure  24. — Pressure  contours  and  vector  representation  of  the  flow  behind  a triangular  wing.  A = 72° ; 


M=  1.62;  a;=3 cr;  R = 0.71X  10®;  ^=0.888. 
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■Pressure  contours  and  vector  representation  of  the  flow  behind  a triangular  wing.  A=72°;  M=1.62;  z = 4cr;  72=1.42X10®; 
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(c)  a = 2.70.  (d)  a = 8.60. 

Figure  27. — ’Pressure  contours  and  vector  representation  of  the  flow  behind  a reversed  triangular  wing.  Ar£=  — 50°;  M=1.62;  x=l.5cT 
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Constont  values  of  Pt'/Pt-  as  labeled 


(a)  <*=-3.50°.  (b)  <*=-0.45°. 

(c)  <*=2.70°.  (d)  <*  = 8.55°. 


Figure  28. — Pressure  contours  and  vector  representation  of  the  flow  behind  a reversed  triangular  wing.  kTS=  — 50°;  Af=1.62;  x=3cr; 

R=  1.42X10*;  ^=0.888. 
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(a)  a=  —3.35°.  - (b)  <*=  — 0.15°. 

(c)  a = 2.90°.  (d)  a=8.60°. 

Figure  29. — Pressure  contours  and  vector  representation  of  the  flow  behind  a reversed  triangular  wing.  Arfi=—  50°;  M— 1.62;  x = 4 c,; 

1.42X  106;  —=0.888. 
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Constant  values  of  pt'/Pt.  os  labeled 


(e)  a — 11.90°. 
Figure  30. — Concluded. 


Figure  31. — Pressure  contours  and  vector  representation  of  the  flow  behind  a diamond-plan-form  wing.  A=  — A7-jb=50°;  M = 1.62; 

x=3cr;  R=  1.43X10®;  —=0.888. 
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(a)  a = —3.15°.  (b)  a=  —0.10°. 

(c)  a = 2.90°.  (d)  a = 8.75°. 


Figure  32. — Pressure  contours  and  vector  representation  of  the  flow  behind  a diamond-plan-forin  wing.  a=—  Atb=50°;  M=  1,62;  x=4c,; 

R= 1.42X108;  ^=0.888. 
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ANALYSIS 

All  wings  at  low  angles  of  attack. — The  flow  data  for  low 
angles  of  attack  are  summarized  in  figures  33  to  35.  In 
these  plots,  values  of  — de/dot  below  the  zero  axis  are  down- 
wash,  and  values  above  are  upwash.  Each  experimental 
point  represents  the  slope  of  a curve  of  e against  a,  which 
was  drawn  through  the  measured  values  of  e at  wing  angles 
of  attack  of  approximately  —3°,  0°,  and  3°.  Thus,  the  val- 
ues are  not  necessarily  the  true  values  of  —be/da  near  a=0°, 
such  as  should  be  compared  with  the  theoretical  curves,  but 
represent  the  average  slope  over  a finite  angle-of-attack 
range  (±3°).  The  z/b'  values  quoted  in  these  figures  refer 
to  the  distance  above  and  below  the  wing  trailing  edge  at 
the  root  chord. 

Because  the  point  at  which  the  downwash  was  being 
measured  remained  fixed,  while  the  wing  angle  of  attack 
was  varied,  the  experimental  values  correspond,  physically, 
to  the  case  of  the  downwash  at  the  tail  behind  a variable- 
incidence  wing,  rather  than  to  the  usual  case  where  the  meas- 
uring point  is  fixed  with  reference  to  the  wing  chord  plane 
extended. 

In  figures  33  to  35,  various  theoretical  calculations  are 


(a)  Triangular  wing,  A=50°. 

(b)  Triangular  wing,  A=63°. 

(c)  Triangular  wing,  A =72°. 

Figure  33. — Span  wise  variation  in  near  a — 0°  (±3°)  for  three 
triangular  wings.  M=2.41;  #=1.42X108. 

52G597 — 60 72 


(a)  Triangular  wing,  A = 50°. 

(b)  Triangular  wing,  A =63°. 

(c)  Triangular  wing,  A = 72°. 

Figure  34. — Spanwise  variation  in  * near  a = 0°  (±3°)  for  three 

Oct 

triangular  wings.  M~  1.62;  ft  = 1.42X10fl. 


presented.  In  these  calculations  the  vortex  sheet  was  as- 
sumed flat,  undistorted,  and  located  in  the  zjbf =0  plane- 
Details  of  these  theoretical  methods  are  presented  in  appen- 
dixes A to  D. 

Three  theoretical  estimates  are  presented  in  the  plot  on 
the  left  of  figure  33  (a)  to  compare  with  the  experimental 
spanwise  — be/da  variation  for  a z/b'  location  of  —0.049. 
This  comparison  is  for  the  triangular  wing  whose  leading 
edge  is  most  supersonic  and  for  the  longitudinal  location 
which  is  closest  behind  the  trailing  edge  (x—  1.5cr).  Because 
the  experimental  zjb'  value  was  so  near  0,  the  theoretical 
conical-flow  calculations  were  made  at  z/b'= 0 to  facilitate 
computations.  The  agreement  was  poor  and  the  conical- 
flow  method  does  not  appear  to  give  any  better  agreement 
than  the  less  rigorous  vortex  methods.  Further  downstream, 
as  in  the  plot  on  the  right  of  figure  33  (a),  the  infinite-line- 
vortex  method  gives  closer  agreement  with  experiment. 
This  result  might  be  expected  since  any  effect  of  chordwise 
loading  becomes  less  important  with  distance  downstream, 
and  the  assumption  of  infinite  line  vortices  becomes  more 
realistic.  The  theoretical  estimate  made  by  the  horseshoe- 
vortex  method  shows  this  same  trend  of  better  agreement 
between  theory  and  experiment  with  distance  downstream. 
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(a)  Reversed  triangular  wing,  ATE~  —50°. 

(b)  Diamond-plan-form  wing,  A=— AT£  = 50°. 

Figure  35. — Span  wise  variation  in  neara:  = 0o  (d=3°)  for  two  reversed  triangular  and  diamond-plan-form  wings.  M=  1.62;  72=1.42X10°. 


As  the  wing  aspect  ratio  is  progressively  decreased  (sweep- 
back  increased)  at  a constant  Mach  number,  the  values  of 
— de/da  become  more  negative.  (Compare  figs.  33  (a),  33  (b), 
and  33  (c).) 

At  a Mach  number  of  1.62,  similar  comparisons  between 
experiment  and  theory  are  made  in  figure  34.  The  experi- 
mental curves  at  x—1 .5cr  (left  side  of  fig.  34  (a))  show  that 
the  Reynolds  number  effect  is  small.  The  wing  of  this  figure 
has  a supersonic  leading  edge,  although  the  leading-edge 
shock  is  detached.  The  agreement  between  infinite-line- 
vortex  theory  and  experiment  is  not  too  good,  nor  does  it 
improve  much  with  distance  downstream,  as  can  be  seen 
from  the  curves  at  the  right  of  figure  34  (a).  Figures  34  (b) 
and  34  (c)  are  for  wings  whose  leading  edges  are  subsonic. 

For  the  subsonic  leading-edge  wing  of  figure  34  (c),  theory 
and  experiment  are  in  good  agreement  close  behind  the 
wing  (x=l,5cr).  However,  for  the  midspan  portion  of  the 
wing,  more  negative  experimental  —be/da  values  are  encoun- 
tered than  theory  predicts,  at  the  farther  downstream  station 
(z=4  cr). 


Figure  35  (a)  presents  the  span  wise  variation  of  —be/da 
for  the  reversed  triangular  wing.  The  theoretical  loading 
for  the  wing  is  triangular  and  the  equally  spaced  infinite  line 
vortices  give  good  agreement  between  theory  and  experiment 
at  both  longitudinal  stations. 

Figure  35  (b)  presents  the  spanwise  — be/ba  variation  for 
the  diamond  plan-form  wing.  For  this  wing,  the  spanwise 
— de/da  variation  resembles  the  variation  as  obtained  for  the 
triangular  wings. 

Subsonic  leading-edge  triangular  wings  at  higher  angles 
of  attack. — Because  of  the  tendency  for  the  vortex  sheet 
behind  the  subsonic  leading-edge  triangular  wings  to  roll  up 
rapidly  into  a single  strong  region  of  vorticity  (see  vector 
plots),  the  use  of  a single  bent-line  vortex  (appendix  C) 
seemed  justifiable  to  represent  the  flow  field  behind  the  wing. 

The  proper  location  of  this  bent-line  vortex,  however, 
should  be  examined.  In  order  to  study  the  vertical  locations 
of  the  vortex  sheet,  plots  are  presented  in  figures  36  to  38 
to  show  the  vertical  variation  of  the  sidewash  for  the  three 
subsonic  leading-edge  triangular-wing  configurations.  The 
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Sidewash  angle,  cr,  deg 


(a)a  = 9°. 

(b)  a = 17°. 

Figure  36. — Vertical  variation  of  the  sidewash  at  stations  behind  72°  sweptback  triangular  wing.  il/=1.62;  R— 0.71X106. 


(a)  «= 9°. 

(b)  a=l2°. 

Figure  37. — Vertical  variation  of  the  sidewash  at  stations  behind  63°  sweptback  triangular  wing.  iV/=1.62;  R=  1.42X10®. 


experimental  points  were  cross-plotted  from  curves  of  a 
against  span  for  the  various  zjb'  locations.  Curves  are 
shown  in  each  of  the  plots  of  these  figures  for  two  values  of 
y/b'  inboard  of  the  theoretical  centroid  of  vorticity  (which 
is  located  at  about  0.86').  The  missing  points  near  the 
peaks  in  figure  38  (b),  behind  the  lower  side  of  the  wing,  are 
not  shown  because  the  values  were  beyond  the  calibration 


curves  of  the  wedges,  and  although  not  presented,  they  are 
known  to  be  greater  than  10°. 

The  experimental  curves  of  figures  36  to  38  are  compared 
with  theory  and  in  this  case  were  computed  by  assuming  a 
single  bent-line  vortex  to  represent  the  flow  field.  The 
bound  portion  of  this  line  vortex  was  placed  along  the  wing 
center-of-pressure  location,  and  the  span  wise  distance 
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-R  -4  0 4 8 -8  ”4  0 4 8 1 2 '8  -4  0 4 8 


Sidewash  angle,  a,  deg 

(a)  a=  14°. 

(b) a=17°. 


Figure  38. — Vertical  variation  of  the  sidewash  at  stations  behind  72°  sweptback  triangular  wing.  M=2Al;  72=1.42X10®.  (Flagged 

symbols  denote  72= 0.71  X 106.) 


between  the  semi-infinite  legs  of  the  vortex  and  the  strength  of 
the  vortex  was  determined  from  the  theoretical  span  load 
curve.  The  expression  for  the  potential  in  the  field  of  this 
bent-line  vortex  was  taken  from  reference  19  and  differen- 
tiated with  respect  to  y to  obtain  the  sidewash.  (See  ap- 
pendix C.)  The  theoretical  curves  shown  in  figures  36  to 
38  were  all  constructed  on  the  assumption  that  the  vortex 
remained  in  the  free-stream  direction  downstream  of  the 
wing.  The  horizontal  arrow  on  each  plot  denotes  the  zjb' 
location  of  the  zero-sidewash  point  to  which  the  theoretical 
curves  may  be  shifted  according  to  an  over-all  empirical 
correlation  based  on  the  present  set  of  data.  This  point  will 
be  discussed  subsequently.  Comparison  of  the  theoretical 
and  experimental  curves  of  these  figures  without  performing 
this  shift  corresponds  to  the  assumption  that  the  vortex 
follows  the  free  stream  from  the  wing  trailing  edge.  The 
improved  agreement  when  the  shift  is  made  can  be  visualized 
in  these  figures.  Furthermore,  it  can  be  seen  that  if  the 
shift  is  made,  the  single  bent-line  vortex  predicts  the  side- 
wash  reasonably  well. 

The  z/bf  locations  where  the  sidewash  changes  direction 
are  plotted  against  the  distance  behind  the  wing  trailing 
edge  in  figure  39.  The  square  and  diamond  symbols  on 
these  curves  came  from  figures  36  to  38.  The  circular 
symbols  are  for  the  z/b'  location  of  the  vortex  as  obtained 
from  the  pressure  contours. 

The  dashed  curves  in  the  plots  of  figure  39  are  a side  view 
of  the  paths  of  the  vortices  behind  the  wing,  obtained  by 
assuming  that  the  vortices  left  the  wing  trailing  edge  and 
moved  at  an  angle  with  the  free-stream  direction  because 
of  the  induced  velocity  from  the  vortex  of  the  opposite  panel. 


0 4 8 12  0 4 8 12 

x x 


b'  b1 

(a)  Triangular  wing;  A = 72°;  M=  1.62;  /3  cot  A = 0.414. 

(b)  Triangular  wing;  A = 63°;  M=1.62;  0 cot  A = 0.650. 

(c)  Triangular  wing;  A = 72°;  M=2.41;  /3  cot  A=0.712. 

Figure  39. — Side  view  of  the  effective  vortex-sheet  locations  for  the 
three  subsonic  leading-edge,  triangular-wing  configurations. 
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The  angles  <j>  and  a referred  to  in  figure  39  (also  fig.  40)  are 
illustrated  in  sketch  1.  The  solid-line  curve  of  figure  39 


Sketch  1. 


is  a line  faked  through  an  approximate  average  of  the  experi- 
mental points  parallel  to  the  dashed  curve  and  having  the 
sam e'<j>/a  values  at  both  angles  of  attack.  The  fact  that 
this  solid-line  curve  is  above  the  wing  trailing  edge  at  x/b'= 0 
might  be  expected,  since  previous  experiments  (for  example, 
refs.  24  and  25)  have  established  that  for  a subsonic  leading- 
edge  triangular  wing,  a leading-edge  vortex  is  formed  above 
the  upper  wing  surface.  It  would  necessarily  follow  that 
the  centroid  of  vorticity  at  a longitudinal  station  correspond- 
ing to  the  wing  trailing  edge  is  above  the  trailing  edge. 
Such  a conclusion  is  definitely  indicated  in  figure  39  in  spite 
of  the  scatter  of  test  points.  It  is  from  the  solid-line  curve 
of  figure  39  that  the  locations  of  the  previously  mentioned 
horizontal  arrows  of  figures  36  to  38  were  taken. 

Since  the  slope  of  the  solid-line  curve  of  figure  39  can  be 
predicted  by  theory,  it  would  be  possible  to  obtain  a more 
accurate  prediction  of  the  flow  field  if  the  height  of  the 
starting  point  of  this  curve  above  the  trailing  edge  could  be 
predicted  by  theory.  At  the  present  time,  a theoretical 
method  for  the  prediction  of  the  location  of  the  leading-edge 
vortex  above  the  wing  surface  is  not  available.  Various 
attempts  were  made  to  correlate  the  <£/«  values  as  given  by 
figure  39  with  fi  cot  A,  and  the  parameter  selected  as  the 
ordinate  in  figure  40  plotted  against  p cot  A appeared  to 
give  a reasonable  variation.  The  complete  elliptic  integral 
of  the  second  kind  (#(£')),  occurring  in  this  parameter 
comes  from  the  expression  for  the  lift  coefficient  of  a subsonic 
leading-edge  triangular  wing.  Although  each  experimental 
point  of  figure  40  represents  two  angle-of-attack  conditions, 
there  are  in  reality  still  too  few  points  to  generalize  on  this 
empirical  relation.  The  chart  of  figure  40  is  presented, 
however,  as  a preliminary  approach  to  the  problem  since 
the  data  cover  a fairly  wide  range  of  P cot  A suitable  for 
current  missile  design  and  since  any  correction  for  the  height 
of  the  centroid  of  vorticity  above  the  trailing  edge  will 
probably  greatly  improve  estimates  of  the  location  of  the 
line  vortex  at  distances  behind  the  wing. 

The  lack  of  any  correction  for  the  height  of  the  centroid 
of  vorticity  above  the  wing  trailing  edge  was  very  noticeable 
in  the  plots  of  sidewash  against  span  such  as  figures  41  and 
42.  Without  the  correction,  theory  and  experiment  were 
often  of  opposite  sign.  The  theoretical  curves  that  are 
shown  in  figures  41  and  42  were  calculated  by  using  the  cor- 
rection for  the  height  of  the  centroid  of  vorticity  above  the 
trailing  edge  as  obtained  from  the  solid  line  of  figure  39. 


P cot  A 

Figure  40. — Chart  illustrating  height  of  centroid  of  vorticity  above 

the  trailing  edges  of  triangular  wings  with  subsonic  leading  edges. 

In  order  to  check  the  accuracy  and  the  importance  of 
making  the  correction  for  the  vertical  location  of  the  line 
vortex  as  it  leaves  the  wing  trailing  edge  in  the  theoretical 
model  of  the  flow,  calculations  of  the  tail  efficiency  for  model 
BW5F°Ta  of  reference  12  were  made  by  using  the  height  of 
the  vortex  above  the  wing  trailing  edge  as  taken  from  figure 
40.  The  calculations  were  made  for  a fixed  wing-tail  missile 
of  this  type  but  are  not  presented  since  the  correction  was 
negligible.  This  might  be  expected  since,  at  higher  angles 
of  attack  where  the  correction  becomes  sizeable,  the  location 
of  the  tail  is  too  far  from  the  line  vortex  to  experience  much 
difference  in  the  downwash  estimate  acting  on  it.  With  a 
shorter  tail  arm  the  correction  could  ' become  significant. 
Also,  for  the  case  of  a missile  with  a variable-incidence  wing, 
the  correction  might  prove  important. 

Some  lift  data  for  a variable-incidence  wing  configuration 
are  illustrated  in  figure  43.  The  data  shown  are  for  a delta 
wing  and  body  configuration  at  Mach  number  1.50  and  were 
taken  from  reference  26.  The  data  shown  in  figure  43  are 
for  a wing  incidence  of  8°  relative  to  the  body. 

Figure  43  illustrates  the  relative  importance  of  the  com- 
ponents that  enter  into  an  accurate  prediction  of  the  stability 
characteristics  of  such  a missile.  The  dashed  theoretical 
curve  represents  the  lift  curve  that  would  be  predicted  by  a 
theory  derived  by  Warren  A.  Tucker  at  the  Langley  Labo- 
ratory. This  theory  considers  all  the  interference  lifts  be- 
tween the  wing,  body,  and  tail  exclusive  of  the  wing  down- 
wash  effects.  This  theoretical  curve  should  be  compared 
with  the  experimental  Cz,  +Bir  curve,  which  is  the  exper- 
imental lift  of  the  missile  exclusive  of  downwash  effects. 
The  two  dot-dashed  curves  are  the  resulting  lift  curves  when 
the  downwash,  as  determined  with  and  without  the  vertical 
displacement  correction  of  the  vortex,  is  applied.  For  a 
given  downwash  estimate,  the  reverse-flow  theorem  was  used 
to  obtain  the  incremental  tail  lift,  which  was  in  turn  applied 
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Theory  (single  bent- line  vortex) 


b 


b' 


(a)  Downwash;  £ = 1.5cr.  (b)  Sidewash;  a;  = 1.5cr. 

(c)  Down  wash;  z = 3cr.  (d)  Sidewash;  x~  3cr. 

(e)  Downwash;  z = 4cr.  (f)  Sidewash;  x = 4cr. 

Figure  41. — -Span wise  variation  of  downwash  and  sidewash  for  72°  sweptback 

triangular  wing.  M=2.41;  R=  1.42X  106;  a = 17°. 


to  the  theoretical  lift  curve  predicted  by  Tucker’s  theory. 
These  two  theoretical  dot-dashed  curves  should  be  compared 
to  the  CV  „ curve. 

BWT 

In  the  estimate  of  the  downwash,  the  line  vortex  from  each 
wing  panel  was  allowed  to  deflect  with  distance  downstream 
as  in  reference  27  (i.e.,  with  an  induced  velocit}7  as  deter- 
mined by  the  vortex  from  the  opposite  panel,  and  the  image 
vortices  in  the  body,  as  well  as  the  induced  velocity  from 
the  body  crossflow).  The  only  difference  in  the  two  curves 
is  that  one  included  tire  vertical  displacement  correction  at 
the  wing  trailing  edge  and  the  other  did  not. 

It  is  interesting  to  note  that  if  Tucker's  theory  predicted 
the  lift  correctly,  then  near  a body  of  angle  of  attack  of  0°, 


which  is  where  the  wing-alone  data  of  this  report  are  most 
applicable,  the  theory  using  the  displacement  correction  for 
the  vertical  location  of  the  vortex  and  the  experimental 
Clbwt  curve  would  almost  coincide.  At  higher  angles  of 

attack,  the  use  of  the  vertical  displacement  correction  to  the 
theoretical  downwash  estimate  gives  poorer  agreement.  If 
the  theory  underpredicted  the  downwash  at  large  distances 
from  the  vortex  (i.e.,  the  vorticity  is  more  diffused  and  not 
concentrated  in  a single  line  as  assumed  by  the  theory), 
then  this  poorer  agreement  might  be  expected  since  the 
vertical  displacement  correction  is  predicting  that  the  vortex 
is  farther  from  the  tail  with  the  correction  than  without. 
Indications  in  figures  41  and  42  are  that,  at  large  distances 
from  the  vortex,  theory  tends  to  underpredict  the  downwash. 
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Theory  (single  bent-line  vortex) 


(a)  Downwash ; x = 1 .5 cr, 
(c)  Downwash;  x = 3cr. 
(e)  Downwash;  s = 4cr. 


(b)  Sidewash;  3 = 1. 5cr. 
(d)  Sidewash;  x~ 3cf. 
(f)  Sidewash;  x — 4cr. 


Figure  42. — Spanwise  variation  of  downwash  and  sidewash  for  72°  sweptback 
triangular  wing.  M— 1.62;  /t!  = 1.42X106;  ct  = 17°. 


Supersonic  leading-edge  triangular  wings  at  higher  angles 
of  attack. — Although  no  abrupt  transition  is  apparent  in  the 
character  of  the  flow  fields  when  the  leading  edge  of  a tri- 
angular wing  undergoes  a change  from  a subsonic  to  a super- 
sonic configuration,  there  is  a difference  in  the  types  of  flow 
in  that,  for  comparable  angles  of  attack  (or  even  comparable 
lift  coefficients),  the  vorticity  behind  a wing  having  a super- 
sonic leading  edge  appears  as  more  than  one  region  of  strong 
vorticity  or  possibly  still  retains  its  identity  as  a sheet.  The 
50°  sweptback  triangular  wing  at  a Mach  number  of  2.41 
(the 'wing  whose  leading  edge  is  most  supersonic)  was  selected 
for  comparison  with  the  various  theoretical  techniques  of 
predicting  the  flow  angles  behind  the  wing,  inasmuch  as  the 
other  configurations  with  supersonic  leading  edges  will  be 
bracketed  by  this  wing  and  the  wings  with  subsonic  leading 
edges.  The  comparison  of  figure  44  should  best  illustrate 
the  advantages  or  disadvantages  of  the  various  theoretical 
methods.  In  this  figure,  the  location  of  the  experimental 


wake  center  line  as  determined  from  the  pressure  profiles  is 
plotted  as  the  circular  symbols.  Comparing  the  location  of 
the  vortex  sheet  as  determined  by  the  various  theories  with 
the  experimental  location  of  the  wake  center  line  should  give 
a good  over-all  indication  of  the  merits  of  the  various 
theoretical  methods. 

The  location  of  the  vortex  sheet  for  the  conical-flow  theory 
was  computed  by  calculating  the  downwash  in  the  2—0  plane 
at  stations  0,  0.25,  0.50,  0.75,  1.0,  1.25,  and  1.5  chords  behind 

rx  w r 

the  wing  trailing  edge.  Since  2—J  ydx**  J e dxy  plots  of 

e against  x for  given  spanwise  stations,  when  mechanically 
integrated,  determined  the  vertical  locations  of  the  vortex 
sheet  that  are  shown  in  figure  44. 

The  location  of  the  vortex  sheet  for  the  liorseshoe-vortex 
theory  was  computed  in  the  same  manner  as  for  the  conical- 
flow  theory  except  that,  in  the  evaluation  of  the  downwash 
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Figure  44. — Wake  center-line  location  and  comparison  with  various 
theories  for  the  50°  sweptback  triangular  wing.  Af=2.41. 

at  the  various  longitudinal  locations,  the  horseshoe-vortex 
theory  was  used. 

The  square  symbols  of  figure  44  show  the  locations  of  ten 
equal-strength  infinite-line  vortices,  whose  resulting  location 
was  determined  on  the  assumption  that  they  left  the  wing 
trailing  edge  with  a lateral  spacing  in  accordance  with  the 
theoretical  wing  span  load  distribution  and  followed  a path 
calculated  in  a step-by-step  process  (such  as  ref.  22),  where 
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(b)  x~  4cr. 

Figure  44. — Concluded. 

each  vortex  moved  vertically  and  laterally  in  accordance 
with  the  velocities  induced  by  the  other  nineteen  line  vortices 
(considering  both  wing  panels). 

It  can  be  seen  in  figure  44  (a)  that,  at  x~l.5cr,  the  two 
vortex-line  methods  bracket  the  experimental  wake  center- 
line  location  just  as  they  did  in  the  plots  of  —de/da  in  figure 
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33.  Behind  the  tip  region,  the  infinite  line  vortices  approxi- 
mate very  closely  the  experimental  wake  center-line  location. 
On  the  other  hand,  conical-flow  theory  is  in  excellent  agree- 
ment with  experiment  behind  the  inboard  portion  of  the 
wing. 

The  agreement  of  the  infinite-line-vortex  theory  with 
experiment  behind  the  tip  region  and  the  agreement  of  the 
conical-flow  theoiy  behind  the  inboard  portion  of  the  wing 
(fig.  44  (a))  suggests  that  a theoretical  method  employing  a 
combination  of  the  two  methods  might  predict  the  actual 
flow  field  closely.  For  this  combination  theory,  the  vertical 
location  of  the  vortex  sheet  was  determined  at  points  along 
Mach  lines  from  the  tip  using  conical-flow  theory.  With  these 
locations  as  the  starting  points  of  the  infinite  line  vortices, 
the  method  using  infinite  line  vortices  was  employed  for 
distances  farther  downstream.  Details  of  this  method  of 
calculation  are  given  in  appendix  E. 

It  can  be  seen  in  figure  44  that  this  combination  theory 
produces  excellent  agreement  with  experiment  at  the  longi- 
tudinal station  (z=1.5cr)  close  to  the  intersection  of  the  two 
Mach  lines  from  the  tip.  Since  the  rolling-up  process  of  the 
vortex  sheet  starts  behind  the  tip  (ref.  1),  where  the  effects  of 
chord  wise  loading  are  small,  the  good  agreement  of  the  com- 
bination theory  with  experiment  is  not  surprising.  It  uses 
the  best  features  of  both  conical-flow  and  infinite-line-vortex 
theory.  Actually  any  of  the  rigorous  theories,  which  are  exact 
within  the  linearizing  approximations,  such  as  the  doublet 
theory  of  reference  20,  could  have  been  used  instead  of  conical- 
flow  theory  with  the  same  results. 

Because  of  the  tediousness  of  using  the  combination  theory, 
the  infinite-line-vortex  method  has  received  the  most  em- 
phasis in  the  comparisons  between  theory  and  experiment  in 
this  analysis.  The  advantage  of  using  this  seemingly  more 
approximate  method  as  compared  to  the  planar  methods  is 
that  the  simple  relation  for  the  induced  velocity  in  the  field, 
from  an  infinite  line  vortex,  permits  the  angle-of-attack 
effects  (that  is,  the  distortion  of  a vortex  sheet)  to  be  better 
approximated.  However,  wing  chord  loading  effects,  as  well 
as  variations  of  Mach  number  in  the  wake  itself  with  distance 
downstream,  are  overlooked  completely  by  the  theory. 
Also,  in  supersonic  flow,  the  pressures  or  velocities  experi- 
enced by  a point  in  the  field  are  influenced  only  by  those 
disturbances  in  the  Mach  forecone  from  the  point.  The 
method  used,  which  considered  the  induced  velocities  in 
successive  crossflow  planes  has  some  justification,  however, 
in  that  those  line  vortices  closest  to  the  point  most  strongly 
affect  the  velocities  at  the  point. 

It  is  realized  that  although  the  wing-alone  tests  of  this 
investigation  permitted  theoretical  calculations  based  on  ten 
infinite  line  vortices  from  each  wing  panel,  such  calculations 
for  the  practical  case  of  a wing  and  body  would  be  too  lengthy. 
However,  the  calculations  were  carried  out,  since  the  large 
number  of  line  vortices  permitted  a study  of  the  way  they 
grouped  themselves,  and  possibly  would  permit  assigning 
strengths  and  locations  to  a fewer  number  of  line  vortices  to 
obtain  a better  theoretical  model  of  the  flow,  if  agreement 
using  the  ten  infinite  line  vortices  could  be  obtained. 

The  theoretical  paths  of  these  infinite  line  vortices  are 
shown  in  figure  45  by  the  dashed  lines.  The  shapes  of  the 


vortex  sheet  at  the  various  longitudinal  stations  are  the 
solid  curves.  A theoretical  study  presented  in  reference  23 
and  vapor-screen  studies  of  the  vortex  sheet  made  at  the 
NACA  Ames  Laboratory  have  established  the  fact  that  for 
supersonic  leading-edge  delta  wings  the  vortex  sheet  rolls 
up  in  a conventional  manner  behind  the  inboard  section  of 
the  wing,  and  forms  an  “S”  shaped  pattern  behind  the 
triangular  loaded  tip  region.  In  figure  45,  vortices  a,  b, 
and  c illustrate  the  conventional  rolling  up,  and  the  rest 
of  the  vortices  illustrate  the  formation  of  the  “S”  shaped 
pattern.  In  this  figure,  the  “S”  shaped  pattern  becomes 
distorted  downstream  of  about  x/cr=2.  This  distortion 
is  probably  due  to  inaccuracies  in  graphically  selecting 
the  initial  locations  of  the  line  vortices  and  to  the  use  of 
an  insufficient  number  of  streamwise  increments  in  the 
computations.  However,  when  the  paths  for  this  par- 
ticular wing  were  recomputed  by  using  more  accurately 
selected  initial  locations  and  smaller  streamwise  increments 
for  the  entire  range  of  calculations,  the  deformation  of  the 
“S”  shaped  structure  of  the  vortex  sheet  was  still  observed. 
This  result  suggests  that  there  is  a limit  to  how  practical 
the  method  is,  since  at  higher  angles  of  attack,  and  at  larger 
distances  behind  the  wing,  smaller  streamwise  increments 
would  be  required.  In  this  connection,  the  patterns  such  as 
are  shown  in  figure  45  should  be  considered  as  rough  approxi- 
mations at  large  downstream  distances.  However,  because 
of  the  practical  limit  to  the  method  for  determining  the 
shape  of  the  vortex  sheet,  the  accuracy  with  which  the 
flow  angle  can  be  predicted  by  the  approximate  patterns 
such  as  those  shown  in  figure  45  m&y  be  of  interest. 

In  figures  46  (a)  and  46  (b),  the  experimental  and  theo- 
retical downwash  and  sidewash  for  this  same  wing  at  the 
same  Mach  number  are  compared  by  using  the  locations  of 
the  infinite  line  vortices  as  shown  in  figure  44,  both  for  the 
infinite-line-vortex  theory  and  the  combination  theory. 
Near  the  vortex  sheet  (z/b'—  — 0.075),  the  combination 
theory  gives  the  better  agreement  with  the  experimental 
spanwise  downwash  distribution  in  comparison  with  the 
theory  of  infinite  line  vortices;  however,  there  is  still  con- 
siderable discrepancy.  This  discrepancy  between  theory 
and  experiment  is  also  present  at  a zjb'  location  farther 
from  the  vortex  sheet  (zjb'= 0.223).  The  same  statements 
apply  to  the  sidewash  in  figure  46(b),  except  that,  for  the 
spanwise  range  covered,  the  agreement  between  the  com- 
bination theory  and  experiment  at  z/b'  = 0.223  is  excellent. 
Farther  downstream  (figs.  46(e)  and  46(f))  the  line  vortices 
have  grouped  themselves  so  close  together  in  many  in- 
stances that,  although  the  spanwise  locations  were  selected 
midway  between  line  vortices  for  evaluating  the  downwash 
and  sidewash,  there  are  unreal  variations  in  the  theoretical 
curves,  because  of  the  proximity  of  a vortex  to  the  field 
point  being  calculated.  All  the  theoretical  curves  shown  in 
figures  46(e)  and  46(f)  were  based  on  the  infinite-line-vortex 
theory,  and  there  is  considerable  discrepancy  between  theory 
and  experiment. 

Reversed  triangular  wing  at  higher  angles  of  attack. — One 

purpose  of  using  the  ten  infinite  line  vortices  for  the  theo- 
retical calculations  of  all  the  supersonic  leading-edge  wings, 
analyzed  in  this  report,  was  to  study  their  behavior  as  they 
moved  downstream.  This  possibly  would  permit  a better 
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Figure  45. — Theoretical  paths  of  ten  infinite  line  vortices  behind  the  50°  sweptback  triangular  wing.  M=2.41;  a— 12°. 

assignment  of  strength  and  locations  to  a fewer  number  of  the  arrangement  of  the  vortex  sheet.  The  separation  of  the 

line  vortices  to  be  applied  to  the  wing-body  problem.  For  sheet  into  these  two  regions  suggests  that  a model  of  the 

the  reversed  triangular  wing  the  span  loading  is  triangular  flow  with  two  vortices  from  each  wing  panel  would  be  a 

and  the  ten  equal-strength  vortices  are  also  equally  spaced.  simpler  representation  of  the  flow.  The  outboard  vortex 

The  tendency  for  the  vortices  to  divide  into  two  separate  should  have  a strength  0.6 Tm  (six  line  vortices  are  in  the 

groups  was  particularly  evident.  (See  fig.  47.)  Whether  outer  group)  and  the  inner  vortex  would  have  a strength  of 

such  a result  would  take  pla.ce  if  many  more  stream  wise  0.4  Tm.  This  model  of  the  flow  (though  probably  consider- 

increments  had  been  used  in  the  computations  is  not  certain.  ably  better  than  a single  vortex)  was  not  further  investi- 

Since  the  experimental  pressure  contours  (figs.  28  (d)  and  gated  since  it  would  be  a cruder  model  of  the  flow  than  one 

29  (d))  exhibit  a tendency  for  the  sheet  to  form  concentrated  represented  by  the  theoretical  method  using  ten  line  vortices, 

regions  of  vorticity,  the  arrangement  of  the  vorticity  shown  The  theoretical  prediction  of  the  downwash  and  sidewash 
in  figure  47  probably  represents  a good  approximation  of  obtained  by  using  ten  line  vortices  are  compared  in  figure  48. 


Downwash  angle, 


Downwash  angle 


^ b' 
o 0.667 
□ .451 

o .228 
a .004 
* - .219 
& - .446 


6 ^ b 

o 0.451 
□ .228 
„ O .004 
4 a - .219 

* - .446 

* - .669 


77  = -0.2I9-- 


=0.451 

u 


4 o 0.663 
a .445 
O .224 
a 0 

■2  k-  .224 
D - .45  I 


o --ah-  b, 

o 0.630 
□ .409 

4 0 .185 

a - .036 


fc>  - 
Ck  - 

.258 

.485 

-sr 

giJ 

jiT" 



4i  i 

1 

n \lr 

/ 

. 

-l 

W 

i 

i 

i 

I 

4 no-- 

\-  9 

FT i 

i i 

2 

nr 

_ 

,JJ  . 

1 

= - 0.036 

/ D 


-aK.  b, 

4 O 0.445 
H □ .224 

o 0 
A - .224 
2 * “ .451 
* - .674 


o 0.409 
a .185 
4 0-  .036 

* - .258 

* - .485 
& - .708 


>&  = 0.I85 
b 


.4  .6  .8 

I 

b’ 


(a)  Downwash;  a?=1.5cr. 

(c)  Downwash;  rc=3cr. 

(e)  Downwash;  rc=4 cT. 

nanwise  variation  of  the  downwash  and  sidewash  for  the  reversed  triangular  w 
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For  this  case,  although  the  same  shapes  of  the  curves  are 
evident  in  both  experiment  and  theory,  the  agreement  is  not 
too  good.  It  is  obvious  in  figure  48,  however,  that  the 
method  used,  predicts  the  downwash  better  than  would  a 
single  line  vortex  from  each  wing  panel,  since  with  a single 
line  vortex  the  downwash  would  change  sign  at  y/b'=0.5. 
Both  experiment  and  the  theoretical  method  using  ten  line 
vortices  show  that  the  span  wise  location  where  the  downwash 
changes  sign  is  outboard  of  y/b'  = 0.5. 

Diamond-plan-form  wing  (A=  — Ar*=50°)  at  higher  angles 
of  attack. — The  theoretical  paths  of  the  ten  infinite  line 
vortices  behind  a diamond-plan-form  wing  are  shown  in 
figure  49.  The  vortex  sheet  appears  to  roll  up  in  the  con- 
ventional manner.  The  leading  edge  of  the  wing  is  slightly 
supersonic  at  this  Mach  number  but  the  shock  is  detached 
even  at  a=0°.  The  pressure  contours  (fig.  32  (d))  show 
three  regions  of  apparently  higher  vorticity  along  the  vortex 
sheet,  but  the  two  inboard  regions  are  so  much  weaker  than 
the  one  which  remains  straight  behind  the  point  on  the  wing 
at  0.8 b',  that  the  flow  picture  can  be  assumed  to  be  the  con- 
ventional rolling-up  pattern  indicated  by  the  theoretical 
calculations  of  figure  49. 

The  spanwise  downwash  and  sidewash  distributions  for 
the  diamond-plan-form  wing  are  shown  in  figure  50.  Also 
shown  are  the  theoretical  curves  to  be  compared  with  the 
appropriate  experimental  curve.  The  theoretical  curves 
were  computed  using  the  locations  of  the  infinite  line  vortices 
such  as  shown  in  figure  49  for  the  appropriate  streamwise 
location.  The  agreement  between  experiment  and  theory 
is  poor. 

CONCLUSIONS 

Schlieren  studies,  total -pressure  profiles,  and  flow-angle 
surveys  were  made  behind  five  thin,  pointed-tip  wings.  The 
flow  behind  three  triangular  wings  of  50°,  63°,  and  72° 
leading-edge  sweep  was  surveyed  at  Mach  numbers  1.62  and 
2.41.  The  flow  behind  a reversed  triangular  wing  (—50° 
trailing-edge  sweep  angle)  and  a diamond-plan-form  wing 
(A=—  Ate=50°)  was  surveyed  at  Mach  number  1.62.  The 
analysis  of  the  data  and  comparison  of  the  results  with 
theoretical  predictions  indicated  the  following  conclusions: 

1.  The  vortex  sheet  behind  triangular  wings  with  sub- 
sonic leading  edges  tends  to  form  rapidly  into  one  distinct 
region  of  high  vorticity  behind  the  wing  as  it  moves  down- 
stream, as  in  the  case  for  triangular  wings  in  subsonic  flow. 
For  subsonic  leading-edge  triangular  wings  at  moderate  and 
high  angles  of  attack,  the  use  of  a single  bent-line  vortex  to 


represent  the  flow  field  agrees  with  the  physical  picture  and 
predicts  the  downwash  and  sidewash  reasonably  well  if  its 
location  can  be  estimated  with  sufficient  accuracy.  A pro- 
posed empirical  adjustment  of  the  method  for  determining 
vertical  location  of  this  line  vortex  at  stations  behind  the 
wing  gives  a good  representation  of  the  flow  field  (particu- 
larly the  sidewash) . 

2.  For  triangular  wings  with  supersonic  leading  edges,  the 
flow  tends  to  rotate  more  about  a sheet  of  vorticity,  which 
still  retains  its  identity  as  a sheet  at  lift  coefficients  and 
downstream  distances  comparable  to  those  for  subsonic 
leading-edge  wings.  The  vortex  sheet  itself  appeared  to 
have  more  than  one  region  of  high  vorticity  along  any  semi- 
span of  its  width.  At  moderate  angles  of  attack  (12°),  a 
lifting-surface  theory  such  as  conical-flow  theory  best  pre- 
dicts the  location  of  the  vortex  sheet  near  the  plane  of 
symmetry,  whereas  use  of  infinite  line  vortices  and  a step- 
by-step  process  best  predicts  the  location  of  the  vortex  sheet 
behind  the  tip  region.  Using  a combination  of  the  two 
methods  gave  an  accurate  representation  of  the  vortex  sheet 
at  a longitudinal  station  1.5  chords  behind  the  trailing  edge 
(near  the  location  where  the  Mach  lines  from  the  tip  inter- 
sect) and  improved  the  agreement  of  the  theoretical  and 
experimental  downwash  and  sidewash.  The  method  was 
not  evaluated  at  stations  farther  behind  the  wing,  since  the 
number  of  line  vortices  and  the  smallness  of  the  streamwise 
increments  would  probably  cause  the  method  to  become  too 
cumbersome  for  a practical  wing-body  problem. 

3.  For  the  reversed  triangular  wing  both  experiment  and 
the  theory  using  ten  infinite  line  vortices  exhibited  a tendency 
for  the  vortex  sheet  to  concentrate  into  two  regions,  with  the 
outboard  region  containing  the  most  vorticity.  The  actual 
prediction  of  the  flow  angles  was  poor  at  moderately  high 
angles  of  attack,  although  the  curves  of  the  experimental  and 
theoretical  spanwise  downwash  and  sidewash  distributions 
appeared  to  have  the  same  shape. 

4.  For  the  diamond-plan-form  wing  with  a leading  edge 
that  was  only  slightly  supersonic,  the  vortex  sheet  rolled  up 
in  a manner  typical  of  subsonic  configurations  in  the  theo- 
retical calculations  and,  except  for  a couple  of  weak  inboard 
concentrations  of  vorticity,  the  same  pattern  was  evident  in 
the  experimental  flow.  However,  the  prediction  of  the  flow 
angle  was  poor. 

Langley  Aeronautical  Laboratory, 

National  Advisory  Committee  for  Aeronautics, 
Langley  Field,  Va.,  January  22,  1954. 
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APPENDIX  A 

DETAILS  OF  CONICAL-FLOW  METHOD 


The  calculation  of  downwash  and  sidewash  behind  a wing 
at  supersonic  speeds  by  using  conical  flows  has  been  pre- 
sented in  references  15  to  17.  The  principle  of  the  method 
depends  on  the  fact  that  when  the  downwash  or  sidewash 
is  known  for  certain  specified  plan  forms,  other  plan  forms 
can  be  formed  by  the  superposition  of  these  known  plan 
forms.  The  resulting  downwash  or  sidewash  is  then  the 
combined  effect  of  the  known  solutions.  An  example  fol- 
lows for  the  supersonic  leading-edge  triangular  wing. 

The  up  wash  at  any  point  in  the  field  (a',2/,3)  due  to  an 
infinite  triangular  wing  can  be  found  from  the  charts  of 
reference  28.  (For  z— 0,  — be/ba=w/aV= — 1).  The 

sketches  shown  in  this  appendix  illustrate  the  steps  that  are 
required  in  order  to  cancel  the  lifting  pressures  of  an  infinite 
triangular  wing,  at  a desired  xf  location,  which  is  to  be  the 
trailing  edge  of  the  wing.  For  each  plan  form,  the  corre- 
sponding pressure  distribution,  for  the  particular  step  in- 
volved, is  also  shown  by  the  solid  lines.  The  dashed  lines 
indicate  the  canceling  pressure  which  is  being  applied.  All 
pressures  are  for  the  upper  surface  only.  The  expressions 
for  u and  u0  shown  in  sketch  2 can  be  obtained  from  refer- 
ence 29. 


Sketch  2. 


These  equations  are: 
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Sketch  3 illustrates  the  addition  of  wing  A which  is  at  con- 
stant pressure  uf  and  cancels  the  pressures  as  shown  in  the 
following  sketch.  Wing  A is  formed  by  subtracting  two 


conical  wings,  N,P,Q  and  N^P'jQ',  from  a two-dimen- 
sional wing.  In  the  sketch,  N,Q,Q',  and  N'  are  at  infinity 
in  the  designated  direction.  If  the  expressions  for  the 
G(—l,r}6)  and  G(l,r}6)  functions  that  are  given  in  reference 
15  are  used,  the  resulting  upwash  in  the  z~ 0 plane  due  to 
wing  A is 

y-==  — \—^G{—l,r,d)  — +G(l,r,9 ) — J (A3) 


Sketch  4 illustrates  the  process  whereby  conical  wings 
each  of  a different  constant  pressure  are  used  to  cancel  the 
pressure  between  the  two  Mach  lines  from  the  apex.  The 
upwasli  due  to  a typical  conical  wing  Q,B,B',Q'  is  formed 


Sketch  4. 
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by  subtracting  the  upwash  due  to  two  conical  wings  at  the 
same  pressure  u;  that  is,  wing  N,B',Q'  minus  wing  N,B,Q. 
The  resulting  expression  for  the  upwash  due  to  the  canceling 
wings  in  sketch  4 is 

Jo_1  [G(-b,r,e)-G(- l,r,0)]  ^}db+ 

.{I1  m,r,B)-G{\,r,e))  (A4) 
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The  expressions  for  the  G(b,r,6)  functions  are  given  in  refer- 
ence 15  and 

du_  2aVab  , . 

The  integration  was  performed  mechanically  by  using  ten 
wings  for  each  half  of  the  conical  field  between  the  Mach 
lines. 

Sketch  5 illustrates  the  final  step  in  canceling  the  pressures 
( u values)  everywhere  downstream  of  the  wing  trailing  edge. 
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Wings  C + D and  E + F are  at  constant  pressure  i/0.  The  expression  for  the  downwash  due  to  wings  C and  F may  be 
obtained  from  reference  16.  The  expression,  as  is  given  in  reference  16,  is  for  2.  When  the  Mach  number 

terms  are  reinstalled,  the  expression  as  applied  to  wing  C is 
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The  symbols  are  defined  in  reference  16  or  reference  15, 
where,  for  2—0, 


y 


and  0=0°  or  180°. 

In  applying  formula  (A6)  to  the  calculation  of  up  wash 
due  to  wings  C and  F of  sketch  5,  the  axis  must  be  shifted 
to  M and  N (that  is,  define  the  field  points  xf , y , and  0 with 
respect  to  M and  N instead  of  with  respect  to  0).  The 
upwash  due  to  wings  D and  E of  sketch  5 was  also  determined 
by  a scheme  which  employed  a shift  in  the  y coordinates  of 
the  field  points  for  which  the  upwash  was  being  calculated 
by  the  distance  MP.  For  wing  D,  the  upwash  was  that 
of  the  conical  wing  N,P,Q'  minus  the  conical  wing  N,M,Q, 


where  the  wing  N,M,Q  was  determined  from  the 
function  based  on  the  shifted  y coordinates  of  the  field  points; 
that  is  (due  to  wings  D and  E), 

y-=Pu 0 [#(— 1 ffl)  — ,r,6)\ +pu0  [G(  1 ,r,0)  —G'(  1 ,r,0)] 

(A7) 

After  the  evaluation  of  all  of  the  above  component 
contributions  to  the  upwash,  the  final  value  for  the  upwash 
as  obtained  at  any  field  point  was  merely  the  algebraic  sum. 
Charts  constructed  for  all  the  G functions  greatly  expedited 
the  calculations.  The  case  of  the  supersonic  leading-edge 
wing,  which  is  illustrated,  is  the  most  tedious.  For  subsonic 
leading-edge  wings,  it  is  necessary  to  carry  the  calculations 
only  through  the  steps  illustrated  in  sketches  2,  3,  and  4. 


APPENDIX  B 


DETAILS  OF  HORSESHOE-VORTEX  METHOD 


The  estimation  of  the  downwash  and  sidewash  behind 
tiiangular  wings  by  the  horseshoe-vortex  theory  is  one  of 
the  methods  described  in  reference  19.  The  theoretical 
model  of  the  flow  suggested  in  reference  19,  which  places 
the  corners  of  the  horseshoe  vortices  along  a line  representing 
the  center  of  pressure  of  the  triangular  wing,  was  tried. 


Also,  a different  theoretical  representation  which  placed 
the  corners  of  the  horseshoe  vortices  in  equal  xf  increments 
(although  they  might  lie  outside  the  wing  plan  form)  was 
tried.  The  difference  in  the  downwash,  as  calculated  by 
the  two  methods,  was  very  slight.  All  the  theoretical  curves 
presented  herein  for  the  horseshoe  vortex  method  were 
calculated  by  the  latter  method. 


APPENDIX  C 

DETAILS  OF  SINGLE-BENT-LINE-VORTEX  METHOD 

theoretical  model  of  the  flow  was  a single  bent-line  vortex* 
In  order  to  obtain  the  expression  for  the  sidewash  due  to  a 
single  bent-line  vortex,  the  expression  for  the  potential  as 
given  in  reference  19  was  differentiated  with  respect  to  y. 


For  the  low-aspect-ratio  triangular  wings,  a single  bent- 
line vortex  physically  approximates  the  flow  field.  The  ex- 
pression for  the  upwash,  which  is  given  explicitly  in  refer- 
ence 1,  was  used  for  those  theoretical  calculations  where  the 


The  resulting  equation  is 


I — P2(y2— yo2)  I 
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where  x',  y , z,  k)  cTJ  and  y0  are  defined  in  sketch  6. 


z 


APPENDIX  D 


DETAILS  OF  INFINITE-LINE-VORTEX  METHOD 


At  angles  of  attack  where  the  deflection  and  the  distor- 
tion of  the  vortex  sheet  behind  a wing  become  important, 
yet  where  the  wing  aspect  ratio  is  too  high,  or  the  distance 
behind  the  wing  too  short  to  represent  the  vorticity  behind 
the  wing  with  a single  bent-line  vortex,  a method  such  as 
was  used  in  references  22  and  23  was  employed  to  estimate 
the  shape  of  the  vortex  sheet  and  to  approximate  the  re- 
sulting downwash  and  sidewash.  The  equivalence  of  the 
supersonic  and  the  incompressible  line  vortex,  when  both 
have  zero  slope,  was  pointed  out  in  reference  18.  The  sim- 
ple relation  for  the  induced  tangential  velocity  at  points 
in  the  field  of  an  infinite  line  vortex  is 


(Dl) 


or,  as  used  in  this  paper, 
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The  simplicity  of  these  expressions  permitted  the  use  of  an 
iteration  procedure,  such  as  that  used  in  reference  22,  to 
approximate  the  location  and  shape  of  the  vortex  sheet.^J§ 


APPENDIX  E 

DETAILS  OF  THE  METHOD  FOR  THE  COMBINATION  OF  THE  CONICAL-FLOW  AND  THE  INFINITE-LINE-VORTEX  THEORIES 


The  region  between  the  two  Mach  lines  from  the  tips  was 
taken  as  an  arbitrary  range  of  applicability  of  conical-flow 
theory.  The  deflection  of  the  vortex  sheet  above  or  below 
the  reference  streamwise  plane  was  computed  at  various 
spanwise  stations  by  using  conical-flow  theory.  These  loca- 
tions correspond  to  points  a through  j in  sketch  7.  The 
spanwise  location  of  points  a through  j were  determined 
from  the  wing  span  load  distribution  in  the  same  manner  as 
was  used  for  setting  up  the  infinite-line-vortex  calculations. 

With  the  location  of  points  a through  j as  the  starting 
points  of  the  infinite  line  vortices,  the  induced  velocities  and 
corresponding  paths  of  each  vortex  were  computed  in  the 
same  step-by-step  manner  (from  station  1,  to  2,  to  3,  etc.) 
as  was  used  for  the  calculations  made  by  using  infinite  line 
vortices  alone.  However,  only  those  vortices  which  were 


actually  present  at  any  longitudinal  station  were  considered 
to  have  any  effect  on  the  adjacent  line  vortices.  (For  ex- 
ample, at  station  5,  the  total  induced  velocity  on  g was  the 
sum  of  the  induced  velocities  from  e,  f,  h,  i,  and  j.) 


DOWNWASH  AND  SIDEWASH  BEHIND  POINTED-TIP  WINGS 
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A STUDY  OF  THE  MOTION  AND  AERODYNAMIC  HEATING  OF  BALLISTIC  MISSILES  ENTERING 
' THE  EARTH’S  ATMOSPHERE  AT  HIGH  SUPERSONIC  SPEEDS  1 

By  H.  Julian  Allen  and  A.  J.  Eggers,  Jr. 


SUMMARY 

A simplified  analysis  is  made  of  the  velocity  and  deceleration 
history  of  ballistic  missiles  entering  the  earth's  atmosphere  at 
high  supersonic  speeds.  It  is  found  that , in  general , the  gravity 
force  is  negligible  compared  to  the  aerodynamic  drag  force  and, 
hence , that  the  trajectory  is  essentially  a straight  line.  A con- 
stant drag  coefficient  and  an  exponential  variation  of  density  with 
altitude  are  assumed  and  generalized  curves  for  the  variation  of 
missile  speed  and  deceleration  with  altitude  are  obtained.  A 
curious  finding  is  that  the  maximum  deceleration  is  independent 
of  physical  characteristics  of  a missile  (e.  g.,  mass , size , and 
drag  coefficient)  and  is  determined  only  by  entry  speed  and 
-flight-path  angle , provided  this  deceleration  occurs  before  impact. 

The  results  of  the  motion  analysis  are  employed  to  determine 
means  available  to  the  designer  for  minimizing  aerodynamic 
heating.  Emphasis  is  placed  upon  the  convective-heating 
problem  including  not  only  the  total  heat  transfer  but  also  the 
maximum  average  and  local  rates  of  heat  transfer  per  unit  area. 
It  is  found  that  if  a missile  is  so  heavy  as  to  be  retarded  only 
slightly  by  aerodynamic  drag,  irrespective  of  the  magnitude  of  the 
drag  force,  then  convective  heating  is  minimized  by  minimizing 
the  total  shear  force  acting  on  the  body.  This  condition  is 
achieved  by  employing  shapes  with  a low  pressure  drag.  On  the 
other  hand , if  a missile  is  so  light  as  to  be  decelerated  to  rela- 
tively low  speeds,  even  if  acted  upon  by  low  drag  forces,  then 
convective  heating  is  minimized  by  employing  shapes  with  a 
high  pressure  drag,  thereby  maximizing  the  amount  of  heat 
delivered  to  the  atmosphere  and  minimizing  the  amount  delivered 
to  the  body  in  the  deceleration  process.  Blunt  shapes  appear 
superior  to  slender  shapes  from  the  standpoint  of  having  lower 
maximum  convective  heat-transfer  rates  in  the  region  of  the  nose. 
The  maximum  average  heat-transfer  rate  per  unit  area  can  be 
reduced  by  employing  either  slender  or  blunt  shapes  rather  than 
shapes  of  intermediate  slenderness.  Generally,  the  blunt  shape 
with  high  pressure  drag  would  appear  to  ofifer  considerable 
promise  of  minimizing  the  heat  transfer  to  missiles  of  the  sizes , 
weights,  and  speeds  of  usual  interest. 

INTRODUCTION 

For  long-range  ballistic  trajectories  one  of  the  most  diffi- 
cult phases  of  flight  the  designer  must  cope  with  is  the  re- 
entry into  the  earth’s  atmosphere,  wherein  the  aerodynamic 
heating  associated  with  the  high  flight  speeds  is  intense. 
The  air  temperature  in  the  boundary  layer  may  reach  values 
in  the  tens  of  thousands  of  degrees  Fahrenheit  which,  com- 

i Supersedes  NACA  Technical  Note  4047  by  IF.  Julian  Allen  and  A.  J.  Eggers,  Jr.,  1957. 


bined  with  the  high  surface  shear,  promotes  very  great 
convective  heat  transfer  to  the  surface.  Heat-absorbent 
material  must  therefore  be  provided  to  prevent  destruction 
of  the  essential  elements  of  the  missile.  It  is  characteristic 
of  long-range  rockets  that  for  every  pound  of  material  which 
is  carried  to  “burn-out,”  many  pounds  of  fuel  are  required 
in  the  booster  to  obtain  the  flight  range.  It  is  clear,  there- 
fore, that  the  amount  of  material  added  for  protection  from 
excessive  aerodynamic  heating  must  be  minimized  in  order 
to  keep  the  take-off  weight  to  a practicable  value.  The 
importance  of  reducing  the  heat  transferred  to  the  missile 
to  the  least  amount  is  thus  evident. 

For  missiles  designed  to  absorb  the  heat  within  the  solid 
surface  of  the  missile  shell,  a factor  which  may  be  important, 
in  addition  to  the  total  amount  of  heat  transferred,  is  the 
rate  at  which  it  is  transferred  since  there  is  a maximum 
rate  at  which  the  surface  material  can  safely  conduct  the 
heat  within  itself.  An  excessively  high  time  rate  of  heat 
input  may  promote  such  large  temperature  differences  as 
to  cause  spalling  of  the  surface,  and  thus  result  in  loss  of 
valuable  heat-absorbent  material,  or  even  structural  failure 
as  a result  of  stresses  induced  by  the  temperature  gradients. 

For  missiles  designed  to  absorb  the  heat  with  liquid 
coolants  (e.  g.,  by  transpiration  cooling  where  the  surface 
heat-transfer  rate  is  high,  or  by  circulating  liquid  coolants 
within  the  shell  where  the  surface  heat-transfer  rate  is 
lower),  the  time  rate  of  heat  transfer  is  similarly  of  interest 
since  it  determines  the  required  liquid  pumping  rate. 

These  heating  problems,  of  course,  have  been  given  con- 
siderable study  in  connection  with  the  design  of  particular 
missiles,  but  these  studies  are  very  detailed  in  scope.  There 
lias  been  need  for  a generalized  heating  analysis  intended  to 
show  in  the  broad  sense  the  means  available  for  minimizing 
the  heating  problems.  Wagner,  reference  1,  made  a step 
toward  satisfying  this  need  by  developing  a laudably  simple 
motion  analysis.  This  analysis  was  not  generalized,  how- 
ever, since  it  was  his  purpose  to  study  the  motion  and  heat- 
ing of  a particular  missile. 

It  is  the  purpose  of  this  report  to  simplify  and  generalize 
the  analysis  of  the  heating  problem  in  order  that  the  salient 
features  of  this  problem  will  be  made  clear  so  that  successful 
solutions  of  the  problem  will  suggest  themselves. 

A motion  analysis,  having  the  basic  character  of  Wagner’s 
approach,  precedes  the  heating  analysis.  The  generalized 
results  of  this  analysis  are  of  considerable  interest  in  them- 
selves and,  accordingly,  are  treated  in  detail. 


Preceding  Page  Blank 


1125 


1126 


REPORT  1381 — NATIONAL  ADVISORY  COMMITTEE  FOR  AERONAUTICS 


ANALYSIS 


Equations  (1)  then  reduce  to  the  single  equation 


MOTION  OF  THE  BODY 

Consider  a body  of  mass  m entering  the  atmosphere  from 
great  height.  If,  at  an}^  altitude  y,  the  speed  is  V and  the 
angle  of  approach  is  6 to  the  horizontal  (see  sketch),  the 


Noting  that 
we  let 


d?y 

dV 

■ CDp0A 

dt 2 

dt~  g' 

T 2 TO 

dV 
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dt 

VTj 

e-&V2 


(3) 


Z=V2 


and  equation  (3)  becomes  the  linear  differential  equation 

(IZ_C£pA  e-fsvZ+2g=o  (4) 

ay  m 

which  has  the  well-known  solution 
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parametric  equations  of  motion  can  be  written 2 
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Performing  the  integrations,  we  obtain  as  the  solution  of 
this  relation 


_Cj^A  ^ 

Z=V2=e 


» (QdPoA  e-tv 

2#yv  V 

Aj  n\n 
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- 2gy-\- const . 
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n—1 


where 

CD  drag  coefficient,  dimensionless 
V speed,  ft/sec 

A reference  area  for  drag  evaluation,  sq  ft 
m mass  of  the  body,  slugs 
p mass  density  of  the  air,  slugs/ft 3 
g acceleration  of  gravity,  ft/sec 2 

x,y  horizontal  and  vertical  distance  from  the  point  of  im- 
pact with  the  earth,  ft 

0 angle  between  the  flight  path  and  the  horizontal,  deg 
(See  Appendix  A for  complete  list  of  symbols.) 

In  general,  the  drag  coefficient  varies  with  Mach  number 
and  Reynolds  number,  while  the  density  and,  to  a very 
minor  extent,  the  acceleration  of  gravity  vary  with  altitude. 
Hence  it  is  clear  that  exact  solution  of  these  equations  is 
formidable.  Let  us  first,  then,  consider  the  following 
simplified  case: 

1 . The  body  descends  vertically. 

2.  The  drag  coefficient  is  constant.3 

3 . The  acceleration  of  gravity  is  constant.4 

4.  The  density  as  a function  of  altitude  is  given  by  the 
relation 

P=Prf“*  (2) 

where  p0  and  p are  constants.  This  relation  is  consistent 
with  the  assumption  of  an  isothermal  atmosphere. 


t Properly,  the  analysis  should  consider  those  effects  resulting  from  the  fact  that  the  earth 
is  a rotating  sphere,  but  since  the  altitude  range  for  which  drag  effects  are  important  is  less 
than  1 percent  of  the  radius  of  the  earth,  the  rectilinear  treatment  given  in  this  analysis  is 
permissible. 

j As  is  well  known,  this  assumption  is  generally  of  good  accuracy  at  the  high  Mach  numbers 
under  consideration,  at  least  as  long  as  the  total  drag  is  largely  pressure  drag. 

4 The  acceleration  of  gravity  decreases  by  only  1 percent  for  every  100,000-foot  increase  in 
altitude.  . . 


so  that  the  deceleration  becomes,  in  terms  of  gravity  accel- 
eration, 


dV 

dt  _CdPqA  e-0ye 
9 2 mg 


( GdPqA 

V pm 
n\n 


2gy+const. 


— 1 


(6) 


As  an  example,  consider  the  vertical  descent  of  a solid 
iron  sphere  having  a diameter  of  1 foot.  For  a sphere  the 
drag  coefficient  may  be  taken  as  unity,  based  on  the  frontal 
area  for  all  Mach  numbers  greater  than  about  1.4.  In 
equation  (2),  which  describes  the  variation  of  density  with 
altitude,  the  constants  should  clearly  be  so  chosen  as  to 
give  accurate  values  of  the  density  over  the  range  of  altitudes 
for  which  the  deceleration  is  large.  It  is  seen  in  figure  1 
that  for 

p0=  0.0034  slugs/ft3 

and 

^=22,000  ft  1 

which  yields 

(7) 

p=0.0034  e t2’000 

the  calculated  density  is  in  good  agreement  with  the  NACA 
standard  atmosphere  values  obtained  from  references  2 and 
3 for  the  altitude  range  from  20,000  to  180,000  feet.  These 
relations  have  been  used  in  calculating  the  velocity  and 
deceleration  of  the  sphere  for  various  altitudes,  assuming 
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Figure  1. — Variation  of  density  with  altitude. 
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Figure  2. — Variations  of  velocity  with  altitude  for  a 1-foot  diameter, 
solid  iron  sphere  entering  the  earth’s  atmosphere  vertically  at 
velocities  of  10,000,  20,000,  and  30,000  ft/sec. 
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vertical  entrance  velocities  of  10,000,  20,000,  and  30,000  feet 
per  second  at  40  miles  altitude  which,  for  these  cases,  may 
be  considered  the  “outer  reach”  of  the  atmosphere.  The 
results  of  these  calculations  are  presented  as  the  solid  curves 
in  figures  2 and  3. 

It  is  seen  in  figure  3 that  for  the  high  entrance  speeds  con- 
sidered, the  decelerations  reach  large  values  compared  to 
the  acceleration  of  gravity.  This  suggests  that  the  gravity 
term  in  equation  (3)  may  be  neglected  without  seriously 
affecting  the  results.5  When  this  term  is  neglected  the 
equation  of  motion  becomes 


0 50  100  ISO  200 

Altitude,/,  feet  x IO“3 


Figure  3. — Variations  of  deceleration  with  altitude  for  a 1-foot 
diameter,  solid  iron  sphere  entering  the  earth’s  atmosphere  vertically 
at  velocities  of  10,000,  20,000,  and  30,000  ft/sec. 

Integration  gives 

In  e-m+const. 

2 /3m 

or 

F=  const.  Xe  20111 

At  the  altitude  of  40  miles  it  can  readily  be  shown  that  the 
term 

_CppQ±  ft, 

e 

is  very  nearly  unity  so  that  the  velocity  may  he  written 

_<wi 

V=VEe  *"  (9) 

J It  is  usual  to  neglect  the  gravity  acceleration  a prior!  (see  e.  g.,  refs.  1 and  4.) 
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and  the  value  of  the  maximum  deceleration  is 


dt  G Ep0AV E2 


where  VE  is  the  entrance  speed. 

By  use  of  equations  (9)  and  (10)  the  vertical-descent  speeds 
and  decelerations  for  the  1-foot-diameter  sphere  previously 
considered  have  been  calculated  for  the  same  entrance  speeds. 
The  results  are  shown  as  the  dashed  curves  in  figures  2 and  3. 
It  is  seen  that  these  approximate  calculations  agree  very  well 
with  those  based  on  the  more  complete  equation  of  motion 
(eq.  (3)). 

The  above  finding  is  important,  for  it  indicates  that  in  the 
general  case,  wherein  the  body  enters  the  atmosphere  at 
high  speed  at  angle  dE  to  the  horizontal,  the  gravity  term, 
provided  dE  is  not  too  small,  may  be  neglected  in  equation 
(1)  to  yield 


d2y_CDpV2A  sin  dE 
dt2  2m 

d2x_jCDpV2A  cos  0E 
dt 2 2m 


so  that  the  flight  path  is  essentially* a straight  line  (i.  e., 
6=8e))  and  the  resultant  deceleration  equation  becomes 

dV_CDPAV2 

dt  2m  U ; 

Now,  again,  if  the  density  relation  given  by  equation  (2)  is 
used  and  it  is  noted  that 


(<K\  /dV\ 

( di_  ) l dt  ) 0Ve 

\ 9 / 7nax  \ 9 / 1 


If  equations  (13)  and  (14)  are  rewritten  to  make  the 
altitude  reference  point  yx  rather  than  zero,  then 


^Ddq-'^  —tHvi+Av) 


V=VBe  25msin^ 


dt  CdPoAV/ 

9 2mg  e e 

respective!}7,  where  Ay  is  the  change  in  altitude  from  yx. 
Substitution  of  equation  (15)  into  these  expressions  can 
readily  be  shown  to  give 

VAV 2 _ i 


y^=e.  =F'mj) 


(dV/dt\ 

\ 9 )*v 

(dV/dt^ 


-e-e*v)=F"  (/3A  y) 


Equations  (18)  and  (19)  are  generalized  expressions  for  veloc- 
ity and  deceleration  for  bodies  of  constant  drag  coefficient 
and,  together  with  equations  (15)  and  (17),  can  be  used  to 
determine  the  variation  of  these  quantities  with  altitude  for 
specific  cases.  The  dependence  of  F'  (fiAy)  and  F"  (fiAy)  on 
fiAy  is  shown  in  figure  4. 


T7  dt  dV  T7  . a dV 

F=~r— - or  —— =K  sm  dE  -y- 
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equation  (12)  becomes 

dV_  CpppA 
V 2m  sin  6 E 

which  can  be  integrated  to  yield 


e-»dy 


V=VEe 

and  the  deceleration  is  then 
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The  altitude  ?/i  at  which  the  maximum  deceleration  occurs 
is  found  from  this  relation  to  be 

HinMST,  (15) 

If  yt  is  positive  the  velocity  Vi  (from  eqs.  (13)  and  (15))  at 
which  the  maximum  deceleration  occurs  becomes 

Vl=VBe~^0.QlVE  (16) 
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! I ! 


w|/c”,,(/3A/)j 
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Figure  4. — Variations  of  F'(/3Ay),  Fn  (j3A?/),  and  F,n  (/3At/)  with  pA y. 


The  maximum  deceleration  and  the  velocity  for  maximum 
deceleration  as  given  by  equations  (17)  and  (16)  apply  only 
if  the  altitude  yi}  given  by  equation  (15),  is  positive.  Other- 
wise the  maximum  deceleration  in  flight  occurs  at  sea  level 
with  the  velocity  (see  eq.  (13)) 

Q)P0A 

V=  F0=  VEe~^m  sMe  (20) 
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and  has  the  value 

/clV\  /dV\  c 

( *. ) = J (2i) 

\ g /max  \ g / 0 2m</ 

HEATING  OF  THE  BODY 

It  was  noted  previously  that  for  practicable  rocket  missiles, 
it  is  vital  that  the  weight  of  the  missile  be  kept  to  a minimum. 
The  total  heat  transferred  to  a missile  from  the  air  must  be 
absorbed  by  some  “coolant”  material.  Since  this  material 
has  a maximum  allowable  temperature,  it  follows  that  it 
can  accept  only  a given  amount  of  heat  per  unit  weight. 
Hence,  the  total  heat  input  to  the  missile  must  be  kept  at  a 
minimum  for  minimum  missile  weight. 

Often  the  coolant  material  is  simply  the  shell  of  the  missile 
and  as  such  must  provide  the  structural  strength  and  rigidity 
for  the  missile  as  well.  The  strength  of  the  structure  is  dic- 
tated, in  part,  by  the  stresses  induced  by  temperature  gradi- 
ents within  the  shell.  Since  these  temperature  gradients  are 
proportional  to  the  time  rate  of  heat  input,  the  maximum 
time  rate  of  heat  input  is  important  in  missile  design.  The 
heating,  of  course,  varies  along  the  surface  but,  since  the 
shell  transmits  heat  along  as  well  as  through  itself,  the 
strength  of  the  structure  as  a whole  may  be  determined  by 
the  maximum  value  of  the  average  heat- transfer  rate  over 
the  surface.  This  is  simply  the  maximum  value  of  the  time 
rate  of  heat  input  per  unit  area.  On  the  other  hand,  the 
structural  strength  at  local  points  on  the  surface  may  be  de- 
termined primarily  by  the  local  rate  of  heat  input.  Hence, 
the  maximum  time  rate  of  heat  input  per  unit  area  at  the  sur- 
face element  where  the  heat  transfer  is  greatest  may  also  be 
of  importance  in  design. 

If  liquid  cooling  is  employed,  the  maximum  surface  heat- 
transfer  rates  retain  their  significance  but,  now,  in  the  sense 
that  they  dictate  such  requirements  as  maximum  coolant 
pumping  rate,  or  perhaps  shell  porosity  as  well  in  the  case  of 
transpiration  cooling.  Whichever  the  case,  in  the  analysis 
to  follow,  these  elements  of  the  heating  problem  will  be 
treated : 

1.  The  total  heat  input. 

2.  The  maximum  time  rate  of  average  heat  input  per  unit 
area. 

3.  The  maximum  time  rate  of  local  heat  input  per  unit  area. 

Since  it  is  the  primary  function  of  this  report  to  study 

means  available  to  the  missile  designer  to  minimize  the  heat- 
ing problem,  the  analysis  is  simplified  to  facilitate  compari- 
son of  the  relative  heating  of  one  missile  with  respect  to 
another — accurate  determination  of  the  absolute  heating  of 
individual  missiles  is  not  attempted.  With  this  point  in 
mind,  the  following  assumptions,  discussed  in  Appendix  B, 
are  made : 

1.  Convective  heat  transfer  predominates  (i.  e.,  radiation 
effects  are  negligible). 

2.  Effects  of  gaseous  imperfections  may  be  neglected. 

3.  Shock-wave  boundary-la}^er  interaction  may  be  ne- 
glected. 

4.  Reynolds'  analogy  is  applicable. 

5.  The  Prandtl  number  is  unity. 


Total  heat  input. — The  time  rate  of  convective  heat  trans- 
fer from  the  air  to  any  element  of  surface  of  the  body  may  be 
expressed  by  the  well-known  relation 

(^=ht(Tr-T„),  (22) 


where 

H heat  transferred  per  unit  area,  ft-lb/ft2 

ft  lb 

h convective  heat-transfer  coefficient.  — — - 

' ft2  sec  R 

Tr  recovery  temperature,  °R 

Tw  temperature  of  the  wall,  °R 

t time,  sec 

and  the  subscript  l denotes  local  conditions  at  any  element  of 
the  surface  dS. 

It  is  convenient  in  part  of  this  analysis  to  determine  the 
heating  as  a function  of  altitude.  To  this  end,  noting  that 


dt 


-dy 
V sin  dB 


we  see  that  equation  (22)  may  be  written 

dH hi(Tr — Tw)i  /n0N 

dy  V sin  $B  [6) 

With  the  assumption  that  the  Prandtl  number  is  unity,  the 
recovery  temperature  is 

T,=  T,  (l  M^=  T (l  M2) 

where 

M Mach  number  at  the  altitude  y}  dimensionless 
7 the  ratio  of  specific  heat  at  constant  pressure  to  that 
at  constant  volume,  CvjCV)  dimensionless 
T static  temperature  at  the  altitude  y,  °R 

so  that 

{Tr- Ta)  ,= T—  M2T 


It  is  seen  that  for  large  values  of  the  Mach  number,  which  is 
the  case  of  principal  interest,  the  third  term  is  large' com- 
pared to  reasonably  allowable  values  of  T—  Tw.  It  will 
therefore  be  assumed  that  T—  Tw  is  negligible  6 so  that 

(24) 


(25) 


• It  should  be  noted  that  without  this  assumption,  the  heat-input  determination  would  be 
greatly  complicated  since  the  changing  wall  temperature  with  altitude  would  have  to  be  con- 
sidered to  obtain  the  heat  input  (see  e.  g.,  ref.  1).  For  high-speed  missiles  which  maintain 
high  speed  during  descent,  the  assumption  is  obviously  permissible.  Even  for  high-speed 
missiles  which  finally  decelerate  to  low  speeds,  the  assumption  is  generally  still  adequate 
since  the  total  heat  input  is  largely  determined  by  the  heat  transfer  during  the  high-speed 
portion  of  flight. 


{T-Tw) ,=^  M2T 


Moreover,  since 


M2T= 


V2 


(y—l)Op 


equation  (24)  may  be  written 


V2 

(T-TJ  ,=2C 
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N ow  the  local  heat-transfer  coefficient  A,  is,  by  Reynolds’ 
analogy,  for  the  assumed  Prandtl  number  of  unit}7 

Ai=4  (26) 

where  Cfl  is  the  local  skin-friction  coefficient  based  on  con- 
ditions pi,  Vi,  etc.,  just  outside  the  boundary  layer.  Thus, 
since  (Tr—Tu)  is  essentially  constant  over  the  entire  surface 
S,  the  rate  of  total  heat  transfer  with  altitude  becomes  from 
equations  (23)  through  (26) 

f ^ ds — Anv--r  f GflcPlPlv,dS 

dy  Js  dy  4 Cv  sin  SE  Js  1 1 

where  Q is  the  heat  transferred  to  the  whole  surface  S.  This 
equation  may  be  written 

m av™ 

dy  4 sin  0# 


The  total  heat  input  to  the  body  at  impact  follows  from  equa- 
tion (29)  (integrating  over  the  limits  0<y<  °°)  and  is 

cdp0a  \ 

0f|)  mV/  (l— e>"sin  V (33) 

The  impact  velocit}r,  V0  (the  velocity  of  body  at  y= 0),  is 

V,=  VE  e~m‘stn^ 

so  that  equation  (33)  rn ay  be  written  in  the  alternative  form 

q=t(^i)(Ve2~K2)  (34) 

Maximum  time  rate  of  average  heat  input  per  unit  area. — 
To  determine  the  time  rate  of  average  heat  transfer  per  unit 
area,  equations  (25),  (26),  and  (28)  with  equation  (22)  may 
be  shown  to  give 

^ °-=\C/pV 3 (35) 


wherein  CVl  is  set  equal  to  Cv  and 


(28) 


which,  together  with  equations  (2)  and  (13),  becomes  at 
altitude  y 


dHav 0/ poV Ez  ~Bvr 

dt  ~ 4 6 6 


3C°P"A.  t-e* 
2 0rn  sin  0 E 


(36) 


The  parameter  C/  is  termed  “the  equivalent  friction  coeffi- 
cient,n and  will  be  assumed  constant,7  independent  of  alti- 
tude, again  on  the  premise  that  relative  rather  than  absolute 
heating  is  of  interest.  With  equations  (2)  and  (13),  then, 
equation  (27)  is  written 


dQ_  C/SpqVe2  e-,v-^VE  ^ 
dy  4sin0tf 


(29) 


The  maximum  time  rate  of  average  heat  transfer  per  unit  area 
is  found  from  this  expression  to  be 


mV Ez  sin##  (37) 


and  it  occurs  at  the  altitude 


3 Cpp0A  \ 
2 /3ra  sin  dEJ 


(38) 


Comparison  of  equation  (29)  with  equation  (14)  shows  that 
the  altitude  rate  of  heat  transfer  is  directly  proportional  to 
the  deceleration,  so  that 


where  the  velocity  is 

V2=VEe-*c*Q.72Vs  (39) 


dQ/dy  _ mg  > 

f C/S\ 

fdV/dt\  2sin0£' 

\ CoAJ 

V s ) 

(30) 


As  with  altitude  rate  of  heat  transfer,  it  can  be  shown  that 


(dHjdt)  Ay 

(dHav/dt)  2 


F"#*y) 


(40) 


and  therefore  the  maximum  altitude  rate  of  heat  transfer 
occurs  at  the  altitude  yx  (see  eq.  (15))  and  is  given  by 


(dQ\  fdQ\=  (tmVJ(C/S\  ( . 

\dy)max  \dy)  1 4e  \CvAJ 

It  follows,  of  course,  that  the  altitude  rate  of  heat  transfer 
varies  with  incremental  change  in  altitude  from  yx  in  the  same 
manner  as  deceleration,  and  thus  (see  eq.  (19)) 


(dQ/dy)  av 
(dQ/dy)  i ' 


F"my) 


(32) 


? This  assumption  would  appear  poor  at  first  glance  since  the  Mach  number  and  Reynolds 
number  variations  are  so  large.  Analysis  has  indicated,  however,  that  the  effects  of  Mach 
number  and  Reynolds  number  variation  are  nearly  compensating.  The  variation  in  Cf  for 
typical  conical  missiles  was  found  to  be,  at  most,  about  50  percent  from  the  maximum  Cj ' in 
the  altitude  range  in  which  80  percent  of  the  heat  is  transferred. 


Equations  (37),  (38),  and  (39)  apply  if  the  altitude  for  maxi- 
mum time  rate  of  average  heat  transfer  per  unit  area  occurs 
above  sea  level.  If  y2 , by  equation  (38),  is  negative,  then 
this  rate  occurs  at  sea  level  and  is,  from  equation  (36), 

ZCDp0A 

(d_Hg  A fdHg  A QlPoVl 

2^msin0^  (41) 

v dt  Lr\  dt  )r  4 6 

Maximum  time  rate  of  local  heat  input  per  unit  area.- — 

The  elemental  surface  which  is  subject  to  the  greatest  heat 
transfer  per  unit  area  is,  except  in  unusual  cases,  the  tip  of 
the  missile  nose  which  first  meets  the  air.  It  seems  unlikely 
that  a pointed  nose  will  be  of  practical  interest  for  high-speed 
missiles  since  not  only  is  the  local  heat-transfer  rate  ex- 
ceedingly large  in  this  case,  but  the  capacity  for  heat  reten- 
tion is  small.  Thus  a truly  pointed  nose  would  burn  away. 
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Body  shapes  of  interest  for  high-speed  missiles  would  more 
probably,  then,  be  those  with  nose  shapes  having  nearly 
hemispherical  tips.  The  following  analysis  applies  at  such 
tips. 

It  is  well  known  that  for  any  truly  blunt  body,  the  bow 
shock  wave  is  detached  and  there  exists  a stagnation  point 
at  the  nose.  Consider  conditions  at  this  point  and  assume 
that  the  local  radius  of  curvature  of  the  body  is  a (see  sketch) . 


The  bow  shock  wave  is  normal  to  the  stagnation  streamline 
and  converts  the  supersonic  flow  ahead  of  the  shock  to  a low 
subsonic  speed  flow  at  high  static  temperature  downstream 
of  the  shock.  Thus,  it  is  suggested  that  conditions  near  the 
stagnation  point  may  be  investigated  by  treating  the  nose 
section  as  if  it  were  a segment  of  a sphere  in  a subsonic  flow 
field. 

The  heat-transfer  rate  per  unit  area  at  the  stagnation 
point  is  given  by  the  relation 

c IHS = Nurkr{Tw—TT) 

dt  C T 

where  kr  is  the  thermal  conductivity  of  the  gas  at  the  re- 
covery temperature  (i.  e.,  total  temperature)  Tr,  and  Nur  is 
the  Nusselt  number  of  the  flow.  If  the  flow  is  assumed  to 
be  laminar  and  incompressible,8  Nur  is  given,  according  to 
reference  5,  by  the  relationship 

Nur—Q.^MRe^Pr^ 


We  retain  the  assumption  that  the  Prandtl  number  is  unity, 
note  that  Rea=pV<rlpr , and  substitute  equation  (25)  into 
equation  (42)  to  obtain 


dH* 

dt 


-0.47^ 


V2 


(43) 


Now  it  is  well  known  that  at  the  high  temperatures  of 
interest  here,  the  coefficient  of  viscosity  pT  varies  nearly  as 
the  square  root  of  the  absolute  temperature  and  is  given  by 
the  relation 

/xr=2.31  X 10“8Tr^ 


If  this  expression  is  combined  with  equation  (25)  (neglect- 
ing Tw ),  equation  (43)  may  then  be  written  9 

^=6.8X10-6-y^F3  (44) 


s The  assumption  of  constant  density  certainly  may  invalidate  this  analysis  for  any  quanti- 
tative study  of  the  relatively  “cold-wall”  flows  of  interest  here.  For  the  purpose  of  studying 
relative  heat  transfer  it  should,  however,  prove  adequate. 

» The  constant  in  equation  (44)  is  obtained  with  the  assumption  of  incompressible  flow  in 
the  stagnation  region.  The  effects  of  compressibility  and  dissociation  of  the  molecules  of 
air  in  the  region  tend  to  increase  the  value  of  the  constant  by  as  much  as  a factor  2 in  the 
speed  range  of  interest  in  this  report.  For  the  comparative  purpose  of  this  report  it  is  un- 
necessary to  take  these  effects  into  account. 


which,  when  combined  with  equations  (2)  and  (13),  becomes 

— pv 

^=6.8X10 -\/~  VJe  “ *>mslD  Te  C (45) 

dt  \ <t 

The  maximum  value  of  dHs/dt  can  readily  be  shown  to  be 

8X10 IT3  (46) 


(47) 


(48) 


( _| 

(dH.\ 

\ dt  /max 

K dt  A 

which  occurs  at  the  altitude 

1 i ( QOdPqA  \ 

P n \/?m  sin  0E) 
corresponding  to  the  velocity 

=0 .85Ve 


The  manner  in  which  the  heat-transfer  rate  per  unit  area  at 
the  stagnation  point  varies  with  incremental  change  in  alti- 
tude from  t/3  can  be  shown  to  be 


(dHsldt)  &v  2 „ 
(dHJdt)z 


=F'"{0Ay) 


(49) 


The  dependence  of  Fnt  (/3A y)  on  /3Ay  is  shown  in  figure  4. 

Equation  (46)  applies  only  if  y3  is  above  sea  level.  If  y3, 
from  equation  (47),  is  negative,  then  the  maximum  heat- 
transfer  rate  per  unit  area  at  the  stagnation  point  occurs  at 
sea  level  and  is 


(clHA 

-(  dHs\ 

\ dt  ) max 

\ dt  Jo 

= 6.8X10 


-6  IPo 

V7 


Vh?e 


3 CdPoA 
20m  sin  0E 


DISCUSSION 

MOTION 

The  motion  study  shows  some  important  features  about 
the  high-speed  descent  of  missiles  through  the  atmosphere. 
The  major  assumptions  of  this  analysis  were  that  the  drag 
coefficient  was  constant  and  the  density  varied  exponentially 
with  altitude.  It  was  found  that  the  deceleration  due  to 
drag  was  generally  large  compared  to  the  acceleration  of 
gravity  and,  consequently,  that  the  acceleration  of  gravity 
could  be  neglected  in  the  differential  equations  of  motion. 
The  flight  path  was  then  seen  to  be  a straight  line,  the  missile 
maintaining  the  flight-path  angle  it  had  at  entry  to  the 
atmosphere. 

For  most  missiles,  the  maximum  deceleration  will  occur 
at  altitude.  One  of  the  most  interesting  features  of  the 
flight  of  such  a missile  is  that  the  maximum  deceleration  is 
independent  of  physical  characteristics  (such  as  mass,  size, 
and  drag  coefficient  of  the  missile),  being  dependent  only  on 
the  entry  speed  and  flight-path  angle  (see  eq.  (17)).  The 
missile  speed  at  maximum  deceleration  (eq.  (16))  bears  a 
fixed  relation  to  the  entrance  speed  (61  percent  of  entrance 
speed),  while  the  corresponding  altitude  (eq.  (15))  depends 
on  the  physical  characteristics  and  the  flight-path  angle  but 
not  on  the  entrance  speed.  It  is  also  notable  that  for  a 
given  incremental  change  in  altitude  from  the  altitude  for 
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maximum  deceleration,  the  deceleration  and  speed  bear 
fixed  ratios  to  the  maximum  deceleration  and  the  entry 
speed,  respectively  (see  fig.  4 and  eqs.  (19)  and  (18)),  hence, 
the  deceleration  and  speed  variation  with  altitude  can  readily 
be  determined. 

If  the  missile  is  very  heavy,  the  calculated  altitude  for 
maximum  deceleration  (eq.  (15))  may  be  fictitious  (i.  e., 
this  altitude  is  negative)  so  the  maximum  deceleration  in 
flight,  which  occurs  just  before  impact  at  sea  level,  is  less 
than  that  calculated  by  equation  (17)  and  is  dependent  on 
the  body  characteristics  as  well  as  the  entry  speed  and  flight- 
path  angle  (see  eq.  (21)).  However,  the  variation  of  speed 
and  deceleration  with  altitude  from  the  fictitious  altitude 
given  by  equation  (15)  can  still  be  obtained  from  figure  4. 


HEATING 

Total  heat  input. — In  the  heating  analysis,  a number  of 
simplifying  assumptions  were  made  which  should  limit  its 
applicability  to  the  determination  of  relative  values  of  heat- 
ing at  hypersonic  speeds.  It  is  in  this  relative  sense  that  the 
following  discussion  pertains. 

In  considering  the  total  heat  transferred  by  convection 
to  a missile,  it  is  evident  from  equation  (33)  that  the  course 
the  designer  should  take  to  obtain  the  least  heating  is 
affected  by  the  value  of  the  factor 


CdPoA. 
Pm  sindB 


(51) 


To  illustrate,  first  consider  the  case  of  a “relatively 
heavy”  missile  for  which  this  factor  is  small  compared  to 
unity  (the  term  “relatively  heavy”  is  used  to  denote  that 
the  denominator  involving  the  mass  is  very  large  as  compared 
to  the  numerator  involving  the  drag  per  unit  dynamic 
pressure,  CDA).  Then 


Cl)PoA 
\—(>  0™sin0£ 


is  small  compared  to  1.  If  this  function  is  expanded  in 
series  and  only  the  leading  term  retained,  equation  (33) 
becomes 


n-C/SpoVf 
4/3  sin  Be 


(52) 


For  the  relatively  heavy  missile,  then,  the  least  heat  will  be 
transferred  when  C/S  is  a minimum — that  is  to  say,  when 
the  total  shear  force  acting  on  the  body  is  a minimum. 
This  result  is  as  would  be  expected,  if  one  notes  that  requir- 
ing 1 is  tantamount  to  requiring  the  missile  to  be  so 

heavy  that  it  is  retarded  only  slightly  by  aerodynamic  drag 
in  its  motion  through  the  atmosphere.  Hence,  the  heat 
input  to  the  missile  is  simply  proportional  to  the  shear  force. 

Now  let  us  consider  the  case  when  or,  in  other 

words,  when  this  missile  is  “relatively  light.”  In  this  event, 

\ — e 

and  equation  (31)  can  be  approximated 


For  the  relatively  light  missile,  then,  the  least  convective 
heating  is  obtained  when  C/S/CdA  is  a minimum.  This  is 
at  first  glance  a rather  surprising  result,  for  it  indicates 
that  the  heating  is  reduced  by  increasing  the  total  drag, 
provided  the  equivalent  frictional  drag  is  not  increased 
proportionately  as  fast.  Physically,  this  anomaly  is 
resolved  if  the  problem  is  viewed  in  the  following  way: 
The  missile  entering  the  atmosphere  has  the  kinetic  energy 
\mV F/  but,  if 


e 


cdp0a 
pm  sin  0E 


is  small,  then  nearly  all  its  entrance  kinetic  energy  is  lost, 
due  to  the  action  of  aerodynamic  forces,  and  must  appear 
as  heating  of  both  the  atmosphere  and  the  missile.  The 
fraction  of  the  total  heat  which  is  given  to  the  missile  is,10 
from  equation  (33), 


1 (C/s\ 

2 \CdAJ 

Thus,  by  keeping  this  ratio  a minimum,  as  much  as  possible 
of  the  energy  is  given  to  the  atmosphere  and  the  missile 
heating  is  therefore  least. 

In  order  to  illustrate  these  considerations  in  greater  detail, 
calculations  have  been  made  using  the  previously  developed 
equations  to  determine  the  heat  transferred  by  convection 
to  a series  of  conical  missiles.  Two  classes  of  missiles  have 
been  considered.  Missiles  in  the  first  class  were  required 
to  have  a base  area  of  10  square  feet.  Missiles  in  the 
second  class  were  required  to  have  a volume  of  16  cubic 
feet.  Gross  weights  of  0,  1,000,  5,000,  10,000,  and  » 
pounds  have  been  assumed,  and  the  entrance  angle,  dE, 
has  been  taken  as  30°  of  arc  in  all  cases.  Missile  heating, 
up  to  the  time  of  impact,  has  been  calculated  as  a function 
of  cone  angle  for  entrance  speeds  of  10,000,  20,000,  and  30,000 
feet  per  second.  In  these  calculations  the  pressure  drag 
coefficient  was  taken  as  constant  for  a particular  cone  at  the 
value  corresponding  to  the  entrance  Mach  number  (a  value 
of  Te~ 500°  R was  assumed  throughout).  These  coeffi- 
cients were  determined  from  reference  6 for  cone  angles  of 
10°  and  greater.  For  cone  angles  less  than  10°,  reference  7 
was  employed  to  determine  these  coefficients  (base  drag 
was  neglected  in  all  cases).  The  total  drag  coefficient  was 
taken  as  the  sum  of  the  pressure  drag  coefficient  plus  the 
skin-friction  coefficient,  the  latter  coefficient  being  taken  at 
its  value  for  maximum  total  heat-input  rate  with  altitude. 
The  boundary  layer  was  assumed  to  be  wholly  turbulent 
since  the  Reynolds  number,  based  on  length  of  run  along 
the  surface  of  a cone  and  local  conditions  just  outside  the 
boundary  layer,  was  always  greater  than  about  6X106  and, 
in  fact,  was  of  the  order  of  billions  for  the  more  slender  cones. 
Turbulent-boundary-layer  data  were  obtained  from  refer- 
ences 8 and  9,  and  Sutherland's  law  for  the  variation  of 
viscosity  with  temperature  was  used  in  obtaining  “equiv- 
alent fiat-plate”  heat-transfer  coefficients. 


<2^1  mV/ 


10  Note  that  even  that  if  all  drag  is  frictional  drag,  only  half  the  heat  is  transferred  to 
the  body.  The  other  half  is  contained  in  the  boundary  layer  and  is  left  in  the  air  in  the 
body  wake. 
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(b) 


(c)  Cone  angle,  degrees 


(a)  VB=  10,000  ft/sec 

(b)  VE=  20,000  ft/sec 

(c)  1^=30,000  ft/sec 

Figure  5. — Convective  heat  transferred  at  impact  to  conical  missiles 
of  same  area  entering  the  earth's  atmosphere  at  an  angle  of  30°  to 
the  horizontal  and  velocities  of  10,000,  20,000,  and  30,000  ft/sec 
(base  area— 10  sq  ft). 


(a)  VB=  10,000  ft/sec 

(b)  VE= 20,000  ft/sec 

(c)  VB= 30,000  ft/sec 

Figure  6. — Convective  heat  transferred  at  impact  to  conical  missiles  of 
same  volume  entering  the  earth's  atmosphere  at  an  angle  of  30°  to 
the  horizontal  and  velocities  of  10,000,  20,000,  and  30,000  ft/sec 
(volume  = 16.34  cu  ft). 

Missile  heating  calculated  in  this  manner  for  the  fixed-base- 
area  and  fixed -volume  cones  is  presented  in  figures  5 and  6, 
respectively.  Curves  for  missiles  having  densities  greater 
than  steel  are  considered  improbable  and  are  shown  as 
dashed  lines.  It  is  clear  that  for  both  classes  of  bodies,  when 
the  missile  is  relatively  heavy,  the  optimum  solution  is 
obtained  by  making  C/S  as  small  as  possible  (small  cone 
angle  case)  and  this  optimum  is  accentuated  with  increase  in 
speed.  On  the  other  hand,  when  the  missile  is  relatively 
light,  reduced  heating  is  obtained  by  making  C/S/CDA  as 
small  as  possible  (the  large  cone  angle  case).  It  is  noted 


1134 


REPORT  1381— NATIONAL  ADVISORY  COMMITTEE  FOR  AERONAUTICS 


also  that,  in  general,  the  advantage  of  reduced  heating  of  the 
relatively  light,  blunt  cones  is  more  pronounced  in  the  fixed  - 
base-area  case  than  in  the  fixed-volume  case. 

Maximum  time  rate  of  average  heat  input  per  unit  area. — 
It  was  previously  noted  that  the  maximum  time  rate  of 
average  heat  input  per  unit  area  may  be  of  serious  importance 
in  determining  the  structural  integrity  of  missiles  entering 
the  atmosphere  at  high  speeds.11  In  order  to  illustrate  this 
fact,  consider  the  case  of  a missile  having  a shell  made  of 
solid  material  and  assume  that  the  rate  of  heat  transfer  per 
unit  area  does  not  vary  rapidly  from  one  surface  element  to 
the  next.  Then  the  rate  of  transfer  of  heat  along  the  shell 
will  be  small  compared  with  the  rate  of  transfer  through  the 
shell.  The  shell  stress  due  to  heat  transfer  is  that  resulting 
from  the  tendency  toward  differential  expansion  through  the 
shell  and  it  is  proportional  to  dTJdy  where  Tv  is  the  tempera- 
ture at  any  point  y within  the  shell  and  y is  measured  per- 
pendicular from  the  shell  surface.  We  define  k , as  the 
thermal  conductivity  of  the  shell  material;  then  the  rate  at 
which  heat  transfers  through  the  shell  per  unit  area  is  kv(dTJ 
dy)  and  this  must,  at  y—i)}  equal  the  rate  of  heat  input  per 
unit  surface  area.  For  the  missile  considered  as  a whole, 
the  maximum  value  of  the  average  thermal  stress  in  the  shell 
is  a measure  of  the  over-all  structural  integrity  and  the 
maximum  value  of  this  stress  will  occur  at  the  surface  when 

dHav==l  / dQ\ 
dt  S\dt) 

is  a maximum. 

The  course  the  designer  should  take  to  minimize  the  ther- 
mal stress  for  the  missile  as  a whole  is  dependent,  as  for  the 
case  of  total  heat  input,  upon  whether  the  missile  is  relatively 
heavy  or  light.  For  the  relatively  heavy  missile  the  value 
of  B,  given  by  equation  (51),  is  small  compared  to  unity. 
The  maximum  value  of  the  average  thermal  stress  in  this 
case  is  proportional  to  (see  eq.  (41,)) 

dHa  A G/p0Vi 

~dT)0=—T~  (54) 

and,  hence,  the  least  average  thermal  stress  is  obtained  by 
making  C / a minimum.  On  the  other  hand,  for  the  rela- 
tively light  missile  the  maximum  value  of  the  average 
thermal  stress  is  proportional  to  (see  eq.  (37)) 

fdHav\  ( C y \ pmVE3  sin  0E 

Vir)r\C^) 6e (55) 

and,  hence,  the  least  average  thermal  stress  occurs  when 
C//CdA  is  a minimum. 

In  order  to  illustrate  these  considerations  in  greater  detail, 
the  maximum  values  of  the  time  rate  of  average  heat  input  per 
unit  area  have  been  calculated  for  the  constant-base-area  and 
the  constant-volume  cones  previously  discussed  in  the  section 
on  total  heat  input.  These  values  were  determined  in  much 
the  same  manner  as  those  of  total  heat  input,  with  the  excep- 
tion that  0/  was  evaluated  at  y2  (rather  than  1/1),  given  by 
equation  (38)  when  it  applies,  and  otherwise  at  2/0=  0-  The 
results  are  shown  in  figures  7 and  8.  It  is  seen  that  the 

» This  is  the  common  case  when  the  shell  material  acts  as  structural  support  and  must 
also  transport  or  absorb  the  heat. 


Missile  denser  than  steel 


0 20  40  60  80  100 

(c)  Cone  angle,  degrees 


(a)  VE=  10,000  ft/sec 

(b)  V*- 20,000  ft/sec 

(c)  VE=  30,000  ft/sec 

Figure  7. — Maximum  average  rate  of  convective  heat  transfer  to 
conical  missiles  of  the  same  base  area  entering  the  earth’s  atmosphere 
at  an  angle  of  30°  to  the  horizontal  and  velocities  of  10,000,  20,000, 
and  30,000  ft/sec  (base  area=10  sq  ft). 

maximum  values  of  average  thermal  stress  are  reduced  for 
both  the  slender  cones  and  blunt  cones  as  compared  to  the 
relatively  large  values  of  this  stress  experienced  by  cones 
of  intermediate  slenderness. 

Maximum  time  rate  of  local  heat  input  per  unit  area. — 

Perhaps  even  more  important  than  the  maximum  value  of 
the  average  shell  stress  is  the  maximum  stress  that  occurs 
in  the  shell  at  the  surface  element  of  the  missile  nose,12 
where  the  local  heat-transfer  rate  is  probably  the  greatest, 
for,  in  general,  this  latter  stress  is  many  times  larger.  In 
fact,  this  rate  of  local  heat  input  can  be  so  large  as  to  promote 

11  In  this  report  we  are  concerned  only  with  bodies.  If  wings  or  stabilizers  are  used,  their 
leading  edges  are  similarly  surface  elements  which  experience  intense  heat  transfer. 
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Missile  denser  thon  steel 


x 
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(a)  VE=  10,000  ft/sec 

(b)  VE=  20,000  ft/sec 

(c)  1^=30,000  ft/sec 

Figure  8. — Maximum  average  rate  of  convective  heat  transfer  to 
conical  missiles  of  the  same  volume  entering  the  earth’s  atmosphere 
at  an  angle  of  30°  to  the  horizontal  and  velocities  of  10,000,  20,000, 
and  30,000  ft/sec  (vo!ume=  16.34  cu  ft). 

temperature  gradients  through  the  shell  that  are  intolerable 
even  with  the  most  highly  conductive  materials  (copper, 
silver,  etc.).13  Thus  some  additional  means  of  cooling,  such 
as  transpiration  cooling,  may,  in  any  case,  be  required  in 
this  region. 

It  was  stated  previously  that  pointed-nose  bodies  are  un- 
desirable due,  in  part,  to  the  fact  that  the  local  heat- transfer 
rate  per  unit  area  at  the  tip  is  excessive.  The  validity  of  this 
statement  is  demonstrated  by  the  results  of  the  analysis. 
It  is  clear  (see  eq.  (44))  that  since  the  local  transfer  rate  varies 
inversely  with  the  square  root  of  the  tip  radius,  not  only 
should  pointed  bodies  be  avoided,  but  the  rounded  nose 


is  See  reference  1 for  further  discussion. 
526597—60 74 


should  have  as  large  a radius  as  possible.  The  question 
then  arises;  if  the  nose  radius  is  arbitrarily'  fixed,  what  course 
is  available  to  the  missile  designer  to  minimize  the  problem  of 
local  heating  at  the  stagnation  point?  From  both  equations 
(46)  and  (50),  it  is  seen  that  for  an  arbitrary  nose  radius,  if 
the  mass,  entry  speed,  and  flight-path  angle  are  fixed,  then 
the  only  way  to  reduce  the  stagnation  rate  of  heat  input 
per  unit  area  is  to  increase  the  product  CDA.  In  fact,  a 
relative  stagnation-point  heat-transfer  rate  per  unit  area, 
may  be  expressed  in  terms  of  B (see  eq.  (51)),  if  it  is  defined 
as  the  ratio  of  the  maximum  stagnation-point  heat-transfer 
rate  per  unit  area  for  a given  missile  to  the  maximum  rate 
the  same  missile  would  experience  if  it  were  infinitely  heavy. 
For  the  infinitely  heavy  missile,  the  maximum  rate  occurs 
at  sea  level  and  is  (see  eq.  (50)) 

6.8X10-6^TV 


so  that  from  equation  (50) 


3 CDp0A 

rP=e  SSSta ~^=e-  §*  (56) 


if  the  given  missile  also  attains  its  maximum  rate  at  sea  level 
(i.  e.,  y3=0;  eq.  (47));  whereas 


Vffm  sin  6E  _ 1 
3eCDp0A  “^3 Jb 


(57) 


if  the  given  missile  attains  its  maximum  rate  above  sea  level 
(eq.  (46),  yz  positive).  The  variation  of  with  l/B  is  shown 
in  figure  9.  Clearly,  the  high  pressure  drag  shape  has  the 
advantage  over  the  slender  shape  in  this  respect. 

In  order  to  illustrate  these  considerations  in  greater  detail, 
again  consider  the  constant-base-area  and  constant-volume 
cones  discussed  earlier.  Assume  the  pointed  tips  of  all  the 
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cones  are  replaced  by  spherical  tips  of  the  same  radius  <r. 
The  relative  effect  of  varying  the  cone  angle  on  the  stagna- 
tion-point heating  can  than  be  assessed  by  determining  the 
variation  of  the  product 


This  product  has  been  calculated  for  the  various  cones,  as- 
suming CD  to  be  unaffected  by  the  addition  of  the  hemi- 
spherical tip  (the  tip  radius  may  be  arbitrarily  small),  and 
the  results  are  shown  in  figures  10  and  11.  It  is  seen  again 
that  the  missiles  having  large  cone  angle  (high  drag  co- 
efficient) are  considerably  superior. 


(a)  V e—  10,000  ft/sec 
(I b ) VE= 20,000  ft/sec 
(c)  F£  = 30,000  ft/sec 

Figure  10. — Maximum  rate  of  convective  heat  transfer  to  the  stagna- 
tion point  of  spherically  tipped  cones  of  the  same  base  area  entering 
the  earth’s  atmosphere  at  an  angle  of  30°  to  the  horizontal  and 
velocities  of  10,000,  20,000,  and  30,000  ft/sec  (base  area=10  sq  ft). 


D 

<U 


(c)  Cone  angle,  degrees 

(a)  V^=  10,000  ft/sec 

(b)  V E= 20,000  ft/sec 

(c)  V e= 30,000  ft/sec 

Figure  11. — .Maximum  rate  of  convective  heat  transfer  to  the  stagna- 
tion point  of  spherically  tipped  cones  of  the  same  volume  entering 
the  earth’s  atmosphere  at  an  angle  of  30°  to  the  horizontal  and 
velocities  of  10,000,  20,000,  and  30,000  ft/sec  (volume=  16.34  cu  ft). 

DESIGN  CONSIDERATIONS  AND  CONCLUDING  REMARKS 

In  the  foregoing  analysis  and  discussion,  two  aspects  of  the 
heating  problem  for  missiles  entering  the  atmosphere  were 
treated.  The  first  concerned  the  total  heat  absorbed  by  the 
missile  and  was  related  to  the  coolant  required  to  prevent 
its  disintegration.  It  was  found  that  if  a missile  were 
relatively  light,  the  least  required  weight  of  coolant  (and. 
hence  of  missile)  is  obtained  with  a shape  having  a high 
pressure  drag  coefficient,  that  is  to  sa}7-,  a blunt  shape.  On 
the  other  hand,  it  was  found  that  if  the  missile  were  relatively 
heavy  the  least  required  weight  of  coolant,  and  hence  of 
missile,  is  obtained  with  a shape  having  a low  skin-friction 
drag  coefficient,  that  is  to  say,  a long  slender  shape. 

The  second  aspect  of  the  heating  problem  treated  was 
concerned  with  the  rate  of  heat  input,  particularly  with 
regard  to  thermal  shell  stresses  resulting  therefrom.  It  was 
seen  that  the  maximum  average  heat-input  rate  and,  hence, 
maximum  average  thermal  stress  could  be  decreased  by 
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using  either  a blunt  or.  a slender  missile,  while  missiles  of 
intermediate  slenderness  were  definitely  to  be  avoided  in 
this  connection.  The  region  of  highest  local  heat-transfer 
rate  and,  hence,  probably  greatest  thermal  stress  was 
reasoned  to  be  located  at  the  forward  tip  of  the  missile  in 
most  cases.  This  was  assumed  to  be  the  case  and  it  was 
found  that  the  magnitude  of  this  stress  was  reduced  by 
employing  a shape  having  the  largest  permissible  tip  radius 
and  over-all  drag  coefficient;  that  is  to  say,  the  blunt,  high 
drag  shape  always  appears  to  have  the  advantage  in  this 
respect. 

These  results  provide  us  with  rather  crude,  but  useful, 
bases  for  determining  shapes  of  missiles  entering  the  atmos- 
phere which  have  minimized  heat-transfer  problems.  If 
the  over-all  design  considerations  of  payload,  booster,  et  al, 
dictate  that  the  re-entry  missile  be  relatively  heavy  in  the 
sense  of  this  report,  then  it  may  be  most  desirable  to  make 
this  missile  long  and  slender,  especially  if  the  entry  speed  is 
very  high  (say  20,000  ft/sec  or  greater).  Perhaps  the  slender 
conical  shape  is  appropriate  for  such  a missile.  It  seems 
clear,  too,  that  the  tip  of  this  missile  should  be  given  the 
largest  practicable  nose  radius  in  order  to  minimize  the 
maximum  local  heat-transfer  rate  and  hence  maximum  local 
shell  stress  problem.  Even  then  it  may  be  necessary  to 
employ  additional  means  to  minimize  the  heat-transfer  rate 
and,  hence,  thermal  stress  encountered  in  this  region  (e.  g., 
by  transpiration  cooling). 

Let  us  now  consider  the  case  where  the  over-all  design 
conditions  dictate  that  the  re-entry  missile  be  relatively 
light  in  the  sense  of  this  report.  This  case  will  be  the  more 
usual  one  and,  therefore,  will  be  treated  at  greater  length. 

A shape  which  should  warrant  attention  for  such  missile 
application  is  the  sphere,  for  it  has  the  following  advantages: 

1.  It  is  a high  drag  shape  and  the  frictional  drag  is  only 

a few  percent  of  the  total  drag. 

2.  It  has  the  maximum  volume  for  a given  surface  area. 

3.  The  continuously  curved  surface  is  inherently  stiff 

and  strong. 

4.  The  large  stagnation-point  radius  significantly  assists 

in  reducing  the  maximum  thermal  stress  in  the 
shell. 

5.  Aerodynamic  forces  are  not  sensitive  to  attitude  and, 

hence,  a sphere  may  need  no  stabilizing  surfaces. 

6.  Because  of  this  insensitivity  to  attitude,  a sphere 

may  purposely  be  rotated  slowly,  and  perhaps  even 
randomly14  during  flight,  in  order  to  subject  all 
surface  elements  to  about  the  same  amount  of 
heating  and  thereby  approach  uniform  shell 
heating. 


i*  Note  that  if  rotation  is  permitted,  slow,  random  motion  may  be  required  in  order  to 
prevent  Magnus  forces  from  causing  deviation  of  the  flight  path  from  the  target.  It  should 
also  be  noted  that  at  subsonic  and  low  supersonic  speeds  gun-fired  spheres,  presumably  not 
rotating,  have  shown  rather  large  lateral  motions  in  flight  (see  ref.  10).  It  is  not  known 
whether  such  behavior  occurs  at  high  supersonic  speeds. 
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On  the  other  hand,  the  sphere,  in  common  with  other  very 
high  drag  shapes  may  be  unacceptable  if: 

1.  The  low  terminal  speed  cannot  be  permitted  (e.  g., 

because  of  excessive  wind  drift). 

2.  The  magnitude  of  the  maximum  deceleration  is 

greater  than  can  be  allowed. 

The  first  of  these  disadvantages  of  the  sphere  might  be 
minimized  by  protruding  a flow-separation-inducing  spike 
from  the  front  of  the  sphere  to  reduce  the  drag  coefficient 
to  roughly  half  (see  ref.  11).  Stabilization  would  now  be 
required  but  only  to  the  extent  required  to  counterbalance 
the  moment  produced  by  the  spike.  Special  provision  would 
have  to  be  made  for  cooling  the  spike. 

Both  of  the  disadvantages  of  very  high  drag  shapes  may 
however  be  alleviated  by  using  variable  geometry  arrange- 
ments. For  example,  an  arrangement  which  suggests  itself 
is  a round-nosed  shape  with  conical  afterbody  of  low  apex 
angle  emplo3nng  an  extensible  skirt  at  the  base.  With  the 
skirt  flared,  the  advantages  of  high  drag  are  obtained  during 
the  entry  phase  of  flight  where  the  aerodynamic  heating  is 
intense.  Later,  the  skirt  flare  may  be  decreased  to  vary  the 
drag  so  as  to  produce  the  desired  deceleration  and  speed 
history.  If  the  deceleration  is  specified  in  the  equation  of 
motion  (see  motion  analysis),  the  required  variation  of  drag 
coefficient  with  altitude  can  be  calculated. 

The  examples  considered,  of  course,  are  included  only  to 
demonstrate  some  of  the  means  the  designer  has  at  hand  to 
control  and  diminish  the  aerodynamic  heating  problem. 
For  simplicity,  this  problem  has  been  treated,  for  the  most 
part,  in  a relative  rather  than  absolute  fashion.  In  any 
final  design,  there  is,  clearly,  no  substitute  for  step-by-step 
or  other  more  accurate  calculation  of  both  the  motion  and 
aerodynamic  heating  of  a missile. 

Even  from  a qualitative  point  of  view,  a further  word  of 
caution  must  be  given  concerning  the  analysis  of  this  paper. 
In  particular,  throughout,  we  have  neglected  effects  of 
gaseous  imperfections  (such  as  dissociation)  and  shock-wave 
boundary-layer  interaction  on  convective  heat  transfer  to 
a missile,  and  of  radiative  heat  transfer  to  or  from  the 
missile.  One  would  not  anticipate  that  these  phenomena 
would  significantly  alter  the  conclusions  reached  on  the 
relative  merits  of  slender  and  blunt  shapes  from  the  stand- 
point of  heat  transfer  at  entrance  speeds  at  least  up  to  about 
10,000  feet  per  second.  It  cannot  tacitly  be  assumed, 
however,  that  this  will  be  the  case  at  higher  entrance  speeds 
(see  Appendix  B).  Accurate  conclusions  regarding  the 
dependence  of  heat  transfer  on  shape  for  missiles  entering 
the  atmosphere  at  extremely  high  supersonic  speeds  must 
await  the  availability  of  more  reliable  data  on  the  static  and 
dynamic  properties  of  air  at  the  high  temperatures  and 
pressures  that  will  be  encountered. 

Ames  Aeronautical  Laboratory 

National  Advisory  Committee  for  Aeronautics 
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SYMBOLS 


A 

B 

Od 

C, 


0/ 


cv 


cv 

F',F",F'" 

g 


h 


reference  area  for  drag  evaluation,  ft2 
body  factor,  dimensionless 
(See  eq.  (51).) 

drag  coefficient,  dimensionless 
skin-friction  coefficient  based  on  conditions  just 
outside  the  boundary  layer,  dimensionless 
equivalent  skin-friction  coefficient,  dimensionless 
(See  eq.  (28).) 


specific  heat  at  constant  pressure, 


ft-lb 
slug  °R 


specific  heat  at  constant  volume, 


ft-lb 
slug  °R 


functions  of  y,  dimensionless 
(See  eqs.  (18),  (19),  and  (49).) 
acceleration  due  to  force  of  gravity 

( taken  as  32.2 
\ secv 


convective  heat-transfer  coefficient, 


ft-lb 

ft2  sec  °R 


H 

k 

m 

M 

Nu 

Pr 

Q 

Re 

S 

T 

t 

V 


heat  transferred  per  unit  area, 


ft-lb 

ft2 


thermal  conductivity, 


ft-lb 

sec  ft2  (°R/ft) 


mass,  slugs 

Mach  number,  dimensionless 
Nusselt  number,  dimensionless 
Prandtl  number,  dimensionless 
total  heat  transferred,  ft-lb 
Reynolds  number,  dimensionless 
surface  area,  ft2 

temperature  (ambient  temperature  of  air  at 
altitude  y unless  otherwise  specified),  °R 
time,  sec 

velocity,  — 

J * sec 


*,y 


Z 


P 

y 

A 

V 

6 

V 
P 

(j 

* 


0 

1 

2 

3 

E 

l 

r 

s 

V) 

V 


horizontal  and  vertical  distance  from  impact 
point,  ft 

ft2 

variable  of  integration,  — ^ 

sec 

constant  in  density — altitude  relation,  ft-1 
(See  eq.  (2).) 

ratio  of  specific  heat  at  constant  pressure  to 
specific  heat  at  constant  volume,  CV!CV 
dimensionless 
increment 

distance  within  the  shell  measured  normal  to 
shell  surface,  ft 

angle  of  flight  path  with  respect  to  horizontal, 
deg 

coefficient  of  absolute  viscosity, 

air  density, 
radius,  ft 

relative  heat-transfer  factor,  dimensionless 
(See  eqs.  (56)  and  (57).) 

SUBSCRIPTS 

conditions  at  sea  level  (y= 0) 
conditions  at  altitude  yx  (eq.  (15)) 
conditions  at  altitude  y2  (eq.  (38)) 
conditions  at  altitude  yz  (eq.  (47)) 
conditions  at  entrance  to  earth’s  atmosphere 
local  conditions 
recovery  conditions 
stagnation  conditions 
wall  conditions 

conditions  within  the  shell  of  the  missile 
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APPENDIX  B 

SIMPLIFYING  ASSUMPTIONS  IN  THE  CALCULATION  OF  AERODYNAMIC  HEATING 


As  noted  in  the  main  body  of  the  report,  the  heating 
analysis  is  simplified  by  making  the  following  assumptions: 

1.  Convective  heat  transfer  is  of  foremost  importance; 

that  is,  radiative  effects  may  be  neglected. 

2.  Effects  of  gaseous  imperfections,  in  particular  dis- 

sociation, may  be  neglected. 

3.  Effects  of  shock-wave  boundary-layer  interaction 

may  be  neglected. 

4.  Re}'noldsJ  analogy  is  applicable. 

5.  Prandtl  number  is  unity. 

The  restrictions  imposed  by  these  assumptions  will  now  be 
considered  in  some  detail. 

In  assumption  1,  two  simplifications  are  involved;  namely, 

(1)  radiation  from  the  surface  of  the  body  is  neglected,  and 

(2)  radiation  to  the  body  from  the  high-temperature  dis- 
turbed air  between  the  shock  wave  and  the  surface  is  neg- 
lected. The  first  simplification  may  be  justified  on  the 
premise  that  the  maximum  allowable  surface  temperature 
will  be  about  the  same  for  one  body  as  compared  with 
another,  irrespective  of  shape,  and,  consequently,  radiation 
away  from  the  surface  will  be  approximately  the  same. 
Hence,  neglecting  this  form  of  heat  transfer  should  not 
appreciably  change  the  relative  heating  which  is  of  principal 
interest  in  this  paper. 

The  second  simplification  of  ignoring  radiative  heat  trans- 
fer from  the  disturbed  air  to  the  body  is  not  so  easily  treated. 
At  ordinary  flight  speeds  this  form  of  heat  transfer  is  neg- 
ligible since  it  is  well  established  that  at  temperatures  not 
too  different  from  ambient  temperature,  air  is  both  a poor 
radiator  and  a poor  absorber.  At  the  flight  speeds  of 
interest,  temperatures  in  the  tens  of  thousands  of  degrees 
Fahrenheit  may  be  easily  obtained  in  the  disburbed  air  flow, 
especially  about  the  heavier  blunt  bodies.  At  these  temper- 
atures it  does  not  follow,  a priori,  that  ah  is  a poor  radiator. 
Data  on  the  properties  of  ah  at  these  temperatures  are 
indeed  meager.  Hence,  it  is  clear  that  calculations  of 
radiative  heat  transfer  from  ah  under  these  conditions  must, 
at  best,  be  qualitative.  Nevertheless,  several  such  calcula- 
tions have  been  made,  assuming  for  lack  of  better  informa- 
tion that  air  behaves  as  a grey  body  radiator  and  that 
WeuTs  law  may  be  used  to  relate  the  wave  length  at  which 
the  maximum  amount  of  radiation  is  emitted  to  the  temper- 
ature of  the  ah  (this  assumption,  in  effect,  enables  low- 
temperature  data  on  the  emissivity  of  air  to  be  used  in 
calculating  radiation  at  high  temperatures) . In  these 
calculations  effects  of  dissociation  in  reducing  the  temper- 
ature of  the  disturbed  ah  have  also  been  neglected  and 
hence  from  this  standpoint,  at  least,  conservative  (i.  e.,  too 
high)  estimates  of  radiative  heat  transfer  should  evolve. 
The  results  of  these  calculations  indicate  the  following:  (1) 


Radiative  heat  transfer  from  the  disturbed  ah  to  the  body 
is  of  negligible  importance  compared  to  convective  heat 
transfer  at  entrance  speeds  in  the  neighborhood  of,  or  less 
than,  10,000  feet  per  second;  (2)  Radiative  heat  transfer,  in 
the  case  of  relatively  massive  blunt  bodies,  may  have  to 
be  considered  in  heat-transfer  calculations  at  entrance  speeds 
in  the  neighborhood  of  20,000  feet  per  second;  (3)  Radiative 
heat  transfer,  in  the  case  of  relatively  massive  blunt  bodies, 
may  be  of  comparable  importance  to  convective  heat  transfer 
at  entrance  speeds  in  the  neighborhood  of  30,000  feet  per 
second.  From  these  results,  we  conclude,  then,  that  the 
neglect  of  radiative  heat  transfer  from  the  disturbed  ah 
to  the  body  is  probably  permissible  for  all  except,  perhaps, 
very  blunt  and  heavy  shapes  at  entrance  speeds  up  to  20,000 
feet  per  second.  However,  this  simplification  may  not  be 
permissible,  especially  in  the  case  of  heavy  blunt  bodies 
entering  the  atmosphere  at  speeds  in  the  neighborhood  of,  or 
greater  than,  30,000  feet  per  second. 

In  assumption  2,  the  neglect  of  effects  of  gaseous  imper- 
fections, particularly  dissociation,  on  convective  heat  transfer 
would  appear  to  be  permissible  at  entrance  speeds  up  to 
and  in  the  neighborhood  of  10,000  feet  per  second,  since  at 
such  speeds  the  temperatures  of  the  disturbed  air  are  not 
high  enough  for  these  imperfections  to  become  significantly 
manifest.  On  the  other  hand,  as  the  entrance  speeds  ap- 
proach 20,000  feet  per  second,  temperatures  of  the  disturbed 
air  may  easily  exceed  10,000°  Rankine,  in  which  case  appre- 
ciable dissociation  may  be  anticipated,  inside  the  boundary 
layer  for  all  bodies,  and  inside  and  outside  the  boundary 
layer  in  the  case  of  blunt  bodies.  The  magnitude  of  these 
effects  is  at  present  in  some  doubt  (see,  e.  g.,  the  results 
of  refs.  12  and  13.)  Hence,  for  the  present,  the  neglect  of 
effects  of  gaseous  imperfections  on  convective  heat  transfer 
is  not  demonstrably  permissible  at  entrance  speeds  in  the 
neighborhood  of  20,000  feet  per  second  or  greater. 

In  assumption  3,  it  has  been  shown  by  Lees  and  Probstein 
(ref.  14),  and  more  recently  by  Li  and  Nagamatsu  (ref.  15), 
that  shock-wave  boundary-layer  interaction  may  signifi- 
cantly increase  laminar  skin-friction  coefficients  on  a flat 
plate  at  zero  incidence  and  Mach  numbers  in  excess  of  about 
10.  Lees  and  Probstein  found  somewhat  the  opposite  effect 
on  heat-transfer  rate  in  the  case  of  weak  interaction.  It  is 
not  now  known  how  this  phenomenon  depends  upon  body 
shape  or  type  of  boundary  layer.  However,  it  is  reasonable 
to  anticipate  that  there  will  be  some  effect,  and  certainly  if 
the  skin-friction  coefficient  is  Increased  in  order  of  magnitude 
at  Mach  numbers  approaching  20,  as  indicated  by  the 
results  of  Li  and  Nagamatsu  for  strong  interaction,  then 
the  phenomenon  cannot  be  presumed  negligible.  Hence, 
we  conclude  that  from  this  standpoint,  also,  the  convective 
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beat-transfer  calculations  of  this  report  may  be  in  error  at 
entrance  speeds  of  the  order  of  20,000  feet  per  second  or 
greater. 

The  assumption  that  Reynolds'  analogy  may  be  used  to 
relate  skin-friction  and  heat-transfer  coefficient  does  not, 
especially  in  the  light  of  recent  work  by  Rubesin  (ref.  16), 
seem  out  of  line  with  the  purposes  of  this  paper,  at  least  at 
entrance  speeds  up  to  and  in  the  neighborhood  of  10,000 
feet  per  second.  However,  it  does  not  follow,  a priori,  that 
this  assumption  remains  valid  at  substantially  higher 
entrance  speeds,  especially  in  view  of  the  imperfect  gas  and 
shock-wave  boundary-layer-interaction  effects  already  dis- 
cussed. 

The  assumption  of  Prandtl  number  equal  to  unity  would 
also  appear  permissible  for  the  analysis  of  relative  heating 
of  missiles  at  the  lower  entrance  speeds  considered  here. 
However,  in  view  of  the  questionable  effect  (see  again  refs. 
12  and  13)  of  dissociation  on  Prandtl  number,  it  is  not  clear 
that  this  assumption  is  strictly  valid  at  the  intermediate 
and  higher  entrance  speeds  treated  in  this  report. 

From  these  considerations  it  is  concluded  that  the  simpli- 
fying assumptions  made  in  the  main  heat-transfer  analysis 
of  this  paper  will  not  significantly  influence  the  results  at 
entrance  speeds  in  the  neighborhood  of  or  less  than  10,000 
feet  per  second.  However,  at  entrance  speeds  in  the 
neighborhood  of  and  greater  than  20,000  feet  per  second, 
these  results  must  be  viewed  with  skepticism.  More  accu- 
rate calculations  of  heat  transfer  at  these  speeds  must, 
among  other  things,  await  more  accurate  determinations  of 
both  the  static  and  dynamic  properties  of  air  under  these 
circumstances. 
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A COMPARATIVE  ANALYSIS  OF  THE  PERFORMANCE  OF 
LONG-RANGE  HYPERVELOCITY  VEHICLES  1 

By  Alfred  J.  Eggers,  Jr.,  H.  Julian  Allen,  and  Stanford  E.  Neice 


SUMMARY 

Long-range  hypervelocity  vehicles  are  studied  in  terms  of  their 
motion  in  powered  flight , and  their  motion  and  aerodynamic 
heating  in  unpowered  flight.  Powered  flight  is  analyzed  for 
an  idealized  propulsion  system  which  approximates  rocket 
motors . Unpowered  flight  is  characterized  by  a return  to  earth 
along  a ballistic,  skip , or  glide  trajectory.  Only  those  trajectories 
are  treated  which  yield  the  maximum  range  for  a given  velocity 
at  the  end  of  powered  flight . Aerodynamic  heating  is  treated 
in  a manner  similar  to  that  employed  previously  by  the  senior 
authors  in  studying  ballistic  missiles  (NACA  Rep.  1881), 
with  the  exception  that  radiant  as  well  as  convective  heat  transfer 
is  considered  in  connection  with  glide  and  skip  vehicles. 

The  ballistic  vehicle  is  found  to  be  the  least  efficient  of  the 
several  types  studied  in  the  sense  that  it  generally  requires  the 
highest  velocity  at  the  end  of  powered  flight  in  order  to  attain  a 
given  range.  This  disadvantage  may  be  of  set,  however , by 
reducing  convective  heat  transfer  to  the  re-entry  body  through 
the  artifice  of  increasing  pressure  drag  in  relation  to  friction 
drag — that  is,  by  using  a blunt  body.  Thus  the  kinetic  energy 
required  by  the  vehicle  at  the  end  of  powered  flight  may  be 
reduced  by  minimizing  the  mass  of  coolant  material  involved. 

The  glide  vehicle  developing  lift-drag  ratios  in  the  neighbor- 
hood of  and  greater  than  4 is  far  superior  to  the  ballistic  vehicle 
in  ability  to  convert  velocity  into  range.  It  has  the  disadvantage 
of  having  far  more  heat  convected  to  it;  however,  it  has  the 
compensating  advantage  that  this  heat  can  in  the  main  be 
radiated  back  to  the  atmosphere.  Consequently,  the  mass  of 
coolant  material  may  be  kept  relatively  low. 

The  skip  vehicle  developing  lift-drag  ratios  from  about  1 to  4 
is  found  to  be  superior  to  comparable  ballistic  and  glide  vehicles 
in  converting  velocity  into  range.  At  lift-drag  ratios  below  1 it 
is  found  to  be  about  equal  to  comparable  ballistic  vehicles  while 
at  lift- drag  ratios  above  4 it  is  about  equal  to  comparable  glide 
vehicles.  The  skip  vehicle  experiences  extremely  large  loads, 
however,  and  it  encounters  most  severe  aerodynamic  heating. 

As  a final  performance  consideration,  it  is  shown  that  on  the 
basis  of  equal  ratios  of  mass  at  take-off  to  mass  at  the  end  of 
powered  flight,  the  hypervelocity  vehicle  compares  favorably 
with  the  supersonic  airplane  for  ranges  in  the  neighborhood  of 
and  greater  than  one  half  the  circumference  of  the  earth.  In  the 
light  of  this  and  previous  findings,  it  is  concluded  that  the 
ballistic  and  glide  vehicles  have,  in  addition  to  the  advantages 


usually  ascribed  to  great  speed,  the  attractive  possibility  of  pro- 
viding relatively  efficient  long-range  flight. 

Design  aspects  of  manned  hypervelocity  vehicles  are  touched 
on  briefly.  It  is  indicated  that  if  such  a vehicle  is  to  develop 
relatively  high  lift-drag  ratios,  the  wing  and  tail  surfaces  should 
have  highly  swept,  rounded  leading  edges  in  order  to  alleviate 
the  local  heating  problem  with  minimum  drag  penalty.  The 
nose  of  the  body  should  also  be  rounded  somewhat  to  reduce 
local  heating  rates  in  this  region.  If  a manned  vehicle  is  de- 
signed for  global  range  flight,  the  large  majority  of  lift  is  ob- 
tained from  centrifugal  force,  and  aerodynamic  lift-drag  ratio 
becomes  of  secondary  importance  while  aerodynamic  heating 
becomes  of  primary  importance.  In  this  case  a glide  vehicle 
which  enters  the  atmosphere  at  high  angles  of  attack,  and  hence 
high  lift,  becomes  especially  attractive  with  a more  or  less 
rounded  bottom  to  minimize  heating  over  the  entire  lower  surface. 
The  blunt  ballistic  vehicle  is  characterized  by  especially  low 
heating,  and  it  too  may  be  a practical  manned  vehicle  for  ranges 
in  excess  of  semiglobal  if  great  care  is  taken  in  supporting  the 
occupant  to  withstand  the  order  of  10  g’s  maximum  deceleration 
encountered  during  atmospheric  entry . 

INTRODUCTION 

It  is  generally  recognized  that  hypervelocity  vehicles  are 
especially  suited  for  military  application  because  of  the  great 
difficulty  of  defending  against  them.  It  is  also  possible 
that  for  long-range  operation,  hypervelocity  vehicles  may 
not  be  overly  extravagant  in  cost.  A satellite  vehicle,  for 
example,  can  attain  arbitrarily  long  range  with  a finite  speed 
and  hence  finite  energy  input.  E.  Sanger  was  among  the 
first  to  recognize  this  favorable  connection  between  speed 
and  range  (ref.  1)  and  was,  with  Bredt,  perhaps  the  first  to 
exploit  the  speed  factor  in  designing  a long-range  bomber 
(ref.  2).  This  design  envisioned  a rocket-boost  vehicle 
attaining  hypervelocities  at  burnout  and  returning  to  earth 
along  a combined  skip-glide  trajectory.  Considerable  at- 
tention was  given  to  the  propulsion  and  motion  analysis; 
however,  little  attention  was  given  to  what  is  now  con- 
sidered to  be  a principal  problem  associated  with  any  type 
of  hypersonic  aircraft,  namely  that  of  aerodynamic  heating. 
In  addition,  the  category  of  expendable  vehicles,  perhaps 
best  characterized  by  the  ballistic  missile,  was  not  treated. 

Since  the  work  of  Sanger  and  Bredt  there  have  been,  of 
course,  many  treatments  of  long-range  hyper  velocity  vehi- 


i Supersedes  NACA  Technical  Note  4046  by  Alfred  J.  Eggers,  Jr.,  H.  Julian  Allen,  and  Stanford  E.  Neice,  1957. 
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cles  in  which  the  propulsion,  motion,  and  heating  problems 
have  been  studied  in  considerable  detail.  However,  these 
analyses  have  been  devoted  in  the  main  to  particular  designs 
and  are  not  intended  to  reveal,  for  example,  the  relative  ad- 
vantages and  disadvantages  of  ballistic-,  skip-,  and  glide- 
type  vehicles.  Furthermore,  it  appears  that  the  extent  to 
which  these  vehicles  can  compete  on  a simple  efficiency  basis 
with  lower  speed  aircraft  of  either  the  expendable  or  non- 
expendable type  has  not  been  well  established. 

It  has  therefore  been  undertaken  in  the  present  report  to 
make  a comparative  analysis  of  the  performance  of  hyper- 
velocity vehicles  having  ballistic,  skip,  and  glide  trajectories. 
An  idealized  propulsion  system,  whose  performance  approxi- 
mates that  of  rocket  motors,  is  assumed.  The  motion 
analysis  is  simplified  by  treating,  for  the  most  part,  only 
optimum  trajectories  yielding  the  maximum  range  for 
given  initial  kinetic  energy  per  unit  mass  in  the  unpowered 
portion  of  flight.  Aerodynamic  heating  is  treated  in  a man- 
ner analogous  to  that  employed  by  the  senior  authors  in 
studying  ballistic  missiles  (ref.  3)  with  the  exception  that 
radiant  heat  transfer,  as  well  as  convective  heat  transfer,  is 
considered  in  the  treatment  of  glide  and  skip  vehicles.  The 
efficiencies  of  these  vehicles  are  compared  with  supersonic 
aircraft  with  typical  air-breathing  power  plants. 
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NOTATION 

reference  area  for  lift  and  drag  evaluation,  sq  ft 
specific  heat  of  vehicle  material,  ft-lb/slug  °R 
drag  coefficient 
lift  coefficient 
skin-friction  coefficient 

equivalent  skin-friction  coefficient  (see  eq.  (40)) 
specific  heat  of  air  at  constant  pressure,  ft-lb/slug 
°R 

specific  heat  of  air  at  constant  volume,  ft-lb/slug 
°R 

drag,  lb 

Naperian  logarithm  base 
performance  efficiency  factor  (see  eq.  (85)) 
general  functional  designation 
functions  of  A J,  (see  eqs.  (74)  and  (80)) 
ratio  of  maximum  deceleration  to  gravity 
acceleration  (32.2  ft/sec2) 
acceleration  due  to  force  of  gravity,  ft/sec2 
convective  heat-transfer  coefficient,  ft-lb/ft2  sec 
°R 

convective  heat  transferred  per  unit  area  (unless 
otherwise  designated),  ft-lb/ft2 
specific  impulse,  sec 

range  parameter  for  glide  vehicle  (see  eq.  (68)) 
Stefan-Boltzmann  constant  for  black  body 
radiation  (3.7 X10"10  ft-lb/ft2  sec  °R4) 
constant  in  stagnation  point  heat-transfer  equa- 
tion, slug  1/2/ft  (see  eq.  (44)) 
lift,  lb 
mass,  slugs 
Mach  number 

convective  heat  transferred  (unless  otherwise 
designated),  ft-lb 
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distance  from  center  of  the  earth,  ft 
radius  of  curvature  of  flight  path,  ft 
radius  of  earth,  ft 
range,  ft 

distance  along  flight  path,  ft 
surface  area,  sq  ft 
time,  sec 

temperature  (ambient  air  temperature  unless 
otherwise  specified),  °R 
velocity,  ft/sec 

ratio  of  velocity  to  satellite  velocity 
velocity  of  satellite  at  earth's  surface  (taken  as 
25,930  ft/sec) 
weight,  lb 

vertical  distance  from  surface  of  earth,  ft 
angle  of  attack,  radians  unless  otherwise  speci- 
fied 

constant  in  density-altitude  relation,  (22,000  ft"1 ; 
see  eq.  (15)) 

ratio  of  specific  heats,  CpjCv 
semivertex  angle  of  cones,  radians  unless  other- 
wise specified 
increment 

lift-drag  efficiency  factor,  (see  eq.  (B27)) 
angle  of  flight  path  to  horizontal,  radians  unless 
otherwise  specified 
leading  edge  sweep  angle,  deg 
air  density,  slugs/cu  ft  (p0—  0.0034) 
nose  or  leading-edge  radius  of  body  or  wing,  ft 
partial  range,  radians 
total  range,  radians 
remaining  range  ($— <p),  radians 

Subscripts 

conditions  at  zero  angle  of  attack 
conditions  at  end  of  particular  rocket  stages 
conditions  at  point  of  maximum  average  heat- 
transfer  rate 
average  values 

conditions  at  point  of  maximum  local  heat- 
transfer  rate 
convection 
effective  values 

conditions  at  entrance  to  earth's  atmosphere 

conditions  at  exit  from  earth's  atmosphere 

conditions  at  end  of  powered  flight 

initial  conditions 

local  conditions 

ballistic  phases  of  skip  vehicles 

total  number  of  rocket  stages 

pressure  effects 

pay  load 

recovery  conditions 
radiation 

stagnation  conditions 
total  values 
wall  conditions 
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GENERAL  CONSIDERATIONS 

In  the  following  analysis  of  long-range  hypervelocity 
vehicles,  only  flight  in  planes  containing  the  great  circle 
arc  between  take-off  and  landing  is  considered.  The  flight 
is  thought  of  in  two  phases:  (a)  the  powered  phase  in  which 
sufficient  kinetic  energy,  as  well  as  control,  is  imparted  to  the 
vehicle  to  bring  it  to  a prescribed  velocity,  orientation,  and 
position  in  space;  and  (b)  the  unpowered  phase,  in  which  the 
vehicle  travels  to  its  destination  under  the  influence  of 
gravity  and  aerodynamic  forces. 

The  analyses  of  motion  and  aerodynamic  heating  during 
unpowered  flight  will,  of  necessity,  differ  widely  for  the 
several  types  of  vehicles  under  consideration.  On  the  other 
hand,  motion  in  the  powered  phase  is  conveniently  treated 
by  a method  common  to  all  vehicles.  The  study  of  powered 
flight  and  its  relation  to  range  is  therefore  taken  as  a starting 
point  in  the  analysis. 


POWERED  FLIGHT  AND  THE  BREGUET  RANGE  EQUATION 

In  this  part  of  the  study,  the  following  simplifying  as- 
sumptions are  made:  (a)  aerodynamic  heating  can  be 
neglected  on  the  premise  that  high  flight  speeds  are  not 
attained  until  the  vehicle  is  in  the  rarefied  upper  atmosphere;2 

(b)  sufficient  stability  and  control  is  available  to  provide 
proper  orientation  and  positioning  of  the  vehicle  in  space; 

(c)  the  distance  traveled  while  under  power  is  negligible  by 
comparison  to  the  overall  range;  and  finally,  (d)  the  thrust 
is  very  large  compared  to  the  retarding  aerodynamic  and 
gravity  forces.  In  terms  of  present-day  power  plants,  the 
last  assumption  is  tantamount  to  assuming  a rocket  drive 
for  the  vehicle. 

The  velocity  at  burnout  of  the  first  stage  of  a multistage 
rocket  (or  the  final  velocity  of  a single-stage  rocket)  can  then 
be  expressed  as  (see,  e.  g.,  ref.  4) : 


where  the  initial  velocity  is  taken  as  zero.  In  this  expression, 
rrii  and  mfl  represent  the  mass  of  the  vehicle  at  the  beginning 
and  ending  of  first-stage  flight,  and  Vfl—Vfl/Vs  where  Vs= 
^fgr0= 25,930  feet  per  second  is  the  satellite  velocity  at  the 
surface  of  the  earth.  The  coefficient  g is  the  acceleration  due 
to  gravity  and  is,  along  with  the  specific  impulse  7,  con- 
' sidered  constant  in  this  phase  of  the  analysis.  The  final 
velocity  of  the  vehicle  at  the  end  of  the  N stages  of  powered 
flight  can  be  expressed  as 


&)] 


(2) 


where  the  initial  mass  of  any  given  stage  differs  from  the 
final  mass  of  the  previous  stage  by  the  amount  of  structure, 
etc.,  jettisoned. 

Now  let  us  define  an  equivalent  single-stage  rocket  having 
the  same  initial  and  final  mass  as  the  W-stage  rocket  and  the 


same  initial  and  final  velocity.  There  is,  then,  an  effective 
specific  impulse  defined  by 

, _M]  . 
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whereby  equation  (2)  can  be  written  as 


The  effective  specific  impulse  Ie  is  always  somewhat  less 
than  the  actual  specific  impulse,  but  for  an  efficient  design 
they  are  not  too  different.  Throughout  the  remainder  of 
the  analysis  the  effective  impulse  Ie  wall  be  used. 

Equation  (4)  might  be  termed  the  "ideal  power  plant” 
equation  for  accelerated  flight  because,  when  considered  in 
combination  with  the  assumptions  underlying  its  develop- 
ment, attention  is  naturally  focused  on  the  salient  factors 
leading  to  maximum  increase  in  velocity  for  given  expendi- 
ture of  propellant.  Thus  the  thrust  acts  only  in  over- 
coming inertia  forces,  and  the  increase  in  vehicle  velocity 
is  directly  proportional  to  the  exhaust  velocity  ( gl ) of  the 
propellant. 

Now  we  recognize  that  an  essential  feature  of  the  hyper- 
velocity vehicles  under  study  here  is  that  they  use  their 
velocity  (or  kinetic  energy  per  unit  mass)  to  obtain  range. 
For  this  reason,  equation  (4)  also  constitutes  a basic  per- 
formance equation  for  these  vehicles  because  it  provides 
a connecting  link  between  range  requirements  and  power- 
plant  requirements. 

In  addition  to  comparing  various  types  of  hypervelocity 
vehicles,  our  attention  will  also  be  focused  upon  comparison 
of  these  vehicles  with  lower  speed,  more  conventional  types 
of  aircraft.  For  this  purpose  it  is  useful  to  develop  an 
alternate  form  of  equation  (4).  We  observe  that  the 
kinetic  energy  imparted  to  the  vehicle  is 

\ m,V/ 

This  energy  is  equated  to  an  effective  work  done,  defined  as 
the  product  of  the  range  traveled  and  a constant  retarding 
force.  (Note  that  the  useful  kinetic  energy  at  the  end  of 
powered  flight  is  zero.)  This  force  is  termed  the  "effective 
drag”  De . Thus 

DeR=hmfVf2  (5) 

where  R is  flight  range  measured  along  the  surface  of  the 
earth.  Similarly,  we  may  define  an  "effective  lift”  Le> 
equal  to  the  final  weight  of  the  vehicle 

Le=Wf=mfg 

from  which  it  follows  that  equation  (5)  may  be  written  as 


where  (L/D)e  is  termed  the  "effective  lift-drag  ratio.” 
Combining  equations  (4)  and  (6) , we  obtain 


j This  assumption  is  in  the  main  permissible.  A possible  exception  occurs,  however,  with 
the  glide  vehicle  for  which  heat-transfer  rates  near  the  end  of  powered  flight  can  be  comparable 
to  those  experienced  in  unpowered  gliding  flight 


(7) 
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where 


(8) 


— =2  tan-1  /sin  — C0S  — 
1 =4 — cos2#, 

W 


(11) 


and  represents  an  “effective”  flight  velocity  of  the  vehicle. 
Equation  (7)  will  prove  useful  in  comparing  hypersonic 
vehicles  with  conventional  aircraft  because  of  its  analogy 
to  the  Breguet  range  equation, 


where  the  angle  of  incidence  6r  is  considered  positive.  In 
order  to  determine  the  optimum  trajectory  giving  maximum 
range  for  a given  velocity  V/;  equation  (11)  is  differentiated 
with  respect  to  Bf  and  equated  to  0,'  yielding 


R-iivHm)  <9) 

It  will  also  prove  useful  to  have  equation  (7)  in  the  dimen- 
sionless form  obtained  by  dividing  through  with  r0,  the 
radius  of  the  earth.  In  this  case  we  have 

MS;)  <“» 

where  $ is  the  range  in  radians  of  arc  traversed  along  the 
surface  of  the  earth. 

MOTION  IN  UNPOWERED  FLIGHT 

Ballistic  trajectory. — In  studying  the  motion  of  long-range 
vehicles  in  this  trajectory,  advantage  is  taken  of  the  fact 
that  the  traverse  through  the  earth’s  atmosphere  generally 
forms  only  a small  part  of  the  total  trajectory.  Therefore, 
the  deflection  and  deceleration  encountered  in  the  re-entry 
phase  (discussed  in  detail  in  ref.  3)  are  neglected  in  the 
computation  of  the  total  range  and  rotation  of  the  earth  is 
neglected  in  this  and  all  other  phases  of  the  analysis.  With 
the  added  simplification  that  the  contribution  to  range  of 
the  powered  phase  of  flight  is  negligible,  the  ballistic  tra- 
jectory becomes  one  of  Kepler’s  planetary  ellipses,  the 
major  axis  of  which  bisects  the  total  angle  of  arc  3>  traveled 
around  the  earth.  For  the  trajectories  of  interest  here 
(Fr<l),  the  far  focus  of  the  ellipse  is  at  the  mass  center 
of  the  earth.  For  purposes  of  range  computation,  then,  the 
ballistic  vehicle  leaves  and  returns  to  the  earth’s  surface 
at  the  same  absolute  magnitude  of  velocity  and  incidence 
(see  sketch) . 


The  expression  for  range  follows  easily  from  the  equation 
of  the  ellipse  (see,  e.  g.,  ref.  5)  and  can  be  written 


— V,2  ^ 

F/2=v/j=1-tan2^ 

r r (12) 

$=-=.-4^  J 

Equations  (11)  and  (12)  have  been  employed  to  determine 
velocity  as  a function  of  incidence  for  various  values  of 
range  and  the  results  are  presented  in  figure  1.  The  “mini- 
mum velocity  line”  of  figure  1 corresponds  to  the  optimum 
trajectories  (eqs.  (12)). 

The  effective  lift-drag  ratios  can  easily  be  calculated  for 
optimum  ballistic  vehicles  using  equation  (6)  in  combination 
with  the  information  of  figure  1.  The  required  values  of 
( L/D)e  as  a function  of  range  are  presented  in  figure  2. 

Skip  trajectory. — This  trajectory  can  be  thought  of  as  a 
succession  of  ballistic  trajectories,  each  connected  to  the 
next  by  a “slapping  phase”  during  which  the  vehicle  enters 
the  atmosphere,  negotiates  a turn,  and  is  then  ejected  from 
the  atmosphere.  The  motion  analysis  for  the  ballistic 
missile  can,  of  course,  be  applied  to  the  ballistic  phases  of 
the  skip  trajectory.  It  remains,  then,  to  analyze  the 
skipping  phases  and  to  combine  this  analysis  with  the  bal- 
listic analysis  to  determine  over-all  range. 

To  this  end,  consider  a vehicle  in  the  process  of  executing 
a skip  from  the  atmosphere  (see  sketch). 

+ 

/ 

fc 


The  parametric  equations  of  motion  in  directions  perpen- 
dicular and  parallel  to  the  flight  path  s are,  respectively, 


n pV2  a n mV2 

CL  — x — A— mg  cos  0= — 
z r{ 

p_F2 

2 


— Cn't-^-A+mg  sin  6=m  -rr 


(13) 


where  rc  is  the  local  radius  of  curvature  of  the  flight  path,  0 is 
the  local  inclination  to  the  horizontal  (positive  downward), 
p is  the  local  air  density,  and  CL  and  Cd  are  the  lift  and  drag 
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Figure  1.— Variation  of  velocity  with  incidence  angle  for  various 
values  of  range  of  ballistic  vehicle. 


coefficients,  respectively,  based  on  the  reference  area,  A,  of 
the  aircraft. 

In  the  turning  process,  aerodynamic  lift  must  obviously 
predominate  over  the  gravity  component,  mg  cos  0.  By  anal- 
ogy to  the  atmospheric  re-entry  of  ballistic  missiles  (see  ref. 
3),  aerodynamic  drag  generally  predominates  over  the  gravit}^ 
component,  mg  sin  0.  Moreover,  the  integrated  contribution 
to  velocity  of  this  gravity  component  during  descent  in  a skip 
is  largely  balanced  by  an  opposite  contribution  during  ascent. 


0 2 4 6 8 

Range  parameter, 


Figure  2. — Variation  of  effective  lift-drag  ratio  with  range  for  optimum 
ballistic  vehicle. 


Figure  3. — Trajectory  of  the  first  skipping  phase  for  a skip  vehicle 
with  a lift-drag  ratio  of  2 and  a total  range  of  3440  nautical  miles 
(*=1). 


For  these  reasons  we  will  idealize  the  analysis  by  neglecting 
gravity  entirely.  This  approach  is  analogous  to  the  classical 
treatment  of  impact  problems  in  which  all  forces  exclusive  of 
impact  forces  (aerodynamic  forces  in  this  case)  are  neglected 
as  being  of  secondary  importance.  Gravity  is  shown  to  be 
of  secondary  importance  in  figure  3 where  the  trajectory  re- 
sults obtainable  from  equations  (13)  and  (14)  are  presented 
for  the  first  skipping  phase  of  an  LjD—2:  4>— 1 skip  missile. 

With  gravity  terms  neglected,  equations  (13)  reduce  to 


where  dd/ds — — — to  the  accuracy  of  this  analysis. 

rc 

Now  we  assume  an  isothermal  atmosphere,  in  which  case 


p=p0e  & 


(15) 


where  p0  and  0 are  constants,  and  y=(r—r0)  is  the  altitude 
from  sea  level  (see  ref.  3 for  discussion  of  accuracy  of  this  as- 
sumption). Noting  that  dy/ds=  —sin  0,  we  combine  the  first 
of  equations  (14)  with  equation  (15)  to  yield 

e~*dy= sin  6 dd  (16) 


This  expression  can  be  integrated  to  give 


ClpA 

20771 


cos  0—  cos 


(17) 


where  p is  taken  as  zero  at  the  altitude  corresponding  to  the 
effective  “outer  reach”  of  the  atmosphere.  Equation  (17) 
points  out  an  important  feature  of  the  skip  path;  namely, 
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cos  6 is  a single-valued  function  of  altitude.  Since  6 proceeds 
from  positive  to  negative  values,  it  is  evident  that 

^enn_l=  ^exn  (1®) 

where  the  subscripts  en  and  ex  refer  to  atmospheric  entrance 
and  exit  conditions,  respectively,  and  the  numbers  n—  1 and 
n refer  to  successive  ballistic  phases  of  the  trajectory.  Now 
since 

(IV _vdV_\  dV2 
dt  ds  2 ds 


equations  (14)  may  be  combined  to  obtain 

1 dV2=  V 2 dd 

2 ds  LjD  ds 

which,  for  constant  LjD}  can  be  integrated  to  yield 


Va 


Vt 


6exn  6enn 

: LID 


(19) 


(20) 


enn-  1 


With  the  aid  of  equation  (18),  this  expression  may  be 
written 


Vea 


v€, 


LjD 


(21) 


which  relates  the  velocities  at  the  beginning  and  end  of  a skip 
to  the  lift-drag  ratio  and  the  entrance  angle  of  the  vehicle  to 
the  earth’s  atmosphere.  From  equation  (18)  it  follows 
further  that  the  entrance  angle  for  each  skip  in  the  trajectory 
is  the  same,  so  that 


0en=0en_  = 


and  hence  equation  (21)  becomes 


V„ 
Ven L 


2*/ 

- = « LiD 


(22) 


We  now  combine  this  result  of  the  skip  analysis  with  that 
of  the  ballistic  analysis  to  obtain  the  total  flight  range. 
From  equation  (11)  the  range  of  the  nth  ballistic  segment  of 
the  trajectory  is 


<pn—  2 tan-1 


sin  8r  cos  8f 


(23) 


Consistent  with  the  idealization  of  the  skipping  process  as  an 
impact  problem,  we  neglect  the  contribution  to  range  of  each 
skipping  phase  so  that  the  total  range  is  simply  the  sum  of 
the  ballistic  contributions.  From  equations  (22)  and  (23) 
this  range  is  then 


2S  tan- 

'O  77=  1 77  — 1 


sin  dr  cos  Of 


4 (ft— 1)0  f 

LJ_e-W_cos^ 


(24) 


From  this  expression  we  see  that  for  any  given  velocity 
at  the  end  of  powered  flight  there  is  a definite  skipping  angle 


which  maximizes  the  range  of  an  aircraft  developing  a 
particular  lift-drag  ratio.  These  skipping  angles  have  been 
obtained  with  the  aid  of  an  IBM  CPC,  and  the  corresponding 
values  of  Vf  as  a function  of  range  for  various  L/D  are 
presented  in  figure  4.  Corresponding  values  of  (L/D)e  have 
been  obtained  using  equation  (6)  and  the  results  are  shown 
in  figure  5. 


Range  parameter, 


Figure  4. — -Variation  of  velocit}r  with  range  for  various  values  of 
lift-drag  ratio  for  skip  vehicle. 


Glide  trajectory— The  trajectory  of  the  glide  vehicle  is 
illustrated  in  the  accompanying  sketch.  As  in  the  previous 
analyses,  the  distance  covered  in  the  powered  phase  will  be 
neglected  in  the  determination  of  total  range. 


Earth's  surface 


The  parametric  equations  of  motion  normal  and  parallel 
to  the  direction  of  flight  are  the  relations  of  equations  (13) 
rewritten  in  the  form 


L—mg  cos0 


rc 


— D+mg  sin  0=m 


dV 

dt 


(25) 
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Figure  5. — Variation  of  effective  lift-drag  ratio  with  range  for  various 
values  of  aerodynamic  lift-drag  ratio  of  skip  vehicle. 


Under  the  assumption  of  small  inclination  angle  d to  the 
. horizontal  (thus  cos  0 = 1 , sin  0 « 0) , constant  gravity  accelera- 
tion (i.  e.,  ^-«l)>  and  noting  the  following  relations 


dV  _ydV  1 dVr 
dt  d-s  2 ds 

1 d(fr-0) 
rc  ds 

(bp  cos  0 1 

ds~  r ~r0 


equations  (25)  can  be  written  in  the  forms 

r T7,  dd  , mF2 
L—mV’ ' 


n 1 dV 2 , 

D=~2mlk+mgd 


(26) 


(27) 


Dividing  the  first  of  equations  (27)  by  the  second  yields  the 
following  differential  equation 


Gsif-f’s)-?-0  (28) 


L 


But,  as  is  demonstrated  in  Appendix  A,  the  terms  ^ gd  and 


V2  (^r  mav  be  neglected  so  that  equation  (28)  reduces  to 
as 


Since 


dV2 2 t/2  i Q 

r0(L/D)  V ^L/D~U 

Vs*=gr0 


(29) 


equation  (29)  can  be  integrated  for  constant  ^ to  give  the 
velocity  in  nondimensional  form  as 


V2=l—(l  — V/)eL/D 


(30) 


This  expression  gives  velocity  as  a function  of  range  for  what 
Sanger  (ref.  2)  has  termed  the  equilibrium  trajectory — that 
is,  the  trajectory  for  which  the  gravit}^  force  is  essentially 
balanced  by  the  aerodynamic  lift  and  centrifugal  force,  or 

<3i> 


It  follows  from  equation  (31)  that  velocity  can  be  expressed 
in  the  form 


V2 


1 


1 


■ CLAVs2p 

2 mg 


(32) 


Now  it  is  intuitively  obvious  that  as  the  maximum  range  is 
approached,  L/W—>  1 and  hence  V2  becomes  small  compared 
to  one  (see  eq.  (31)).  In  this  event  it  follows  from  equation 
(30)  that  the  maximum  range  for  the  glide  vehicle  is  given  by 


(33) 


The  relation  between  velocity  and  range  has  been  deter- 
mined with  equation  (33)  for  various  values  of  LjD  and  the 
results  are  presented  in  figure  6.  Corresponding  values  of 
( L/D)e  have  been  obtained  using  equation  (6)  and  are 
presented  in  figure  7. 

These  considerations  complete  the  motion  analysis  and 
attention  is  now  turned  to  the  aerodynamic  heating  of  the 
several  types  of  vehicles  under  consideration. 


Figure  6. — -Variation  of  velocity  with  range  for  various  values  of 
lift-drag  ratio  of  glide  vehicle. 
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heat  transfer  from  the  surface  should  not  appreciably  in- 
fluence convective  heat  transfer  to  a vehicle.  Therefore, 
alleviating  effects  of  radiation  are  reserved  for  attention  in 
the  discussion  of  particular  vehicles  later  in  the  paper.  This 
analysis  is  further  simplified  by  making  the  assumptions  that 

1 . Effects  of  gaseous  imperfections  may  be  neglected 

2.  Shock-wave  boundary-layer  interaction  may  be  neg- 

lected 

3.  Prandtl  number  is  unity 

4.  Reynolds  analogy  is  applicable 

These  assumptions  are  obviously  not  permissible  for  an  accu- 
rate quantitative  study  of  a specific  vehicle.  Nevertheless 
they  should  not  invalidate  this  comparative  analysis  which  is 
only  intended  to  yield  information  of  a general  nature  regard- 
ing the  relative  merits  and  problems  of  different  types  of 
vehicle  (see  ref.  3 for  a more  complete  discussion  of  these 
assumptions  in  connection  with  ballistic  vehicles). 

In  calculating  convective  heat  transfer  to  hypervelocity 
vehicles,  the  theoretical  approach  taken  in  reference  3 for 
ballistic  vehicles  is,  up  to  a point,  quite  general  and  can  be 
employed  here.  Thus,  on  the  basis  of  the  foregoing  assump- 
tions, it  follows  that  for  large  Mach  numbers,  the  difference 
between  the  local  recovery  temperature  and  wall  temperature 
can  be  expressed  as 


(Tr-TJt= 


V2 
2 C9 


(34) 


Figure  7. — ’Variation  of  effective  lift-drag  ratio  with  range  for  various 
values  of  aerodynamic  lift-drag  ratio  of  glide  vehicle. 

HEATING  IN  UNPOWERED  FLIGHT 

General  considerations. — Three  aspects  of  the  aerodynamic 
heating  of  hypervelocity  vehicles  will  be  treated  here;  namely, 

1.  The  total  heat  input 

2.  The  maximum  time  rate  of  average  heat  input  per  unit 

area 

3.  The  maximum  time  rate  of  local  heat  input  per  unit 

area 

Total  heat  input  is,  of  course,  an  important  factor  in  deter- 
mining over-all  coolant  weight,  whether  the  coolant  be  solid 
(e.  g.,  the  structure),  liquid,  or  gas,  or  a combination  thereof. 
The  maximum  time  rate  of  average  heat  input  per  unit  area 
can  determine  peak  average  flow  rates  in  the  case  of  fluid 
coolants  and  may  dictate  over-all  structural  strength  in  the 
event  that  thermal  stresses  predominate. 

Excessive  local  heating  is,  of  course,  a serious  problem  with 
hypervelocity  vehicles.  This  problem  may  vary  depending 
upon  the  type  of  tbe  vehicle.  Thus,  for  the  ballistic  vehicle, 
an  important  local  “hot  spot”  is  the  stagnation  region  of  the 
nose,  while  for  the  skip  or  glide  vehicle  attention  may  also  be 
focused  on  the  leading  edges  of  planar  surfaces  used  for  de- 
veloping lift  and  obtaining  stable  and  controlled  flight.  In 
this  analysis  attention  is,  for  the  purpose  of  simplicity,  re- 
stricted to  the  “hot  spot”  at  the  nose.  In  particular,  we 
consider  the  maximum  time  rate  of  local  heat  input  per  unit 
area  because  of  its  bearing  on  local  coolant  flow  rates  and 
local  structural  strength. 

It  is  undertaken  to  treat"  only  convective  heat  transfer  at 
this  stage  of  the  stud}7.  As  will  be  demonstrated,  radiant 


It  is  clear,  however,  that  the  walls  of  a vehicle  should  be 
maintained  sufficiently  cool  to  insure  structural  integrity. 
It  follows  in  this  case  that  the  recovery  temperature  at 
hypervelocities  will  be  large  by  comparison  to  the  wall  tem- 
perature and  equation  (34)  may  be  simplified  to  read 

_ T/2 

T’=2C,  . <35> 

To  the  accuracy  of  this  analysis,  then,  the  convective  beat 
transfer  is  independent  of  wall  temperature.  Therefore,  as 
previously  asserted,  radiant  heat  transfer  should  not  appre- 
ciably influence  convective  heat  transfer  and  the  one  can  be 
studied  independently  of  the  other. 

Now,  according  to  Reynolds  analogy,  the  local  heat- 
transfer  coefficient  hi  is,  for  a Prandtl  number  of  unity,  given 
by  the  expression 


hi  — § Cypjjfi  iVi  (36) 

where  is  the  local  skin-friction  coefficient  based  on  con- 
ditions just  outside  the  boundary  layer.  With  the  aid  of 
equations  (35)  and  (36)  the  tune  rate  of  local  heat  transfer 
per  unit  area, 


dH 

dt 


=hi(T-T J, 


(37) 


can  be  written  as 


(38) 
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Equation  (38)  can  be  integrated  over  the  surface  of  a body 
to  yield  the  time  rate  of  total  heat  input  as  follows 


wherein  Cv%  is  set  equal  to  Cp  and 


n f 


CF  ^ ^ dS 
1 p V 


(39) 


(40) 


The  parameter  CF  is  termed  the  “equivalent  skin-friction 
coefficient”  and  will  be  assumed  constant  at  a mean  value 
for  a particular  vehicle.  From  equation  (39)  we  can  obtain 
two  alternate  forms  which  will  prove  useful;  namely,  the 
altitude  rate  of  total  heat  input  defined  by  (note  that  dy  is 
negative  for  dt  positive) 


dQ 


dQ  PV*CF'S 


dy  V sin  6 dt  4 sin  0 

and  the  range  rate  of  total  heat  input  defined  as 

dQ  ^ 1 dQ^PV2CF'S 

d(r0<p)  V cos  0 dt  4 cos  0 


(41) 


(42) 


The  total  heat  input  may  be  obtained  by  integration  of 
equations  (39),  (41)  or  (42),  depending  upon  the  particular 
variable  used. 

The  time  rate  of  average  heat  input  per  unit  area  may  be 
obtained  from  equation  (39)  as 


dHgy _1  dQ 1^  T73/nr  / 

dt  ~S  dt~ipV  Lf 


(43) 


Consider  next  the  local  convective  heat  transfer  in  the 
region  of  the  nose.  The  time  rate  of  local  heat  input  per 
unit  area  was  determined  in  reference  3 under  the  assump- 
tions that  viscosity  coefficient  varies  as  the  square  root  of 
the  absolute  temperature,  and  that  flow  between  the  bow 
shock  wave  and  the  stagnation  point  is  incompressible.  In 
this  case  it  was  found  that 


For  the  “relatively  light  missile,”  which  is  of  principal  interest 
here, 


0m sin  8f 


and  equation  (45)  reduces  to 

Q 


1 c/s 

\mVf  2 CdA 


(46) 


(47) 


The  time  rate  of  average  heat  input  per  unit  area  was 
found  to  be 


dHat  1 dQ  C/PoV?  "SsT, 
dt  S dt  4 6 e 


(48) 


which  has  the  maximum  value 


(fl  ^ <49) 


at  the  altitude 


^1,  / SC'qPqA  \ 

Va  ft  m \2jSm  sin  6f) 


(50) 


Equation  (49)  applies,  of  course,  only  if  the  altitude,  ya , is 
above  ground  level.  If  the  value  of  ya  is  negative  then  the 
maximum  average  heating  rate  will,  of  course,  occur  at  sea 
level. 

The  time  rate  of  local  heat  input  per  unit  area  to  the  stag- 
nation region  of  the  nose  was  found  to  be 


if v ’■ 

having  a maximum  value  of 


fiy  3Ci)p0A  _ 
3g  2^  20m  sin  6 / 


&v 


(51) 


(dHA  (dHA  //3m  sintf, 

\Ju)^-\rdt)y-K  V 3^J  Vf  (52) 


w=K^v‘ 

where  if=6.8X10-6.  A more  detailed  study  of  stagnation 
region  flow,  including  effects  of  compressibility  and  dissoci- 
ation of  air  molecules  (ref.  6),  shows  that  the  constant,  K , 
should  have  a value  more  like  twice  the  above  value  at  the 
hypervelocities  of  interest  here. 

With  these  relations  we  are  now  in  a position  to  study 
the  heating  of  the  several  types  of  vehicles  of  interest. 

Ballistic  vehicle. — The  heating  for  this  case  has  already 
been  analyzed  in  reference  3.  Only  the  results  will  be  given 
here. 

The  ratio  of  the  total  heat  input  to  the  initial  kinetic 
energy  was  found  to  be 


occurring  at  the  altitude 


If  the  value  of  ?/*>  is  negative,  then  the  maximum  value 
occurs  at  ground  level. 

Skip  vehicle. — With  the  aid  of  equation  (17),  the  density  at 
any  point  in  a given  skipping  phase  is  found  to  be 

(cos  6— cos  0,)  (54) 

where  it  is  to  be  recalled  that  6en—Bf.  The  corresponding 
velocity  for  constant  L/D  is,  from  equation  (19), 


Q 1 C/S  ( cdPoa  \ 
imV/  2 CjyAKl-e  ffmsinef) 


(45) 


V=Vsne  LtD 


(55) 
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By  substitution  of  equations  (54)  and  (55)  into  equation  (39), 
the  time  rate  of  total  heat  input  at  any  point  in  a skipping 
phase  can  be  expressed  as  follows: 

3 

<§-l0mv",,cos,-cos9')i  m> 

Now,  recalling  that  ds/dt=V,  the  first  of  equations  (14)  may 
be  combined  with  equation  (17)  to  yield 


^=—017  (cos  0— cos  0,)  - 


(57) 


and  we  note  further  from  equation  (22)  that 

{Ven)n  __(Ven)n_ 


-in- 1) 


(F*n)n= 


Vf 


-e 


26j_ 

LID 


(58) 


With  the  aid  of  equations  (57)  and  (58),  equation  (56)  can 
be  integrated  to  give  the  total  heat  input  for  a given  skipping 
phase,  thus  we  obtain 


Qn  1 C/S 


%mVf  2 CjyA 


(l— e L,») 


-(n-1) 


LID  (59) 


The  total  heat  input  for  the  entire  trajectory  can  be  ob- 
tained by  summing  up  the  heat  inputs  for  each  separate 
skipping  phase.  Performing  this  operation  yields 
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imVf 


Qn  _J  C/S 


G-^'-Os 


-(n- 1) 


LID 


or 


jmV/  2 OdA 

Q _1  C/S 
\mV/  2 CdA 


(60) 


(61) 


which  is  identical  to  the  result  obtained  for  the  light  ballistic 
missile  (eq.  (47)).  This  result  applies,  in  fact,  to  all  hyper- 
velocity vehicles  which  lose  the  large  majority  of  their  kinetic 
energy  during  atmospheric  entry. 

The  time  rate  of  average  heat  input  per  unit  area  is 
obtained  \>y  dividing  equation  (56)  with  the  surface  area, 
thus  yielding 

3 (0,-0) 

"-if-  \^AW  V"  (C°S  "“COS  U°  <62> 

It  can  be  shown  that  this  expression  lias  a peak  value  at  a 
point  in  the  skip,  da,  given  by 

(cos  da— cos  0/)  sin  da 


or 


0a— tan" 


LjD 


-sin" 


cos  Of 


Mm 


(63) 


From  equation  (22)  it  can  be  concluded  that  the  maximum 
heat-transfer  rate  will  occur  in  the  first  skip  where  Ven=V 
consequently, 

3 (0f-0a) 


LID 


(64) 


The  time  rate  of  local  heat  input  per  unit  area  in  the 
stagnation  region  of  the  nose  is  obtained  b}7  introducing 
equations  (54)  and  (55)  into  equation  (44)  with  the  following 
result: 

3 (0,-0) 

(cos  e~cos  6/) 'Av^e~~Trr  (65) 


Equation  (65)  has  a peak  value  at  a point  0,  in  a skip  given 

by 

(cos  0„— cos  df)  s*n  db 


or 


0ft=tan_1 


6 


L/D 


-sin 


cos  6f 


Mm 


(66) 


It  is  clear  in  this  case  also  that  the  heat-transfer  rate  will 
have  its  maximum  value  in  the  first  skipping  phase  where 
the  velocities  are  highest.  Since  Ven=Vf  in  the  first  skip, 
equation  (65)  becomes 

u 3(0,  — 0^) 

/dHs\  _ rp?n(L/D)  sm0j  , — 

WfyLx  L 3 CLAa  J Vf 


//e  LID 


(67) 


Glide  vehicle. — From  equations  (30)  and  (32),  the  density 
at  a point  in  the  glide  trajectory  is  found  to  be 


2 mg  (l  — V/)eJ 


where 


ClAVs 2 

2 <p 


(68) 


J= 


L/D 


By  substitution  of  equations  (30)  and  (68)  into  equation 
(39),  the  time  rate  of  total  heat  input  can  be  expressed  as 

If  equations  (30)  and  (33)  are  combined  with  this  expression, 
we  again  obtain 

Q 1 C/S 


imF,2  2 CdA 


(70) 


for  the  heat  transfer  to  a hvpervelocity  vehicle  during  atmos- 
pheric entry. 

Now  the  time  rate  of  average  heat  input  per  unit  area  of 
a glide  vehicle  is  found  by  dividing  equation  (69)  with  the 
surface  area,  thus  yielding 

S T/ZT  (!- (71) 

It  follows  from  this  expression  that  the  maximum  time  rate 
of  average  heat  input  per  unit  area  is 

( dHa,\  _( dHac\  _ 1 CV  mgVs  . . 
\ dt  )max  \ dt  )Jo  3,/3  CdA  L/D  {U) 


at  a value  Ja  given  by 


J„=-lnf(l-F/) 


(73) 
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If  Ja  is  taken  as  a reference  value,  and  equations  (71)  and 
(72)  expressed  in  terms  of  Ja  and  incremental  changes 
Aj=j—ja,  it  can  easily  be  shown  that 


dHJdt 

( dHJdt ) max 


e*J(3-2e*J)X=Fa(Aj) 


(74) 


The  dependence  of  Fa(AJ)  on  A J is  shown  in  figure  8. 

The  velocity  at  which  the  maximum  average  heat  input 
rate  occurs  can  be  obtained  by  substituting  equation  (73) 
into  equation  (30)  yielding 


(75) 


Equations  (72),  (73),  and  (74)  apply,  of  course,  only  when 

F/>(l/V3). 

For  cases  when  Vf<  (1/V3),  the  maximum  time  rate  of 
average  heat  input  per  unit  area  will  occur  at  the  start  of 
unpowered  flight  and  is  given  by 


A J 

Figure  8. — -Variations  of  Fa(Aj)  and  Fb(AJ)  with  A J. 

DISCUSSION 
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The  maximum  time  rate  of  local  heat  input  per  unit  area 
in  the  stagnation  region  of  the  nose  is  found  by  first  substi- 
tuting equations  (30)  and  (68)  into  equation  (44)  to  obtain 


Vs*ll- (1- W][(l- y,W  (77) 
The  maximum  time  rate  is  then 


occurring  at  a value  of  Jb  given  by 


(78) 


J6=— -In  3(1  — V/2) 


(79) 


PERFORMANCE  OF  HYPERVELOCITY  VEHICLES 

In  this  study  the  point  of  view  is  taken  that  the  perform- 
ance of  long-range  hypervelocity  vehicles  is  measured  by 
their  efficiency  of  flight.  Thus,  for  example,  it  is  presumed 
that  the  advantages  (military  and  otherwise)  of  short  time 
of  flight  accrue  equally  to  all  vehicles. 

The  efficiency  of  flight  is  perhaps  best  measured  by  the 
cost  of  delivering  a given  pay  load  a given  range — the  higher 
the  cost,  the  lower  the  efficiency.  Quite  obviously  it  is  far 
beyond  the  scope  of  the  present  paper  to  actually  compute 
this  cost.  Rather,  then,  we  adopt  a more  accessible  param- 
eter of  hypervelocity  flight,  namely,  the  initial  mass  of  the 
vehicle,  as  a measure  of  cost.  In  effect,  then,  the  assumption 
is  made  that  the  higher  the  initial  mass  of  a vehicle  the 
higher  the  cost  and  the  lower  the  efficiency.  With  these 
thoughts  in  mind,  it  is  constructive  to  reconsider  the  basic 
performance  equation  (eq.  (4))  written  in  the  form 


With  Jb  as  a reference,  it  can  easily  be  shown  that 


mt=  mfeVflgIe 


(83) 


where 


dHs/dt  __1  ” 
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(80) 


The  dependence  of  Fb{Aj)  on  A J is  shown  in  figure  8. 

With  reference  to  equations  (30)  and  (74)  it  can  be  seen 
that  the  maximum  time  rate  of  local  heat  transfer  in  the 
stagnation  region  occurs  when 


(81) 


It  is  apparent  then  that  equations  (77),  (78),  and  (79)  apply 
only  when  Vf>^2/3.  For  cases  where  Vf<^2fo}  the  max- 
imum time  rate  of  local  heat  input  per  unit  area  will  occur 
at  the  start  of  unpowered  flight  and  is  given  by 


(IHS\  fdHs\  ^ K j 2 mg 

■ dt  /max  \ dt  )jb  = o \ CLAo 
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(82) 


This  expression  clearly  demonstrates  the  roles  played  by  the 
three  factors  which  influence  the  initial  mass  of  a vehicle 
required  to  travel  a given  range.  For  one  thing  there  is  the 
power  plant,  and  as  we  would  expect,  increasing  the  effective 
specific  impulse  increases  the  over-all  efficiency  of  flight  in 
the  sense  that  it  tends  to  reduce  the  initial  mass.  The 
velocity  at  burnout  influences  initial  mass  by  dictating  the 
amount  of  fuel  required,  and  it  is  not  surprising  that  de- 
creasing the  required  burnout  velocity  (e.  g.,  by  increasing 
the  L/D  of  a skip  or  glide  vehicle)  tends  to  decrease  the 
initial  mass.  Finally,  we  see  that  the  initial  mass  is  propor- 
tional to  the  final  mass  which  consists  of  the  pay  load, 
structure  (and  associated  equipment),  and  coolant.  If  we 
presume  the  mass  of  the  pay  load  to  be  some  fixed  quantity7-, 
then  the  initial  mass  will  vary  in  accordance  with  this  mass 
of  structure  and  coolant. 

Now  we  assume  for  comparative  purposes  that  the  power 
plant  for  one  vehicle  is  equally  as  good  as  the  power  plant 
for  another  vehicle — that  is  to  say  Ie  is  a more  or  less  fixed 
quantity.  In  this  event  it  is  permissible  to  restrict  our 
attention  to  two  main  performance  considerations;  namely. 
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the  prescribed  motion  as  it  influences  the  required  burnout 
velocit}7,  and  the  resulting  aerodynamic  heating  as  it  influ- 
ences structure  and  coolant.  We  therefore  proceed  to 
discuss  the  comparative  performance  of  long-range  hyper- 
velocity vehicles  in  terms  of  these  considerations. 

* Motion. — -The  dependence  of  burnout  velocity  F/On  range 
was  determined  in  the  analysis  of  motion  in  unpowered 
flight  and  the  results  obtained  for  the  several  types  of  hyper- 
velocity vehicles  under  study  were  presented  in  figures  1,  4, 
and  6.  Using  these  results  in  combination  with  the  basic 
performance  equation  we  have  calculated  the  corresponding 
initial  to  final  mass  ratios  mijmf  as  a function  of  range. 
For  these  and  subsequent  calculations  it  has  been  assumed 
that  the  rocket  power  plant  develops  an  effective  specific 
impulse  of  300  seconds.  The  results  of  these  calculations 
are  presented  in  figure  9 and  we  observe  that,  in  general, 
the  mass  ratios  are  highest  for  the  ballistic  vehicle.  The 
glide  and  skip  vehicles  have  comparable  and  relatively  low 
mass  ratios  at  lift-drag  ratios  in  the  neighborhood  of  4 and 
greater.  The  skip  vehicle  is  superior,  however,  to  the  glide 
vehicle  at  lift  drag  ratios  in  the  neighborhood  of  2.  From 
considerations  of  motion  alone,  then,  we  conclude  that  the 
skip  vehicle  and  the  glide  vehicle  developing  lift-drag  ratios 
greater  than  2 are  superior  efficiencywise,  in  the  sense  of  this 
report,  to  the  ballistic  vehicle.  Let  us  now  determine  how 
these  observations  are  modified  by  considerations  of  aero- 
dynamic heating. 

Aerodynamic  heating. — The  analysis  has  revealed  one  par- 
ticularly salient  factor  in  regard  to  the  heat  transferred  by 
convection  to  hypervelocity  vehicles  that  expend  the 
majority  of  their  kinetic  energy  of  flight  in  traveling  through 
the  earth's  atmosphere.  This  factor  is  that  the  amount  of 
kinetic  energy  which  appears  in  the  body  in  the  form  of 
heat  is  proportional  to  the  ratio  of  friction  force  to  total 
drag  force  acting  on  the  body  (see  eqs.  (47),  (61),  and  (70)). 
With  the  possible  exception  of  the  relatively  heavy  ballistic 
vehicle  (see  ref.  3)  all  of  the  hyper  velocity  vehicles  treated 
here  do  expend  the  major  part  of  their  kinetic  energy  in 
flight.  It  is,  in  fact,  only  by  virtue  of  this  expenditure  of 
energy  that  the  skip  and  glide  vehicles  achieve  long  range. 
From  the  standpoint,  then,  of  reducing  the  total  heat  trans- 
ferred by  convection,  the  problem  is  to  determine  how  the 
ratio  of  friction  force  to  total  drag  force  can  be  reduced. 
This  matter  was  discussed  in  detail  in  reference  3 in  connec- 
tion with  ballistic  vehicles  and  it  was  demonstrated  that  the 
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Figure  9. — Variation  of  mass  ratio  with  range  for  various  lift-drag 
ratios  of  hypervelocity  vehicles. 


ratio  could  be  reduced  by  employing  high-pressure-drag 
(i.  e.,  blunt)  shapes.  It  would  be  most  fortunate  if  this 
avenue  of  solution  were  open  also  to  the  skip  and  glide 
vehicles;  however,  it  is  readily  apparent  that  such  is  not  the 
case.  This  conclusion  follows  simply  from  the  fact  that  the 
skip  and  glide  vehicles  must  develop  reasonably  high  lift- 
drag  ratios  to  achieve  long  range.  But,  as  is  well  known, 
high  lift-drag  ratios  and  high  pressure  drag  are  incompatible 
aerodynamic  properties.  Evidently,  then,  the  skip  and 
glide  vehicles  will  be  relatively  slender  and  they  will,  by 
comparison  to  blunt  ballistic  vehicles,  be  required  to  absorb 
large  amounts  of  their  kinetic  energy  of  flight  in  the  form 
of  heat.  On  the  basis  of  the  calculations  of  reference  3,  it 
does  not  seem  feasible  for  slender  hyper  velocity  vehicles  to 
absorb  and  retain  so  much  heat  (of  the  order  of  one-tenth 
the  kinetic  energy  of  flight).  We  are  led,  therefore,  to  con- 
sider the  possibility  of  radiating  part  or  all  of  this  heat  back 
to  the  atmosphere. 

Let  us  first  consider  radiation  heat  transfer  from  the  sur- 
face of  a glide  vehicle.  For  purposes  of  simplicity  we  pre- 
sume a vehicle  conical  in  shape.  The  base  diameter  is  taken 
as  3 feet  and  the  weight  as  5,000  pounds.  We  consider  two 
slender  cones  which,  according  to  hypersonic  theory  including 
friction  drag,  can  develop  maximum  lift-drag  ratios  of  4 and 
6 (see  Appendix  B).  We  find  (see  Appendix  C)  that  the 
LjD= 4 glide  vehicle  can  radiate  heat  like  a black  body  at  a 
rate  equal  to  the  maximum  average  convective  heat-transfer 
rate  if  the  surface  temperature  is  allowed  to  rise  to  about 
1500°  F.  If  the  vehicle  develops  a lift-drag  ratio  of  6,  then 
the  allowable  surface  temperature  must  be  increased  to 
about  1800°  F.  These  surface  temperatures  are  high; 
nevertheless  they  are  within  the  range  of  useful  strengths  of 
available  alloys  (see,  e.  g.,  ref.  7).  Furthermore,  they  can,  if 
necessary,  be  reduced  somewhat  by  designing  a less  dense 
vehicle  (or,  more  specifically,  a vehicle  of  lower  wing  loading, 
W/S;  see  Appendix  C). 

It  is  indicated,  then,  that  the  glide  vehicle  has  the  attrac- 
tive possibility  of  radiating  back  to  the  atmosphere  a large 
fraction  of  the  heat  transferred  to  it  by  convection.  As  a 
result  the  mass  of  coolant  required  to  protect  the  vehicle  may* 
be  greatly  reduced.  Just  as  with  the  ballistic  vehicle,  how- 
ever (see  ref.  3),  it  is  evident  that  additional  means,  such  as 
transpiration  cooling,  may  be  necessary  to  protect  local  hot 
spots  on  the  surface,  like  the  stagnation  region  of  the  nose. 
It  is  also  well  to  note  that  the  alleviating  effects  of  radiative 
cooling  are  not  limited  to  the  glide  vehicle  alone,  but  would 
apply  to  any  hypervelocity  vehicle  in  level  flight. 

We  inquire  now  if  the  skip  vehicle  is  capable  of  radiating 
heat  at  a rate  comparable  to  the  maximum  convective  heat- 
transfer  rate.  For  this  purpose  it  suffices  to  confine  our  at- 
tention to  the  first  skip  wherein  the  maximum  convective 
heat-transfer  rates  are  encountered  (see  eq.  (64)).  Calcula- 
tions of  maximum  average  rates  using  equations  (63)  and 
(64),  for  long-range  skip  vehicles  developing  lift-drag  ratios 
of  4 and  6,  indicate  that  these  rates  are  an  order  of  magnitude 
higher  than  those  for  comparable  glide  vehicles.  The  cor- 
responding equilibrium  surface  temperatures  of  the  skip 
vehicles  are  the  order  of  two  or  more  times  as  high  as  those  of 
the  glide  vehicle.  Accordingly  they  may  be  far  in  excess  of 
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3000°  F.  We  conclude,  therefore,  that  long  range,  high  L/D 
skip  vehicles  cannot  radiate  heat  at  a rate  equivalent  to  the 
maximum  convective  rate  because  the  surface  temperatures 
required  for  radiation  to  offset  convection  would  exceed  the 
temperatures  at  which  known  structural  materials  retain 
appreciable  strength  (see  ref.  7). 

Now  the  skip  vehicle  operating  at  lift-drag  ratios  in  the 
neighborhood  of  2 will  absorb  less  heat  than  skip  vehicles 
developing  higher  lift-drag  ratios.  However,  as  shown  in 
Appendix  C,  the  former  vehicle  still  absorbs  more  heat  than 
a comparable  high-pressure-drag  ballistic  vehicle  and  it  ac- 
crues no  appreciable  advantage  by  radiation.  From  the 
standpoint  of  heat  transfer,  then,  it  is  indicated  that  the 
skip  vehicle  is  inferior  to  both  the  ballistic  and  glide  vehicles. 
That  is  to  say,  proportionately  more  coolant  of  one  form  or 
another  would  be  required  to  protect  the  skip  vehicle  than 
would  be  required  to  protect  ballistic  or  glide  vehicles  of  the 
same  range.  The  skip  vehicle  has  other  disadvantages  as 
well.  Certainly  one  of  the  most  serious  of  these  is  the  very 
high  lateral  loads  (see  fig.  3)  that  the  vehicle  would  be  re- 
quired to  withstand  during  a skip  from  the  earth’s  atmos- 
phere. These  loads,  coupled  with  simultaneous  high  thermal 
stresses  (due  to  high  convective  rates),  would  require  the 
structure  to  be  stronger  and,  consequently,  heavier  than  that 
of  a comparable  glide  vehicle.3  For  these  and  other  reasons 
concerned  with  problems  of  stability,  control,  and  guidance, 
the  skip  vehicle  is  thought  to  be  the  least  promising  of  the 
three  types  of  hypervelocity  vehicle  considered  here. 

In  essence,  then,  the  preceding  study  has  indicated  that 
the  ballistic  vehicle  exhibits  the  possibility  of  being  relatively 
efficient  for  hypervelocity  flight  by  virtue  of  the  fact  that 
aerodynamic  heating  can  be  markedly  reduced  through  the 
artifice  of  using  blunt,  high-pressure-drag  re-entry  shapes. 
The  disadvantage  of  using  the  relatively  inefficient  ballistic 
trajectory  is  counterbalanced  by  this  advantage  which  tends 
to  keep  initial  mass  down  by  reducing  coolant  mass.  The 
glide  vehicle  appears  promising  for  hypervelocity  flight 
because  it  has,  coupled  with  the  relatively  high  efficiency  of 
the  glide  trajectory,  the  possibility  of  radiating  a large 
fraction  of  the  heat  absorbed  by  convection. 

Up  to  this  point  we  have  considered  the  performance 
efficiency  of  the  several  types  of  hypervelocity  vehicle  by 
comparison  with  each  other.  It  is  of  interest  now  to  compare, 
insofar  as  is  possible,  the  efficiency  of  flight  of  these  vehicles 
with  that  of  lower  speed,  more  conventional  type  aircraft. 

COMPARISON  OF  HYPER  VELOCITY  VEHICLES  WITH  THE  SUPERSONIC 

AIRPLANE 

In  the  analysis  of  powered  flight  it  was  found  that  the  basic 
performance  equation  for  hyper  velocity  vehicles  could  be 
written  in  a form  analogous  to  the  Breguet  range  equation. 
Thus,  according  to  equations  (7)  and  (9),  we  have  for  both 
hypervelocity  and  lower  speed  vehicles  that 

HS)/-VAn&)  m\ 

* Added  weight  means,  of  course,  added  coolant  (see,  again,  eq.  (61))  and  one  can  easily 
demonstrate  that  ultimately  the  coolant  is  being  added  to  cool  coolant.  This  situation  must 
obviously  be  avoided. 


where  it  is  understood  that  the  effective  quantities  are  the 
same  as  the  actual  quantities  in  the  case  of  the  lower  speed, 
more  conventional  aircraft.  Now  let  us  consider  the  product 
(. L/D)eIeVe . Taking  first  the  supersonic  airplane  we  assume 
flight  at  a maximum  lift-drag  ratio  of  6.  The  product  IeVe 
for  a ram-jet  or  turbojet  can  reasonably  be  expected  to  have 
a value  of  about  4.4X106  feet.4  The  product  (L/D)eIeVe  is 
then  26.4 X106  feet  for  the  airplane.  Now  let  us  compare 
these  quantities  with  the  corresponding  quantities  for  a 
ballistic  vehicle  and  let  us  presume  that  the  range  will  be  half 
the  circumference  of  the  earth.  In  this  event,  the  effective 
lift-drag  ratio  for  the  ballistic  vehicle  is  2w  (see  fig.  2)  which  is 
slightly*  greater  than  that  for  the  airplane,  while  the  effective 
velocity7  is  just  half  the  satellite  velocity,  or  13,000  feet  per 
second.  Let  us  again  assume  that  the  effective  specific 
impulse  is  300  seconds.  In  this  case,  the  product  of  IeVe  is 
3.9X106  feet  and  the  product  ( L/D)eIeVe  is  about  24.5X106 
feet  which  is  only  slightly  less  than  that  for  the  supersonic 
airplane.  Thus  we  have  our  first  suggestion  that  the  hyper- 
velocity vehicle  is  not  necessarily7  an  inefficient  ty7pe  vehicle 
for  long-range  flight. 

In  order  to  pursue  this  point  further,  a performance  effi- 
ciency7 factor  (see  eq.  (10))  defined  as 


has  been  calculated  for  ballistic  and  glide  vehicles  for  /e=300 
seconds,  and  ranges  up  to  the  circumference  of  the  earth. 
The  corresponding  quantity  E has  been  calculated  for  the 
supersonic  airplane  (/eV’c=4.4 X106  feet)  for  several  lift-drag 
ratios.  The  results  of  these  calculations  are  presented  in 
figure  10  and  we  observe,  as  our  example  calculation  sug- 
gested, that  both  the  ballistic  and  glide  vehicles  compare 
favorably7  with  the  supersonic  airplane  for  ranges  in  the 
neighborhood  of  and  greater  than  half  the  circumference  of 
the  earth.  The  glide  vehicle  is  again  superior  to  the  ballistic 
vehicle  at  lift-drag  ratios  in  excess  of  2 and,  as  a result,  it 
compares  favorably7  with  the  airplane  at  shorter  ranges  than 
the  ballistic  vehicle. 

It  should  be  kept  in  mind,  of  course,  that  mf  may7  be 
substantially7  greater  than  mP , the  mass  of  the  pay  load. 
This  point  is  significant  because  it  reminds  us  that  mi/mP , 
and  not  ra^/ra/,  is  considered  the  better  measure  of  cost. 
Thus,  noting  that  mi/mP—(mi/mf)(mf/mP),  and  recognizing 
that  mflmP  is  probably7  lowest  for  the  ballistic  vehicle,  we 
anticipate  that  the  ballistic  vehicle  would  appear  to  better 
advantage  than  shown  in  figure  10. 

CONCLUDING  REMARKS  AND  SOME  DESIGN  CONSIDERA- 
TIONS FOR  MANNED  HYPERVELOCITY  VEHICLES 

During  the  course  of  this  study7  it  has  been  indicated  that 
ballistic  and  glide  vehicles  can  be  operated  at  hy7  per  velocities 
with  the  reasonable  assurance  that  problems  of  aero dy7n ami c 


4 This  value  should  hold  approximately  for  any  air-breathing  engine — note  that  the  maxi- 
mum value  of  I»Vt  is  simply  the  product  of  the  thermal  efficiency  (taken  as  0.3  see,  e.  g.,  ref. 
8)  and  the  specific  heat  content  of  the  fuel  (taken  as  14.6X10®  feet  for  gasoline-type  fuels). 
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Figure  10. — Variation  of  performance  efficiency  factor  with  total  range 
for  ballistic  and  glide  vehicles  and  the  supersonic  airplane. 

heating  can  be  largely  alleviated  by  proper  design.  Skip 
vehicles  appeared  substantially  less  promising  in  this  as  well 
as  other  respects.  It  was  further  demonstrated  that  on  the 
basis  of  equal  ratios  of  initial  to  final  mass,  the  long-range 
hypervelocity  vehicle  compares  favorably  with  the  super- 
sonic airplane.  These  considerations  suggest  that  the 
ballistic  and  glide  vehicles  have,  in  addition  to  the  advantages 
usually  ascribed  to  great  speed,  the  attractive  possibility  of 
providing  relatively  efficient  long-range  flight. 

In  view  of  these  findings,  it  seems  appropriate  as  a final 
point  to  consider  what  appear  to  be  favorable  design  features 
of  manned  hypervelocity  vehicles.  It  is  fair  to  assume  that 
the  glide  vehicle  has  the  man-carrying  capability  if  suitable 
living  quarters  are  provided  inside  the  vehicle,  particularly 
as  regards  composition  and  temperature  of  the  interior 
atmosphere.  However,  whether  or  not  the  ballistic  vehicle 
has  this  capability  is  not  obvious  and  requires  some  clarifica- 
tion. The  principle  question  in  this  regard  is  the  magnitude 
of  the  decelerations  experienced  by  the  vehicle  and  its 
occupants  during  atmospheric  entry.  Some  light  is  shed  on 
this  matter  by  figure  11  where  the  maximum  deceleration  in 
g’s  of  a ballistic  vehicle  is  shown  as  a function  of  range. 


Figure  11. — Maximum  deceleration  of  ballistic  vehicles  during  atmos- 
pheric entry. 


These  decelerations  were  calculated  by  the  method  of 
reference  3 for  large  entry  angles,  and  with  equations  (13), 
(CL= 0)  for  entry  angles  near  zero,  using  the  velocities  and 
entry  angles  as  a function  of  range  given  by  equations  (12). 
It  seems  reasonable  to  conclude  from  the  results  shown  in 
figure  1 1 that  the  decelerations  are  in  excess  of  those  humanly 
tolerable  except  for  very  short  range  flight  and  for  very  long 
range  flight.  The  latter  case  is  of  principal  interest  to  us, 
and  it  is  noted  specifically  that  maximum  decelerations  can 
probably  be  kept  to  the  order  of  10  g’ s or  slightly  less  for 
ranges  of  the  order  of  semiglobal  and  greater.  It  may  be 
remarked  further  that  decelerations  exceed  5g’ s for  less  than 
a minute,  and  they  exceed  1 g for  not  more  than  about  3 
minutes.  In  this  respect,  then,  (see  ref.  9)  the  ballistic 
vehicle  appears  to  be  a practical  man-carrying  machine, 
provided  extreme  care  is  exercised  in  supporting  the  man 
during  atmospheric  entry.  From  the  aerodynamic  heating 
point  of  view  the  ballistic  vehicle  can,  of  course,  be  made 
especially  attractive  by  employing  the  blunt  bod}7  concepts 
of  reference  3. 

The  glide  vehicle  experiences  maximum  decelerations  in 
g’s  equal  to  approximately  DjL  (see  eq.  (31)  and  note 
D/W—^D/L  as  F2— >0),  and  so  with  any  significant  lift-drag 
ratio  it  is  far  superior  to  the  ballistic  vehicle  in  this  respect. 
In  addition,  the  glider  has  the  important  advantage  of 
maneuverability  during  atmospheric  entry.  These  factors 
and  its  potential  for  relatively  high  performance  efficiency 
make  the  glider  generally  attractive  as  a man-carrying 
machine. 

It  will  be  assumed  that  if  the  glider  is  to  develop  reasonably 
high  lift-drag  ratios  it  should  be  slender  in  shape.  But  the 
nose  of  the  body  and  the  leading  edges  of  the  wing  (and  tail 
surfaces)  should  be  blunt  to  alleviate  the  local  heating  prob- 
lem. Blunting  the  nose  of  the  body  may  not,  if  properly 
done,  increase  the  drag  of  the  vehicle  (see  refs.  10  and  11). 
Blunting  the  leading  edge  of  the  wing  will,  however,  incur  a 
drag  penalty  and  thereby  reduce  the  lift-drag  ratio.  This 
difficulty  may  be  largely  circumvented  by  sweeping  the  lead- 
ing edge  of  the  wing.  The  contribution  to  total  drag  of  the 
drag  at  the  leading  edge  is,  according  to  Newtonian  theory, 
reduced  in  this  manner  by  the  square  of  the  cosine  of  the 
angle  of  sweep  for  constant  span.  The  question  which  arises 
is  how  does  sweep  influence  heat-transfer  rate.  The  nature 
of  this  influence  (ref.  6)  is  shown  in  figure  12  and  it  is  ob- 
served that  sweep  decreases  heat-transfer  rate  very  substan- 
tially, although  not  to  the  extent  that  it  decreases  drag. 
We  are  led  then  to  the  conclusion  that  the  wing  on  a hyper- 
velocity glide  vehicle  which  develops  reasonably  high  lift- 
drag  ratio  should  have  highly  swept  leading  edges.  This 
observation  coupled  with  the  fact  that  wing  weight  should 
be  minimized  suggests  for  our  consideration  the  low-aspect- 
ratio  delta  wing.  In  addition  to  the  wing  it  is  anticipated 
that  a vertical  tail  will  be  needed  to  provide  directional 
stability  and  control,  and  so  we  are  led  to  imagine  as  one 
possibility  a hypervelocity  glider  of  the  type  shown  in 
figure  13. 

The  potential  of  the  glider  to  have  relatively  high  per- 
formance efficiency  hinges  strongly  on  the  finding  that  the 
large  majority  of  the  heat  convected  to  it  may  be  radiated 
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Figure  12. — Effect  of  sweep  on  drag  and  heat  transfer  to  circular 

cylinders. 


Figure  13. — Example  high  lift-drag  ratio  glider. 

away  at  reasonably  low  surface  temperatures.  But  it  is 
never  possible  to  build  a perfect  radiation  shield.  There  is 
always  a certain  amount  of  heat  which  leaks  through  the 
shield  to  the  internal  structure.  As  the  duration  of  flight 
increases  this  heat  leakage  problem  may  assume  major  pro- 
portions if  substantially  more  structure  (or  coolant)  is  re- 
quired to  absorb  the  heat.  If,  at  the  same  time,  the  action 
of  aerodynamic  forces  has,  at  best,  a minor  influence  on 
range  then  the  high  lift -drag-ratio  glider  may  cease  to  be  an 
attractive  machine.  For  flights  approaching  global  range 
these  two  factors  tend  to  come  into  play.  That  is,  flight 
time  becomes  relatively  long  (of  the  order  of  an  hour  and 
a half  or  more)  with  the  attendant  increase  in  seriousness  of 
the  heat  leakage  problem,  while  lift-drag  ratio  assumes  a 


Figure  14. — -Example  high  lift  glider. 


relatively  minor  role  in  terms  of  performance  efficiency  (see 
fig.  10).  Accordingly,  it  may  be  attractive  to  launch  a global 
glider  into  a low  altitude  satellite  orbit  which  it  follows  over 
the  large  majority  of  its  range  and  from  which  it  enters  the 
atmosphere  in  the  terminal  phase  of  flight  to  glide  the  short 
remaining  distance  to  its  landing  point.  Under  these  cir- 
cumstances, the  vehicle  may  be  designed  to  minimize  aero- 
dynamic heating  during  atmospheric  entry  and  for  this  pur- 
pose we  are  attracted  to  the  use  of  high  lift 5 as  well  as  low 
wing  loading  (see  eqs.  (76)  and  (77))  to  reduce  heating  rates 
and  surface  temperatures.  Accordingly,  the  vehicle  may 
glide  into  the  atmosphere  at  a high  angle  of  attack  for  high 
lift  coefficient,  maintaining  this  attitude  until  speed  has  been 
reduced  to  a supersonic  value  where  heating  has  become  a 
relatively  minor  problem.  The  angle  of  attack  may  then  be 
reduced  to  increase  L/D,  thereby  extending  the  glide  and 
increasing  maneuverability  to  achieve  the  desired  landing 
point.  For  this  type  of  application  the  vehicle  might  have 
more  of  the  appearance  shown  in  figure  14,  again  being  of 
the  delta-wing  plan  form  but  having  a more  or  less  rounded 
bottom  and  sides  to  minimize  heating  rates  over  the  leading 
edge  as  well  as  the  entire  lower  surface  during  re-entry. 
Such  a configuration  bears  a resemblance  to  a motorboat 
and  it  may  in  fact  be  suited  for  landing  on  water  as  shown. 

Ames  Aeronautical  Laboratory 

National  Advisory  Committee  for  Aeronautics 
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5 High  lift  tends,  of  course,  to  mean  increased  decelerations  because  of  reduced  LID  during 
atmospheric  entry:  however,  even  for  L/D's  of  the  order  of  unity  these  decelerations  remain 
modest  and  they  should  not,  therefore,  constitute  a serious  piloting  problem. 
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SIMPLIFYING  ASSUMPTIONS  IN  THE  ANALYSIS  OF  THE  GLIDE  TRAJECTORY 


The  assumption  of  small  deflection  angle  (0<<1)  was 
used  throughout  the  study  of  the  glide  trajectory.  In 
addition,  equation  (28)  was  simplified  on  the  assumptions 
that 

(L/D)6«  1 (Al) 

and 


dd  L/DdV2 
ds 2 ds 


(A2) 


The  extent  to  which  these  assumptions  are  permissible  can 
be  checked  by  deriving  an  expression  for  (. L/D)d  and  exam- 
ining its  variation  over  a range  of  trajectory  parameters. 

From  equations  (15),  (30),  and  (31)  the  altitude  of  an}" 
point  in  a glide  trajectory  is  found  to  be 


By  retaining  the  assumption  of  small  inclination  angle, 
whereby  d~—dy/ds , and  recalling  that  J=  (2s/r0)l(L/D),  we 
find  the  inclination  angle  by  differentiating  equation  (A3). 
Performing  this  operation  and  making  use  of  equation  (30) 
reduces  the  expression  for  ( L/D)6  to 


L _2_  r 1 _ 1_2.10.5X10-3 

Dd  pr0  |_1-(1-V/VJ  V2  { 

Since  V2  becomes  very  small  toward  the  end  of  the  trajectory, 
it  is  apparent  from  equation  (A4)  that  the  assumption  of 
small  (LID)O  cannot  be  justified  in  this  portion  of  flight. 
The  problem  then  is  to  determine  the  conditions  under 
which  (L/D)9  remains  negligibly  small  over  the  major  part 
of  the  trajectory. 

With  the  aid  of  equations  (30)  and  (33),  equation  (A4) 
can  be  modified  to  the  following  form 


For  given  values  of  L/D  and  total  range  $,  equation  (A5) 
determines  the  fractional  part  of  the  total  range  which  cor- 
responds to  a given  value  of  ( L/D)  9 . Since  the  deflection 
angle  is  always  increasing,  we  can  therefore  determine  the 
portion  of  the  total  range  through  which  ( L/D)6  remains 
equal  to  or  less  than  a given  value.  A computation  of  this 
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nature  was  performed  for  a value  of  (L/D)d<  0.05,  and  the 
results  are  presented  in  figure  15.  From  this  figure  we  can 
see  that  except  for  short  ranges  and  large  lift-clrag  ratios, 
(L/D)9  (as  well  as  9)  remains  at  a value  less  than  0.05  for 
better  than  90  percent  of  the  total  range. 

The  second  assumption,  equation  (A2),  can  also  be  verified 
from  the  results  of  the  analysis.  By  differentiation  of  equa- 
tion (A-4)  we  find  that 


V2 


de  4 v*  Ri-vw 

ds  fir 02  (L/D)2 1_  y2 


(AV 


while  differentiation  of  equation  (30)  yields 


\ (LID) 


dV2 

ds 


V2(l-V,2)eJ 

To 


(A7) 


Dividing  equation  (A6)  by  equation  (A7),  and  making  use 
of  equation  (A4),  we  find  that 


y 2^ 


2d 


1 (L/U)  {LID)2 

2 {L>JJ)  ds 


[{L/D)d} 


(A8) 


By  comparing  equation  (A8)  with  the  previous  results  ob- 
tained for  ( L/D)d  (fig.  15),  we  can  readily  see  that  the  assump- 
tion of  equation  (A2)  is  actually  less  stringent  than  that  of 
equation  (Al)  for  values  of  L/D  of  the  order  of  1 and  greater. 


Range  parameter,# 

Figure  15. — Portion  of  range  where  (L/D)6< 0.05  as  a function  of 
range  for  various  values  of  lift-drag  ratio. 
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APPENDIX  B 


THE  RELATION  BETWEEN  AND 

Co  A 


The  lift  and  drag  coefficients  for  slender  cones  at  small 
angles  of  attack  can  be  expressed  in  the  following  manner: 


CL= 2 a 

Cj)=  Gdb'\~  <xCl 

from  which  it  follows  that  the  lift-drag  ratio  is 

L CL  CL 

D CD+aCL  Cn+CSI  2 


(Bl) 

(B2) 

(B3) 


It  can  be  shown  that  equation  (B3)  has  a maximum  value 
when 

CD<t=  Ci}  12  (B4 ) 

whereby 

(CD)  (L/  D)  max  = 2 CDq  (B5 ) 

Using  equations  (Bl)  through  (B5),  one  can  express  the 
maximum  value  of  the  lift-drag  ratio  in  the  following  ways : 

(i)mar^rcr^jwo  (B6) 

The  drag  coefficient  at  zero  angle  of  attack  appearing  in 
equation  (B2)  can  be  broken  down  into  its  component  parts 
to  yield 

Cd=(CdX+CfSIA  (B7) 

where  ( CDo)p  is  the  zero-lift  pressure  drag  coefficient  and 
CFo  is  the  zero-lift  skin-friction  coefficient  based  on  wetted 
area.  The  skimfriction  coefficient  CFo  in  equation  (B7)  can 
be  related  to  the  equivalent  skin-friction  coefficient  £7/ (see 
eq.  (43))  by  considering  average  conditions  over  the  surface 
of  the  cone.  Equating  the  friction  drags  as  determined 
from  free-stream  and  local  average  conditions,  it  is  found 
that 


(p*UU*)2fl 


n —tn  \ wuav\ r 


CBS) 


By  referring  to  local  average  conditions  on  the  body  sur- 
face, the  expression  for  C/}  equation  (40),  can  be  written  as 


(piUFt)« 


n r / n \ y 

—\hFi)av  ~pV 


(Bfl) 


Comparing  equations  (B8)  and  (B9)  it  is  apparent  that 

, (Fi)« 


CF=0F 


V 


(BIO) 


For  slender  shapes  at  hypersonic  speeds,  the  local  velocity 
does  not  differ  appreciably  from  the  free-stream  value. 
Also,  for  small  angles  of  attack,  the  skin-friction  coefficient 


ex 


FOR  CONICAL  MISSILES 


should  remain  fairly  constant.  Consequently,  equation 
(BlO)  can  be  written  as 


CFq  = CF=C/=  con  s tan  t 
and  equation  (B7)  then  becomes 


cd=(cdx- 


CF'S 


(B11) 


(B12) 


From  equations  (B5)  and  (B12)  it  can  then  be  shown  that 

(B13> 

From  the  Newtonian  impact  theory,  the  zero-lift  pressure 
drag  coefficient  for  slender  cones  at  hypersonic  speeds  can 
be  expressed  as 

(CnX= 2«2  (BID 

where  5 is  the  semivertex  angle  of  the  cone.  By  further 
noting  that  for  slender  cones 


S_  1 
A 8 


equation  (Bl2)  then  becomes 


CD  =2  62+ 


C/ 


(BIS) 


(Bl6) 


For  a given  value  of  CF  it  can  be  shown  that  equation 
(Bl6)  has  minimum  value  when6 


8=8, 


. _(Cp'\* 

4 ) 


whereby,  at  8=8 ovt 

(Cd0)  min=G  fivt = 3 (Cd  o)p 


(B17) 


(B18) 


Obviously,  then,  the  highest  value  of  maximum  lift-drag 
ratio  (eq.  (B6))  will  be  attained  by  the  cone  with  the  semi- 
vertex angle  given  by  equation  (B17).  By  substitution 
from  equation  (B18)  into  equation  (B6),  the  optimum  value 
of  maximum  lift-drag  ratio  is  found  to  be 

=2Vi^  (B19> 

By  further  substituting  the  expression  for  minimum 
zero-lift  drag  coefficient,  equation  (B18),  into  equation 


« The  remaining  analysis  assumes  C**'  constant.  Although  this  is  certainly  not  the 
situation  in  practice,  the  analysis  provides  an  “ order  of  magnitude”  estimate  of  pertinent 
parameters. 
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(B13),  the  following  relation,  corresponding  to  the  condi- 
tion of  optimum  maximum  lift-drag  ratio,  is  obtained: 


(B20) 


With  the  aid  of  equations  (B14)  and  (B16),  equation 
(B13)  can  also  be  expressed  in  the  following  form,  cor- 
xesponding  to  &ny  maximum  lift-drag  ratio  including  the 
optimum  value : 


fC/S\  =1 
\CiA)(LID)max  2 


(B21) 


Prom  equations  (B20)  and  (B21)  it  can  readily  be  seen  that 
in  the  case  of  the  optimum  (L/D)max 

^3=2  (B22) 

^ Oopt 

from  which  it  follows  directly  that 

w=2(¥f  (B23> 


so  that  equation  (B21)  may  be  written  as 


/c/s\ 

, 1 

\oda) 

(L}D)max  2-|-j 

(— Y 

(B24) 


With  the  aid  of  equations  (Bl6)  and  (B23),  the  expression 
for  any  (L/D)max  (eq.  (B6))  can  be  shown  to  be 


(s). 


28 


[i+2Ct)T 


(B25) 


and  it  follows  directly  from  equation  (B19)  that  the  ratio 
77  of  (L/D)max  for  any  cone  to  that  for  the  optimum  cone  is 


fippt 

8 


(B26) 


where  77  is  defined  as  the  “lift-drag  efficiency  factor.”  By 
substitution  from  equation  (B24),  the  ratio  of  (L/D)max  to  the 
optimum  value  can  then  be  expressed  in  terms  of  (CF'S/CDA) 
as  follows : 


V=  V3 


c/sy 

cda) 


(B27) 


The  dependence  of  77  on  C/S/CdA  is  shown  in  figure  16. 
It  should  be  noted,  however,  that  for  small  values  of  77  the 
assumption  of  slender  cones  wall  be  violated,  although  the 
results  as  shown  mil  be  qualitatively  correct  in  that  CF'S/CDA 
will  become  exceedingly  small  for  low  values  of  (L/D)maX) 
regardless  of  body  shape. 


Figure  16. — Variation  of  lift-drag  efficiency  factor  with  drag  param- 
eter for  cones. 


APPENDIX  C 


COMPUTATION  OF  HEATING  ASSOCIATED  WITH  ROCKET  VEHICLES 


RADIATION  OF  HEAT  FROM  GLIDE  VEHICLES 

From  equation  (72),  the  maximum  time  rate  of  total  heat 
input  to  the  glide  vehicle  can  be  expressed  as 


(dQ\  (dHg A ^ mg Vs  / CF'S\ 

\dt/max  \ dt  /max  3-yj3(LjD)  \Cz>A  / 


(Cl) 


‘The  rate  of  heat  radiation  from  the  vehicle  is  given  by  the 
.relation 


S 


(C2) 


Using  equations  (Cl)  and  (C2),  the  requirement  for  con- 
tinuous radiation  of  all  convective  heat  input  to  a surface 
at  a temperature  2000°  R can  be  expressed  as 


mg  C/S 


<1.20 


(C3) 


S(L/D)  CdA 

If  a value  of  (L/D)ma x=6  is  assumed,  values  of  the  para- 


Opt 


meter  CF'S/CDA  and  cone  angle,  5,  can  be  determined  as  a 


function  of  (. L/D)max  from  the  analysis  given  in  Appendix  B . 
A vehicle  weight  of  5000  pounds  with  a maximum  diameter 
of  3 feet  is  assumed  whereby  equation  (C3)  can  be  evaluated 
for  various  (L/D)  giving  the  results  in  the  following  table: 


LID 

Cf'SICdA 

deg 

s, 

sq  ft 

mg  Cf'S 

S(L/D ) CdA 

6 

0.333 

2.  75 

147 

1.89 

4 

.0600 

6.  73 

60.2 

1.24 

2 

.00710 

14.3 

28.6 

.619 

I 

.000890 

29.6 

14.3 

.312 

H 

. 000115 

55.8 

8.  55 

.135 

We  see,  therefore,  that  at  surface  temperatures  of  2000°  R 
and  for  an  L/D  of  4,  this  glide-type  vehicle  can  radiate  heat 
at  a rate  equal  to  or  greater  than  the  maximum  convective 
heat  rate. 

RADIATIVE  AND  CONVECTIVE  HEAT  TRANSFER  ASSOCIATED  WITH  SKIP 

VEHICLES 

In  this  section  the  problem  is  to  determine  the  extent  to 
which  heat  absorbed  by  a skip  vehicle  in  the  first  skipping 
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phase  can  be  reradiated  during  the  subsequent  ballistic 
phase.  The  quantity  of  heat  absorbed  in  the  first  slapping 
phase  has  already  been  obtained  in  the  heating  analysis, 
(eq.  (59)  for  n=l) 


Qi  i C/S  ( 

imV/  2 CdA  \l-e  LfD j 


(C4) 


where  the  total  heat  absorbed  throughout  the  entire  trajec- 
tory  is 


QT  1 O/S 
|m7/  2 CdA 


(C5) 


In  order  to  determine  the  heat  radiated,  three  quantities 
must  be  determined : 

1.  Temperature  of  the  vehicle  at  the  start  of  the  second 

ballistic  phase 

2.  Temperature  of  the  vehicle  at  the  end  of  the  second 

ballistic  phase 

3.  The  time  duration  of  the  second  ballistic  phase 

To  determine  the  first  of  the  above  quantities,  we  employ 
the  relation  for  heat  absorbed 


Mx-cWAT  (C6) 

where  c is  the  specific  heat  of  the  material,  We  is  the  effective 
weight  of  material  absorbing  heat,  and  AT  is  the  tempera- 
ture rise  during  the  first  skip.  If  it  is  assumed  that  1/3  of 
the  missile  weight  will  absorb  heat,  equation  (C6)  becomes 

A T=-  (C7) 

gc  \mj 

where  to  is  the  total  mass  of  the  vehicle.  It  is  assumed  that 
the  material  has  a specific  heat  of  0.11  Btu/lb  °R.  If  it  is 
also  assumed  that  the  temperature  at  the  start  of  the  first 
skip  is  500°  R,  equation  (C7)  becomes 

2^=500+1.1  X10"3(^)  (C8) 

which  defines  the  temperature  at  the  beginning  of  the 
second  ballastic  phase. 

To  find  the  temperature  at  the  end  of  the  second  ballistic 
phase,  we  equate  the  radiant  heat-transfer  rate  from  the 
body  to  the  rate  of  heat  loss  in  terms  of  the  temperature 
drop  of  the  body 

-JcT4S  dt—cWedT  (C9) 

This  expression  can  be  integrated  to  yield 

TJ= r (CIO) 

(7.95  X 10 -15)$£ +7^-3 

for  a vehicle  weight  of  5000  pounds  (effective  absorbing 
weight  of  1667  pounds)  where  Tcn<1  is  the  temperature  at 
the  end  of  the  second  ballistic  phase  and  t is  the  total  flight 
time  of  the  second  ballistic  phase.  The  total  heat  lost  by 
radiation  can  now  be  expressed  in  terms  of  the  temperature 
drop  as 

QR=(TeXo/-Ten2)Wec 

or 

(?K2=1.41X105(Te,2-Ten2)  (Oil) 

526597—60 75 


The  time  of  flight  in  any  ballistic  trajectory  can  be  shown  to 
be 


2 r 

t'  T7 


(i-cusf)" 


V.  (1  -i2) 
where 


[tan  <’,.+^=T,  tan-  tan  f)] 


(C12) 


tan  df 


. $ $ 
sin  2"+ tan  0f  cos  — 

£=tfln-i  /sin  Of  cos  e\ 


J 

<V* 


The  foregoing  relations  were  applied  to  a computation  of 
the  radiative  cooling  of  a missile  weighing  5000  pounds  and 
traversing  a total  range  of  3440  nautical  miles  (3>=1.0). 
Values  of  0f  were  obtained  in  the  motion  analysis,  and  values 
of  C/S/CdA  and  S obtained  in  the  previous  calculation 
with  regard  to  the  glide  missile  will  apply  to  this  case  also. 
The  computations  are  summarized  in  the  following  table. 
Note  that  the  case  of  L/D  — % is  essentially  the  ballistic 
vehicle  (see  fig.  9) . 


LfD 

8f, 

deg 

Vf2 

QiX10-5 

Qi/Qt 

t, 

sec 

°R 

°R 

Q«2X10-s 

Qr2!Qi 

6 

12.5 

0 275 

3115 

0.135 

213 

2710 

1490 

1725 

0.554 

4 

17.0 

.315 

1470 

.258 

335 

1542 

1323 

316 

.211 

2 

24.0 

. 525 

549 

.575 

395 

889 

885 

27 

.049 

1 

27.5 

.620 

122 

.853 

247 

587 

585 

3 

.023 

30.0 

.650 

19 

.985 

80.4 

514 

514 

0 

0 

We  see,  therefore,  that  the  quantity  of  heat  which  must 
be  absorbed  by  this  skip  vehicle  decreases  rapidly  with 
decreasing  lift-drag  ratio.  The  quantity  of  heat  which  must 
be  absorbed  by  a ballistic  vehicle  (L/D =1/2)  is  almost 
negligible  compared  with  the  quantities  associated  with 
vehicles  with  an  i/Z>= 2 or  greater.  Comparison  of  the  heat 
absorbed  in  the  first  skipping  phase  with  the  heat  radiated 
in  the  second  ballistic  phase  indicates  no  appreciable  ad- 
vantage is  obtained  due  to  radiation  for  values  of  L/D =2 
and  lower.  To  be  sure,  this  situation  could  be  substantially 
altered  (near  L/D= 2)  by  allowing  the  surface  temperatures 
to  reach  higher  values  during  the  skip;  however,  it  seems 
unlikely  that  the  net  heat  absorbed  by  the  skip  vehicle 
could  ever  be  reduced  to  the  low  value  of  the  ballistic  vehicle 
for  any  reasonable  surface  temperature. 
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SURVEY  OF  HYDROGEN  COMBUSTION  PROPERTIES1 


By  Isadore  L.  Drell  and  Frank  E.  Belles 


SUMMARY 

The  literature  on  the  combustion  properties  of  hydrogen-air 
mixtures  is  surveyed  to  provide  a single  source  of  information 
useful  in  research  and  development  work  in  which  hydrogen  is 
burned . Data  are  presented  on  fla7ne  temperature)  burning 
velocity , quenching  distance , flammability  composition  limits , 
minimum  spark  ignition  energy , flashback  and  blow  ofl 
limits , detonation  properties , explosion  limits , spontaneous 
ignition , and  the  chemistry  of  hydrogen  oxidation.  The  survey 
is  not  meant  to  be  historically  complete  or  exhaustive  but  to 
cover  the  basic  material  of  importance  for  flight-propulsion 
applications.  . 

The  validity  of  experimental  methods  is  discussed , and  the 
data  are  assessed  wherever  possible . Recommended  values  for 
the  combustion  properties  of  hydrogen-air  mixtures  are  pre- 
sented. Some  original  material  is  also  included.  Relations 
among  various  combustion  properties  of  hydrogen  are  dis- 
cussed. Calculated  adiabatic  flame  temperatures  are  pre- 
sented for  a pressure  range  from  0.01  to  100  atmospheres  and 
an  initial-temperature  range  from  0°  to  1400°  K for  all  pos- 
sible hydrogen-air  mixtures;  and  the  variation  of  spontaneous- 
ignition  lag  with  temperature , pressure , and  composition  based 
on  the  reaction  kinetics  of  hydrogen  oxidation  is  treated 
theoretically . 

INTRODUCTION 

The  use  of  hydrogen  as  a possible  fuel  dor  aircraft  and 
missiles  has  been  considered  for  a number  of  years  (ref.  1). 
Among  the  many  problems  associated  with  the  use  of  this 
material  are  those  of  efficient  burning  under  a variety  of 
conditions.  In  the  research  and  development  effort  that 
will  be  necessary  before  these  problems  can  be  fully  solved, 
it  would  be  useful  to  have  a single  source  of  information  on 
the  many  aspects  of  hydrogen  combustion.  Therefore,  as 
a part  of  the  fundamental  combustion  work  at  the  NACA 
Lewis  laboratory,  the  literature  was  surveyed  and  the 
present  knowledge  on  hydrogen-air  flames  was  collected 
and  digested. 

A great  deal  of  literature  exists  because  hydrogen  has  often 
been  used  as  a fuel  in  combustion  research  from  the  earliest 
studies  up  to  the  present.  One  reason  for  this  has  been  the 
ready  availability  of  hydrogen  in  a fairly  pure  state.  Further- 
more, its  high  burning  velocity,  wide  flammability  range, 
high  heating  value  per  unit  weight,  and  great  flame  stability 


are  of  much  scientific  interest.  Of  the  common  fuel-oxidant 
systems,  the  hydrogen-oxygen  (or  hydrogen-air)  system  is 
probably  the  simplest,  the  one  about  which  much  of  the 
chemistry  is  known,  and  thus  the  one  about  which  there  is 
the  greatest  likelihood  of  learning  more. 

The  survey  is  not  meant  to  be  historically  complete  or  ex- 
haustive, but  to  cover  the  important  basic  material.  It  is 
mainly  concerned  with  hydrogen-air  combustion  properties, 
but  some  data  are  included  for  hydrogen -oxygen  and  hydrogen- 
oxygen-nitrogen  systems.  The  combustion  data  presented 
include  observations  on  (1)  flame  temperatime,  (2)  burning 
velocity,  (3)  quenching  distance,  (4)  flammability  limits, 
(5)  spark  ignition  energy,  (6)  flame  stability,  (7)  detonation 
properties,  and  (8)  explosion  limits,  spontaneous  ignition,  and 
the  chemistry  of  hydrogen  oxidation.  Values  of  the  com- 
bustion properties  are  given  under  stated  conditions  of  tem- 
perature, pressure,  and  composition  (and  vessel  size  and 
other  specifications  of  the  apparatus  when  significant).  The 
variation  of  each  property  with  temperature,  pressure,  and 
composition  is  then  discussed  if  information  is  available. 

Experimental  methods  and  data  are  interpreted  and  evalu- 
ated, and  recommended  values  are  given.  Relations  among 
various  combustion  properties  of  hydrogen  are  discussed. 
Other  original  material  includes  calculated  adiabatic  flame 
temperatures  over  the  entire  hydrogen-air  composition  range 
for  pressures  of  0.01  to  100  atmospheres  and  initial  temper- 
atures of  0°  to  1400°  Iv,  and  a theoretical  treatment  of  the 
effects  of  temperature,  pressure,  and  composition  on 
spontaneous-ignition  lag  based  on  the  reaction  kinetics  of 
hydrogen  oxidation. 

SYMBOLS 

specific  heat  at  constant  pressure 
proportionality  constants 
temperature-dependent  proportionality  constant 
width  of  flameholder 
diameter  of  burner  tube 
quenching  distance 
activation  energy,  cal/mole 
Fanning  friction  factor 
boundary  velocity  gradient,  (cm/sec) /cm 
spark  ignition  energy,  millijoules 
rate  of  initiation  (rate  of  formation  of  OH 
radicals  per  unit  time  and  volume) 


Up 

cflT) 

D 

d 

dq 

E 

F 

9 

1 


1 Supersedes  recently  declassified  NACA  Research  Memorandum  E57D24,  by  Isadore  L.  Drell  and  Frank  E.  Belles,  1957. 
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Figure  1. — Relation  between  equivalence  ratio  and 


40 

Hydrogen  in  oir, 


kuk2 

Kk2... 

L 

[M] 

N0 

n0 

P 

R 

Re 

T 

Tf 

T0 

t 

t* 

U 

UL 

x,  y , 2 


constants 

rate  constants  for  chemical  reactions 
length  of  recirculation  zone  behind  fiameholder 
molar  concentration  of  all  molecules  other  than 
free  radicals 

fuel  concentration  in  unburned  mixture,  mole- 
cules/cm3 

mole  fraction  of  fuel  in  unburned  mixture 
pressure,  atm 

gas  constant,  cal/ (mole)  (°K) 

Reynolds  number 
temperature,  °K 

equilibrium  adiabatic  flame  temperature,  °K 

initial  mixture  temperature,  °K 

ignition  time  available  behind  flameholder,  sec 

characteristic  ignition  time  of  mixture,  sec 

average  flow  velocity 

laminar  burning  velocity,  cm/sec 

empirical  exponents 


50 

percent  by  volume 

volume-percent  hydrogen  for  hydrogen-air  mixtures. 

r ignition  lag,  sec 

equivalence  ratio,  fuel-oxidant  ratio  divided  by 
stoichiometric  fuel-oxidant  ratio  (mixture 
compositions  in  this  paper  are  given  as  mole- 
percent  by  volume  or  as  equivalence  ratio; 
the  relation  between  these  units  for  hydrogen- 
air  mixtures  is  shown  in  fig.  1) 
co  reaction  rate 

ZjF  average  reaction  rate  in  flame 

Subscripts: 

a condition  a 

b condition  b 

bo  blowoff 

fb  flashback 

L laminar 

max  maximum 

T turbulent 

300  300°  K initial  mixture  temperature 
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FLAME  TEMPERATURE 

One  of  the  most  important  factors  that  characterize  and 
influence  combustion  behavior  in  any  fuel-oxidant  system  is 
the  flame  temperature.  Flame  temperature,  as  used  here, 
refers  to  flames  burning  at  constant  pressure  with  no  ap- 
preciable external  heat  losses  or  gains.  Table  I and  figure  2 
give  measured  and  calculated  flame  temperatures  for  hydro- 
gen-air mixtures  reported  since  1930;  earlier  data  are  not 
considered  reliable.  The  data  are  for  a pressure  of  1 
atmosphere  and  an  initial  mixture  temperature  of  25°  C. 

The  criterion  of  negligible  heat  loss  makes  any  experi- 
mental measurement  very  difficult.  The  values  of  Passauer 
(ref.  2,  pp.  314  to  316  and  319)  are  thought  to  be  low  because 
they  were  obtained  with  rather  large  thermocouples.  For 
temperatures  above  2223°  K,  he  used  a thermocouple  made 
of  0.48-millimeter  wire.  The  hot  junction  was  placed  1 
millimeter  above  the  cone  tip  of  a flame  on  a 4-millimeter 
cylindrical  burner,  both  with  and  without  a split-flame  tube 
(Smithells  separator)  that  enclosed  the  primary  zone  and 
isolated  it  from  surrounding  air. 

The  so dium-D -line-reversal  measurements  of  Morgan  and 
Kane  (ref.  3)  were  of  an  approximate  nature;  furthermore, 
they  were  made  at  a position  4 millimeters  above  the  tip  of 
a flame  on  a 4.8-millim.eter-nozzle  burner,  which  admittedly 
may  not  be  the  locus  of  maximum  temperature.  The  earlier 
line-reversal  measurements  of  Jones,  Lewis,  and  Seaman 
(ref.  4)  probably  furnish  the  best-  experimental  values.  They 


Figure  2. — Calculated  and  measured  flame  temperatures  for  hydrogen- 
air  mixtures.  Pressure,  1 atmosphere;  initial  temperature,  25°  C. 


obtained  flame  temperatures  of  2293°  K for  the  stoichiomet- 
ric mixture  (29.5  percent  hydrogen)  and  2318°  K for  the 
maximum-temperature  mixture  (31.6  percent  hydrogen). 
Even  these  values  may  be  somewhat  low  because  of  heat 
transfer  to  the  Meker  burner  that  was  used  and  because  of 
the  inherent  averaging  effect  of  the  line-reversal  technique 

Calculated  flame  temperatures,  accounting  for  dissocia- 
tion, are  obtained  wflth  the  assumptions  of  an  adiabatic 
system  and  of  chemical  equilibrium  among  all  species  present 
in  the  burned  gas.  The  calculated  values  are  in  error  if 
these  assumptions  are  not  justified  or  if  the  thermodynamic 
data  used  are  inaccurate.  Good  agreement  between  calcu- 
lated and  measured  flame  temperatures  has  been  obtained 
by  a refined  thermocouple  method  (ref.  5)  for  very  lean 
propane-air  flames.  This  tends  to  support  the  validity  of  the 
calculated  temperatures.  However,  various  sources  of  error 
exist  in  any  method  of  measuring  flame  temperature,  and  it 
is  not  always  clear  just  how  corrections  should  be  applied. 
In  reference  5 the  errors  were  minimized,  and  after  the  raw 
data  were  corrected  as  carefully  as  possible,  a measured 
temperature  of  1530°  K was  obtained,  compared  with  a 
calculated  value  of  1560°  K.  Equally  good  agreement  can- 
not be  expected  in  every  case,  especially  in  richer  mixtures 
with  hotter  flames.  In  short,  it  is  not  possible  at  present 
to  confirm  the  general  validity  of  calculated  flame  tempera- 
ture by  experiment.  Therefore,  the  attitude  of  this  report 
is  that  the  calculated  temperatures  are  valid,  particularly 
for  premixed  laminar  flames  large  enough  so  that  quenching 
effects  are  not  significant.  Premixed  flames  on  small  burn- 
ers where  there  is  appreciable  heat  loss,  diffusion  flames,  and 
turbulent  flames  will  normally  fail  to  reach  the  full  theoreti- 
cal temperature  (ref.  6). 

The  theoretical  hydrogen-air  flame  temperatures  from  the 
recent  literature  (refs.  3 and  6 to  10)  vary  considerably.  In 
fact,  the  difference  between  high  and  low  values  for  stoichi- 
ometric mixtures  is  65°  K (table  I),  \vhich  is  almost  as  great 
as  the  range  of  experimental  temperatures.  This  spread  is 
probably  due  to  differences  in  thermodynamic  data  and  air 
composition  assumed  by  various  workers.  The  theoretical 
values  computed  for  this  report  are  2387°  K for  the  stoichi- 
ometric mixture  and  2403°  K for  the  maximum-temperature 
mixture. 

For  hydrogen-oxygen  flames  under  the  same  initial  con- 
ditions the  theoretical  flame  temperature  for  the  stoichi- 
ometric mixture  (66.7  percent  hydrogen  in  oxygen)  is  about 
3080°  K (ref.  6,  p.  280,  and  refs.  8,  11,  and  12) ; the  maximum 
is  practically  the  same.  Line-reversal  measurements  by 
Pothmann  (quoted  in  ref.  13)  agree  fairly  well  with  theoreti- 
cal values.  These  measurements  gave  a maximum  of  3123° 
K at  66  percent  hydrogen;  surprisingly,  this  is  higher  than 
the  theoretical  value.  Lurie  and  Sherman  (ref.  13)  reported 
a lower  temperature,  2933°  K,  by  the  same  method.  Their 
reported  maximum -temperature  mixture  of  78  percent 
hydrogen  in  oxygen  is  widely  different  from  the  calculated 
result  and  from  Pothmann’s  measurement. 

Effect  of  mixture  composition. — Figure  2 shows  that  the 
maximum  flame  temperature  is  obtained  with  a slightly  rich 
mixture.  Most  of  the  curves  presented,  including  the  most 
recent  one  calculated  for  this  report,  show  the  maximum  at 
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approximately  31  percent  hydrogen  in  air  (^=1.07).  The 
curves  drop  off  regularly  on  both  sides  of  the  maximum. 
Flame  temperatures  below  1300°  K are  obtained  as  the 
flammability  limits  are  approached. 

The  two  experimental  curves  of  Passauer,  obtained  for  open 
flames  and  for  flames  on  a Smithells  burner  with  the  primary 
zone  enclosed,  show  an  interesting  effect:  The  split-flame 
burner  gave  lower  flame  temperatures  than  the  ordinary 
open  burner  for  rich  mixtures  (above  32  percent  hydrogen), 
while  below  that  concentration  the  reverse  was  found.  Thus, 
the  two  kinds  of  flames  may  not  have  comparable  tempera- 
tures except  near  32  percent  hydrogen.  The  differences 
were  thought  to  be  due  to  diffusion  or  induced  mixing  of 
secondary  air  from  the  surrounding  atmosphere  into  the  open 
flame ; these  effects  would  tend  to  raise  temperatures  for  rich 
mixtures  and  to  lower  them  for  lean  mixtures. 

According  to  Byrne  (ref.  14),  secondary  oxygen  does  not 
penetrate  to  the  inner  cone  of  a rich  flame;  however,  it  does 
enter  the  outer  mantle,  where  it  reacts  with  excess  fuel  in 
certain  rich  Bunsen  flames  (such  as  methane-  or  propane-air 
flames)  and  raises  the  temperature.  Heat  transfer  then 
raises  the  temperature  of  the  mixture  burning  in  the  inner 
cone  and  increases  the  burning  velocity.  However,  Byrne 
observed  little  effect  of  secondary  oxygen  on  the  size  and 
shape  (and  consequently  on  the  burning  velocity)  of  a rich 
hydrogen-air  flame.  He  concluded  that  in  this  case  hydro- 
gen molecules  and  atoms  diffuse  away  from  the  flame  faster 
than  oxygen  travels  inward  (whereas  in  most  hydrocarbon 
flames  the  reverse  is  true);  thus  secondary  burning  occurs 
far  from  the  inner  cone  and  can  have  little  effect  upon  it. 
This  seeming  discrepancy  with  the  results  of  Passauer  may  be 
due  to  the  fact  that  the  burning  velocity  of  hydrogen  is  not  as 
dependent  on  temperature  as  is  the  burning  velocity  of  hydro- 
carbons. In  other  words,  the  temperature  did  presumably 
rise,  but  not  enough  to  affect  the  burning  velocity  perceptibly. 
Consequently,  the  conclusion  of  Passauer  (ref.  2)  that  rich 
hydrogen  flames  in  the  open  air  have  higher  flame  tempera- 
tures than  enclosed  flames  because  of  admixing  of  air  may  be 
valid. 

Effect  of  initial  mixture  temperature. — Theoretical  adi- 
abatic equilibrium  flame  temperatures  were  calculated  for 
various  hydrogen-air  mixtures  over  a range  of  initial  tempera- 
tures from  0°  to  1400°  K.  The  results  are  shown  in  figure  3. 
Rich  mixtures  are  shown  bv  solid  lines  and  lean-to-stoichio- 
metric mixtures  by  dashed  lines.  Except  for  mixtures  near 
stoichiometric,  the  flame  temperature  increases  almost  lin- 
early with  initial  temperature.  In  very  rich  or  lean  mix- 
tures, where  flame  temperatures  are  low  and  there  is  little 
dissociation,  flame  temperature  increases  degree  for  degree 
with  mixture  temperature.  As  the  composition  approaches 
stoichiometric,  however,  dissociation  becomes  more  impor- 
tant and  flame  temperature  becomes  less  dependent  on  initial 
mixture  temperature. 

Passauer  (ref.  2),  using  the  older  thermochemical  data, 
calculated  a curve  for  the  stoichiometric  mixture  that  is 
quite  similar  to  the  one  in  figure  3.  He  obtained  approxi- 
mately the  same  flame  temperature  for  an  initial  temperature 
of  300°  K as  that  from  the  present  calculation,  but  his  curve 
has  greater  slope. 


Effect  of  pressure. — Dissociation  of  the  burned  gas  is 
favored  by  reduced  pressures,  so  that  flame  temperature 
decreases  as  pressure  is  decreased.  However,  the  size  of  the 
effect  depends  strongly  on  the  general  level  of  flame  tempera- 
tures produced  by  a given  mixture.  Figure  4 shows  calculated 
flame  temperatures  as  a function  of  pressure  for  hydrogen- 
air  mixtures  at  initial  temperatures  of  298°,  600°,  and  1000° 
K.  Near-stoichiometric  mixtures  show  a strong  dependence 
of  flame  temperature  on  pressure,  while  lean  and  rich  mix- 
tures have  little  or  no  dependence.  Mixtures  that  are  quite 
lean  or  rich  have  flame  temperatures  too  low  to  cause  much 
dissociation,  thus,  pressure  has  little  effect. 

Edse  (ref.  12,  p.  39)  presented  a plot  similar  to  figure  4 for 
a stoichiometric  hydrogen-oxygen  mixture.  The  calcula- 
tions covered  pressures  from  1 to  100  atmospheres. 


3000 


2800 


2600 


2400 


2200 


2000 


1800 


«?  1600 


1400 


1200 


1000 


800 


600 


400 


200, 


400  600  800  1000  1200  1400 

Initial  mixture  temperature,  TQ  , °K 

Figijfe  3. — Effect  of  initial  mixture  temperature  on  calculated  flame 
temperature  of  hydrogen-air  mixtures.  Pressure,  1 atmosphere. 
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Recommended  flame  temperatures. — In  view  of  the  exper- 
imental difficulties  in  measuring  flame  temperatures,  as  well 
as  the  limited  range  of  conditions  over  which  measurements 
have  been  made,  it  is  recommended  that  the  calculated  values 
of  this  report  be  used.  These  data  are  summarized  in  figure 
5,  where  flame  temperature  is  plotted  against  hydrogen 
concentration  over  the  complete  range  of  composition. 
There  are  atmospheric-pressure  curves  for  initial  tempera- 
tures of  0°,  298.16°,  600°,  1000°,  and  1400°  K.  In  addition, 
curves  for  0.01  and  100  atmospheres  were  computed  for 
initial  temperatures  of  298.16°,  600°,  and  1000°  Iv.  The 
calculations  for  extremely  fuel-rich  mixtures  and  for  high 
initial  temperatures  are  included  for  use  in  the  consideration 
of  novel  engine  cycles  and  of  flight  conditions  where  inlet 
temperatures  are  high. 

Burned-gas  composition— -The  calculations  of  equilibrium 
adiabatic  flame  temperatures  for  this  report  also  provided 
data  on  the  composition  of  the  burned  gas.  The  data  are 
listed  in  table  II.  Mole  fractions  at  various  pressures, 
initial  temperatures,  and  mixture  compositions  are  given  for 
the  following  atoms  and  molecules:  H,  O,  N,  OH,  NO,  N2, 
O2,  H2,  and  H20.  Figure  6 is  a plot  of  these  data  as  a func- 
tion of  equivalence  ratio  for  a pressure  of  1 atmosphere  and 
an  initial  temperature  of  298.16°  Iv.  This  figure  is  presented 
mainly  to  show  the  typical  orders  of  magnitude  of  the 
amounts  of  various  constituents  in  the  burned  gas.  The 
mole  fractions  range  from  about  10~6  to  values  approaching 


1.  Figure  6 also  illustrates  how  dissociation  depends  on 
flame  temperature;  the  mole  fractions  of  the  main  dissocia- 
tion products,  II,  O,  and  OH,  peak  not  far  from  the  equiva- 
lence ratio  for  maximum  flame  temperature.  The  equiva- 
lence ratios  for  these  four  maximums  do  not  coincide,  how- 
ever, because  the  dissociation  equilibria  depend  on  concen- 
tration as  well  as  on  temperature. 

BURNING  VELOCITY 

LAMINAR  BURNING  VELOCITY 

The  laminar  burning  velocity  is  defined  as  the  velocity  at 
which  unburned  gas  of  given  composition,  pressure,  and 
temperature  flows  into  a flame  in  a direction  normal  to  the 
flame  surface.  The  normal  direction  is  specified  in  order  to 
make  burning  velocity  independent  of  the  actual  shape  of 
the  flame.  The  aim  in  measuring  laminar  burning  velocity 
is  always  to  obtain  a physical  constant  for  the  mixture  that 
is  free  of  any  effects  of  geometry,  external  heat  sources  or 
sinks,  and  nature  of  the  flow.  The  burning  velocity  should 
be  distinguished  from  the  spatial  flame  speed,  which  is  simply 
the  gross  speed  of  a flame  traveling  through  a mixture. 

Table  III  gives  burning  velocities  for  the  hydrogen-air 
stoichiometric  mixture  and  the  mixture  of  maximum  burning 
velocity  at  atmospheric  pressure  and  room  temperature. 
Kesults  of  IS  investigations  covering  the  years  between  1889 
and  1956  are  reported  (refs.  2,  3,  8,  10,  and  15  to  27).  About 
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Figure  5. — Summary  of  effects  of  initial  temperature,  pressure,  and  composition  on  calculated  flame  temperatures  of  hydrogen-air  mixtures. 
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Figure  6. — -Theoreticul  adiabatic  flame  composition  for  hydrogen* air  mixtures.  Pressure,  1 atmosphere,  initial  mixture  temperature,  298.16 


six  spatial  flame  speeds,  starting  with  the  work  of  Mallard 
and  Le  Chatelier  in  1881  (ref.  28),  have  been  omitted. 

The  values  in  table  III  have  a large  spread  for  a quantity 
that  is  defined  so  as  to  be  a physical  constant.  The  burning 
velocities  range  from  153  to  232  centimeters  per  second  for 
the  stoichiometric  mixture  and  from  200  to  320  centimeters 
per  second  for  the  mixture  of  maximum  burning  velocity. 
Furthermore,  the  reported  hydrogen  concentrations  for  the 
maximum  burning  velocity  vary  from  40  to  46  percent.  Of 
course,  not  all  the  work  was  done  under  strictly  comparable 
conditions,  since  the  ambient  pressure  and  temperature  and 
the  degree  of  saturation  with  water  vapor  differed.  How- 
ever, the  effects  of  these  variables  are  thought  to  be  less 
important  than  the  effects  of  the  experimental  method. 

An  experimental  measurement  of  burning  velocity  on  a 
Bunsen  or  nozzle  burner  in  essence  requires  recording  an 
optical  image  of  some  surface  in  the  flame  zone  and  then 
measuring  the  area  of  the  surface  or  its  inclination  to  the 
flow.  All  the  workers  cited  in  table  III  used  some  form  of 
this  general  method,  except  Manton  and  Milliken  (ref.  26), 
who  used  a spherical  constant-volume  bomb.  Both  steps 
in  the  burner  method  are  subject  to  error.  At  present  it 
is  believed  that  schlieren  observation  is  best,  since  it  gives 


a flame  surface  with  a temperature  close  to  that  of  the  un- 
burned  gas  (ref.  29).  The  best  method  of  measuring  the 
area  of  the  surface  is  not  so  clearly  defined. 

In  the  bomb  method  used  by  Manton  and  Milliken  (ref. 
26)  the  radius  of  a spherically  expanding  flame  was  recorded 
as  a function  of  time  by  schlieren  photography.  Simulta- 
neously, the  pressure  in  the  bomb  was  recorded.  From 
various  well-founded  thermodynamic  assumptions,  burning 
velocities  may  be  calculated  from  both  types  of  data,  and 
the  agreement  provides  an  internal  check  of  the  assumptions. 
In  the  bomb  method  there  are  no  heat  losses  such  as  occur 
near  the  base  of  a burner  flame,  and  flame  curvature  effects 
are  minimized  by  making  measurements  on  flames  of  large 
radius. 

It  is  believed  that  the  data  of  references  3,  10,  23,  24,  26, 
27,  and  30  represent  the  best  values  of  burning  velocity  for 
hydrogen-air  mixtures.  These  are  recent  data,  and  they 
were  obtained  b}7  satisfactory  experimental  techniques. 
It  is  not  possible  at  present  to  choose  any  single  investigation 
as  the  best.  Therefore,  the  recommended  burning  velocities 
for  hydrogen-air  mixtures  at  1 atmosphere  and  about  300°  K 
initial  temperatures  are  averages  of  the  values  from  these 
seven  sources.  The  recommended  maximum  burning  veloc- 
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Figure  7. — Effect  of  hydrogen  concentration  on  burning  velocities  of 
hydrogen-air  mixtures.  Pressure,  1 atmosphere;  initial  temperature, 
300°  K. 


ity  is  310  centimeters  per  second  at  about  43  percent 
hydrogen  (<p=1.8).  The  stoichiometric  burning  velocities 
show  a larger  spread  than  the  maximum  burning  velocities 
from  the  same  sources  and  range  from  193  to  232  centimeters 
per  second,  with  an  average  of  215  centimeters  per  second. 
Since  burning  velocity  changes  very  rapidly  with  l^drogen 
concentration  near  stoichiometric,  the  wide  range  of  values 
is  to  be  expected. 

Effect  of  mixture  composition. — Figure  7 shoves  typical 
plots  of  burning  velocity  against  hydrogen  concentration 
taken  from  four  recent  investigations  (refs.  10,  26,  27,  and 
30).  As  already  stated,  the  maximum  occurs  near  a 43- 
percent  hydrogen  concentration;  the  curves  fall  off  smoothly 
on  either  side.  It  should  be  noted  that  the  maximum 
burning  velocity  occurs  in  a mixture  richer  than  either  the 
stoichiometric  mixture  or  the  maximum-flame-temperature 
mixture.  Discrepancies  among  results  of  various  workers 
become  quite  large  on  a percentage  basis,  especially  for 
mixtures  rich  of  the  maximum-burning-velocity  mixture. 
It  does  not  seem  possible  to  account  for  these  differences  at 
present. 

Burning-velocity  measurements  cannot  be  extended  too 
far  to  the  lean  side  of  stoichiometric.  Because  of  prefer- 
ential diffusion  effects,  the  tip  of  a burner  flame  may  open 
up  in  mixtures  leaner  than  17  percent  hydrogen  (ref.  31), 
and  a stream  of  mixture  may  escape  the  flame  zone  without 
being  burned. 


Figure  8. — Effect  of  initial  temperature  on  burning  velocities  of  hydro- 
gen-air mixtures.  Pressure,  1 atmosphere. 


Effect  of  initial  mixture  temperature— Figure  8 is  a log- 
arithmic plot  of  burning  velocity  against  initial  temperature 
for  several  mixtures.  The  solid  lines  with  symbols  are  data 
from  reference  30.  The  dashed  line  represents  the  maximum 
burning  velocities  of  Passauer  (ref.  2),  which  are  considered 
less  reliable  than  the  more  recent  data.  It  appears  from 
figure  8 that  the  mixture  of  maximum  binning  velocity  is 
least  sensitive  to  changes  in  initial  temperature.  The 
following  equation  expresses  the  relation  between  initial 
temperature  and  maximum  burning  velocity  over  the  range 
of  temperatures  given: 

UL,max=0.0mS  TJ-413  (1) 

The  exponent  on  T0  is  considerably  less  for  hydrogen -air 
mixtures  than  for  hydrocarbon-air  mixtures.  For  example, 
expressing  some  of  the  data  of  reference  32  in  the  form  of 
equation  (1)  gives  temperature  dependencies  of  UL,max  of 
about  Ti  64  and  T7^85  for  n-heptane  and  isooctane,  respec- 
tively. 

Effect  of  pressure. — Measurements  of  burning  velocity 
at  pressures  other  than  atmospheric  are  difficult;  this  is 
especially  true  for  reduced  pressures.  The  experimental 
difficulties  are  reflected  in  large  discrepancies  in  the  data 
of  the  few  workers  who  have  studied  hydrogen-air  mixtures. 
Reference  17  reports  nearly  constant  burning  velocity  at 
total  pressures  from  1 to  4 atmospheres.  Reference  33  gives 
burning- velocity  values  of  164  centimeters  per  second  at 
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0.393  atmosphere  and  140  centimeters  per  second  at  1 
atmosphere  for  a mixture  with  ^>=4.78.  Reference  26 
reports  that  the  burning  velocity  of  a mixture  with  <p= 3.58 
increased  when  the  pressure  was  raised  from  0.25  to  1.0 
atmosphere,  and  reference  27  gives  data  showing  the  same 
trend  between  p of  1.10  and  1.90. 

The  data  of  reference  26  are  probably  most  nearly  right, 
because  the  spherical-bomb  technique  is  not  subject  to  some 
of  the  important  sources  of  error  that  affect  results  obtained 
by  other  methods.  Moreover,  a previously  unsuspected 
effect  was  discovered  that  may  explain  some  of  the  dis- 
crepancies in  pressure  dependence  reported  in  the  literature. 
It  is  generally  agreed  that  burning  velocity  is  proportional 
to  the  pressure  raised  to  some  power.  The  disagreements 
concern  the  value  and  sign  of  the  exponent.  Manton  and 
Milliken  (ref.  26)  studied  many  fuel — oxygen — inert-gas 
mixtures  with  atmospheric  burning  velocities  from  8 to  1000 
centimeters  per  second  and  determined  x for  each  mixture 
from  the  empirical  relation 


When  these  values  of  x were  plotted  against  the  reference 
burning  velocity  UL  a (the  value  at  atmospheric  pressure), 


data  for  all  mixtures  defined  a single  curve.  The  curve, 
which  is  reproduced  from  reference  26  in  figure  9,  shows 
that  the  pressure  dependence  of  burning  velocity  is  variable 
and  depends  on  the  reference  burning  velocity.  Thus, 
slowr-burning  mixtures  (£/l<5 0 cm/sec)  have  a negative 
pressure  exponent,  and  hence  UL  increases  as  pressure 
decreases;  whereas  for  fast-burning  mixtures  (?7L>100 
cm/sec)  the  reverse  is  true.  In  the  intermediate  range 
(50  cm/sec<  t^<^100  cm/sec)  there  is  no  effect  of  pressure. 
Figure  7 shows  that  both  zero  and  positive  pressure  exponents 
may  be  expected  for  hydrogen-air  mixtures,  depending  on 
the  fuel  concentration;  negative  exponents  should  appear  for 
very  rich  or  very  lean  mixtures  only.  In  any  case,  the 
exponent  should  be  small. 

The  work  of  reference  27  agrees  qualitatively  with  that  of 
reference  26  but  shows  pressure  dependence  to  be  much  larger. 
Figure  10  shows  burning  velocities  from  references  26  and 
27  plotted  logarithmically  against  pressure  for  four  rich 
equivalence  ratios.  The  data  from  reference  27  were 
obtained  by  a Bunsen  burner  total-area  method,  and  care 
was  taken  to  avoid  quenching  effects  from  too-small  burner 
tubes.  The  straight  lines  obtained  support  the  assumption 
of  reference  26  that  the  data  follow^  a relation  like  equation 
(2);  however,  the  slope  x varies  randomly  between  0.208 
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and  0.256  for  equivalence  ratios  from  1.10  to  1.90,  the 
average  value  being  0.23  (ref.  27),  whereas  figure  9 would 
predict  a slope  of  less  than  0.1. 

The  cause  of  the  discrepancj7  between  references  26  and 
27  is  not  known.  Reference  27  tries  to  resolve  the  question 
with  the  aid  of  certain  theoretical  relations  among  combus- 
tion properties,  but  the  result  is  inconclusive.  One  rela- 
tion favors  the  small  pressure  dependence  of  reference  26, 
while  the  other  favors  the  larger  dependence  of  reference  27. 
In  any  event,  recent  work  agrees  that  burning  velocity  of 
hydrogen-air  flames  increases  with  increasing  pressure. 
Pending  further  evidence,  it  is  suggested  that  a pressure 
exponent  of  0.16  may  be  used  to  estimate  the  pressure  effect 
for  mixtures  near  the  maximum  buring  velocity  without 
causing  too  great  an  error.  The  suggested  value  is  the  aver- 
age of  those  reported  in  references  26  and  27. 

TURBULENT  BURNING  VELOCITY 

A.  flame  in  turbulent  flow  differs  considerably  in  appear- 
ance from  a laminar  flame.  Both  views  with  the  naked  eye 
and  time-exposed  photographs  show  the  luminous  zone  as  a 
brush-like  region,  thin  near  the  burner  port,  thicker  toward 
the  top  of  the  flame,  and  of  more  or  less  indefinite  extent. 


Figure  10. — Effect  of  pressure  on  burning  velocity  of  hydrogen-air 

flames. 

It  is  not  yet  known  whether  the  flame  brush  represents  a 
thickened  reaction  zone  or  a laminar  flame  that  has  been 
wrinkled,  distorted,  and  caused  to  fluctuate  by  the  turbu- 
lence. As  a result,  there  is  no  flame  surface  on  which 
burning-velocity  measurements  should  obviously  be  based, 
and  it  is  necessary  to  choose  some  arbitrary  surface. 

The  only  turbulent  burning  velocities  that  have  been 
measured  for  hydrogen-air  flames  are  given  in  reference  34. 
A mean  flame  surface  was  chosen  in  images  of  visible  flames, 
and  its  area  was  measured.  All  measurements  were  made 
on  a 1.02-centimeter-diameter  burner  at  a Reynolds  number 
of  3500,  over  a range  of  pressures  from  0.30  to  0.75  atmos- 
phere, and  at  an  equivalence  ratio  of  1.80.  The  data  are 
shown  in  figure  11;  the  laminar-burning-velocity  curve  (ref. 


Pressure,  P}  atm 

Figure  11. — Comparison  of  turbulent  and  laminar  burning  velocities 
for  hydrogen-air  mixtures  as  function  of  pressure.  Equivalence  ratio, 
1.80. 

27)  is  included  for  comparison.  As  is  generally  observed,  the 
turbulent  burning  velocities  are  higher  than  the  laminar 
under  the  same  conditions  of  temperature,  pressure,  and 
composition.  The  turbulent  burning  velocities  appear  to 
depend  on  pressure  a little  more  than  do  the  laminar,  and  as 
a result  the  extrapolated  turbulent  line  crosses  the  experi- 
mental laminar  line.  It  is  very  difficult  to  understand  why 
this  should  be  true;  one  suspects  that  turbulent  burning 
velocities  based  on  a mean  flame  surface  may  have  little 
meaning  at  low  pressures.  Much  work  needs  to  be  done  on 
the  nature  of  turbulent  flames  before  turbulent  burning 
velocity  can  have  real  meaning.  At  present  it  is  only  pos- 
sible to  make  the  following  qualitative  statement:  For  the 
most  part,  turbulent  flames  consume  mixture  more  rapidly 
than  laminar  flames;  that  is,  the  maximum  flow  velocity  at 
which  the  mixture  can  be  complete^7  burned  is  larger  for 
turbulent  flames  than  for  laminar  flames. 

QUENCHING  DISTANCE 

Flames  are  quenched  by  excessive  loss  of  heat  or  active 
particles  or  both,  to  adjacent  walls.  Experiments  have  shown 
that  flames  in  a mixture  of  given  temperature,  pressure,  and 
composition  cannot  pass  through  openings  smaller  than  some 
minimum  size.  This  size  is  the  quenching  distance.  Its 
actual  magnitude  depends  on  the  geometry;  for  instance,  the 
minimum  diameter  for  a cylinder  is  greater  than  the  mini- 
mum separation  distance  of  parallel  plates.  The  geometrical 
relations  among  quenching  distances  for  ducts  of  various 
shapes  have  been  worked  out  theoretically  and  agree  quite 
well  with  experiment  (refs.  35  and  36). 

Effect  of  mixture  composition, — In  figure  12  quenching 
distances  (minimum  separation  of  parallel  plates)  from  refer- 
ence 37  (pp.  408  to  412)  are  plotted  against  fuel  concentra- 
tion. The  data  were  obtained  in  connection  with  measure- 
ments of  ignition  energ}7.  The  curves  show  minimum 
quenching  distances  at  or  near  stoichiometric  composition. 
The  minimum  quenching  distance  at  1 atmosphere  and  am- 
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Equivalence  ratio,  <p 

Figure  12. — Effect  of  hydrogen  concentration  on  quenching  distance 
of  hydrogen-air  mixtures  (data  from  ref.  37). 

bient  temperature  is  0.063  centimeter.  From  data  given  by- 
Friedman  (ref.  8),  a value  of  0.057  centimeter  may  be  inter- 
polated for  a stoichiometric  hydrogen-air  mixture.  This 
number,  obtained  in  an  entirely  different  way  (by  the  flash- 
back technique),  agrees  fairly  well  with  the  value  given  by 
reference  37. 

For  a stoichiometric  hydrogen-oxygen  mixture,  Friedman’s 
data  indicate  a quenching  distance  of  0.019  centimeter  (ref. 
8) . It  is  not  known  how  close  this  would  be  to  the  minimum 
of  the  curve. 

Effect  of  pressure. — Figure  13  is  a logarithmic  plot  of 
quenching  distance  for  parallel  plates  against  pressure.  There 


Figure  13. — Effect  of  pressure  on  quenching  distance  of  hydrogen-air 

mixtures. 


are  data  for  three  equivalence  ratios  from  reference  38.  Four 
points  from  work  by  Lewis  and  von  Elbe  (ref.  37)  for  an 
equivalence  ratio  of  1.0  are  also  included.  It  is  believed  that 
the  data  of  reference  38  are  more  nearly  correct  because  of 
the  method  used  (described  in  ref.  39). 

The  straight  lines  in  figure  13  show  that 

dgccP~x  (3) 

The  pressure  exponent  x varies  with  hydrogen  concentration. 
The  data  of  reference  38  give  the  following  pressure  depend- 
encies: For  93=0.5,  e=1.051;  for  ??=1.0,  x=1.138;  and  for 
<p=2.0,  £=1.097. 

Effect  of  temperature. — No  data  are  available  on  the 
temperature  dependence  of  quenching  distance  for  hydrogen- 
air  mixtures.  However,  it  may  be  assumed  that  the  quench- 
ing distance  decreases  as  the  temperature  of  the  mixture  (and 
of  the  surface)  is  raised;  in  other  words,  the  flames  will  be 
able  to  pass  through  smaller  openings.  This  statement  is 
based  both  on  theory  (ref.  40)  and  on  the  behavior  observed 
for  propane-air  flames  (ref.  41). 

Effect  of  nature  of  quenching  surface. — No  appreciable 
effect  of  the  nature  of  the  surface  on  quenching  distance  has 
ever  been  found.  In  an  attempt  to  observe  a change  for 
hydrogen  flames,  Friedman  (ref.  8)  lined  his  apparatus  with 
platinum,  which  is  an  efficient  catalyst  for  hydrogen  atom 
recombination.  No  effect  was  found  for  the  hydrogen- 
oxygen-nitrogen  mixture  used. 

Flame  traps. — In  the  quenching-distance  experiments  just 
discussed,  there  was  no  large  pressure  gradient  driving  the 
flame  and  hot  gas,  and  the  flame  had  to  propagate  on  its  own 
through  the  constricted  space.  In  practical  operations  the 
situation  is  often  quite  different.  For  example,"  a flame 
traveling  through  a long  duct  filled  with  combustible  mixture 
may  build  up  a large  pressure,  and  the  flame  may  be  driven 
through  a gap  narrower  than  the  quenching  distance. 
Flame  traps  are  commonly  used  to  protect  such  systems. 
For  hydrocarbon-air  mixtures  fine-mesh  screens  are  often 
used;  hydrogen  flames  are  more  difficult  to  quench,  however, 
and  other  methods  are  necessary. 

The  value  of  sintered  metals  as  flame  traps  was  studied  in 
the  work  of  reference  42.  These  traps  were  able  to  stop 
flames  in  stoichiometric  hydrogen -oxygen  mixtures,  and  thus 
would  be  even  more  effective  with  hydrogen-air  flames. 
Also  important  is  the  fact  that  the  sintered-metal  traps  cause 
surprisingly  small  pressure  drops. 

The  results  of  reference  42  are  reported  in  terms  of  the 
limiting  safe  pressures  below  which  the  trap  will  always  stop 
the  flame.  A sintered  bronze  disk  0.235  inch  thick,  with  a 
statistical  particle  size  of  0.01575  inch  and  a porosity  of  29.6 
percent,  gave  a limiting  safe  pressure  of  more  than  1 atmos- 
phere for  stoichiometric  hydrogen-oxygen  flames.  Little 
correlation  was  found  between  flame-trap  effectiveness  and 
porosity,  but  there  was  a gain  in  effectiveness  as  the  disks 
were  made  thicker.  Sintered  bronze  was  more  effective  than 
sintered  stainless  steel. 

The  work  of  reference  42  was  of  a preliminary  nature,  and 
it  is  not  clear  how  specific  the  results  may  have  been  to  the 
particular  apparatus  used.  It  appears  at  present  that  the 
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only  sure  way  to  design  a flame  trap  for  a given  hydrogen-air 
system  is  by  means  of  tests  on  a full-scale  model.  A word  of 
caution:  These  sintered  disks  are  flame  stoppers,  and  they 
may  not  be  effective  against  detonations.  (Detonation  waves 
and  the  transition  of  flames  to  detonations  are  discussed  in 
a later  section.) 

FLAMMABILITY  LIMITS 

The  rich  and  lean  flammability  limits  are  the  fuel  concen- 
trations that  bound  the  flammable  range  at  a given  tempera- 
ture and  pressure.  Mixtures  containing  more  fuel  than  the 
rich  limit  or  less  than  the  lean  limit  will  not  sustain  a flame. 
No  extensive  surve}7  of  flammability  limits  was  made  for  the 
present  work,  since  this  had  already  been  done  by  Coward 
and  Jones  (ref.  43). 

Flammability  limits  should  be  physicochemical  constants 
of  a fuel-oxidant  combination  and  should  be  free  of  apparatus 
effects.  However,  wall-quenching  may  have  an  effect  on 
flammability  limits.  It  was  therefore  desired  to  delay  con- 
sideration of  the  subject  imtil  flame  quenching  had  been 
discussed. 

In  the  usual  method  of  measuring  flammability  limits 
(ref.  43),  mixtures  are  ignited  at  one  end  of  a tube  that  is 
wide  enough  to  preclude  quenching  by  an  ignition  source 
strong  enough  to  ensure  that  it  is  not  the  limiting  factor. 
The  tube  is  quite  long  (about  4 ft)  so  that  the  observer  can 
be  sure  the  flame  does  indeed  propagate  on  its  own  and  is 
not  driven  by  excess  ignition  energy.  If  the  flame  travels 
the  full  length  of  the  tube,  the  mixture  is  considered  flam- 
mable. Various  mixtures  are  tested  until  the  flammability 
limits  are  defined. 

Effect  of  direction  of  propagation.— The  flammability 
limits  for  most  fuels  vary,  depending  on  whether  they  are 
measured  for  upward-  or  downward-propagating  flames, 
because  convection  assists  flames  traveling  upward.  For 
instance,  the  lean  and  rich  limits  of  methane  are:  upward, 
5.3  and  13.9  percent  by  volume  in  air;  downward,  5.8  and 
13.6  percent  by  volume  in  air  (ref.  43).  For  hydrogen  the 
behavior  is  different.  The  rich  limit  of  hydrogen  is  the 
same  for  both  directions  of  flame  travel,  74  percent  by 
volume  in  air  (ref.  43).  The  lean  limit  is  affected,  but 
not  in  the  usual  way.  It  is  9.0  percent  for  downward 
propagation  (ref.  43),  whereas  for  upward  propagation  there 
are  two  lean  limits.  One  of  them  is  called  the  limit  of 
coherent  flames;  it  is  9.0  percent  (ref.  44)  and  is  the  leanest 
mixture  that  burns  completely.  Leaner  mixtures  down  to 
the  noncoherent  limit  of  4.0  percent  hydrogen  are  still 
flammable  (ref.  44),  but  the  flame  is  made  up  of  separated 
globules  that  slowly  ascend  the  tube.  Although  these 
globules  do  not  consume  all  the  fuel,  they  have  to  be  reck- 
oned with  for  safety.  The  noncoherent  flames  occur  because 
of  the  high  diffusivity  of  hydrogen;  it  appears  that  the 
flarrielets  actually  consume  a mixture  richer  in  hydrogen 
than  the  original  mixture  (refs.  37  and  43). 

Flammable  range. — The  flammable  range  (i.  e.,  the  dif- 
ference between  the  rich-  and  lean-limit  concentrations)  is 
exceptionally  wide  for  hydrogen.  Coherent  flames  can 
propagate  in  lean  hydrogen-air  mixtures  down  to  9.0  mole 
percent  fuel,  as  already  stated.  This  is  an  equivalence 


ratio  of  about  0.24,  as  compared  with  a lean  flammability 
limit  of  about  <p= 0.5  for  most  hydrocarbon  fuels.  The 
very  high  rich  limit,  74  percent  or  ^>=6.8,  is  also  outstand- 
ingl}7  different  from  those  for  most  ordinary  fuels.  From 
figure  2,  it  may  be  seen  that  the  lean-  and  rich-limit  flame 
temperatures  are  about  1000°  and  1200°  K,  respectively, 
which  are  values  much  lower  than  those  for  hydrocarbons 
(ref.  44).  Egerton  suggests  that  these  effects  peculiar  to 
hydrogen  are  due  to  the  high  concentration  of  active  particles 
and  their  high  mobility  (ref.  44). 

Recommended  limits  at  atmospheric  temperature  and 
pressure. — As  shown  by  the  data  collected  in  reference  43, 
the  various  workers  who  have  used  the  accepted  method 
agree  with  one  another  quite  well.  It  is  therefore  unneces- 
sary to  make  any  further  assessment  of  the  data.  The 
following  table  gives  recommended  flammability  limits  for 
hydrogen  in  air  at  atmospheric  pressure  and  about  3000°  K: 


Flammability  limits,  vol- 
ume percent  hydrogen 
in  air 

Lean 

Rich 

Upward  propagation 
Coherent  flame 

» 9.  0 

b 74 

Noncoherent  flame 

a 4.  0 

Downward  propagation 

b 9.  0 

b 74 

a Ref.  44,  b Ref.  43. 


For  hydrogen  burning  in  pure  oxygen  the  lean  limits  are 
about  the  same  and  behave  in  the  same  way  as  those  for 
hydrogen  in  air.  The  rich  limit  for  upward  propagation  is 
93.9  percent  (ref.  43). 

Effect  of  mixture  temperature. — The  flammable  range  is 
widened  by  heating  the  unburned  mixtures.  That  is,  the 
lean  limit  occurs  at  lower  concentrations  and  the  rich  limit 
at  higher  concentrations  as  the  mixture  temperature  is  in- 
creased. The  data  of  White  (ref.  45),  which  are  considered 
most  reliable  by  Coward  and  Jones,  are  plotted  in  figure  14. 
These  are  limits  for  downward  propagation,  so  that  the  lean 
limits  refer  to  coherent  flames.  There  is  a linear  change  in 
the  limits  with  mixture  temperature,  and  the  rich  limit  is 
somewhat  more  strongly  affected  than  the  lean.  From  figure 
14  and  the  flame  temperatures  of  figure  5,  it  can  be  seen  that 
the  rich  limit  for  all  mixture  temperatures  occurs  for  mix- 
tures having  a nearly  constant  flame  temperature  of  about 
1300°  K.  The  lean-limit  flame  temperature  is  lower  but 
more  variable;  for  T0— 300°  K,  it  is  1060°  K;  and  for  To=600° 
K,  it  is  1140°  K. 

Effect  of  inert  diluents. — By  addition  of  enough  inert  gas 
to  a flammable  hydrogen-air  mixture,  the  mixture  can  be 
diluted  to  nonflammability.  Figure  15  shows  the  limits  as 
a function  of  the  amount  of  carbon  dioxide  or  of  added 
nitrogen  in  air  (ref.  43).  The  rich  limit  is  sharply  deci  eased 
as  inert  gas  is  added,  whereas  the  lean  limit  is  scarcely 
changed.  From  the  coordinates  of  the  “nose”  of  the  curve 
it  may  be  calculated  that  no  mixture  of  hydrogen,  air,  and 
nitrogen  can  propagate  flame  at  atmospheric  temperature 
and  pressure  if  it  contains  less  than  4.9  percent  oxygen; 
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Figure  14. — Effect  of  temperature  on  flammability  limits  of  hydrogen 
in  air  for  downward  propagation  (ref.  45). 


Carbon  dioxide  or  added  nitrogen  in  air,  percent  by  volume 

Figure  15. — Flammability  limits  of  hydrogen  in  air  diluted  with 
nitrogen  or  carbon  dioxide  (ref.  43). 


similarly,  no  mixture  of  hydrogen,  air,  and  carbon  dioxide 
can  propagate  flame  if  it  contains  less  than  7.5  percent  oxy- 
gen. It  thus  takes  more  nitrogen  than  carbon  dioxide  to 
prevent  flame  propagation,  presumably  because  of  the  greater 
heat  capacity  of  the  latter.  Water  vapor  behaves  approxi- 
mately like  carbon  dioxide,  even  though  it  is  a product  of 
combustion;  the  oxygen  limit  in  this  case  is  about  7.5  per- 
cent at  86°  C (ref.  43). 

Other  diluents  are  much  more  effective  than  nitrogen  or 
carbon  dioxide  in  reducing  flammability.  “Air”  containing 
14.8  percent  methylbromide  or  39  percent  dichlorodifluoro- 
me thane  cannot  form  flammable  mixtures  with  hydrogen 
(ref.  46).  Such  compounds  may  interfere  chemically  with 
combustion  reactions  and  should  not  be  considered  merely 
inert  diluents.  Reference  43  warns  that  the  result  obtained 
with  methylbromide  may  not  apply  in  practice,  because 
some  mixtures  of  methylbromide  and  air  are  themselves 
flammable  with  a sufficiently  strong  ignition  source. 

Effect  of  pressures  below  1 atmosphere. — Coward  and 
Jones  (ref.  43)  summarized  the  literature  on  effects  of  reduced 
pressure  on  flammability  limits.  They  observed  that  the 
flammable  range  narrowed  as  the  pressure  was  reduced, 
gradually  at  first,  and  more  rapidly  below  200  or  300  milli- 
meters of  mercury.  A minimum  pressure  was  reached, 
below  which  no  mixture  propagated  a flame.  It  is  now 
known  that  such  results  are  due  to  wall-quenching.  As 
shown  in  the  section  on  quenching  distance,  the  walls  exert 
a larger  effect  at  low  pressures.  It  has  been  found  that  a 
plot  of  “flammability  limit”  against  pressure  is  merely  a curve 
showing  the  concentrations  and  pressures  for  which  the 
quenching  distance  is  equal  to  the  diameter  of  the  flame  tube 
(ref.  47). 

In  other  words,  it  appears  that  the  flammability  limits  are 
unchanged  at  reduced  pressures  and  that  flame  can  propagate 
down  to  extremely  low  pressures  if  the  flame  tube  is  large 
enough.  For  example,  Garner  and  Pugh  (ref.  48)  found  a 
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Figure  16. — Estimated  pressure  limits  of  flame  propagation  for  bydro- 
gen-air  mixtures  with  various  tube  diameters.  Based  on  extrapola- 
tions of  quenching  data  of  reference  38. 
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limit  of  4 millimeters  of  mercury  for  hydrogen-oxygen  flames 
in  a lOrcentimeter  tube.  Presumably  this  trend  would 
continue  to  still  lower  pressures  with  larger  tubes. 

The  pressure-concentration  boundary  for  flame  propaga- 
tion imposed  by  quenching  in  a particular  tube  is  often  useful 
for  practical  applications.  Although  such  data  have  not 
been  measured  for  hydrogen-air  flames,  they  may  be  esti- 
mated from  quenching  distances.  Figure  16  shows  estimated 
curves  for  downward  flame  propagation  in  cylindrical  tubes 
from  0.02  to  20  inches  in  diameter.  The  curves  were  con- 
structed from  the  quenching  distances  of  reference  38  (meas- 
ured with,  parallel  plates)  multiplied  by  a geometrical  factor 
of  1.53  (ref.  36)  to  convert  them  to  quenching  distances  for 
cylindrical  tubes.  Flames  are  expected  to  propagate  at 
pressures  as  low  as  2 to  3 millimeters  of  mercury  in  a 20-inch- 
diameter  tube  (fig.  16).  Some  of  the  curves  are  extended  to 
rich  and  lean  mixtures  to  illustrate  the  probable  behavior  as 
the  rich  and  lean  flammability  limits  are  approached.  An 
estimated  curve  is  also  included  for  upward  propagation  of 
noncoherent  flames  in  lean  mixtures  in  a 2-inch-diameter 
tube.  Although  figure  16  represents  the  best  estimates  that 
can  be  made,  it  is  emphasized  that  the  curves  for  the  larger 
tube  diameters  were  obtained  from  long  extrapolations  of  the 
data  of  reference  38. 

Effect  of  pressures  above  1 atmosphere. — The  effects  of 
high  pressure  on  flammability  limits  are  not  well  established. 
The  data  surveyed  in  reference  43  indicate  that  the  flammable 
range  is  narrowed  by  the  first  increases  in  pressure,  perhaps 
up  to  5 atmospheres;  thereafter,  the  range  is  gradually 
widened.  In  any  event,  the  effects  appear  to  be  small. 
At  pressures  as  high  as  100  atmospheres,  the  limits  are  not 
much  different  from  the  atmospheric  values. 

SPARK  IGNITION  ENERGY 

The  modern  method  of  measuring  spark  ignition  energy 
was  designed  mainly  by  Lewis  and  von  Elbe  and  is  discussed 
fully  in  reference  37.  A measured  amount  of  electrical 
energy  in  the  form  of  a short-duration  capacitance  spark  is 
introduced  very  rapidly  into  a mixture  of  given  pressure, 
temperature,  and  composition  and  with  a given  electrode 
separation.  The  smallest  energy  that  will  ignite  the  mixture 
is  found,  and  the  process  is  repeated  for  other  electrode 
spacings  to  find  the  gap  for  which  the  energy  is  least.  The 
data  are  more  reproducible  if  the  electrodes  are  flanged  at  the 
tips  with  a dielectric  material.  Then  the  spacing  for  mini- 
mum ignition  is  equal  to  the  quenching  distance.  Lewis  and 
von  Elbe  were  the  first  to  recognize  the  importance  of  the 
quenching  effect  in  such  measurements. 

The  ignition-energy  data  to  be  discussed  were  all  obtained 
by  the  general  method  just  described.  However,  they  rep- 
resent ideal  conditions  that  are  not  met  outside  the  labora- 
tory; therefore,  one  should  not  expect  the  small  energies 
foimd  under  these  conditions  to  be  sufficient  for  practical 
ignition  systems.  For  instance,  the  gap  of  a sparkplug  is 
fixed  so  that  it  may  be  less  than  the  quenching  distance  under 
some  conditions  (although  ignition  is  still  sometimes  possible 
if  enough  energy  is  expended  to  heat  the  electrodes  and  to 


increase  the  volume  of  the  discharge).  Furthermore,  the 
laboratory  measurements  are  made  in  quiescent  mixtures, 
whereas  in  practical  cases  the  gas  is  usually  moving  and  may 
be  turbulent.  Finally,  the  spark  duration  may  affect  the 
energy  needed  for  ignition.  No  work  is  known  to  have 
been  done  on  the  effects  of  flow  velocity,  turbulence  level, 
and  spark  duration  on  ignition  energies  of  hydrogen-air  mix- 
tures. Studies  with  propane-air  mixtures  show  that  igni- 
tion energy  increases  with  velocity  and  turbulence  intensity 
(ref.  49),  and  the  same  trends  would  no  doubt  appear  with 
hydrogen-air  mixtures.  As  to  the  effect  of  spark  duration, 
for  hydrocarbon  fuels,  sparks  lasting  100  to  1000  micro- 
seconds give  lower  ignition  energies  than  slower  or  faster 
sparks  (refs.  49  and  50). 

The  remaining  valuables — composition,  pressure,  and  tem- 
perature-— have  been  studied  and  are  discussed  in  the  next 
paragraphs.  It  is  again  pointed  out  that  the  small  energies 
cited  may  not  suffice  for  practical  cases,  but  the  trends 
should  apply. 

Effect  of  mixture  composition. — Figure  17  is  a plot  of 
ignition  energy  in  millijoules  against  fuel  concentration  for 
mixtures  at  atmospheric  temperature  and  several  pressures 
(ref.  37).  The  1-atmosphere  curve  indicates  a minimum 
energy  of  0.019  milli joule  at  about  the  stoichiometric  mixture 
and  rises  steeply  toward  the  lean  and  rich  flammability 
limits.  By  way  of  contrast,  the  ignition  energy  of  a 70- 


Figure  17. — Spark  ignition  energies  for  hydrogen-air  mixtures  at 
various  pressures  (ref.  37). 
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percent  mixture  of  hydrogen  in  oxygen  is  0.007  milli joule 
(ref.  37),  and  this  is  apparently  not  the  minimum  of  the 
i gm ti on-energy  — cum; « a tr a ti on  c ur v c . 

Effect  of  pressure. — As  the  pressure  is  lowered,  the  igni- 
tion energy  increases  rapidly,  as  shown  by  figure  17.  Al- 
though there  are  too  few  points  to  define  the  curves  closely,  v 
it  appears  that  the  minimum  occurs  near  stoichiometric 
regardless  of  the  pressure.  The  minimum  ignition  energies 
change  by  more  than  an  order  of  magnitude  over  the  pres- 
sure range  studied. 

Figure  18  is  a logarithmic  cross  plot  of  data  from  figure  17 
for  three  equivalence  ratios.  Although  curves  might  have 
been  faired  through  the  data  more  closely,  a linear  relation 
was  assumed  in  order  to  show  the  average  effect  of  pressure. 
This  effect  is,  approximately, 

I<xP~x  (4) 

Data  from  reference  9 for  stoichiometric  mixtures  are  also 
included;  the  points  are  higher  than  those  from  reference  37 
and  also  show  a greater  pressure  dependence.  There  is  too 
much  scatter  in  both  sets  of  data  to  define  the  slopes  of  the 
lines  very  well,  but  in  general  the  exponent  x in  equation  (4) 
has  a value  of  about  2. 

Minimum  ignition  pressures  are  sometimes  reported  for 
various  fuels.  These  pressures  are  obtained  with  fixed  elec- 
trode spacings  and  occur  either  because  of  quenching  effects 
or  because  of  the  limited  spark  energy  available.  In  other 
words,  it  has  not  yet  been  shown-  that  there  is  an  absolute 
low-pressure  limit  below  which  ignition  can  never  occur. 
However,  minimum  ignition  pressures  are  of  practical  value. 
For  example,  it  is  possible  to  ignite  the  most  favorable 
hydrogen-air  mixture  down  to  0.015  atmosphere  by  use  of  a 
gap  0.28  centimeter  wide  and  8.64  joules, of  energy  (ref.  51). 
This  is  one  of  the  cases  mentioned  previously,  in  which 
the  quenching  effect  may  be  overpowered  by  sufficient  energy, 
because  the  gap  is  less  than  the  quenching  distance  at  pres- 
sures less  than  about  0.2  atmosphere  (fig.  13). 

Effect  of  temperature. — Reference  52  contains  the  only 
work  foimd  on  the  effect  of  mixture  temperature  on  spark 
ignition  energy.  The  authors  state  that  the  following  rela- 
tion holds,  except  perhaps  at  temperatures  less  than  243°  Iv: 

log  Iccl/T0  (5) 

The  position  of  the  minimum  in  curves  of  ignition  energy 
against  fuel  concentration  shifted  to  leaner  mixtures  as  the 
temperature  was  increased.  The  following  table  gives  the 
data  of  reference  52  for  stoichiometric  hydrogen-air  mixtures 
at  a pressure  of  1 atmosphere: 


Mixture 
tempera- 
ture, °K 

Spark  ignition 
energy,  milli- 
joules 

273 

0.  0315 

298 

. 028 

373 

. 018 

Figure  18. — Effect  of  pressure  on  spark  ignition  energy. 


FLAME  STABILITY 


Flames  are  stable  because  of  interactions  among  the  flame, 
the  flow,  and  nearby  solid  surfaces.  If  a condition  of  a 
stable  flame  seated  on  a burner  port  or  flameholder  is  changed 
(e.  g.,  flow  velocity),  the  flame  may  not  remain  seated. 
With  burner  flames,  flashback  or  blowoff  may  occur;  with 
flames  on  flameholders  in  ducts,  only  blowoff  is  usually  en- 
countered, not  flashback.  The  mechanisms  of  stabilization 
for  the  two  kinds  of  flames  are  different;  therefore  the  data 
are  discussed  separately. 

FLASHBACK  AND  BLOWOFF  OF  BURNER  FLAMES 

The  flashback  and  blowoff  of  burner  flames  are  governed 
by  the  gradient  of  flow  velocity  near  the  burner  wall,  as 
pointed  out  by  Lewis  and  von  Elbe  (ref.  37).  Burner  stabil- 
ity data  are,  therefore,  usually  correlated  by  plotting  the 
critical  boundary  velocity  gradient  calculated  for  the  con- 
ditions at  flashback  gfb  or  at  blowoff  gb0  against  fuel  con- 
centration. The  gradients  are  given  by  the  following  ex- 
pression (ref.  53): 


9fb.  bo: 


FU  Re 
2d 


(6) 


Reference  53  contains  friction  factors  to  be  used  for  various 
regimes  of  laminar  and  turbulent  flow.  For  laminar  flow 
in  long  cylindrical  tubes,  F=16/Re;.  hence, 


(Ofb,  bo)L  — 8 UJd 


(7) 
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Flashback.— Figure  19  shows  the  only  data  found  for 
flashback  of  laminar  hydrogen-air  burner  flames  at  atmos- 
pheric tempera  time  and  pressure  (ref.  54) . Critical  boundary 
velocity  gradients  are  plotted  against  fuel  concentration. 
The  solid  curve  represents  flashback  completely  into  the 
burner  tube.  The  dashed  curves  refer  to  cases  in  which 
the  flames  tilted  and  parti}-  entered  the  tube  before  finally 
flashing  back.  In  these  cases  the  burner  wall  was  pre- 
sumably well  heated,  and  thus  quenching  was  reduced  and 
the  flames  were  more  prone  to  flash  back;  consequently,  for 
a given  mixture  and  burner  diameter  a higher  flow  velocity 
was  required  to  prevent  flashback,  and  gfbtL  was  accordingly 
greater. 

The  effects  of  reduced  pressure  on  flashback  of  laminar 
hydrogen-air  flames  have  recently  been  studied  (ref.  27).  In 
that  work  tilted  flames  were  considered  to  have  flashed  back, 
even  though  they  only  partially  entered  the  burner.  Since 
tilted  flames  existed  over  a pressure  range  of  only  a few 
millimeters  of  mercury,  little  error  was  incurred.  Figure 
20  shows  curves  of  g/bfL  against  fuel  concentration  for  two 
reduced  pressures;  the  atmospheric  curve  from  figure  19 
is  repeated  for  comparison.  The  maximum  occurs  near 
38  percent  hydrogen  regardless  of  the  pressure.  The 
pressure  dependence  of  gf^L  for  equivalence  ratios  from 
0.95  to  2.25  can  be  expressed  as  follows  (ref.  27): 

gfbtLccPuz5  (8) 


All  the  data  discussed  were  obtained  with  a water- 
cooled  burner.  If  the  burner  is  not  cooled,  the  results  are 
not  reproducible  and  depend  on  the  burner  size  and  the 


Figure  19. — Flashback  of  laminar  hydrogen-air  flames  at  atmospheric 
pressure  (ref.  54). 


Figure  20. — Effect  of  pressure  on  critical  boundary  velocity  gradient 
for  flashback  of  laminar  hydrogen-air  flames. 


Hydrogen  in  air,  percent  by  volume 

Figure  21.  Effect  of  pressure  on  critical  boundarj7,  velocity  gradient 
for  flashback  of  turbulent  hydrogen-air  flames  (ref.  34) . 
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thickness  and  material  of  the  burner  wall.  Such  effects  were 
studied  by  Bollinger  and  Edse  for  l^drogen-oxygen  mixtures 
(ref.  55). 

Reference  34  extends  the  study  of  flashback  at  reduced 
pressures  to  turbulent  flow.  The  critical  boundary  velocity 
gradients  for  flashback  gfbtT  were  calculated  by  means  of 
equation  (6)  by  use  of  the  appropriate  friction  factor.  In 
figure  21  data  from  reference  34  for  three  pressures  are  plotted 
against  mole  percent  of  li3'drogen  in  air.  Comparison  of 
figure  21  with  figure  20  shows  that  the  values  of  gfbtT  are 
much  larger  than  those  of  gfbiL  but  that  the  peaks  of  the 
curves  occur  at  about  the  same  concentration.  Reference  34 
reports  the  following  pressure  dependence  of  gfb,T‘ 

fftoTOCP'*1  (9) 

Within  experimental  error  the  exponent  is  the  same  as 
that  for  laminar  flames  (eq.  (8)).  Therefore,  the  following 
relation  holds,  regardless  of  pressure,  burner  diameter,  and 
composition : 


^4=2.8  (10) 

9fb,L 

It  is  hard  to  explain  why  gfbiT  should  be  almost  three  times 
as  large  as  gfbtL.  Turbulent  burning  velocities  are  not 
enough  greater  than  laminar  burning  velocities  to  account 
for  equation  (10).  Reference  34  tentatively  concludes  that 
the  explanation  lies  in  the  penetration  of  the  flame  into  the 
laminar  sublayer  at  the  burner  wall  and  that  the  flame 
approaches  the  wall  more  closely  in  turbulent  then  in  laminar 
flow. 


Blowoff. — In  figure  22  the  known  data  for  blowoff  of 
hydrogen-air  burner  flames  at  atmospheric  pressure  are 
shown  as  gb0  plotted  against  fuel  concentration.  The  work 
was  done  by  von  Elbe  and  Mentser  (ref.  54),  who  correlated 
their  data  in  terms  of  gb0  as  calculated  by  equation  (7), 
the  simple  equation  for  laminar  flow.  However,  the  points 
they  took  in  the  turbulent  flow  regime  fell  off  the  curve. 
It  was  later  shown  by  Wohl,  Kapp,  and  Gazley  (ref.  56) 
that  all  the  data  would  fall  nicely  on  a single  curve  if  gb0 
were  calculated  by  the  correct  expression,  equation  (6). 
It  is  the  latter  curve  that  is  reproduced  in  figure  22.  For 
laminar  flow,  equation  (7)  was  used;  while  for  turbulent 
flow,  the  gradient  was  calculated  from  equation  (6)  in  the 
following  form: 


9 bo,  T 


0.023  Re0  SU 
d 


(11) 


The  data  cover  only  a limited  range  of  hydrogen  concen- 
trations (those  lean  to  stoichiometric).  However,  on  the 
basis  of  work  with  other  fuels,  the  blowoff  curve  for  open 
burner  flames  is  expected  to  level  off  with  increasing  equiv- 
alence ratio;  at  some  rich  equivalence  ratio  blowoff  would 
stop  and  would  be  replaced  by  flame  lifting  (ref.  56).  This 
would  occur  because  of  dilution  of  rich  mixtures  by  ambient 
air.  If  ambient  air  is  excluded,  as  in  a Smithells  burner, 
the  blowoff  curve  peaks  at  a concentration  near  that  for 
maximum  burning  velocity,  just  as  does  the  flashback  curve 
(see  figs.  19  to  21). 

Further  burner  blowoff  data,  obtained  at  reduced  pressures 
in  both  laminar  and  turbulent  flow,  are  reported  in  reference 
34.  These  data  do  not  fit  into  a simple  correlation  with 
boundary  velocity  gradient,  such  as  the  one  shown  in  figure 
22.  Blowoff  ok  hydrogen-air  flames  from  burners  is  not 
fully  understood,  and  the  theoretical  model  (ref.  37),  which 
leads  to  the  concept  of  a critical  boundary  velocity  gradient, 
may  have  to  be  modified  (ref.  34). 

BLOWOFF  OF  CONFINED  FLAMES  FROM  FLAMEHOLDERS 

Flames  held  on  bluff  bodies  in  ducts  owe  their  stability 
to  the  recirculation  zone  behind  the  flameholder.  This 
zone  may  be  thought  of  as  a pilot  that  keeps  the  main  flame 
established  as  long  as  it  is  able  to  ignite  the  mixture  flowing 
past.  Blowoff  occurs  if  the  main  stream  flows  so  fast  that 
sustained  ignition  cannot  be  achieved.  The  flow  velocity 
at  which  this  condition  arises  depends  on  the  size  and  shape 
of  the  flameholder  as  well  as  on  the  temperature,  pressure, 
and  composition  of  the  incoming  mixture. 

Most  flameholder  blowoff  data  are  correlated  on  a single 
curve  by  plotting  fuel  concentration  against  a parameter  of 
the  form 


#§%=/(*>) 


(12) 


where  x,  y,  and  2 are  empirical  exponents,  all  positive  in 
sign  (ref.  53). 

DeZubay  reports  the  following  correlation  parameter  for 
blowoff  of  hydrogen  flames  from  disk-type  flameholders  in 
reference  57 : 


Ub, 

£)0.74p0.61 


=M 


Figure  22. — Blowoff  of  hydrogen-air  Bunsen-burner  flames  at  atmos- 
pheric pressure  (refs.  54  and  56). 


(13) 
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(The  data  are  not  given  in  ref.  57,  however.)  The  work  on 
which  this  parameter  is  based  was  done  at  reduced  pres- 
sures. The  effects  of  mixture  temperature  were  not  studied. 
DeZubay  points  out  that  the  maximum  value  obtained  for 
the  parameter  is  11  times  as  great  as  the  corresponding 
maximum  value  for  propane-air  flames,  an  effect  that  reflects 
the  much  greater  stability  of  hydrogen  flames. 

Reference  58,  which  deals  with  the  effects  of  the  diameter 
of  water-cooled  cylindrical-rod  flameholders,  found  that 
there  are  the  following  two  separate  regimes  of  flameholder 
stability: 

(1)  Laminar-flame  regime.  The  composition  of  the  mix- 
ture burning  in  the  recirculation  zone  behind  the  flame- 
holder  is  affected  b}^  molecular  diffusion.  Since  hydrogen 
diffuses  more  readily  than  ox}rgen,  in  contrast  to  almost  all 
ordinary  fuels,  small  flameholders  actually  stabilize  hydro- 
gen flames  to  higher  flow  velocities  than  do  larger  flame- 
holders at  a given  lean  equivalence  ratio. 

(2)  Turbulent-flame  regime.  At  a Reynolds  number  near 
104  the  recirculation-zone  shear  region  becomes  turbulent. 
The  stability  behavior  of  lean  hydrogen  flames  reverses,  and 
larger  flameholders  become  more  effective.  Zukoski  (ref. 
58)  concludes  from  an  examination  of  the  literature  that  for 
mixtures  near  stoichiometric  the  blowoff  velocity  for  any 
fuel  varies  approximately  as  the  square  root  of  the  flame- 
holder  diameter  in  the  turbulent-flame  regime.  His  data 
are  not  complete  enough  to  support  this  conclusion  for  the 
specific  case  of  liydrogen-air  flames;  however,  DeZubay’s 
statement  that  Ub0ocD°-H  for  hydrogen  flames  supported 
on  disks  (ref.  59)  is  in  general  agreement  with  Zukoski's 
conclusion. 

These  points  are  perhaps  clarified  by  figure  23,  which 
shows  data  adapted  from  reference  58.  It  appeared  that 
the  blowoff  velocities  and  rod  diameters  corresponding  to 
low  Reynolds  numbers  could  be  correlated  roughly  by  the 
parameter  Ub0/D~°‘ 384.  (Note  the  negative  diameter  ex- 
ponent, which  agrees  with  the  discussion  just  given  of  the 
laminar-flame  regime.)  This  parameter  was  accordingly 
plotted  against  equivalence  ratio.  Solid  data  points  cor- 
respond to  flow  velocities  and  rod  diameters  such  that 
Re  >1 04,  and  open  data  points  correspond  to  those  such  that 
Re  <104.  It  is  clear  from  figure  23  that  two  blowoff  curves 
are  obtained.  One  is  defined  by  points  for  which  Re  >104, 
and  the  other  by  points  for  which  Re  <104. 

The  fact  that  flames  were  stabilized  at  very  lean  equiva- 
lence ratios  (fig.  23)  provides  added  proof  that  the  recircula- 
tion zone  is  enriched  by  diffusion.  The  mixtures  were 
homogeneous  and  would  not  ordinarily  be  expected  to  sup- 
port combustion  below  the  flammability  limit  for  coherent 
flames  (i.  e.,  below  p « 0.24). 

Figure  23  also  makes  it  clear  that  much  work  remains  to 
be  done  on  the  flameholder  stability  of  hydrogen-air  flames ; 
the  data  are  confined  to  lean  mixtures  and  small  flameholders. 
The  difficulty  is  that  the  flames  are  extremely  stable,  and 
large  air-handling  facilities  are  needed  to  provide  flows  high 
enough  to  cause  blowoff. 

DETONATION  properties 

Under  certain  conditions  an  ordinary  flame  traveling 
through  a vessel  filled  with  combustible  mixture  can  trans- 


form into  a detonation.  The  detonation  wave  then  advances 
at  several  times  the  speed  of  sound  in  the  unburned  mixture. 

Whereas  in  ordinary  flames  there  is  a small  pressure  drop 
from  the  unburned  to  the  burned  gas,  in  a detonation  there 
is  a very  considerable  pressure  rise.  The  calculated  ratio  of 
pressure  behind  the  wave,  in  the  burned  gas,  to  that  ahead 
of  the  wave  is  18  for  a stoichiometric  hydrogen-oxj^gen 
mixture  and  about  15  for  a stoichiometric  hydrogen-air 
mixture  (ref.  37,  p.  607).  Moreover,  there  is  a strong  con- 
vective flow  of  binned  gas  following  the  wave.  When  such 
a pressure  wave  meets  an  obstacle,  the  momentum  of  the 
burned  gas  is  added  to  the  pressure  effect,  and  very  large 
forces  may  be  exerted. 

The  reasons  for  the  transformation  from  ordinary  burning 
to  detonation  are  not  fully  understood.  In  the  usual  labora- 
tory experiments  the  strength  of  the  ignition  source  and  the 
diameter  and  surface  roughness  of  the  tube  affect  the  runup 
distance  (the  distance  from  the  igniter  at  which  detonation 
occurs).  These  variables  are,  therefore,  carefully  controlled. 
The  flame,  ignited  with  a minimal  ignition  source,  must 
travel  a considerable  distance  in  a smooth  tube  before 


Figure  23. — Blowoff  of  lean  hydrogen- air  flames  at  atmospheric 
pressure  from  water-cooled  cylindrical  rods  (ref.  58) . 
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detonation  occurs.  For  a stoichiometric  hydrogen-oxygen 
mixture,  for  example,  the  flame  must  travel  70  centimeters 
in  a 25-millimeter  tube  at  an  initial  pressure  uf  1 atmosphere 
(ref.  37,  p.  58S).  The  runup  distance  decreases  with  increas- 
ing pressure. 

In  practical  cases,  however,  these  distances  probably  do 
not  apply.  Excess  ignition  energy  may  tend  to  drive  the 
flame,  and  rough  walls  may  cause  the  gas  flowing  ahead  of 
it  to  become  turbulent.  Both  factors  would  tend  to  shorten 
the  distance  for  runup  to  detonation.  Thus,  one  should  not 
count  on  a definite  runup  distance;  it  is  safer  to  assume  that 
the  possibility  of  detonation  always  exists  if  the  mixture  is 
within  the  limits  of  detonability.  However,  the  onset  of 
detonation  could  be  delayed  by  making  the  tube  walls  of  an 
acoustically  attenuating  material,  such  as  porous  sintered 
bronze  (ref.  60).  The  runup  distance  could  be  increased  by 
as  much  as  a factor  of  2.  Another  safety  device  is  a sudden 
enlargement  in  a duct.  Reference  61  shows  that  detonation 
waves  traveling  through  stoichiometric  hydrogen-oxygen 
mixtures  in  a 7-millimeter  tube  were  transformed  to  slow- 
moving  flames  on  passing  an  abrupt  transition  to  a larger 
tube.  However,  if  the  larger  tube  were  long  enough,  a new 
transition  to  detonation  would  subsequently  occur. 

Figure  24  shows  detonation  velocities  in  hydrogen-air  and 
hydrogen-oxygen  mixtures  plotted  against  fuel  concentration 
(ref.  37,  pp.  585  and  586).  The  limits  of  detonability  are 


Figure  24. — Detonation  velocities  of  hydrogen-air  and  hydrogen- 
oxygen  mixtures  (ref.  37). 


also  shown.  For  hydrogen-air  mixtures  these  are  18.3  and 
59.0  percent,  and  for  hydrogen-oxygen  mixtures,  15  and  90 
percent.  Since  these  concentrations  are  within  the  flam- 
mability limits,  not  all  flammable  mixtures  are  detonabie. 
It  is  interesting  to  note  that  the  detonation  velocity  does  not 
have  a,  pronounced  peak  at  some  favored  equivalence  ratio, 
as  burning  velocity  does. 

It  is  also  noteworthy  that  detonation  velocity  depends 
much  less  on  temperature  and  pressure  than  does  burning 
velocity.  This  can  be  seen  from  the  data  in  table  IV  (ref, 
37,  p.  583).  A temperature  increase  from  283°  to  373°  K 
at  constant  pressure  actually  causes  a slight  drop  in  detona- 
tion velocity,  perhaps  because  the  density  decreases.  At 
constant  temperature  the  velocity  apparently  increases 
slowly  with  pressure.  The  same  conclusion  is  reached  in 
reference  62,  which  extends  the  study  of  hydrogen-oxygen 
mixtures  to  a pressure  of  10  atmospheres.  The  changes, 
although  consistent  in  direction,  are  not  far  outside  the 
expected  error  of  the  measurement. 

EXPLOSION  LIMITS,  SPONTANEOUS  IGNITION,  AND  THE 
CHEMISTRY  OF  HYDROGEN  OXIDATION 

EXPLOSION  LIMITS 

Description  of  phenomenon/ — When  heated  to  a high 
enough  temperature,  a mixture  of  hydrogen  and  oxidant 
may  spontaneously  ignite  after  the  lapse  of  some  time  called 


Figure  25. — Explosion  limits  of  stoichiometric  hydrogen  mixtures 

(ref.  37). 
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the  ignition  lag.  But  with  certain  combinations  of  pressure 
and  vessel  size,  the  mixture  may  fail  to  ignite  at  a tempera- 
ture that  would  cause  ignition  under  other  conditions;  this 
is  the  phenomenon  of  explosion  limits.  It  is  not  in  the 
province  of  this  report  to  give  a thorough  review  of  explosion 
limits;  this  has  been  done  elsewhere  (e.  g.,  ref.  37).  In  the 
present  report  the  phenomenon  is  described,  some  data  are 
shown,  and  some  of  the  important  conclusions  as  to  the 
chemistry  of  hydrogen  oxidation  are  presented. 

Explosion  limits  are  measured  in  closed  vessels  at  relatively 
low  temperatures  (usually  600°  C or  less).  The  ignition 
lags  are  reasonably  long  at  such  temperatures;  in  fact,  as 
is  pointed  out  later,  ignition  lags  are  effectively  infinite. 

Figure  25  is  a collection  of  curves  of  explosion  limits  as  a 
function  of  temperature  and  pressure  (ref.  37).  Consider 
the  solid  curve,  which  is  for  a stoichiometric  hydrogen-oxy^gen 
mixture  in  a spherical  vessel  7.4  centimeters  in  diameter 
lightly  coated  with  potassium  chloride.  Along  a vertical 
line  of  constant  temperature  there  is  at  first  no  explosion. 
Then  at  some  low  pressure  the  first  explosion  limit  is  reached, 
and  the  mixture  remains  explosive  with  increasing  pressure 
until  the  second  limit  is  reached.  Above  the  pressure  of  the 
second  limit  (which  increases  with  increasing  temperature) 
the  mixture  is  nonexplosive  and  only  undergoes  slow  reaction 
up  to  the  pressure  of  the  third  limit.  At  all  higher  pressures 
the  mixture  remains  explosive. 

This  curve  represents  limits  in  the  following  sense:  If  data 
were  taken  at  a series  of  temperatures  and  constant  pressure, 
as  along  the  1000-millimeter-of-mercury  isobar  of  figure  25, 
the  ignition  lags  would  increase  more  and  more  rapidly  as 
the  temperature  was  decreased  toward  542°  C.  These  lags 
refer  to  the  time  from  the  instant  at  which  mixture  is  in- 
troduced into  the  hot  vessel  until  the  explosion  occurs.  Near 
the  temperature  of  the  limit  the  lags  would  go  up  very  rapidly 
from  a finite  value  at  a temperature  just  over  542°  C to 
effectively  an  infinite  value  at  a temperature  just  under 
542°  C.  Since  the  system  is  closed,  what  really  happens  is 
that  below  a critical  temperature  the  reactants  are  used  up 
and  diluted  with  product  (water),  and  these  effects  overpower 
those  due  to  acceleration  of  the  reaction  by  self-heating  and 
chain-branching. 

Effects  of  variables  on  explosion  limits. — Explosion  limits 
depend  on  the  size  of  the  vessel  and  the  nature  of  the  walls. 
This  is  indicated  by  the  dashed  curves  in  figure  25.  The 
larger  the  vessel,  the  lower  the  pressure  of  the  third  limit. 
The  junction  of  the  first  and  second  limits  is  displaced  to 
higher  temperatures  as  the  vessel  is  made  smaller.  Along 
the  second-limit  curve,  vessel  size  .has  little  effect  if  the  diame- 
ter is  large  (7.4  to  10  cm  for  the  data  shown),  but  the  pressure 
is  decreased  considerably  for  small  vessels. 

The  effects  of  surface  coating  with  various  salts  are  very 
pronounced,  especially  near  the  junction  of  the  first  and 
second  limits.  For  example,  this  junction  occurs  for  a 7.4- 
centimeter  flask  at  about  340°  C if  the  walls  are  coated  with 
potassium  tetraborate  and  at  400°  C if  they  are  lightly 
coated  with  potassium  chloride. 


If  nitrogen  is  added  to  the  stoichiometric  hydrogen-oxygen 
mixture  so  as  to  make  the  mixture  stoichiometric  hydrogen 
in  air,  the  second  limit  in  a 7.4-centimeter  vessel  (with 
sodium  chloride  coating)  at  530°  C is  raised  from  85  to  117 
millimeters  of  mercury.  The  mole  fraction  of  nitrogen  in 
such  a mixture  is  0.558.  Other  inert  gases  in  the  same 
amount  have  quite  different  effects.  In  argon  “air”  under 
the  same  conditions  the  limit  is  raised  to  about  160  milli- 
meters of  mercury.  In  carbon  dioxide  “air”  the  effect  is 
reversed,  and  the  second  limit  is  lowered  to  56  millimeters 
of  mercury^.  The  specific  effects  of  these  inert  gases  are 
clearer  if  the  partial  pressures  of  hydrogen  and  oxygen  in  the 
mixtures  are  compared,  rather  than  the  total  pressures.  On 
this  basis,  argon  has  no  specific  effect,  because  the  partial 
pressures  of  Iwdrogen  and  oxygen  total  85  millimeters  of 
mercury.  Nitrogen  and  carbon  dioxide  both  reduce  the 
partial  pressure  at  the  second  limit,  nitrogen,  from  85  to  65 
millimeters  of  mercury,  and  carbon  dioxide,  from  85  to  31 
millimeters  of  mercury. 

In  view  of  the  very  complicated  behavior  of  explosion 
limits  and  their  sensitivity  to  surface  effects,  it  is  difficult  to 
answer  questions  on  safety.  For  example,  the  question 
whether  it  is  safe  to  heat  a static  mixture  to  a given  tempera- 
ture should  be  accompanied  by  a statement  of  the  pressure, 
vessel  diameter,  and  surface  nature.  Even  then,  it  is  un- 
likely that  any  experimental  data  will  be  found  to  answer 
practical  questions  dealing  with  metal  containers  and  with 
the  precise  mixture  under  consideration.  The  data  in  figure 
25  do  no  more  than  set  very  approximate  bounds' 

CHEMISTRY  OF  HYDROGEN  OXIDATION 

The  complex  behavior  of  explosion  limits  has  been  used 
to  establish  the  details  of  the  oxidation  of  hydrogen.  The 
full  story  is  not  given  here,  but  may  be  found  in  references 
37  and  63.  The  basic  fact  is  that  the  oxidation  reaction 
proceeds  by  a chain  mechanism,  with  the  hydrogen  and 
oxygen  atoms  (H  and  O)  and  the  hydroxyl  free  radical 
(OH)  as  chain  carriers; 


oh+h2 — ^->h2o+h 

(I) 

H+  02— ^OH  + O 

(II) 

0+H2-A+OH  4-H 

(HI) 

The  OH  radicals  that  start  the  sequence  are  assumed  to 
arise  by  a reaction  between  02  and  H2,  the  details  of  which 
are  not  specified  (ref.  37).  The  radicals  lead  directly  to  the 
final  product,  water,  and  in  so  doing  produce  a hydrogen 
atom.  This  starts  chain  branching  (reactions  (II)  and 
(III))  in  which  two  chain  carriers  are  produced  for  each  one 
used  up.  If  left  unchecked,  chain  branching  will  lead  to 
an  explosion  through  an  exponential  growth  in  chain-carrier 
concentration,  and  hence  in  reaction  rate.  Actually,  reac- 
tion (II)  is  strongly  endothermic  and  occurs  very  rarely 
until  a sufficiently  high  temperature  is  reached.  It  is  for 
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this  reason  that  hydrogen-oxygen  mixtures  are  stable  at 
room  temperature. 

Chain-breaking  imposes  another  check  on  the  exponential 
increase  in  chain  carriers.  H,  0,  and  OH  may  be  destroyed 
if  the}7  meet  a wall.  This  is  the  reason  for  the  existence  of 
the  first  explosion  limit.  It  occurs  at  pressures  so  low  that, 
on  the  average,  a chain  carrier  strikes  the  wall  before  it  has 
a fruitful  collision  in  the  gas  phase.  However,  if  the  wall 
reflects  rather  than  destroys  the  chain  carrier,  the  limit  is 
shifted;  this  explains  the  dependence  on  surface  nature. 

Chain  carriers  are  also  destroyed  in  the  gas  phase.  The 
mechanism  is  probably  as  follows: 

H + 02+M— ^H02+M  (IV) 

where  M is  any  molecule  other  than  a chain  carrier.  H02, 
while  reactive,  still  can  survive  long  enough  to  reach  the 
wall,  where  it  may  be  destroyed.  The  frequency  of  these 
three-body  reactions  increases  with  increasing  pressure, 
until  at  some  critical  pressure  they  overcome  the  chain 
branching  and  thereby  produce  the  second  explosion  limit. 
Since  the  second  limit  is  caused  by  gas-phase  events,  it  is 
relatively  insensitive  to  vessel  factors;  but  there  are  some 
effects  when  the  wall  is  reflective  toward  H02  and  returns 
it  to  the  reaction  zone. 

The  mixture  again  becomes  explosive  at  the  third  limit, 
where  the  pressure  is  so  high  that  H02  cannot  get  to  the 
wall  before  reacting.  It  is  likely  that  the  reaction  of  H02 
in  the  gas  phase  is 

H02+H2^UH202+H  (V) 

(ref.  37).  This  reaction  restores  the  chain  carrier  lost  in 
reaction  (IV),  and  chain  breaking  can  no  longer  overcome 
chain  branching. 

This  brief  discussion  explains  qualitatively  the  existence 
of  explosion  limits,  but  is  not  complete  enough  to  explain  all 
the  details  of  the  observed  effects,  particularly  of  surface 
effects.  The  arguments  may  be  summarized  by  stating 
that  explosion  limits*  arise  because  of  competition  in  the  gas 
and  at  the  wall  between  reactions  that  inactivate  the  chain 
carriers  H,  0,  and  OH  and  those  that  perpetuate  the  carriers 
and  increase  their  number. 

SPONTANEOUS  IGNITION 

Relation  between  spontaneous  ignition  and  explosion  lim- 
its.— In  the  discussion  of  explosion  limits,  it  is  pointed  out 
that  the  limit  could  be  obtained  from  the  variation  of  ignition 
lag  with  temperature  at'constant  pressure.  This  would  be  a 
spontaneous-ignition  experiment.  In  other  words,  spon- 
taneous-ignition temperatures  lie  in  the  region  to  the 
right  of  an  explosion-limit  curve  such  as  shown  in  figure  25. 

In  general,  modern  work  on  spontaneous-ignition  tempera- 
tures (to  which  this  review  is  limited)  has  dealt  with  condi- 
tions that  give  short  ignition  lags.  Therefore,  it  has  been 
necessary  to  use  flow  systems  rather  than  the  static  closed 
systems  used  in  the  study  of  explosion  limits,  in  which  the 
time  needed  to  admit  mixture  to  the  hot  vessel  becomes  long 


compared  with  the  ignition  lag.  For  every  spontaneous- 
ignition  apparatus  there  should  be  a particular  explosion- 
limit  curve  for  a given  hydrogen  mixture,  fixed  by  the  size, 
shape,  and  material  of  construction.  The  curves  are  seldom 
determined  in  practice,  so  spontaneous-ignition  data  are 
taken  at  conditions  removed  an  unknown  distance  from  the 
limit  curve.  Thus,  the  contributions  of  the  various  gas-phase 
and  surface  reactions  to  the  spontaneous-ignition  process  are 
hard  to  estimate,  even  though  the  chemistry  is  no  doubt  the 
same  as  it  is  at  the  explosion  limits. 

In  summary,  explosion  limits  are  determined  by  the  balance 
between  chain-breaking  and  -branching  and  are  independent 
of  time.  Spontaneous  ignition,  on  the  other  hand,  is  a rate 
process  that  may  be  affected  to  a greater  or  lesser  degree  by 
chain  breaking  or  chain  branching,  depending  on  the  appa- 
ratus, the  pressure,  and  the  temperature. 

Theoretical  considerations. — The  complexity  of  the  chem- 
istry of  spontaneous  ignition  has  led  to  attempts  to  simplify 
the  concepts.  The  general  procedure  is  to  consider  the 
process  as  a whole  and  to  ignore  the  individual  steps  of  the 
reaction  mechanism;  this  type  of  approach  has  recently 
been  reviewed  in  reference  64.  For  the  hydrogen-oxygen 
reaction  one  might  hope  that  the  reaction  rate  could  be 
expressed  in  the  following  Arrhenius  form: 

co=[H2]I[02]I'ea:p(— -^,)  (14) 

(Chemical  symbols  in  brackets  denote  molar  concentrations.) 
The  reasonable  assumption  is  then  made  that  the  ignition 
lag  is  inversely  proportional  to  the  reaction  rate: 

rocl/o)  (15) 

From  equations  (14)  and  (15)  the  following  relation  may  be 
obtained: 

E 

In  r=-^r- z In  [H 2]— y In  [02]+Constant  (16) 

If  the  concentrations  are  converted  to  molecules  per  unit 
volume  by  means  of  the  gas  law,  the  expected  pressure 
dependence  may  be  found: 

In  T=~~—(x+y)  ln P+(x+y)  ln  T+Constant  (17) 

Equation  (17)  holds  for  a given  mixture. 

Equations  (16)  and  (17)  are  really  little  more  than  guides 
for  handling  spontaneous-ignition  data;  they  show  how  to 
plot  the  results  with  a reasonable  expectation  of  getting 
straight  lines.  Furthermore,  if  a plot  of  ln  r against  1/T  is 
linear,  its  slope  has  the  value  E/R;  hence,  the  slope  yields  an 
over-all  activation  energy,  but  this  value  cannot  be  related 
to  the  real  chemistry  of  the  process  without  further  con- 
sideration. 

The  procedure  just  described  is  about  all  one  can  do  on 
theoretical  grounds  with  most  fuels,  because  the  combustion 
chemistry  is  poorly  understood.  But  hydrogen  is  one  of 
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. the  few  fuels  for  which  the  chemistry  is  known;  therefore  the 
theory  of  spontaneous  ignition  can  be  elaborated.  This  is 
done  in  the  following  paragraphs,  which  give  new  interpreta- 
tions of  the  effects  of  temperature,  pressure,  and  concentra- 
tion on  spontaneous-ignition  lags  of  hydrogen. 

Reactions  (I)  to  (IV)  represent  only  a part  of  the  total 
mechanism  operative  at  the  explosion  limits.  The  surface 
chemistiy  is  left  out  altogether.  But  for  a homogeneous 
reaction  under  conditions  where  the  walls  are  unimportant 
(i.  e.,  at  reasonably  high  pressures),  these  equations  may  be 
sufficient  to  describe  the  reaction. 

The  over-all  reaction  rate  is  the  rate  of  formation  of 
water: 

w=d[H20]/d£  (18) 

From  reaction  (I), 


T_  * A gfeA 

Ci(T)P*\  k&PJ 


(25) 


In  this  equation  the  terms  c2(T),  k2 , and  kA  are  all  functions  of 
temperature.  If  the  temperature  is  held  constant,  the  varia- 
tion of  ignition  lag  with  pressure  may  be  investigated.  Equa- 
tion (25),  in  that  case,  takes  the  following  form : 


_Kl_K2 
T p 2 P3 


(26) 


Differentiation  of  equation  (26)  with  respect  to  pressure 
shows  that  the  curve  of  r against  P has  either  a maximum  or 
a minimum  at  the  place  where 


p 3g2 

2 Kx 


(27) 


d [H20]/  &t=ki  [H2]  [OH]  (19) 

After  a short  induction  period,  the  rate  of  water  formation 
attains  a steady  state,  and  OH  concentration  becomes  (ref. 
37,  p.  10) 

[OH]= / . 

<20) 

Combining  equations  (19)  and  (20)  gives 
d[HgO]=  i 

dt  2 k2  (21) 

k4[M] 

It  is  next  assumed,  as  before,  that  the  ignition  lag  is  inversely 
proportional  to  the  over-all  rate  (eq.  (18)),  The  following 
relation  is  obtained: 


Differentiation  a second  time  shows  that  at  this  value  of  P the 
second  derivative  is  negative.  Therefore,  the  curve  of  r 
against  P at  constant  temperature  should  have  a maximum. 
Of  course,  the  pressure  at  which  the  maximum  occurs  could 
not  be, calculated  unless  the  values  of  the  constants  were 
known. 

Some  remarks  may  also  be  made  about  the  variation  of 
ignition  lag  with  temperature  at  constant  pressure.  Equa- 
tion (17),  derived  from  the  simplified  concepts  discussed 
first,  predicts  a linear  plot  of  In  r against  1/T  with  a slope 
E/R . (Data  are  usually  taken  over  too  small  a temperature 
range  to  show  any  effect  of  the  other  temperature-dependent 
term  in  equation  (17).)  Later  in  this  report  it  is  shown  that 
spontaneous-ignition  data  do  conform  to  this  simple  relation. 
Examination  of  equation  (25)  shows  that,  in  order  that  the 
linear  relation  hold,  the  second  term  inside  the  parentheses 
should  be  relatively  independent  of  temperature.  Then, 


r—cx 


(22) 


The  nature  of  the  initiation  reactions,  which  are  lumped 
together  in  the  term  i,  is  fairly  well  understood  (ref.  37, 
p.  42).  If  they  are  introduced  explicitly  into  the  simple 
scheme  of  reactions  (I)  to  (IV),  the  calculations  become  very 
complicated.  For  the  present  purpose  it  is  sufficient  to  use 
the  pressure  dependence  of  the  rate  of  initiation,  and  this  is 
known  from  explosion-limit  work  to  be  at  least  as  great  as 
second  order  (ref.  37,  p.  37).  Therefore,  it  is  assumed  that 


or 


iocP*  \ 
i=c2(T)P*J 


(23) 


where  c2(T)  is  a proportionality  constant  dependent  on 
temperature.  The  concentration  [M\,  which  refers  to  any 
of  the  molecules  of  the  mixture,  is  directly  proportional  to 
the  pressure  and  inversely  proportional  to  the  temperature: 

[M]=c3~  (24) 


When  equations  (23)  and  (24)  are  combined  with  equation 
(22),  the  following  expression  is  obtained: 


T0C  c2(T) 


(28) 


Since  the  factor  c2(T)  expresses  a chemical  rate,  it  may  be 
expected  to  vary  as  exp(—E/RT).  The  observed  relation 
then  follows.  The  advantage  of  this  treatment  is  that  it 
focuses  attention  on  the  reaction  whose  activation  energy  is 
actually  obtained  from  the  plot  of  In  r against  1/T;  that  is, 
on  the  chain-initiation  reaction,  not  on  the  propagation  or 
chain-breaking  reaction.  Physically,  it  is  logical  that  this 
should  be  so  in  a spontaneous-ignition  process. 

Finally,  the  expected  dependence  of  ignition  lag  on  hydro- 
gen concentration  may  be  discussed.  The  approximate  rela- 
tion (eq.  (28))  is  used.  Since  c2(T)  is  related  to  the  chemical 
rate  expression  for  the  chain-initiation  process,  c2(T)  depends 
not  onhr  on  temperature  but  also  on  concentration.  Once 
again,  the  dependence  cannot  be  stated  explicitly  because 
the  complete  chemical  mechanism  has  not  been  used.  How- 
ever, explosion-limit  studies  show  that  the  rate  of  initiation 
increases  strongly  with  increasing  hydrogen  concentration 
and  depends  hardly  at  all  on  oxygen  concentration  (ref.  37, 
p.  40).  In  fact,  oxygen  seems  to  be  simply  an  inert  diluent  as 
far  as  chain  initiation  is  concerned.  Therefore,  ignition  lag 
should  decrease  sharply  with  increasing  hydrogen  concentra- 
tion. 
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The  main  conclusions  of  the  extended  treatment  of  spon- 
taneous ignition  of  hydrogen  based  on  real  reaction  kinetics 
may  be  summarized  as  follows : 

(1)  The  curve  of  ignition  lag  against  pressure  at  constant 
tempera ture  should  show  a maximum. 

(2)  The  observed  linear  dependence  of  In  r on  1 jT  shows 
that  the  chain-initiation  process  is  dominant  in  spontaneous- 
ignition  experiments.  Activation  energies  derived  from  such 
plots  apply  to  the  initiation  process. 

(3)  Ignition  lags  should  decrease  sharply  with  increasing 
hydrogen  concentration  and  should  show  little,  if  any, 
dependence  on  oxygen  concentration. 

Sources  of  spontaneous-ignition  data— The  subject  of  the 
spontaneous  ignition  of  li}rdrogen  is  a very  old  one,  but  much 
of  the  earlier  work  is  only  qualitative.  The  following  para- 
graphs consider  the  more  recent  work  contained  in  references 
65  to  68.  Despite  the  extensive  work  on  spontaneous 
ignition,  even  the  data  from  recent  sources  are  strongly 
dependent  on  apparatus.  Therefore,  data  for  a particular 
application  are  best  chosen  from  work  done  in  a manner  that 
resembles  the  practical  situation  in  question.  For  this  reason 
the  general  features  of  the  experiments  reported  in  references 
65  to  68  are  described  here. 

References  65  and  66  report  studies  at  lower  temperature 
and  long  ignition  lags  (0.1  to  10  sec).  The  delays  were  there- 
fore measured  directly  and  refer  to  the  time  from  the  instant 
of  mixing  of  hot  streams  of  hydrogen  and  oxidant  to  the  in- 
stant at  which  flame  appeared.  References  67  and  68  cover 
spontaneous-ignition  temperatures  high  enough  to  give  igni- 
tion delays  in  the  millisecond  range.  In  these  cases  stable 
flame  fronts  were  formed  in  the  ducts,  and  the  lags  were  cal- 
culated from  the  known  average  flow  velocity  and  the  dis- 
tance from  a zero-reaction  point  to  the  flame.  The  high 
spontaneous-ignition  temperatures  are  probably  not  the  only 
cause  of  the  short  lags  reported  in  references  67  and  68;  the 
presence  of  the  flame  may  also  have  had  an  effect. 

Other  sources  of  discrepancy  are  the  degree  of  mixing  and 
the  method  of  heating.  In  the  work  of  reference  67  the 
hydrogen  was  injected  into  an  airs  treamheated  (and  vitiated) 
by  preburning  upstream.  In  the  work  of  reference  65  the 
fuel  and  air  were  heated  separately,  and  no  special  effort 
was  made  to  produce  rapid  mixing.  In  reference  66  the  gases 
were  heated  separately  and  rapidly  mixed.  And  in  the  work 
of  reference  68  a premixed  stream  was  heated  to  a static 
temperature  below  the  spontaneous-ignition  temperature 
and  then  passed  into  a diffuser,  where  the  increase  in  static 
temperature  and  pressure  caused  reaction  to  start.  The 
zero-reaction  point  in  this  case  was  arbitrarily  chosen  as  the 
diffuser  exit. 

Effect  of  temperature. — It  has  already  been  pointed  out 
that  simple  theory  anticipates  a linear  relation  between  the 
logarithm  of  the  ignition  lag  and  the  reciprocal  of  the 
spontaneous-ignition  temperature.  Figure  26  (taken  from 
ref.  64)  shows  that  this  relation  does  hold  for  data  of  two 
investigators,  and  it  is  assumed  to  hold  for  the  data  of  refer- 
ence 66  as  well.  This  linear  relation  also  reemphasizes  the 
large  discrepancies  among  the  various  methods,  differences 
of  as  much  as  two  orders  of  magnitude. 


Figure  26. — Effect  of  spontaneous-ignition  temperature  on  ignition 

lag. 


According  to  equation  (16)  or  (17),  over-all  activation 
energies  may  be  computed  from  the  slopes  of  these  lines. 
Values  are  listed  on  figure  26;  they  range  from  34  to  86  kilo- 
calories per  mole.  The  extended  theory  points  out  that  the 
activation  energies  are  over-all  values  for  the  chain-initiation 
process.  The  wide  spread  probably  means  that  unrecognized 
experimental  variables  affected  the  results.  For  example, 
two  points  are  included  in  figure  26  from  work  of  von  Elbe 
and  Lewis  on  explosion  limits  (ref.  69).  At  pressures  near 
atmospheric  such  data  lie  in  the  same  range  as  those  from 
some  of  the  experiments  in  flowing  systems.  However,  the 
presence  of  a surface  effect  in  this  work  (salt  or  sodium 
tungstate  coating)  shows  that  such  effects  may  very  well  be 
present  in  the  other  data.  Chain  initiation  is  indirectly  tied 
in  with  surface  effects  through  the  following  reactions  (ref. 
37,  pp.  42  to  43): 


wall 


2H02 

FLC-bd-  O2 

(VI) 

wall 

h2o2 

- H20+i02 

(VII) 

wall 

II2  1 O2  > H2O2 

(VIII) 
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Figure  27. 


-Effect  of  hydrogen  concentration  on  ignition  lag  at 
atmospheric  pressure. 


Therefore,  wall  effects  may  affect  the  observed  activation 
energy  if  they  act  to  inhibit  one  or  more  of  the  preceding 
reactions.  Tills  is  a subject  that  has  not  been  dealt  with  in 
spontaneous-ignition  work. 

Effect  of  fuel  concentration. — It  was  concluded  from  the 
theoretical  considerations  that  ignition  lag  should  decrease 
with  increasing  hydrogen  concentration  but  should  be  quite 
independent  of  oxygen  concentration.  Mullins  found  no 
variation  with  over- all  fuel-air  ratio  for  carbon  monoxide  or 
methane  and  implicitly  assumed  that  this  result  holds  for 
very  lean  mixtures  of  any  fuel  (ref.  67).  But  in  the  two  ex- 
periments in  which  hydrogen  concentration  was  actually 
known  and  was  varied,  a strong  hydrogen-concentration  de- 
pendence was  found.  Data  of  references  66  and  68  are 
shown  in  figure  27.  Both  experiments  showed  that  the 
ignition  lag  decreases  with  increasing  hydrogen  concentra- 
tion over  the  range  covered.  However,  both  the  form  of 
the  dependence  and  the  orders  of  magnitude  of  the  lags 
are  entirely  different  in  the  two  cases,  even  though  the 
spontaneous-ignition  temperatures  are  nearly  the  same. 

There  have  been  no  studies  in  which  the  oxygen  concen- 
tration of  homogeneous  mixtures  was  systematically  varied; 
however,  the  data  of  reference  66  (fig.  27)  represent  changes 


Figure  28. — Effect  of  pressure  on  ignition  lag  of  bydrogen-air  mixtures 

(ref.  67). 


in  oxygen  content  from  about  13  to  20  percent  because  of  the 
wide  range  of  hydrogen  concentrations  covered.  The  data 
would  be  expected  to  deviate  from  a straight  line  if  there 
were  a very  strong  effect  of  oxygen  concentration.  Other 
evidence  comes  from  Dixon's  experiments  (ref.  65),  in  which 
hydrogen  was  injected  into  both  air  and  oxygen  and  the 
differences  in  the  spontaneous-ignition  temperature  were 
only  3°  to  6°  C for  a 0.5-second  ignition  lag.  Both  sets  of 
data  therefore  confirm  the  prediction  that  ignition  lag  should 
be  independent  of  oxygen  concentration. 

Effect  of  pressure. — Both  Dixon  (ref.  65)  and  Mullins 
(ref.  67)  studied  the  effect  of  pressure  on  spontaneous  igni- 
tion. Mullins'  data  are  plotted  in  figure  28;  the  curves  of 
ignition  lag  against  pressure  at  constant  spontaneous-ignition 
temperature  have  maximums.  This  agrees  with  the  predic- 
tion of  the  extended  theory  of  spontaneous  ignition.  As 
pressure  is  decreased  below  1 atmosphere,  ignition  lags  in- 
crease until  a pressure  near  0.5  atmosphere  is  reached; 
further  decreases  in  pressure  cause  the  lags  to  decrease. 
Dixon  noted  similar  behavior  for  constant  0.5-second  igni- 
tion lag,  that  is,  as  pressure  was  decreased  from  about  1.5 
atmospheres,  the  curve  of  spontaneous-ignition  temperature 
against  pressure  went  through  a maximum  near  1 atmos- 
phere (ref.  65).  Thus,  there  is  a difference  of  about  0.5 
atmosphere  in  the  pressure  at  which  these  two  authors  found 
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the  promoting  effect  of  reduced  pressure  to  begin.  Further- 
more, the  spontaneous-ignition  temperatures  at  which 
Dixon  found  0.5-second  lags  were  in  the  range  where  Mullins 
found  lags  of  a few  milliseconds,  so  again  there  was  the  kind 
of  discrepancy  noted  in  figure  27. 

SAFETY  CONSIDERATIONS 

In  view  of  the  many  factors  that  affect  ignition  lags  and 
spontaneous-ignition  temperatures  and  the  wide  discrep- 
ancies in  the  results  obtained,  it  is  not  possible  to  state 
absolutely  safe  limits  of  temperature  and  soaking  time  for 
hydrogen  mixtures.  However,  it  seems  significant  that  the 
really  large  differences  are  found  when  one  compares  ex- 
periments with  and  without  a stabilized  flame.  In  both 
figures  26  and  27  the  lags  found  by  Mullins  and  by  Foure 
with  a flame  present  throughout  the  test  (refs.  67  and  68, 
respectively)  are  in  the  millisecond  range;  those  of  all  other 
workers  were  obtained  from  systems  in  which  a flame  was 
not  initially  present  and  are  about  two  orders  of  magnitude 
greater.  Considering  all  the  data,  it  is  likely  that,  in  the 
absence  of  a flame,  hydrogen-air  mixtures  at  1 atmosphere, 
either  flowing  or  static,  may  be  held  at  temperatures  up  to 
550°  C for  at  least  1 second. 

In  recent  work  at  the  Bureau  of  Mines,  minimum 
spontaneous-ignition  temperatures  were  measured  for 
hydrogen-air  mixtures  diluted  with  water  vapor  (ref.  70). 
The  minimum  spontaneous-ignition  temperature  is  the  lowest 
temperature  at  which  a mixture  will  ignite  in  a closed  appara- 
tus, even  if  allowed  to  soak  for  a very  long  time,  and  is  there- 
fore the  same  as  an  explosion-limit  temperature.  Reference 
70  reports  minimum  spontaneous-ignition  temperatures  from 
515°  C (no  water  vapor)  to  580°  C (30  percent  water  vapor) 
at  a pressure  of  7.8  atmospheres.  Other  tests  showed  that 
pressure  has  little  effect  in  the  interval  from  1 to  10  atmos- 
pheres. On  the  basis  of  these  and  other  data,  reference  70 
recommends  that  any  temperature  above  500°  C be  con- 
sidered a potential  spontaneous-ignition  hazard  for  long 
soaking  times  at  pressures  near  atmospheric.  At  low  pres- 
sures, with  certain  surfaces,  ignition  can  occur  at  tempera- 
tures as  low  as  340°  C (fig.  25). 

RELATIONS  AMONG  COMBUSTION  PROPERTIES 

The  combustion  properties  of  hydrogen  have  been  dis- 
cussed more  or  less  individually,  and  the  data  are  valuable  in 
themselves.  However,  there  are  also  interrelations  among 
several  of  the  properties  that  should  be  pointed  out.  The 
importance  of  these  relations  is  twofold.  First,  they  may 
be  used  to  estimate  voids  in  the  data  on  one  property  from 
available  data  on  another.  Second,  there  are  relations 
between  burning  velocity  and  quenching  distance  from 
which  chemical  rates  in  flames  may  be  estimated.  The 
rates  are  significant  in  establishing  the  volumetric  require- 
ments for  combustion. 

FLAME  REACTION  RATES 

Combustion  properties  in  general  depend  both  on  chemical 
rates  and  on  transport  processes.  Certain  combustion 
properties  can,  however,  be  combined  to  give  quantities  that 
depend  only  on  one  or  the  other.  This  can  be  done  only  for 
flames  of  a given  chemical  family,  such  as  hydrogen-oxygen- 
nitrogen  flames.  In  reference  71,  a thermal  quenching 
equation 


Quenching  distancec (29) 


is  combined  with  a thermal  b am iu^- velocity  equation 


Burning  velocity  oc  V (Reaction  rate)  (Transport  property) 

(30) 

to  give 

Burning  velocity  ^ ^ rale  (31) 

Quenching  distance  ' 


From  this  approach,  it  was  calculated  (ref.  71)  that  the  aver- 
age reaction  rate  in  a stoichiometric  hydrogen-air  flame  is 
169  moles  per  liter  per  second.  The  average  rates  for  hydro- 
carbon fuels  are  very  much  lower.  The  values  reported  in 
reference  71  for  propane-air  and  isooctane-air  mixtures  are 
1.04  and  0.24  moles  per  liter  per  second,  respectively. 


Figure  29. — Relation  between  reaction-rate  parameters  for  hydrogen- 

air  mixtures. 


The  very  high  reaction  rate  is  the  basic  reason  for  the 
outstanding  vigor  of  hydrogen  flames  compared  with  flames 
of  hydrocarbon  fuels.  Flame  temperatures  are  not  much 
different,  so  flame  temperature  is  not  the  driving  force  of  the 
hydrogen  reaction.  Hydrogen  is  oxidized  by  a free-radical 
chain  mechanism,  and  the  same  is  probably  true  for  hydro- 
carbons at  or  near  flame  temperatures.  It  is  quite  possible 
that  the  activation  energies  of  the  individual  steps  of  the 
reaction  mechanism  are  comparable  in  both  cases.  How- 
ever, absolute  rate  theory  shows  that  reactions  of  atoms  and 
other  small  free  radicals  with  the  polyatomic  hydrocarbon 
molecules  will  be  as  much  as  10-4  slower  than  the  corre- 
sponding reactions  with  the  simple  diatomic  hydrogen  mole- 
cule, even  if  activation  energies  are  similar  for  the  two  cases. 
One  might  speculate,  therefore,  that  hydrogen  burns  so 
vigorously  because  it  is  a very  simple  molecule. 

RELATIONS  USEFUL  FOR  ESTIMATING  DATA 

Flashback  velocity  gradient,  burning  velocity,  and  quench- 
ing distance. — Reference  56  states  that  the  boundary  velocity 
gradient  for  flashback  is  directly  proportional  to  the  reaction 
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rate.  Reference  72  extends  this  concept  and  shows  that  the 
reaction  rate  in  question  is  not  complicated  by  the  effects  of 
transport  processes  and  that  the  following  relation  holds  for 
flames  of  a given  chemical  family: 

0%857°C^  (32) 


It  had  previously  been  shown  (ref.  71)  that  burning  velocity, 
quenching  distance,  and  reaction  rate  are  related  as  follows, 
as  implied  by  equation  (31): 


oip 

K 


(33) 


When  equations  (32)  and  (33)  are  combined,  the  following 
is  obtained: 


Figure  29  is  a logarithmic  plot  based  on  equation  (34)  for  data 
on  hydrogen-air  mixtures  at  25°  C and  various  pressures. 
Two  sets  of  recent  atmospheric-pressure  burning-velocity 
data  (refs.  10  and  26)  were  used  to  show  the  spread  that 
ma}7  be  expected  (in  spite  of  which  the  correlation  is  definite). 
The  line  as  drawn  has  a slope  of  1.03  rather  than  1.168  as 
predicted  by  equation  (34). 

Figure  29  may  be  used  to  estimate  data  on  one  of  the 
properties  involved  if  the  other  two  properties  are  known. 
Aside  from  this  practical  purpose,  the  plot  is  valuable  because 
it  shows  that  the  theoretical  ideas  leading  to  equation  (34) 
are  probably  correct;  the  same  basic  chemistry  is  involved 
in  flashback,  flame  propagation,  and  flame  quenching. 
The  consistency  shown  when  the  results  of  various  workers 
are  plotted  in  the  form  of  figure  29  indicates  that  the  data  are 
basically  correct,  even  though  there  is  some  spread  from  the 


Figure  30. — Relation  between  product  of  quenching  distance  and 
burning  velocity  and  transport  parameters  of  hydrogen-air  mixtures. 


usual  experimental  errors.  Results  that  depart  widely 
from  the  correlation  should  be  suspected;  such  a departure 
might  result,  for  example,  if  burning  velocity  were  measured 
at  low  pressure  without  proper  care  to  prevent  quenching 
effects. 

Burning  velocity  and  quenching  distance. — Reference  71 
points  out  that  the  product  of  burning  velocity  and  quenching 
distance  should  be  proportional  to  a transport  property, 
namely  the  apparent  thermal  conductivity  (see  eqs.  (29)  and 
(30)),  for  chemically  similar  systems  such  as  various 
hydrocarbon-oxygen-nitrogen  mixtures.  From  the  defini- 
tion of  apparent  thermal  conductivity  given  in  reference  71 
it  was  predicted  that  the  following  relation  should  hold  for 
such  systems: 

ULdlK^  (35) 

It  was  found  that  equation  (35)  holds  very  well  for 
hydrocarbon-oxygen-nitrogen  flames.  But  attempts  to  appty 
the  relation  to  hydrogen-air  flames  fail,  because  no  account 
is  taken  of  the  very  large  effects  of  hydrogen  concentration  on 
the  transport  process.  It  was  found  empirically  that  the 
following  modified  relation  fits  the  data  fairly  well: 

No  attempt  is  made  here  to  justify  equation  (36)  on  theoreti- 
cal grounds.  Figure  30  is  a logarithmic  plot  made  according 


•I  ,c 

Quenching  distance,  cfg,  cm 


Figure  31. — Relation  between  spark  ignition  energy  and  quenching 
distance  (between  parallel  plates)  for  hydrogen-air  mixtures. 
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to  equation  (36)  for  various  hydrogen-air  mixtures  at  re- 
duced and  atmospheric  pressures.  Except  for  three  points 
at  an  equivalence  ratio  of  U.5  and  pressures  fiom  0.2  to  0.5 
atmosphere,  there  is  little  scatter.  The  chief  use  of  figure  30 
is  in  finding  the  effect  of  initial  mixture  temperature  on 
quenching  distance.  This  effect  can  be  found  by  use  of 
available  data  that  show  the  effect  of  temperature  on  burning 
velocity. 

Spark  ignition  energy  and  quenching  distance. — Lewis  and 
von  Elbe  first  pointed  out  that  spark  ignition  energy  and 
quenching  distance  yield  a correlation  line  when  plotted 
logarithmically  (ref.  37,  p.  415).  Figure  31  shows  such  a 
plot  for  hydrogen-air  mixtures  at  reduced  and  atmospheric 
pressures.  The  line  shown  is  a segment  of  a general  cor- 
relation that  fits  data  on  many  fuel-oxidant  combinations 
over  a range  of  four  orders  of  magnitude  in  ignition  energy. 
The  theoretical  basis  for  the  correlation  is  not  well  understood . 

Flashback  velocity  gradient  and  blowoff  from  flame- 
holders. — Studies  by  Zukosld  and  Marble  (refs.  73  and  74) 
strongly  indicate  that  the  mechanism  of  flameholding  on 
bluff  bodies  depends  on  ignition  time,  provided  that  the 
shear  region  between  the  free  stream  and  the  flameholder 
wake  is  full}7  turbulent.  The  length  of  the  wake  is  essen- 
tially independent  of  stream  velocity;  for  cylindrical-rod 
flameholders,  the  data  of  reference  74  indicate  that  the 
following  relation  holds  for  a wide  range  of  flow  velocities: 

-i=  Constant =5. 5 (37) 

' -y  JJ 

where  L and  D are  in  inches.  The  ignition  time  available 
to  the  gases  flowing  along  the  shear  region  is 

t=L/U  (38) 

where  U is  in  inches  per  second.  If  t is  equal  to  or  less  than 

a characteristic  value  for  the  given  mixture,  blowoff  will 
occur  because  the  gas  cannot  ignite  and  form  a propagating 
flame;  then,  equation  (38)  becomes: 

t*=LfUb0  (39) 

Combining  equations  (37)  and  (39)  yields,  for  cylindrical- 

rod  flameholders, 

Z7*,= 5.5^P  (40) 


Ignition  along  the  flameholder  wake  is  known  to  occur  at 
a temperature  close  to  flame  temperature  (ref.  74).  There- 
fore, it  is  reasonable  to  suppose  that  the  process  is  one  of 
spontaneous  ignition  at  high  temperature.  It  is  assumed  in 
the  earlier  discussion  of  spontaneous  ignition  that  the  ignition 
time  is  inversely  proportional  to  the  reaction  rate,  and  in 
view  of  the  high  temperature  at  which  ignition  occurs,  the 
rate  in  question  may  be  taken  as  the  average  rate  of  reaction 
in  a flame.  It  has  already  been  pointed  out  that  flashback 
velocity  gradient  depends  on  average  flame  reaction  rate  in 
the  manner  shown  by  equation  (32).  Thus,  it  follows  that 


t*  a 


(41) 


Data  on  the  blowoff  of  hydrogen-air  flames  from  cylindrical- 
rod  flameholders  at  atmospheric  pressure  have  been  obtained 
only  for  lean  mixtures  and  at  low  and  intermediate  Reynolds 


numbers  (ref.  58).  _ However,  a complete  flashback  curve  is 
available.  With  the  aid  of  the  relations  just  developed,  it  is 
therein™  possihle  to  estimate  a complete  blowoff  curve.  It 
should  be  noted  that  the  curve  will  apply  only  when  Reynolds 
number  is  high  enough  to  give  a fully  turbulent  shear  layer 
between  the  wake  and  the  free  stream  (ReZ>  104). 

Since  the  proportionality  constant  in  equation  (41)  is 
unknown,  the  following  procedure  is  used: 

(1)  From  equation  (40),  a characteristic  time  ta*  is  com- 
puted for  a given  mixture  for  which  the  blowoff  velocity 
from  a rod  of  a particular  diameter  has  been  measured. 

(2)  From  equation  (41),  the  following  relation  may  then 
be  expected  to  hold  for  other  mixtures: 


.*  (t*N0g%™)a 

N0g%™ 


(42) 


Equations  (40)  and  (42)  are  combined  to  give  the  following 
result: 


5.5  N0g%*57 
VD  ( t*N0c/f-na 


(43) 


For  hydrogen-air  flames  at  1 atmosphere,  the  normaliza- 
tion point  for  computing  tZ  was  chosen  at  <p=0.5,  D = 0.254 
inch,  and  Z76o=900  feet  per  second  (ref.  58).  The  flashback 
data  are  from  reference  54  (see  fig.  19).  The  estimated 
blowoff  curve  is  shown  in  figure  32.  For  comparison,  the 
same  procedure  was  followed  for  methane-air  flames,  using 
flashback  data  from  reference  75  and  blowoff  data  from 
reference  73. 

Figure  32  shows  that  the  maximum  predicted  value  of 
UdoI'^D  for  hydrogen-air  flames  is  more  than  an  order  of 
magnitude  greater  than  that  for  methane-air  flames.  This 
is  similar  to  the  result  of  DeZubay,  who  found  that  the  max- 
imum value  of  the  correlating  parameter  for  blowoff  of 
hydrogen-air  flames  at  reduced  pressure  was  11  times  greater 
than  that  for  propane-air  flames  (ref.  57).  Stability  is  ex- 
pected to  remain  high  even  in  very  rich  mixtures.  The  few 
data  points  available  agree  with  the  calculated  curves  as 
well  as  could  be  expected,  in  view  of  the  many  approxima- 
tions involved.  Moreover,  some  of  the  points  actually 


Figure  32. — Comparison  of  experimental  data  with  blowoff  curves 
calculated  from  flashback  data  of  references  54  and  75.  Cylindrical 
flameholders. 
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apply  to  conditions  where  the  shear  layer  may  not  be  full}7 
turbulent,  and  these  points  of  course  would  not  be  expected 
to  lie  on  the  curve. 

According  to  equations  (32)  and  (33),  the  blowoff  curve 
could  have  been  calculated  equally  well  by  use  of  ULldq  in 
place  of  g f^57’  The  choice  of  gfb  was  arbitrary. 

The  effects  of  pressure  on  blowoff  could  be  estimated,  if, 
in  addition  to  present  knowledge,  the  variation  of  wake  length 
with  pressure  were  known.  Work  is  needed  to  establish  the 
effects  of  pressure  on  the  flameholder  wake. 

A final  comment  about  the  calculated  blowoff  curve:  The 
effects  of  compressibility  are  not  really  known.  From  the 
work  of  reference  74,  equation  (37)  appears  to  hold  up  to 
free-stream  Mach  numbers  of  about  0.7.  However,  the 
peak  value  of  Ub0/^fD  in  figure  32  implies  that  the  blowoff 
velocity  would  be  sonic  (1640  ft/sec)  for  a flameholder  only 
about  0.01  inch  in  diameter.  It  is  not  clear  how  the  present 
analysis  might  be  modified  under  such  conditions. 

SUMMARY  OF  RECOMMENDED  VALUES  OF  COMBUSTION 

PROPERTIES 

Table  V presents  a summary  of  recommended  values  of 
the  various  combustion  properties  of  hydrogen-air  mixtures. 
The  values  listed  are  for  standard  conditions,  a pressure  of 
1 atmosphere,  and  an  initial  temperature  of  about  25°  C. 
Wherever  possible,  data  are  given  for  both  the  stoichiometric 
mixture  and  the  mixture  showing  the  maximum  (or  minimum) 
value.  The  form  of  the  pressure  and  temperature  depend- 
ence is  stated,  if  known.  Since  some  of  the  numbers  are 
averages  or  involve  the  judgment  of  the  authors,  references 
are  omitted  from  table  V. 

Lewis  Flight  Propulsion  Laboratory 

National  Advisory  Committee  for  Aeronautics 
Cleveland,  Ohio,  April  26 , 1957 
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TABLE  I.— HYDROGEN-AIR  FLAME  TEMPERATURES 


[Pressure,  1 atm;  initial  temperature,  25°  C.] 


Source  and  date 

Refer- 

ence 

Stoichi- 
ometric 
mixture 
tempera- 
ture, °K 

Maxi- 
mum 
tempera- 
ture, 0 Iv 

Hydrogen 

in 

maximum- 
tempera- 
ture mix- 
ture, 
volume 
percent 

Experimental 

Passauer,  1930  (split 

flame)---  

Jones,  Lewis,  and  Sea- 
man, 1931  

Morgan  and  Kane,  1953_ 

2 

4 

3 

(fig.  7) 

2263 

2293 

2220 

2283 

2318 

31 

31.  6 

Theoretical 

Lewis  and  von  Elbe, 

1935 

Friedman,  1949 

Fenn,  1951  - 

Morgan  and  Kane,  1953. 

Gaydon  and  Wolfhard, 
1953 --  - 

■ 7 
8 
9 
3 

(fig.  7) 
6 
10 

2375 

2345 

2380 

2373 

2315 

2387 

2320 

2403 

31.  6 

Burwasser  and  Pease, 
1955  

This  report.  _ 

30.  9 

HYDROGEN-AIR  MIXTURES 


SURVEY  OF  HYDROGEN  COMBUSTION  PROPERTIES 


1191 


r-\ 


CO 

£ 

O 


GQ 

o 


A 

o 

o 


'w1 

o 


£ 

3 


Q 

£ 


£ 


b 

G* 


£ 

oooo 

oooo 

oooo 

oooo 

oooo 

oooo 

ooooo 

ooooo 

ooooo 

ooooo 

ooooo 

ooooo 

ooooo 

ooooo 

ooooo 

ooooo 

ooooo 

ooooo 

ooo  oo 
ooooo 
ooooo 
ooooo 
ooooo 
ooooo 

ooooo 

ooooo 

ooooo 

ooooo 

ooooo 

ooooo 

ooooo 

ooooo 

ooooo 

ooooo 

ooooo 

ooooo 

ooooo 

ooooo 

ooooo 

ooooo 

ooooo 

ooooo 

o 

d 

d 

d 

d 

d 

o * * * * 

o o o 

OlflOO 
O 1^0  0 
0^00 
oooo 
oooo 

O Cl  N-  CO  O 
OMONO 
OOOOO 
O O CO  O O 

ooooo 

OOOOO 

O 00  00  rH  o 
OO  -H  o o 

ooooo 
OO  coo  o 
ooooo 
ooooo 

O rH  CO  O O 

O O LO  o o 
ooooo 
ooooo 
ooooo 
ooooo 

Ohn^O 
O 00  co  CM  o 
O I"  1"  CM  O 
O O ID  O O 
OOOOO 
OOOOO 

O rH  rH  OO 

O Ci  N o 

O O LD  OO 

O O —i  o o 
ooooo 
ooooo 

O Ci  oo  o o 

O O IT  o O 

O O — i o o 

ooooo 

ooooo 

ooooo 

o 

o 

d 

d 

d 

o 

d 

h-1 

)— t 

O coo  o 

ON-O 
o locm  o 
oooo 
oooo 
oooo 

O N 00  00  O 
O O O r-i  O 
O O rH  Cl  O 

O O O 00  o 
ooooo 
ooooo 

0 0 0^0 
OOlOlOO 
O O 00  CM  O 
O O rH  — t o 

ooooo 

ooooo 

OO  — ! rH  O 
O O t—  CO  o 
O O rH  rH  o 
OOOOO 

ooooo 

ooooo 

O CD  o CD  O 
O ID  CM  CD  © 
O -H  00  00  O 
OOONO 
O O rH  CM  O 
OOOOO 

O CD  TH  CD  O 
OOlOlOO 
OC’tOO 
O O hH  rH  o 
ooooo 
ooooo 

O O Ci  rH  O 
O O CO  rH  o 
O O LO  LD  o 

ooooo 

ooooo 

ooooo 

^5 

o 

d 

d 

o 

o 

o 

d 

o 

tZ 

a 

o 

£ 

w coho 
00^00 
^1-^00 
O -h  OO 
oooo 
oooo 

o CD  Tji  CO  O 
OWN^O 
OIONOO 
OnINOO 
OOOOO 
OOOOO 

O LO  O 00  o 

O N-  CM  O O 
OlONOO 
O — <M  O o 
ooooo 
ooooo 

O O CO  rH  O 

O 00  00  o o 
O LO  CD  o O 
O — t r_  O O 

ooooo 

ooooo 

NriONO 
rH  O CDOO 
OlONrO 
O CO  CO  O O 

ooooo 

ooooo 

CM  O It  ID  O 
— i -H  rH  ID  O 
O It  CO  O O 
O CO  rH  O O 
OOOOO 
OOOOO 

CM  rH  N N c 
— 1 o rH  OO 
OI>rOO 

o co  CO  o o 
ooooo 
ooooo 

© 

o ‘ 

d 

d 

o 

d 

d 

o 

.§ 

*-Z3 

*53 

o 

a 

IN 

o 

o cooo 
CO  ooo 
OONOO 
^0100 
oooo 
oooo 

rH  ItCIOO 
CODhO 
NHNOO 
•Ot^hOO 
COO  -h  oo 
rH  oooo 

HNOOO 
Cl  iD  O O O 
CM  CM  OOO 
OTti  ooo 
oociooo 
rH  o o o o 

CM  00  ^ o O 
OCHOO 
CM  CM  CO  O O 
lO^HOO 

ooo  o oo 

rr  O O O O 

CD  Ci  N*  O O 
00  CD  Ci  Ci  O 
CM  CO  O O 
LO  CM  LO  O O 
00  Ci  rH  o O 

rH  o O O O 

LO  O LD  LC  o 
00  rH  00  O O 
CM  Ci  CD  O O 
iCCMNOO 
QOCiOOO 
i-H  o O O O 

ID  Ci  CD  O O 
00  CM  CO  O O 
CM  rH  CO  O O 
lO  CO  CM  O O 
00  Ci  O O O 
rHOOOO 

o 

d 

o * 

d 

d 

d 

d 

d 

u 

CD 

hi) 

T3 

© 

WH 

o 

CO  H CO  O 
CM  O — i O 

o oooo 

O CM  OO 

oooo 

oooo 

O coo  CO  o 

O O GO  COO 
OCOONO 
OO  rH  oo 
OO^OO 
OOOOO 

o ^ ooo  o 
o cm  it  cm  o 

O M rH  rH  O 

ooooo 

ooooo 

ooooo 

o rn  co  o 

ONC5HO 
OO  Ci  OO 
00^00 
ooooo 
ooooo 

O rH  CO  rH  O 

O OOO  ooo 
o O 00  CD  O 
O CO  to  CM  O 
O O rH  O O 
OOOOO 

O CO  CM  rH  o 
O 00  CO  LO  o 

O O It  SO  O 

O — i o oo 
O O rH  o O 
ooooo 

O rH  rH  00  O 
O LD  00  It  o 
O CO  rH  O O 
O O rH  O O 
ooooo 
ooooo 

£ 

3 

d 

O 

o 

o 

d 

d 

d * * * * 

<N 

£ 

CM  Cl  rH  O 
CO  O O IO 
rH  CO  CM  rH 
rH  GO  *H-  00 

rH  rH  00  iD 
N-  CD  rH  rH 

CM  rH  CM  Cl  O 
CO  CM  iD  rH  iD 
>ONC)OH 
CO  CO  CO  rH  GO 
N-  rH  CO  00  LO 
N N O ^ h 

(N^HCCO 
CO  rH  CD  rH  kO 
LO  00  O O rr 
CO  COrji  rH  00 

It  rH  00  LO 

NNO^n 

CO^DiOO 
CON  H iH  lo 
LO  00  CD  CO  rH 
•COCO  05  CO 

rr  T*.  00  LO 

1^  NDtT  r 

CD  N-  tO  CD  O 
CM  00  Ci  CD  to 
LO  N-  Ci  00  —1 
CO  "H  rji  N-  OO 
N H CM  N iO 
N-  N CD  rH 

ONDNO 
CM  CD  rH  h ID 
LD  LO  O O rH 

CO  CM  00  CO  00 
IT  r-i  CO  00  LO 
N It  o rH  rH 

CD  00  w LOO 
CM  CM  to  Cl  lo 

DNOOHri 

CO  CM  CD  rH  00 
It  «— > rH  00  lO 
It  N CD  rH  T-i 

o ■ • • 

O 

o 

d 

o 

d 

o 

q 

b 

1— i CO  (M  iO 
O 00  00  00 
<M  rH  N-  rH 
OION^ 

ci  co  lo  oo 

H COM  O 

CO  CO  O O lO 
N to  CO  N 00 
HNNOH 
HOMO^ 
rH  00  O LO  00 
O H <M  CM  O 

CD  00  00  LO 

N-  00  CM  rH  00 

HOOlCH 

rH  05  CM  iO  00 
O H CO  Cl  o 

CD  to  CD  CO  LO 
NNO0DQ0 

HHOONH 

rr  o C5  N ^ 
rf  CD  CO  LD  00 
O rH  CO  CM  O 

CD  CM  CO  to 
NOD'tOO 

rH  CD  CO  rH  rH 
rH  Nr  f"r  y“H  rH 

rH  00  LO  00 

o rH  CM  CM  O 

CD  00  IT  LO  ID 

ncuooco 

rH  LO  It  rH  rH 
rH  Ci  00  CD  rH 
rH  00  O IC  GO 
O rH  CO  CM  O 

CD  CO  CO  00  LO 
NHOiCOO 
rH  O O CD  rH 
rH  O CO  It  rH 
rH  CD  CO  LO  00 
O rH  CO  Cl  O 

1 

d 

o 

d 

d 

d 

o 

o * ’ * ‘ 

c* 

O CO  CM  iD 
O O O CO 
O CO  CO  CO 
OOONN 
OOlCO 

OOCMIr 

j OkCHcoio 
O co  rH  oo  CO 
O O M ID  CD 
OOO  CM  t> 
OOCOiOiC 
O O O (M  l> 

Ot-*OOLO 
O O rH  o CD 
O O LO  o CD 
OOiONh 
O O rH  IO  LO 
O O O CM  N- 

OHNQOIO 
OONOCD 
O O CM  l>  CD 
OOONN 
O O O ID  LO 

OOONN 

OOC1COO 
o co  00  CO  CD 
O CD  Ci  CD  CD 
O O Cl  rH  fr 
OO  CO  rH  to 
OOOCMN 

O rH  rH  Ci  rH 
O I t CO  Ci  CO 
OO  rH  rH  CD 
OOrHiON 
O O CM  LO  LO 
OOONN 

O 00  rH  O LO 
O O Cl  CM  CD 
O O It  LO  CD 
O O Ci  It  IT 

O O O »D  »D 
OOONN 

d 

o 

o*  ’ * * * 

d * * * ’ 

d * ■ ’ * 

O 

o 

«+-* 

°tc  * 
o-- 
o c3 
© © 
C3  Q r* 

030H01 
OOONN 
CM  CM  CM  CO 

NNCtTO 
CO  CO  COO  CO 
CO  CM  rH  CM  CO 

i-H  i— 1 i-H  i-H  i—i 

N'CNOO 
ONt^LOO 
CO  M H (M  CO 

N COCO  iOO 
cd  h co  cd 
CO  CM  CM  CM  CO 

rH  rH  rH  rH  rH 

NHD^O 
CO  CO  rH  CD  ^H 
CO  CM  rH  rH  CO 

rH  rH  rH  rH  rH 

It  It  O O O 
CO  LO  CD  CO  rH 
CO  CM  rH  CM  CO 

HHHHH 

|r  CO  rH  CD  O 
CO  CD  O iD  rH 
CO  CM  CM  CM  CO 

rH  rH  rH  rH  rH 

'3  tf  ~— 
S © a 8 

Q 

o 

SiflNO 
’CNOOO 
CO  CO  05  CO 
CO  IO  rH  Cl 

o rH  00  IO  CO 
H GO  H N CO 
O lD  CM  OO 
(NCOHNO 

O^N^O 

HDC1HP3 

CD  ^ ^ COO 
(N  CO  CD  LOO 

O GO  CM  CD 

r-l  t'—  N-  !>.  CO 
COTtiNOO 
CM  CO  LC  O 

Ci  Nr  Ci  CD  CD 
It  CD  CO  N-  00 
NHCOO^ 
CM  ^ rH  O O 

Ci  O O CD  rH 
NOCOCMOO 
NNDOrH 
CM  CO  It  o 

Cl  rH  CD  LD  rH 
It  -H  It  CO  OO 
IT  co  CM  CM  rH 
CM  CO  LD  LDO 

V 

3 

d 

O rH  r-I 

d rH 

d * rH 

O i-i  rr  i-I 

O rH 

O * * ‘rH 

© 

jy 

*o  • 

s 

-P  © 

5 ’bp  2 
£*b0 

COO  CM  LD 
C5  H CON 
rH  rH  It  rH 

d rH  oo  i> 

CO  CM  1-i 

(M  CD  CO  (M  ID 
Tfi  00  D ^ N 
CO  rh  00  CD  rH 

00  CD  CO  GO  It 
(M  <M  CM  H 

CM  — MM  H LO 
CO^Ol^^ 
oo*  cd  ^ oo  n-I 

CM  (M  (M  H 

CM  CM  H CO  LO 
CD  CD  CO  IN 
CO  TtH  TjH  rjH 

OO  CD  od  l> 

CM  CM  CM  rr 

CM  rH  rH  Nr  lo 
^»ONOON 
CO  ^ to  ^ rH 

00  d CO  00  It 
CM  CM  CM  rH 

CM  CO  LO  rH 
rH  00  tr  00  LO 
CO  rH  O CO  It 
. . . . rH 

00  CD  rH  00  . 

CM  CM  CM  rH  tr 

CM  O rH  00  LD 

rH  CD  00  CM  It 

CO  rH  CON-  rH 

00  CD  rH  00  IN 
CM  CM  CM  rH 

2 . 

rH  CM  ICO 

CO  00  rH  CM  It 

CO  N <N  CO  N 

CO  LO  CM  CD  Nr 

rH  CM  l>Ci  00 

rH  00  rH  CM 

rH  Ci  CD  rH  GO 

a ^ 
3 © 

1 

0)  3t^o 

a-.-*-5 

CO  O CM*  CO 
O CO  (M  00 
CO  CO  00  CO 

H CO  rH 

OC5COWH 
COCODHN 
CO  CO  rH  o O 
rH  CM  <N 

d CM  l - cd  rH 
CO  rH  00  CO  N- 
CD  CD  CO  O 05 
rH  CM  (M 

ocoddrl 
CO  rfi  QO  N-  Nr 
CD  CD  Tt*  O CD 
rH  CM  CM 

CD  rH  co  to  00 

— |T  It  CD  LO 

C!  00  CM  -H  CM 
rH  CM  CM  T-i 

. . . . 00 
CD  00  Ci  rr  . 

i-H  00  CM  Ci  00 
CD  00  iD  CM  lo 
rH  CM  CM  CM 

CD  CM  Ci  Cl  00 

rH  Cl  00  rH  LO 
O GO  CD  CO  CM 
rH  CM  CM  rH 

i © o' 

§-11  * 
i—n  ^ 

OOOO 
LO  O O o 

di-Ido 

rH 

ooooo 

HIOOOO 

d ' rH  <M  d 
rH 

OOOOO 
i-H  LO  O O O 

O r*t  Cvi  o 

rH 

OOOOO 
rH  LO  O O O 

d rH  CM  O 

OOOOO 
rH  ID  O O O 

O rH  CM  O 

rH 

OOOO 
rH  iO  O O O 

. . . .o 

O rH  CM  . 

O 

rH 

OOOOO 
rH  ID  O O O 

O*  ’ r-i  CM  d 
rH 

* • £ 

CD  © -U> 

g £j  c3 
Ph  !Ofl* 

h'N 

o 

o 

1— I 

o 

d 

o 

o 

o 

o 

rH 

rH 

o 

d 

o 

o 

o 

o 

— i <k  v 

•1  S 2 r 

o 

CO 

rH 

cd 

o 

CM 

o 

o 

CD 

526597 — 60- 


-77 


1192 


REPORT  1383 — NATIONAL 


a The  method  and  thermochemical  data  for  these  computations  were  taken  from  ref.  76,  with  the  following  exceptions:  Data  for  water  were  taken  from  ref.  77,  and  the  equi- 
librium constants  for  the  dissociation  of  N2  were  revised  to  conform  with  the  recently  accepted  value  of  its  dissociation  energy,  9.756  electron  volts.  For  simplicity,  air  was  assumed 
to  consist  of  oxygen  and  nitrogen  only,  in  the  molar  ratio  1:3.7572,  or  21.02  percent  oxygen.  The  enthalpy  change  of  this  fictitious  “air”  between  300°  and  2400°  Iv  is  the  same 
as  that  of  standard  air,  which  contains  20.95  percent  oxygen  plus  nitrogen,  argon,  and  other  gases. 
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TABLE  III. — HYDROGEN-AIR  BURNING  VELOCITIES 
[Atmospheric  pressure;  room  temperature.] 
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REPORT  1384 


A SUMMARY  OF  PRELIMINARY  INVESTIGATIONS  INTO  THE  CHARACTERISTICS 
OF  COMBUSTION  SCREECH  IN  DUCTED  BURNERS  1 

By  Lewis  Laboratory  Staff 


SUMMARY 

Increasing  demands  for  higher  afterburner  performance  have 
required  operation  at  progressively  higher  fuel-air  ratios , 
which  has  increased  the  occurrence  and  intensity  of  screeching 
combustion.  The  onset  of  screech  may  be  followed  by  rapid 
destruction  of  the  combustor  shell  and  other  combustor  parts. 
Because  of  its  destructive  characteristics , considerable  efiort 
has  been  expended  to  understand  and  eliminate  screech.  NACA 
work  on  the  screeching  combustion  problem  prior  to  195 4 is 
summarized  herein.  These  studies  showed  that  resonant  acous- 
tic oscillations  are  a primary  component  of  the  screech  mecha- 
nism in  the  burners  thus  far  investigated.  Detailed  studies  of 
frequency , amplitude , and  phase  relations  were  made  in  burners 
6 to  37  inches  in  diameter;  these  oscillations  were  identified 
as  a transverse  mode.  In  various  full-scale  afterburners 
the  observed  frequencies  were  those  to  be  expected  from  a trans- 
verse oscillation.  The  e feels  of  design  and  operational  variables 
on  screech  intensity  have  been  investigated.  Attempts  to  elimi- 
nate screech  by  reducing  the  driving  potential  of  the  gas  stream 
were  generally  unsuccessful , but  the  use  of  an  acoustic  damper 
completely  eliminated  screech  in  all  burner  configurations  in 
which  it  was  used. 

INTRODUCTION 

The  increasing  demand  for  higher  performance  from 
turbojet  engine  afterburners  and  ramjet  engine  combustors 
has  required  operation  of  these  combustors  at  the  high  tem- 
peratures obtainable  only  near  stoichiometric  fuel-air  ratios. 
Combustor  operation  at  high  fuel-air  ratios  lias  often  led 
to  the  phenomenon  known  throughout  the  aircraft  industry 
as  screech.  The  high  combustion  pressures  and  tempera- 
tures accompanying  low-altitude  high-speed  flight  are  also 
conducive  to  screech.  This  phenomenon  derives  its  name 
from  the  shrill  scream  or  screech  accompanying  it.  Other 
manifestations  of  screech  are  high-frequency  pressure  oscil- 
lations in  the  combustion  zone,  increased  rate  of  flame 
propagation,  usually  improved  afterburner  combustion 
efficiency,  higher  operating  temperatures  of  the  combustor 
parts  and  shell,  and,  under  moderate  to  severe  screeching 
conditions,  rapid  deterioration  or  failure  of  combustor  shell, 
flameholder,  and  other  combustor  parts.  An  example  of  an 
afterburner  failure  produced  by  screeching  combustion  is 
shown  in  figure  1.  Because  of  the  severe  deterioration  of  the 
combustor  under  screeching  operating  conditions,  it  has 


been  essential  that  an  understanding  of  the  screech  phe- 
nomenon be  gained  and  that  a method  of  controlling  or 
eliminating  screech  be  devised. 

Many  investigators  have  studied  the  screech  problem 
(e.  g.,  refs.  1 to  6).  From  these  investigations  and  others, 
several  theories  have  been  evolved  in  an  attempt  to  describe 
the  screech  phenomenon.  These  theories  have  been  based 
either  on  some  phase  of  combustion  kinetics,  aerodynamics, 
or  self-exciting  acoustic  resonance  or  on  a combination  of 
these.  Under  combustion  kinetics,  consideration  has  been 
given  to  phenomena  similar  to  knock  in  reciprocating  en- 
gines, such  as  detonation  and  flashback,  and  to  properties 
of  the  fuel  such  as  flame  speed.  Among  the  aerodynamic 
factors  considered  have  been  vortex  strength,  vortex  inter- 
action from  flame  holders,  boundary-layer  effects,  and  flow 
separation.  Theories  based  on  acoustical  resonance  have 
included  longitudinal  or  organ-pipe  vibrations,  radial  modes 
of  vibration,  and  transverse  modes  of  vibration. 

The  NACA  Lewis  laboratory  has  investigated  most  of 
these  possibilities.  The  evidence  collected,  although  it 


Figure  1. — Example  of  screech-produced  afterburner  shell  failure. 


1 Supersedes  recently  declassified  NACA  Research  Memorandum  E54B02  by  the  Lewis  Laboratory  Staff.  1954. 
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does  not  completely  describe  screech,  has  strongly  indicated 
some  of  the  predominant  characteristics  of  screech.  The 
present  paper  summarizes  the  more  important  phases  of 
the  analytical  work,  small  and  large  duct  experiments,  and 
full-scale  engine  investigations  conducted  at  the  NACA 
Lewis  laboratoiy  prior  to  1954.  These  results  are  compared 
with  the  works  of  other  experimenters  to  correlate  the 
predominant  characteristics  of  screech.  A mechanism  for 
control  or  elimination  of  screech  is  described. 

SYMBOLS 

The  following  symbols  are  used  in  this  report: 
a speed  of  sound 

B constant  of  integration  (eq.  (1)) 

d gutter  radius 

f frequency,  cps 

h function  defined  by  eqs.  (1)  and  (2) 

Jn,Nn  Bessel  functions  of  the  first  and  second  kind,  re- 
spectively 

n, m mode  numbers  such  that  n and  m+ 1 are  the  number 

of  nodal  diameters  and  nodal  circles,  respectively 
P'  pressure  fluctuation 

plfo  ratio  of  local  to  free-stream  static  pressure 
R}Ri  center -wall  and  innerbody  radii,  respectively 
t time 

x,r,0  cylindrical  coordinates 

a,anm  reduced  frequency  determined  by  solving  eq.  (5)  or 
(7) 

/3  amplification  numbers  (eq.  (8)) 

ANALYSIS 

Preliminary  experimental  investigations  at  the  Lewis 
laboratory,  as  well  as  information  available  from  work  done 
elsewhere,  led  to  the  belief  that  acoustic  oscillations  were 
present  dining  screeching  combustion.  Hence,  coincident 
with  the  continuing  experimental  studies,  a theoretical 
analysis  has  been  made  of  the  possibilities  of  sonic  resonance 
in  a combustor.  Once  it  is  assumed  that  acoustic  resonance 
may  be  present  in  a screeching  combustor,  the  problem 
becomes  one  of  finding  what  forms  these  oscillations  may 
take  and  which  modes  are  most  likely  to  occur.  To  this 
end,  as  a model,  there  may  be  considered  a circular  cylindri- 
cal duct  having,  in  the  steady  state,  a relatively  slow  uni- 
form through  flow  and  an  axial  steady  temperature  variation 
(and  hence  axial  variation  in  the  speed  of  sound  a ).  The 
hardware  in  the  combustor  may  reasonably  be  assumed 
irrelevant  provided  the  chamber  is  relatively  clean  down- 
stream of  the  flameholder.  Within  these  assumptions,  the 
unsteady  pressure  fluctuation  P ' must  satisfy 

a2  (Prr+y+^)+(a2P'h=P'u 

(The  subscripts  denote  differentiation.)  Solutions  of  this 
equation  may  be  written 


there  is  no  flow  across  the  chamber  wall  {r=R),  where  h(x) 
is  such  that 

(a?hx)x+Tr*  |V— (if)*]  ^=0  (2) 

and  Jn  and  Nn  are  the  Bessel  functions  of  the  first  and  sec- 
ond kinds,  respectively.  If  a more  complex  model  had  been 
assumed,  say,  one  in  which  the  steady-state  pressure  and 
axial  velocity  were  assumed  to  vary  with  x,  then  equation 

(1)  would  still  apply  but  equation  (2)  would  be  more  in- 
volved. This  remark  would  also  apply  if  a uniform  axial 
through  flow  of  large  magnitude  were  included,  or  if  a longi- 
tudinally varying  heat  release  were  considered. 

The  integers  n and  m may  be  related  to  the  number  of 
pressure  nodes  in  the  oscillation.  Thus,  n is  the  number  of 
nodal  lines  (which  lie  along  diameters)  and  m+1  is  the 
number  of  nodal  circles. 

MODES  OF  ACOUSTIC  RESONANCE 

Equation  (1)  embraces  all  the  possible  resonant  oscillations 
in  a circular  cylinder.  These  are  well  known  (cf.  ref.  7)  but 
are  briefly  described  herein.  The  solution  involving  Nn  is 
rejected  because  it  is  singular  at  the  pipe  axis  and  hence  is 
inadmissible  when  there  is  no  centerbody.  For  simplicity 
of  description,  the  speed  of  sound  is  assumed  constant. 
The  modes  are: 

(1)  Purely  longitudinal  (organ-pipe). — If  a is  constant, 
equation  (2)  has  the  solution 


If  n and  a are  chosen  to  be  zero, 


pf —$2ir  u o±2:/a) 


(4a) 


(2)  Radial  and  transverse. — If  2 \fR/a=a,  a permissible  so- 
lution of  equation  (2)  is  h~  1.  In  that  case 


P'=e 


[(-)—] 


Jn  {jPCt-nrnfl ’ R') 


It  may  be  noted  that  for  n— 0 there  are  obtained  the  radial 
modes,  while  for  n^O  there  are  found  what  will  be  called  the 
transverse  modes.  In  figure  2,  there  are  sketched  the 
particle  paths  and  pressure  amplitude  contours  (mutually 
orthogonal)  for  the  (1,0)  transverse  mode.  The  notation 
(1,0)  means  n=  1,  m~ 0.  Pressure  amplitude  contours  are 
shown  in  figures  3 and  4.  The  radial  (0 ,ra)  modes  have  a 
pressure  maximum  at  the  center  of  the  duct  while  all  the 
other  (transverse)  modes  show  zero  pressure  amplitude  at 
that  point.  In  figure  3 the  wall  would  be  at  stations  a,  b,  c, 
and  so  forth,  depending  on  whether  the  first,  second,  third, 
or  a higher  radial  mode  occurred.  It  may  also  be  observed 
that  the  (^,1)  modes  (fig.  4(b))  contain  the  pattern  for  the 
(n,0)  modes  (fig.  4(a))  as  a core  inside  the  dashed  circle. 

(3)  Combined  lateral-longitudinal. — If  a is  a constant, 
the  combined  modes  may  be  written 


(1) 

where  anm  (hereinafter  written  simply  a)  is  chosen  such  that 


(4c) 
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If,  in  the  three  cases  described,  the  speed  of  sound  had 
been  assumed  variable,  results  similar  to  those  given  would 
be  obtained  except  that  the  longitudinal  factor  h(x)  in  the 
wave  would  be  more  complex  and  not,  in  general,  easily 
represented. 

It  may  be  important  for  the  purpose  of  experimental 
identification  to  distinguish  between  the  effect  produced  by 
a longitudinal  (organ-pipe)  mode  and  the  effect  which  may 
be  produced  by  temperature.  The  organ-pipe  mode  (fig. 
5(a))  is  such  that  in  a given  wave  length  there  is  symmetiy 
about  the  midpoint  and,  at  a given  time,  the  spatial  average 
of  the  pressure  fluctuation  Pf  is  zero.  The  effect  of  temper- 
ature may  be  something  quite  different.  Figure  5(b) 
shows  the  pressure  amplitude  profile  found  when  equation 
(2)  was  integrated  numerically  for  the  temperature  profile 
of  figure  5(c).  In  this  case  the  effect  of  temperature  was 
simply  to  modify  an  otherwise  constant  pressure  amplitude. 
This  latter  effect  (of  modifying  the  longitudinal  pressure 
profile)  must  be  present  when  the  chamber  temperature 
(and  hence  the  speed  of  sound)  varies. 

In  a practical  combustor  the  manner  in  which  the  oscilla- 
tion is  driven  will  modify  the  motion.  If  the  motion  is 


(b) 


(a)  Pressure  amplitude  for  pure  longitudinal  wave. 

(b)  Pressure  variation  due  to  temperature  variation  of  figure  5(c). 
(c)  Typical  temperature  distribution. 

Figure  5. — Two  types  of  longitudinal  pressure  variation. 


driven  in  one  region  of  the  burner  by,  sa}r,  a combustion 
oscillation,  it  may  be  that  the  oscillation  in  another  region 
will  exhibit  a phase  lag  relative  to  the  region  where  the 
driving  occurs.  This  is  simply  because  the  motion  is  formed 
of  waves  originating  at  the  driving  station,  and  these  will 
take  an  appreciable  time  (relative  to  the  period  of  oscillation) 
to  reach  another  portion  of  the  chamber. 

RESONANCE  FREQUENCIES 

The  constant  anm  is  the  value  of  the  argument  of  Jn  such 
that 

^[Jn(irar/R)]r  = R=0  (5) 


and  equals  the  reduced  frequency  2 'fli/a  for  purely  radial  or 
transverse  oscillations.  Since  Jn  is  an  oscillating  function 
of  its  argument,  it  follows  that,  for  any  n,  an  infinite  sequence 

of  values  ( m ) of  a exists  for  which  =0-  This 

sequence  of  m’s  and  n’s  yields  a doubly  infinite  set  of  possible 
reduced  frequencies.  If  a longitudinal  oscillation  is  included 
(eq.  (4c)),  the  frequency  of  the  mode  is  altered  and  a third 
infinity  of  possible  frequencies  is  introduced.  In  general, 
the  frequency  is  found  from  equation  (4c)  and  is  given  by 

/=iV©+(t)  ■ (6) 


where  nx/l  is  the  half  wave  length  of  the  longitudinal  mode. 
For  example,  if  the  first  (1,0)  transverse  mode  occurs,  the 
frequency  in  a 6-inch  duct  would  be  about  3000  C3'des  per 
second  with  usual  burner  temperatures.  If  this  mode 
appears  in  conjunction  with  the  first  longitudinal  mode 
(assuming  that  the  ratio  of  diameter  to  length  is  1/3),  the 
transverse  frequency  will  be  raised  about  100  cycles  per 
second. 

At  this  point,  it  is  appropriate  to  note  that  the  wave 
systems  discussed  are  for  standing  waves,  that  is,  for  waves 
having  fixed  nodal  diameters.  It  is  also  possible  to  have 
transverse  traveling  waves,  such  that  the  amplitude  of  the 
wave  pattern  is  fixed  but  the  whole  pattern  rotates.  The 
discussion  of  frequencies  given  previously  applies  equally  to 
standing  and  traveling  waves. 

Centerbody. — In  order  to  take  into  account  a central 
body,  the  solution  must  include  both  Bessel  functions 
(eq.  (1)).  In  such  a case,  the  reduced  frequency  a is  deter- 
mined by  solving  the  equation 


where  I?*  and  R are  the  wall  radii.  This  expression  is 
found  from  the  condition  that  the  radial  velocity  and  hence 
<)Pf  for  vanish  at  the  walls.  In  general,  it  follows  from  the 
solution  of  this  equation  that  for  the  first  radial  mode  (0,1) 
the  presence  of  a centerbody  increases  the  frequency,  while 
for  a transverse  mode  of  the  form  (n, 0)  the  frequency  will 
be  decreased.  For  other  modes  the  frequency  will  be  either 
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increased,  decreased,  or  unaltered,  depending  on  the  ratio  of 
centerbody  to  outer-wall  diameter.  Although  the  theory 
assumes  that  the  centerbody  extends  to  the  ends  of  the 
chamber,  the  results  are  probably  valid  if  it  extends  a 
substantial  distance  downstream  of  the  flameholder. 

Heat  addition. — It  appears  that,  when  screech  occurs, 
there  is  a violent  disturbance  of  the  flame  behind  the  gutters. 
This  occurrence  should  be  accompanied  by  a variation  in 
the  local  heat  release.  If  the  local  pressure  or  temperature 
rises,  the  heat  release  should  increase  in  this  region  of 
unsteady  burning.  The  heat  release  in  this  disturbed  region 
(assumed  here  to  be  annular)  will  act  on  the  remaining  fluid 
somewhat  in  the  manner  of  a mass  source;  thus,  the  energy 
addition  will  cause  an  incremental  flow  away  from  the  annu- 
lus, which  for  a thin  annulus  may  be  represented  by  a 
radial  velocity  discontinuity  at  that  station  (d  in  the  following 
sketch).  The  temperature  fluctuations  are  related  to  the 

P 


pressure  changes.  It  is  assumed  for  simplicity  that  there 
are  no  time  lags  involved.  With  this  model  of  the  effect  of 
annular  heat  addition,  two  solutions,  similar  to  equation  (1) 
and  applying  on  either  side  of  r—d , are  found.  However, 
in  this  case  the  frequency  aa/2R  is  complex,  and  the  following 
expression  may  be  written: 

P'  = ept  cos  (^jf\  (function  of  r,  6)  (8) 

where  p is  always  positive  and  real  and  aa/2 R is  the  frequency 
found  from  equation  (7),  which  applies  in  the  absence  of 
this  added  disturbance. 

The  relative  amplification  is  plotted  for  various  cases  in 
figures  6 and  7.  The  factor  plotted  is  P divided  by  a con- 
stant depending  on  the  pressure  and  temperature  sensitivity 
of  the  flame.  From  figure  6,  it  appears  that  the  radial  mode 
is  most  likely  for  binning  near  the  axis;  otherwise,  a trans- 
verse mode  should  occur.  Further,  the  driving  is  strongest 
for  the  transverse  modes  if  the  heat  is  added  near  the  outer 
wall.  The  main  trend  to  be  observed  in  figure  7 is  that  the 
driving  (of  the  first  transverse  mode)  increases  with  gutter 
diameter  regardless  of  the  centerbody  diameter.  If,  as  may 
be  the  case,  the  driving  of  the  oscillation  is  associated  with 
unsteady  burning  in  the  high-shear  region  near  the  wall, 
this  analysis  would  indicate  a stronger  preference  for  a 
transverse  mode.  It  should  be  emphasized  here  that  the 
total  heat  release  has  been  assumed  the  same  for  all  gutter 
positions.  This  assumption  represents  a highly  idealized 
picture,  particularly  for  locations  near  the  wall  and  near  the 
center  of  the  duct. 

Although  it  appears  that  for  burning  near  the  outer  wall 
the  higher  (n)  modes  are  driven  most  strongly,  other  factors 

526597— GO 7S 


Figure  6. — -Relative  amplification  for  several  modes  (no  centerbody). 

tend  to  counteract  this.  It  has  been  shown  (see,  e.  g.,  ref. 
8)  that,  as  might  be  expected,  viscous  damping  of  a trans- 
verse wave  at  the  wall  increases  with  frequency.  Hence,  it  is 
reasonable  to  expect  that  for  a flameholder  near  the  axis  the 
radial  mode  is  most  likely,  while  for  a configuration  wherein 
the  gutter  is  far  from  the  axis  one  of  the  lower  frequency 
transverse  modes  is  most  probable. 

If  this  model  had  included  the  effect  of  an  induction  time 
lag,  which  is  a function  of  the  inlet  conditions,  flameholder, 
fuel,  and  the  like,  the  triply  infinite  set  of  possible  frequencies 
of  oscillation  would  become  a virtually  continuous  spectrum, 
especially  for  the  higher  modes.  Hence,  identification  of  a 
mode  by  means  of  phase  relations,  rather  than  by  frequency, 
is  likely  to  be  more  fruitful.  The  lowest  possible  frequency 
(excluding  longitudinal  modes)  remains  that  of  the  first 
transverse  mode  (1,0). 

Further,  it  should  be  remembered  that  the  analysis  de- 
scribed here  is  a linear  one  based  on  small  disturbances. 
In  the  actual  screeching  combustor,  the  oscillations  are 
very  large  and  phenomenon  is  certainly  nonlinear.  In  such 
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Figure  7. — -Relative  amplification  versus  centerbody  diameter  for  first 
transverse  mode  (1,0). 

a case  it  may  be  expected  that  such  things  as  phase  relations 
may  be  somewhat  modified,  although  the  results  indicated 
by  the  present  analysis  should  be  reasonably  accurate. 
When  there  is  a high  average  through-flow  velocity,  the  wave 
system  may  deviate  sufficiently  from  the  simplified  picture 
given  here  to  give  appreciable  changes  in  frequency.  This 
point  is  discussed  further  in  reference  2. 

SUMMARY  OF  THEORETICAL  PREDICTIONS 

(1)  The  extreme  “density”  of  possible  resonant-pipe  oscil- 
lations suggests  that  experimental  identification  of  acoustic 
mode  not  be  attempted  on  the  basis  of  frequency  alone. 
Rather,  phase  relations  should  be  found.  Because  of  vari- 
ations of  fuel,  gutter  geometry,  inlet  conditions,  and  the 
like,  the  coupling  of  unsteady  heat  release  with  pressure 
oscillation  will  probably  cause  appreciable  variations  in  the 
frequency  of  acoustic  oscillations.  Also,  the  theoretical 
frequencies  depend  upon  some  average  chamber  temperature, 
a quantity  which  may  be  very  difficult  to  determine  accu- 
rately. 

(2)  If  energy  is  added  to  the  oscillation  at  an  annulus  near 
the  center  of  the  duct,  radial  oscillations  appear  most  prob- 
able; if  near  the  outer  shell,  transverse  modes  are  more 
probable. 

(3)  The  presence  of  a centerbody  will  not  necessarily  in- 
crease the  frequency  of  lateral  oscillation;  in  fact,  if  a trans- 
verse oscillation  of  the  type  (n,  0)  occurs,  the  frequency  must 
be  reduced. 


EXPERIMENTAL  DETERMINATION  OF 
SCREECH  MECHANISM 

Three  modes  of  acoustical  resonance  were  discussed  in  the 
preceding  section  as  possible  elements  of  the  screech  mecha- 
nism. Concurrently  with  the  analytical  work,  the  screech 
mechanism  was  experimental^  investigated  in  ducted  burn- 
ers having  diameters  of  6,  8,  14,  20,  and  26  inches.  These 
studies  included  amplitude,  frequency,  and  phase  measure- 
ments during  screeching  combustion. 

AMPLITUDE  DISTRIBUTION 

The  relative  pressure  amplitude  during  screech  at  various 
positions  across  the  diameter  of  the  6-inch  combustor  of 
reference  1 is  shown  in  figure  8 for  a survey  made  % inch 
downstream  of  the  flameholder.  The  amplitude  exhibits  a 
pronounced  dip  near  the  center  of  the  duct.  This  is  the 
amplitude  pattern  to  be  expected  with  a transverse  mode  of 
oscillation;  such  a pattern  could  not  result  from  radial  or 
longitudinal  oscillations. 

Figure  9 shows  values  of  pressure  amplitude  at  the  wall 
of  the  6-inch  burner  at  various  positions  along  the  length  of 


Figure  8. — -Amplitude  profile  across  6-inch  burner. 


Figure  9. — -Amplitude  distribution  for  two  flameholder  positions  in 

6-inch  burner. 


the  burner.  A peak  exists  in  the  pressure  amplitude  4 to  6 
inches  downstream  of  the  flameholder.  The  pattern  of 
amplitude  against  burner  length  shown  in  figure  9 does  not 
indicate  the  presence  of  a standing  longitudinal  wave.  The 
region  of  maximum  amplitude  just  downstream  of  the  flame- 
holder lies  where  the  maximum  heat-release  rate  might  be 
expected.  If  there  existed  a combined  transverse  and 
longitudinal  oscillation,  and  if  the  longitudinal  component  is 
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to  appreciably  affect  the  indicated  frequencies,  the  half 
wave  length  would  have  to  be  on  the  order  of  a diameter 
(eq.  (6)).  With  a half  wave  length  of  this  magnitude,  mul- 
tiple pressure  nodes  would  occur  in  the  38-inch  length  sur- 
veyed in  figure  9.  Since  multiple  nodes  are  not  evidenced 
in  figure  9,  there  exist  no  longitudinal  components  which 
can  appreciably  affect  the  frequency.  The  screech  frequency 
can  therefore  be  expressed  by  the  relation 

FREQUENCY 

An  observed  screech  frequency  in  the  6-inch  burner  of 
approximately  3300  cycles  per  second  was  obtained  at  an 
over-all  equivalence  ratio  of  0.94  and  an  inlet  temperature 
of  800°  F.  This  frequency  can  be  produced  by  the  first 
transverse  mode  (1,0)  of  oscillation  (a=0.586)  if  the  speed 
of  sound  is  2920  feet  per  second,  or  by  the  second  transverse 
mode  (2,0)  (a— 0.972)  if  the  speed  of  sound  is  1710  feet  per 
second.  These  values  for  the  speed  of  sound  correspond  to 
average  temperatures  of  3560°  and  800°  F,  respectively. 
The  higher  of  these  temperatures  approaches  the  theoretical 
flame  temperature;  the  lower  is  the  temperature  of  the  inlet 
gas.  Considerations  of  screech  frequency  therefore  indicate 
that  the  oscillation  could  consist  of  the  first  transverse  mode 
in  the  hot  gas  or  the  second  transverse  mode  in  the  inlet 
stream.  For  transverse  modes  of  oscillation,  the  pressure 
will  be  out  of  phase  on  opposite  sides  of  the  combustor  for 
odd  values  of  n and  in  phase  on  opposite  sides  of  the  com- 
bustor for  even  values  of  n , along  any  diameter  except  an 
antinodal  diameter.  Phase  measurements  should . therefore 
make  it  possible  to  determine  whether  the  first  (1,0)  or  the 
second  (2,0)  transverse  mode  occurs  in  the  6-inch  burner. 


Figure  10. — Phase  of  pressure  signal  relative  to  signal  at  top  of  burner 
% inch  downstream  of  flameholder  for  three  flamehoider  positions. 


PHASE  MEASUREMENTS 

By  means  of  the  special  microphones  for  studying  phase 
relations  described  in  reference  1,  vertical  diametric  surveys 
of  pressure  amplitude  were  made  at  three  distances  down- 
stream of  the  flameholder  in  the  6-inch  burner.  The  phase 
of  the  pressure  signal  relative  to  the  signal  obtained  at  a 
point  near  the  flameholder  is  shown  in  figure  10.  The  180° 
phase  shift  across  a diameter  indicates  that  the  first  trans- 
verse mode  of  oscillation  persisted  in  the  burner.  The  data 
of  figure  10  also  indicate  a shift  along  the  length  of  the 
burner.  This  is  further  shown  by  the  data  in  figure  11, 
which  presents  the  relative  phase  of  the  pressure  signal  at 
various  positions  along  the  length  of  the  burner.  A pro- 
nounced phase  shift  in  the  vicinity  of  the  flameholder  indi- 
cates that  in  this  region  the  waves  have  appreciable  longi- 
tudinal components.  The  absence  of  a phase  shift  in  the 
hot  gases  farther  downstream  of  the  flameholder  indicates 
the  presence  of  pure  transverse  oscillation  in  this  region. 


Figure  11. — Phase  distribution  for  two  flameholder  positions  in  6-inch 

burner. 


Phase  measurements  in  the  26-inch  ducted  burner  are 
shown  in  figure  12.  Figure  12(a)  shows  oscilloscope  traces 
with  four  microphone  pressure  pickups  equally  spaced  on 
the  outer  wall  of  the  burner.  Pickups  1 and  3 were  located 
at  opposite  ends  of  the  diametric  V-gutter  flameholder  and 
showed  little  variation  in  the  burner  pressure.  Pickups  2 
and  4 were  located  at  opposite  walls  of  the  burner  on  an 
axis  at  right  angles  to  the  flameholder,  and  these  pickups  in- 
dicated marked  variations  in  pressure  which  were  approxi- 
mately 180°  out  of  phase  between  the  two  pickups.  Figure 
12(b)  shows  additional  oscilloscope  traces  obtained  with  un- 
equally spaced  microphone  pickups  as  indicated.  Pickups 
1 and  4,  which  were  alined  with  the  main  axis  of  the  flame- 
holder, indicated  little  variation  in  pressure.  Pickup  2, 
which  was  midway  between  pickups  1 and  4,  showed  a 
marked  variation  in  pressure.  Pickup  3,  which  was  located 
between  pickups  2 and  4,  showed  a variation  in  pressure  in 
phase  with  that  indicated  by  pickup  2,  but  having  smaller 
magnitude.  The  oscilloscope  traces  of  figures  12(a)  and  (b) 
are  what  would  be  expected  with  the  first  standing  transverse 
mode  (1,0)  of  oscillation  in  the  burner  and  with  an  anti- 
nodal line  coincident  with  the  axis  of  the  flameholder. 
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Similar  pressure  records  obtained  with  a different  flame- 
holder  (5  in.  wide)  are  shown  in  figure  12(c).  Pressure 
pickups  1 and  4,  which  were  located  on  an  axis  normal  to  the 
flameholder,  showed  very  little  variation  in  pressure.  Pickup 


View  looking  downstream 


(c) 

(c)  Microphones  unequally  spaced;  location  of  microphone  taps,  5.2 
inches  downstream  of  flameholder;  flameholder  width,  5 inches; 
screech  frequency,  550  cycles  per  second. 

Figure  12. — Concluded.  Phase  relations  of  screech  oscillations  in  26- 
inch-diameter  burner  with  diametrical  V-gutter  flameholder. 


(o) 

(a)  Microphones  equally  spaced;  location  of  microphone  taps,  1.0  inch 
downstream  of  flameholder;  flameholder  width,  8 inches;  screech  fre- 
quency, 650  cycles  per  second. 


Microphone  location  1 


Gutter 


View  looking  downstream 


(b) 


(b)  Microphones  unequally  spaced;  location  of  microphone  taps,  1.0 
inch  downstream  of  flameholder;  flameholder  width,  8 inches;  screech 
frequency,  650  cycles  per  second. 


Figure  12. — Phase  relations  of  screech  oscillations  in  26-inch-diameter 
burner  with  diametrical  V-gutter  flameholder. 


3 (located  on  the  flameholder  axis)  and  pickup  2 (located 
between  pickups  1 and  3)  indicated  marked  variations  in 
pressure  which  were  in  phase  between  these  two  pickups. 
These  data  indicate  the  existence  of  the  standing  (1,0)  mode 
of  oscillation  with  an  antinodal  line  normal  to  the  axis  of 
the  flameholder. 

The  data  of  figure  12  indicate  the  existence  of  the  standing 
transverse  mode  of  oscillation.  In  the  6-inch  burner  with  a 
central  single-cone  flameholder,  however,  stroboscopic  motion 
pictures  indicate  the  existence  of  a traveling  (spinning) 
transverse  oscillation.  Apparently  either  the  standing  or 
the  traveling  oscillations  can  occur;  the  spinning  oscillation 
may  he  favored  when  the  flameholder  is  symmetric. 

PHASE  RELATIONS  BETWEEN  FLAME  PRESSURE  PULSES 

With  two  ionization  gaps  located  180°  apart,  % inch  down- 
stream of  the  flameholder,  and  extending  % inch  from  the 
burner  walls,  the  signals  shown  in  figure  13  were  obtained  in 
the  6-inch  burner.  The  flame  striking  the  ionization  gaps 
was  180°  out  of  phase  on  opposite  sides  of  the  burner. 
Simultaneous  measurement  of  pressure  and  flame-produced 
ionization  near  the  flameholder  showed  that  the  outward 
flame-front  motion  was  nearly  in  phase  with  the  pressure  at 
this  station.  The  small  phase  difference  between  the  pres- 
sure and  ionization  traces  in  figure  13(b)  is  just  that  found 
between  pressure  measurements  at  the  two  stations.  On 
the  basis  of  these  phase  measurements  and  measurements 
similar  to  those  shown  in  figure  1 1,  a time  sequence  of  events 
in  the  screech  cycle  can  be  constructed  as  shown  in  figure  14. 
The  relation  between  the  pressure  and  the  flame-front  dis- 
placement is  that  expected  with  a transverse  oscillation. 
Also,  it  is  of  interest  that  the  region  of  maximum  amplitude 
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separates  the  downstream  region  having  a uniform  transverse 
oscillation  from  a region  in  which  waves  appear  to  be  prop- 
agated upstream  at  approximately  the  speed  of  sound  rela- 
tive to  the  moving  gas. 


2 Ionization 

& 


(b) 

(a)  Ionization  traces  at  top  and  bottom  of  burner  % inch  from  wall. 

(b)  Ionization  and  pressure  traces  at  top  and  60°  from  top,  respectively. 
Figure  13. — Ionization  and  pressure  traces  inch  downstream  of 

flameholder  in  6-inch  burner. 


Figure  14. — Reconstruction  of  pressure  and  flame  displacement 

sequence. 


SPECULATION  REGARDING  SCREECH  MECHANISM 

The  data  thus  far  indicate  that  the  gas  in  those  burners 
investigated  does,  in  fact,  execute  a transverse  oscillation 
during  screech.  It  yet  remains  to  find  the  cause  and  origin 
of  screech.  Obviously,  some  source  of  energy  or  driving 
potential  is  required  to  maintain  the  resonant  oscillations. 
If  this  source  of  energy  can  be  found,  screech  can  be  pre- 
vented by  reducing  or  removing  the  energy  source.  Two 
sources  of  energy  are  available  in  the  burner:  (1)  the  kinetic 
energy  in  the  flowing  gas  stream,  and  (2)  the  chemical 
energy  released  during  the  combustion  process.  Of  these 
two  sources,  the  chemical  energy  is  far  greater.  In  order 
for  this  energy  to  be  made  available  to  overcome  damping 
and  maintain  the  oscillations  at  a high  amplitude,  it  is 
necessary  for  it  to  be  involved  in  some  time-varying  work 
cycle.  The  criterion  proposed  by  Rayleigh  (ref.  9)  is  that, 
if  the  heat  input  occurs  at  locations  where  the  pressure  varies 
and  at  a time  when  the  pressure  is  near  its  maximum,  the 
driving  is  a maximum.  For  the  case  where  the  oscillations 
are  driven  by  the  kinetic  energy  of  the  flowing  stream,  the 
heat  release  plays  a part  in  intermittently  storing  and  re- 
leasing this  kinetic  energy  in  such  a manner  that  the  oscilla- 
tion is  maintained  (ref.  10).  In  either  event,  it  is  obvious 
that  the  oscillation  may  be  driven  only  when  the  heat  release 
undergoes  a variation  with  time.  This  may  be  brought 
about  in  many  ways. 

A coupling  between  the  chemical  reaction  and  the  acoustic 
oscillations  could  result  from  the  effect  of  pressure  and  tem- 
perature on  the  chemical  kinetics.  The  rate  of  energy  re- 
lease per  unit  volume  in  high-speed  combustion  equipment 
has  been  shown  to  increase  with  increase  in  pressure  and 
temperature  (refs.  1 1 and  12).  The  increase  in  pressure  and 
temperature  accompanying  the  arrival  of  each  pressure 
pulse  at  the  flame  zone  could  therefore  be  expected  to  in- 
crease the  heat-release  rate.  This  coupling  is  described  in 
the  analysis  section  in  the  discussion  leading  to  equation  (8). 
For  small  oscillations,  the  effect  is  possibly  negligible,  but 
for  large  waves  the  increased  heat-release  rate  could  be  very 
important  in  maintaining  screech. 

Increases  in  flame-front  area  resulting  from  pressure  pulses 
could  also  account  for  the  necessary  coupling.  That  flame- 
front  disturbances  do  exist  is  evident  from  the  data  of  figures 
13  and  14  as  well  as  from  the  schlieren  photographs  shown  in 
reference  3.  If  the  rate  of  heat  release  is  proportional  to 
the  product  of  the  normal  laminar  flame  speed  and  the  flame- 
front  area,  wrinkling  of  the  flame  due  to  the  action  of  pres- 
sure pulses  could  result  in  the  necessary  coupling.  There  is 
a strong  possibility  that  a flame-front  extension  is  caused  by 
the  scattering  of  waves  at  the  flameholder  and  hence  will  de- 
pend on  flameholder  size.  This  mechanism  might  amplify 
small  oscillations  and  thus  be  important  at  the  onset  of 
screech. 

Additional  coupling  between  the  chemical  reaction  and  the 
acoustic  oscillations  may  occur  because  of  the  phenomenon 
of  detonation.  However,  no  definite  evidence  of  its  pres- 
ence has  been  found  in  afterburners. 

The  energy  in  the  oscillation  is  lost  in  at  least  three  ways. 
Energy  is  radiated  upstream  in  an  amount  proportional  to 
the  gas  density  and  the  cross-sectional  area  of  the  duct; 
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energy  is  conveyed  out  of  the  exhaust  nozzle  in  an  amount 
proportional  to  the  mass  rate  of  flow ; and  energy  is  imparted 
to  the  wall  of  the  burner  itself  through  friction  and  flection. 
All  these  rates  of  energy  loss  will  depend  on  the  square  of  the 
pressure  amplitude. 

The  energy  supplied  to  the  oscillation  by  the  mechanisms 
already  discussed  varies  with  pressure  amplitude  in  different 
fashions.  At  the  onset  of  screech  the  flame  distortion  due  to 
scattering  of  waves  at  the  flameholder  may  be  the  most  im- 
portant driving  factor.  As  the  amplitude  builds  up,  this 
driving  mechanism  might  be  superseded  by  the  effect  of  in- 
creased heat  release  due  to  adiabatic  compression. 

There  are  certain  beneficial  aspects  of  screech  which  make 
it  worthwhile  to  consider  whether  or  not  a controlled 
screech  might  be  desirable.  Often,  an  increased  combustion 
efficiency  accompanies  screech.  Another  advantage  is  the 
possible  gain  in  over-all  cycle  efficiency  for  a given  thermal 
efficiency.  A gain  in  cycle  efficiency  might  occur  because 
more  of  the  heat  is  released  at  a higher  pressure  level  during 
screech.  It  is  not  known  how  much,  if  any,  of  such  energy 
is  available  beyond  that  required  to  drive  the  oscillation. 

EFFECT  OF  OPERATIONAL  VARIABLES  ON  SCREECH  LIMITS 
AND  INTENSITY 

PRESSURE 

The  effect  of  pressure  on  screech  amplitude  in  the  6-inch 
burner  is  shown  in  figure  15.  The  peak-to-peak  pressure 
amplitude  showed  a general  increase  with  increase  in  burner 
pressure.  The  airflow  rate  is  noted  for  each  data  point  of 
figure  15.  At  an  airflow  of  1.5  pounds  per  second,  the 
pressure  limit  for  screech  was  20  inches  of  mercury ; below 
this  pressure,  screech  was  not  encountered.  At  the  screech 


Figure  15. — Peak-to-peak  screech  amplitudes  measured  5*4  inches 
upstream  of  flameholder  for  four  different  flow  rates. 
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Figure  16. — Variation  of  screech  limits  with  afterburner-inlet  total 
pressure  for  36-inch-diameter  afterburner.  Afterburner-inlet  tem- 
perature, 1685°  R. 


limit  the  combustor  screeched  intermittently;  the  short 
burst  of  screech  at  this  limit  had  peak-to-peak  amplitudes  of 
14  inches  of  mercury,  as  indicated  in  figure  15. 

The  effect  of  pressure  on  the  range  of  fuel- air  ratios  over 
which  screech  was  encountered  in  a 36-inch-diameter  after- 
burner is  shown  in  figure  16.  The  afterburner  construction 
details  are  shown  in  figure  17.  The  range  of  fuel-air  ratios 
bracketing  the  screech  zone  increased  progressively  as  the 
combustor  pressure  was  increased.  This  is  in  agreement 
with  the  expectation  that  screech  will  be  more  prevalent 
when  there  is  more  energy  available  for  driving. 

No  detailed  measurements  have  been  made  of  variations 
in  frequency  with  pressure;  sufficient  observations  have  been 
made,  however,  to  ascertain  that  only  small  changes  in 
frequency  occur  as  pressure  is  varied. 

FLOW  RATE 

The  6-inch  burner  screeched  throughout  most  of  its 
operating  range,  as  shown  in  figure  18.  Screech  was  en- 
countered at  progressively  lower  pressure  as  gas-flow  rate 
was  decreased.  During  screech  the  combustion  efficiency 
was  90  to  100  percent;  the  efficiency  dropped  abruptly  by 
approximately  35  percent  and  the  pressure  by  17  percent 
when  screech  ceased.  This  abrupt  change  is  indicated  by  the 
“jump”  band  in  which  stable  operation  was  impossible. 

No  effect  of  flow  rate  on  screech  frequency  was  observed 
in  the  6-inch  burner. 

FUEL-AIR  RATIO 

The  effect  of  fuel-air  ratio  on  screech  limits  for  the  36-inch- 
diameter  afterburner  is  shown  in  figure  16.  For  each 
pressure  the  afterburner  screeched  over  a range  of  fuel-air 
ratios  corresponding  to  the  highest  combustor-outlet  tem- 
peratures. 

The  effect  of  fuel-air  ratio  on  screech  frequency  in  the 
6-inch  burner  was  as  follows:  A maximum  frequency  of 

3500  cycles  per  second  was  obtained  at  a fuel-air  ratio  of 
0.076.  Screech  frequency  decreased  as  fuel-air  ratio  was 


PRELIMINARY  INVESTIGATIONS  INTO  THE  CHARACTERISTICS  OF  COMBUSTION  SCREECH 


1205 


Fuel -injection  bors7 


Flameholder 


Afterburner  shell - 


(a)  Afterburner  mounted  on  turbojet  engine  showing  primary  components. 


Variable-area  nozzle-' 


rDiam.,  33| 


(b)  Location  of  afterburner  components.  (c)  Fuel-injection  bars.  (d)  Flameholder. 

Figure  17. — Construction  details  of  afterburner  configuration  A.  (All  dimensions  are  in  inches.) 


decreased  below  this  value.  The  frequency  was  3350  cycles 
per  second  at  a fuel-air  ratio  of  0.063  and  2800  cycles  per 
second  near  the  lean  blowout  limit.  These  results  are  in 
agreement  with  the  expectation  that  the  screech  frequency 
would  increase  with  increase  in  sound  speed  or  temperature 
of  the  combustion  gases. 

BURNER  LENGTH  ANI)  DIAMETER 

The  length  of  the  6-inch  burner  could  be  varied  from  34  to 
45  inches  by  altering  the  position  of  the  flameholder  upstream 
of  the  exhaust  nozzle.  No  appreciable  change  in  screech 


Figure  18. — Lower  pressure  limits  for  screech  and  burning  at  four 
mass  flows.  Equivalence  ratio,  1 . 


frequency  accompanied  changes  in  flameholder  position. 
At  one  position  of  the  flameholder,  a longitudinal  mode  of 
oscillation  appeared.  This  longitudinal  oscillation  did  not 
replace  the  screech  but  merely  accompanied  and  modulated 
it. 

The  chief  result  of  changing  the  burner  diameter  was  a 
change  in  the  screech  frequency,  the  screech  frequency  vary- 
ing inversely  with  burner  diameter  for  most  cases.  Screech 
frequencies  reported  in  the  literature  (refs.  3 to  6)  for  various 
full-scale  afterburners  can  be  explained  by  assuming  trans- 
verse oscillation  in  the  combustors.  Figure  19  shows  a plot 
of  screech  frequency  as  a function  of  combustor  diameter. 
The  theoretical  screech  frequencies  for  various  modes  of 
transverse  oscillation  in  the  hot  gases  are  indicated  by  bands 
in  the  figure.  Bands  rather  than  discrete  lines  allow  for 
variations  in  gas  temperatures.  The  experimental  points  lie 
within  the  range  of  frequencies  theoretically  possible  with 
transverse  oscillations.  The  oscillations  in  the  6-  to  20-inch 
combustors  (refs.  1 and  2)  correspond  to  the  first  transverse 
mode  in  the  hot  gases.  For  the  larger  combustors,  higher 
modes  have  been  experienced.  In  all  cases  in  which  phase 
measurements  were  made,  the  mode  indicated  by  such  obser- 
vations was  the  same  as  that  indicated  on  a frequency  basis. 
The  only  data  falling  outside  the  theoretical  range  in  figure  19 
are  some  of  the  data  for  the  8-inch  burner  in  which  very  high 
through  velocities  were  used.  Under  these  circumstances, 
as  suggested  in  the  analysis  section  and  discussed  further  in 
reference  2,  it  is  reasonable  to  expect  the  measured  fre- 
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Figure  19. — Variation  of  frequency  with  burner  diameter. 


quencies  to  deviate  from  the  theoretical  ones.  This  low 
frequency  may  be  partly  due  to  the  reduced  combustion 
efficiency  caused  by  the  high  through  velocity  but  cannot  be 
entirely  explained  by  this  phenomenon. 

In  another  investigation  (unpublished  data)  an  increase  in 
frequency  occurred  when  a centerbody  downstream  of  the 
flameholder  was  removed.  A transverse  mode  would  allow 
such  an  effect,  whereas  a radial  mode  would  not.  The 
theoretical  frequency  with  the  centerbody  used  in  that  study 
and  the  observed  frequencies  are  also  given  in  figure  19. 

SCREECH  PREVENTION 

The  tendency  of  a combustor  to  screech  can  be  reduced  in 
two  ways:  (1)  by  reducing  the  driving  potential,  and  (2)  by 
increasing  the  damping  potential  of  the  combustor.  Various 
afterburner  configuration  changes  which  might  affect  the 
driving  potential  are  discussed  in  the  following  section,  while 
the  adaptations  based  on  damping  are  treated  in  a later 
section. 

REDUCTION  OF  DRIVING  POTENTIAL 

In  general,  the  driving  potential  can  be  reduced  by  design- 
ing the  combustor  so  that  the  principal  combustion  zones  do 
not  coincide  with  regions  of  maximum  pressure  amplitude, 
for  example,  areas  near  the  walls  for  transverse  modes. 
The  driving  potential  might  also  be  reduced  by  altering  the 
chemical  composition  of  the  reacting  mixture  so  that  the 
reaction  rate  will  be  relatively  insensitive  to  changes  in 
pressure  and  temperature,  or  so  that  an  appreciable  time  lag 


will  precede  any  marked  change  in  the  reaction  rate.  Suffi- 
cient understanding  of  the  screech  driving  mechanism  and  of 
the  kinetics  of  the  chemical  reaction  is  not  available  to  indi- 
cate practical  schemes  for  tailoring  the  combustor  and  the 
fuel  to  take  advantage  of  these  principles.  Consequently, 
attempts  to  reduce  the  driving  potential  must,  at  this  time, 
be  based  on  trial-and-error  procedures  in  which  those  design 
features  which  might  affect  the  driving  potential  are  varied. 

Many  of  the  combustor  design  modifications  described  in 
this  section  of  the  report  were  made  prior  to  the  identification 
of  the  nature  of  combustion  screech.  Some  of  the  design 
factors  discussed  in  this  section  might  induce  changes  in  the 
damping  potential  of  the  combustor;  however,  their  primary 
effect  is  believed  to  be  on  the  driving  mechanism.  These 
design  changes  represent  various  exploratory  researches  into 
the  aerodynamic  and  chemical  characteristics  of  a combustor 
to  try  to  find  what  factor  might  be  the  source  or  cause  of 
screech.  For  example,  the  velocity  distribution  described 
in  the  following  paragraphs  involves,  of  course,  aerodynamic 
considerations. 

Velocity  distribution. — The  use  of  turbine-outlet  anti  whirl 
vanes  to  improve  the  afterburner-inlet  gas  velocity  profile 
removed  the  tendency  to  screech  for  the  configuration  of 
figure  17.  Whirl,  in  this  engine  had  been  as  high  as  30° 
counter  to  turbine  rotation.  The  improvement  in  velocity 
profile  with  the  addition  of  the  antiwhirl  vanes  is  shown  in 
figure  20(a),  and  the  accompanying  change  from  screeching 
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(a)  Diffuser-exit  velocity  profile. 

(b)  Screech  limits. 

Figure  20. — Effect  of  antiwhirl  vanes  on  performance  of  afterburner 
configuration  A. 
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Figure  21. — Construction  details  of  short  afterburner,  configuration 
B.  (All  dimensions  are  in  inches.) 


to  nonscreeching  combustion  is  shown  by  the  bar  graphs  of 
figure  20(b).  Although  improving  the  velocity  profile  at  the 
afterburner  inlet  eliminated  the  screech  in  the  configuration 
of  figure  17,  screech  could  not  be  eliminated  in  the  after- 
burner of  figure  21  by  the  use  of  antiwhirl  vanes,  vortex 
generators,  or  improved  diffusers  to  improve  the  velocity 
profile. 

Experience  with  several  afterburners,  including  that  of 
figure  21,  has  shown  that  burners  having  a strong  tendency 
to  screech  are  not  greatiy  helped  by  improving  velocity 
profiles.  Further  evidence  that  good  velocity  profile  will 
not  assure  screech-free  combustion  is  provided  b}r  the  fact 
that  screech  is  readily  obtained  in  the  6-  and  26-inch- 
diameter  ducts  discussed  earlier,  even  though  there  were  no 
diffuser  inner  cones  and  the  velocity  profiles  were  quite  flat. 

The  investigation  reported  in  reference  3 associated 
screech  with  combustion  in  low-velocity  regions  such  as 
separated  regions  or  vortex  sheets  in  the  wake  of  struts  in 
the  fuel  mixing  zone.  In  these  experiments  combustion 
was  observed  on  the  surface  of  the  diffuser  innerbody. 
(Other  investigations  have  also  shown  combustion  to  exist 
in  some  burner  installations  on  the  lee  side  of  support  struts 
or  along  the  outer  wall  of  the  diffuser.)  The  velocity  near 
the  diffuser  inner-cone  wall  was  less  than  90  feet  per  second 
as  compared  to  a peak  gas  velocity  of  nearly  600  feet  per 
second. 

Several  afterburner  configurations  were  investigated  to 
determine  the  validity  of  the  impression  that  screech  was 
primarily  associated  with  combustion  in  the  low-velocity 
regions  in  the  fuel  mixing  zone.  In  several  of  these  configura- 
tions fuel  injectors  were  moved  radially  outward  to  remove 
any  fuel  from  the  low-velocity  region  along  the  inner  cone 
and  thus  preclude  combustion  in  this  region.  One  example 
(configuration  A,  fig.  21)  had  the  fuel-injection  bars  mounted 
15 X inches  upstream  of  the  flameholder.  The  fuel-injection 
bars  used  for  this  phase  of  the  investigation  had  the  inner- 
most fuel-injection  orifice  5%  inches  from  the  innerbody. 
Screeching  combustion  was  encountered  with  this  configura- 
tion at  a burner-inlet  pressure  of  about  4000  pounds  per 
square  foot.  Visual  observation  through  a quartz  window 
verified  that  there  was  no  burning  along  the  innerbody  at 
any  time. 


These  observations  are  typical  of  those  made  with  several 
other  configurations  investigated.  In  addition,  the  26-inch- 
duct  burner  without  an  innerbody  and  with  fuel  injection 
maintained  several  inches  from  the  outer  wall,  so  that  com- 
bustion could  not  occur  in  the  vicinity  of  any  wall,  also 
screeched.  It  was  concluded,  therefore,  that  screeching 
combustion  was  not  necessarily  associated  with  burning 
along  the  diffuser  innerbody  or  in  other  low-velocity  regions 
in  the  fuel-mixing  zone.  The  possibility  of  such  combustion 
driving  screech  in  some  combustors,  however,  should  not  be 
ignored,  since  data  of  reference  3 and  other  evidence  indicated 
that  flames  may  occur  in  a separated  flow  region  adjacent  to 
shell  and  innerbody  walls  concurrently  with  screech. 

Fuel  distribution. — Several  investigations  of  screech  have 
been  conducted  such  as  that  of  reference  4,  in  which  the 
effects  on  screech  of  large  variations  in  fuel  distribution 
were  studied.  In  general,  screeching  combustion  could  not 
be  eliminated  by  changes  in  fuel  distribution.  This  insensi- 
tivity of  screeching  combustion  to  fuel  distribution  was 
particularly  true  with  a reasonably  uniform  diffuser-outlet 
velocity  profile. 

Exceptions  to  the  absence  of  a fuel  distribution  effect  were 
encountered  only  with  a severe  diffuser-outlet  velocity 
gradient  such  as  that  of  configuration  C (fig.  22).  In  this 
afterburner,  fuel-injection  bar  configurations  1 and  2 
provided  fuel  injection  across  the  entire  diffuser  passage  to 
within  about  K inch  of  the  innerbody  wall,  whereas  con- 
figurations 3 and  4 injected  fuel  to  within  approximately  1% 
inches  of  the  innerbody.  Shifting  the  fuel  concentration 
radially  outward  away  from  the  innerbody  (fuel-injection 
bar  configurations  3 and  4)  eliminated  the  screech  previously 
encountered  (configurations  1 and  2)  at  an  afterburner-inlet 


Location  / x y x 

(c) 

ta)  Afterburner  details. 

(b)  Typical  velocity  profile  immediately  upstream  of  flameholder. 
(c)  Fuel- injection  bar  configurations. 

Figure  22. — Construction  details  of  afterburner  configuration  C. 
(All  dimensions  are  in  inches.) 
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total  pressure  of  4200  pounds  per  square  foot.  This  excep- 
tion indicates  that,  when  the  afterburner-inlet  velocity 
gradient  is  severe,  alterations  in  radial  fuel  distribution  may 
be  effective  in  eliminating  screech.  (The  possibility  of 
unstead}7  combustion  upstream  of  the  flameholder  was 
considered  in  this  case,  but  no  flame  could  be  observed 
upstream  through  observation  windows  in  the  afterburner 
shell.) 

It  has  also  been  observed  that  even  with  good  velocity 
profiles  a reduction  in  fuel-mixing  length  (distance  fuel- 
injection  bars  are  located  upstream  of  flameholder)  will 
reduce  the  tendency  for  screech.  However,  this  is  not 
always  effective  in  eliminating  screech;  in  addition,  as  a 
result  of  reduced  mixing  of  fuel  and  air  and  reduced  vaporiza- 
tion in  the  mixing  zone,  the  combustion  efficiency  is  generally 
impaired.  The  observed  reduction  in  screech  tendency  may 
be  due  entirely  to  the  increased  time  lag  accompanying 
energy  release  in  the  chamber. 

Fuel  characteristics. — A limited  number  of  fuel  variations 
have  been  investigated  with  regard  to  screech  tendencies  of 
the  afterburner.  Fuels  purchased  under  specifications  MIL- 
F-5624A,  grades  JP-3  (Reid  vapor  pressure,  5.5  lb/sq  in.) 
and  JP-4  (Reid  vapor  pressure,  2.6  lb/sq  in.)  showed  no 
difference  in  screech  limits  in  a 37-inch-diameter  afterburner. 
If,  however,  the  fuel  s)7stem  had  been  located  close  to  the 
flameholder,  an  increased  fuel  volatility  might  have  increased 
the  heat  release  (driving  potential)  in  the  primary  combus- 
tion zone.  In  addition,  since  it  has  been  suggested  that 
screech  could  be  driven  by  a detonation  type  of  disturbance, 
aviation  tetraethyl  lead  was  added  to  the  JP-3  fuel  (5.3 
ml/gal)  as  a detonation  suppressor.  The  addition  of  the 
lead  had  no  effect  on  the  screech  limits  of  the  afterburner. 

Flameholder  geometry. — Of  the  almost  infinite  number 
of  possible  variations  in  flameholder  geometry,  it  has  been 
feasible  to  correlate  only  a few  with  tendency  to  screech. 
No  consistent  trend  has  been  found  with  such  variables  as 
position  of  flameholders  with  respect  to  the  burner  wall, 
flameholder  configuration  (diametrical,  circumferential,  and 
radial  flameholders),  number  of  flameholders,  or  gutter  shape. 
However,  a very  definite  trend  has  been  found  in  both  the 
large-scale  and  small-scale  duct  work  and  in  full-scale  after- 
burners with  gutter  width  or  size.  An  example  of  the  effect 
of  flameholder  width  and  flameholder  blockage  on  screech 
limits  in  the  3 6 -inch-diameter  afterburners  is  shown  in 
figure  23.  With  gutter  widths  of  approximately  2}i  inches, 
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Figure  23. — Effect  of  flameholder  gutter  width  on  screech  limits  for 
afterburner  configuration  A. 


screech  was  not  encountered  at  burner-inlet  total  pressures 
up  to  4070  pounds  per  square  foot.  With  the  outer  gutter 
width  increased  to  3fi6  inches,  screech  was  encountered  at 
a burner-inlet  pressure  of  2240  pounds  per  square  foot  at 
fuel-air  ratios  above  0.04.  The  5 /4-inch- wide  gutter  screeched 
over  the  entire  range  investigated  at  2240  pounds  per  square 
foot.  Observations  such  as  the  foregoing  indicate  that 
flameholder  gutter  width  and  blockage  are  factors  in  con- 
trolling screech. 

Additional  evidence  of  the  effect  of  gutter  width  on 
screech  is  found  in  a statistical  summary  that  has  been  made 
of  the  flameholder  configurations  operated  in  the  investiga- 
tion of  the  burner  shell  of  figure  17.  This  summary  is  shown 
in  figure  24,  where  the  vertical  scale  indicates  the  number 
of  different  configurations  in  which  a flameholder  of  a given 
width  was  incorporated.  From  this  summary,  which  in- 


Figure  24. — Variation  of  flameholder  tendency  to  screech  with  gutter 
width  at  afterburner-inlet  total  pressures  from  3850  to  4220  pounds 
per  square  foot  absolute.  Flameholder  blockage,  32  to  40  percent 
of  flow  area.  Afterburner  configuration  A. 

eludes  gutter  widths  from  !){  to  5%  inches,  it  is  evident  that 
increasing  the  gutter  width  increased  the  tendency  for 
screech.  Although  no  screech  was  encountered  in  this 
investigation  with  flameholders  having  gutter  widths  of 
1 K inches  or  less,  the  1%-inch  width  does  not  have  general 
significance  because  screech  has  been  encountered  in  the 
short  afterburner  of  figure  21  with  gutter  widths  as  small 
as  % inch.  However,  even  in  the  latter  afterburner  the 
screech  was  much  less  severe  than  with  the  wider  gutter 
flameholders.  Although  flameholder  blockage  varied  from 
32  to  40  percent  of  the  flow  area  in  this  investigation,  flame- 
holder width  and  not  blockage  was  the  controlling  variable, 
because  several  of  the  nonscreeching  flameholders  had 
blockage  as  high  as  39  percent.  It  is  therefore  concluded 
that  flameholder  gutter  width  is  an  important  variable  in 
controlling  screech. 
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INCREASE  OF  DAMPING  POTENTIAL 

The  damping  potential  of  a combustor  can  be  increased 
by  increasing  the  sound  absorption  in  the  combustor  and  by 
increasing  the  interference  of  pressure  waves  reflected  from 
various  surfaces  within  the  combustor.  These  techniques, 
if  carried  to  the  ultimate,  will  produce  an  anechoic  chamber. 
Practical  design  techniques  for  increasing  damping  are 
•obvious,  and  several  of  these  are  discussed  in  the  following 
paragraphs. 

Longitudinal  fins. — One  of  several  systems  designed  to  in- 
crease damping  consisted  of  24  two-inch-wide  fins  attached 
to  the  inner  surface  of  the  32-inch-diameter  afterburner  shell 
as  shown  in  figure  25.  It  was  postulated  that  the  longitud- 
inal fins  would  interfere  with  the  particle  motion  correspond- 
ing to  the  oscillation  modes  and  thereby  possibly  eliminate 
the  screech.  The  use  of  these  fins  changed  the  screech  limit 
and  frequency  as  follows: 


I 

Screech 

limit, 

minimum 

fuel-air 

ratio 

Screech 

fiequency, 

cps 

Operation  without  longitudinal  fins  __  — 
Operation  with  longitudinal  fins — ! 

0.  042 
. 054 

1560 

1760 

Although  the  acoustic  fins  materially  decreased  the  screech 
tendency,  screech  was  not  eliminated.  Extension  of  the 
fins  farther  downstream,  as  shown  by  the  dashed  lines  in 
figure  25,  had  no  further  effect  on  screech  limits. 

The  change  in  frequency  (from  1560  to  1760  cps)  is  essen- 
tially that  which  would  have  been  predicted  if  the  duct  di- 
ameter had  been  reduced  to  28  inches,  the  diameter  of  the 
space  within  the  longitudinal  fins. 

Another  type  of  longitudinal  fin  examined  consisted  of  a 
single  plate  anchored  at  the  vertex  of  the  cone  flameholder 
and  extending  downstream  of  the  flameholder.  Three  modh 
fications  were  studied  in  the  26-inch-diameter  afterburner. 
First  a single-ring  2-inch-wide  gutter  flameholder  was  tested 
with  and  without  a cylindrical  fin  extending  9 inches  down- 
stream of  the  flameholder  lip. 

The  results,  shown  in  figure  26,  indicate  that  the  fin  was 
partly  successful  in  eliminating  screech.  One  possible  reason 
for  this  partial  success  was  thought  to  be  the  action  of  the 
fin  in  inhibiting  possible  vortex  interaction  in  the  wake  of 


Figure  25. — -Longitudinal  fins  installed  in  short  afterburner,  configura- 
tion D.  (All  dimensions  are  in  inches.) 
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(a)  Airflow,  30  pounds  per  second;  burner-inlet  pressure,  1080  pounds 

per  square  foot. 

(b)  Airflow,  20  pounds  per  second;  burner-inlet  pressure,  990  pounds 

per  square  foot. 

(c)  Airflow,  17.5  pounds  per  second;  burner-inlet  pressure,  870  pounds 

per  square  foot. 

Figure  26. — Effect  of  splitter  on  screech  limits  of  26-inch-diameter 

burner. 

the  flameholder.  To  examine  this  possibility  the  next  two 
modifications  were  tested. 

First  a splitter  extending  6 inches  downstream  of  a 7-inch- 
diameter  flameholder  lip  and  alined  with  the  flameholder  was 
tested  in  the  26-inch-diameter  afterburner.  The  screech 
tendency  was  observed  to  be  only  slightly  less  with  this 
splitter  than  without. 

To  this  configuration  was  added  a second  splitter  per- 
pendicular to  the  first,  oriented  along  the  combustor  center- 
line,  and  extending  9 inches  downstream  of  the  flameholder. 
This  change  caused  a marked  reduction  in  screech  tendency. 

It  was  concluded  from  these  tests  that  such  fins  alter  the 
screech  tendency  by  acoustic  interference. 

Tapered  burner. — It  was  felt  that  a tapered  burner  might 
eliminate  screech,  since  it  was  not  apparent  that  a simple 
resonance,  such  as  has  been  described  for  cylinders,  could 
exist  in  such  a configuration.  Consequently,  a burner  45 
inches  long  was  constructed  with  the  diameter  tapering  from 
26  inches  at  the  inlet  to  18.6  inches  at  the  exit.  This  was  the 
maximum  taper  believed  practical.  When  the  burner  was 
tested  in  the  26-inch-duct  rig,  no  difference  in  screech  tend- 
ency was  observed  over  that  of  a straight-walled  burner. 
These  results  are  not  too  surprising,  since  a straight-walled 
burner  will  screech  well  even  though  the  natural  frequency 
at  the  inlet  is  different  from  that  at  the  exit  because  of  the 
temperature  rise  through  the  burner. 
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(a)  Afterburner  details  showing  perforated  liner  with  ^-inch-wide 
two-V-gutter  flameholder  having  blocked  area  of  36  percent.  (All 
dimensions  are  in  inches.) 


(b) 

(b)  Photograph  of  perforated  liner  installation. 

Figure  27. — Perforated  liner  installed  in  32-inch-diaineter  afterburner, 
configuration  E. 

Perforated  liner. — A perforated  liner  was  designed  for 
maximum  acoustic  damping  and  was  installed  in  the  same 
afterburner  (fig.  25)  used  to  investigate  the  longitudinal  fins. 
The  construction  details  of  the  perforated  liner  are  shown  in 
figure  27(a),  and  a photograph  of  the  liner  installed  in  the 
afterburner  is  shown  in  figure  27(b).  The  use  of  this  liner 
completely  eliminated  screech  with  the  two-ring  %-inch-wide 
V-gutter  flameholder.  Inasmuch  as  larger  gutter  widths 
were  shown  to  increase  the  tendency  to  screech,  a single-ring 
1 ^-inch-wide  gutter  flameholder  and  a single-ring  3-inch- 
wide  V-gutter  flameholder  were  investigated  in  turn  with  the 
perforated  liner.  Screech  could  not  be  obtained  at  any  fuel- 


air  ratio  with  either  of  the  larger  flameholders.  Further 
attempts  to  force  screech  with  the  perforated  liner  included 
the  introduction  of  large  variations  in  both  radial  and  cir- 
cumferential fuel  distribution.  Screech  could  not  be  pro- 
duced with  the  perforated  liner.  This  result  was  felt  to  be 
particularly  significant,  since  the  screech  tendencies  of  this 
afterburner  were  very  strong. 

Additional  investigations  were  then  conducted  with  a 
19-inch  length  of  perforated  liner  in  the  26-inch-duct  burner 
(fig.  28).  The  results  of  this  investigation  are  shown  in 
figure  29.  Without  the  perforated  liner  the  burner  screeched 
at  all  conditions  investigated.  Using  the  19-inch-long  per- 
forated liner  eliminated  screech  at  a burner-inlet  pressure 
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Figure  28. — Construction  details  of  perforated  liner  installed  in  26- 
inch-diameter  combustor  with  4^-inch-wide  V-gutter  flameholder 
having  blocked  area  of  36  percent.  (All  dimensions  are  in  inches.) 
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(a)  Burner-inlet  total  pressure,  1750  pounds  per  square  foot. 

(b)  Burner-inlet  total  pressure,  1400  pounds  per  square  foot. 

Figure  29. — Effect  of  perforated  liner  on  screech  limits  in  26-inch- 
diameter  duct,  configuration  E. 
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of  1400  pounds  per  square  foot,  and  although  screech  was 
encountered  at  fuel-air  ratios  from  0.05  to  0.08,  it  was  not 
severe.  The  addition  of  another  10  inches  of  liner  (29-in. 
length)  completely  eliminated  the  screech  at  a burner-inlet 
pressure  of  1750  pounds  per  square  foot.  In  addition,  the 
burner  operated  at  about  2200  pounds  per  square  foot 
without  screech  at  any  fuel-air  ratio. 

The  use  of  the  perforated  liner  to  increase  the  damping 
potential  of  the  burner  has  been  by  far  the  most  effective 
mechanism  for  control  of  screech  that  has  been  investigated 
at  the  Lewis  laboratory.  The  length  of  liner  required  will 
undoubtedly  vary  with  peak  gas  velocity  and  combustion 
rate  in  the  burner.  The  liner  should  enclose  the  region 
of  maximum  heat  release,  as  this  is  the  region  of  greatest 
driving  potential. 

The  perforated  liner  of  figure  27  also  served  as  a cooling 
liner  with  the  relative^  cool  turbine-discharge  gases  flowing 
between  the  liner  and  the  afterburner  shell.  The  liner  was 
quite  effective  in  eliminating  hot  spots  on  the  afterburner 
shell.  The  perforated  liner  from  the  cooled  installation 
was  essentially  free  of  buckling  and  warping,  whereas  the 
liner  of  figure  28,  which  was  not  cooled,  was  badly  buckled 
after  a relatively  few  hours  of  operation. 

Two  perforated  or  louvered  cooling  liners  (figs.  30  and 
31)  which  have  also  served  as  acoustic  dampers  have  recently 
been  investigated.  These  liners  were  installed  in  a 32-inch- 
diameter  afterburner  and  were  operated  over  a range  of 
burner-inlet  total  pressures  from  670  to  3100  pounds  per 
square  foot  and  fuel -air  ratios  as  high  as  0.062  without 
encountering  screech  at  any  of  the  conditions  investigated. 
A large  number  of  flameholder  and  fuel-injection  s\rstem 
variables  were  included  in  these  operations  (refs.  13  to  15). 

OTHER  COMBUSTION  INSTABILITY  PHENOMENA 


Although  the  present  paper  is  intended  to  summarize 
some  of  the  aspects  of  screech,  a brief  mention  of  other 


Figure  30. — Louvered  cooling  liner. 


Figure  31. — Corrugated  louvered  cooling  liner. 


combustion  instability  problems  is  in  order.  In  afterburners 
and  ramjet  combustors,  other  forms  of  combustion  in- 
stability encountered  have  been  referred  to  as  “rumble” 
and  “buzz.” 

RUMBLE 

The  type  of  combustion  instability  referred  to  as  rumble  is 
usually  caused  by  explosions  of  large  pockets  of  combustible 
mixture.  This  violent  instability  usually  occurs  at  fre- 
quencies of  1 to  4 cycles  per  second,  and  generally  occurs 
only  for  a few  cycles  at  ignition  of  the  burner  or  near  either 
rich  or  lean  blowout.  During  starts,  observations  through 
windows  in  the  burner  shell  indicated  that  the  rumble  is 
due  to  flashback  into  the  fuel-mixing  zone  upstream  of  the 
flameholder;  near  the  blowout  limits  it  is  probably  caused 
by  the  blowout  and  reignition  of  local  pockets  of  fuel-air 
mixture  at  or  downstream  of  the  flameholder  that  momen- 
tarily exceed  the  combustible  limits  of  fuel-air  ratio  (see 
ref.  6). 

BUZZING 

Buzzing  is  a term  used  to  denote  combustion  which  pro- 
duces pressure  pulsations  of  intermediate  frequency  of  the 
order  of  10  to  50  cycles  per  second.  High-speed  schlieren 
motion  pictures  of  a two-dimensional  ramjet  model  with 
transparent  walls  have  provided  an  explanation  of  this  type 
of  instability  as  follows : 

(1)  Upon  ignition,  a flame  front  fans  out  from  each  flame 
stabilizer  and  intersects  either  a wall  or  the  flame  front 
from  the  adjacent  flame  stabilizer  at  a point  some  distance 
downstream. 

(2)  A curved  flame  front  starts  at  the  point  of  intersection 
and  travels  upstream  with  increasing  velocity  through  the 
wedge-shaped  pocket  of  combustibles  bounded  by  the  inter- 
secting flame  fronts. 

(3)  The  curved  flame  front  progresses  to  a point  somewhat 
upstream  of  the  flameholder,  whereupon  combustion  ceases 
as  the  flame  front  reaches  an  unconditioned  fuel-air  mixture. 
The  pressure  pulse  produced  by  this  curved  flame  front 
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momentarily  stops  or  reverses  the  direction  of  flow  of  the 
gas  column. 

(4)  Following  dissipation  of  the  pressure  pulse,  the  flow 
is  reestablished  and  a fresh  charge  of  combustible  mixture 
displaces  the  burner  charge,  whereupon  ignition  occurs  and 
the  cycle  repeats. 

Rumble,  buzz,  and  screech  are  each  different  phenomena 
and  are  characterized  by  low-,  low-to-intermediate-,  and 
high-frequency  oscillations.  Each  can  be  severe  enough  to 
cause  engine  damage,  but  the  very  high  energy  dissipation 
from  the  high-frequency  oscillations  has  been  the  greatest 
offender  in  combustion  studies  at  the  NACALewislaboratory. 

Combustion  instability  has  also  been  experienced  in  rocket 
engines.  Rocket  engine  combustion  instabilities  have  been 
attributed  to  either  “chugging”  or  “screaming”  (refs.  8,  16, 
and  17). 

s CHUGGING 

Chugging  is  a hydrodynamic  coupling  between  combustion- 
chamber  pressure  and  feed-line  flow  and  produces  a pulsing 
operation.  Chugging  is  characterized  by  relatively  low 
frequencies,  20  to  200  cycles  per  second. 

SCREAMING 

Screaming  is  characterized  by  relatively  high  frequencies, 
up  to  10,000  cycles  per  second,  and  is  similar  in  its  other 
characteristics  to  screech.  Research  on  rocket  screaming 
at  the  Lewis  laboratory  has  identified  transverse  oscillations 
in  a rocket  motor  which  exist  concurrently  and  independently 
of  the  longitudinal  mode  of  vibration.  Rocket  screaming 
frequencies,  however,  have  generally  been  correlated  with 
the  closed-closed  pipe  organ  or  longitudinal  mode  of  oscilla- 
tion. With  the  small  rockets  in  use  in  many  investigations, 
the  frequency  of  a transverse  mode  of  oscillation  would  be 
too  high  to  measure  with  the  instrumentation  usually 
employed.  However,  the  presence  of  transverse  oscillation 
in  rocket  engines  is  described  in  reference  18,  and  these 
oscillations  have  also  been  identified  during  studies  of 
screaming  rockets  at  the  Lewis  laboratory.  These  oscilla- 
tions are  observed  to  spin,  as  did  those  discussed  in  reference  18. 

CONCLUDING  REMARKS 

The  present  studies  have  shown  that  screech  is  character- 
ized by  resonant  acoustic  oscillation  in  a transverse  mode  in 
afterburners  so  far  investigated.  The  energy  for  driving 
this  oscillation  is  probably  derived  from  the  combustion 
process,  although  the  possibility  that  some  energ}^  may  be 
supplied  by  the  kinetic  energy  of  the  stream  cannot  be 
ignored.  Various  schemes  for  eliminating  or  controlling 
screech  by  reducing  the  driving  potential  have  proved 
marginal,  their  utility  varying  from  one  configuration  to  the 
next.  On  the  other  hand,  a perforated  liner  in  the  combus- 
tion chamber  eliminated  screech  entirely  in  all  the  configura- 
tions tested,  including  burners  which  screeched  very  severely 
without  the  liner.  These  studies  strongly  indicate  that  such 
a liner  will  serve  as  a satisfactory  screech-control  device  in 
any  burner. 

Since  the  amount  of  damping  can  be  varied  by  varying  the 
length  of  the  perforated  liner  downstream  of  the  fiameholder, 


it  might  be  possible  to  establish  a screech  of  controlled 
amplitude  in  the  combustion  chamber.  A thorough  quan- 
titative investigation  of  this  control  technique  is  required 
to  determine  the  extent  to  which  possible  beneficial  effects  of 
screech,  such  as  increased  combustion  efficienc3r,  can  be 
utilized  without  producing  destructive  oscillations. 

Lewis  Flight  Propulsion  Laboratory 

National  Advisory  Committee  for  Aeronautics 
Cleveland,  Ohio,  February  8 , 1954 
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DRAG  MINIMIZATION  FOR  WINGS  AND  BODIES  IN  SUPERSONIC  FLOW  1 

By  Max.  A.  Heaslet  and  Franklyn  B.  Fuller 


SUMMARY 

The  minimization  of  inviscid  fluid  drag  is  studied  for  aero- 
dynamic shapes  satisfying  the  conditions  of  linearized  theory , 
and  subject  to  imposed  constraints  on  lift,  pitching  moment , 
base  area,  or  volume . The  problem  is  transformed  to  one  of 
determining  two-dimensional  potential  flows  satisfying  either 
Laplace’s  or  Poisson’s  equations  with  boundary  values  fixed  by 
the  imposed  conditions . A general  method  for  determining 
integral  relations  between  perturbation  velocity  components  is 
developed.  This  analysis  is  not  restricted  in  application  to 
optimum  cases;  it  may  be  used  for  any  supersonic  wing  problem. 

For  given  base  area,  general  formulas  are  found  that  cover  as 
special  cases  quasi-cylindrical  bodies  of  revolution,  wings 
having  plan  forms  with  fore-and-aft  symmetry,  slender  bodies, 
and  certain  classes  of  yawed  wings.  The  drag  can  in  fact  be 
determined  from  a unidimensional  flow  analysis  in  a duct  of 
known  shape . For  given  volume,  minimum  wave  drag  of  a 
ducted  body  of  revolution  of  arbitrary  radius  is  expressed  in 
closed  analytic  form . The  elliptic  wing  is  treated,  and  a pos- 
sible source  of  difficulty  connected  with  unreal  shapes  in  given 
volume  problems  is  found . In  the  case  of  ducted  bodies  of  revo- 
lution, the  singularity  distribution  corresponding  to  the  mini- 
mum drag  is  determined. 

Particularly  simple  results  are  found  for  a family  of  wings 
with  curved  leading  edges  with  lift  specified  and  center  of  pres- 
sure fixed  at  the  60-percent-chord  position.  General  relations 
for  integrated  loading  along  oblique  lines  are  derived  for  this 
family  of  wings. 

INTRODUCTION 

To  seek  conditions  under  which  the  wave  and  vortex  drag  ■ 
of  a given  wing  or  bod}7  is  minimized  is  to  seek  conditions 
for  economical  supersonic  flight.  It  is  also  a common  ex- 
perience, in  the  study  of  such  problems,  to  find  that  a gratu- 
itous economy  appears  to  affect  the  analysis  itself.  Almost 
invariably,  simplicity  characterizes  the  final  forms  of  the 
results  in  comparison  with  predictions  carried  out  for  wings 
and  bodies  chosen  with  less  discrimination.  In  the  present 
paper,  the  minimization  of  wave  and  vortex  drag  for  various 
aerodynamic  shapes  is  studied.  Some  side  conditions,  such 
as  given  lift,  given  volume,  etc.,  must  be  specified  in  order 
to  set  a meaningful  variational  problem  for  the  shape  at 
hand.  The  side  condition  of  given  base  area  is  noteworthy 
as  leading  to  results  with  the  simplicity  mentioned  above, 
for,  as  will  be  shown,  the  general  expression  for  minimum 
drag  assumes  the  most  elementary  form  possible  while  at 
the  same  time  retaining  the  relevant  parameters  and  being 
dimensionally  correct. 


The  starting  point  of  the  present  work  was  the  expression 
for  drag  given  by  G.  N.  Ward  (ref.  1)  in  his  study  of  thin 
lifting  bodies,  that  is,  wings  and  bodies  for  which  linearized 
supersonic  flow  theory  applies.  Work  of  this  type  was  first 
reported  by  Nicolsky  in  reference  2,  and  detailed  results 
(refs.  3 and  4)  have  since  become  available.  The  body 
shape  is  assumed  to  be  enclosed  by  a characteristic  surface 
generated  as  the  envelope  of  both  the  downstream-facing 
Mach  cones,  with  vertices  on  the  forward  edge  of  the  body, 
and  the  upstream-facing  Mach  cones,  with  vertices  on  the 
trailing  edge  of  the  body.  The  drag  (wave  plus  vortex) 
is  then  given  by  a surface  integral  of  the  induced  velocities 
over  the  downstream  portion  of  the  Mach  envelope,  and 
other  forces,  moments,  and  geometrical  properties  are 
similarly  determined.  This  particular  control  surface  has 
analytical  advantages  similar  to  those  exploited  by  R.  T. 
Jones  (refs.  5 and  6)  in  the  use  of  combined  flow  fields. 
Jones  adopts  a perturbation  potential  equal  to  the  sum  of 
the  potentials  in  forward  and  reverse  flow.  He  then  shows, 
for  example,  that  for  a plan  form  of  given  base  area  the 
necessary  condition  for  minimum  wave  drag  is  that  the 
pressure  in  the  combined  flow  field  be  a constant  over  the 
plan  form.  It  follows  that  locally  the  combined  flow 
potential  is  a two-dimensional  harmonic  function.  The 
direct  use  of  combined  flow  fields  has  been  further  extended 
and  applied  by  Graham  (ref.  7),  and  is  used  in  combination 
with  the  control  surface  mentioned  above  by  Germain 
(refs.  8 and  9).  Along  the  Mach  envelope  used  by  Ward 
the  perturbation  potential  in  forward  flow  is  equal  to  its 
value  in  the  combined  flow  field.  Drag  minimization  then 
determines  conditions  on  the  control  surface,  and  the 
potential  on  this  surface  differs  from  a two-dimensional 
harmonic  function  by  a known  amount.  The  conventional 
perturbation  potential  is  retained,  but  the  determination 
of  the  body  shape  is  still  not  direct.  Mathematically,  one 
needs  to  invert  an  integral  equation,  and  questions  as  to 
existence  and  uniqueness  of  the  solution  arise.  In  the  case 
of  ducted  bodies  of  revolution  of  given  base  area  or  volume, 
the  integral  equation  will  be  solved  explicity  in  a later 
section. 

When  the  expressions  for  the  forces  and  moments  and 
geometrical  quantities  in  terms  of  integrals  over  the  same 
control  surface  are  known,  it  is  possible  to  combine  the  drag 
with  one  or  more  of  the  others,  as  constraints,  and  set  up 
an  optimization  problem.  Variational  methods  then  yield 
the  result  that,  in  general,  the  potential  in  the  control  surface 
must  satisfy  a Poisson  equation  in  the  lateral  coordinates. 
Inspection  leads  to  a number  of  cases  in  which  solution  by 


i Supersedes  NACA  Technical  Note  3289  by  Max.  A.  Heaslet,  1957,  and  NACA  Technical  Note  4227  by  Max.  A.  Heaslet  and  Franklyn  B.  Fuller,  1958. 
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analytical  methods  is  possible,  and  recourse  to  numerical 
techniques  is  not  required,  though  it  is  of  course  available 
for  more  difficult  problems. 

Finally,  a method  for  generating  integral  relations  among 
perturbation  velocity  components  is  outlined.  By  these,  it 
is  possible  to  gain  knowledge  of  aerodynamic  loading  on  the 
wing  integrated  along  oblique  lines.  So  long  as  the  obliquit}7 
of  the  lines  is  such  that  the  component  of  stream  velocity 
normal  to  them  is  supersonic,  the  variation  of  the  integrated 
loading  in  the  stream  direction  is  obtainable.  The  so-called 
chord  loading  is  a special  case  of  these  results.  The  span 
loading  is  a by-product  of  the  solution  of  the  variational 
problem,  for  this  involves  determination  of  the  perturbation 
potential  in  the  rear  Mach  surface  springing  from  the 
trailing  edge.  Then,  when  the  perturbation  potential  on 
the  trailing  edge  is  known,  the  span  loading  is  found  directly. 

IMPORTANT  SYMBOLS 

base  area  of  wing  or  body 
drag  coefficient 
lift  coefficient 

curves  bounding  a region  in  an  x= const,  plane  (see 
fig.  2) 

drag  of  wing  or  body  in  a supersonic  flow 
function  defining  (by  z=f(y,z))  a characteristic  sur- 
face springing  from  a trailing  edge 
streamwise  extent  of  wing  or  body 
lift 

integral  of  local  loading  ^ along  oblique  line  (see 
eq.  (66)) 

tangent  of  angle  of  sweep  or  yaw 
Mach  number  in  the  free  stream 
pitching  moment,  positive  for  a nose-up  moment, 
taken  about  the  line  x=xm,  y=z= 0 
inner  normal  to  a plane  curve 
inner  normal  to  a surface 
pressure 

load  coefficient  (upper-surface  pressure  minus 
lower-surface  pressure  divided  by  free-stream 
dynamic  pressure) 
local  velocity 

free-stream  dynamic  pressure,  ^ p^UJ 


A 

Cd 

Cl 

Cl,  C2 

D 

f(y,z) 

1 

L 

L(x  o,fl) 

(7  OO 

m 

Mm 

M 

n 

N 

V 

Ap 

2 


<p 

x 


perturbation  velocity  potential 
perturbation  potential  on  surface  x=J(y,z); 

<plf(y,z),y,z] 


two-dimensional  Laplace  operator, 


dz2_i"&/2 


x= 


ANALYSIS 

The  following  analysis  is  divided  into  several  sections. 
First,  the  geometrical  quantities,  base  area  and  volume,  are 
expressed  in  terms  of  integrals  over  a given  control  surface. 
Then  relations  for  the  lift,  drag,  and  pitching  moment  are 
given.  These  results  can  be  combined  in  various  ways  to 
set  up  variational  problems  where  drag  is  minimized  while 
one  or  more  of  the  remaining  quantities  is  held  fixed. 
Finally,  a method  by  which  integral  relations  among  the 
perturbation  components  can  be  derived  is  outlined. 

In  all  this  work,  it  is  assumed  that  supersonic  small- 
disturbance  theory  applies.  There  is  then  a perturbation 
potential  function  <p(x,y,z)  satisfying  the  equation 

2 <P  XX — <p  UU — Vzz = 0 ( 1 ) 

where 


/32=M002— 1 

The  velocity  components  in  the  coordinate  directions  are 
Um + (px, (pv, <pz.  It  will  be  assumed  that  the  given  body  can 
be  represented  by  a planar  or  cylindrical  reference  surface, 
the  latter  having  directrices  parallel  to  Ox,  the  free-stream 
direction.  Boundary  conditions  are  to  be  satisfied  on  the 
reference  surface.  In  order  to  avoid  difficulties  concerning 
gaps  or  holes  in  the  body  surface,  it  will  be  assumed  that 
unique  leading  and  trailing  edges  exist,  and  that  the  thick- 
ness distribution  function  does  not  vanish  between  these 
extremities. 

RELATIONS  FOR  BASE  AREA  AND  VOLUME 


Consider  a cylindrical  reference  surface  as  mentioned 
above,  and  draw  in  the  enclosing  characteristic  surfaces  as 
shown  in  figure  1.  The  reference  surface  itself  is  denoted 
20.  The  envelope  of  Mach  cones  springing  from  the  lead- 
ing edge  is  2j,  and  the  envelope  of  Mach  cones  from  the 
trailing  edge  is  22.  These  surfaces,  2i  and  22,  intersect 
along  a space  curve  Tu  as  shown  in  figure  1.  The  relations 


r radial  coordinate  in  axiaUy-symmetric  problems 

s arc  length 

S region  in  an  x=const.  plane  (see  fig.  2) 


u,v,w 

perturbation  velocity  components 
tions 

ua 

speed  of  free  stream  along  x axis 

V 

volume  of  a wing  or  body 

x,y,z 

Cartesian  coordinates 

P 

MJ-1 

r, 

space  curve  (defined  in  fig.  1) 

Lagrange  multipliers  (see  eq.  (11)) 

V 

conormal  (see  eq.  (18a)) 

Poo 

density  in  the  free  stream 

N 

20,2„ 

S. 

f surfaces 

Figure  1. — Reference  surface  and  characteristic  enveloping  surfaces. 
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for  base  area  and  volume  of  the  body  represented  by  the 
reference  surface  20  will  be  derived  by  applying  Green's 
theorem  to  the  volume  bounded  by  the  surfaces  20, 
and  S2. 

The  following  form  of  Green's  theorem  will  be  used: 


and  the  normal  to  has  clearly  Ni=l/Mm . Thus  equation 
(2b)  becomes  (since  ^>=0  on  2t) 


pJJmA=p 


Zi 


JJJV(VC/)  (VF)  dr—  — ^j  F[V-(FVU))  dr 


So+2i+Z2 


An  essential  simplification  of  this  formula  results  if  one 
introduces  the  function  x(y,z)  where 


where 

r volume  bounded  by  20+2i  + 22 

F,  V , V arbitrary  scalar  functions  of  position 
N interior  normal  to  a surface 

V vector  differential  operator,  grad 

Now  set 

F=p=Pn  (l—MJ  to  first  order 

U=$>=Ua3x-\-<p(x,y,z)  = total  potential 
V=xk 

The  integral  relation  becomes 


x=<p\f(y,z),y,z] 

and  x=f(y,z)  is  the  equation  of  the  rear  characteristic 
surface  S2.  Then,  since 


Xy  = <Pxfv+  <py]  Xz=  <Pxfz+  <Pz 

and  /y2+/*2=02,  the  relation  for  base  area  becomes 

A=~jj~jj  (fvX*+f*Xi)dydz  (4a) 

In  equation  (4a),  £ is  the  projection,  shown  in  figure  2,  of 
the  surface  S2  on  an  x= const,  plane.  As  shown  also,  Cx  is 


j jj p(Ua+<pI)kxk~1  dr=  -jj pik  ~ X*[V. (PV<i»)]  dr 

r So+Si+S2 

and  the  last  integral  on  the  right  vanishes  by  virtue  of  the 
continuity  equation  for  steady  flow.  The  remaining  quan- 
tities are 

^jjk*-'p<JJm+V,)dT=-jjp*  (2a) 

V * Zo+2i+22 

Take  first  the  case  & = 0.  The  left  side  of  equation  (2a) 
vanishes  and  one  has 


2,  22 


^irTd2= 0 

dAT 


(2b) 


The  integral  over  20  is,  to  first  order, 

JJ  <■  ® dx='-u-Sfir:  d»  d'= dx  "v 

Zo  2o  2o 


where  Z=Z(x,y ) is  the  equation  of  the  surface  of  the  wing  or 
body.  The  integral  therefore  gives  the  increment  in  frontal 
area  of  the  wing  or  body  between  the  leading  and  trailing 
edges,  symbolized  here  as  A; 


A= 


Next,  consider  the  integrals  over  2^  and  S2.  Let  the  surface 
22  be  defined  by  the  equation 

x=f(y,z)  (3) 

The  normal  N to  22  has  direction  cosines 


Nl:N2:Nz= 


JL.Jv_.Ji_ 


Figure  2. — Projection  of  rear  characteristic  surface  22  in  an  x = const. 

plane. 


its  outer  boundary,  or  the  projection  of  the  space  curve  Tx 
shown  in  figure  1,  and  C2  is  the  projection  of  the  reference 
surface  of  the  wing  or  body.  By  application  of  Green's 
theorem,  and  the  knowledge  that  x=0  on  rb  hence  on  Cu 
equation  (4a)  can  be  rewritten  in  the  forms 

-‘‘“EC  II  m‘,y  h+trJ  * M * (4b) 

S C2 

=trjfl'n‘dydz+<rjfud‘ 

S Cl  +c 


(4c) 
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where 

n interior  normal  to  curve  in  x— const,  plane 
s arc  length  in  x = const,  plane 

The  formula  relating  the  volume  of  a wing  or  body  to 
integrals  of  the  function  x follows  by  taking  k=  1 in  equation 
(2a) ; one  has 

v=  JfHf,s)ds-  ± JJ xWP+2p)dy  x ^ ds 

Cj  s ~c2 

(5) 


where 

V incremental  volume  of  wing  or  body 

h[f,s)  deviation  of  body  from  control  surface  at  trailing 
edge 

Equation  (5)  gives  the  volume  of  bodies  that  are  either  open 
or  closed  at  the  base.  The  first  integral  on  the  right  of 
equation  (5)  may  vanish  for  several  reasons  aside  from  the 
obvious  case  of  zero  base  area;  in  these  cases  the  volume  is 
expressed  as 

v~~ir.  *-37;  Ja * U * «!>*) 


w:  JJ pv‘x  dvd‘~u:  JJ*  *- 

S 5 


It  is  worth  noting  that  since  neither  base  area  nor  volume 
can  be  influenced  by  position  of  the  center  of  coordinates,  it 
is  possible  sometimes  to  effect  certain  economies  in  algebraic 
manipulation  by  a judicious  choice  of  origin. 

FORCE  AND  MOMENT  RELATIONS 

Expressions  for  lift  and  drag  forces  are  obtained  by  appli- 
cation of  the  law  of  conservation  of  momentum  in  the 
volume  bounded  by  S0,  2b  and  S2  (see  fig.  1).  The  vector 
force  relation  is 

pN  ds— JJ*  pq(  q-AT)d2 


where 


L=—pJJaJJxzdydz 

s 

(7a) 

— x cos  (z,n)  ds 

(7b) 

(8a) 

-JJ{x*+x?)dydz 

(8b) 

The  pitching  moment  is  next  found.  The  vector  moment 
relation  is 


M=—  JJ  p(q-N)(rmXq)d2—  Jj  p(rmXN)dZ 

where  rm  is  the  vector  distance  between  the  moment  center 
and  an  integration  element  on  the  control  surface.  If  only 
the  pitching  moment  is  considered,  with  nose-up  pitching 
moment  taken  as  positive,  and  moment  center  at  (xmj  0,  0), 
the  linearized  result  is 


= — Pa>Um  jj  XV2(zf)dydz— 
s s __ 

pJJw x |j 


R(g/) 

dn 


*!»)] 


xm  cos  (z,ri)  ds  (9) 


If  lift  L=0  or  xm=0  so  that  pitching  moment  is  calculated 
about  the  origin,  one  finds 


M=-PaUaJJxv2(zf)dydz-PaUaJ  (10a) 

s °2 

= — paUmJJ zffixdy  dz—pJJ,„Jc  ^ zf  ^ ds  (10b) 


VARIATIONAL  PROBLEMS 

The  problem  of  minimizing  drag  under  the  constraint  of 
given  base  area,  or  volume,  or  lift,  or  pitching  moment  can  be 
set  up  with  the  aid  of  equations  (4),  (6),  (7),  (8),  and  (10). 
It  is  only  necessary  to  apply  standard  variational  procedure 
to  any  of  the  expressions 


F vector  force  on  body 
— > 

q local  velocity  vector 

— > 

A7  unit  inner  normal  to  surface 

p local  pressure 

p local  density 

The  force  can  be  resolved  into  lift  and  drag  components,  and 
the  results  consistent  with  linearized  theory  are  (as  given  in 
ref.  1) 


Ii=D—\A' 
I 2=D+pV 
I3=D—aL 


(11) 


where  X,  ju,  <r,  r are  Lagrange  multipliers.  In  the  language  of 
combined  flow  fields  (refs.  5 and  6)  the  Lagrange  multipliers 
yielding  minimum  drag  can  be  identified  with  constant  values 
of  the  longitudinal  and  vertical  velocity  components  or  their 
gradients.  In  this  way,  for  example,  X and  p are,  respectively, 
constant  pressure  and  pressure  gradient  in  the  combined 
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field.  Less  general  interpretations  may  possibly  be  given  the 
Lagrange  multipliers  in  specific  classes  of  problems.  One 
such  interpretation  is  given  in  the  discussion  following 
equation  (40)  of  this  report. 

It  is  possible  to  combine  the  variational  problems  with 
each  other.  For  example,  if  it  be  required  to  find  minimum 
drag  with  given  base  area  and  lift,  the  quantity  to  be  mini- 
mized would  be  D—\A—aL  and  so  forth.  The  results  found 
by  applying  the  variational  procedure  to  equations  (11)  will 
be  given  next.  Each  is  a two-dimensional  flow  problem  in  the 
lateral  variables  y,z. 

Given  base  area: 


,,  x 

in  S 

V ^ 

1 p.U.* 

*-(x 

■1  x 1 

r)=° 

on  C2 

bn  \ 

■ 1 pjjj 

X=0 

on 

upon  the  boundary  curve  Cx.  Several  cases  where  exact 
solutions  are  obtainable  will  be  treated  in  later  sections. 
However,  recourse  to  approximate  methods  is  usually  indi- 
cated. One  approximation  in  which  the  wing  is  distorted 
slightly  in  order  to  obtain  a boundary  curve  Cx  for  which  the 
two-dimensional  problem  is  solvable  is  discussed  in  refer- 
ence 10.  Germain  (ref.  8)  has  used  development  in  series. 

INTEGRAL  RELATIONS  BETWEEN  PERTURBATION 
VELOCITY  COMPONENTS 

Some  useful  and  interesting  relations  between  integrals  of 
the  potential  function  taken  across  the  reference  surface 
20  to  integrals  of  x in  22  (see  1)  will  now  be  derived. 
These  results  are  not  specialized  to  minimum-drag  solutions, 
but  apply  to  any  case.  Consider  a planar,  supersonic- 
edged  wing,  and  choose  a line  in  the  wing  plane  (z=  0)  that 
cuts  the  x axis  in  (zo>0,0)  and  which  makes  an  angle  mo  with 
the  y axis ; 

x—y  tan  juo=^o  (lb) 


°-§A 


(12b) 


Given  volume  ( zero  base  area): 

V’[X+2^t7;  ^ in  S 

b+2%r.  (/=+*/>]=«  ™ ft 


b_ 

bn  I 


x=0 


on  Ci, 


(13a) 


Further,  let  the  angle  n0  be  such  that  tan  n0<P,  making  the 
normal  component  of  free-stream  velocity  always  supersonic. 
This  line  will  always  lie  in  the  supersonic  “zone  of  silence” 
corresponding  to  the  point  (x0,  0,  0).  Under  this  condition, 
a plane,  23,  tangent  to  the  Mach  cone  springing  from 
(x0,  0,  0)  can  be  made  to  pass  through  the  line  given  by 
equation  (16).  This  plane  is  (in  a notation  introduced  by 
Hayes,  ref.  11) 

x— 13  cos  Oy+P  sin  dz=x0  (17) 


(13b) 


where  p cos  0=tan  /z0.  The  resulting  situation  is  shown  in 
figure  3 for  the  case  of  a sonic-edged  wing. 


where  k is  a constant  to  be  determined  by  application  of  the 
zero  base  area  condition. 

Given  lift: 

V2X=0  in  S' 


-^(x+U m(Tz)= 0 on  C2 
X=0  on  CXj 


D=2L 


Given  pitching  moment  ( zero  lift): 

v2  (x+UaTzf)= 0 ins') 

£<x+F.«/)-.igoaG 


(14a) 


(14b) 


x=0  on  Ci  „ 
Z?=-|M 


(15a) 


(15b) 


where  k is  a constant  to  be  determined  by  the  condition  of 
zero  lift. 

In  each  of  the  problems  listed  in  equations  (12)  through 
(15),  the  possibility  of  obtaining  a solution  depends  largely 


-y 


Figure  3. — Characteristic  plane  cutting  wing  and  enveloping  surfaces. 

If  Green’s  theorem  for  equation  (1)  is  applied  to  an 
arbitrary  region  enclosed  by  a continuous  surface  2,  the 
fundamental  integral  relation 


if 


A ~dX=0 

Ov 


(18a) 
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results.  The  derivative  b<p/b v is  the  gradient  of  potential 
along  the  conormal  v with  direction  cosines  v2,  vz  that  are 
related  to  the  direction  cosines  nX}  n2,  nz  of  the  inner  normal 
to  the  surface  2 by  the  equations 

— p27ii  = Avi}  n2—Av2)  nz=Avz 

Consider  now  the  region  bounded  by  20,  2i,  and  23,  and 
in  which  z> 0 (in  fig.  3,  20,  2b  22,  are  defined  as  in  fig.  1; 
23  is  the  plane  of  equation  (17)).  On  and  23,  it  is  easily 
found  that  A=fi,  and  on  20,  A=1  For  this  region,  equation 
(18a)  becomes 

<18b> 

2o  Si  S3 

Since  the  conormal  v lies  in  the  surface  2l;  (and  also  in  23), 
the  integral  over  will  vanish  because  <p  is  zero  thereon. 
Further,  on  20,  d/di >=d/dz  and  dX=dx  dy . Equation  (18b) 
now  becomes 

1 J ( <p/lxdy+jj  1^2=0  (19a) 

So  S3 

The  integral  over  23  in  equation  (19a)  will  be  greatly 
simplified  if  one  takes  d'L^dv  ds,  where  ds  is  an  element  of 
length  normal  to  dv,  and  lying  in  the  plane  23.  It  can  be 
shown  that  under  these  conditions,  ds  always  lies  in  an 
a?=  const,  plane.  Equation  (19a)  now  becomes 

11  V/Ix  dy=  ~lc  ^ (J  9b) 

So 

where  the  line  CD  is  the  intersection  of  the  plane  given  by 
equation  (17)  with  the  wing  plan  form. 

Next,  one  can  repeat  this  analysis  for  the  region  ahead 
of  23,  within  2j  and  22,  and  below  the  wing  plane.  This 
time,  the  surface  22  will  form  a portion  of  the  bounding 
surface,  and  a line  integral  across  22  will  result.  One  can  then 
combine  the  relations  obtained  for  the  two  regions  and 
relate  an  integral  of  potential  across  the  wing  surface  to  one 
across  the  surface  22.  A detailed  application  will  be  made 
in  a later  section. 

APPLICATIONS 

The  analysis  discussed  in  the  previous  sections  will  now 
be  applied  to  some  particular  problems.  These  will  include 
a number  of  cases  in  which  the  configuration  of  the  wing  or 
body  permits  simple  analytic  solution  of  one  or  more  of  the 
variational  problems  listed  as  equations  (12)  through  (15). 
Quasi-cylindrical  bodies  of  revolution  were  mentioned  in  the 
Introduction  as  constituting  a class  of  shapes  for  which  a 
full  solution  to  the  minimum-drag  problem  is  available. 
The  simulating  axial  source  distribution,  from  which  surface 
shape  can  be  calculated,  is  derived  herein,  leading,  inci- 
dentally, to  an  interesting  identity  involving  integrals  of 
elliptic  integrals.  Finally,  the  results  pertaining  to  integrals 
of  wing  loading  along  oblique  lines  across  the  wing  are 
applied  to  a particular  family  of  minimum-drag  wings. 


WINGS  AND  BODIES  WITH  GIVEN  BASE  AREA 

By  combining  equations  (8a)  and  (12a)  and  using  Green's 
formula,  one  gets  for  the  drag  of  an  optimum  wing  or  bod}7 
with  the  given  base  area 


s 1 

_^2o,  X fr/dx,  x d/Y,_ 
4qaS+2Ujcf\bn+pMa  dn)* 


X dp 
pjj\  bny 


'bx  . X bf 
Kd‘ti^p„Ua,  bn 


¥)ds 


where  qm  is  the  free-stream  dynamic  pressure,  (l/2)pmUJ. 
Further  evaluation  of  the  drag  by  equation  (20)  requires 
explicit  knowledge  of  the  function  x,  obtained  by  solving,  the 
potential  problem  of  equations  (12a).  A large  and  particu- 
larly interesting  class  of  wings  and  bodies  for  which  the 
solution  is  immediate  is  characterized  by  the  condition  that 
j~ const,  on  Gx.  This  implies  that  the  outer  rim  Tu  the 
intersection  of  the  characteristic  envelopes  in  figure  1,  lies 
in  a plane  normal  to  the  free-stream  direction.  For  example, 
all  wings  with  plan  forms  having  fore-and-aft  symmetry 
satisfy  this  requirement  as  do  also  all  pointed  configurations 
with  subsonic  edges  so  long  as  the  nose  and  tail  vertices 
determine  a line  parallel  to  the  free-stream  direction. 

In  such  cases,  the  solution  of  equations  (12a)  is 


By  combining  this  with  equation  (12b)  and  eliminating  X, 
one  gets 


D A2 


(22) 


The  simplicity  of  equation  (22)  is  remarkable,  and  ex- 
amples of  its  diverse  applicability  are  given  below.  Before 
proceeding  to  these  applications  however,  it  should  be  noted 
that  a similar  result  applies  to  all  planar  wings  whose  en- 
veloping surfaces  and  22  intersect  in  any  plane  parallel 
to  the  z axis.  In  this  case, 

x=f=M(y+b0) 


on  the  curve  C1;  where  m«j3)  is  the  slope  of  the  plane  of 
Ti  relative  to  the  stream  direction.  The  solution  of  equa- 
tions (12a)  once  more  gives  x = 0,  and  then,  for  the  drag 
from  equation  (20), 


ff2\2s  x2  r 

' 4gro  Jci J bn 4<Zoo  4 qm 


(23) 


Again  eliminating  X with  the  aid  of  equation  (12b),  one  has 


D^  A2 

4a,  (j 32—?n2)S 


(24) 
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Ducted  body  of  revolution  with  prescribed  end  diame- 
ters.— This  problem  has  been  considered  by  Parker  in  refer- 
ence 12,  and  by  Nicolsky  (see  ref.  2).  As  shown  in  figure  4, 


r 


b / 


Figure  4. — Optimum  body  with  prescribed  end  radii. 


a shape  with  minimum  external  wave  drag  is  constructed  so 
as  to  have  an  initial  radius  i?2  and  a final  radius  Rx.  In  order 
that'the  previous  linear  theory  should  apply,  the  restriction 
is  made  that  the  ratio  &\RX  — R2\/l  should  be  a small  quantity. 
If  the  origin  of  axes  is  in  the  front  face  of  the  body,  the 
fore-and-aft  Mach  surfaces  are 

x=P(r— i?2),  x— l=—p(r— i?0 

and  the  curve  Ci  is  a circle  of  radius  R0  where 


R0=(l+f}Rx  + ftR2)/2p 


From  equation  (22)  drag  is 

D 4(tf12-AV)27r 

qa  (l+pR.+pR^-ipRS 


(25a) 


Equation  (25a)  is  of  particular  interest  since  it  represents  a 
whole  spectrum  of  results  that  extends  from  slender-body 
theory,  for  &Rx/l  and  pR2/l  small,  to  two-dimensional  theory, 
for  pRi/l  and  @R2/l  large.  The  slender-body  result  leads 
directly  to  the  familiar  K dr  man  ogive  formula  (ref.  13), 


D*=4A* 

2 co  7r/2 


(25b) 


The  two-dimensional  result  applies  to  the  upper  half  of  an 
optimum  wing  (a  flat  plate),  and  is  found  to  be 


~ D 2 a2 

Cd~2tt  Rlqa  p 


(25c) 


where  R is  mean  radius  and  a=(Rx—R2)/l. 


Elliptic  plan  form  with  afterbody. — The  problem  of  given 
base  area  along  the  rear  edge  of  an  elliptic  wing  was  consid- 
ered first  by  R.  T.  Jones  (ref.  6).  The  figure  is  a semi-infinite 
body  with  a cylindrical  shape  drawn  downstream  of  the 


rear  edge  of  an  ellipse,  see  figure  5.  The  equation  of  the 
plan  form  outline  is  assumed  to  be 


a2  ' 62_  1 


and  the  enveloping  Mach  surfaces  are  determined  completely 
by  the  fore-and-aft  Mach  cones  with  vertices  along  the 

supersonic-edged  portion  of  the  plan  form  ^ where  0 g>0> 
that  is,  the  abscissas  of  the  vertices  lie  within  the  region 
\x\  <a2/(a2+£W* 

The  curve  Cx  has  the  equation 

y 2 z 2 

and  is  an  ellipse  with  foci  at  (±6,0).  Equation  (22)  then 
yields 

D A2 

2.  7ra(a2+6W4  (26a) 

If  drag  coefficient  CD  is  based  on  plan-form  area,  equation 
(26a)  can  be  re-expressed  as 


:.=(4Y 


At2 


46V  [/32  + (4/t  At ) 2] 1/2 


(26b) 


since  the  aspect  ratio  of  the  wing  is  Jff=(46)/(7ra).  Perhaps 
the  most  convenient  formula  for  comparison  follows  from 
equations  (25b)  and  (26a)  if  the  drag  of  the  wing  is  expressed 
in  terms  of  the  drag  of  a Karman  ogive  with  the  same  length 
and  base  area.  The  ratio  is  given  by 


D a 1 

DjT  ((L2Jrb2fP)  I*  (7rj8  Ai/4) 2]  ^ 


(27) 


The  wave  drag  of  the  elliptic  wing  with  cylindrical  after- 
body, in  the  limit  as  aspect  ratio  approaches  zero,  is  equal 
to  the  drag  of  the  Karman  ogive  and  afterbody.  For  finite 
values  of  aspect  ratio,  the  wave  drag  of  the  flat  wing  is 
smaller  than  that  of  the  body  of  revolution,  the  initial  devi- 
ation of  the  ratio  from  unity  being  proportional  to  (j3Jf?)2. 

Tapered  plan  form  with  afterbody. — As  a third  example, 
consider  a plan  form  of  arbitrary  taper  ratio  with  base  area 
along  its  trailing  edge  fixed.  When  the  trailing  edge  is  of 
subsonic  type  a cylindrical  afterbody  is  assumed  added. 
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As  shown  in  figure  6,  root  chord  is  equal  to  2a  and  span 
equal  to  2b.  The  tip  chord  is  2d  so  that  taper  ratio  X0  and 
aspect  ratio  Ai  may  be  introduced  in  the  form 

\0=d/a 

Ai=2b/[a(l  Xo) ] 

So  long  as  the  leading  edge  of  the  wing  is  supersonic  the 
characteristic  trace  C\  is  as  shown  in  figure  7 and  is  composed 
of  arcs  of  circles  and  straight  lines,  the  radii  of  the  inner  and 
outer  circles  being  a/0  and  rf/0,  respectively.  The  distance 
between  the  centers  of  the  two  outer  circles  is  2b.  Once  the 
leading  edge  of  the  plan  form  is  subsonic,  the  central  circle 
of  figure  7 blankets  the  other  parts  of  the  figure  and  Cx  is 
the  circle  of  radius  a/0. 


z 


Figure  6. — Tapered  plan  form  with  given  base  area. 


H 2^ H 

Figure  7. — Characteristic  trace  for  wing  with  tapered  plan  form. 

The  area  S'  is  the  sum  of  elementary  geometric  areas  and 
is  given  by 


S=™  |j  V+^4/^  m COS  a+a(l-V)] 


where  a,  shown  in  figure  7,  is  given  by 


arc  sin 


2(1— Xp) 
PAi  (l+Xo)’ 


2(l-Xo)^02B(l+Xo) 


a=  h 


, 2(1-Xo)^0^?(l+Xo) 


From  equations  (22)  and  25b),  the  minimum  drag  of  the 
tapered  wing  relative  to  the  drag  of  the  Karnnin  ogive  of 
equal  length  and  base  area  is 


JD 

Dk 


when 


when 


7T+ (1 +\i)  [(l+Xo)2/?2 ZRl  4 (1  Xo) 2]^  2(1  Xq2)  arc  cos 
2(l-Ao)g/3^(l+Xo) 

oK 

2(l-Xo)^0^(l+Xo) 


(28) 


Special  cases  of  interest  are : 
Rectangular  wing  (Xo=  1) 


D _ 1 

Dk  1 + (40M)  /* 


(29) 


Diamond  wing  (X0=0) 

D 1 


Dk  1+-  [(j9^?)2  — 4]J 


= 1,  $M{  ^ 2 


2 

— arc  cos 

7 T 


(A)' 


2 


r (30) 


Figure  8 shows  a plot  of  D/DK  against  0 JR  for  the  elliptic, 
rectangular,  tapered,  and  diamond  plan  forms.  Base  area 


and  length  of  the  wings  are  equal  to  these  parameters  for 
the  Karman  ogive.  For  large  values  of  0/f l the  relative 
drag  decreases  as  l/fi/E.  As  the  wing  plan  forms  become 
slender,  drag  of  the  elliptic  and  rectangular  wings  approaches 
in  the  limit  of  vanishing  0/f?  the  drag  of  the  ogive.  The 
tapered  wing,  on  the  other  hand,  has  a value  of  drag  equal 
to  that  of  the  ogive  for  all  values  of  taper  ratio  and  aspect 
ratio  satisfying  the  inequality  2(1  — Xq)  ^0^2 (1  + Xq).  This 
relation  is  satisfied  so  long  as  the  edges  of  the  wing  are  sub- 
sonic. Changes  in  swreep  angle  of  the  leading  and  trailing 
edges  produce  no  further  change  in  the  minimum  drag  of 
the  configuration  so  long  as  the  base  area  is  held  fixed.  The 
value  Dk  is  the  minimum  drag  for  all  such  configurations 
lying  within  the  fore-and-aft  Mach  cones  from  the  nose  and 
tail  of  the  wing.  Except  in  the  case  of  the  rectangular 
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I3R 

Figure  8. — Optimum  drag  for  various  plan  forms,  given  base  areas. 

plan  form,  the  curves  of  D/DK  have  zero  slope  at  their 
peak  values. 

Yawed  elliptic  plan  form  with  afterbody. — For  given  base 
area,  the  drag  of  an  elliptic  plan  form  at  angle  of  yaw  \p  can 
be  calculated  from  equation  (24).  In  order  to  justify  this 
statement  it  is  sufficient  to  show  that  the  characteristic 
curve  Ti  lies  in  the  plane  x=f=nt(y+b0).  The  trace  of 
Ti  in  a yz  plane  is,  in  fact,  another  ellipse  and  the  dimensional 
relationships  between  the  plan  form  and  the  trace  are  as 
shown  in  figure  9.  It  is  convenient  in  the  derivation  of 
these  results  to  proceed  inversely  and  to  determine  the 
plan  form  as  an  envelope  of  curves  given  by  the  intersections 
in  the  xy  plane  of  fore-and-aft  facing  cones  with  vertices 
on  IV  Since  the  stream  wise  position  of  the  origin  is  of  no 
direct  significance,  the  space  curve  may  be  assumed 
given  by 

(3D 

x—my , ra</3  J 

The  Mach  cbnes  with  vertices  at  the  point  (xu  yu  zx)  on  1^  are 
(x — Xi)2=p2[(y—yi)2-\-  (z  Zi)2]  (32) 

where 

Xi=mylt  Zi2=~(B2-yi2) 

The  parametric  equation  of  the  envelope  in  the  yz  plane 
is  found  from  equation  (32)  with  2=0  and  the  ]h  derivative 
of  the  same  expression,  that  is,  by  elimination  of  in  from  the 
relations 

[B2m2—p2(B2— C2')]y,  = ( inx-p2y)B 2 
The  envelope  is,  therefore, 

(B2—C2)x2— 2mB2xy + ( m2B 2 + p2C2)y2 = CW  (B2  - O2)  - m2B2} 

(33) 


Equation  (33)  represents  an  ellipse  so  long  as  the  initially 
chosen  m satisfies  the  inequality 

m2<p2(B2-C2)/B2  (34) 

The  elliptical  plan  form  is  fixed  by  its  major  and  minor 
axes  and  angle  of  yaw.  The  relationship  between  the  plan 
form  and  trace  curve  is  more  conveniently  carried  out, 
however,  in  terms  of  the  three  quantities  l,  b,  5 where  l is 
streamwise  length  of  the  plan  form,  2 b its  width,  and  x ~ oy 
is  the  line  passing  through  the  points  on  the  plan  form 
where  y—±b. 

Elementary  calculations  performed  with  equation  (33) 
yield  the  following  relations 

l/2=(B2m2+(32C2)*  (35a) 

b=  (B2—G2)y-  (35b) 


mB 2 

5~W=C * 


(35c) 


tan  2 \p— 


(B2—  O2)  — {m2B2JrP202) 


Figure  !). — Yawed  elliptic  wing  and  characteristic  trace. 
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In  figure  9 the  plan  form  is  also  circumscribed  by  a 
parallelogram  with  sides  inclined  at  the  Mach  angle.  The 
equations  of  these  lines  are 

x=py±  (fi—  m)B,  x—  —py± 

from  which  it  follows  that  their  outermost  intersection  points 
are  at  y—±B  and  the  line  connecting  the  intersection  points 
is  x=my. 

The  above  results  thus  show  that  the  Mach  lines  circum- 
scribing the  plan  form  can  be  used  to  determine  the  span  of 
the  trace  of  Fi  and  the  angle  of  inclination  of  the  plane  of 
Ti.  The  span  of  the  plan  form  is,  moreover,  equal  to  the 
distance  between  the  foci  of  the  elliptic  trace. 

From  equations  (24)  and  (25b)  the  drag  of  the  wing  and 
afterbod}7  relative  to  the  drag  of  the  Karman  ogive  of  equal 
length  and  base  area  is  given  by 

D P , , 

DK~4:BC(P2—m2)  BC{p-m2) 

The  results  can  be  summarized  as  follows 

d fi+pe-m+0r)2-w2m*\  * 1 

Dk  \ 1 — + [ (1  + 02£2) 2 — 4/?2  52£4]  **  J 

(37) 

t=2b<1  (38) 

tan  (39) 

Figure  10  is  a plot  of  D/DK  against  angle  of  yaw  fcr 
M—^2  and  J?=4/7r,  4,  8.  The  smallest  of  these  values 
of  aspect  ratio  corresponds  to  a circular  plan  form  and  ob- 
viously must  be  independent  of  \[/;  the  drag  ratio  is  D/Da— 
a/2/2  and  this  is  in  agreement  with  equation  (27)  for  the 
special  case  of  the  circular  wing.  Several  limiting  forms  of 
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Figure  10. — Optimum  drag  for  yawed  elliptic  wings. 


equation  (37)  are  of  interest  in  showing  the  variation  of  drag. 
For  example,  when  5=0,  the  plan  form  is  unyawed,  M= 
4£/x  and 


D 1 1 

Dk  (1+/W  [l  + frj8iK/4)2]» 

as  given  in  equation  (27).  This  relation  furnishes  the  values 
of  DjDK  in  figure  10  at  yf/=90°.  If  5£=1  and  one  has 
J?  — oo  ? \f/= arc  tan  £ and 

D _ 1 

Dk~(  1-j82  tan  V)?- 


This  is  the  general  drag  relation  for  the  yawed  wing  when 
aspect  ratio  becomes  infinite.  It  is  to  be  noted  that  drag 
remains  finite  except  when  the  angle  of  yaw  is  equal  to  the 
free-stream  Mach  angle.  In  figure  10  the  drag  curve  for 
infinite  aspect  ratio  must  therefore  have  a singularity  at 
^=45°.  If  5£->  1 and  £— M)  so  that  aspect  ratio,  remains 
finite,  it  follows  that  >0  and  D/DK—  1. 

General  results  in  connection  with  minimum  drag  with 
fixed  base  area. — The  connection  between  the  Lagrange 
multipliers  of  the  variational  problems  (see  eqs.  (12)  through 
(15))  and  certain  quantities  in  the  combined  flow  field  has 
been  mentioned.  Another  interesting  interpretation  for  the 
parameter  X can  be  found.  In  the  case  when  /=  const,  on 
Cu  X can  be  evaluated  explicitly  in  terms  of  the  geometry  in 
the  plane  of  Ti)  from  equations  (12b)  and  (22) 


_X 

2« 


=2 


A 

/32S 


(40) 


Equation  (40)  states  that  —\/qm  is  equal  to  the  pressure  co- 
efficient predicted  on  the  linearized  theory  for  the  unidimen- 
sional duct  flow  bounded  internally  and  externally  by  the 
characteristic  traces,  that  is,  by  the  curves  C\  and  C2,  as  in 
figure  2.  By  the  other  interpretation,  \/qm  is  also  the  pressure 
coefficient  in  the  combined  flow  field.  This  result  can  also 
be  generalized  to  the  case  where  x=f=my-\-b0  by  sweeping 
back  the  entrance  to  the  duct  by  the  same  amount  as  the 
plane  of  Ti. 

Another  point  that  should  be  made  in  regard  to  the 
optimum  configurations  for  which  /=  0 on  follows  from 
equation  (22).  That  is,  the  Karman  ogive  has  the  greatest 
value  of  minimum  drag  for  given  length,  base  area,  and  Mach 
number.  This  follows  directly  from  equation  (22)  by  noting 
that  the  area  S is  a minimum  when  the  trace  C\  is  the  circle 
connected  with  the  Karman  ogive  of  the  prescribed  length 
and  base  area.  The  curves  in  figure  8 show  this  result  clearly. 

The  final  result  of  a general  nature  to  be  noted  here  is 
found  by  comparing  equations  (12a)  and  (14a),  the  mini- 
mizing conditions  for  given  base  area  and  for  given  lift,  re- 
spectively. If  differences  of  over-all  sign  (because  of  the 
quadratic  dependence  of  drag  upon  x)  are  disregarded,  the 
two  problems  will  lead  to  the  same  x,  hence  the  same  drag,  if 

V2/=0  in  S 

2qa(x=\m\  (X/2)  on  C2 

z->  0 


DRAG  MINIMIZATION  FOR  WINGS  AND  BODIES  IN  SUPERSONIC  FLOW 


1223 


It  is  found  that  a supersonic-edged  wing  with  a straight 
supersonic  trailing  edge,  parallel  to  x=ky , leads  to  a function 
/which  satisfies  equations  (41).  If  the  trailing  edge  is 

x—ky=a  (&<0) 

then  the  surface  S2  (see  fig.  1)  is  an  inclined  plane: 
x=f(y,z)=ky—($1—k2)liz+a  (z>  0) 

so  that 

/.—GJ*-*2)54 

v2/=o 

From  the  second  of  equations  (41), 

2qm<T=-(p*-k2)*\ 


The  drags  of  the  two  cases  are  equal,  giving,  by  equations 
(14b)  and  (12b), 

A_  {p-V)»L 
2 


Thus  one  has  the  result  that  if  the  minimum  drag  due  to  lift 
of  a supersonic-edged  wing  with  a straight  supersonic  trailing 
edge  parallel  to  x=ky  is  known,  then  a nonlifting  wing  of  the 
same  plan  form  and  with  base  area  given  by 

^__(P2—k2)K  L 

2 q qo 

will  have  the  same  optimum  drag. 


WINGS  AND  BODIES  WITH  GIVEN  VOLUME 

The  variational  problem  in  terms  of  x for  the  case  of 
prescribed  volume  with  zero  base  area  (eqs.  (13))  contains 
an  arbitrary  constant  k whose  magnitude  is  to  be  deter- 
mined by  application  of  the  zero  base-area  condition  to  the 
solution  of  the  boundary-value  problem.  Thus  set 

x+2-%-  [/2+*/+f  (y2+z2)]=n(y,z) 


The  problem  in  terms  of  J2  is  then,  by  equations  (13), 
V2f2=0  in  S' 


m32  dr2 
dn  dn 


on  C2  ^ 


(42) 


The  closure  condition  can  be  expressed  as 


jj  (/„X„+/2X2)  dy  (I z=0 

s 

which  becomes,  after  an  application  of  Green’s  theorem, 


2 pJJ, 


kS=- 


4p„f/„ 


) 


ds 


(43) 


Clearly  now,  if  /=0  on  Cu  also  &=0.  Again,  as  in  the  given 
base-area  case,  proper  positioning  of  the  origin  can  simplify 
the  analysis. 

526597 — 60 79 


Quasi-cylindrical  body  of  given  volume. — The  body  and 
notation  are  shown  in  figure  11.  The  external  wave  drag  is 
to  be  minimized  under  the  conditions  that  volume  is  fixed 
and  base  area  is  zero. 


Figure  11. — Optimum  body  of  revolution  with  given  volume. 


In  this  case,  22  is  the  surface  of  the  conical  frustum,  whose 
equation  is 

x=f(r)=/3(h+R—r);  h=l/20 

Since  /=0  on  Ci  in  this  case,  the  remarks  on  k , just  above, 
apply,  and  the  boundary-value  problem  is 


-rr 

PooGoo 


r(x+zXu:f')— 

L(X+2tJJZf')~°  ',= 


X=0 


on  Ci, 


(44a) 


Since  Ci  and  C2  are  circles,  and  the  problem  is  independent 
of  the  peripheral  variable  0,  the  solution  of  equations  (44a) 
can  be  written  in  the  form 


m/2  = 

*“P  oc/  CO  Peak  CO 


(^ar2+b+cli\ 


(44b) 


where  a,  b,  c are  to  be  determined  from  the  boundary  condi- 
tions. One  easily  finds  that 

a=-\;  f>=\(Il+h )2;  c 1 R2 


The  drag  is  then  determined  as 

R+h 

z>=yjj  (x„2+X22)<fyete=irp„J  rx2dr 

~ S R 

=^2  J^h(k+2R)  ^R+h)t_dRt]+RHnR+hy 
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From  equation  (13b),  the  parameter  n can  be  replaced  by 
2/9/  V,  giving  finally 

[(R+hy-zR2]+Riin  ?*+!!:  j.-1 

V 2 1 

==7r  W)  (45) 

where  a—pR/l,  and 

CV)  = 1-|g{  (1 + 4<r)  [(1  + 2a)2  12a2] -f- 64cr4/?i  (46) 

The  result  of  equation  (45) , as  in  the  case  of  given  base 
area,  covers  the  entire  spectrum  of  fineness  ratios  and  yields, 
in  its  limiting  forms,  the  results  of  two-dimensional  airfoil 
theory  (biconvex  section)  and  slender-body  theory.  The 
latter  case,  which  is  the  Sears-Haack  slender  body  with  drag 
Ds-h  (refs.  14  and  15),  corresponds  to  v=0.  Equation  (45) 
then  becomes 

Ps-H^  128F2 

The  above  problem  was  considered  previously  by  Heaslet 
and  Fuller  (ref.  16)  without  recourse  to  the  present  techniques 
but,  rather,  by  minimizing  after  expressing  drag  in  terms  of 
the  source  distribution  that  could  be  assumed  to  generate 
the  external  shape  of  the  body.  In  this  approach,  it  becomes 
necessary  to  find  first  the  source-distribution  function,  under 
minimizing  conditions,  and  to  calculate  drag  and  volume 
subsequently.  The  details  of  the  calculation  are  thus  less 
direct  since  the  desired  quantities  are  expressed  as  integrals 
involving  tlie  hyperbolic  influence  function  of  the  supersonic 
source.  In  reference  16,  the  function  (7(cr)  of  equation  (46) 
appeared  in  the  form  (in  a modified  notation) 

C(a)  £ 1 0»  +2*)  (1  - ri+2a)\ *{V  (1  - ,)  E— 

a(l-±a)(K-E)]dV 


is  also  an  ellipse.  Figure  12  shows  the  wing,  the  boundar; 
curves  C\  and  C2i  and  the  region  S.  Let  Cx  be  given  by 

iP"  2 2 
V— i-~-=l 
B?^C2 


h 25 H 

Figure  12. — Elliptic  wing  and  characteristic  trace. 

The  curve  C2  is  now  merely'  a segment  of  the  y axis.  The 
solution  of  the  problem  where  minimum  drag  is  sought,  foi 
given  volume  and  zero  base  area,  is  eased  by  the  fact  tliai 
by  manipulation  of  equation  (6b),  using  the  extremun 
conditions  of  equations  (13)  (with  &=0),  the  expressioi 
for  the  volume  can  be  put  in  the  form 


where  K and  E are  elliptic  integrals  of  first  and  second  kind, 
respectively,  of  modulus 


q(l—T7) 

0?+2<r)(l  — 77+2<r) 


T 


The  immediate  advantage  of  equation  (46)  is,  of  course,  the 
natural  one  provided  by  any  analytic  representation  with 
its  precise  determination  of  magnitude  and  rate  of  change. 
From  a disparate  point  of  view,  the  equivalence  of  the  two 
results  gives  not  only  a new  fundamental  identity  in  the 
theory  of  elliptic  functions,  but  also  indicates  a method 
whereby  further  identities  may  be  generated.  From  the 
standpoint  of  direct  application,  however,  the  results  of 
reference  16  remain  unmodified.  The  calculations  that  were 
used  to  plot  the  variation  of  C(o)  were  found  to  check  to  at 
least  four  significant  figures  with  the  present  formula,  and 
thus  provided  a satisfying  confirmation  of  the  numerical 
techniques  used  in  the  original  evaluation. 

Elliptic  wings  of  given  volume. — As  noted  previously,  a 
wing  of  elliptic  plan  form  leads  to  a boundary  curve  Ci  that 


Thus,  explicit  determination  of  x from  equations  (13a)  i: 
avoided,  and  the  complicated  expression  for  / need  not  b< 
exhibited;  onty  the  fact  that  it  vanishes  on  the  outer  bound 
ary  curve  C\  is  required.  It  is  found  that 


2 p 


JJl 


P2B2C2  fy2  22  \ 

B2+C2\B2+C2  V 


(48; 


satisfies  equations  (13a)  (with  k= 0).  Substitution  of  equa- 
tion (48)  in  equation  (47)  yields 


82<o 


B2C2S 

&+C2 


where  S (=tBC)  is  the  area  enclosed  by  C\.  Now,  fron: 
equation  (13b),  the  drag  can  be  evaluated  as 


/_L  , J_\ 

2»  PSK&^C2) 


(49a) 
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Finally,  in  terms  of  the  original  wing  parameters  (see 
fig.  12), 

B2=a2+p~2c2 


C2=p~2c2 


Z? 

2- 


41/2 


£2+2  ~ 


(irac)c2  (&2+c2/a,2)3/~ 


(49b) 


which  agrees  with  the  result  of  Jones  in  reference  6.  (A 
typographical  error  in  the  reference  has  been  corrected  in 
equation  (49b).) 

It  might  be  supposed  that,  once  again,  a simple  extension 
of  the  above  results  would  lead  to  the  minimum-drag  result 
for  a yawed  elliptic  wing  of  given  volume.  This,  unfortu- 
nately, is  not  the  case.  The  drag  found  by  the  present 
method  is  much  lower  than  the  known  value,  being  correct 
only  in  the  limiting  case  of  zero  yaw,  as  above.  The  reason 
is,  presumably,  that  strict  closure  along  the  trailing  edge 
has  not  been  enforced,  only  the  condition  that  base  area 
vanish.  An  unreal  wing  has  therefore  been  evolved  in  the 
yawed  case,  with  patches  of  negative  base  area  where  upper 
and  lower  surfaces  have  crossed.  It  does  not  seem  feasible 
to  enforce  pointwise  closure  of  the  trailing  edge  in  conjunc- 
tion with  the  present  method  for  drag  calculation.  Thus, 
caution  is  necessary  when  using  this  method  for  given  volume 
problems.  Of  course,  this  difficulty  does  not  arise  when 
treating  lifting  surfaces,  for  in  that  case,  a negative  ordinate 
for  the  upper  surface  is  of  no  concern. 

CASES  OF  GIVEN  LIFT  AND  MOMENT 


Figure  13. — Hvperbolic-edged  wing  and  characteristic  trace. 


v2(x+t/ro  rzf)=0 

in  S ' 

— \ 
bn  | 

X+Ua(o— *„tT)2  + U„T3/J=0 

on  C2 

► 

(51) 

X=0 

on  Ci  „ 

where  xm  is  the  coordinate  of  the  center  of  pressure.  A 
simple,  exact  solution  of  equations  (51)  follows  directly  if 


A family  of  wings  with  supersonic  edges. — Consider  the 
family  of  wings  whose  plan  forms  are  all  portions  of  the 
hyperbola  asymptotic  to  Mach  lines  through  the  point 
(— d,0,0).  The  equation  of  the  leading  edge  is 

$2y2=2dx+x2 


and  the  trailing  edge  is 


x—l 


in  which  case 


leg*,  [l(2dtw  \s\  (20M  l)\  (52) 


In  this  event,  the  drag  is  given  by 

Y_d±iL_ 

2-  4p  \qj  [Z(2d+/)]M 


(53) 


where  the  quantities  d and  l are  shown  in  figure  13.  The 
root  chord  of  the  resulting  wing  is  l.  If  d— > 0,  the  wing  be- 
comes a triangle  with  sonic  edges,  and  if  d/l»  1,  the  wing 
has  very  large  span  compared  with  its  chord. 

The  surface  S2  (fig.  1)  is  composed  of  a pair  of  inclined 
planes 

2=f(y,z)=i—P\z  I (50)a 

and  the  boundary  curve  Cx  (fig.  13)  is  made  up  of  two 
parabolas 

py=(2d+l)(l-2fi\z\)  (50b) 

If  minimum  drag  for  fixed  lift  and  center  of  pressure  is 
sought  for  the  wings  of  this  family,  the  variation  leads  to 
the  problem 


where  L is  the  given  lift.  Since  the  wing  area  is 

i £(d+Z)  VWfZ)  ■ -d1  cosh-1 

the  drag  parameter  is,  written  in  terms  of  £=d/l 

^2 = (1+2^  ^ ® Vl+2f—  f 2 cosh _1  (1  + f) ] (54) 

Figure  14  shows  the  variation  of  the  drag  with  f.  This 
latter  parameter  is,  in  geometrical  terms,  /32p0/Z,  where  p0  is 
the  radius  of  curvature  of  the  leading  edge  at  the  apex,  and 
l is  root  chord.  As  f varies  from  0 to  <»,  the  plan  form 
ranges  from  a sonic-edged  triangle  to  a wing  that  has  nearly 
a parabolic  leading  edge. 
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In  the  limit  f-»0,  when  a sonic-edged  triangular  wing  re- 
sults, the  value  of  the  drag  parameter  given  by  equation 
(54)  is 


j^-0.225  (55) 

This  value  is  in  agreement  with  the  result  of  reference  8 for 
center  of  pressure  at  60  percent  of  root  chord.  Also,  the 
approximate  result  for  given  lift  alone  from  reference  10  is 
quite  close  to  that  of  equation  (55),  being  0.223.  This 
would  indicate  that  the  center  of  pressure  is  near  the  60- 
percent-chord  position  for  given  lift.  In  fact,  from  the 
results  of  reference  8,  it  is  found  that  the  center  of  pressure 
for  given  lift  alone  lies  at  63  percent  of  the  chord. 

At  the  other  extreme,  the  wing  plan  form  is  very 

nearly  a parabolic  segment.  The  center  of  area  of  such  a 
parabolic  segment  lies  at  60  percent  of  the  chord,  which 
indicates  that  the  loading  is  uniform  over  the  wing.  This 
is  the  correct  result  for  minimum  drag  with  given  lift  in 
two-dimensional  flow,  and  the  wing  is  indeed  becoming 
nearly  a two-dimensional  case  at  . 

determination  of  surface  shape  of  optimum  bodies  of 

REVOLUTION 

Generally  speaking,  the  information  gained  by  solving  a 
minimum-drag  problem  according  to  the  method  used  in 
this  report  includes  knowledge  of  the  function  x,  which  is 
of  course  the  perturbation  potential  <p  evaluated  in  the 
rear  enveloping  characteristic  surface  22  of  figure  1.  It 
would  be  useful  if  this  information  could  be  used  then  to 
determine  the  singularity  distribution,  and  ultimately  the 
surface  shape,  that  gives  rise  to  the  flow  field  having  the 
optimal  properties  in  question.  In  general,  however,  no 
such  method  at  present  exists,2  although  various  approaches 
involving  some  degree  of  approximation  have  been  indicated 
(ref.  8).  In  one  case,  where  the  singularities  lie  on  a single 
line,  a complete  analytical  solution  is  possible,  and  will  be 
considered  next. 

Ducted  body  of  revolution  with  prescribed  base  area. — The 

potential  due  to  a line  distribution  of  sources  is  given  by 

, , 1_  Cx^r  B(xi)dxi 

<P  \x)  r)  27T  J -0R  [(X—Xi )2— 

where  B(x)  is  the  source  strength  per  unit  length,  and  the 
lower  limit,  x=—  I3R,  indicates  the  starting  point  for  the  dis- 


2 Since  the  completion  of  the  work  of  this  report,  the  authors  have  seen  a paper  by  E.  W. 
Graham,  “A  Geometrical  Problem  Related  to  the  Optimum  Distribution  of  Lift  on  a Planar 
Wing  in  Supersonic  Flow,"  Rep.  SM-23020,  Douglas  Aircraft  Co.,  Nov.  1957.  In  this  paper, 
a solution  is  given  to  the  problem  of  determining  lift  distribution  on  a wing  when  oblique 
line  integrals  of  the  loading  taken  across  the  wing  arc  known.  Now  the  lines  along  which 
such  integrals  are  known  all  lie  in  the  supersonic  “zone  of  silence"  associated  with  a given 
point,  and  Graham  makes  a continuation  of  the  function  representing  the  integrated  loading 
as  a function  of  the  angle  of  the  oblique  line  so  that  the  integrated  loading  can  be  considered 
known  for  all  lines  through  a given  point.  The  integral  equation  expressing  the  integrated 
loading  in  terms  of  local  loading  is  then  inverted.  Presumably,  an  analogous  procedure  will 
hold  for  the  thickness  case.  For  bodies  of  revolution,  however,  all  oblique  lines  cut  the  singu- 
larity distribution  in  a point,  no  dependence  on  the  angle  of  obliquity  exists,  and  the  inverse 
problem  of  finding  the  singularity  distribution  can  be  solved  without  difficulty. 


tribution;  B(x)  = 0 for  x<—pR.  In  this,  R is  the  radius  of 
the  control  cylinder  on  which  the  boundary  conditions  are 
satisfied;  the  initial  point  of  the  body  is  0 when  the  sources 
start  at  x=—0R. 

In  this  coordinate  system,  the  surface  X2  is  the  conical 
frustum  given  by 


x=f(r)=l+pR-pr=P(2h+R-r)i  2f3h=l 


The  function  x is  found  by'  inserting  this  value  for  x in  the 
above  potential  relation; 

1 **+*-20  B(xi)dxi 

x{r)~  27T  J^r  [0(2 h+R)-xx\*  mh+R-2r)-x^ 

(56a) 

Now  set 


B(xl)=mh+R)-x1V^(xi) 

P (2h+  R)  —2pr=  t ; ' 


(566) 


and  equation  (56a)  becomes 

B (xi  )dxi 


P W=  1 frB( 

^ ' 2tt  (t—X i)M  2w  Jo  (t 


(x2)dx  2 


-X2)> 


where  r=t+pR  and  x2=Xi+pR.  Further,  since  ^r=— 20 


the  last  equation  can  be  written 

(3  d fr  B (a :2)dx2 
r_7rdrJ  o (r 


x2y 


(57) 


Equation  (57)  is  recognized  as  the  dual  relation  to  the  Abel 
integral  equation,  namely 


„ , \ 1 fTXr  fa)  dx2 

B(T)~iUo  7^)^ 


(58) 
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Thus,  when  Xr  is  known,  the  evaluation  of  B (z),  hence  of 
B(x),  is  immediate. 

In  order  to  determine  x and  hence  Xr,  one  has,  from  equa- 
tions (12a) 


v2(x- 
d ( 


ZPcoUa: 

X 

~2  PmU« 


)=° 

in  R<Cr<^R+h 

)-° 

at  r=R 

x=0 

at  r—R-\~h 

Thus,  the  solution  for  x is  readily  seen  to  be 


and  so 


(r-R-h) 


The  solution  for  the  source-distribution  function  can  now  be 
found  by  using  equation  (58); 


Then 


B(r) 


X i—  X 

7jr„sT=jjra 


■yJt  + fSR 


B (*)=— ^-  [(x+m  (l+l3R-x]» 

P OO  00 


which  checks  with  the  result  of  reference  12,  since,  by  equa- 
tions (12b)  and  (21),  it  is  found  that 

_pJJJA 

pS 


and  so 

B (a:)==W  [(x+m)  (l+PR-xWA  (59) 

The  surface  shape  of  the  bod}7  is  now  readily  found,  and  this 
has  been  done  in  reference  16. 

Ducted  body  of  revolution  of  given  volume. — For  this 
case,  it  is  convenient  to  place  the  origin  at  the  center  of  the 
body,  since  x is  already  known  from  equation  (44b).  The 
same  solution,  as  given  by  equation  (58)  with  appropriate 
changes,  can  be  used,  and  the  resulting  source-distribution 
function  is 


B(x) 


2x)  [(x+<3K)  (*+/sff-*)  i*- 

2 pR2  cos"1 


l— 2x 
l-{-2(3R  j 


where  for  this  expression  the  source  distribution  starts  at 
x=—fiR  as  in  the  last  example.  From  equations  (13b)  and 
(45),  one  finds  that 


M _ UmV 
2 PJJm  2l*C(p) 


where  C (a)  is  defined  in  equation  (46).  The  source  strength 
is  then 

B(x)  =2^y  { (l-  2*)  [(x+m  (l+pR-x)]»- 

Again,  determination  of  the  shape  is  made  in  reference  16. 

DETERMINATION  OF  OBLIQUE  INTEGRATED  LOADINGS. 

A procedure  has  been  outlined  for  relating  integrals  of  the 
perturbation  potential  <p  taken  across  various  lines  in  the 
surface  of  a wing  and  in  the  rear  characteristic  surface  Z2 
(see,  e.  g.,  eq.  (19b)).  The  analysis  will  now  be  carried  out 
in  detail  for  the  family  of  hyperbolic-edged  wings  treated 
above.  For  the  special  case  of  the  sonic-edged  member  of  the 
family,  some  of  the  geometrical  relationships  are  shown  in 
figure  3.  The  auxiliary  plane  23  (given  by  eq.  (17))  is  seen 
to  cut  the  wing  plane  20  in  the  line  CD , and  to  cut  the  lower 
part  of  the  X2  surface  in  the  line  EF . Clearly,  as  the  inclina- 
tion of  CD,  or  the  chordwise  position  of  xQ,  is  changed,  the 
line  will  eventually  cease  cutting  the  right  leading  edge  of 
the  wing  and  intersect  the  wing  trailing  edge.  These  regimes 
are  distinguished  by  dividing  the  range  of  x0  into  Region  I 
and  Region  II  (as  shown  in  fig.  15),  whose  bounds  are 
functions  of  the  angle  0 ; 


Figure  15. — Dividing  points  distinguishing  regions  I and  II. 


Region  I : XQ—~  d(l  — sin  6)  <x0  <X1—l-^l2-\-2dl  cos0 
Region  II:  Xl  < xQ  <AT2— £+\/i2+2rf/  cos  0 


} 


(61) 


where  d and  l are  defined  as  in  figure  13,  and  cos  0=/3  tan^0* 
The  regions  will  be  considered  in  order. 

Region  I. — The  integral  relation  that  results  from  applica- 
tion of  Green's  theorem  to  the  region  bounded  by  21;  S3  and 
20  (see  fig  3)  and  for  which  2>0  has  been  given  as  equation 
(19b).  If  Green’s  theorem  (eq.  (18a))  is  applied  to  the  lower 
portion,  the  following  relation  results: 


-i  JJ  Wfa  *v+ JJ  £*+//&*-« 

20  23  2a 
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Using  again  the  coordinates  v , s in  the  separate  planes,  one 
finds 


-0 

r%(20S3)(/s]+J^(2oS3)*=0  (62) 


line  in  question  lying  somewhere  in  the  “zone  of  silence” 
corresponding  to  the  point  (z0,0,0).  Once  again,  these 
results  are  not  confined  to  the  case  of  optimum  wings. 

Now  return  to  equations  (64) . It  is  necessary  to  determine 
the  argument  of  <p  in  the  last  integral  on  the  right  in  equation 
(64b),  and  this  is  done  by  solving  for  x and  z in  terms  of  y 
from  the  equations  of  S2  and  S3; 


The  notation  <p  (S2S3),  etc.,  means  that  <p  is  to  be  evaluated 
along  the  intersection  of  the  surfaces  S2  and  S3. 

In  order  to  express  the  element  ds  in  terms  of,  say,  dy 
along  the  various  lines,  one  can  set  up  the  coordinate  trans- 
formation to  express  the  N,v,s  system  as  a rigid  rotation  of 
the  x}y,z  system.  It  is  thereby  found  that  along  GD)  ds—dy 
sin  0,  and  along  EF , ds—dy.  The  relations  (19b)  and  (62) 
then  become 

<p(X0X3)dy=0  (z >0)  (63a) 

So 

-1  JJ^%+2j/(2223)^-sin  $j  <p(2023)<ly= 0 (2<0) 
s0 

(63b) 

where  the  2> 0,  2<C 0 are  necessaiy  because  <p  is  discontinuous 
at  the  z— 0 plane. 

If  the  limits  of  integration  for  the  surface  integral  over 
20  are  inserted  and  the  equations  differentiated  with  respect 
to  x0  (recall  that  <p=0  on  the  surface  Si),  equations  (63) 
become 


S2:  x=l+pz 


S3:  x=Xq-\-(3  cos  Oy—p  sin  dz 

One  finds  that 


<p(S2S3) 


_ l si 


sin  0+^o+ff  cos  dy  — l+a‘o+0  cos  dy 


1 + sin  d 


yyj- 


0(1+ sin  0) 


If  the  differentiation  with  respect  to  x0  is  now  performed  in 
equation  (64b),  and  the  result  subtracted  from  equation 
(64a),  one  gets  the  relation 


x 


¥»*(* o+0  cos  6y,y)dy= 


1 


0 sin  0(l+sin  0) 

- \Fxyly 

_ JjE 

0 sin  0(l+sin  0) 


(Pu+w)dy 


(67) 


Making  use  of  the  definition  of  integrated  loading  given  in 
equation  (65),  one  has  finally 


ZM 4 r 

U<J3  sin  6 (1  +sin  9)  JE  2 J 


(68) 


rD  rD 

0+P  cos  dy,y)<ly==  — /?  sin  9 <px(xQ+P  cos  6y,y)dy 

Jo  Jc 


(64a) 


f <fz(x o+P  cos  dy,y)dy=  — /?  sin  6 ( %(r0+(3  cos  9y,y)dy+ 

Jc  Jc 

2/3 £ [?(S2Z3)^]  (64b) 


where  once  again  the  results  apply  respectively  to  the  cases 
where 'z  approaches  zero  from  above  and  from  below. 

Equation  (64a)  is.  seen  to  be  a relation  between  integrals 
of  perturbation  components  taken  along  the  same  oblique 
line  across  a supersonic-edged  wing.  If  the  integrated 
loading 


L{x0,e) 4 

uc 


(65) 


is  introduced,  equation  (64a)  becomes  3 


L(xQ,d) 


Umj3  sin 


ln+Jc  cos  dy>V)(hJ 


(66) 


where  w is  the  vertical  perturbation  component.  Thus,  the 
integrated  loading  is  proportional  to  the  averaged  wing 
slope,  both  taken  along  the  same  line  across  the  wing;  the 

3 The  authors  are  indebted  to  Professor  P.  A.  Lagerstrom  and  Dr.  M.  E.  Graham  for  point- 
ing out  an  error  in  the  definition  of  the  line  element  ds  which  introduced  an  incorrect  depend- 
ence on  d in  the  versions  of  the  present  formulas  (66),  (68),  and  (70)  given  in  the  original 
NAG  A Technical  Note  4227  (see  footnote  1). 


which  relates  the  integrated  loading  for  a point  in  region  1 
to  an  integral  of  the  function  Xz  across  the  rear  enveloping 
surface  S2.  This  form  of  the  result  is  well  adapted  to  the 
case  of  optimum  wings  since,  in  general,  surface  values  of 
the  slope  are  not  known,  whereas,  in  the  present  method  of 
optimizing,  the  function  x is  known. 

Region  II. — The  plane  23  now  intersects  the  trailing  edge 
of  the  wing,  and  the  boundary  of  the  region  of  integration 
will  include  a portion  of  the  rear  enveloping  surface  22  for 
both  0 and  2 <0.  Figure  16  shows  a trace  in  an  x=const. 


Figure  16. — Trace  of  intersections  of  cutting  plane  with  rear  surface. 
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plane  of  the  lines  of  intersection  of  the  cutting  plane  23  with 
both  upper  and  lower  portions  of  S2.  The  oblique  line  across 
the  wing  intersecting  the  trailing  edge  is  also  shown,  and 
the  figure  serves  to  define  the  notation  used  in  this  section. 

The  formulas  resulting  from  application  of  equation  (18a) 
to  both  upper  and  lower  portions  of  the  volume  bounded  by 
the  forward  Mach  surface,  the  rear  enveloping  surface,  and 
the  plane  S3  are  as  follows: 

- j'j' <pzdx  dy-\-2 ^ <p(2223)cfc+ 

*s0 

I <p(2Q23)ds+  \ <p(20X2)ds= 0 (s>0)  (69a) 

J C J D 

— jj  ff ipzdxdy- I-2  ^(S2S3)ffe— 

f <p(202z)ds+  r^(S0S2)*=0  (2<0)  (69b) 

JC  J D 

In  these  equations,  the  limit  indicated  by  an  asterisk  is  the 
intersection  of  leading  and  trailing  edges  of  the  wing.  Once 
again  the  equations  are  differentiated  with  respect  to  x0  and 
the  results  combined.  Thus  one  finds  for  a point  x0  in 
region  II  (see  eqs.  (61)) 


L(xoft) 


C/wjS  cos  0 \p  cos  0 


r*D  r*D 

| x/ly  \ Xzdy 


Um0  sin0  \l— sin0  1+sin  0 


For  the  case  of  interest  here,  Xz  is  a constant,  as  is  seen 
from  equation  (52).  After  substituting  the  values  for  x and 
X*  in  equations  (68)  and  (70),  and  using  the  dimensionless 
variables 

>_* o By  r_d 

one  gets  the  following  results  for  the  integrated  loading: 
Region  I : 

ILQj  o,0)  3 vf—Ve  /71  v 

L 2A/I+2f  si11 0(l+sin  0)  ^ ' 

Region  II: 


IL(£ q,0)__  3 (1+2 £)  — r)p2  . 

T A ( A J-O a • 


4(l+2f)« 


3 1— sin  fl'  1+sin  d 

2\/l+2f  sin  0 

(71b) 


where 


i?F=  (1+sin  0)  _1{  (l  + 2f)  cos  0+ 

V2(i+2f)  (1+sin  0) [£o+f  (1—sin  0)]} 
i?*=(l+sin  0)“1{(l+2f)  cos  0— 

V2(l+2f)  (1+sin  0)[|o+f (1—sin  0)]} 
Vh~ (1  sin  0)-1  {(l+2f)  cos  0— 

A/2(l+2f)  (1—sin  0)[£o+? (1+sin  0)]} 


In  figure  17  these  integrated  loadings  are  drawn  for  the 
three  members  of  the  family7  corresponding  to  ^—d/l= 0, 
1.5,  5,  with  0=1  and  /z0=0o,  15°,  30°,  45°  in  each  case. 
The  dimensionless  quantity  plotted  is 

P (?o,0)  = lL(£Q,d)/L 


t)d~~  (1  £o)/cos  0 


Figure  17. — Integrated  loadings  for  family  of  wings  with  hyperbolic 

edges. 
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It  is  to  be  observed  that  when  m=0°,  6—tt/2  and  region  II 
ceases  to  exist.  In  this  case,  the  integrated  loading  is 
precisely  the  chord  loading  of  the  wing.  One  then  gets 


ILM  3 nr 


(72) 


independent  of  the  shape  parameter  f. 

Ames  Aeronautical  Laboratory 

National  Advisory  Committee  for  Aeronautics 
Moffett  Field,  Calif.,  Nov.  29 , 1957 
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INVESTIGATION  OF  THE  DRAG  OF  VARIOUS  AXIALLY  SYMMETRIC  NOSE  SHAPES  OF  FINENESS 

RATIO  3 FOR  MACH  NUMBERS  FROM  1.24  TO  7.4  1 * * 


By  Edward  \Y.  Perkins,  L eland  H.  Jorgensen,  and  Simon  C.  Sommer 


SUMMARY 

Drag  measurements  have  been  made  at  zero  angle  oj  attack 
for  a series  oj  fineness  ratio  3 nose  shapes . The  models  in- 
cluded various  theoretically  derived  minimum  drag  shapes , 
hemispherically  blunted  cones , and  other  more  common  profiles . 
Pressure-distribution  measurements  for  a series  of  hemispheri- 
cally blunted  cones  were  also  obtained.  The  Mach  number  and 
Reynolds  number  ranges  of  the  test  were  1.24  1°  ? -4  an(^ 
1.0X10 6 to  7.5X10 6 ( based  on  model  length ),  respectively. 

Oj  the  models  tested,  the  paraboloid  of  revolution  had  the 
least  j or edrag  below  a Mach  number  oj  1.5,  and  the  theoretically 
minimum  drag  shape  for  a given  length  and  diameter  based 
upon  Newton’s  impact  theory  had  the  least  joredrag  above  a 
Mach  number  oj  1.5.  The  theoretical  shapes  jor  minimum 
pressure  drag  jor  the  auxiliary  conditions  of  given  length  and 
diameter  or  given  diameter  and  volume  derived  by  von  Karman 
and  by  Haack  do  not  have  less  drag  than  all  other  possible 
shapes  having  identical  values  oj  the  same  parameters.  No 
model  had  the  least  joredrag  jor  the  complete  Mach  number 
range.  Wherever  possible , theoretical  values  oj  the  joredrag 
based  upon  the  sum  oj  the  theoretical  skin-jriction  drag  and  the 
theoretical  wave  drag  were  calculated  jor  comparison  with  the 
experimental  results. 

The  results  jor  the  series  oj  hemispherically  blunted  cones 
have  important  practical  significance  since  it  was  jound  that 
the  diameter  oj  the  hemispherical  tip  may  bejairly  large  without 
markedly  increasing  the  joredrag  over  that  oj  a sharp  pointed 
cone  oj  the  same  fineness  ratio.  In  jact,  jor  a fixed  fineness 
ratio  oj  3,  the  joredrag  is  reduced  somewhat  by  a small  degree 
oj  blunting , although  jor  a fixed  cone  angle  blunting  always 
increased  the  drag.  An  empirical  expression , applicable  jor 
free-stream  Mach  numbers  greater  than  2,  is  developed  jor 
calculating  the  wave  drag  oj  the  series  oj  hemispherically 
blunted  cones . 

INTRODUCTION 

The  allied  problems  of  predicting  the  drag  of  bodies  of 
revolution  and  of  minimizing  the  drag  by  proper  shaping  of 
the  body  have  been  the  objects  of  numerous  theoretical 
investigations.  With  regard  to  the  problem  of  predicting 
the  drag,  that  part  of  the  drag  which  has  thus  far  proved 


most  amenable  to  theoretical  calculation  is  the  wave  drag. 
For  pointed  bodies  of  revolution  at  Mach  numbers  sufficiently 
high  for  shock-wave  attachment,  the  wave  drag  may  be 
calculated  by  either  perturbation  theory  or  by  the  method 
of  characteristics.  For  highly  blunted  nose  shapes  there  is 
no  simple  theoretical  method  for  predicting  the  pressure 
distribution  and  drag.  Therefore  experimental  results  have 
been  relied  upon  for  this  information. 

The  first  part  of  the  present  investigation  is  a study  of 
the  pressure  distribution  and  drag  of  a series  of  hemispheri- 
cally blunted  cones.  Although  it  might  seem  that  the  use  of 
such  a blunt  nose  would  result  in  a high  drag  penalty,  pre- 
liminaLy  estimates  2 have  indicated  that  the  drag  of  a nose 
shape  consisting  of  a hemispherical  surface  faired  into  an 
expanding  conical  surface  can  be  less  than  that  of  a sharp 
cone  of  the  same  length-to-diameter  ratio.  The  results  of 
preliminary  estimates  of  the  variation  of  drag  with  the  ratio 
of  hemispherical  tip  diameter  to  base  diameter  for  fineness 
ratio  3 have  indicated  that  a small  reduction  in  drag  can  be 
realized  at  all  supersonic  Mach  numbers.  Perhaps  more 
important  than  the  reduction  in  drag  is  the  indication  that  a 
relatively  large  hemispherical  tip  can  be  used  without  incur- 
ring any  drag  increase  above  that  of  a sharp -nosed  cone  of 
the  same  fineness  ratio.  In  order  to  verify  these  predictions 
and  to  provide  quantitative  drag  data  the  present  investiga- 
tion was  undertaken. 

The  second  phase  of  the  investigation  is  a study  of  mini- 
mum drag  nose  shapes.  Most  theoretical  approaches  have 
been  directed  toward  the  immunization  of  the  wave  drag 
only.  Von  Karman  (ref.  1)  developed  an  integral  equation 
for  the  wave  drag  of  slender  bodies  of  revolution  at  moderate 
Mach  numbers.  Using  this  equation,  he  derived  a minimum 
drag  nose  shape  (commonly' referred  to  as  the  Karman  ogive) 
for  a given  length  and  diameter.  Subsequently,  Haack  (ref. 
2)  and  others  (refs.  3 and  4)  have  used  the  Karman  integral 
equation  in  developing  minimum  drag  shapes  for  other 
auxiliary  conditions,  such  as  given  length  and  volume  or 
given  volume  and  diameter.  Through  the  use  of  the  Karman 

2 These  preliminary  estimates  were  made  by  summing  the  experimentally  determined  wave 
drag  of  the  hemispherical  nose  and  the  theoretical  pressure  drag  of  the  conical  afterbody,  as- 
suming that  the  pressure  on  the  surface  of  the  conical  afterbody  was  the  same  as  that  for  a 
sharp  cone  of  the  same  slope. 


1 Supersedes  NTACA  Research  Memorandum  A52U28  by  Edward  W.  Perkins  and  Lolaml  II.  Jorgensen,  1952,  and  Nf  AC  A Research  Memorandum  A52B13  by  Simon  C.  Sommer  and 

James  A.  Stark,  1952. 
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integral  equation  as  the  basis  for  these  derivations,  the 
apparently  unnecessary  yet  simplifying  assumption  of 
zero  slope  of  the  meridian  at  the  base  has  been  imposed. 
This  restriction  is  pointed  out  by  Ward  in  reference  5, 
wherein  he  shows  that  his  more  general  expression  for  wave 
drag  reduces  to  that  obtained  by  von  Karman  for  the  special 
case  of  a body  having  zero  slope  at  the  base.  In  a later 
paper  (ref.  6)  Ferrari  developed  a minimum  drag  nose  shape 
for  a given  length  and  diameter  which  has  a finite  slope  of 
the  meridian  at  the  base.  For  the  high  supersonic  Mach 
number  range,  minimum  drag  shapes  based  upon  Newton's 
law  of  resistance  have  been  derived  by  Eggers,  Resnikoff, 
and  Dennis  (ref.  7).  These  shapes  differ  appreciably  from 
comparable  optimum  shapes  for  low  supersonic  Mach 
numbers,  although  the  theoretical  optimum  shapes  in  both 
instances  have  blunt  noses  when  the  length  is  fixed  and  sharp 
noses  when  the  length  is  allowed  to  vary. 

Due  to  the  basic  assumptions  in.  the  derivation  of  the 
Karman  integral  equation,  it  may  be  expected  that  the 
shapes  resulting  from  the  use  of  this  equation  are  theoretically 
optimum  from  a minimum  drag  standpoint  only  for  large 
fineness  ratios  and  low  supersonic  Mach  numbers.  In  con- 
trast, the  shapes  resulting  from  the  Newtonian  theory  may 
be  expected  to,  be  optimum  only  at  high  supersonic  Mach 
numbers.  However,  for  low  fineness  ratio  shapes  at  moder- 
ate Mach  numbers,  it  is  impossible  to  say  a priori  which  of 
the  theoreticalty  optimum  shapes  will  have  the  lesser  wave 
drag,  or  in  fact  if  either  of  the  theories  is  capable  of  predicting 
the  least-drag  profile.  One  of  the  purposes  of  the  present 
investigation  is,  therefore,  to  compare  the  experimental 
drags  of  these  theoretically  optimum  shapes  and  of  other  more 
common  profiles  for  an  intermediate  fineness  ratio  over  a 
wide  Mach  number  range.  To  this  end  a series  of  fineness 
ratio  3 models  of  these  theoretically  optimum  shapes  have 
been  tested  in  the  Mach  number  range  from  1.24  to  3.67. 


The  experimental  investigation  was  conducted  in  three 
facilities,  the  Ames  1-  by  3 -foot  supersonic  wind  tunnels 
No.  1 and  No.  2,  and  the  Ames  supersonic  free-flight  wind 
tunnel.  The  two  1-  by  3-foot  wind  tunnels  are  conventional 
tunnels  which  are  equipped  with  flexible  top  and  bottom 
plates  for  varying  the  test  section  Mach  number. 

For  the  tests  in  the  supersonic  free-flight  tunnel  the  models 
were  launched  from  a smooth-bore  20mm  gun,  and  were 
supported  in  the  gun  by  plastic  sabots.  Separation  of  the 
model  from  the  sabot  was  achieved  by  a muzzle  constriction 
which  retarded  the  sabot  and  allowed  the  model  to  proceed 
in  free  flight  through  the  test  section  of  the  wind  tunnel. 
A more  detailed  description  of  this  facility  is  given  in  refer- 
ence 8. 

MODELS 

Sketches  of  the  models  tested,  including  dimensions,  speci- 
fied parameters,  and  defining  equations,  are  presented  in 
figure  1.  For  the  series  of  hemispherically  blunted  cones 
shown  in  figure  1(a)  the  length-to-diameter  ratio  of  3 is 
constant,  and  the  cone  angle  is  decreased  as  the  bluntness 
(ratio  of  hemisphere  diameter  to  base  diameter)  is  increased. 
For  the  series  in  figure  1(b)  the  base  diameter,  and  cone 
angle  are  constant,  and  the  length  decreases  with  increase  in 
bluntness. 


SYMBOLS 

A model  base  area,  sq  in. 

CD  total  drag  coefficient,  — ^ J*1 

CDf  foredrag  coefficient  based  on  base  area, 

total  drag — base  drag 
qA 

C'df  foredrag  coefficient  based  on  volume  to  the  | power, 

total  drag — base  drag 

qWz 

GDw  wave  drag  coefficient,  - — 

d hemisphere  diameter,  in. 

D model  base  diameter,  in. 


K similarity  parameter, 


L model  length,  in. 


M free-stream  Mach  number 

P pressure  coefficient,  — — — 

9 

Pt  pitot-pressure  coefficient.  — — - 

<L 

Pw  cone  pressure  coefficient,  — — — 

2 

Pi  local  static  pressure,  lb/sq  in. 

P free-stream  static  pressure,  lb/sq  in. 

Pt  pitot  total-head  pressure,  lb/sq  in. 
pu  cone  static  pressure,  lb/sq  in. 

q free-stream  dynamic  pressure,  ~ pM2f  lb/sq  in. 

v model  local  radius,  in. 

R model  base  radius,  in. 

Re  free-stream  Reynolds  number  based  on  body  length 

V model  volume,  cu  in. 

X axial  distance  from  the  nose,  in. 

a angle  of  attack,  deg 

7 ratio  of  specific  heats  of  air,  taken  as  1.40 

6 circumferential  angle  of  hemisphere  measured  from 

the  upstream  stagnation  point,  deg 

os  cone  half  angle,  deg 
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(a)  Hemisphere-cone  series  for  constant 

(b)  Hemisphere-cone  series  for  constant  cone  angle. 

Figure  1. — Model  profiles.  (Dimensions  are  in  inches.) 


The  family  of  fineness  ratio  3 models  defined  by  the  equa- 
tion r=  R(XIL)n  is  shown  in  figure  1(c).  For  length  and 
base  diameter  specified,  the  profiles  of  the  hypersonic  opti- 
mum (Newtonian)  nose  and  the  nose  developed  by  Ferrari 
(ref.  6)  can  both  be  very  closely  approximated  by  the  above 
equation  for  n=%.  (See  fig.  2.)  Since  the  %-power  nose  is 
a reasonable  approximation  to  these  theoretically  derived 
optimum  shapes,  it  alone  has  been  tested  and  is  referred  to 
throughout  the  report  as  the  hypersonic  optimum  nose. 

Fineness  ratio  3 models  of  the  minimum  drag  shapes  based 
upon  the  work  of  von  Kdrman  and  subsequently  Haack  are 
shown  in  figure  1(d).  For  any  two  specified  parameters 
such  as  length  and  diameter,  length  and  volume,  or  diameter 
and  volume,  these  are  the  theoretical  optimum  nose 
shapes  and  for  convenience  have  been  designated  as  the 
L-D . L-V , and  D-V  Haack  noses.  A similar  designation  has 
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Figure  1. — Continued. 

been  used  for  the  circular-arc  tangent  ogive  and  cone  shown 
in  figure  1(e).  The  L-V  ogive  has  the  same  length  and 
volume  as  the  L-V  Haack  model,  and  the  D-V  cone  has  the 
same  diameter  and  volume  as  the  D-V  Haack  model.  Also 
shown  in  figure  1 (e)  is  a fineness-ratio-3  ellipsoid. 

Except  for  the  pressure-distribution  models,  all  the  nose 
shapes  were  constructed  of  duralumin.  The  30-  and  50- 
percent  hemispherically  blunted  cone  pressure-distribution 
models  (models  4p  and  5p)  were  cast  of  tin  and  bismuth,  and 
the  hemisphere-cylinder  pressure-distribution  model  (model 
6p)  was  constructed  of  steel. 

TESTS 

Wind  tunnels  No.  1 and  No.  2.— The  total  drag  was  meas- 
ured by  means  of  a strain-gage  balance  located  in  the  model 
support  housing.  The  base  pressure  was  determined  through 
the  use  of  a liquid  manometer  connected  to  two  holes  in  the 
supporting  sting  at  the  base  of  the  model.  Experimental 
values  of  foredrag  were  then  taken  as  the  difference  between 
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Model  18 
Model  16 
WV-  Model  17 


(e) 

(e)  Other  profiles. 
Figure  1. — Concluded. 


0 .1  .2  .3  .4  .5  .6  .7  .8  .9  1.0 
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Figure  2. — Comparison  of  profiles  of  minimum  drag  noses  for 
given  length  and  base  diameter. 

the  measured  total  drag  and  base  pressure  drag.  Because 
of  the  operating  characteristics  of  the  tunnels,  it  was  not 
possible  to  maintain  a constant  Reynolds  number  throughout 
the  Mach  number  range  of  1.24  to  3.67 ; however,  an  attempt 
was  made  to  keep  the  Reynolds  number  constant  for  all 
models  at  each  Mach  number.  In  the  following  table  the 
average  Reynolds  number  (based  on  model  length)  and  its 
limit  of  variation  for  all  models  tested  at  each  Mach  number 
are  listed  : 

M ReX  10-6  Tunnel  No. 


1.24  2.  42  ±0.14  1 

1.44  1.17  ±0.01  1 

3.  14  ±0.  20 

1.  54  4.  10  ±0.  10  2 

1.  96  4.  14  ±0.  12  2 

1.99  2.  01  ±0.01  1 

2.86  4.  00  ±0.10  2 

3.06  4.  00  ±0.19  2 

3.67  3.  45  ±0.07  2 


The  pressure-distribution  tests  were  all  made  in  tunnel  No. 
2 at  Mach  numbers  of  1.5,  2,  3,  and  3.7  and  at  an  average 
Reynolds  number  of  about  4X106.  Pressure  distributions 
for  the  hemisphere-cone  pressure  models  (models  4p,  5p,  and 
Gp)  were  determined  through  the  use  of  a liquid  manometer 
system  connected  to  two  rows  of  orifices  along  the  models 
and  spaced  180°  apart.  The  models  were  rotated  and  a 


Moch  number,  M 

Figure  3. — Range  of  Mach  numbers  and  Reynolds  numbers  of 
tests  in  the  Ames  supersonic  free  flight  wind  tunnel. 


longitudinal  pressure  distribution  at  each  30°  increment  in 
circumferential  angle  was  obtained.  The  resulting  pressure 
coefficients  at  each  longitudinal  station  were  averaged  to 
obtain  the  values  presented. 

Free-fiight  wind  tunnel, — With  no  air  flow  through  the 
wind  tunnel,  Mach  numbers  varied  from  1.2  to  4.2,  depend- 
ing on  the  model  launching  velocity.  This  condition  is 
referred  to  as  “air  off.”  Reynolds  number  varied  linearly 
with  Mach  number  from  1.0X106  to  3.3 X 3 06,  as  shown  in 
figure  3.  With  air  flow  established  in  the  wind  tunnel, 
referred  to  as  “air  on,”  the  combined  velocities  of  the  model 
and  Mach  number  2 air  stream,  with  the  reduced  speed  of 
sound  in  the  test  section,  provided  test  Mach  numbers  from 
3.8  to  7.4.  In  this  region  of  testing,  Reynolds  number  was 
held  approximately  at  4X106  by  controlling  test-section 
static  pressure.  In  addition,  some  models  were  tested  at 
approximate  Reynolds  numbers  of  3 X 106  at  Mach  number  6. 

Drag  coefficient  was  obtained  b}^  recording  the  time- 
distance  history  of  the  flight  of  the  model  with  the  aid  of  a 
chronograph  and  four  shadowgraph  stations  at  5-foot  inter- 
vals along  the  test  section.  From  these  data,  deceleration 
was  computed  and  converted  to  drag  coefficient.  This 
report  includes  only  the  data  from  models  which  had  maxi- 
mum observed  angles  of  attack  of  less  than  3°,  since  larger 
angles  measurably  increased  the  drag. 
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ANALYSIS  OF  DATA 

REDUCTION  OP  DATA 

All  the  experimental  data  have  been  reduced  to  coefficient 
form  and  t-lie  data  from  wind  tunnels  Nos.  1 and  2 have  been 
corrected  for  the  effects  of  the  small  nonuniformities  in  the 
wind-tunnel  flow.  The  free-stream  static-pressure  variations 
in  the  model-free  tunnel  have  been  applied  as  corrections  to 
the  drag  and  pressure-distribution  data  by  simple  linear 
superposition.  Corrections  due  to  the  effects  of  stream- 
angle  variation  were  well  within  the  limits  of  accuracy  of  the 
data  and  have  therefore  been  neglected.  No  corrections 
were  necessary  for  the  data  obtained  in  the  free-flight  tunnel. 

PRECISION 

The  uncertainty  of  the  experimental  data  from  tunnels 
No.  1 and  No.  2 was  calculated  by  considering  the  possible 
errors  in  the  individual  measurements  which  entered  into 
the  determination  of  the  stream  characteristics,  pressure  dis- 
tributions, and  drag.  The  final  uncertainty  in  a quantity 
was  taken  as  the  square  root  of  the  sum  of  the  squares  of  the 
possible  errors  in  the  individual  measurements.  The 
resulting  uncertainties  in  the  final  quantities  are  as  follows; 

Quantity  Uncertainty 
P ±0.004 

CDp  ±0.004 

a*  ±0.  15° 

The  variation  of  the  free-stream  Mach  number  over  the 
length  of  each  model  tested  was  less  than  ±0.01  for  all 
test  Mach  numbers.  The  uncertainty  in  the  Mach  number 
at  a given  point  in  the  stream  is  ±0.003. 

The  magnitude  of  the  calculated  uncertainty  in  the  drag 
coefficient  appears  rather  large  relative  to  the  observed 
scatter  of  the  data.  Drag  coefficients  for  repeated  tests 
generally  agreed  within  ±0.002.  It  is  therefore  believed 
that  the  drags  of  models  relative  to  one  another  are  suffi- 
ciently accurate  for  comparative  purposes,  although  the 
absolute  magnitudes  of  the  drag  coefficients  for  the  models 
at  a particular  Mach  number  may  be  in  error  by  the  magni- 
tude of  the  uncertainty. 

Since  there  are  no  known  systematic  errors  in  the  data 
from  the  free-flight  tunnel,  the  accuracy  of  the  results  is 
indicated  by  the  repeatability  of  the  data.  Examination  of 
these  data  shows  that  repeat  firings  of  similar  models  under 
almost  identical  conditions  of  Reynolds  number  and  Mach 
number  yielded  results  for  which  the  average  deviation  from 
the  faired  curve  was  1 percent  and  the  maximum  deviation 
was  4 percent. 

THEORETICAL  CONSIDERATIONS 

WAVE  DRAG 

With  the  exception  of  some  of  the  very  bluntest  models 
(models  11,  12,  and  18)  the  wave  drag  of  each  model  was 
either  calculated  by  theoretical  methods  or  was  estimated 
from  existing  experimental  results.  Values  for  the  wave 
drag  of  the  cone  and  the  tangent  ogive  were  obtained  from 
the  exact  Taylor-Maccoll  theory  (refs.  9 and  10)  and  the 
method  of  characteristics  (ref.  11),  respectively.'  For  the 
theoretical  optimum  nose  shapes  the  second-order  theory  of 
Van  Dyke  was  used.  The  exact  procedure  employed  in 


using  the  second-order  theory  was  that  given  in  reference  12, 
in  which  the  approximate  boundary  conditions  at  the  body 
surface  are  used  in  the  calculation  of  the  perturbation 
velocities,  and  the  exact  pressure  relation  is  used  to  evaluate 
the  pressure  coefficients.3  The  method  presented  therein  is 
strictly  applicable  to  sharp-nosed  bodies  of  revolution  at 
Mach  numbers  less  than  that  at  which  the  Mach  cone  be- 
comes tangent  to  the  model  vertex.  Since  the  theoretical 
optimum  nose  shapes  for  which  the  length  is  fixed  (models 
10,  13,  and  14)  have  infinite  slopes  at  their  vertices  (yet 
may  be  considered  sharp  for  most  practical  purposes),  an 
approximation  to  the  shape  at  the  vertex  was  made  to 
enable  use  of  the  theory.  The  blunt  tip  was  replaced  by  a 
short  conical  section  tangent  to  the  original  contour.  The 
cone  angle,  and  hence  the  point  of  tangency,  was  selected  so 
that  the  cone  half-angle  did  not  exceed  94  percent  of  the 
Mach  angle.  In  the  subsequent  integrations  for  the  wave 
drag  from  the  resulting  pressure  distributions,  the  data  were 
plotted  as  rP  versus  r so  that  the  curves  could  be  smoothly 
faired  through  the  origin. 

A simple  method  of  estimating  the  wave  drag  of  the  liemi- 
spherically7  blunted  conical  noses  has  been  suggested.  It  has 
been  proposed  that  the  wave  drag  of  the  hemispherical  tip, 
which  could  be  obtained  from  existing  experimental  data,  be 
added  to  the  pressure  drag  of  the  conical  portion  of  the  nose, 
based  upon  the  assumption  that  the  pressure  on  the  conical 
surface  would  be  the  same  as  on  a pointed  cone  of  the  same 
slope.  Hence,  the  pressure  drag  of  the  conical  portion  of 
the  nose  could  be  obtained  by  exact  theory. 

The  following  empirical  expression,  based  upon  certain  of 
the  experimental  results,  is  suggested  for  calculating  the  wave 
drag  of  the  hemispherical  tip  for  Macli  numbers  of  2 and 
greater: 

CDw=^f^  (1) 

where  Pt  is  the  pitot-pressure  coefficient  at  the  tip  of  the 
hemisphere  which  may  be  calculated  with  the  aid  of  Ray- 
leigh's equation.  This  expression  was  obtained  from  the  re- 
sults of  the  pressure-distribution  tests,  and  its  derivation  is 
discussed  in  more  detail  in  the  section  of  the  report  which  is 
concerned  with  the  pressure-distribution  tests.  When  this 
expression  is  used  for  the  wave  drag  coefficient  of  the  hemi- 
spherical portion,  the  expression  for  the  wave  drag  coefficient 
of  the  complete  model  for  Mach  numbers  of  2 and  greater 
becomes 

cDw=(^y(^^-pu)+i\  (2) 

where  Pw  is  the  surface  pressure  coefficient  or  pressure  drag 
coefficient  (refs.  9 or  10)  for  a cone  of  half  apex  angle  w at  the 
free-stream  Mach  number.  An  approximate  expression  for 
cj  which  is  sufficiently  accurate  for  the  drag  estimates  is 

co  s tail-1  [2  (i/z?/—  (i/z>)  ] (3) 

FOREDRAG 

Values  of  the  foredrag  have  been  calculated  by  the  addition 
of  the  estimated  or  theoretical  wave  drag  and  the  theoretical 


3 In  the  application  of  this  method  a first-order  solution  is  necessarily  obtained. 


Pressure  coefficient,  P Pressure  coefficient, 
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Figure  4. — Longitudinal  distribution  of  pressure  coefficient  for 
hemisphere-cones  at  0°  angle  of  attack. 


Pitot-tube  pressure  coefficient 

Incompressible  potential  t heory,  P=  1-2  2 5 sin2  6 

Newtonian  theory,  P-2cos28,  ref.  15 


Figure  4. — Concluded. 


skin-friction  drag.  Since  the  skin-friction  drag  for  laminar- 
boundary-layer  flow  contributes  so  little  to  the  foredrag,  the 
inclusion  of  the  small  effects  of  body  shape  and  compressi- 
bility on  the  skin-friction  drag  was  not  considered  justified. 
Therefore,  the  laminar-skin-friction  drag  coefficients  were  cal- 
culated by  the  Blasius  formula  for  flat-plate  incompressible 
boundary-layer  flow  (ref.  13).  For  the  estimates  of  the  skin- 
friction  drag  for  turbulent-boundary-layer  flow,  the  body 
shape  effects  were  neglected,  but  the  effect  of  compressibility 
was  evaluated  by  means  of  the  interpolation  formula  of  ref- 
erence 14  which  is  based  upon  an  extended  Frankl  and 
Voishcl  analysis. 

RESULTS  AND  DISCUSSION 

HEMISPHERICALLY  BLUNTED  CONES 

Pressure  distributions. — The  pressure-distribution  data 
obtained  for  models  4p,  5p,  and  6p  at  Mach  numbers 
between  1.5  and  3.8  are  shown  in  figure  4.  The  data  are 
referred  to  the  free-stream  Mach  number  ahead  of  the 
normal  shock  wave  at  the  nose  of  each  model.  Although 
these  Mach  numbers  were  approximately  the  same  for  each 
model,  they  differed  sliglitty  because  of  the  differences  in 
positions  of  the  models  within  the  test  section.  For  each 
of  the  models,  the  pressure  coefficient  at  the  nose  agrees 
with  the  pitot-pressure  coefficient  calculated  by  Rayleigh's 
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equation  and  shown  for  comparison  by  the  dashed  lines. 
For  models  4p  and  5p  at  Mach  numbers  1.97  and  1.5  (figs.  4 
(a)  and  4(b))  the  rapid  expansion  of  the  flow  over  the 
hemispherical  tip  is  followed  by  a recompression  over  the 
forward  part  of  the  conical  portion  of  the  nose.  The 
pressure  on  the  conical  surface  recovers  to,  or  almost  to, 
the  theoretical  value  of  the  pressure  coefficient  for  a sharp- 
nosed cone  of  the  same  slope.  For  a Mach  number  of  3.1, 
the  expanding  flow  on  the  hemisphere  does  not  reach  a 
lower  pressure  than  the  theoretical  surface  pressure  for  a 
cone  of  the  same  slope  as  the  conical  afterbody,  and  it  is 
found  that  the  pressure  is  constant  over  most  of  the  conical 
portion  of  the  nose.  From  these  data  it  appears  that  the 
assumption  made  in  the  drag  estimates,  namely,  that  the 
pressure  over  the  conical  portion  of  the  nose  is  constant  and 
equal  to  the  theoretical  value  for  a sharp-nosed  cone  of  the 
same  slope,  is  essentiafly  correct  for  free-stream  Mach 
numbers  of  3 and  greater.  For  Mach  numbers  less  than  3 
the  average  pressure  over  the  conical  section  is  less  than 
that  assumed  in  the  estimates,  and  hence  the  estimated 
drag  contribution  from  this  part  of  the  nose  will  be  too  high. 

A more  detailed  study  of  the  pressure  distribution  over 
the  hemispherical  portion  of  this  type  body  is  available 
from  the  data  of  figure  4(c).  For  comparison  with  these 
experimental  data,  the  theoretical  incompressible  distri- 
bution (onl3T  part  of  which  is  shown  for  simplicity)  and  the 
distribution  predicted  by  Newtonian  theory  (ref.  15)  are 
shown.  It  is  apparent  that  as  the  Mach  number  is  increased 
the  pressure  distribution  approaches  that  predicted  by 
Newtonian  theory.  In  spite  of  this  trend,  it  is  evident 
that  the  distribution  would  never  agree  exactly  with  the 
Newtonian  because  the  peak  pressure  coefficient  at  the  nose 
would  be  somewhat  less  than  the  Newtonian  value  of  2. 
An  additional  factor  which  has  been  neglected  in  the  New- 
tonian theory  is  the  effect  of  centrifugal  forces  which, 
although  negligible  for  the  lower  Mach  numbers,  would  tend 
to  reduce  the  theoretical  pressure  coefficients  over  the  hemi- 
sphere in  the  high  Mach  number  range. 

The  study  of  the  comparisons  of  the  experimental  pressure 
distributions  for  the  hemisphere  with  that  predicted  by 
Newtonian  theory  (fig.  4(c))  indicates  that  an  empirical 
expression  for  the  pressure  distribution,  which  yields  reason- 
ably accurate  values  of  the  wave  drag,  may  be  written.  The 
development  of  the  expression  is  based  upon  two  experi- 
mental results:  First,  the  pressure  at  the  tip  of  the  hemi- 
sphere is  the  stagnation  pressure  and  may  be  calculated 
exactly  from  the  Rayleigh  equation.  Second,  at  the  high 
Mach  numbers  the  subsequent  expansion  of  the  flow  is 
similar  to  that  predicted  by  Newtonian  theory,  and  the 
local  pressure  differs  from  the  Newtonian  value  by  an 
amount  which  varies  approximately  as  the  cosine  of  the 
angle  0 . Based  upon  these  observations  the  following 
empirical  expression  for  the  pressure  distribution  on  a 
hemisphere  may  be  written : 


P= 2 cos2  6—(2—Pt)  cos  0 (4) 

where  Pt  is  the  pitot-pressure  coefficient  at  the  stagnation 
point  on  the  hemisphere.  The  expression  predicts  a pres- 
sure coefficient  that  is  exact  at  0=0  and  agrees  with  the 


Newtonian  value  of  P=0  at  0=90°.  It  is  apparent  from 
the  data  of  figure  4(c)  that,  although  the  resulting  pressure 
distribution  will  closely  approximate  the  experimental  dis- 
tribution at  high  Mach  numbers,  the  predicted  pressures 
near  0=90°  will  be  considerably  in  error  for  lower  Mach 
numbers.  However,  this  should  not  result  in  a serious 
error  in  the  pressure  drag,  since  the  surface  slope  is  small  in 
this  region,  and  thus  the  resulting  drag  contribution  is  also 
small.  A simple  expression  for  the  wave  drag  coefficient 
of  the  hemisphere  results  from  this  empirical  equation  for 
the  pressure  distribution.  Thus,  based  upon  the  maximum 
cross-section  area, 

n 1 

° »w 3 (!) 

Values  computed  from  this  equation  are  compared  in  figure 
5 with  estimates  of  the  wave  drag  from  total  drag  measure- 
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Figure  5. — Variation  of  wave  drag  coefficient  with. Mach  number  for 

a hemisphere. 


ments  (refs.  16  and  17)  and  with  the  experimental  pressure 
drag  determined  from  the  pressure  distributions  of  figure 
4.  For  Mach  numbers  between  2 and  8 the  agreement  is 
excellent.  As  would  be  expected  from  the  pressure-dis- 
tribution results,  the  values  from  the  empirical  expression 
are  too  large  in  the  lower  Mach  number  range. 

From  these  data  it  appears  that  for  the  estimates  of  the 
wave  drag  of  the  hemispherical^  blunted  cones,  the  con- 
tribution of  the  hemispherical  tip  to  the  total  wave  drag  at 
Mach  numbers  of  2 and  greater  may  be  calculated  accurately 
with  the  proposed  empirical  expression. 

Flow  field. — The  recompression  of  the  flow  oyer  the  up- 
stream portion  of  the  conical  afterbody,  which  was  noted 
previously  in  the  discussion  of  the  pressure  distributions,,  is 
associated  with  the  appearance,  a short  distance  downstream 
from  the  bow  wave,  of  an  approximately  conical  shock 
wave  in  the  flow  field.  The  schlieren  pictures  for  model  5 
(fig.  6)  are  typical  for  all  the  hemispherieally  blunted  cone? 
(models  1 through  5)  throughout  the  Mach  number  range 
These  pictures  show  that  the  intensity  of  the  wave  decreases 
with  increasing  Mach  number.  At  Mach  number  3.06  the 
wave  is  no  longer  evident  within  the  bounds  of  the  schlieren 
field.  The  decrease  in  intensity  of  the  wave  is  in  accord 
with  the  changes  found  in  the  pressure  distribution  data. 


fUff* 


1238 


REPORT  1386 — NATIONAL  ADVISORY  COMMITTEE  FOR  AERONAUTICS 


(c)  M=1 .96 

Figure  6. — Schlieren  pictures  for  50-percent  hemispherically  blunted 
cone,  model  5,  at  various  Mach  numbers. 


(e)  M =3.67 
Figure  6. — Concluded. 


(See  fig.  4.)  At  first  glance  it  might  appear  that  this  wave 
could  be  associated  with  a region  of  separated  flow  on  the 
hemispherical  tip,  with  subsequent  reattachment  accom- 
panied by  a shock  wave.  However,  the  schlieren  pictures 
show  no  evidence  of  flow  separation.  Additionally,  it  is 
apparent  from  the  schlieren  pictures  that  this  shock  wave 
does  not  extend  from  the  outer  flow  down  to  the  body 
surface  but  appears  to  be  diffused  near  the  surface.  These 
observations  lead  to  the  speculation  that  the  origin  of  the 
wave  must  be  associated  with  the  transonic  or  mixed  type 
of  flow  which  occurs  in  the  vicinity  of  the  nose  of  the  body. 

The  mechanism  by  which  the  compression  wave  is  formed 
may  be  much  the  same  as  that  discussed  in  reference  18  for 
the  two-dimensional  flow  around  a sharp-nosed  double- 
wedge airfoil  section  with  detached  bow  wave.  It  is  believed 
that  the  wave  results  from  a coalescence  of  weak  compres- 
sion waves  reflected  from  the  body  surface.  (The  existence 
of  the  compression  region  is  confirmed  by  the  pressure- 
distribution  data.)  These  waves  apparently  originate  as 
expansion  waves  from  the  body  surface  downstream  from 
the  sonic  point.  As  indicated  in  the  sketch,  these  expansion 
waves  which  travel  along  characteristic  lines  are  reflected 
from  the  sonic  line  and  the  bow  wave  as  compression  waves 
which  are  in  turn  reflected  from  the  body  surface.  The 
reflection  of  these  wavelets  from  the  body  surface  occurs  in 
such  a manner  that  they  coalesce  to  form  a shock  wave. 

The  dependence  of  this  phenomenon  on  both  the  free- 
stream  Mach  number  and  the  inclination  of  the  body  surface 
just  downstream  of  the  point  of  tangency  of  the  hemisphere 
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with  the  afterbody  is  demonstrated  by  the  following  obser- 
vations. For  the  hemispherically  blunted  cones,  neither 
the  shock  wave  nor  the  region  of  recompression  on  the 
body  surface  was  found  for  Mach  numbers  above  3.06. 
The  disappearance  of  this  shock  wave  and  region  of  com- 
pression results  from  the  combination  of  the  movement  of 
the  bow  wave  closer  to  the  body  surface  and  the  small  up- 
stream movement  of  the  sonic  point  with  increasing  Mach 
number.  These  changes  reduce  the  extent  of  the  mixed 
flow  region  so  that  for  Mach  numbers  above  approximately 
3 most  of  the  compression  wavelets  reflected  from  the 
sonic  line  and  bow  wave  are  incident  upon  the  body  surface 
iu  the  expansion  region  between  the  sonic  point  and  the 
point  of  tangencv  of  the  hemisphere  with  the  afterbody  and 
hence  are  canceled.  The  importance  of  the  inclination  of 
the  body  surface  in  the  region  of  the  reflections  is  indicated 
by  the  fact  that,  although  the  pressure-distribution  data 
for  model  6p  (fig.  4(c))  show  that  at  the  lowest  test  Mach 
number  there  exists  a region  of  recompression  just  down- 
stream from  the  juncture  of  the  hemisphere  and  cylindrical 
afterbody,  the  magnitude  of  the  recompression  is  very  small 
and  does  not  result  in  a secondary  shock  wave  that  can  be 
detected  in  the  schlieren  pictures. 

Drag. — The  variation  of  drag  coefficient  with  Mach  num- 
ber for  the  hemispherically  blunted  cones  of  fineness  ratio  3 
(models  1 through  5)  are  presented  in  figure  7.  Because  of 
the’  differences  in  test  technique,  the  data  from  the  wind 
tunnels  and  from  the  free-fliglit  facility  are  presented  sepa- 
rately. Since  the  models  vary  progressively  from  the  sharp- 
nosed cone  to  the  very  blunt  model  with  the  large  hemi- 
spherical tip  (d/D— 0.5),  the  variation  of  the  foredrag  coeffi- 
cient with  Mach  number  (fig.  7(a))  changes  progressively 
from  the  familiar  variation  for  a cone  (foredrag  coefficient 
decreases  with  increasing  Mach  number)  to  the  variation 
characteristic  of  a hemisphere  (fig.  5).  Variation  with 
Mach  number  of  the  total  drag  coefficient  (fig.  7(b))4  is 

4 No  attempt  has  been  made  to  join  the  air-off  data  and  air-on  data  because  of  the  dif- 
ferences in  Reynolds  number,  recovery  temperature,  and  stream  turbulence, 


similar  for  all  models  in  that  the  drag  coefficient  continually 
decreased  with  increasing  Mach  number. 

The  data  from  figure  7(a)  are  replotted  in  figure  8 to 
show  the  variation  of  foredrag  with  nose  bluntness  at  con- 
stant Mach  numbers  and  provide  comparisons  with  the 
estimated  foredrag  characteristics.  For  this  series  of  fine- 
ness ratio  3 noses,  a small  saving  in  foredrag  may  be  achieved 
through  the  use  of  a hemispherically  blunted  cone  in  place 
of  a sharp  cone  of  the  same  fineness  ratio.  Perhaps  more 
important  is  the  fact  that  a relatively  large  increase  in 
volume  over  that  of  a sharp  nosed  cone  may  be  realized 
without  incurring  any  increase  in  foredrag.  An  additional 
factor  to  be  considered  is  that  the  hemispherical  nose  pro- 
vides an  ideal  housing  for  search  radar  gear.  These  data 
show  that  with  increasing  Mach  number  there  is  a decrease 
in  both  the  degree  of  blunting  which  results  in  minimum 
foredrag  as  well  as  the  maximum  blunting  allowable  such 
that  the  foredrag  is  not  greater  than  that  of  the  sharp-nosed 
cone.  These  results  are  in  essential  agreement  with  the 
preliminary  foredrag  estimates. 

Although  the  results  (fig.  8)  show  that  for  this  fineness 
ratio  3 series  of  models  there  is  some  drag  reduction  with 
increase  in  bluntness,  the  magnitude  of  the  possible  drag 
reduction  which  is  obtainable  by  this  method  of  blunting 
decreases  rapidly  with  increasing  fineness  ratio.  In  fact, 
there  appears  to  be  an  upper  limit  to  the  fineness  ratio  for 
which  this  type  of  blunting  will  yield  any  drag  reduction. 
Some  indications  of  the  magnitude  of  this  limiting  fineness 
ratio  which  varies  with  Mach  number  have  been  obtained 
by  comparing  the  variation  with  fineness  ratio  of  the  esti- 
mated wave  drag  of  the  d/D=  0.075  model  with  that  of  a 
cone  of  the  same  fineness  ratio  at  Mach  numbers  of  2 and  3. 
These  results  (fig.  9)  indicate  that  the  wave  drag  of  the  cone 
is.  less  than  that  of  this  moderately  blunt  model  for  length- 
to-diameter  ratios  in  excess  of  approximately  5.4  and  5.0 
at  Mach  numbers  of  2 and  3,  respectively.  These  results 
also  show  that  the  range  of  nose  fineness  ratios  for  which 
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Mach  number,  M 

(a)  Wind  tunnel  results. 

(b)  Free-flight  results. 

Figure  7. — Variation  of  drag  coefficient  with  Mach  number  for 
hemisphere-cone  series,  constant  -^=3. 

this  type  of  blunting  would  be  advantageous  decreases  with 
increasing  Mach  numbers. 

It  should  also  be  pointed  out  that  the  drag  penalty  asso- 
ciated with  the  use  of  excessive  blunting  increases  rapidly 
with  increasing  fineness  ratio.  At  a Mach  number  of  about 
3.1  the  data  of  the  present  report  (fig.  8)  indicate  that  the 
foredrag  coefficient  of  a 20-percent  blunt  cone  is  about  0.01 
greater  than  that  of  the  sharp-nosed  cone  of  the  same  fine- 
ness ratio.  This  increment  represents  approximately  a 12- 
percent  increase  in  foredrag  and  may  be  compared  with  the 
data  of  reference  19,  wherein  it  is  shown  that  the  same 
degree  of  blunting  for  a fineness  ratio  8 body  results  in  an 
increment  in  wave  drag  coefficient  of  0.053,  corresponding 
to  an  increase  in  pressure  drag  of  more  than  300  percent. 

The  estimated  wave  drag  coefficients  for  the  d/D=0.30 


Experiment 
o Foredrag 

□ Wave  drag  (press,  distr.  models) 


Estimate 
Wave  drag 

Foredrag  (estimated  wave  drag 

+ Blasius'  laminar  skin  friction) 

Flagged  symbols 
denote  Re-  1.17x1 0s 


Figure  8. — Variation  of  foredrag  coefficient  with  bluntness  for 
hemisphere-cone  series,  constant  — =3. 


2 3 4 5 6 7 


Fineness  ratio,  L/D 

Figure  9. — Comparison  of  the  estimated  wave  drag  variation  with 
fineness  ratio  for  a sharp-pointed  cone  and  a 7.5-percent  hemispheri- 
cally  blunted  cone  at  Mach  numbers  2 and  3. 
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and  0.50  models  at  Mach  numbers  of  3.06  and  1.96  are  in 
very  good  agreement  with  the  wave  drag  determined  from 
the  pressure  distribution  models  (see  fig.  8).  Similarly  the 
agreement  between  the  experimental  foredrag  and  the  esti- 
mated foredrag  based  upon  the  estimated  wave  drag  plus 
laminar  incompressible  skin-friction  drag  is  very  good  for 
Mach  numbers  1.96,  3.06,  and  3.67.  For  the  tests  at  these 
Mach  numbers  the  schlieren  pictures  taken  during  the  tests 
indicated  that  the  boundary  layer  was  complete^7  laminar 
over  each  of  the  models.  An  interesting  effect  of  body  shape 
upon  boundary-layer  transition  is  indicated  by  the  results 
of  the  tests  at  M=  1 .44  and  1 .24.  From  the  schlieren  pictures 
and  the  foredrag  data  it  was  evident  that  turbulent  bound- 
ary-layer flow  existed  on  part  of  the  conical  afterbodies  of 
the  djD— 0.30  and  d/D= 0.50  bodies  for  the  higher  Reynolds 
number  at  A/=1.44  and  1.24.  In  contrast,  the  boundary- 
layer  flow  was  laminar  over  the  entire  surface  of  the  cone 
for  the  identical  test  conditions.  It  is  believed  that  the 
difference  between  the  results  for  the  cone  and  the  blunt 
bodies  results  largely  from  the  effects  of  the  differences  in 
body  pressure  distributions.  For  the  cone  the  pressure  is 
constant  along  the  surface  and  therefore  neutral  insofar  as 
its  effect  on  the  boundary-layer  flow  is  concerned.  For  both 
the  blunt  bodies  at  the  low  Mach  numbers,  the  pressure 
gradient  in  the  streamwise  direction  is  positive  just  down- 
stream from  the  point  of  tangency  of  the  nose  with  the 
conical  section  (see  fig.  4)  and  hence  tends  to  thicken  the 
boundary  layer  and  promote  transition.  Both  the  schlieren 
pictures  and  the  force  measurements  indicate  that  for  the 
high  Reynolds  numbers  the  boundary  layer  is  turbulent  over 
a much  greater  portion  of  the  surface  of  the  blunter  of  the 
two  bodies.  This  result  is  in  agreement  with  what  might  be 
expected  on  the  basis  of  the  differences  in  the  pressure  distri- 
butions for  the  two  models.  Although  the  adverse  gradients 
for  both  the  djD— 0.30  and  d/D= 0.50  models  start  at  essen- 
tiall}7  the  same  longitudinal  station  along  the  models,  and 
initially  are  of  approximately  equal  magnitude,  the  adverse 
gradient  for  the  blunter  model,  d/D= 0.50,  extends  over 
most  of  the  conical  section  of  the  model;  whereas  the  gradient 
for  the  d/D= 0.30  model  is  neutral  over  most  of  the  conical 
section.  Hence,  it  appears  reasonable  to  expect  a lower 
Reynolds  number  of  transition  for  the  blunter  of  the  two 
models. 

For  the  d/D= 0.30  and  djD— 0.50  models  at  Mach  numbers 
of  1.24  and  1.44,  equation  (2)  yields  values  of  the  wave  drag 
alone  which  are  even  greater  than  the  measured  foredrags 
at  the  lower  Reynolds  numbers.  This  discrepancy  is  attrib- 
uted to  the  fact  that  at  these  Mach  numbers  the  empirical 
expression  includes  too  large  a value  for  the  wave  drag  of 
the  hemispherical  portion  of  these  models.  (See  fig.  5.) 
Hence,  for  the  foredrag  estimates  shown  in  figure  8 for 
Mach  numbers  1.24  and  1.44,  the  lower  values  of  the  wave 
drag  of  the  hemispherical  portion  of  the  models  obtained 
from  experiment  (fig.  5)  were  used.  For  all  other  Mach 
numbers  the  empirical  expression  (eq.  (2))  was  used.  The 
estimated  foredrag  results  obtained  are  in  fair  agreement 
with  the  experimental  data. 

As  previously  discussed,  preliminary  estimates  and  experi- 
ment have  both  shown  that  a small  saving  in  foredrag  may 


be  achieved  through  the  use  of  a hemispherically  blunted 
cone  in  place  of  a sharp  cone  of  the  same  fineness  ratio. 
Although  this  type  of  blunting  can  be  beneficial,  preliminary 
estimates  have  also  indicated  that  no  drag  reduction  can  be 
achieved  by  simpl}7  replacing  the  sharp  nose  of  a given  cone 
with  a hemispherical  tip.  In  this  case  the  cone  angle  is  not 
reduced,  since  the  length  of  the  model  is  reduced  instead. 
In  order  to  verify  these  results,  tests  have  been  made  at 
Mach  numbers  1.44  and  1.99  for  a series  of  hemispherically 
blunted  cones,  formed  by  progressiveh7  blunting  an  L/D=  3 
cone.  Both  the  experimental  foredrag  results  and  the  esti- 
mated values  of  foredrag  are  plotted  in  figure  10.  It  is  evi- 
dent from  the  figure  that  there  is  good  agreement  between 
experiment  and  theory,  and  that,  as  expected,  there  is  no 
drag  reduction  due  to  mer.e  blunting  of  the  parent  cone. 

THEORETICAL  MINIMUM  DRAG  NOSE  SHAPES 

Comparison  of  experimental  and  theoretical  foredrag. — 

Comparisons  of  the  experimental  and  theoretical  foredrag 
variations  with  Mach  number  for  the  theoretical  minimum 
drag  noses,  the  L/D—3  cone  and  the  L-V  ogive,  are  shown 
in  figure  11.  The  theoretical  drag  calculations  have  been 

Experiment 
o Foredrog 

Estimate 

Wave  drag 

Foredrag  (estimated  wave  drag 

+ Blasius’  laminar  skin  friction) 


Figure  10. — Variation  of  foredrag  coefficient  with  bluntness  for  hemi- 
sphere-cone series,  constant  cone  angle  = 18°56'. 
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Exact,  ref.  9 
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Second  order,  ref.  12 
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Wave  drag  + laminar  skin  friction  by  ref.  13 

Wave  drag  + turbulent  skin  friction  by  ref.  14 


(d) 

Mach  number,  M 

L 

(a)  Model  No.  1,  cone,  77=3. 


(b)  Model  No.  16,  L-V  Ogive,  yr— 2.93, 


(c)  Model  No.  13,  L-D  Haack,  yr=3. 


Mach  number,  M 

(d)  Model  No.  14,  L-V  Haack,  j 

(e)  Model  No.  15,  D-V  Haack,- 

(f)  Model  No.  10,  Hypersonic  Opt. 


Figure  11. — Comparison  of  experimental  and  theoretical  foredrag  for  various  models. 
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limited  in  most  cases  to  a smaller  Mach  number  range  than 
that  for  which  experimental  results  are  available.  For 
Mach  numbers  less  than  1.4  or  greater  than  about  3,  the 
conical  tip  approximations  to  the  true  body  shapes  which 
would  have  been  necessary  for  application  of  the  perturba- 
tion theory  to  the  minimum  drag  shapes  were  considered 
unreasonably  large;  hence,  the  second-order  theoretical 
results  were  limited  to  Mach  numbers  between  1.4  and  3. 
In  fact,  for  the  L-V  Haack  nose  the  theoretical  calculations 
were  limited  to  Mach  number  2.4,  as  an  excessive  amount 
of  conical  tip  modification  would  be  necessary  for  the  theory 
to  be  applicable  at  higher  Mach  numbers.  Theoretical  esti- 
mates of  the  foredrag  have  been  made  by  the  addition  of 
flat-plate  skin-friction  values  to  the  computed  wave  drag, 
the  skin  friction  being  calculated  for  a Reynolds  number  of 
4X106.  Although  some  of  the  experimental  data  were 
taken  at  lower  Reynolds  numbers  (between  2X106  and 
4X106),  the  error  introduced  by  calculation  of  the  skin 
friction  at  one  Reynolds  number  is  small  and  certainly  well 
within  the  accuracy  of  the  experimental  results.  Either 
completely  laminar  (ref.  13)  or  completely  turbulent  (ref. 
14)  skin-friction  drag  lias  been  assumed,  although  the 
schlieren  pictures  indicated  that  for  the  tests  at  Mach  num- 
bers of  3.06  and  3.67  boundary-layer  transition  occurred  on 
some  of  the  models. 

A comparison  of  the  experimental  and  theoretical  foredrag 
for  the  L/D— 3 cone  has  been  included  in  figure  11,  since 
such  a comparison  indicates  how  well  the  skin-friction  drag 
may  be  calculated  and  also  provides  an  indication  of  the 
accuracy  of  the  other  experimental  results.  For  the  Rey- 
nolds numbers  of  this  investigation,  schlieren  observations 
indicated^  laminar-boundary-layer  flow  on  the  cone  at  all 
Mach  numbers.  The  foredrag  of  the  cone  was  closely  esti- 
mated by  the  addition  of  the  exact  Taylor-Maccoll  wave 
drag  and  Blasius'  incompressible  laminar  skin  friction.5 

In  general,  good  agreement  between  the  experimental  and 
theoretical  foredrag  for  laminar-boundary-layer  flow  was 
obtained  for  most  of  the  models  at  Mach  numbers  of  1.4 
and  2.0.  Nevertheless,  at  Mach  number  2 the  foredrag  of 
the  L-D  and  L-V  Haack  shapes  are  overestimated  by  about 
the  magnitude  of  the  theoretical  laminar-skin-friction  drag. 
For  a Mach  number  of  3 the  foredrag  of  the  cone  and  the 
foredrag  of  the  L-D  Haack  shape  are  in  good  agreement  with 
the  theory  for  laminar-boundary-layer  flow.  However,  the 
comparisons  indicate  that  the  boundary-layer  flow  for  the 
L-V  ogive,  the  D-V  Haack  shape,  and  the  hypersonic 
optimum  shape  were  at  least  partially  turbulent  at  this 
Mach  number.  At  the  maximum  Mach  number  (M=3.67) 
the  experimental  foredrag  of  the  L-V  ogive  exceeds  even  the 
theoretical  value  for  completely  turbulent  boundary-layer 
flow.  This  same  result  is  also  inferred  from  the  comparison 
for  the  D-V  model.  It  is  not  clear  which  part  of  the  theoreti- 
cal, foredrag  is  at  fault,  that  is,  the  wave  drag  or  the  skin- 
friction  drag.  However,  it  appears  most  likely  that  the 
theoretical-skin-friction  drag  is  too  small,  since  considerable 

» The  Handtzcho  and  Wendt  transformation  of  laminar-boundary-laycr  skin-friction  drag 
of  a flat  plate  to  that  of  a cone  was  neglected  since  its  inclusion  would  have  increased  the 
foredrag  by  only  1 percent. 


confidence  may  be  placed  in  the  wave  drag  value,  particularly 
for  the  L-V  ogive.6 

The  data  also  show  that  for  these  particular  body  shapes, 
the  first-order  theory  yields  acceptable  values  of  wave  drag 
for  Macli  numbers  close  to  1.4  only.  At  the  higher  Mach 
numbers,  the  first-order  theory  yields  results  which  are  too 
low. 

Although  slender-body  theory  has  sometimes  been  used 
to  calculate  the  wave  drag  of  shapes  with  fineness  ratios  as 
low  as  these,  the  wave  drag  coefficients  of  1/9,  1/8,  and  1/6 
for  the  L-D , L-V , and  D-V  Haack  shapes  (ref.  2),  respec- 
tively, are  too  large  at  all  Mach  numbers  as  compared  with 
the  results  in  figures  11(c),  11(d),  and  11(e). 

Comparison  of  foredrag  of  theoretical  minimum  drag  nose 
shapes  with  foredrag  of  other  nose  shapes. — In  order  to 
assess  the  theoretical  minimum  drag  shapes  for  the  three 
auxiliary  conditions  of  given  length  and  diameter,  given 
length  and  volume,  or  given  diameter  and  volume,  other 
common  shapes  with  identical  values  of  these  parameters 
have  been  tested  and  comparisons  of  the  results  are  shown 
in  figure  12.  Although  the  Reynolds  number  was  not  con- 
stant throughout  the  Mach  number  range,  it  was  unchanged 
for  all  the  tests  at  each  Macli  number.  Hence,  differences 
in  foredrag  between  models  compared  at  a given  Mach 
number  may  not  be  attributed  to  differences  in  Reynolds 
number. 

The  foredrag  coefficients  of  the  theoretical  minimum  drag 
shapes  for  a given  length  and  diameter,  the  L-D  Haack  nose 
(or  Karmdn  ogive),  and  the  hypersonic  optimum  nose  (% 
power  and  Ferrari  shape,  see  fig.  2)  are  compared  with  the 
foredrag  coefficients  of  the  parabolic  nose  in  figure  12(a). 
It  is  noteworthy  that  the  L-D  Haack  nose  is  not  the  least- 
drag  shape  for  any  Mach  number  within  the  range  of  the 
tests.  For  the  major  portion  of  the  Mach  number  range 
(above  Mach  number  1.5),  the  hypersonic  optimum  shape 
has  the  least  foredrag.  It  is  somewhat  surprising  that  an 
optimum  shape  based  upon  Newtonian  impact  theory  should 
have  less  drag  than  the  L-D  Haack  nose  at  these  relatively 
low  supersonic  Mach  numbers.  It  is  not  clear  whether  this 
anomaly  results  from  the  restriction  of  zero  slope  at  the 
base  which  was  evidently  assumed  in  the  derivation  of  the 
L-D  Haack  nose,  or  whether  this  is  a result  of  the  low  fine- 
ness ratio  of  the  models.  To  investigate  this  latter  point, 
the  wave  drag  coefficients  of  both  the  L-D  Haack  and  the 
hypersonic  optimum  shapes  were  calculated  by  second-order 
theory  for  fineness  ratios  of  3,  5,  and  7 at  a Mach  number 
of  3.  These  results  (fig.  13)  show  that  the  wave  drag 
coefficient  of  the  “Haack”  shape  is  the  larger  for  fineness 
ratios  of  3 and  5.  For  fineness  ratio  7 any  difference  in 
wave  drag  between  the  L-D  Haack  and  the  hypersonic 
optimum  shapes  is  so  small  as  to  be  within  the  limits  of 
uncertainty  of  the  calculations.  To  provide  a better  indi- 
cation of  the  combinations  of  Macli  number  and  fineness 
ratio  for  which  the  hypersonic  optimum  nose  has  less  wave 

« The  foredrag  values  reported  herein  for  the  L-V  ogive  (L(D= 2.93)  are  about  10  percent 
lower  than  those  reported  in  reference  7 for  an  LfD- 3 ogive,  although  the  foredrag  results  for 
the  cone  and  hypersonic  optimum  shapes  (figs.  11  (a)  and  11  (f))  are  in  agreement.  Even 
though  the  tests  have  been  rerun  and  the  data  have  been  carefully  checked,  no  satisfactory 
explanation  has,  as  yet,  been  found  for  this  difference. 
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Mach  number,  M 

(a)  Length  and  diameter  given. 

(b)  Diameter  and  volume  given. 

(c)  Length  and  volume  given. 

Figure  12. — Comparison  of  foredrag  of  Haack  models  with  other 
models  having  the  same  two  specified  parameters. 

drag  than  the  L-D  Haack  nose,  the  results  of  all  of  the 
available  second-order  solutions  for  these  shapes  have  been 
plotted  in  figure  14.  The  plot  is  made  in  terms  of  the 
hypersonic  similarity  parameter,  K—M/(L/D),  and  indi- 
cates that  for  values  of  K in  excess  of  about  0.4  or  0.5  the 
h}rpersonic  optimum  shape  has  the  lower  wave  drag. 

The  foredrag  of  the  theoretical  minimum  drag  shape  for  a 
given  diameter  and  volume  (D-V  Haack,  model  15)  is  com- 
pared in  figure  12(b)  with  the  foredrag  of  a cone  (D-V  cone, 
model  17)  having  identical  values  of  diameter  and  volume. 
Except  for  Mach  numbers  below  about  1.4,  the  foredrag  of 
the  cone  is  of  the  order  of  20  percent  lower  than  that  of  the 
theoretical  optimum  shape.  Again,  this  result  ma}7  be  due 
either  to  the  low  fineness  ratio  of  the  bodies  tested  or  the 
failure  of  the  slender-body  theory  to  predict  the  correct 
minimum  drag  shape  for  all  possible  shapes  rather  than  the 


Fineness  ratio.  L/D 


Figure  13. — Variation  of  wave  drag  coefficient  with  fineness  ratio  for 
the  theoretical  minimum  drag  nose  shapes  of  specified  length  and 
diameter  at  Mach  number  3. 


Similarity  parameter, 


Figure  14. — Variation  of  wave  drag  parameter.  C/>w  — i with  thesim- 

w p 

larity  parameter  for  the  theoretical  minimum  drag  nose  shapes  of 
specified  length  and  diameter. 

correct  minimum  drag  shape  for  bodies  with  zero  slope  at 
the  base.  In  an}7  event,  it  could  be  expected  that  the  drag 
difference  would  be  much  less  for  higher  fineness  ratio  noses. 

The  foredrag  of  the  theoretical  minimum  drag  shape  for  a 
given  length  and  volume  (L-V  Haack,  model  14)  is  com- 
pared in  figure  12(c)  with  the  foredrag  of  a circular-arc  ogive 
( L-V  ogive,  model  16)  having  identical  values  of  length  and 
volume.  Since  the  base  areas  of  these  noses  differ,  the  fore- 
drag coefficients  are  based  on  (volume)273  instead  of  base 
area  in  order  that  a direct  comparison  of  the  foredrags  ma}7 
be  conveniently  made.  Over  the  complete  Mach  number 
range  the  foredrag  coefficient  of  the  L-V  Haack  model  is 
between  8 and  16  percentdower  than  the  foredrag  coefficient 
of  the  L-V  ogive.  For  both  models  the  variation  of  fore- 
drag  coefficient  with  Mach  number  is  similar. 
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Foredrag  of  nose  shapes  defined  by  r=R(X!L)n. — In  ref- 
erence 7 foredrag  results  of  fineness  ratio  3 models  for  n—  1, 
%,  H,  and  % are  presented  for  the  Mach  number  range  of 
2.73  to  5.00  and  for  length  Reynolds  numbers  between 
2X10  6 and  3X10 6.  In  the  present  investigation  similar 
models  have  been  tested  at  Mach  numbers  from  1.24  to 
3.67  and  Reynolds  numbers  between  2X10  6 and  4X10  6 in 
order  to  extend  the  Mach  number  range  of  available  drag 
data.  The  foredrag  results  of  this  investigation  are  pre- 
sented in  figure  15  and  are  compared  with  part  of  the  results 
of  reference  7,  replotted  for  the  overlapping  Mach  number 
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Figure  15. — Variation  of  foredrag  coefficient  with  Mach  number  for 
the  family  of  £ = 3 nose  shapes  defined  by  r~R  * 


range  of  both  investigations.  In  general,  there  is  good 
agreement  between  the  data  from  both  sources,  although 
there  are  small  differences  which  may  be  attributed  to  vari- 
ations in  Reynolds  number.  Both  the  Irypersonic  optimum 
nose  (n=%)  and  the  conical  nose  (n=l)  show  a similar  de- 
crease in  foredrag  coefficient  with  increase  in  Mach  number 
over  the  complete  Mach  number  range.  The  hypersonic 
optimum  nose,  however,  has  much  the  lower  foredrag  (about 
24  percent  lower  at  Mach  number  1.24  and  15  percent  lower 
at  Mach  number  3.67),  In  contrast  with  the  decrease  in 
the  foredrag  coefficient  with  increasing  Mach  number  for 
the  hypersonic  optimum  and  conical  noses,  the  foredrag  co- 
efficients for  the  parabolic  and  power  noses  increase  with 
increasing  Mach  number  in  the  lower  part  of  the  Mach 
number  range. 

COMPARISON  OF  FOREDRAG  OF  ALL  THE  FORCE  MODELS 

In  figure  16  a comparison  of  the  variation  of  foredrag 
coefficient  with  Mach  number  for  all  the  force  models  tested 
is  shown.  In  general,  it  is  seen  that  for  the  more  blunt 
noses  (models  5,  12,  and  IS)  the  foredrag  coefficient  increases 
with  increase  in  Mach  number,  while  for  the  other  noses  the 
foredrag  coefficient  decreases  with  increase  in  Mach  number 


over  most  of  the  range.  It  is  of  interest  to  note  that  the 
ellipsoid  (model  18),  although  showing  a large  increase  in 
foredrag  coefficient  with  increase  in  Mach  number  to  Mach 
number  2,  has  constant  foredrag  coefficient  for  Mach  num- 
bers above  2.  There  is  no  minimum  drag  nose  for  the  com- 
plete Mach  number  range,  although  the  hypersonic  optimum 
nose  (model  10)  has  the  least  drag  for  Mach  numbers  above 
1.5.  Below  Mach  number  1.5  the  paraboloid  (model  11) 
has  the  lowest  drag,  slightly  less  than  the  drag  of  the  L-T) 
Haack  nose  (model  13).  Of  special  note  is  the  observation 
that  many  of  the  nose  shapes  have  less  drag  than  the  cone 
(model  1),  particularly  at  the  lower  Mach  numbers. 

CONCLUSIONS 

Drag  measurements  at  zero  angle  of  attack  have  been 
made  for  various  hemispherically  blunted  cones,  theoretical 
minimum  drag  nose  shapes,  and  other  more  common  profiles 
of  fineness  ratio  3.  An  analysis  of  the  results  for  a Mach 
number  range  of  1.24  to  7.4  and  for  Reynolds  numbers  be- 
tween 1.0X10 6 and  7.5X10 6 has  led  to  the  following 
conclusions: 

1.  No  model  had  the  least  foredrag  for  the  complete  Mach 
number  range. 

2.  Of  the  models  tested  the  paraboloid  of  revolution  had 
the  least  foredrag  below  a Mach  number  of  1.5,  and' the 
hypersonic  optimum  shape  had  the  least  foredrag  above  a 
Mach  number  of  1.5. 

3.  The  theoretical  shapes  for  minimum  pressure  drag 
derived  by  von  Karman  and  by  Haack  for  given  length  and 
diameter  or  given  diameter  and  volume  do  not  have  less  drag 
than  all  other  possible  shapes  having  identical  values  of  the 
same  parameters. 

4.  For  the  hemispherically  blunted  cones  of  low  fineness 

ratios  (of  the  order  of  3) : / 

a.  Small  reductions  in  foredrag  may  be  achieved  by 
hemispherical  blunting  (hemisphere  diameter  ap- 
proximately 15  percent  of  base  diameter)  if  the 
fineness  ratio  is  held  constant  and,  hence,  the  cone 
angle  reduced  with  increased  blunting.  If  the  cone 
angle  is  held  constant  and  the  fineness  ratio  reduced, 
hemispherical  blunting  results  in  increased  foredrag. 

b.  A relatively  large  hemispherical  tip  diameter  (as 
large  as  30  percent  of  the  base  diameter  at  Mach 
numbers  of  1.24  and  1.44)  may  be  used  without 
increasing  the  drag  above  that  of  a sharp-nosed  cone 
of  the  same  fineness  ratio. 

c.  For  large  spherical  bluntnesses  (nose  diameters  of  the 
order  of  50  percent  of  the  base  diameter)  drag 
penalties  were  moderate  at  Mach  numbers  less  than 
1.5  but  became  severe  with  increasing  Mach  number. 

d.  For  Mach  numbers  of  2 and  greater  the  wave  drag 
may  be  accurately  estimated  by  the  addition  of  the 
wave  drag  of  the  hemispherical  tip  calculated  from 
an  empirical  expression  and  the  wave  drag  of  the 
conical  portion  from  Tavlor-Maceoll  theory. 


Ames  Aeronautical  Laboratory, 

National  Advisory  Committee  for  Aeronautics, 
Moffett  Field,  Calif.,  Aug.  28 , 1952. 
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Model 

No 

Designation 

d/D 

l/d 

Model 

No 

Designation 

L/D 

o 

l 

Hemisphere-Cone, 

0.000 

3.00 

o 

to 

Hyper.  Opt 

3.00 

a 

2 

Hemisphere-Cone, 

.075 

3.00 

D 

11 

Paraboloid 

3.00 

O 

3 

Hemisphere-Cone, 

150 

3.00 

© 

12 

1/4  Power 

3.00 

> 

4 

Hemisphere-Cone, 

300 

3.00 

D 

13 

L-D  Haack 

3.00 

5 

Hemisphere-Cone, 

.500 

3.00 

<> 

14 

L~  V Haack 

3.00 

o 

7 

Hemisphere-Cone, 

.075 

2.81 

*> 

15 

D-V  Haack 

3.00 

D 

8 

Hemisphere-Cone, 

150 

262 

F 

16 

L~V  Ogive 

2.93 

O 

9 

Hemisphere-Cone 

300 

2.24 

V 

17 

D-V  Cone 

3.38 

D 

18 

Ellipsoid 

3.00 

Figure  16. — Variation  of  foredrag  coefficient  with  Mach  number  for  all  the  force  models  tested. 
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FULL-SCALE  INVESTIGATION  OF  SEVERAL  JET-ENGINE  NOISE -REDUCTION  NOZZLES1 

Bv  Willard  D.  Coles  and  Edmund  E.  Callaghan 


SUMMARY 

A number  of  noise-suppression  nozzles  were  tested  on  full- 
scale  engines.  In  general , these  nozzles  achieved  noise  reduction 
by  the  mixing  interference  of  adjacent  jets ; that  is,  by  using 
multiple-slot  nozzles.  Several  of  the  nozzles  achieved  reductions 
in  sound  power  of  approximately  5 decibels  {nearly  70  percent) 
with  small  thrust  losses  {approx.  1 percent). 

The  maximum  sound-pressure  level  was  reduced  by  as  much 
as  18  decibels  in  particular  frequency  bands.  Some  of  the 
nozzles  showed  considerable  spatial  asymmetry;  that  is,  the 
sound  field  was  not  rotationally  symmetrical. 

A method  of  calculating  the  limiting  frequency  effected  by 
such  nozzles  is  presented.  Furthermore,  data  are  shown  that 
appear  to  indicate  that  further  reductions  in  sound  power  will 
not  be  easily  achieved  from  nozzles  using  mixing  interference 
as  a means  of  noise  suppression. 

INTRODUCTION 

The  normal  development  of  the  jet  engine  has  produced 
sizable  increases  in  thrust  and  also,  unfortunately,  in  jet- 
engine  noise.  In  fact,  current  jet  engines  are  truly  awesome 
noise  producers.  There  are  several  approaches  to  reducing 
this  jet-engine  noise:  The  takeoff  and  climb-out  pattern 
of  the  aircraft  (ref.  1)  can  be  adjusted  to  cause  the  least 
annoyance,  or  the  engine  itself  can  be  made  quieter. 

It  is  well  established  that  the  principal  source  of  jet-engine 
noise  is  the  turbulent  mixing  of  the  jet  with  the  surrounding 
atmosphere  (ref.  2).  The  noise  generated  by  this  process 
is  a function  of  the  product  of  the  eighth  power  of  the 
jet  velocity  and  the  jet  area  (refs.  2 and  3).  Consequently, 
reductions  in  jet  velocity  will  greatly  reduce  noise.  To  ac- 
complish this,  however,  there  must  be  a change  in  the  engine 
cycle  (e.  g.,  the  bypass  engine)  or  a completely  new  engine 
design  concept  (such  as  the  low-temperature  engine  (ref.  4)). 
In  any  case,  such  a development  program  requires  consider- 
able time  before  a reliable  and  tested  product  can  be  in- 
stalled on  new  aircraft.  Therefore,  the  present  problem  is 
to  quiet  existing  engines. 

Since  the  noise  generation  results  from  the  turbulent  mixing 
of  the  jet,  a change  in  this  process  should  result  in  a change  in 
noise.  Most  of  the  noise-reduction  devices  tested  during  the 
past  several  years  have  been  based  on  this  principle.  A great 
many  different  devices  have  been  tried  (refs.  5 to  7),  but, 
in  general,  all  seek  to  alter  the  mixing  process  either  by  odd- 
shaped nozzles  or  by  the  interference  of  multiple  jets. 


A theory  relating  jet  turbulence  to  noise  generation  is 
discussed  in  reference  8.  The  most  significant  result  of  this 
work  relates  the  eddy  size  and  the  turbulent  intensity  to 
noise  generation.  As  a result  of  this  analysis,  it  appears 
that  reduction  of  noise  generation  can  be  accomplished  in 
one  of  the  following  ways : (1)  Eddy  size  is  decreased  at 
constant  turbulent  intensity,  (2)  turbulent  intensity  is 
decreased  at  constant  eddy  size,  or  (3),  most  desirable, 
both  eddy  size  and  intensity  are  decreased.  The  fact  that 
it  is  known  how  noise  reduction  may  be  accomplished  helps 
somewhat,  but  it  is  certainly  not  readily  apparent  what 
ph}rsical  devices  will  result  in  any  of  the  three  suggested 
means  of  noise  reduction. 

The  devices  discussed  herein  follow  the  general  principles 
outlined  for  accomplishing  noise  reduction.  Some  of  these 
devices  have  been  tried  elsewhere  and  are  presented  as 
confirmation  of  previous  work.  The  investigation  was  con- 
ducted at  the  NACA  Lewis  laboratory  as  part  of  a long-range 
study  of  jet  noise  and  means  for  its  suppression. 

SYMBOLS 

exit  area  of  nozzle,  sq  ft 
ambient  speed  of  sound,  ft/sec 
nozzle  diameter,  ft 
engine  thrust,  lb 

corrected-thrust  ratio 

frequency,  cps 

frequency  corresponding  to  x distance,  cps 
jet  height  (see  fig.  6 (b)),  ft 
engine  speed,  percent  of  rated  rpm 
number  of  spaces  between  nozzle  segments 
sound  power  of  suppressor  nozzle,  w 
sound  power  of  standard  nozzle,  w 
jet  spacing  (see  fig.  6 (b)),  ft 
exhaust-gas  temperature,  °R 
jet  velocity,  ft/sec 
jet  width  (see  fig.  6 (b)),  ft 

distance  from  nozzle  exit  to  point  at  which  adjacent 
jets  impinge,  ft 

ratio  of  engine-inlet  total  pressure  to  NACA 
standard  sea-level  pressure  of  2,116  lb/sq  ft 
ratio  of  engine-inlet  total  temperature  to  NACA 
standard  sea-level  temperature  of  518.7°  R 
atmospheric  air  density,  slugs/cu  ft 
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1 Supersedes  NACA  Technical  Note  3974  by  Willard  D.  Coles  and  Edmund  E.  Callaghan,  1957. 
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APPARATUS  AND  PROCEDURE 

TURBOJET  ENGINES 

Two  axial -flow  turbojet  engines,  with  rated  sea-level 
thrusts  of  approximately  5,000  and  10,000  pounds,  were 
used  in  this  investigation.  At  rated  conditions,  the  total-  to 
static-pressure  ratio  across  the  exit  nozzle  was  approximately 
1.7  for  the  low-thrust  engine  and  2.3  for  the  high-thrust 
engine.  The  jet  velocities  were  approximately  1,730  and 
1,900  feet  per  second,  respective^.  These  engines  were 
mounted  in  an  engine  thrust  stand,  shown  in  figure  1 with 
the  5 , 000-po and- thrust  engine  installed.  The  centeHinp  of 
the  engine  is  located  8 feet  above  the  ground  plane.  The 
engines  were  equipped  with  large  inlet  bellmouth  sections 
and  were  provided  with  screens  at  the  bellmouth  entrance  to 
prevent  ingestion  of  foreign  material. 

Engine  thrust  was  measured  by  means  of  temperature- 
compensated  strain-gage  thrust  links  of  appropriate  range, 
which  gave  measurements  accurate  to  )'2  percent.  Engine 
airflow  was  measured  by  means  of  static-pressure  rakes  and 
wall  taps  to  within  an  accuracy  of  % percent.  Additional 
instrumentation  was  provided  for  measuring  fuel  flow, 
exhaust-nozzle  total  pressure,  and  jet  temperature. 

Three  different  engine  exhaust  cones  (two  larger  than 
standard)  were  used  with  the  5,000-pound-thrust  engine. 
The  larger  cones  were  used  in  conjunction  with  the  noise- 
suppressor  nozzles.  The  standard  cone  was  used  only  with 
the  standard  conical  convergent  nozzle. 

ACOUSTIC  MEASUREMENTS 

The  thrust  stand  (fig.  1)  is  located  in  an  area  that  is 
unobstructed  rearward  and  to  the  sides  for  over  % mile. 
The  nearest  reflecting  surface,  other  than  a small  control 
room,  was  located  approximately  400  feet  in  front  of  the 
thrust  stand.  The  reflective  effects  from  the  control  room 
should  be  extremely  small  at  all  the  measuring  stations 
shown  in  figure  2,  because  no  measuring  stations  are  close 
to  the  building  and  because  of  the  small  size  of  the  building 
and  the  angle  at  which  it  is  located.  Measurements  of  the 


Figure  1. — Thrust  stand  with  5,000-pound-thrust  engine. 


over-all  sound-pressure  level 2 were  made  approximately 
8 feet  above  ground  level  at  15°  intervals  from  the  jet  axis 
and  at  a 200-foot  radius  from  the  jet  exit  for  all  the  positions 
shown  in  figure  2.  Sound-pressure  level  was  measured  with 
a commercial  sound-level  meter  set  to  a flat  response  from 
20  to  10,000  cycles  per  second.  Spectrum  data  were  obtained 
with  an  automatic  audiofrequency  analyzer  and  recorder. 
The  frequency  range  of  this  system  is  from  35  to  18,000 
cycles  per  second  and  is  divided  into  27  K-octave  bands.  The 
spectrum  recorder  and  related  equipment  were  mounted  in  a 
specially  adapted,  insulated  panel  truck.  Before  each  test, 
but h the  sound-level  meter  and  the  frequency-recording 


TABLE  I.— NOISE-SUPPRESSION  NOZZLES 


Letter 

designa- 

tion 

Rated  thrust 
of  test 
engine,  lb 

Description  of  nozzle 

Details  in 
figure  3 

A 

5,  000 

Six-corrugation  or  Greatrex  type  (ref. 
6)  nozzle. 

(a) 

B 

5,  000 

Three-segment  nozzle _ 

(b) 

C 

10,  000 

Twelve-segment  nozzle  with  center- 
body. 

(c) 

D 

5,  000 

Nine-section  rectangular  (3  in.  wide 
by  12  in.  high)  slotted  nozzle. 

(d) 

E 

5,  000 

Nine-section  rectangular  (2  in.  wide 
by  18  in.  high)  slotted  nozzle. 

(e) 

F 

5,  000 

Seven-section  rectangular  (2%  in.  wide 
by  18  in.  high)  slotted  nozzle  (mod- 
ification of  nozzle  E). 

(0 

G 

5,  000 

Six-section  rectangular  (6  in.  wide  by 
9 in.  high)  slotted  nozzle. 

(g) 

H 

5,  000 

Six-section  rectangular  (9  in.  wide  by 
6 in.  high)  slotted  nozzle. 

(h) 

I 

5,  000 

Six-section  rectangular  (9  in.  wide  by 
6 in.  high)  offset  (different  exit 
planes)  slotted  nozzle. 

(0 

J 

5,  000 

Eighteen-section  rectangular  (2.7  in. 
wide  by  6 in.  high)  slotted  nozzle. 

(i) 

K 

5,  000 

Twelve-section  rectangular  (4  in.  wide 
by  6 in.  high)  slotted  nozzle  (mod- 
ification of  nozzle  J). 

(k) 

180° 


Figure  2. — Location  of  survey  stations  in  sound  field  around  engine 

thrust  stand. 


* The  nomenclature  of  acoustic  terms  (sound  pressure,  sound-pressure  level,  sound  power, 
and  SDectruin  level)  used  in  this  report  is  that  of  reference  9. 
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system  were  calibrated  with  a small  loud-speaker-type 
calibrator  driven  by  a transistor  oscillator. 

Although  extreme  care  was  taken  to  calibrate  the  sound- 
measuring  equipment,  other  sources  of  error  affected  the 
results.  The  wind  has  an  appreciable  effect  on  jet  direction 
and  hence  distorts  the  sound  field.  No  tests  were  made  at 
wind  velocities  greater  than  14  miles  per  hour,  but  some 
errors  do  occur  because  of  wind  gusts.  Tests  made  on  differ- 
ent days  with  the  same  nozzle  showed  that  local  sound- 
pressure-level  variations  might  be  as  high  as  ±3  decibels 
because  of  displacement  of  the  jet.  However,  the  sound- 
power  levels  always  varied  less  than  ± 1 decibel.  The  sound- 
power  data  should  be  expected  to  be  less  in  error  since  they 
result  from  an  integration  over  the  whole  sound  field,  and 
errors  in  local  values  tend  to  average  out. 

Normally,  acoustic  measurements  were  made  at  engine 
rotational  speeds  of  100,  97.5,  92.5,  and  87.5  percent  of  rated 
speed.  At  each  engine  speed,  spectrum  measurements 
required  about  20  minutes.  In  most  cases,  no  spectrum 
measurements  were  made  at  100-percent  speed. 


(a)  Nozzle  A:  Six-corrugation  or  Greatrex  type  (ref.  6). 


NOISE-SUPPRESSION  NOZZLES 

The  noise-suppression  nozzles  used  in  this  investigation 
are  listed  in  table  I.  For  convenience,  each  nozzle  has  been 
assigned  a letter  designation  (given  in  table  I),  such  as 
“nozzle  A,”  and  so  forth,  and  will  be  referred  to  in  this 
manner  in  the  succeeding  discussion.  Pertinent  details  of 
the  nozzles  are  shown  in  figure  3. 

It  should  be  noted  that  area-adjustment  tabs  have  been 
provided  at  the  exits  of  all  the  nozzles  (e.  g.,  fig.  3 (a)). 
These  tabs  are  used  to  trim  the  exhaust  area  to  obtain  the 
correct  relation  between  engine  speed  and  exhaust-gas 
temperature  (i.  e.,  rated  exhaust-gas  temperature  at  rated 
engine  speed). 


■xH" 
^ 16 


Spacer 

Induced-air 

passage 

Exhaust -gas 
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(b)  Nozzle  B:  Three-segment  nozzle. 


Figure  3. — Noise-suppression  nozzles  investigated. 
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48.00" 


(C) 

(c)  Nozzle  C:  Twelve-segment  nozzle  with  centerbody. 


39.25" 


Induced-air 

passoge 

Exhaust-gas 

passage 


(d)  Nozzle  D:  Nine-section  rectangular  (3  in.  wide  by  12  in.  high) 

slotted  nozzle. 


Figure  3. — Continued.  Noise-suppression  nozzles  investigated. 
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Induced-air 

passage 


■34" 


(e) 

(e)  Nozzle  E:  Nine-section  rectangular  (2  in.  wide  by  18  in.  high) 
slotted  nozzle. 


Induced-air 

passoge 


Exhaust-gos 


(f)  Nozzle  F:  Seven-section  rectangular  (2 % in.  wide  by  18  in.  high) 
slotted  nozzle. 


(g)  Nozzle  G:  Six-section  rectangular  (6  in.  wide  by  9 in.  high)  slotted 

nozzle. 


Figure  3. — Continued.  Noise-suppression  nozzles  investigated. 
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(h)  Nozzle  H:  Six-scction  rectangular  (9  in.  wide  by  6 in.  high)  slotted 

nozzle 


(i)  Nozzle  I:  Six-section  rectangular  (9  in.  wide  by  6 in.  high)  offset 
slotted  nozzle. 


Figure  3. — Continued.  Noise-suppression  nozzles  investigated. 
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(j)  Nozzle  J:  Eighteen-section  rectangular  (2.7  in.  wide  by  6 in.  high) 

slotted  nozzle. 


: Induced-air 
: passage 

t ; r Exhaust-gas 
♦ possage 

i Spacer 


(k)  Nozzle  K:  Twelve-section  rectangular  (4  in.  wide  by  6 in.  high) 

slotted  nozzle. 


Figure  3. — Concluded.  Noise-suppression  nozzles  investigated. 
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RESULTS 

The  effectiveness  of  the  noise-suppression  devices  is 
demonstrated  by  comparison  with  the  original  noise  source. 
Initially,  comparisons  are  made  of  the  total  sound  power 
radiated,  the  spectrum  level  (sound-pressure  level  per  cycle), 
and  the  directionality  pattern  for  the  various  suppressor 
devices  and  a standard  conical  convergent  nozzle. 

Such  comparisons  are  useful  for  showing  trends  but  cannot 
be  used  as  absolute  measures  of  effectiveness,  since  ambient 
conditions  affect  both  the  engine  operation  and  the  sound 
generation.  Data  are  presented  for  a fixed  engine  speed  of 
either  97.5  or  100  percent  of  rated  engine  speed.  The  over- 
all sound-pressure  levels  generally  are  presented  for  100 
percent  and  the  spectrum  level  for  97.5  percent  of  rated 
engine  speed  for  the  reasons  discussed  in  APPARATUS 
AND  PROCEDURE  section.  With  regard  to  both  acous- 
tics and  engine  operation,  final  comparisons  of  the  various 
nozzles  are  made  using  normalized  parameters  that  eliminate  j 
daily  temperature  and  pressure  variations.  Furthermore, 
comparisons  between  different  engines  equipped  with  sup- 
pressor nozzles  are  only  possible  with  normalized  parameters. 

NOZZLE  A.  SIX- CORRUGATION  NOZZLE 

Figure  4 (a)  shows  the  directional  distribution  of  the  sound 
for  a six-corrugation  nozzle  (nozzle  A,  fig.  3 (a))  and  a 
standard  nozzle.  In  this  and  subsequent  similar  figures, 
only  half  the  total  sound  field  is  shown.  The  values  of  sound- 
pressure  level  presented  are  averages  of  the  values  on  oppo- 
site sides  of  the  jet  axis.  This  has  been  done  in  order  to 
minimize  the  wind  effects  discussed  previously. 

It  is  evident  that  this  particular  suppressor  nozzle  shows 
very  little  effect  on  the  directional  pattern  and  level  of  the 
sound.  In  fact,  the  total  sound  power  radiated  for  this 
nozzle  was  164.3  decibels  compared  with  166.1  decibels  for 
the  standard  nozzle.  These  results,  in  general,  confirm  the 
work  of  Greatrex  on  a similar  nozzle  (ref.  6).  Greatrex  has 
shown  that  deeper  corrugations  will  provide  greater  reduc- 
tions in  the  area  of  maximum  sound-pressure  level  (30°  to 
60°  azimuths).  Several  frequency  distributions  of  sound 
pressure  obtained  with  this  nozzle  are  shown  in  figure  4 (b). 
The  spectrum  levels  at  azimuths  of  90°  and  150°  are  prac- 
tically the  same  as  for  the  standard  nozzle.  At  a 30° 
azimuth,  there  is  a decrease  in  energy  between  frequencies 
of  150  and  600  cycles  per  second,  with  slight  increases  on 
either  side  of  this  frequency  range.  It  is  not  surprising, 
therefore,  that  the  power-level  distribution  with  frequency 
is  practically  unchanged  from  that  of  the  standard  nozzle 
(fig.  4 (c)). 

NOZZLE  B,  THREE-SEGMENT  NOZZLE 

Nozzle  B (three-segment  nozzle)  reflects  the  trend  toward 
deeper  corrugations  mentioned  previously  (ref.  6).  Figure 
5 (a)  shows  a polar  plot  of  the  over-all  sound-pressure  level 
for  the  three-segment  nozzle  (fig.  3 (b))  and  the  standard 
nozzle.  It  is  evident  from  the  figure  that  this  suppressor 
had  little  effect  on  either  directionality  or  sound-pressure 
level.  Consequently,  the  total  power  radiated  was  reduced 


only  slight^-  from  that  of  the  standard  nozzle;  that  is,  less 
than  1.0  decibel. 

The  spectrum  levels  (fig.  5 (b))  at  the  90°  and  150° 
azimuths  are  quite  similar  to  those  of  the  standard  nozzle, 
and  only  the  spectrum  level  at  the  30°  azimuth  shows  any 
significant  changes.  Here  there  is  a decrease  in  energy 
between  frequencies  of  150  and  750  cycles  per  second  with 
increased  values  on  either  side  of  the  frequency  range.  As 
might  be  expected,  the  frequenc}7  distribution  of  the  sound 
was  only  slightly  different  from  that  of  the  standard  nozzle 
(fig.  5 (c)). 

NOZZLE  C,  TWELVE-SEGMENT  NOZZLE  WITH  CENTKKKuui 

Nozzle  C was  the  only  one  investigated  on  the  high-thrust 
engine;  and,  as  pointed  out  previously,  the  results  should 
only  be  compared  with  other  suppressor  nozzles  on  the  basis 
of  normalized  parameters.  This  nozzle  utilizes  the  idea  of 
deep  corrugations  but  has  12  separate  segments  through 
which  the  gas  issues  (fig.  3 (c)). 

The  sound  polar  plot  of  the  over-all  sound-pressure  level 
for  suppressor  nozzle  C and  (a  standard  nozzle  is  shown  in 
figure  6 (a).  These  data  show  a marked  reduction  in  sound- 
pressure  level  both  rearward  and  to  the  sides  of  the  engine. 
In  fact,  the  peak  sound-pressure  level  (at  the  30°  azimuth) 
has  been  reduced  by  11  decibels.  The  over-all  effect  has 
resulted  in  a sound-power  reduction  of  8.5  decibels.  Most 
ol  this  reduction  in  sound  power  occurred  in  the  frequency 
range  from  40  to  1,000  cycles  per  second,  as  shown  in  figure  6 
(c).  In  fact,  the  reduction  at  a frequency  of  200  c}7cles  per 
second  is  about  15  decibels.  Furthermore,  the  spectrum 
levels  at  various  azimuth  angles  (fig.  6 (b))  show  rather 
interesting  characteristics.  At  a 30°  azimuth,  the  spectrum 
level  is  decreased  in  the  frequency  range  between  40  and 
100  cycles  per  second;  at  a 90°  azimuth,  the  spectrum  level 
is  decreased  in  the  frequency  range  between  40  and  300  cycles 
per  second;  and  at  a 150°  azimuth,  the  spectrum  level  is 
reduced  in  the  frequency  range  between  40  and  2,000  c}7cles 
per  second. 

NOZZLE  D,  NINE-SECTION  RECTANGULAR  (3  IN.  WIDE  BY  12  IN.  HIGH) 
SLOTTED  NOZZLE 

The  effectiveness  of  nozzle  D (nine-section  rectangular 
slotted  nozzle)  as  a noise  suppressor  is  shown  by  the  polar 
diagram  of  over-all  sound-pressure  level  (fig.  7 (a)).  Data 
are  presented  for  the  nozzle  mounted  both  horizontally 
(fig.  3 (d))  and  vertically.  It  is  evident  that  measurements 
made  in  a horizontal  plane  show  a different  pattern,  depend- 
ing on  nozzle  orientation;  hence,  the  usual  assumption  of 
spatial  symmetry  does  not  hold.  This  effect  was  expected, 
however,  since  the  results  of  reference  2 for  single  nozzles 
with  elongated  cross  sections  (ellipses)  show  this  tendency. 
It  was  expected  that  this  effect  might  be  amplified  by  the 
use  of  multiple  slots.  The  effect  of  nozzle  orientation 
(fig.  7 (a))  showrs  that  the  over-all  sound-pressure  levels 
increased  somewhat  from  the  45°  to  the  90°  azimuth  and 
decreased  from  the  15°  to  the  30°  azimuth  when  the  nozzle 
was  mounted  vertically. 
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(a)  Directionality  pattern. 


(b)  Spectrum  levels  at  three  azimuths, 
(c)  Frequency  distribution  of  sound  power. 


Figure  4. — Sound-field  characteristics  of  nozzle  A. 
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(a)  Directionality  pattern. 


(b)  Spectrum  levels  at  three  azimuths. 

(c)  Frequency  distribution  of  sound  power. 


Figure  5. — Sound-field  characteristics  of  nozzle  B. 
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(a)  Directionality  pattern. 


(b)  Spectrum  level  at  three  azimuths. 

(c)  Frequency  distribution  of  sound  power. 


Figure  6. — Sound-field  characteristics  of  nozzle  C. 
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(a)  Directionality  pattern. 

(b)  Spectrum  level  at  three  azimuths,  nozzle  horizontal. 


(c)  Spectrum  level  at  three  azimuths,  nozzle  vertical, 

(d)  Frequency  distribution  of  sound  power. 


Figure  7. — Sound-field  characteristics  of  nozzle  D. 
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The  distribution  of  sound  pressure  with  frequency  does 
not  appear  to  differ  greatly  with  nozzle  orientation,  as  shown 
by  the  spectrum  levels  (figs.  7 (b)  and  (c)).  Aside  from 
slight  shifts  in  sound-pressure  levels,  which  reflect  the  results 
shown  in  figure  7 (a),  there  are  small  differences  in  the  shapes, 
which  indicate  an  energy  shift  toward  higher  frequencies  for 
the  nozzle  mounted  vertically.  In  essence,  this  means  that, 
for  a nozzle  mounted  horizontally,  the  sound  pressures  in  the 
vertical  plane  (vertical  to  ground  and  containing  the  jet 
axis)  are  somewhat  greater  and  have  more  high-frequency 
energy  than  those  in  the  horizontal  plane  (parallel  to  ground 
and  containing  the  jet  axis). 

The  fact  that  the  sound  field  is  not  rotationally  symmetrical 
about  the  jet  axis  means  that  the  sound-power  radiation 
(over-all  or  in  frequency  bands)  should  be  calculated  using 
average  values.  From  the  results  shown  in  figure  7 (a),  it  is 
evident  that  a simple  arithmetic  average  of  the  intensities  is 
sufficient  to  give  good  accuracy  for  either  total  sound  power 
or  power  levels  in  frequency  bands. 

The  distribution  of  sound  power  with  frequency  is  shown 
in  figure  7 (d).  It  is  evident  that  considerable  decreases 
have  been  obtained  at  frequencies  from  100  to  2,000  cycles 
per  second  when  compared  with  the  performance  of  a 
standard  nozzle.  The  total  power  radiated  is  161.4  decibels 
as  compared  with  166.1  decibels  for  a standard  nozzle. 

NOZZLE  F,  NINE-SECTION  RECTANGULAR  (2  IN.  WIDE  BY  18  IN.  HIGH) 
SLOTTED  NOZZLE 

Figure  8 (a)  shows  the  sound  polar  diagram  for  nozzle  E 
(nine-section  rectangular  nozzle)  mounted  in  both  the 
horizontal  (fig.  3 (e))  and  vertical  positions.  It  is  evident 
that  the  use  of  long  narrow  slots  (2  by  18  in.)  has  resulted  in 
considerable  sound  emanation  at  approximately  right  angles 
to  the  jet  (90°  azimuth),  as  evidenced  b}7  the  data  for  the 
vertical  position.  It  would  appear  that,  in  general,  nozzle 
E produces  greater  sound  pressures  than  nozzle  D and  hence 
is  a less  effective  noise  suppressor.  The  total  sound  power 
radiated  by  nozzle  E is  163.9  decibels,  which  is  2.5  decibels 
more  than  for  nozzle  D but  somewhat  less  than  for  the 
standard  nozzle  (166.1  db). 

The  distribution  of  sound  power  with  frequenc}7  for 
nozzle  E is  compared  with  that  for  a standard  nozzle  in 
figure  8 (d).  It  is  evident  that  some  low-frequency  energy 
(100  to  1,500  cps)  has  been  shifted  to  higher  frequencies, 
leaving  the  total  power  radiated  approximately  the  same  in 
both  cases.  It  is  evident  from  the  spectrum-level  curves  of 
figures  8 (b)  (nozzle  horizontal)  and  8 (c)  (nozzle  vertical) 
that  the  shift  in  total  power  spectrum  results  chiefly  from 
the  shift  in  energy  in  the  region  of  maximum  sound  radiation 
(30°  azimuth)  arid  from  the  increased  energy  at  higher 
frequencies  for  the  90°  azimuth. 

NOZZLE  F,  SEVEN-SECTION  RECTANGULAR  (2%  IN.  WIDE  BY  18  IN.  HIGH) 
SLOTTED  NOZZLE 

Nozzle  F (seven-section  rectangular  slotted  nozzle,  fig.  3 
(f))  is  a modification  of  nozzle  E discussed  in  the  preceding 
section.  The  original  nozzle  (nozzle  E)  was  cut  back  and 
the  two  outer  slots  blocked  off  by  an  internal  fairing.  Both 
nozzle  F and  the  original  nozzle  show  somewhat  the  same 
characteristics.  The  polar  diagram  of  over-all  sound- 


pressure  levels  (fig.  9 (a))  shows  considerable  radiation  at 
nearly  right  angle  to  the  jet  axis,  as  does  that  for  the  original 
nozzle.  There  is  one  ver}7  important  difference,  however. 
Nozzle  F shows  practicall}7  no  effect  of  nozzle  orientation  on 
over-all  sound-pressure  level,  whereas  the  original  nozzle 
shows  appreciable  effects.  It  is  evident  from  a comparison 
of  figures  8 (a)  and  9 (a)  that  nozzle  F is  not  appreciably 
different  from  the  original  nozzle,  E.  The  sound  power 
radiated  is  163.5  decibels  for  the  modified  nozzle  and  163.9 
decibels  for  the  original  nozzle,  compared  with  166.1  decibels 
for  the  standard  nozzle. 

The  distribution  of  sound  power  for  this  nozzle  (fig.  9 (d)) 
shows  only  small  differences  from  the  original  nozzle.  Fur- 
thermore, the  spectra  at  the  three  azimuth  positions  (figs. 
9 (b)  and  (c))  are  quite  similar  to  those  obtained  with  nozzle 
E.  At  the  30°  azimuth,  the  spectrum  dip  is  greater  for 
nozzle  E than  for  nozzle  F (both  mounted  horizontally). 
With  vertical  nozzle  orientation,  the  reverse  is  true.  A 
comparison  of  the  spectra  vertically  and  horizontally  for 
nozzle  F shows  that,  while  there  is  spatial  symmetry  of  the 
over-all  sound  pressure  (fig.  9 (a)),  there  is  not  symmetry 
for  the  individual  frequency  bands. 

In  fact,  at  frequencies  near  1,000  cycles  per  second  (for 
the  30°  azimuth),  data  for  the  nozzle  mounted  vertically 
(fig.  9 (c))  show  reductions  in  spectrum  level  (from  that  of 
the  standard  nozzle)  of  as  much  as  25  decibels.  For  the 
nozzle  mounted  horizontally  (fig.  9 (b)),  data  for  the  same 
azimuth  and  frequency  show  negligible  reduction.  The  net 
effect  on  sound  power  is  therefore  quite  small  (fig.  9 (d)). 

NOZZLE  G,  SIX-SECTION  RECTANGULAR  (6  IN.  WIDE  BY  9 IN.  HIGH) 
SLOTTED  NOZZLE 

The  sound  polar  diagrams  for  nozzle  G (mounted  hori- 
zontally, fig.  3 (g))  and  the  standard  nozzle  are  shown  in 
figure  10  (a).  There  is  a reduction  in  sound  pressure  for 
nozzle  G (six-section  rectangular  slotted  nozzle)  in  all  direc- 
tions. A check  of  this  nozzle  mounted  vertically  showed  no 
appreciable  changes  in  the  sound-pressure  level.  The  dis- 
tribution of  the  sound  power  (assuming  spatial  symmetry) 
is  shown  in  figure  10  (c).  Comparison  of  the  distribution 
with  that  of  the  standard  nozzle  shows  that  the  reduction 
of  total  power  from  166.1  to  162.6  decibels  results  from  a 
reduction  in  sound  power  at  the  frequencies  below  600  cycles 
per  second. 

The  spectrum-level  curves  (fig.  10  (b))  show  rather  inter- 
esting characteristics  when  compared  with  those  of  a stand- 
ard nozzle.  At  the  30°  azimuth,  there  is  considerable  de- 
crease in  energy  below  frequencies  of  500  cycles  per  second 
and  considerable  increase  above  frequencies  of  700  cycles 
per  second.  At  the  90°  azimuth,  the  data  show  little  effect 
at  low  frequencies  but  a dip  in  energy  at  frequencies  between 
700  and  3,200  cycles  per  second.  The  results  at  the  150° 
azimuth  are  quite  similar  for  both  this  nozzle  and  the  stand- 
ard nozzle.  It  is  interesting  that  the  shift  in  energy  upward 
in  frequency  on  the  30°  azimuth  is  mostly  offset  by  the 
decrease  in  energy  above  a frequency  of  700  cycles  per  second 
radiated  at  the  90°  azimuth.  The  resultant  effect  (fig.  10 
(c))  shows  little  change  in  the  total  energy  above  a frequency 
of  700  cycles  per  second  when  compared  with  the  standard 
nozzle. 
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(a)  Directionality  pattern. 

(b)  Spectrum  level  at  three  azimuths,  nozzle  horizontal. 


(c)  Spectrum  level  at  three  azimuths,  nozzle  vertical, 

(d)  Frequency  distribution  of  sound  power. 


Figure  8. — Sound-field  characteristics  of  nozzle  E. 
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(a)  Directionality  pattern. 

(b)  Spectrum  level  at  three  azimuths,  nozzle  horizontal. 


(c)  Spectrum  level  at  three  azimuths,  nozzle  vertical, 

(d)  Frequency  distribution  of  sound  power. 


Figure  9. — Sound-field  characteristics  of  nozzle  F. 
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(a)  Directionality  pattern. 


Figure  10. — Sound-field  characteristics  of  nozzle  G. 
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NOZZLE  H,  SIX-SECTION  RECTANGULAR  (9  IN.  WIDE  BY  6 IN.  HIGH) 
SLOTTED  NOZZLE 

The  characteristics  of  nozzle  H (six-section  rectangular 
slotted  nozzle,  fig.  3 (h))  are  very  similar  to  the  character- 
istics of  nozzle  G.  The  total  power  radiated  was  somewhat 
less,  161.3  decibels  compared  with  162.6  decibels,  and  the 
over-all  sound  pressures  were  slightly  reduced  (fig.  11  (a)); 
but,  in  general,  the  discussion  given  in  the  preceding  section 
applies  equally  well  for  both  nozzles. 

NOZZLE  I,  SIX-SECTION  RECTANGULAR  (9  IN.  WIDE  BY  6 IN.  HIGH)  OFFSET 
SLOTTED  NOZZLE 

Nozzle  I (six-section  rectangular  offset  slotted  nozzle)  is 
a modification  of  nozzle  H.  The  outer  slots  were  cut  back 
6 inches,  and  the  next  inner  pair  3 inches  (fig.  3 (i)).  Internal 
trimmers  were  used  to  obtain  the  same  slot  width.  As  might 
be  expected,  the  polar  diagram  of  sound-pressure  level  (fig. 

12  (a)),  the  sound  power  (161.4  db),  and  the  distribution 
of  sound  power  frequenc}^  (fig.  12  (c))  are  nearly  the  same  for 
both  the  modified  nozzle  I and  the  original  nozzle  H. 

The  spectrum-level  curves  (fig.  12  (b))  show  some  variation 
from  those  of  nozzle  H,  but  the  general  trends  remain  the 
same.  There  is  a slight  shift  and  increase  in  the  dip  of 
the  frequency-distribution  curves  at  a frequency  of  about 
400  cycles  per  second  for  the  30°  azimuth  data.  At  a 90° 
azimuth,  there  is  a peak  in  energ}r  at  a frequency  of  2,500 
cycles  per  second  instead  of  the  dip  obtained  with  the 
original  nozzle.  The  total  effects  of  these  changes,  are  not 
large,  and  it  would  appear  that  the  slightly  noncoplanar 
slotted  nozzle  is  not  significantly  different  acoustically  from 
the  coplanar  nozzle. 

NOZZLE  J.  EIGHTEEN-SECTION  RECTANGULAR  (2.7  IN.  WIDE  BY  6 IN.  HIGH) 
SLOTTED  NOZZLE 

• Sound  polar  diagrams  for  nozzle  J (eighteen-section  slotted 
nozzle)  mounted  both  horizontally  (fig.  3 (j'))  and  vertically 
are  shown  in  figure  13  (a).  It  is  evident  that  considerably 
higher  sound-pressure  levels  were  obtained  with  the  nozzle 
mounted  in  the  vertical  position;  that  is,  the  sound  field  is 
not  rotationally  symmetrical.  Spectrum-level  curves  (figs. 

13  (b)  and  (c))  for  the  nozzle  mounted  in  both  the  horizontal 
and  vertical  positions  show  a considerable  decrease  in  the 
low-frequency  energy  with  some  increase  of  high-frequency 
energy.  This  is  clearly  evident  at  the  30°  azimuth  for  both 
nozzle  orientations.  The  trend  to  less  low-frequency  noise  is 
evident  at  both  the  90°  and  150°  azimuths.  The  over-all 
effect,  shown  in  figure  13  (d),  indicates  a 10-decibel  decrease 
in  sound  pressure  at  a frequenc}7  of  200  cycles  per  second 
with  a slight  increase  in  the  energy  above  a frequency  of  2,000 
cycles  per  second.  The  total  power  radiated  by  nozzle  J was 
5.0  decibels  less  than  that  of  the  standard  nozzle. 

NOZZLE  K,  TWELVE-SECTION  RECTANGULAR  (4  IN.  WIDE  BY  6 IN.  HIGH) 
SLOTTED  NOZZLE 

Nozzle  Iv  (twelve-section  rectangular  slotted  nozzle,  fig. 
3 (k))  is  a modification  of  nozzle  J.  The  sound-pressure 


field  obtained  with  this  nozzle  mounted  horizontally  is  shown 
by  the  polar  diagram  of  figure  14  (a).  The  spectrum-level 
curves  at  three  positions  are  shown  in  figure  14  (b).  A com- 
parison of  these  results  with  the  results  for  the  previous 
nozzle  does  not  show  any  significant  changes,  and  in  fact 
the  twelve-section  nozzle  appears  to  be  a less  effective 
suppressor.  This  results  largely  from  the  spectrum  changes 
at  the  30°  azimuth  in  the  frequency  range  between  300  and 
1,000  cycles  per  second  (fig.  14  (b)).  Because  this  nozzle 
was  not  particularly  different  and  not  as  good  a suppressor 
as  the  eighteen-section  slotted  nozzle,  it  was  not  tested  in 
the  vertical  position.  Hence,  no  power  levels  are  available, 
since  the  sound  field  cannot  be  assumed  rotationall}7  sym- 
metrical for  such  a configuration. 

COMPARISON  OF  SOUND-POWER  RADIATION  BY  MEANS  OF  LIGHTHILL’S 

PARAMETER 

In  order  to  provide  a valid  comparison  of  the  sound  power 
radiated  with  the  various  nozzles  with  regard  to  both 
acoustics  and  engine  operation,  the  data  must  be  normalized 
so  that  effects  of  daily  temperature  and  pressure  variations 
are  insignificant.  For  the  engine  this  is  accomplished  by 
properly  trimming  the  exhaust-nozzle  area  so  that  the  engine 
always  operates  with  the  proper  relation  between  corrected 
exhaust-gas  temperature  Tjd  and  corrected  engine  speed 
N/^fd.  It  is  well  established  (refs.  2 and  10)  that  the  sound 
power  radiated  from  a jet  issuing  from  a circular  convergent 
nozzle  can  be  correlated  with  the  Lighthill  parameter 
p0A4/8/ao*  Reference  2 shows  that  both  small  air-jet  and 
full-scale  engines  are  well  correlated  by  a single  relation  if 
the  velocity  V used  for  the  engine  is  defined  as  the  ratio  of 
engine  thrust  to  mass  flow.  The  linear  relation  of  sound 
power  and  LighthilFs  parameter,  both  in  watts,  was  found 
to  apply  even  though  the  nozzle  pressure  ratio  slightly 
exceeded  the  choking  value  (ref.  2).  Thrust  losses  show  up 
as  a decrease  in  velocity  and  a consequent  decrease  in  Light- 
hill’s  parameter.  This  is  an  extremely  important  point,  since 
any  device  that  reduces  thrust  and  hence  LighthilFs  param- 
eter must  show  greater  noise  reductions  than  those  that 
could  be  obtained  by  throttling  back  the  engine  (with  a 
standard  nozzle)  to  an  equal  thrust  value. 

Figure  15  shows  the  sound-power  ratio  (ratio  of  suppressor- 
nozzle  sound  power  to  standard-nozzle  sound  power)  for  all 
the  nozzles  plotted  against  LighthilFs  parameter.  Nozzles 
C,  D,  G,  H,  I,  and  J all  give  substantial  reductions  and,  in 
fact,  reduce  the  sound  power  by  50  to  75  percent  (3  to  6 db) 
at  rated  engine  power. 

THRUST  LOSS  OF  SUPPRESSOR  NOZZLES 

As  mentioned  previously,  conditions  at  the  jet  exit  of 
an  engine  are  dependent  on  the  ambient  conditions.  It 
is  well  established  (ref.  11)  that  engine  thrust  can  be  nor- 
malized by  plotting  corrected  thrust  F/8  against  corrected 
engine  speed  2V/V#.  Figure  16  shows  the  corrected-thrust 
ratio  (ratio  of  suppressor-nozzle  corrected  thrust  to  standard- 
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Nozzle 
o H 

Gtondord 


(a)  Directionality  pattern. 


(b)  Spectrum  level  at  three  azimuths. 

(c)  Frequency  distribution  of  sound  power. 


Figure  11. — Sound-field  characteristics  of  nozzle  H. 
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Nozzle 


(a)  Directionality  pattern. 


(b)  Spectrum  level  at  three  azimuths. 

(c)  Frequency  distribution  of  sound  power. 


Figure  12. — Sound-field  characteristics  of  nozzle  I. 


Spectrum  level,  db 
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Frequency,  cps 


Frequency,  cps 


(a)  Directionality  pattern. 

(b)  Spectrum  level  at  three  azimuths,  nozzle  horizontal. 


(c)  Spectrum  level  at  three  azimuths,  nozzle  vertical, 

(d)  Frequency  distribution  of  sound  power. 


Figure  13. — Sound-field  characteristics  of  nozzle  J. 
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nozzle  corrected  thrust)  plotted  as  a function  of  cor- 
rected engine  speed.  It  is  evident  there  is  a notable  range 
of  thrust  losses.  The  extremely  large  thrust  loss  of  nozzle  F 
(seven-segment,  2%  by  18  in.,  rectangular  nozzle)  was  prob- 
ably caused  by  low  pressures  acting  on  the  surfaces  between 
the  segments.  Such  low  pressures  result  from  the  relatively 
high  induced  velocities  of  the  mixing  air  in  traversing  the 
long  narrow  slots  between  adjacent  jets. 

The  large  thrust  losses  of  nozzle  C with  the  large  center- 
body  also  probably  result  from  low  pressures.  In  this  case, 
the  hot  g«ses  separate  from  the  cone  and  low  pressures 
result.  As  might  be  expected,  the  thrust  loss  decreases  at 
rated  speed  since  the  nozzle  pressure  ratio  is  high  (2.3)  and 
hence  the  flow  will  expand  and  flow  farther  along  the  cone. 
It  is  quite  possible  that  some  of  this  loss  might  be  decreased 
by  using  better  aerodynamic  design. 

It  is  interesting  to  note  that  nozzles  G,  I,  and  D were 
among  the  best  devices  tested  for  noise  reduction,  and  all 
have  quite  small  thrust  losses.  Several  of  the  data  points 
for  nozzle  I are  slightly  greater  than  unity.  This  results 
from  decreased  pressure  losses  associated  with  the  larger- 
than-standard  exhaust  cone  used  with  this  nozzle. 

DISCUSSION  OF  RESULTS 

SPECTRUM  OF  NOISE 

In  all  cases  where  significant  noise  reduction  was  achieved 
(nozzles  C,  D,  G,  H,  I,  and  J),  the  effect  occurred  at  low 
frequencies.  At  high  frequencies,  the  noise  was  either 
unaltered  or  slightly  increased.  For  example  (fig.  7 (d)), 
nozzle  D shows  reduction  only  at  frequencies  less  than  2,400 
cycles  per  second,  while  at  the  higher  frequencies  the  sound- 
power  level  was  virtually  unchanged.  The  reasons  for  this 
can  be  explained  in  the  following  manner. 

When  two  adjacent  jets,  as  shown  in  the  following  sketch, 
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emerge  from  the  nozzle,  they  mix  with  the  surrounding  air 
and  spread.  At  some  point  downstream,  the  mixing  zones 
intersect.  The  noise  generated  by  each  of  the  jets  between 
the  nozzle  exit  and  the  point  of  intersection  should  remain 
virtually  unchanged,  whereas  the  noise  generated  down- 
stream of  this  point  would  be  altered.  This  does  not 

TABLE  II.— FREQUENCY /,  AT  DISTANCE  a;  DOWNSTREAM 
WHERE  ADJACENT  JETS  IMPINGE 


Nozzle 

/„  cps 

Calculated 

Measured 

B 

1,223 

1,000  (fig.  5 (c)) 

C 

1,365 

1,600  (fig.  6 (c)) 

D 

2,600 

2,400  (fig.  7 (d)l 

E 

1,815 

1,800  (fig.  8 (d)) 

F 

3,170 

2,200  (fig.  9 (d)) 

G 

914 

720  (fig.  10  (c)) 

H 

850 

800  (fig.  1 1 (c)) 

J 

2,270 

2.100  (fig.  13  (d)) 

necessarily  mean  that  the  high-frequency  noise  (generated 
near  the  jet  exit)  measured  in  the  far  field  would  be  unaltered. 
It  would  be  expected  that  the  mixing  of  the  two  jets  would 
result  in  decreased  edd}^  sizes  and  a consequent  decrease  in 
the  low-frequency  noise  generated  downstream  with  an 
increase  in  the  high-frequency  generation.  If  the  turbulent 
intensity  in  the  mixing  region  of  the  adjacent  jets  is  reduced 
(ref.  12),  then  an  increase  in  high-frequency  radiation  may 
not  be  too  significant  in  terms  of  total  sound  power.  This 
decrease  in  both  eddy  size  and  turbulent  intensity  would  ful- 
XJU.J  ku£  requirements  ±or  uOi&t;  it;u.ucnuij  stated  in  reierence  8. 

If  the  adjacent  jets  are  considered  to  expand  uniformly  at 
a half-angle  of  9.4°  (ref.  13),  then  it  is  possible  to  calculate 
the  distance  downstream  x at  which  the  two  jets  impinge. 

. It  would  be  expected  that,  in  general,  the  frequencies  most 
affected  would  be  those  generated  principally  downstream 
of  point  x. 

In  reference  13  a curve  is  given  of  the  apparent  positions 
of  the  acoustic  sources  in  a jet  as  a function  of  the  axial 
downstream  distance,  the  high  frequencies  being  generated 
near  the  jet  exit  and  the  lower  frequencies  downstream. 
These  data  are  presented  in  terms  of  the  dimensionless 
parameter,  Strouhal  number  fD/V,  against  downstream 
distance  in  exit  diameters  (fig.  16  of  ref.  13).  Unpublished 
NACA  data  show  that  the  relation  given  holds  over  a wide 
range  of  nozzle  diameters  and  jet  velocities.  If  it  is  assumed 
that  rectangular  slots  generate  sound  in  the  same  manner 
and  that  the  important  dimension  is  the  jet  width,  then  it  is 
possible  to  calculate  the  highest  frequency  affected  by  mixing 
interference  jx.  This  has  been  done,  and  the  results  are  given 
in  table  II.  These  calculations  were  made  for  the  condi- 
tions at  a nominal  engine  speed  of  97.5  percent  of  rated  speed. 
Estimates  of  jx  have  been  made  for  both  nozzles  B and  C 
using  an  effective  width  and  spacing.  The  effective  width 
and  spacing  were  calculated  by  assuming  that,  since  the  gas 
passages  are  roughly  trapezoidal,  the  effective  width  is 
approximately  two-thirds  the  distance  between  the  outer  and 
inner  shells  and,  of  course,  nearer  the  outer  shell.  No 
estimates  were  attempted  for  nozzle  I,  which  has  non- 
coplanar  exits. 

A comparison  of  the  calculations  with  the  frequencies 
estimated  from  the  appropriate  power-level  distribution 
curves  shows  that,  in  general,  the  agreement  is  quite  good. 
The  notable  exception  is  nozzle  F.  Since  this  nozzle  was  a 
very  ineffective  suppressor,  the  difference  probably  results 
from  the  dissimilarity  between  the  actual  flow  conditions  as 
compared  with  the  simplified  calculations. 

SOUND-POWER  GENERATION 

Further  study  of  the  preceding  sketch  would  indicate  that 
the  ratio  of  the  volume  in  which  mixing  interference  occurs  to 
the  total  volume  of  the  adjacent  jets  is  proportional  to  s/w. 
Furthermore,  the  volume  ratio  depends  on  the  total  number 
of  jets  for  which  mixing  interference  occurs.  Since  it  might 
be  expected  that  the  outside  halves  of  the  end  jets  would  be 
relatively  unaffected,  then  the  total  volume  ratio  would  be 
approximately  the  product  of  s/w  and  the  number  of  jets  less 
one  (i.  e.,  the  number  of  spaces  between  nozzle  segments  n). 
The  noise  suppression  of  the  slotted  nozzles  would  therefore 
be  expected  to  be  a function  of  ns/w. 
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Figure  17. — Sound-power  ratio  at  rated  engine  conditions  as  function 

of  ns/w: 

A simple  measure  of  the  suppression  of  the  slotted  nozzles 
is  shown  by  the  ratio  of  the  sound  power  generated  by  the 
suppressor  nozzle  to  that  of  the  standard  nozzle  (fig.  15). 
Figure  17  shows  this  sound-power  ratio  (at  rated  engine 
conditions)  as  a function  of  ns/w.  Also  shown  on  this  curve 
are  the  data  for  nozzle  C,  which  has  no  end  effects.  The 
general  result  would  appear  to  be  that  all  the  data  except 
those  for  nozzles  E,  F,  and  J can  be  represented  by  a single 
curve.  Undoubtedly  the  slot  height  has  some  effect.  It 
would  appear  that  this  effect  is  small  for  all  the  nozzles 
except  E and  F.  As  long  as  there  is  sufficient  room  between 
adjacent  jets  for  the  mixing  air  to  freely  traverse  down  the 
slots,  then  the  solid  curve  applies.  If  this  is  not  the  case, 
then  the  curve  is  shifted  upward,  as  shown  in  figure  17. 
This  upward  shift  probably  occurs  abruptly,  as  is  usual 
with  phenomena  related  to  jet  attachment  to  surfaces. 
Such  phenomena  usually  occur  because  of  a pressure  differ- 
ential, and  the  jet  will  try  to  maintain  its  normal  pattern 
and  then  suddenly  shift  as  a certain  pressure  differential  is 
reached.  From  an  examination  of  the  geometry  of  the 
configurations,  it  would  appear  that  tLL  shift  occurred 
somewhere  between  a spacing-to-height  ratio  s/h  of  0.167  and 
0.111. 

The  results  for  nozzle  J might  well  be  high,  since  this 
nozzle  showed  marked  differences  in  the  sound  field  dependent 
on  the  nozzle  orientation.  A single  average  of  the  sound 
powers  (vertical  and  horizontal  nozzle  orientation)  may  not 
be  sufficient  for  this  particular  nozzle. 

It  might  be  expected  that  the  solid  curve  representing  the 
better  noise  suppressors  would  hold  generally  for  all  sup- 
pressors of  this  type.  In  fact,  unpublished  data  using  model 
jets  show  good  agreement  with  this  curve  for  comparable 
values  of  jet  pressure  ratio.  Since  this  is  the  case,  then 
figure  17  indicates  that  the  most  noise  reduction  that  could 
be  expected  from  such  suppressors  occurs  near  ns/w  of  12. 
It  appears  that  further  increases  in  ns/w  will  not  result  in 
substantial  noise  decreases.  Certainly  increases  in  s/w  will 
tend  to  increase  noise  levels,  since  jets  spaced  far  apart 
should  be  relatively  unaffected  by  mixing  interference.  In 
fact,  at  large  values  of  s/xv  the  levels  should  return  to  that 
for  the  standard  nozzle. 


CONCLUDING  REMARKS 

It  is  evident  from  the  results  presented  herein  that  it  is 
possible  to  greatly  alleviate  the  noise  problems  of  current 
jet  engines.  It  is  not  possible,  however,  to  recommend  any 
specific  nozzle  as  appreciabty  better  than  all  the  others. 
Nozzles  C,  D,  G,  H,  I,  and  J all  appear  to  be  reasonably  good 
suppressors  and  reduce  sound  power  by  50  to  75  percent  (3 
to  6 db).  The  reductions  in  the  power  in  various  frequency 
bands  is  as  much  as  15  decibels.  The  sound-pressure  levels 
at  particular  positions  showed  reductions  of  5 to  12' decibels 
with  as  much  as  18  decibels  in  various  frequency  bands.  In 
some  cases  the  sound  fields  (nozzles  D and  J)  are  not  rota- 
tionally  symmetrical  and  hence  will  cause  special  problems. 
Nozzles  C,  H,  and  J had  considerable  thrust  loss  (about  4 to 
7 percent),  whereas  nozzles  D,  G,  and  I had  quite  small 
thrust  losses. 

Apparently  it  is  not  possible  to  achieve  a great  deal  more 
sound  reduction  from  the  types  of  nozzles  presented  herein. 
The  conversion  of  the  test  nozzles  to  flying  hardware  repre- 
sents a considerable  development  effort.  Furthermore,  a 
great  many  practical  problems  with  regard  to  nozzle  weight 
and  drag  in  flight  remain  to  be  answered.  Certainty  all  the 
nozzles  tested  will  require  further  study  to  minimize  these 
effects. 

Lewis  Flight  Propulsion  Laboratory 

National  Advisory  Committee  for  Aeronautics 
Cleveland,  Ohio,  January  22,  1957 
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NACA  RESEARCH  ON  SLURRY  FUELS 

By  M.  L.  Pinns,  W.  T.  Olson,  H.  C.  Barnett,  and  K.  Breitwieser 


SUMMARY 

An  extensive  program  was  conducted  to  investigate  the  use  of 
concentrated  slurries  of  boron  and  magnesium  in  liquid  hydro- 
carbon as  fuels  for  afterburners  and  ramjet  engines . Analytical 
calculations  indicated  that  magnesium  fuel  would  give  greater 
thrust  and  that  boron  fuel  would  give  greater  range  than  are  ob- 
tainable from  jet  hydrocarbon  fuel  alone.  It  was  hoped  that 
the  use  of  these  solid  elements  in  slurry  form  would  permit  the 
improvement  to  be  obtained  without  requiring  unconventional 
fuel  systems  or  combustors. 

Slurries  consisting  of  50  percent  or  more  magnesium  or 
boron  in  JP  fuels  were  prepared , although  it  was  difficult  to 
obtain  successive  batches  with  uniform  properties.  A vaporiza- 
tion process  was  devised  for  the  preparation  of  very  finely 
divided  magnesium.  The  storage  stability , spray  characteris- 
tics, and  non-Newtonian  flow  behavior  of  the  slurries  varied 
with  the  particle  size  of  the  metal  and  the  type  and  concentration 
of  the  additives  incorporated.  The  storage  stability  was  limited 
to  6 months  or  less , but  some  types  of  magnesium  slurries  could 
readily  be  reconstituted  by  mixing.  Slurry  fuels  formed  coarser 
sprays  than  jet  hydrocarbon  fuel  did. 

Tests  in  pipe-connected  combustors  of  various  designs  showed 
that  slurried  magnesium  burned  very  readily  even  under  condi- 
tions where  jet  hydrocarbon  fuel  itself  would  not  burn , and  the 
expected  improvement  in  thrust  was  obtained.  Data  from  tests 
on  afterburners  indicated  that  coolant  injection  would  accentuate 
the  improvement.  However , some  modification  of  conventional 
fuel  systems  and  combustors  was  required  to  compensate  for  the 
difference  inflow  properties  between  jet  hydrocarbon  and  slurry 
fuels. 

Small  ramjet  vehicles  fueled  with  magnesium  slurry  were 
flown  successfully , but  the  test  flights  indicated  that  further 
improvement  of  combustors  and  fuel  systems  was  needed. 

In  contrast  to  the  favorable  results  with  magnesium  slurries , 
the  boron  slurries  that  were  prepared  were  more  difficult  to  burn 
than  conventional  jet  fuel  and  formed  objectionable  deposits  in 
the  combustor. 

INTRODUCTION 

This  report  summarizes  the  NACA  research  program  on 
slurry  fuels  that  was  conducted  from  1947  to  1957.  Since 
it  encompasses  about  forty  NACA  Research  Memorandums 
(see  reference  list),  which  represent  the  work  of  many  indi- 
viduals, this  report  presents  only  the  highlights  of  those 
memorandums. 

The  slurry  fuels  considered  herein  are  suspensions  of  metals 
in  hydrocarbons.  For  flight  propulsion,  certain  metals  as 
fuels  offer  the  possibilities  of  more  flight  range  or  more  thrust 


than  can  be  obtained  with  conventional  hydrocarbons.  They 
may  also  provide  combustion  under  operating  conditions 
where  hydrocarbons  alone  will  not  burn.  A discussion  of 
metals  and  their  compounds  as  fuels  and  a review  of  experi- 
mental work  on  them  by  the  NACA  and  others  up  to  1951 
are  presented  in  reference  1,  and  more  recent  reviews  are 
presented  in  references  2 and  3.  References  1 and  3 also 
consider  the  selection  of  particular  fuels  for  the  research 
effort.  The  reasons  for  interest  in  certain  metals  as  fuels 
are  reviewed  here  with  the  aid  of  four  figures: 

Figure  1 presents  the  heating  values  of  a few  selected  fuels 
relative  to  JP-4  jet  fuel  as  1.  Boron  and  a typical  boron 
hydride,  pentaborane,  have  more  heating  value  on  a weight 
basis  than  JP-4.  Magnesium,  aluminum,  boron,  and  penta- 
borane all  have  greater  heating  values  than  JP-4  fuel  on  a 
volume  basis.  These  fuels  also  have  greater  heating  values 
per  pound  of  air  burned  in  stoichiometric  mixtures. 

Higher  heating  values  on  a weight  and  volume  basis  make 
longer  flight  range  possible  (ref.  4) . Heating  value  per  pound 
of  air  burned  is  indicative  of  the  amount  of  thrust  that  can 
be  obtained  from  an  engine  of  a given  size.  However,  be- 
cause much  of  the  heat  of  combustion  may  be  used  to  vola- 
tilize and  dissociate  the  combustion  products,  the  heating 
value  per  pound  of  air  cannot  be  used  directly.  The  cross- 
hatched  parts  of  the  bars  in  figure  1 therefore  indicate  the 
relative  net  thrust  that  theoretically  can  be  achieved  after 
making  appropriate  corrections  for  these  effects. 


Figure  1. — Relative  heating  values  (ref.  2). 
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Figure  2 is  a plot  of  fuel-weiglit  specific  impulse  against  air 
specific  impulse  for  a number  of  fuels  (see  also  refs.  5 to  7). 
Air  specific  impulse,  which  is  an  index  of  thrust,  is  the  number 
of  pounds  of  total  stream  thrust  per  pound  of  airflow  per 
second.  Fuel -weight  specific  impulse,  an  index  of  fuel 
economy  on  a weight  basis,  is  ah'  specific  impulse  divided  by 
fuel-air  ratio.  Because  aluminum,  boron,  and  magnesium 
burn  at  higher  temperatures  and  at  higher  over-all  fuel-air 


ratios,  they  can  give  higher  thrust  per  pound  of  air  than  is 
possible  with  hydrocarbon  jet  fuel.  Up  to  an  air  specific 
impulse  of  152  seconds,  hydrogen,  boron  hydrides,  and  boron 
all  require  less  fuel  flow  to  maintain  a given  thrust  than 
would  jet  fuel  (represented  in  fig.  2 by  octene-1)  and  hence 
would  give  increased  flight  range. 

Figure  3 shows  the  relative  flight  range  calculated  for  a 
ramjet-powered  missile  at  60,000  feet  and  Mach  3.2  following 
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Figure  3. — Relative  range  of  ramjet  missile.  Initial  altitude;  60,000 
feet;  free-stream  Mach  number,  3.2;  Breguet  flight  path  (ref.  2). 


a Breguet  flight  path  (ref.  4).  The  reason  for  interest  in 
boron  is  evident  from  this  figure. 

Figure  4 illustrates  the  advantages  to  be  obtained  from 
the  high  thrust  possible  with  magnesium.  A typical  bomber 
was  selected  for  illustrative  purposes.  With  no  thrust 
augmentation,  the  bomber  did  not  take  off  even  with  many 
thousands  of  feet  of  runway.  With  43-percent  thrust 
augmentation  from  JP-4  fuel,  the  bomber  takes  off  at  13,500 
feet  over  a 10-foot  obstacle.  This  distance  is  shortened  to 
10,700  feet  at  67-percent  thrust  augmentation  with  a mag- 
nesium slurry.  With  100-percent  thrust  augmentation 
with  magnesium  slurry  and  water  injection  combined,  the 
takeoff  distance  over  a 10-foot  obstacle  is  about  8000  feet. 

These,  then,  were  the  reasons  for  interest  in  metals  as 
aircraft  fuels.  Long  flight  range  is  theoretically  achievable 
with  boron,  while  high  thrust  for  afterburners  or  for  ramjet 
engines  might  be  obtained  from  aluminum,  boron,  or  mag- 
nesium. 

Since  little  or  nothing  was  known  regarding  methods  of 
combustion  of  metals  in  jet  engines,  it  was  first  necessary  to 
learn  how  to  use  these  metals  as  aircraft  fuels.  The  earliest 
NACA  studies  were  based  on  the  combustion  of  aluminum  as 
wire  or  powder  (ref.  8).  The  efforts  of  other  organizations 
along  analogous  lines  have  been  reviewed  in  reference  1. 
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Figure  4. — Takeoff  characteristics  of  turbojet  bomber  over  10-foot 
obstacle  (ref.  2).  (F,  augmented  thrust;  F0,  unaugmented  thrust.) 


Aluminum  was  very  early  dropped  from  the  program  in  favor 
of  magnesium,  because  the  sticky,  molten  aluminum  oxide 
caused  a very  serious  deposit  problem  in  the  combustor. 
Magnesium  oxide  does  not  melt  appreciably  at  the  flame 
temperature  normally  encountered  and  does  not  stick  to  the 
combustor  walls  as  aluminum  oxide  does. 

Handling  difficulties  indicated  that  slurries  of  metal 
powder  in  liquid  hydrocarbon  might  be  more  satisfactory 
than  the  pure  metal  because  they  could  probably  be  used 
without  radical  departure  from  conventional  fuel  systems 
and  combustors.  It  then  became  necessary  to  learn  how  to 
prepare  boron  and  magnesium  slurries  that  would  perform 
satisfactorily.  The  preparation  of  slurries,  the  study  of  their 
physical  and  combustion  properties,  and  the  development  of 
combustors  to  burn  slurries  were  conducted  concurrently  at 
the  NACA  Lewis  laboratory. 

SLURRY  PROPERTIES  DESIRED  AND  METHODS  OF 
MEASUREMENT 

OBJECTIVES 

The  objective  in  slurry  preparation  was  to  achieve  a metal 
concentration  of  50  percent  or  more  (by  weight)  in  JP-3, 
JP-4,  or  JP-5  (all  three  described  in  specification  MIL-F- 
5624C)  jet-engine  hydrocarbon  fuel  in  order  to  obtain  a 
worthwhile  increase  in  performance.  It  was  necessary  to 
achieve  sufficient  fluidity  to  permit  flow  and  injection  into 
more  or  less  conventional  jet-engine  combustors  and  still 
maintain  the  slurry  consistency  at  a sufficiently  high  level  to 
prevent  the  suspended  particles  from  settling  too  rapidly. 
Furthermore,  as  will  be  discussed  later^it  was  desirable  to 
use  the  most  finely  divided  boron  and  magnesium  available 
in  order  to  obtain  the  best  combustion  characteristics. 
When  the  particles  were  relatively  coarse,  the  suspension 
was  relatively  fluid,  and  it  was  necessa^  to  thicken  the 
hydrocarbon  medium.  When  the  particles  were  very  fine, 
the  mixture  was  a stiff  mud  unless  a surface-active  additive 
was  used  to  promote  wetting  of  the  particles  by  the  hydro- 
carbon. The  quantity  of  metal  that  could  be  suspended 
and  the  properties  of  the  suspension  were  functions  of  the 
particle  shape  and  size  distribution,  the  composition  of  the 
hydrocarbon  medium,  and  the  type  and  concentration  of 
additives. 

MEASUREMENT  OF  CHARACTERISTICS 

Slurry  fuels,  like  other  concentrated  suspensions,  have 
non-Newtonian  flow  properties;  that  is,  the  rate  at  which 
they  flow  is  not  directly  proportional  to  the  force  applied. 
The  variable  relation  is  conveniently  measured  with  viscom- 
eters, several  of  which  were  used  at  various  stages  in  the 
program.  A modified  Stormer  viscometer  (described  in 
ref.  9)  was  used  at  rates  of  shear  up  to  1800  seconds-1,  and 
an  automatic  recording  viscometer  (described  in  ref.  10) 
was  used  over  a wide  range  of  rates  of  shear  to  obtain  plots 
of  rate  of  shear  or  rate  of  rotation  of  spindle  against  shearing 
stress  or  driving  force. 
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Schematic  diagrams  of  such  plots  shown  in  figure  5 repre- 
sent various  types  of  flow  behavior.  Figures  5 (b),  (c), 
and  (d)  are  idealized  plots  that  only  approximate  the  actual 
behavior  of  slurries.  The  arrows  in  the  figures  indicate  that 
the  curves  were  obtained  by  first  continuously  increasing 
the  shearing  stress  (up-curve)  and  then  continuously  de- 
creasing it  (down-curve).  The  rate  of  shear  of  Newtonian 
materials  varies  linearly  with  the  shearing  stress,  and  the 
viscosity  is  proportional  to  the  reciprocal  of  the  slope  of  the 
plot  (fig.  5 (a)).  For  plastic  materials,  a finite  shearing 
stress  must  be  applied  before  the  rate  of  shear  becomes  a 
linear  function  of  shearing  stress  (fig.  5 (b)).  The  plastic 
viscosity  is  measured  by  the  reciprocal  of  the  slope  of  the 
linear  portion  of  the  plot.  The  yield  value  is  defined  as  the 
intercept  of  the  extrapolated  linear  portion  with  the  shearing 
stress  axis  (fig.  5 (b)).  The  rate  of  shear  of  pseudoplastic 
materials  increases  nonlin early  with  shearing  stress  (fig. 
5 (c)).  When  the  shearing  stress  required  to  effect  a given 
rate  of  shear  decreases  upon  prolonged  application  of  the 
stress,  the  material  is  thixotropic,  and  the  up-  and  down- 
curves  do  not  coincide  (fig.  5 (d)).  The  apparent  viscosity 
at  any  selected  point  on  the  flow  curve  is  proportional  to  the 
reciprocal  of  the  slope  of  a straight  line  drawn  from  that 
point  to  the  origin,  as  in  figures  5 (b)  and  (c). 

Low  plastic  or  apparent  viscosity  and  low  yield  value 


0 0 


(a)  Newtonian  material:  Viscosity  = (Instrument  constant) /(Slope  of 

OA). 

(b)  Plastic  material:  Plastic  viscosity  = (Instrument  constant) /(Slope 
of  BCD);  Yield  value = Length  OB  along  axis;  Apparent  viscosity= 
(Instrument  constant) /(Slope  of  OC). 

(c)  Pseudoplastic*  material:  Apparent  viscosity  = (Instrument  con- 

stant)/(Slope  of  OE). 

(d)  Thixotropic  material:  Plastic  viscosity— (Instrument  constant)/ 
(Slope  of  FGH);  Yield  value  = Length  of  OF  along  axis. 

Figure  5. — Schematic  plots  of  rate  of  shear  against  shearing  stress. 
Arrows  indicate  path  of  increasing  rate  of  shear  followed  by  decreas- 
ing rate  of  shear. 


Figure  6. — Effect  of  temperature  on  curves  obtained  with  Stormer 
' viscometer  one  day  after  preparation  of  slurry  containing  50  percent 
boron,  48.1  percent  JP-5,  1.6  percent  glyceryl  sorbitan  laurate,  and 
0.3  percent  aluminum  octoate  (ref.  17). 

facilitate  the  pumping  of  a slurry;  while  high  levels  of  vis- 
cosity, yield  value,  and  thixotropy  retard  the  settling  of  the 
suspended  particles. 

Other  viscometers  used  were  the  Severs  Extrusion  Rhe- 
ometer at  about  1000  to  24,000  seconds-1  and  a Brookfield 
viscometer  at  about  0.5  and  10  seconds-1.  They  are  de- 
scribed in  reference  11.  The  Brookfield  instrument  gave 
apparent  viscosities  that  were  very  convenient  comparative 
measurements.  Unless  otherwise  indicated,  all  viscosity 
measurements  were  made  at  about  86°  F. 

Stability  toward  settling  was  commonly  measured  by 
observing  sedimentation  of  the  slurry  in  50-milliliter  gradu- 
ated cylinders  immersed  in  a water  bath  at  86°  F.  The 
extent  of  settling  was  then  expressed  as  the  settling  ratio, 
defined  as  the  ratio  of  depth  of  the  sediment  layer  to  the 
initial  depth  of  slurry  in  the  cylinder.  Qualitative  observa- 
tions were  also  made  of  settling  in  larger  containers. 

The  relative  ease  with  which  a settled  slurry  could  be 
redispersed  was  estimated  for  some  slurries  by  shaking  under 
controlled  conditions  (described  in  ref.  11)  the  50-milliliter 
cylinder  of  slurry  used  in  the  settling  test.  The  “percent 
redispersible”  was  the  percent  of  sediment  layer  that  could 
be  poured  out  after  shaking. 
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Dielectric  properties  of  boron  and  magnesium  suspended 
in  mineral  oil  were  studied  in  order  to  learn  about  sedi- 
mentation, .particle  shapes,  and  particle  agglomeration,  and 
to  form  the  basis  for  an  instrumental  method  of  estimating 
the  concentration  of  metal  in  a suspension  (refs.  12  to  14). 

PREPARATION  AND  PROPERTIES  OF  BORON  SLURRIES 

BORON 

The  boron  powder  used  in  most  of  the  work  was  a com- 
mercial product  prepared  by  the  thermal  reduction  of  boric 
oxide  with  magnesium.  Analysis  of  a large  number  of 
samples  of  this  grade  of  boron  showed  that  the  purity  ranged 
from  87  to  91  percent  free  boron.  Among  the  known 
impurities  were  magnesium,  boron  oxide,  moisture,  and 
traces  of  acid.  Average  particle  sizes  ranged  from  approxi- 
mately 0.6  to  1.4  microns,  as  determined  by  the  air  perme- 
ability method  with  a Fisher  Sub-Sieve  Sizer.  Electron 
micrographs  showed  the  particles  to  be  irregularly  shaped 
(ref.  15). 

Another  grade  of  boron,  prepared  by  an  electrochemical 
process,  contained  about  97  percent  elemental  boron  and 
had  an  average  particle  diameter  less  than  1 micron. 

METHOD  OF  PREPARATION  OF  BORON  SLURRIES 

The  addition  of  the  surface-active  additive  glyceryl 
sorbitan  laurate  and  the  gelling  additive  aluminum  octoate 
was  desirable  in  order  to  obtain  satisfactory  flow  properties 
(ref.  15).  Later  experience  suggests  that  other  surface- 


active  additives  could  have  been  used  equally  well.  Of  the 
various  grades  of  aluminum  octoate  available,  the  one  used 
was  prepared  by  reacting  aluminum  chloride  with  2-ethyl- 
hexoic  acid.  Limited  data  indicated  that  acetylene  black, 
silica  aerogel,  and  certain  processed  bentonites  might  be 
substituted  for  the  aluminum  octoate  (ref.  16).  The 
slurries  were  prepared  at  room  temperature.  The  additives 
were  thorough^  dispersed  in  the  hydrocarbon,  and  the  boron 
powder  was  then  added  in  small  portions.  Intensive  mixing 
was  applied  during  the  entire  preparation  procedure  by 
use  of  a high-speed  mixer  that  is  illustrated  in  reference  15. 

FLOW  PROPERTIES  OF  BORON  SLURRIES 

The  more  satisfactory  slurries  were  thixotropic  at  room 
temperature  but  tended  to  lose  this  characteristic  when  the 
temperature  was  raised  to  80°  C,  as  shown  in  figure  6. 
This  behavior  is  discussed  in  references  15  and  17.  A wide 
range  of  initial  Brookfield  apparent  viscosities,  from  about 
1500  to  over  100,000  centipoises,  was  obtained  by  varying 
the  concentrations  of  boron  from  50  to  60  percent,  of  gelling 
additive  from  0 to  0.4  percent,  and  of  glyceryl  sorbitan 
laurate  from  0.5  to  4.0  percent  (all  proportions  by  weight). 
The  variation  of  initial  Brookfield  apparent  viscosity  with 
additive  concentration  is  shown  in  figure  7.  The  Brookfield 
viscosity  increased  so  rapidly  with  boron  concentration  that 
it  was  impractical  to  use  more  than  about  60  percent  boron 
(ref.  15). 


(a)  Glyceryl  sorbitan  laurate  concentration,  1.6  percent  (ref.  15). 


(b)  Boron  concentration,  50  percent  (adapted  from  ref.  15). 


Figure  7. — Effect  of  additive  concentration  on  Brookfield  apparent  viscosities  of  boron  slurries  in  JP-5  fuel. 
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STORAGE  LIFE  OF  BORON  SLURRIES 

The  gel  structure  of  the  boron  slurries  deteriorated  during 
storage.  After  a time  the  boron  settled  to  form  a gummy 
cake  that  could  not  readily  be  redispersed,  a condition  repre- 
senting the  end  of  useful  life  of  the  slurry.  This  effect  was 
sometimes  accompanied  by  a decrease  in  Brookfield  apparent 
viscosity,  as  shown  in  figure  8.  This  figure  also  indicates 
that  at  a given  concentration  of  surface-active  additive  a 
higher  concentration  of  aluminum  octoate  increased  the 
useful  life.  However,  the  use  of  as  much  as  0.4  percent 
aluminum  octoate  was  feasible  onty  when  the  boron  con- 
centration did  not  exceed  50  percent.  One  factor  that 
influenced  the  useful  life  was  the  acidity  of  the  boron,  as 
reflected  by  the  pH  of  a water  extract  of  the  powder. 
Another  factor  was  the  moisture  content,  as  measured  by 
the  percent  weight  loss  of  the  powder  at  105°  C.  When  the 
pH  was  as  high  as  5.2  and  the  weight  loss  was  as  low  as  0.4 
percent,  the  initial  viscosity  was  increased  and  useful  life  of 
laboratory  samples  extended  beyond  6 months  (ref.  15). 

PREPARATION  AND  PROPERTIES  OF  MAGNESIUM  SLURRIES 

PREPARATION  OF  MAGNESIUM 

Much  of  the  experimental  work  on  magnesium  slurries  was 
conducted  with  comparatively  coarse,  commercially  avail- 
able, 13-  to  24-micron  magnesium  powder,  prepared  by 
atomization  of  the  molten  metal.  This  powder  contained 
94  percent  or  more  elemental  magnesium,  the  remainder 
being  mainly  oxide.  The  particles  were  predominantly 
spherical.  Average  particle  diameters  and  particle  size 
distributions  were  variously  determined  with  sieves,  micro- 
scope, Fisher  Sub-Sieve  Sizer,  and  Roller  Analyzer  (ref.  11). 


After  combustion  studies  indicated  the  desirability  of 
using  more  finely  divided  magnesium,  sources  of  such 
material  were  sought.  Very  limited  quantities  of  0.6-  to 
5-micron  magnesium  were  obtained  as  byproducts  of  the 
commercial  atomization  process.  The  particles  of  this 
powder  were  irregularly  shaped,  but  not  appreciably  flat  or 
elongated.  Attempts  to  grind  magnesium  gave  flattened, 
elongated  particles  that  yielded  slurries  with  very  poor  flow 
properties. 

The  development  of  a process  for  making  suitable,  finely 
divided  magnesium  was  undertaken  because  of  the  very 
limited  commercial  availability  of  such  material.  The 
result  was  a vapor  process,  based  on  the  shock -chilling  of 
magnesium  vapor  with  jet-engine  hydrocarbon  fuel  (refs.  18 
and  19).  Figure  9 is  a diagram  of  a laboratory-size  plant 
in  which  magnesium  metal  was  vaporized  at  2000°  F in  a 
4-inch-diameter  steel  crucible  heated  with  an  induction  coil. 
The  helium  atmosphere  in  the  furnace  chamber  was  kept  at  a 
pressure  of  11  pounds  per  square  inch  gage,  and  a constant 
stream  of  helium  carried  the  magnesium  vapor  through  a 
heated  orifice  into  a series  of  hydrocarbon  sprays.  Solidified 
magnesium  that  was  deposited  at  the  inlet  to  the  condensing 
chamber  tended  to  block  the  orifice,  but  the  difficulty  was 
alleviated  by  using  a cylindrical  chamber  with  thermal 
insulation  on  the  inner  face  of  the  wall  at  the  inlet.  The  best 
design  permitted  clog-free  operation  for  about  6 hours.  The 
dilute  hydrocarbon  suspension  of  magnesium  was  permitted 
to  settle,  and  the  sediment  was  centrifuged  to  produce  a 
concentrate  containing  about  60  percent  solids.  The  solids 
consisted  of  about  90  percent  elemental  magnesium.  Elec- 
tron micrographs  indicated  that  the  particles  were  irregularly 
shaped  and  that  about  90  percent  of  them  were  0.2  micron 
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or  less  in  the  longest  dimension.  Calculations  based  on 
minima  in  plots  of  yield  value  and  Brookfield  apparent 
viscosity  against  concentration  of  cetyl  alcohol  added  to  the 
slurry  indicated  the  average  equivalent  spherical  diameter 
to  be  0.2  to  0.4  micron  (ref.  20). 

MAGNESIUM  SLURRIES  FLUIDIZED  WITH  SURFACE-ACTIVE  ADDITIVES 

Preparation. — The  60  percent  solids  concentrate  of  vapor- 
process  magnesium  was  a pasty  mass  that  had  poor  flow 
properties  even  when  diluted  to  50  percent  solids  with  jet- 
engine  hydrocarbon  fuel.  A 50  percent  concentration  of 
atomized  magnesium  with  an  average  particle  diameter  less 
than  about  2 microns  also  formed  a paste.  In  order  to 
obtain  a smooth  fluid  suspension  of  either  type  of  magnesium, 
it  was  necessary  to  stir  in  a surface-active  additive  and  then 
run  the  suspension  through  a colloid  mill. 

A study  of  assorted  surface-active  additives  showed  that 
oil-dispersible  compounds  whose  molecular  structure  in- 
cluded, a hydroxyl  group  together  with  an  ester,  metal  salt, 
or  polyoxyethylene  group  were  the  most  effective  (refs.  9 
and  21).  Examples  of  such  compounds  are  polyoxyethylene 


sorbitol  tetraoleate  and  glyceryl  sorbitan  laurate.  It  is 
believed  that  these  combinations  of  functional  groups  were 
so  effective  because  they  provided  a maximum  of  interaction 
between  the  molecules  of  additive  and  the  oxide,  hydrated 
oxide,  sorbed  moisture,  or  metal  at  the  surfaces  of  the 
magnesium  particles.  In  the  case  of  oxide  or  hydrated 
surfaces,  the  interaction  may  have  occurred  through  coordi- 
nation and  hydrogen  bonding.  In  the  case  of  metal  surfaces, 
dipole  interaction  may  have  been  involved  (ref.  22). 

Flow  properties. — Slurries  containing  50  percent  of  vapor- 
process  magnesium  or  1.5-micron  atomized  magnesium  and 
no  surface-active  additive  were  thixotropic  and  behaved 
like  pseudoplastic  materials.  When  successively  greater 
percentages  of  surface-active  additive  were  incorporated, 
the  flow  behavior  became  more  like  that  of  a plastic  material 
and  the  thixotropy  disappeared  (refs.  9 and  21).  Figure  10 
(also  ref.  21)  shows  how  the  3d  eld  value,  plastic  viscosity, 
and  Brookfield  apparent  viscosity  of  slurries  of  vapor- 
process  magnesium  decreased  from  their  high  values  at  0 
or  0.5  percent  additive  to  their  low  values  at  3 to  5 percent 
additive.  Data  in  reference  9 indicate  that  slurries  con- 


To  atmosphere 


Figure  9. — Schematic  diagram  of  magnesium  vaporization  unit  (ref.  19). 
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taining  50  percent  of  1.5-micron  magnesium  and  only  1 
percent  surface-active  additive  were  very  fluid  (plastic  vis- 
cosity, 7 centipoises;  yield  value,  9 dynes/cm2;  Brookfield 
apparent  viscosity,  200  centipoises).  Acceptable  slurries 
containing  55  or  60  percent  of  1.5-micron  magnesium  could 
readily  be  prepared.  Data  in  reference  17  show  that  the 
viscosities  and  yield  values  were  often  decreased  by  two- 
thirds  or  more  when  the  temperature  was  increased  to  212°  F. 
The  effect  of  increasing  the  temperature  was  most  pronounced 
for  the  thicker  slurries.  The  slurries  also  tended  to  become 
more  fluid  during  aging  for  about  1 month  after  they  were 
first  prepared.  Good  uniformity  of  successive  mixes  of 
slurry  was  readily  obtained  as  long  as  the  same  batches  of 
ingredients  were  used,  but  the  effect  of  changing  batches  of 
magnesium  was  particularly  noticeable  (ref.  9). 

Relation  of  flow  properties  to  piping,  spraying,  and 
storage. — The  flow  properties  of  magnesium  slurries  were 
studied  not  only  in  viscometers,  but  also  in  a piping  system 
consisting  of  nominal  %-inch-  and  1-inch-diameter  straight 
pipe  and  standard  pipe  fittings  (ref.  23).  The  results  indi- 
cated that  published  Newtonian  pressure-loss  coefficients 
can  be  satisfactorily  used  in  the  design  of  aircraft  fuel  systems 
for  non-Newtonian  slurries  if  account  is  taken  of  the  flow 
properties  of  the  slurries  as  determined  with  a suitable 
viscometer.  The  spray  characteristics  of  slurries  of  vapor- 
process  magnesium  were  relatively  independent  of  plastic 
viscosity  in  the  range  of  220  to  510  centipoises  and  of  yield 
value  in  the  range  of  150  to  810  dynes  per  square  centimeter 
(ref.  24).  This  fact  indicates  that  considerable  leeway  is 
permissible  in  the  specification  of  the  flow  properties  of 
these  slurries  insofar  as  they  affect  the  injection  of  slurry 
into  a jet-engine  combustor. 


Figure  10. — Effect  of  concentration  of  additive  on  Brookfield  apparent 
viscosity,  plastic  viscosity,  and  yield  value  of  slurry  containing  50 
percent  vapor-process  magnesium.  Additive,  polyoxyethylene  sor- 
bitol tetraoleate  (ref.  21). 


Figure  11. — Change  of  Brookfield  apparent  viscosity  with  age  of 
slurries  containing  50  percent  13-micron  magnesium.  Slurry  gelled 
at  approximately  110°  F (ref.  26). 


The  settling  and  storage  properties  of  slurries  fluidized 
with  surface-active  additives  were  closely  correlated  with  the 
flow  properties  (refs.  9 and  21).  When  the  Brookfield  appar- 
ent viscosity  of  slurries  containing  50  percent  1.5-micron 
magnesium  was  2500  to  4000  centipoises,  only  a small  quan- 
tity of  supernatant  liquid  formed  during  four  weeks  storage 
in  50-milliliter  graduated  cylinders.  These  slurries  could 
readily  be  reconstituted  by  mixing.  When  these  slurries 
were  made  progressively  more  fluid  by  the  use  of  larger  con- 
centrations of  surface-active  additive,  the  quantity  of  super- 
natant liquid  increased  correspondingly  until,  at  a Brookfield 
viscosity  of  about  200  centipoises,  the  magnesium  settled 
into  a hard  cake  that  was  difficult  to  redisperse  in  the  abun- 
dant supernatant  liquid.  Even  the  most  fluid  slurries  con- 
taining 50  percent  vapor-process  magnesium  had  a Brookfield 
viscosity  of  about  3500  centipoises,  and  they  settled  as  little, 
and  were  as  easily  reconstituted,  as  the  slurries  of  1.5-micron 
magnesium  of  the  same  Brookfield  viscosity. 

MAGNESIUM  SLURRIES  THICKENED  WITH  GELLING  AGENTS 

Preparation. — As  previously  indicated,  slurries  of  coarser, 
atomized  magnesium  were  also  examined.  When  the  average 
particle  size  was  about  4 microns  or  more  it  was  necessary 
to  thicken  the  hydrocarbon  medium  to  retard  settling.  One 
method  was  to  gel  the  hydrocarbon.  The  best  gelling  addi- 
tive consisted  of  aluminum  octoate,  which  was  principally 
aluminum  di(2-ethylhexoate)  and  was  similar  to  the  gelling 
additive  used  for  boron  slurries.  Up  to  1.2  percent  of  other 
grades  of  aluminum  octoate  in  combination  with  other  addi- 
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(a)  JP-3  fuel;  viscosity,  4 centipoises;  no  magnesium. 

(b)  30-percent  slurry  of  magnesium  containing  gelling  additive;  ap- 

parent viscosity,  300  to  400  centipoises. 

(c)  30-percent  slurry  of  magnesium  containing  gelling  additive;  ap- 

parent viscosity,  800  to  1600  centipoises. 

Figure  12. — Photographs  showing  effect  of  gelling  additive  and  mag- 
nesium on  spray  formation.  Inlet  air  velocity,  400  feet  per  second; 
fuel  jet  velocity,  approximately  26  feet  per  second;  inlet  air  tempera- 
ture, 80°  F;  inlet  air  density,  0.048  pound  per  cubic  foot  (ref.  27). 

tives  was  used  in  earlier  work  (ref.  25).  Various  mixing 
procedures  were  used,  but  for  batches  weighing  up  to  200 
pounds  the  combined  ingredients  were  generally  rolled  in 
cans  or  drums  on  a roller  enclosed  in  a box  that  could  be 
heated.  When  0.6  percent  of  aluminum  octoate  was  used, 
a 100-pound  batch  of  slurry  containing  50  percent  of  15- 
micron  magnesium  was  gelled  in  about  4 hours  at  90°  F 
(ref.  26).  Under  closely  controlled  conditions,  successive 
batches  with  very  similar  flow  properties  could  be  obtained 
from  a single  drum  of  magnesium;  but,  as  in  the  case  of  the 
boron  slurries,  the  gel  structure  was  very  sensitive  to  impuri- 
ties and  to  small  variations  in  the  gelling  additive  or  process- 
ing conditions. 

Flow  properties  and  storage  behavior. — The  flow  proper- 
ties of  gelled  magnesium  slurries  were  similar  to  those  of  the 
gelled  boron  slurries.  Although  no  studies  were  made  over 
a range  of  rates  of  shear,  the  slurries  were  observed  to  be 
thixotropic.  Also  like  the  boron  slurries,  they  deteriorated 
during  storage,  as  shown  by  plots  of  Brookfield  apparent 
viscosity  against  time  in  figure  11  (also  ref.  26).  This  figure 
also  indicates  the  effect  of  the  concentration  of  gelling  addi- 
tive on  the  consistency  of  the  slurry.  The  use  of  more  than 
0.7  percent  gelling  additive  gave  a very  thick  slurry  initially 
and  extended  the  length  of  time  the  gel  structure  was  re- 
tained; but,  even  when  2.0  percent  was  used,  the  gel  struc- 
ture disappeared  to  such  an  extent  in  about  1 10  days  that  the 
slurry  was  no  longer  considered  usable.  However,  these 


measurements  were  made  on  small  samples,  two  of  which, 
containing  0.6  percent  aluminum  octoate,  were  taken  from 
larger  batches.  It  was  later  discovered  that  the  remainders, 
which  had  been  kept  sealed  in  their  original  containers,  were 
still  of  usable  quality  even  after  5%  months  of  storage.  It 
therefore  appears  that  the  storage  life  of  gelled  slurries  may 
be  subject  to  more  variables  than  have  been  investigated 
and  may  be  longer  than  is  indicated  in  figure  11. 

The  relation  of  apparent  viscosity  to  spray  characteristics 
of  gelled  magnesium  slurry  is  shown  in  high-speed  photo- 
graphs in  figure  12  (taken  from  ref.  27).  At  an  apparent 
viscosity  of  800  to  1600  centipoises,  the  spray  was  coarser 
than  at  300  to  400  centipoises,  and  both  these  sprays  were 
much  coarser  than  a spray  of  JP-3  fuel.  This  behavior 
appears  to  be  in  contrast  with  the  previously  mentioned 
lack  of  correlation  between  spray  characteristics  and  flow 
properties  of  slurries  of  vapor-process  magnesium.  The 
difference  may  be  at  least  partially  attributable  to  the 
absence  of  gel  structure  in  the  latter  slurries. 


Figure  13. — Effect  of  concentration  of  various  grades  of  petrolatum 
on  Brookfield  apparent  viscosity  of  slurries  containing  JP-4  fuel  and 
50  percent  18-micron  magnesium  (ref.  11). 
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MAGNESIUM  SLURRIES  THICKENED  WITH  PETROLATUM 

Preparation. — Another  method  used  to  stabilize  slurries 
of  coarser  magnesium  was  to  replace  part  of  the  jet  fuel 
with  petrolatum.  When  petrolatum  with  an  ASTM  melt- 
ing point  of  161°  F and  an  ASTM  penetration  of  80  (petro- 
latum E in  fig.  13)  was  used,  the  incorporation  of  18  to  22 
percent  petrolatum  in  a slurry  containing  50  percent  18- 
micron  atomized  magnesium  gave  the  most  satisfactory 
results  (ref.  11).  The  magnesium  concentration  could  also 
be  increased  to  65  percent  by  decreasing  the  petrolatum  to 
10  percent.  The  best  preparative  procedure  wras  to  mix  the 
petrolatum  with  part  of  the  jet  fuel  at  175°  to  195°  F,  add 
the  remainder  of  the  jet  fuel,  add  the  magnesium  powder 
and  mix  it  in  at  140°  to  160°  F,  and  then  cool  the  mixture. 
Uniformity  of  successive  mixes  wras  readily  obtained  as 
long  as  the  petrolatum  came  from  the  same  batch,  but  the 
petrolatum  concentration  had  to  be  adjusted  for  different 
batches  of  petrolatum. 

Flow  properties  and  storage  behavior. — Limited  data 
obtained  for  slurries  containing  50  percent  18-micron  mag- 
nesium and  18  to  26  percent  petrolatum  indicated  that  the 
slurries  were  plastic  or  slightly  pseudoplastic  mixtures 
(ref.  11).  The  Brookfield  apparent  viscosity  wras  readily 
adjustable  over  a wTide  range  (from  about  160  centipoises, 
like  thin  paint,  to  about  16,000  centipoises,  like  apple  butter) 
merely  by  selecting  a suitable  grade  of  petrolatum  and 
varying  the  petrolatum  concentration  from  10  to  30  per- 
cent of  the  wreight  of  slurry  (fig.  13).  Other  factors  con- 
trolling the  viscosity  were  particle  size  and  concentration 
of  the  magnesium  (ref.  28).  By  choosing  an  appropriate 
concentration  of  petrolatum  and  keeping  the  average  di- 
ameter of  the  spherical  magnesium  particles  above  about 
7 microns,  a satisfactory  degree  of  fluidity  could  be  main- 
tained even  when  the  magnesium  concentration  wras  raised 
to  60  or  65  percent. 

The  extent  of  settling  that  occurred  during  28  days  could 
be  correlated  quite  closely  with  the  Brookfield  viscosity  of 
the  slurry.  Some  supernatant  liquid  always  formed  during 
this  period,  but  when  the  Brookfield  viscosity  was  about 
4000  centipoises,  the  extent  of  settling  was  small  and  the 
slurry  could  readily  be  restored  to  its  original  condition  by 


Combustion 

air 


Figure  14. — Slurry  burner  for  measurement  of  blowout  velocities 

(ref.  30). 


mixing.  The  extent  of  settling  was  minimized  wrhen  the 
4000-centipoise  viscosity  was  attained  by  raising  the  mag- 
nesium concentration  above  50  percent  (ref.  11). 

Photographs  in  reference  29  suggest  that  petrolatum- 
thickened  slurry  gave  a more  stringy  spray  than  gelled 
slurry  gave. 

SUMMARY  OF  SLURRY  PREPARATION  AND  PROPERTIES 

Slurries  can  be  made  with  high  concentrations  of  finely 
divided  boron  or  magnesium.  Their  shortcomings  are  (1) 
some  nonuniformity  of  successive  batches,  particularly  of 
boron  slurries,  (2)  limited  storage  life,  and  (3)  limited 
availability  of  the  high  purity,  finely  divided  metals. 

Exact  slurry  formulations  cannot  be  recommended  because 
of  the  difficulty  of  obtaining  uniform  batches  of  components 
and  preparing  uniform  batches  of  product.  However,  when 
the  components  used  are  very  similar  to  those  that  have 
been  described,  slurries  comparable  to  the  most  satisfactory 
ones  that  wrere  made  can  be  prepared  by  using  the  following 
approximate  formulations: 

Boron  slurry. — 50  Percent  boron  (prepared  by  the  mag- 
nesium reduction  process),  0.2  to  0.4  percent  aluminum 
octoate,  1.3  to  2.0  percent  glyceryl  sorbitan  laurate,  and 
47.6  to  48.5  percent  JP  fuel. 

Vapor-process  magnesium  slurry. — 50  Percent  vapor- 
process  magnesium  (in  the  form  of  a concentrate  containing 
liquid  hydrocarbon),  2.0  to  4.0  percent  glyceryl  sorbitan 
laurate,  and  46  to  48  percent  total  hydrocarbon. 

Gelled  magnesium  slurry . — 50  Percent  atomized  mag- 
nesium (13  to  18  microns  average  particle  diameter),  0.4 
to  0.6  percent  aluminum  octoate,  and  49.4  to  49.6  percent 
JP  fuel. 

Petrolatum-stabilized  magnesium  slurry. — 50  Percent  atom- 
ized magnesium  (13  to  18  microns  average  particle  diameter), 
18  to  22  percent  petrolatum,  and  28  to  32  percent  JP  fuel. 

COMBUSTION  OF  BORON  SLURRIES 

EXPLORATORY  STUDIES 

Exploratory  studies  were  made  of  two  combustion  prop- 
erties: blow  out  velocity  (velocity  of  combustion  air  required 
to  extinguish  the  flame),  and  combustion  efficiency  (percent 
conversion  of  each  fuel  component  to  oxidized  products). 
Blow-out  velocities  were  measured  in  the  burner  shown  in 
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Figure  15. — Blowout  velocities  of  propylene  oxide,  JP-4,  and  two  50 
percent-boron  slurries  in  1%-inch-diameter  burner.  Slurries  made 
with  JP-4  fuel  (ref.  2). 
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Figure  16. — Slurry  burner  and  sampling  apparatus  (ref.  32). 


Compressed 

air 

figure  14  and  in  reference  30.  The  fuel  was  introduced 
through  a small  orifice  and  atomized  with  air.  The  atomized 
fuel  entered  a mixture  preparation  zone  in  which  additional 
combustion  air  was  added.  The  additional  combustion  air 
was  introduced  through  a wall  made  of  wire  cloth  that 
prevented  the  accumulation  of  solid  particles  on  the  wall 
of  the  preparation  zone.  The  flame  was  seated  in  the 
recirculation  zone  established  by  the  sudden  expansion  to 
the  1%-inch-inside-diameter  tube.  The  mixture  was  ignited 
by  a pilot  flame  that  extended  through  a hole  that  was 
closed  after  ignition.  The  flow  of  combustion  air  was 


Figure  17. — Combustion  efficiency  of  JP-4  and  two  30-percent- 
boron  slurries  made  with  JP-4  fuel  (ref.  2).  Apparatus  shown  in 
figure  16. 


increased  to  the  point  where  blowout  occurred.  The  test 
fuel  was  evaluated  at  several  rates  of  fuel  flow  so  that  the 
blowout  velocity  could  be  determined  for  various  fucl-air 
ratios. 

Boron -slurry  blowout  velocities  are  reported  in  references 
30  and  31.  Figure  15  compares  plots  of  blowout  velocity 
against  equivalence  ratio  (actual  fuel-air  ratio  divided  by 
stoichiometric  fuel-air  ratio)  up  to  2.0  for  JP-4,  propylene 
oxide,  and  two  slurries  containing  50  percent  boron.  Propyl- 
ene oxide  is  a convenient  comparison  fuel,  since  it  has 
roughly  twice  the  laminar  flame  speed  of  hydrocarbons  of 
the  type  found  in  JP-4.  Although  the  two  boron  slurries 
differed  somewhat  in  composition  (90  percent  boron  purity, 
1.0-micron  average  particle  size,  1.6  percent  surface -active 
agent,  no  gelling  additive,  against  97  percent,  0.7  micron, 
1.3  percent,  and  0.5  percent  gelling  additive),  their  blowout 
velocities  were  similar.  As  shown  in  figure  15,  the  boron 
slurries  and  the  JP-4  fuel  had  substantially  the  same  blow- 
out velocities. 

A similar  exploration  of  combustion  efficiency  was  con- 
ducted by  analyzing  combustion  products.  The  apparatus 
shown  in  figure  16  was  used.  Boron  slurry  was  injected 
with  a modified  paint  spray  gun,  and  the  addition  of  second- 
ary air  formed  a combustible  mixture.  The  combustion 
products  issuing  from  the  combustor  outlet  passed  through 
glass  wool,  which  trapped  the  solid  products,  and  the 
filtered  gaseous  products  were  collected  in  sampling  tubes. 

Figure  17  (based  on  data  from  ref.  32)  shows  combustion- 
efficiency  data  over  the  range  of  equivalence  ratios  of  interest 
for  JP-4  fuel  and  two  slurries  containing  30  percent  boron 
but  no  additives.  The  combustion  efficiency  of  the  slurry 
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Figure  18. — Schematic  diagram  of  5-inch-diameter  ramjet  burner  (ref.  33). 


of  97 -percent-pure  boron  was  only  a little  lower  than  that 
of  JP-4  over  the  entire  range  of  equivalence  ratios,  while 
that  of  the  slurry  of  86 -percent  pure  boron  was  15  to  20 
percentage  points  poorer. 

LARGER-SCALE  STUDIES 

Since  the  exploratory  data  indicated  that  slurried  boron 
could  be  made  to  burn  almost  as  vigorously  and  efficiently 
as  JP-4  fuel,  it  was  next  burned  in  the  5-inch-diameter 
simulated  ramjet  burner  sketched  in  figure  18,  taken  from 
reference  33.  Preheated  air  at  pressures  up  to  40  pounds 
per  square  inch  gage  was  supplied  through  a choked  diffuser 
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Figure  19. — Boron-slurry  flameholders  (ref.  2). 


into  the  combustion  zone.  The  combustion  chamber  length 
was  varied  between  40  and  52  inches;  the  combustor  ter- 
minated in  a variable-area  exhaust  nozzle.  A water  spray 


Figure  20. — Combustion  efficiency  of  JP-4  fuel  and  boron  slurry  in 
5-inch-diameter  ramjet  burner.  Flameholder  A shown  in  figure  19; 
burner  length,  40  and  52  inches;  inlet  mixture  temperature,  171°  to 
235°  F;  inlet  pressure,  1692  to  2478  pounds  per  square  foot  absolute; 
inlet  velocity,  123  to  181  feet  per  second;  boron  purity,  87  to  91  per- 
cent (ref.  33). 
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quenched  the  exhaust  gases  immediately  downstream  of 
the  exhaust  nozzle.  The  temperature  of  the  quenched  gases 
was  measured  by  thermocouples  downstream.  Combustion 
efficiency  was  calculated  from  a heat  balance  across  the 
system. 

The  can  type  flameholders  used  in  this  program  are  shown 
in  figure  19.  The  V -gutter  types  of  flameholders  originally 
used  were  discontinued  because  of  poor  combustion  per- 
formance. The  modifications  in  the  can-type  flameholders 
included  the  usual  combustor  design  variables,  such  as 
blocked  area,  airflow  distribut  ion,  and  combust  ion -chamber 
length.  Flameholder  A in  figure  19  gave  the  best  perform- 
ance. It  was  felt  that  the  fuel-collecting  scoops  or  shrouds 
around  the  first  band  of  holes  encouraged  the  recirculation 
of  the  boron  into  the  upstream  region  of  this  flameholder. 

The  data  from  the  5-inch-diameter  burner  are  summarized 
in  figure  20  (taken  from  ref.  33),  in  which  combustion  effi- 
ciency is  plotted  against  equivalence  ratio.  Gelled  boron 
slurries  consisting  of  50  percent  boron  powder,  1.6  percent 
glyceryl  sorbitan  laurate,  0.4  percent  aluminum  octoate, 
and  48  percent  JP-4  were  evaluated  and  compared  with 
JP^l  fuel  alone.  The  boron  powder  was  87  to  91  percent 
pure,  since  the  97-percent-pure  boron,  which  gave  the  more 
favorable  results  in  the  1%-inch  burner,  was  not  available  in 
sufficient  quantity.  The  highest  combustion  efficiency 
obtained  from  the  slurries  was  approximately  80  percent, 
considerably  lower  than  that  of  JP— 4,  particularly  at  low 
equivalence  ratios.  The  performance  was  about  the  same 
as  that  obtained  with  the  corresponding  grade  of  boron  in 
the  1%-inch  burner  (fig.  17). 

The  principal  observations  that  were  made  as  a result  of 
these  and  other  data  in  the  program  were  as  follows:  Heat 
outputs  higher  than  the  theoretical  for  JP-4  fuel  were  at- 
tained with  boron  fuels  at  high  fuel-air  ratios.  A very  high 
flame  temperature  was  necessary  for  efficient  combustion, 
as  indicated  by  the  high  efficiencies  only  at  near- 
stoichiometric  fuel-air  ratio.  Scoops  to  encourage  the  re- 
circulation of  boron  in  the  primary  zone  increased  the 
efficiency.  Combustion-chamber-length  variations  between 
40  and  52  inches  had  little  influence  on  combustion  efficiency. 
Small  variations  in  fuel  composition  had  little  influence  on 
combustion  performance. 

Since  the  primary  application  for  boron  slurries  would  be 
in  long-range,  ramjet-powered  vehicles  where  it  is  desirable 
to  operate  at  low  temperature  ratios  and  hence  low  over-all 
fuel-air  ratios,  it  seemed  that  some  type  of  flow  stratifica- 
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Figure  22. — Combustion  efficiency  of  JP-4  fuel  and  boron  slurry  in 
16-inch-diameter  ramjet  combustor.  Pressure,  1 atmosphere;  veloc- 
ity, 260  feet  per  second;  temperature,  560°  F (ref.  2). 


tion  to  produce  a rich  fuel  mixture  in  the  combustion  chamber 
was  necessary  to  achieve  high  combustion  efficiencies. 

The  16-inch-diameter  ramjet  engine  shown  in  figure  21 
(ref.  2)  was  used  to  facilitate  construction  of  combustors 
with  a bypass  or  stratified  combustion  zone.  The  fuel  was 
fed  from  air-atomizing  injectors.  The  fuel  was  kept  inside 
a cylindrical  sleeve  that  ensured  fuel-air  ratios  near  stoichio- 
metric in  the  primary  zone  of  the  combustor  even  at  over-all 
fuel-air  ratios  that  were  lean.  The  remainder  of  the  air  was 
bypassed  around  the  fuel-control  sleeve  and  was  mixed 
downstream  of  the  primary  zone.  The  details  of  the  16- 
inch-diameter  engine  resemble  actual  design  layouts  used  in 
ramjet  engines.  Combustion  efficiency  was  measured  by 
heat  balance  across  the  system. 

One  set  of  data  that  was  obtained  in  this  equipment  is 
shown  in  figure  22  (data  from  ref.  34).  Combustion  effi- 
ciency is  plotted  against  equivalence  ratio  for  two  injector 
systems.  The  maximum  combustion  efficiency  with  the 
injectors  with  0.250-inch  fuel  orifices  was  75  percent  at  an 
equivalence  ratio  of  0.5.  The  use  of  smaller  injectors 
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Figure  21. — 16-Inch-diameter  ramjet  engine  used  for  boron  fuels 

(ref.  2). 
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At  high  water-air  ratios,  the  temperature  at  the  end  of 
the  afterburner  decreased  with  both  JP-3  fuel  and  with  the 
60  percent  magnesium  slurry  because  of  the  high  dilution 
with  water.  Further  analysis  of  the  data,  however,  shows 
that  the  combustion  efficiency  of  the  JP-3  fuel  was  much 
reduced  at  water-air  ratios  above  0.04,  while  the  combustion 
efficiency  of  60  percent  magnesium  slurry  was  essentially 
unaffected.  Unlike  hydrocarbons,  magnesium  slurry  burned 
quite  vigorously  and  at  higli  combustion  efficiencies  in  the 
small  afterburner  even  at  high  water-flow  rates. 

Thrust-augmentation  data  are  summarized  in  figure  29. 
Curve  A shows  thrust  augmentation  obtained  experimentally 
in  a full-scale  turbojet  engine  with  coolant  (75  percent  water 
and  25  percent  alcohol,  by  weight)  injection,  but  without  an 
afterburner.  About  27-percent  augmentation  was  achieved 
at  a liquid  ratio  of  about  7;  that  is,  seven  times  the  normal 
fuel-flow  rate  of  the  engine  with  no  thrust  augmentation. 
About  52-percent  thrust  augmentation  was  obtained  experi- 
mentally by  afterburning  without  coolant  injection,  as  in- 
dicated by  the  circle;  a liquid  ratio  of  4 was  required.  When 
experimental  runs  were  made  using  coolant  injection  com- 
bined with  stoichiometric  combustion  of  JP-3  fuel  in  an 
afterburner,  curve  B was  obtained.  The  maximum  augmen- 
tation achieved  in  these  runs  was  about  70  percent;  higher 
coolant-flow  rates  caused  unstable  operation  (ref.  2). 

If  slurry  fuel  containing  60  percent  magnesium  were 
burned  stoichiometrically  in  a full-scale  afterburner,  and  no 
coolant  injection  were  used,  the  estimated  augmentation 
would  be  as  shown  by  the  square  in  figure  29.  This  estimate 
is  based  on  the  combustion  efficiency  of  the  slurry  in  the 
small-scale  afterburner  of  figure  28.  When  the  latter  com- 
bustion efficiency  is  combined  with  coolant  injection,  the 
estimated  augmentation  is  that  indicated  by  curve  C,  which 
predicts  100-percent  thrust  increase  at  a liquid  ratio  of  13.5. 
This  prediction  assumes  that  coolant  injection  would  give 
the  same  combustion  efficiency  as  water  injection  (indicated 
in  ref.  39). 

One  very  short-duration  run  with  60  percent  magnesium 
slurry  has  been  made.  Combustion  was  stoichiometric  and 
no  water  injection  was  used.  The  experimental  thrust  aug- 
mentation, indicated  in  figure  29  by  the  diamond,  agreed 
quite  closely  with  the  predicted  performance,  indicated  by 
the  square. 

COMBUSTION  IN  RAMJET  MOUNTED  IN  CONNECTED-PIPE  FACILITY 

Magnesium  slurry  was  also  considered  as  a fuel  for  ramjet 
engines.  Its  high  chemical  reactivity,  high  air  specific- 
impulse  potential,  and  high  fuel-volume  specific  impulse 
indicated  magnesium  slurry  should  be  suitable  for  short- 
range  ramjet  vehicles.  A joint  program  with  the  NACA 
Langley  laboratory  was  undertaken  to  develop  a ground- 
launched,  rocket-boosted  vehicle.  It  was  expected  that 
extension  of  the  magnesium-slurry  fuel  research  to  a flight 
application  would  uncover  difficulties  that  might  otherwise 
have  been  missed.  The  Langley  laboratory  had  an  ethylene- 
fueled,  aerodynamic  test  vehicle  (ref.  40)  that  could  be 
adapted  to  burn  magnesium  slurry.  Ethylene  had  originally 
been  selected,  despite  its  low  density,  because  its  high  flanm 
speed  made  it  suitable  for  use  in  a short  combustor. 

The  engine  used  in  connected-pipe  tests  for  developing  a 
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burner; coolant  injection;  predicted  performance 
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Figure  29. — Static  sea-level  thrust  augmentation  of  turbojet  engine 
combining  afterburning  with  water  or  coolant  injection.  Coolant, 
75  percent  water  plus  25  percent  alcohol.  (Adapted  from  ref.  38 
with  data  added  from  ref.  2.) 
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Figure  30. — Ramjet  engine  for  development  of  combustor  for  flight 

tests  (ref.  42). 

slurry  fuel  is  shown  in  figure  30.  Its  design  was  the  result 
of  an  extensive  study  for  fuel-injection  devices,  flameholders, 
starting  disks,  and  other  features  that  are  discussed  in  refer- 
ences 41  and  42.  Slurry  fuel  was  introduced  through  a 
spring-loaded,  variable-port-area  injector  with  four  longi- 
tudinal slots  spaced  90°  apart.  Ignition  was  achieved  with 
an  electrically  ignited  flare,  as  shown  in  the  figure.  The 
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combustion  chamber  was  19  inches  long,  and  the  gutter- 
funnel-type  flameholder  blocked  46  percent  of  the  combustor 
cross-sectional  area.  Starting  was  facilitated  by  mounting 
an  aluminum  disk  upstream  of  the  exit  nozzle  to  block  part 
of  the  nozzle  area  (ref.  42).  After  ignition  occurred,  the  disk 
mountings  burned  away  rapidly  and  permitted  the  disk  to 
be  expelled  through  the  nozzle. 

This  engine  was  connected  to  a pipe  facility  that  fed  air 
at  30  to  60  pounds  per  square  inch  absolute  and  63°  to  367°  F 
into  the  inlet.  The  combustion  products  were  discharged 
into  a barrel-t}7pe  thrust  target  mounted  in  a plenum  chamber 
and  were  eventuall}7  discharged  to  the  atmosphere. 

The  performance  of  magnesium-sluny  fuel  consisting  of 
50  percent  of  93 -percent-pure  atomized  magnesium  of  1.5- 
micron  average  particle  diameter,  50  percent  JP-4,  and  no 
additives  has  been  compared  with  the  performance  of 
ethylene  in  a similar  engine  (ref.  42).  Fuel-weight  specific 
impulse  is  plotted  against  air  specific  impulse  for  slurry  and 
ethylene  fuels  in  figure  31  (a).  The  ideal  performance  data 
for  the  slurry  and  octene-1  fuels  were  obtained  from  reference 
7,  and  for  ethylene  from  reference  43.  Over  the  range  of 


air  specific  impulse  obtained  with  ethylene,  the  fuel-weight 
specific  impulse  of  ethylene  was  greater  than  that  of  the 
slimy.  At  an  air  specific  impulse  of  159  seconds,  which  was 
the  maximum  obtained  with  etlylene,  the  fuel-weight 
specific  impulses  of  the  ethylene  and  the  slurry  were  2350 
and  1950  seconds,  respectively.  The  slurry  fuel  permitted 
operation  up  to  an  air  specific  impulse  of  187  seconds  at  a 
maximum  combustor  efficiency  of  about  82  percent  (ref.  42). 

Fuel-volume  specific  impulse,  an  index  of  fuel  economy  on 
a volume  basis  obtained  by  multiplying  air  specific  impulse 
by  fuel  density  and  dividing  by  fuel-air  ratio,  is  presented  in 
figure  31  (b)  as  a function  of  air  specific  impulse.  A density 
of  18.3  pounds  per  cubic  foot  was  used  for  the  ethylene  volume 
impulse  computation.  This  density  was  obtained  when  the 
flight  fuel  tank  was  pressurized  to  1200  pounds  per  square 
inch.  The  fuel-volume  specific  impulse  of  the  slurry  was 
2.6  and  2.9  times  that  of  ethylene  at  air  specific  impulses  of 
140  and  159  seconds,  respectively.  At  air  specific  impulses 
of  150  to  170,  the  experimental  fuel- volume  impulse  of  the 
slurry  was  about  10  percent  lower  than  the  ideal  volume 
impulse  for  octene-1. 


Figure  31. — Comparison  of  impulse  data  for  three  fuels.  Slurry,  50  percent  1.5-micron  magnesium,  50  percent  JP-4,  and  no  additives; 
combustor-inlet  stagnation  temperature,  350°  F;  sonic  discharge  of  exhaust  products  (ref.  42). 
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The  fuel-volume  specific  impulse  is  a significant  parameter 
when  applied  to  vehicles  that  have  a small  ratio  of  fuel 
weight  to  gross  vehicle  weight.  For  example,  the  Langley 
flight  vehicle  had  an  ethylene  fuel-  to  gross-weight  ratio  of 
0.1.  Hence,  a large  increase  in  volume  specific  fuel  con- 
sumption can  make  possible  a correspondingly  large  increase 
in  fuel  load  with  only  a small  increase  in  vehicle  gross  weight. 
It  was  therefore  concluded  that  the  replacement  of  ethylene 
by  magnesium  slurry  in  the  NACA  Langley  flight-test 
vehicle  should  result  in  improved  performance. 

PERFORMANCE  OF  MAGNESIUM  SLURRY  IN  FLIGHT  TESTS 

Three  flight  tests  of  small  rocket-launched  ramjet  test 
vehicles  fueled  with  magnesium  slurry  were  conducted  at 
the  Langley  Pilotless  Aircraft  Research  Station.  The 
engines  of  these  vehicles  were  similar  to  the  6.5-inch  ramjet 
combustor  that  has  been  discussed.  The  first  and  third 
tests,  conducted  with  single-engine  vehicles,  were  considered 
successful,  since  good  flame  stability  and  reasonably  good 
over-all  performance  of  fuel  and  mechanical  components  were 
achieved  (refs.  44  and  45).  The  second  test,  using  a twin- 
engine  vehicle,  was  less  satisfactory  because  an  abrupt 
decrease  in  thrust  occurred  during  flight  (ref.  46).  The 
difficulty  was  attributed  to  the  clogging  of  a fuel  line  by  a 
lump  of  magnesium  paste. 

Some  of  the  data  from  these  tests  are  listed  in  table  I, 
which  shows  that,  as  expected,  the  fuel-weight  specific 
impulse  of  magnesium  slurry  was  lower  and  the  fuel-volume 
specific  impulse  was  greater  than  obtainable  with  ethylene 
. in  similar  vehicles. 


TABLE  L— PERFORMANCE  OF  RAMJET  TEST  VEHICLES 
FUELED  WITH  MAGNESIUM  SLURRY  AND  ETHYLENE 


First 
test, 
single 
engine 
(ref.  44) 
« 

Second 
test, 
twin 
engine 
(ref.  46) 
(b) 

Third 
test, 
single 
engine 
(ref.  45) 
(c) 

Ethyl- 
ene fuel 
in  twin 
engine 
(refs.  40 
and  48) 

Fuel-weight  specific 
impulse,  secd 

549 

— 

770 

961; 

1059 

Fuel-volume  specific 
impulse,  lb-sec/ 

e 37,  000 

--- 

6 51,  800 

f 17,  500; 
19,  300 

cu  ftd 

Maximum  air  specific 

151 



150 

impulse,  sec 

6.  1 

4.  13; 
3.  6 

Acceleration,  g 

4.  6 

— 

Maximum  gross- 

0.  658 

0.  664 

0.  760 

0.  885 

thrust  coefficient 

ft  Slurry  consisted  of  50  percent  1. 5-micron  magnesium,  50  percent 
JP-4.  Brookfield  apparent  viscosity,  6800  centipoises. 

b Slurry  consisted  of  50.7  percent  0.6-micron  magnesium,  49.3  per- 
cent JP-4.  Brookfield  apparent  viscosity,  approx.  8000  centipoises. 

« Slurry  consisted  of  52.4  percent  1-micron  (max.)  magnesium,  47.1 
percent  JP-4,  and  0.5  percent  surface-active  additive. 

d Fuel  specific  impulses  are  based  on  gross  thrust  and  hence  are  not 
directly  comparable  with  those  shown  in  figure  31. 

« Calculated  from  fuel-weight  specific  impulse  and  density  of  slurry. 
Density  of  slurry  calculated  from  specific  gravity  1.08  given  in  ref.  44. 

f Calculated  from  fuel-weight  specific  impulse  and  density  of  com- 
pressed ethylene.  Density  of  ethylene  calculated  from  data  in  ref.  48. 


FUEL  SYSTEMS  FOR  EXPERIMENTAL  COMBUSTION  OF 
SLURRY  FUELS 

The  unique  physical  properties  of  slurries  have  created 
many  problems  that  must  be  considered  by  designers  of 
handling  devices  such  as  pumps,  meters,  valves,  or  injectors 
(ref.  47).  The  following  are  several  problems  faced  in  the 
design  of  sluny-fuel  systems: 

(1)  Metal  particles  tend  to  clog  passageways  and  orifices 
even  though  the  openings  may  be  considerably  larger  than 
the  maximum  particle  size.  Slurries  of  milled  magnesium 
powder  are  more  prone  to  clog  constrictions  in  fuel  lines 
than  are  slurries  of  atomized  metal  pov7der.  Flow,  restric- 
tion caused  by  this  kind  of  clogging  is  often  progressive 
and  does  not  always  result  in  complete  flow7  blockage.  The 
effect  may  be  intermittent  so  that  the  flow  rate  and  pressure 
will  vary  unpredictably. 

(2)  Metal  particles  wall- adhere  to  valve  seats  unless  one 
of  the  surfaces  is  of  rubber  or  the  mating  surfaces  are  wiped 
clean  before  contact  as  in  tight-fitting  plug  valves. 

(3)  Metal  particles  tend  to  enter  clearance  space  between 
sliding  and  rotating  surfaces.  As  the  parts  move,  the 
particles  become  wedged  in  and  weld  to  the  surface  until 
the  mechanism  jams. 

(4)  If  the  ambient  temperature  reaches  the  boiling  point 
of  the  carrier  fluid,  a hard,  impermeable  cake  of  dry  powder 
can  form.  This  type  of  clogging,  which  is  most  likely  to 
occur  v7hen  the  fuel  flow-  is  interrupted  for  a period  of  time, 
is  due  to  fuel  drying  and  is  found  most  frequently  in  injection 
nozzles  or  adjacent  piping.  These  parts  are  exposed  to 
radiation  from  the  flame  zone  or  are  often  in  a stream  of 
preheated  combustion  air.  The  attachment  of  nozzles  and 
piping  to  duct  vralls  and  combustors  results  in  additional 
heating  by  conduction. 

In  order  to  overcome  these  difficulties,  it  has  been  neces- 
sary to  evaluate  certain  types  of  equipment  to  determine 
whether  the  fuel  systems  are  satisfactory  for  use  with  slurry 
fuels.  In  some  cases,  existing  commercial  equipment  has 
been  adapted  for  this  purpose,  and  in  other  cases  custom- 
built  equipment  has  been  utilized.  The  following  sections 
describe  some  of  the  experiences  encountered  in  the  use  of 
this  equipment. 

PUMPS 

Initial  attempts  to  use  gear  pumps  for  aluminum  slurries 
or  screw-type,  positive  displacement,  all-steel  pumps  for 
magnesium  slurry  failed  because  the  all-metal  parts  seized 
immediately.  Later,  pumps  that  could  handle  magnesium 
slurry  for  limited  periods  v7ere  obtained. 

A 0.26-gpm/100-rpm  screv7-type  pump  could  be  operated 
for  more  than  5 hours  wrhen  constructed  with  a tool-steel 
rotor  and  a rubber  stator.  It  pumped  magnesium  slurry  at 
700  to  800  rpm  and  a discharge  pressure  of  200  to  250 
pounds  per  square  inch  in  the  recirculating-fuel  system 
described  in  reference  27.  The  slurry  was  made  with  JP-3 
fuel  containing  only  10  percent  aromatics  in  order  to  mini- 
mize swelling  of  the  rubber.  A more  solvent-resistant  rubber 
stator  could  probably  have  been  used. 
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An  air-turbine-driven  centrifugal  fuel  booster  pump  with 
an  aluminum  impeller  delivered  180  pounds  of  magnesium 
slurry  per  minute  at  300  pounds  per  square  inch  before  slurry 
began  to  leak  past  the  seal  and  into  the  bearings.  The 
bearings  seized  after  17  hours  of  total  running  time.  Ex- 
cessively thick  slurries  that  cavitated  at  the  inlet  and  per- 
mitted the  pump  to  overspeed  also  caused  bearing  failure. 
There  was  no  evidence  of  abrasion  of  the  impeller. 

A vertical  centrifugal  pump  of  NACA  design  (fig.  32) 
also  suffered  bearing  failure  (ref.  47).  The  6-inch -diameter 
impeller  developed  an  outlet  pressure  of  70  pounds  per 
square  inch  when  driven  at  3600  rpm  by  a geared  2.5-horse- 
power  air  motor.  Even  though  the  slurry  level  was  kept 
well  below  the  seal,  slurry  invariably  penetrated  the  seal 
and  damaged  the  bearings.  It  appears  that  centrifugal 
pumps  might  continue  to  operate  for  long  periods  if  pres- 
surized lubricant  were  used  to  prevent  seepage  of  slurry  past 
the  seal. 

DISPLACEMENT  SYSTEMS 

Diagrams  of  three  systems  for  pumping  slurries  by  dis- 
placement with  a hydraulic  fluid  are  shown  in  figure  33. 
Jet  fuel  was  used  as  the  pumping  medium  and  to  flush  the 
slurry  system  after  a test  run. 

In  small-diameter  systems  with  tight-fitting  pistons  (figs. 
33  (a)  and  (b)),  if  leakage  occurred  around  the  pistons  during 
pumping  of  very  viscous  slurries,  the  jet  fuel  channeled 
through  the  slurry  and  flowed  directly  to  the  discharge, 
mixing  only  slightly  with  the  slurry.  The  cylinders  in 
figure  33  (a)  (also  ref.  30)  had  an  inside  diameter  of  5 inches. 
On  the  piston  were  two  ^-inch-thick  O -rings  of  5^-inch  out- 
side diameter.  The  jet  fuel  caused  the  O-rings  to  swell. 
Excessive  swelling  over  a period  of  time  will  cause  piston 
seizure. 

Experience  showed  that  in  large-diameter  (approx.  36-in.) 
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Figure  32. — Vertical  centrifugal  slurry  pump  (ref.  47). 
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(a)  Free  piston  (b)  Discharge  through"piston. 

(c)  Floating  piston. 

Figure  33. — Slurry  displacement  systems  (ref.  47). 

systems  with  loosely  fitting  pistons,  channelling  of  the  jet 
fuel  through  the  slurry  was  not  a problem.  Figure  33  (c) 
illustrates  such  a piston,  which  is  actually  a wooden  disk  of 
such  density  that  it  floated  between  the  slurry  and  the  jet 
fuel.  The  displacement  systems  were  not  suitable  for  un- 
stable slurries,  since  none  of  them  provided  for  recircula- 
tion or  agitation  of  the  slurry. 

Preliminary  work  has  been  done  on  a displacement  system 
in  which  Cordite  is  used  as  a source  of  high-pressure  gas  to 
propel  the  piston.  This  system  was  used  in  the  flight  tests 
of  ramjet  vehicles.  Design  and  performance  data  on  such 
a system  are  given  in  reference  44. 
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VALVES  FOR  SLURRY  SYSTEMS 

The  problem  of  finding  suitable  valves  for  slurries  was  not 
so  imposing  as  the  development  of  suitable  pumping  equip- 
ment. Spring-loaded  plug  valves  with  manual  or  .mechani- 
cally linked  shutoff  have  been  used  successfully.  These 
valves,  which  may  be  obtained  with  two-,  three-,  or  four-way 
bodies,  did  not  leak  at  a pressure  of  125  pounds  per  square 
inch  and  were  not  damaged  by  magnesium  particles.  Un- 
fortunately, however,  such  valves  do  not  permit  fine  regula- 
tion of  flow. 

For  flow  regulation,  commercially  available  valves  with 
rubber  membranes  that  can  be  moved  to  vary  the  flow- 
passage  opening  were  used.  Positive  shutoff  is  reliable 
because  the  rubber  can  close  tightly  over  the  metal  particles 
that  are  trapped  on  the  closure  or  valve-seating  surfaces. 


Controlled  gas  pressure 


Figure  35. — Diaphragm-sealed  pressure  gage  (ref.  47). 


Also,  the  membrane  seals  the  sliding  metal  valve  parts  from 
contact  with  the  slurry. 

The  pressure-relief  valve  shown  in  figure  34  was  used  in  the 
recirculating-fuel  S3rstem  described  in  reference  27.  Opera- 
tion with  this  valve  was  entirely  satisfactory. 

FLOW  AND  PRESSURE  MEASUREMENT 

The  physical  and  hydraulic  properties  of  slurries  that 
affect  flow  and  pressure  measurement  are  discussed  in  ap- 
pendix 15  of  reference  47.  Sharp-edged  orifices  and  Venturi 
tubes  can  be  used  to  meter  slurries,  but  the  success  of  such 
devices  depends  on  the  development  of  pressure  gages  that 
will  not  be  affected  by  solid  particles.  Ordinary  gages  have 
Bourdon  tubes,  bellows,  or  diaphragm  chambers  that  con- 
tain stagnant  zones  in  which  slurries  may  settle.  The  re- 
sulting sediment  impedes  the  motion  of  the  indicating 
linkage  and  is  extremely  difficult  to  remove. 

In  order  to  avoid  these  difficulties,  several  methods  have 
been  used  to  provide  for  an  indirect  measurement  of  slurry 
flow.  For  the  displacement  pumping  systems  described 
previously  (fig.  33),  the  jet  fuel  is  metered  and  the  slurry 
flow  rate  is  determined  from  the  ratio  of  the  densities  of  the 
slurry  and  jet  fuel. 


Figure  36. — Settling  chambers  for  differential  pressure  gage  (ref.  47). 
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The  slurry  fuel  system  described  in  reference  41  had  a 
fuel  tank  suspended  from  a strain  gage  connected  to  a strip- 
chart  recorder  that  plotted  fuel  weight  as  a function  of  time. 
This  type  of  setup  is  suitable  for  tests  run  at  nearly  constant 
fuel-flow  rates. 

A rotating-vane  flowmeter  was  used  in  the  investigation 
reported  in  reference  42.  A permanent  magnet  in  the  rotor 
generated  an  alternating  potential  having  a frequency  pro- 
portional to  the  flow.  The  meter  was  modified  by  the  manu- 
facturer to  incorporate  additional  clearance  in  the  bearings 
and  bleed  holes  for  continuously  flushing  the  bearings.  The 
slurry  passed  through  this  meter  at  a rate  of  0.275  to  0.8 
pound  per  second.  The  inside  diameter  of  the  meter  was  % 
inch.  A smaller-size  meter  clogged  with  a 50  percent 
magnesium  slurry. 
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(a)  Aspirating  spray  bar.  (b)  Air-atomizing  nozzle. 

Figure  37. — Air-atomizing  devices  for  slurry  fuels  (refs.  27  and  30). 


the  flameholders  is  severely  limited  by  weight  and  size 
considerations. 

In  the  case  of  slurry  fuels,  the  problem  of  obtaining  a 
homogeneous  mixture  at  the  flame  seat  is  further  complicated 
by  the  extremely  viscous  nature  of  the  slurry,  which  tends 
to  promote  coarse  atomization  and  uneven  fuel-spray  dis- 
tribution. High-speed  photographs  of  slurry  sprays  (fig.  12 
and  refs.  27  and  29)  illustrate  the  magnitude  of  the  droplet- 
size  difference  between  conventional  and  slurry  fuels  and 
indicate  that  spray  patterns  and  distribution  of  gelled 
magnesium  slurry  are  influenced  by  slurry  viscosity.  Other 


Fuel 

inlet 


Fuel  manifold-^ 


ater  outlet 


''-Water  inlet 


Water  manifold 


Fuel  orifice, 
0.050" — 


Figure  38. — Water- jacketed  fuel  injector  (ref.  27). 


Pressures  in  slurry  fuel-flow  systems  have  been  measured 
by  means  of  diaphragm-sealed  pressure  gages.  As  indicated 
in  figure  35,  the  slurry  is  not  in  contact  with  the  pressure- 
measuring  instrument.  The  pressure  of  the  slurry  acting 
on  the  diaphragm  is  transmitted  to  the  gage. 

Differential  pressures  across  the  orifices  or  Venturi 
flowmeters  are  usually  measured  by  remote-indicating 
diaphragm-actuated  pressure  pickups,  such  as  the  arrange- 
ment described  in  reference  27.  The  pickup  is  protected  by  a 
series  of  settling  chambers  (fig.  36)  filled  with  jet  fuel,  which 
has  a lowrer  density  than  the  slurry.  Flushing  the  chambers 
between  tests  prevented  the  slurry  from  entering  the  pressure 
pickup. 

SLURRY  FUEL  INJECTORS 

The  creation  of  a homogeneous  fuel-air  mixture  at  the 
entrance  to  a combustor  flame-seating  zone  is  one  of  the 
requirements  of  good  combustor  design.  In  turbojet  after- 
burners the  duct  length  available  for  fuel-air  mixing  before 


tests  (ref.  27)  indicated  that  air  could  be  used  to  promote 
better  atomization.  Details  of  air-atomizing  nozzles  that 
have  been  used  successfully  are  shown  in  figure  37  (also 
refs.  27  and  30). 

With  nozzles  of  the  air-atomizing  type,  the  airstream 
shields  the  slurry  from  the  high  temperatures  of  the  com- 
bustion zone  and  atomizes  the  fuel.  If  the  atomizing-air 
supply  is  shut  off  after  the  slurry  flow  is  interrupted  and 
before  the  combustor  has  cooled,  the  jet-fuel  carrier  in  the 
slurry  quickly  boils  off  and  leaves  a hard  plug  of  dried  powder 
clogging  the  injector.  When  fuel  is  injected  without  air 
atomization,  it  is  often  necessary  to  provide  a means  of 
cooling  the  fuel  injector.  A water-jacketed  slurry  injector 
is  illustrated  in  figure  38  (also  ref.  27).  Water-cooling 
may  be  unnecessary,  however,  if  the  slurry  injection  is  pre- 
ceded by  jet-fuel  injection.  The  jet  fuel  cools  the  injector; 
and,  if  slurry  is  introduced  at  a high  flow  rate,  the  injector 
remains  cool.  Slurry  injection  may  be  followed  by  jet-fuel 
flow  to  flush  the  injector. 
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Figure  40. — Diagram  of  fuel  system  used  in  conjunction  with  6. 5-inch < 
diameter  ramjet  engine  for  tests  on  magnesium  slurry  (ref.  41). 


Figure  41. — Diagram  of  afterburner  fuel  system  used  for  tests  of 
magnesium  slurry  (ref.  27). 
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Slurries  have  been  atomized  by  being  impinged  on  a splash 
plate  or  sleeve  mounted  in  the  airstream  (ref.  41). 

Examples  of  ways  the  various  elements  of  fuel  s3rstems 
have  been  combined  are  shown  in  figures  39  to  41  and  are 
discussed  in  some  detail  in  references  27,  41,  42,  and  45. 
Figures  39  and  40  illustrate  the  transfer  of  slurries  to  ramjet 
engines  by  displacement  with  pressurized  JP-4  and  nitrogen, 
respective! y.  Figure  41  shows  the  use  of  a pump  to  force 
slurry  into  an  afterburner.  All  these  systems,  having  been 
designed  to  operate  on  the  ground  and  to  yield  a maximum 
of  operational  data,  were  too  heavy  and  bulky  to  be  usable 
in  aircraft,  but  probably  could  be  modified  for  this  purpose. 
The  gas-generator  pressurized  s}rstems  used  in  the  Pilotless 
Aircraft  Research  Station  tests  are  examples  of  displacement 
systems  designed  for  small  flight  vehicles.  Considerably 
more  work  would  be  required  to  design  slurry  fuel  systems 
for  large  flight  vehicles. 

CONCLUDING  REMARKS 

The  results  of  the  research  program  indicate  that  boron- 
slurry  fuels  were  not  satisfactory  for  use  in  afterburners  and 
ramjet  engines  because  of  the  poor  combustion  efficiency  of 
the  boron.  Magnesium-slurry  fuels  performed  successfully 
but  can  only  provide  greater  thrust  than  conventional  hydro- 
carbon fuels,  not  increased  range.  The  flow  and  combustion 
characteristics  of  magnesium  slurry  necessitated  some  modi- 
fications in  conventional  fuel  systems  and  combustors. 
Toward  the  end  of  the  slurry-fuel  program,  attention  was 
turned  to  liquid  nonhjrdrocarbon  fuels  that  were  under  study 
and  that  offered  more  satisfactory  handling  characteristics 
than  did  magnesium  slurry,  as  well  as  greater  thrust  and 
range  than  obtainable  from  hydrocarbons.  Consequently, 
the  slurry -fuel  program  was  terminated. 

The  information  obtained  on  the  preparation,  flow  prop- 
erties, and  stability  of  concentrated  suspensions  of  boron 
and  magnesium  in  hydrocarbon  may  be  applicable  to  the 
use  of  suspensions  for  other  purposes. 

Lewis  Flight  Pbopulsion  Laboratory 

National  Advisory  Committee  for  Aeronautics 
Cleveland,  Ohio,  August  15,  195S 
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CHARACTERISTICS  OF  THE  LANGLEY  8-FOOT  TRANSONIC  TUNNEL  WITH  SLOTTED 

TEST  SECTION  1 


By  Ray  H.  Wright,  Virgil  S.  Ritchie,  and  Albin  0.  Pearson 


SUMMARY 

A large  wind  tunnel , approximately  8 feet  in  diametef , has 
been  converted  to  transonic  operation  by  means  of  slots  in  the 
boundary  extending  in  the  direction  oj  flow.  The  usejulness 
oj  such  a slotted  wind  tunnel , already  known  with  respect  to 
the  reduction  oj  the  subsonic  blockage  interjerence  and  the 
production  oj  continuously  variable  supersonic  flows,  has  been 
augmented  by  devising  a slot  shape  with  which  a supersonic 
test  region  with  excellent  flow  quality  could  be  produced . The 
flow  in  this  %-open  slotted  test  section  was  surveyed  extensively 
and  calibrated  at  Mach  numbers  up  to  about  1J4-  The  uni- 
jormity  and  angularity  characteristics  oj  the  flow  were  entirely 
satisjactory  jor  testing  purposes . The  uniform  Mach  number 
in  the  test  region  was  infinitely  variable  up  to  supersonic  Mach 
numbers  without  change  oj  tunnel  geometry.  The  power  re- 
quired jor  operation  of  the  slotted  tunnel  was  considerably  in 
excess  of  that  jor  the  closed  tunnel  but  could  be  somewhat  reduced . 
The  flow  principles  involved  in  the  operation  oj  such  a wind 
tunnel  are  discussed  in  some  detail. 

The  reliability  oj  pressure-distribution  measurements  jor  a 
fineness -ratio -12  nonlijting  body  oj  revolution  in  the  slotted 
test  section  was  established  by  comparisons  with  body  pressure 
distributions  obtained  from  theory , jrom  jree-jall  tests , andjrom 
other  wind-tunnel  tests . The  ejjects  oj  boundary  interjerence 
on  the  body  pressure  distributions  measured  in  the  slotted  test 
section  were  shown  to  be  negligible  at  subsonic  Mach  numbers 
and  at  the  higher  supersonic  Mach  numbers  obtained.  At  low 
supersonic  Mach  numbers , however , portions  oj  the  body  pres- 
sure distributions  were  influenced  by  boundary-reflected  disturb- 
ances which  increased  in  intensity  and  moved  downstream  with 
increase  in  Mach  number.  The  eflfect  oj  the  disturbances  on 
body  pressures  was  ascertained  and  their  efiect  on  body  drag 
was  shown  to  be  small , particularly  when  the  body  was  located 
off  the  test-section  center  line  to  reduce  jocusing  oj  the  reflected 
disturbance  waves. 

Experimental  locations  oj  detached  shock  waves  ahead  oj 
axially  symmetric  bodies  at  low  supersonic  speeds  in  the  slotted 
test  section  agreed  satisjactorily  with  predictions  obtained  by 
use  oj  existing  approximate  methods. 

INTRODUCTION 

In  reference  1,  a type  of  wind  tunnel  having  a slotted  test 
section  is  described  in  which  the  tunnel  boundary  interfer- 
ence due  to  solid  blockage  can  be  greatly  decreased  or 
reduced  to  zero  and  in  which  tunnel  choking  does  not  exist. 


The  stream  Mach  number  in  the  slotted  test  section  can  be 
varied  continuously  up  to  and  through  a value  of  1.0  and 
the  Mach  number  in  the  supersonic  range  is,  moreover, 
continuously  variable. 

In  order  to  take  advantage  of  these  favorable  character- 
istics the  Langley  8-foot  high-speed  tunnel,  which  was 
operated  with  an  axisymmetrical  fixed  nozzle  to  produce 
subsonic  Mach  numbers  up  to  0.99  and  a supersonic  Mach 
number  of  1.2  (see  ref.  2),  was  converted  to  slotted-tunnel 
operation  early  in  1950  and  henceforth  will  be  designated  as 
the  Langley  8-foot  transonic  tunnel.  The  present  paper 
describes  this  modification  and  the  subsequent  changes 
necessary  to  produce  a test  section  with  uniform  Mach 
number.  In  addition,  an  investigation  was  made  (1)  to 
survey  and  calibrate  the  flow  in  the  slotted  test  section  and 
(2)  to  ascertain  the  reliability  of  pressure-distribution 
measurements  for  a typical  nonlifting  transonic  model  in 
the  slotted  test  section.  The  latter  part  of  the  investigation 
included  extensive  pressure  measurements  and  schlieren 
observations  needed  to  evaluate  the  nature  and  approximate 
magnitude  of  test-section  boundary  effects  on  the  model 
pressures. 

SYMBOLS 

a speed  of  sound  in  air 

CD  body  drag  coefficient  based  on  body  frontal  area 

Lm  axial  distance  required  for  free-stream  Mach  line, 

starting  at  model  nose,  to  traverse  the  super- 
sonic flow  to  test-section  boundary  and  reflect 
back  to  surface  of  model  near  test-section  center 
line 

Ls  axial  distance  required  for  model  nose  shock  to 

traverse  the  supersonic  flow  to  test-section 
boundary  and  reflect  back  to  surface  of  model 
near  test-section  center  line 
l basic  length  of  body-of-r evolution  model 

M Mach  number,  V/a 

Mtc  Mach  number  corresponding  to  ratio  of  stream 

total  pressure  to  pressure  in  test  chamber  sur- 
rounding the  slotted  section 

M0  average  Mach  number  in  test  section;  stream 

Mach  number;  Mach  number  ahead  of  shock 
Mi  Mach  number  behind  shock 

P pressure  coefficient,  — — — 

Qo 


i Supersedes  NAG  A Research  Memorandum  L51H10by  Ray  H.  Wright  and  Virgil  S.  Ritchie,  1951,  and  NACA  Research  Memorandum  L51K14  by  Virgil  S.  Ritchie  and  Albin  0.  Pearson, 
1952. 
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(A P)max  maximum  change  in  pressure  coefficient  at 

model  surface  due  to  effect  of  boundary- 
reflected  distrubances  at  supersonic  speeds 
Psonic  pressure  coefficient  corresponding  to  the  speed 

of  sound 

Pi  local  static  pressure 

p0  stream  static  pressure 

q0  stream  dynamic  pressure,  ^ pT/2 

V airspeed 

X axial  distance  downstream  of  slot  oricrin  • rlicf  onno 

- - - ^ 

downstream  of  model  nose 

xSB  axial  distance  from  sonic  point  on  bod}7  to  loca- 

tion of  detached  shock  ahead  of  body  nose 
y radial  distance  from  tunnel  center  line 

ySB  radial  distance  from  body  center  line  to  sonic 

point  on  body  surface 
a angle  of  attack  of  model 

P acute  angle  between  weak  shock  wave  and  the 

flow  direction 

0*  mean  flow  inclination  to  the  horizontal  (meas- 

ured in  vertical  plane  through  center  line  of 
tunnel),  positive  for  up  flow,  deg 
p mass  density  of  air 

APPARATUS  AND  METHODS 

DESIGN  OF  TEST  SECTION 

The  modification  of  the  Langley  8-foot  high-speed  tunnel 
was  limited  by  the  desire  to  preserve  intact  the  original  rein- 
forced concrete  structure.  The  length  available  for  the  test 
section  was  therefore  restricted  to  the  15-foot-long  region 
between  the  downstream  end  of  the  entrance  cone  and  the 
upstream  end  of  the  diffuser;  the  maximum  transverse 
dimension  could  not  exceed  the  approximately  96-inch 
minimum  diameter  of  the  entrance  cone  and  diffuser.  More- 
over, because  of  the  necessity  of  taking  into  the  diffuser  the 
low -speed  air  from  the  mixing  region  at  the  slots  and  because 
of  the  expansion  required  for  supersonic  flow,  the  cross- 
sectional  area  at  the  throat  had  to  be  reduced  to  a value  less 
than  that  at  the  diffuser  entrance — about  20  percent  less  as 
suggested  by  the  experiments  of  reference  1. 

In  order  to  accomplish  this  reduction  of  area  at  the  throat, 
a liner  was  inserted  into  the  original  tunnel.  The  liner  and 
test  section  were  made  polygonal  in  cross  section  to  facilitate 
construction  and  to  provide  plane  surfaces  for  windows.  The 
twelve-sided  regular  polygon  was  chosen,  as  it  provided  a 
sufficiently  near  approach  to  the  circular  cross  section  of  the 
entrance  and  diffuser  to  make  enough  space  available  for  the 
supporting  structure  at  all  points  between  the  original  en- 
trance cone  and  the  liner  and  to  allow  the  fairing  into  the 
circular  diffuser  entrance  to  be  relatively  easy.  The  sides 
were  sufficiently  wide  to  accommodate  windows  approx- 
imately 12  inches  square.  A cutaway  view  of  the  installation 
is  shown  in  figure  1. 

The  shape  of  the  entrance  liner,  given  in  figure  2,  was 
based  on  that  of  the  plaster  nozzle  described  in  reference  2. 
This  entrance  shape,  which  near  its  downstream  end  diverged 
to  an  angle  of  5 minutes  with  the  center  line  of  the  tunnel, 
was  designed  to  produce  a very  gradual  expansion,  so  that 
the  Mach  number  at  tunnel  station  0 (origin  for  tapered 


slots)  is  nearly  uniform  and,  for  all  supersonic  test-section 
Mach  numbers,  is  equal  to  unity  all  over  the  cross  section. 
The  boundary-layer  development  is  responsible  (see  ref.  2) 
for  the  fact  that  the  effective  minimum  section  (cross  section 
at  which  the  Mach  number  is  unity)  exists  at  or  near  the 
slot  origin  rather  than  32  inches  upstream  at  the  geometric 
minimum  section.  With  this  liner  the  maximum  possible 
ratio  of  diffuser-entrance  cross-sectional  area  to  throat  cross- 
sectional  area  is  about  1.18. 

The  test  section  was  made  of  steel  panels  reinforced  on  the 
back  and  supported  at  the  ends.  Between  the  panels,  at  the 
corners  of  the  polygon,  slot  spaces  were  left  sufficiently  wide 
to  permit  the  attachment  of  strips  forming  rounded  slot 
edges.  By  changing  these  slot  edges,  constructed  of  wood  to 
facilitate  their  modification,  various  slot  shapes  (plan  forms) 
could  be  tested.  The  spaces  between  the  panels  were  made 
sufficiently  wide  to  permit  slot  widths  considerably  in  excess 
of  the  width  corresponding  to  a total  opening  of  one-ninth  of 
the  periphery,  which  is  the  ratio  of  open  to  total  jet  boundary 
judged  from  reference  1 to  be  required  (with  12  equally 
spaced  slots)  for  zero  solid  blockage. 

In  the  original  design,  windows  were  placed  in  three 
panels  on  each  side  of  the  test  section,  but  in  assembly,  in 
order  to  facilitate  model  observation,  one  of  these  glazed 
panels  was  interchanged  with  the  top  panel  (fig.  1,  section 
C-C). 

The  panels  were  originally  installed  with  a divergence 
angle  of  45  minutes  relative  to  the  center  line  of  the  tunnel. 
To  reach  this  divergence  from  the  5-minute  divergence  at 
the  downstream  end  of  the  approach  section,  the  upstream 
end  of  every  panel  was  gradually  curved  over  the  first  IS 
inches.  The  shape  of  this  curved  region  is  shown  in  figure 
3(a). 

The  stream-side  surfaces  of  the  panels  and  of  the  down- 
stream 10  feet  of  the  entrance  cone  were  carefully  machined, 
and  precautions  were  taken  to  assure  the  smoothness  and 
continuity  of  the  surface.  In  particular,  considerable  care 
was  exercised  to  minimize  any  differences  in  surface  level 
at  the  juncture  between  the  panels  and  the  entrance  cone. 
Inaccuracies  in  window  installation  caused  disturbances 
which  were  removed  by  fairing  the  edges  or  by  reinstallation. 

At  125.6  inches  from  their  upstream  ends  the  panels  joined 
with  a transition  section  (fig.  3 (a))  which  led  into  the  circular 
diffuser  entrance  at  the  180-inch  station.  This  transition 
section  was  made  up  of  curved  elements  and  flat  triangular 
parts  as  shown  in  figure  1.  The  triangular  flats  made  an 
angle  of  approximately  2°30'  with  the  center  line  of  the 
tunnel  so  that  a discon  tin  uity  in  slope  existed  at  the  125.6- 
inch  station.  The  transition  section  was  slotted  but  the 
slots  could  be  filled  and  thus  stopped  at  any  position  between 
the  125.6-  and  180-inch  stations.  Because  the  panels  were 
of  essentially  constant  width,  the  slot  width  in  this  divergent 
region  increased  from  2.6  inches  to  about  3.5  inches. 

As  indicated  in  figure  1,  section  C-C,  the  structure  of  the 
panels  was  such  that  open  channels  existed  under  the  slots. 
Because  of  the  turbulent  mixing  at  the  slots  and  the  expan- 
sion to  supersonic  flow,  the  jet  must  expand  into  the  channels. 
Continuity  then  requires,  since  the  chamber  surrounding  the 
slots  is  sealed,  that  air  which  came  out  through  the  slots 
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must  reenter  and  pass  into  the  diffuser.  In  order  to  guide 
this  air  into  the  diffuser  entrance,  noses  were  placed  in  the 
channels  at  the  downstream  ends  of  the  slots  as  shown  in 
figure  3.  Several  different  nose  shapes  were  tried,  the  first 
of  which  is  indicated  in  figure  1.  The  nose  shape  used  for 
most  of  the  test  discussed  in  this  report  is  shown  in  figure 
4 (a).  This  nose  could  be  moved  upstream  or  downstream 
to  match  the  position  of  the  downstream  end  of  the  slot.  A 
later  modification  (fig.  4 (b)),  including  side  plates  which 
restricted  the  downstream  channel  width,  was  designed  to 
reduce  the  power  consumption.  (See  ref.  3.)  The  flap 
(fig.  4 (b)),  which  was  open  for  subsonic  operation  and  closed 
for  supersonic  operation,  was  designed  to  relieve  a subsonic 
negative  Mach  number  gradient  introduced  into  the  test 
region  by  this  nose  shape. 

The  original  dome-shaped  test  chamber  was  used  as  the 
sealed  tank  surrounding  the  slots.  (See  fig.  1.)  This 
chamber  was  adequately  large,  having  a maximum  diameter 
of  40  feet.  It  nowhere  approached  the  slotted  test  section 
closer  than  6 feet.  Glass  observation  ports  were  provided 
in  the  top,  at  one  side,  and  in  the  chamber  door. 

SLOT  SHAPES 

The  slot  shapes  tested  are  shown  in  figure  5.  For  the 
rectangular  shape  (number  10)  originally  designed,  the 
edges  were  made  of  steel,  and  two  of  these  edges  contained 
rows  of  pressure  orifices.  Figure  6 shows  the  location  of 
these  and  other  orifice  rows.  The  other  slot  shapes  tested 
were  constructed  with  wood  edges  to  facilitate  their  modifica- 
tion. 

FLOW-SURVEY  INSTRUMENTATION  AND  METHODS 

The  characteristics  of  the  flow  in  the  slotted  test  section 
were  investigated  by  means  of  pressure  measurements  and 
schlieren  observations  near  the  center  line  and  by  means 
of  pressure  measurements  at  the  wall. 

Pressure  and  temperature  measurements — Static-pres- 
sure measurements  were  obtained  from  0.031-inch-diameter 
orifices  located  in  the  surfaces  along  the  center  lines  of 
diametrically  opposed  wall  panels  5 and  11,  and  in  the 
surface  of  a 2-inch-diameter  cylindrical  survey  tube  (fig.  1). 
The  wall  orifices  were  located  approximately  2 inches  apart 
axially  in  the  slotted  section  and  as  far  as  60  inches  upstream 
of  the  slot  origin.  The  cylindrical-tube  orifices  were  ar- 
ranged in  four  axial  rows  spaced  90°  apart.  A single  row 
contained  orifices  located  6 inches  apart  in  a 60-inch-long 
region  immediately  upstream  of  the  slot  origin,  2 inches 
apart  in  a 24-inch-long  region  just  downstream  of  the  slot 
origin,  6 inches  apart  in  the  24-  to  60-inch  downstream  region, 
and  2 inches  apart  in  the  region  extending  from  60  to  160 
inches  downstream  of  the  slot  origin.  The  three  other  rows 
contained  orifices  spaced  2 inches  apart  in  the  region  from 
about  72  to  112  inches  downstream  of  the  slot  origin;  in 
this  region  the  orifice  locations  in  the  four  rows  were  stag- 
gered so  that  static-pressure  measurements  could  be  ob- 
tained at  K-inch  intervals.  The  surface  of  the  cylindrical 
tube  was  kept  free  of  irregularities  in  the  vicinity  of  pressure 
orifices. 

The  cylindrical  survey  tube  was  alined  approximately 
parallel  to  the  geometric  center  line  of  the  slotted  test  section. 


The  nose  of  the  tube  was  located  about  9 feet  upstream  of  the 
slot  origin  and  was  held  in  position  by  means  of  three  0.060- 
inch-diameter  stay  wires  spaced  120°  apart  angularly ; the 
downstream  end  was  located  in  the  tunnel  diffuser  and  was 
supported  by  means  of  the  model-support  system  shown  in 
figure  1.  A small  amount  of  sag  existed  along  the  unsup- 
ported length  of  the  tube  but  this  did  not  affect  the  pressure 
measurements.  The  tube  was  capable  of  axial  movement  to 
permit  measurements  at  intervals  as  close  as  desired.  Inter- 
changeable offset  adapters  were  used  to  locate  the  tube  6 
inches  and  15  inches  off  the  center  line  at  any  desired  angular 
position. 

Local  static-pressure  measurements  obtained  by  means  of 
the  orifices  in  the  wall  panel  and  in  the  cylindrical- tube 
surfaces  were  assumed  to  be  equal  to  those  outside  the 
boundary  layer  except  in  the  vicinity  of  a shock  where  the 
pressure  changes  would  occur  over  an  axial  distance  greater 
at  the  surface  than  outside  the  boundary  layer. 

Stream  total-pressure  measurements  were  obtained  in  the 
subsonic  flow  region  upstream  of  the  slot  origin  by  means  of 
several  total-pressure  tubes,  one  located  in  the  ellipsoidal  nose 
of  the  cylindrical  survey  tube  (fig.  1)  and  the  others  in  the 
low-speed  section  upstream  of  the  contraction  cone.  Meas- 
urements also  were  obtained  near  the  center  line  of  the  slotted 
test  section  by  using  a total-pressure  rake  consisting  of  eight 
0.050-inch-diameter  tubes,  3 inches  long,  mounted  ahead  of  a 
1°  included-angle  wedge. 

Pressures  were  measured  by  use  of  multiple-tube  manom- 
eters containing  tetrabromoethane  and  by  use  of  U-tubeS' 
containing  kerosene.  All  manometer  tubes  were  photo- 
graphed simultaneously. 

The  temperature  of  the  flow  mixture  in  the  tunnel  was 
controlled  in  order  to  reduce  possible  humidity  effects  on  the 
flow  in  the  test  section.  Temperature  measurements  were 
obtained  at  a number  of  stations  between  the  tunnel  center 
line  and  wall  in  the  low-speed  section  upstream  of  the  con- 
traction cone  by  use  of  thermocouples  in  conjunction  with  a 
recording  potentiometer. 

Schlieren  optical  system. — In  order  to  supplement  the 
pressure  measurements,  schlieren  observations  of  flow7  phe- 
nomena v7ere  made  by  use  of  the  temporal'}7  single-pass 
system  shown  in  figure  7.  This  system  utilized  1-foot-diam- 
eter parabolic  mirrors  and  w7as  mounted  on  large  movable 
support  structures  which  permitted  observations  at  an}7 
desired  test-section  windows  in  the  horizontal  plane  or  in  a 
plane  30°  from  the  horizontal.  A spark  source  w7as  used  for 
photographic  recording.  The  entire  system  v7as  located 
within  the  test  chamber  and  w7as  operated  by  remote  control. 

Determination  of  Mach  number. — The  flow7  Mach  number, 
the  parameter  used  for  presenting  most  of  the  results  of  the 
present  surveys,  wras  obtained  by  relating  simultaneously 
measured  values  of  the  stream  total  pressure  and  local  static 
pressures.  Indications  of  the  flow7  Mach  number  wore  also 
obtained  from  measured  values  of  the  angularity  of  w7eak 
shock  wraves  produced  by  small  twro-dimensional  surface 
irregularities  on  opposite  w7all  panels.  Conical  shock  w7aves 
produced  by  a 10°  included-angle  cone  of  1-inch  maximum 
diameter  were  used  not  only  for  indicating  the  value  of  the 
stream  Mach  number  but  also  for  indicating  the  degree  of 
flow  uniformity  in  the  slotted  test  section. 
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Flow  angularity  measurements. — The  mean  angularity  of 
the  flow  with  respect  to  a horizontal  plane  near  the  center 
line  of  the  slotted  test  section  was  measured  by  use  of  the 
null-pressure-type  instrument  shown  in  figure  8.  This 
instrument,  a 3°  included-angle  cone,  contained  0.010-inch- 
diameter  static-pressure  orifices  located  symmetrically  in 
opposite  surfaces.  The  sensitivity  of  this  instrument  to 
angle-of-attack  changes,  expressed  in  terms  of  the  pressure 
differential  between  orifices  in  opposite  surfaces  and  in  the 
plane  of  angle  change,  was  about  0.6  percent  of  the  stream 
dynamic  pressure  per  degree  change  of  angle  in  the  transonic 
speed  range.  This  sensitivity,  though  not  great,  was  within 
the  possible  error  in  instrument-attitude  measurements. 
Such  measurements,  obtained  by  careful  use  of  a cathetom- 
eter  during  actual  testing,  were  estimated  to  include 
possible  inaccuracies  not  exceeding  0.1°.  The  procedure  for 
measuring  the  flow  inclination  consisted  of,  first,  orienting 
the  instrument  so  that  pressure  orifices  in  opposite  surfaces 
were  situated  in  the  vertical  plane  of  measurement,  and 
second,  varying  the  instrument  attitude  by  means  of  a 
remotely  controlled  angle-changing  mechanism  in  the  sup- 
port system  until  the  pressures  at  the  opposite  surfaces 
were  equal.  The  instrument  attitude  was  determined  care- 
fully by  means  of  cathetometer  readings  for  this  indicated 
null-pressure  condition,  and  the  procedure  was  repeated 
with  the  instrument  inverted.  The  arithmetical  average  of 
instrument-attitude  measurements  made  with  the  instru- 
ment erect  and  inverted  was  assumed  to  compensate  for 
possible  asymmetry  of  the  instrument  and  to  indicate  the 
mean  direction  of  the  flow. 

Eapid  variations  of  the  flow  angularity  with  time  were 
indicated  by  means  of  pressure-fluctuation  measurements 
in  the  slotted  test  section.  For  these  measurements  a 3° 
included-angle  cone  was  equipped  with  a small  electrical 
pressure  cell  (mounted  inside  the  cone)  which  connected 
directly  with  static-pressure  orifices  located  180°  apart  in 
the  cone  surface.  Periodic  differences  in  pressure  between 
the  orifices  in  opposite  surfaces  of  the  cone  were  measured 
by  means  of  a recording  oscillograph.  The  indicated  pres- 
sure differences  were  expressed  in  terms  of  flow-angularity 
changes  by  use  of  a steady-state  calibration  of  the  pressure 
differential  between  orifices  in  opposite  surfaces  of  the  cone 
with  respect  to  cone-attitude  changes  in  the  plane  of  the 
orifices.  This  pressure  differential  in  the  transonic  range 
was  about  5 pounds  per  square  foot  per  degree  change  in 
cone  attitude  with  respect  to  the  flow,  whereas  the  sensi- 
tivity of  the  pressure  cell  was  approximately  0.25  pound  per 
square  foot.  The  accuracy  of  the  pressure  cell  was  main- 
tained over  a frequency  range  from  0 to  300  cycles  per 
second. 

Jet-boundary  interference  effects. — In  order  to  ascertain 
the  value  of  the  slotted  test  section  for  testing  purposes  a 
high-fineness-ratio  body  of  revolution  was  tested  at  zero 
angle  of  attack  through  the  Mach  number  range  from  about 
0.60  to  1.14  and  the  measured  body-surface  pressure  distri- 
butions were  compared  with  essentially  interference-free 
distributions  from  other  sources.  The  particular  body  shape 
used  in  this  investigation,  a fineness-ratio-12  body  for  which 
coordinates  are  given  in  reference  4,  was  selected  because  of 


the  availability  of  theoretical  and  experimental  pressure 
distributions.  The  wind-tunnel  model  consisted  of  the 
forward  83.7  percent  (33.5  inches)  of  a 40-inch-long  basic 
body;  a 3.25°  semiangle  support  sting  joined  the  body  at  the 
83.7-percent  station  (see  fig.  9).  This  model  contained 
static-pressure  orifices  (0.020  inch  in  diameter)  spaced  2 
inches  apart  axially  along  the  length  of  the  body  and  ar- 
ranged in  rows  at  various  angular  locations  (ref.  5)  but  only 
the  pressure  measurements  at  the  upper  and  lower  surfaces 
were  used  for  the  comparisons  shown  in  this  report.  Small 
surface  discontinuities  existed  at  model-component  jimctures, 
at  an  embedded  mirror  in  the  upper  surface,  and  at  faired 
surfaces  over  filled  bolt  holes. 

The  reflection  of  disturbances  from  the  slotted-test-section 
boundary  and  the  effect  of  such  reflections  on  model  pressure 
distributions  were  examined  by  testing  both  the  body  of 
revolution  (fig.  9)  and  a wing-body  combination  (fig.  10) 
at  supersonic  speeds  and  correlating  the  measured  pressures 
at  model  and  wall  surfaces  with  schlieren  pictures  of  the  flow 
field  near  the  model  surface.  The  wing-body  combination 
consisted  of  the  previously  described  body  of  revolution 
(fig.  9 (c))  fitted  with  a 45°  sweptback  airfoil  of  NACA 
65A006  section,  12-inch  semispan,  and  1-square-foot  plan- 
form  area.  Static-pressure  orifices  (0.020  inch  in  diameter) 
were  located  in  the  upper  and  lower  surfaces  of  the  airfoil 
at  five  semispan  stations  (see  ref.  5)  but  for  the  present  sur- 
veys pressures  were  measured  mainly  at  the  60-percent  and 
80-percent  semispan  stations  where  the  airfoil  chords  were 
about  5.70  and  5.05  inches,  respectively.  Pressure  orifices 
at  these  wing  stations  were  located  at  chordwise  intervals 
no  greater  than  10  percent  of  the  chord.  Static-pressure 
orifices  (0.018  inch  in  diameter)  also  were  located  at  axial 
intervals  of  about  0.75  inch  along  the  length  of  the  model- 
support  sting  in  order  to  measure  pressures  in  the  compression 
region  at  the  base  of  the  model  and  to  aid  in  locating  wall- 
reflected  disturbances.  Transition  was  fixed  at  10-percent- 
chord  and  12-percent-body-length  stations  for  the  wing  and 
body  of  revolution,  respectively. 

The  control  of  model  attitude  during  tests  in  the  slotted 
test  section  was  effected  by  means  of  cathetometer  observa- 
tions and  a remotely  controlled  angle-changing  mechanism 
in  the  model-support  s}^stem. 

PRECISION  OF  DATA 

The  maximum  random  error  in  the  indicated  Mach  num- 
ber, as  obtained  from  pressure  measurements  throughout  the 
transonic  range  covered  by  these  surveys,  was  estimated  to 
be  no  greater  than  0.003  in  shock-free  flow.  For  measure- 
ments behind  shocks  an  additional  error  in  the  indicated 
Mach  number  was  possible  because  of  failure  to  correct  for 
changes  of  the  stream  total  pressure  through  the  shocks; 
this  error,  however,  was  negligible  at  the  lower  supersonic 
Mach  numbers  and  did  not  exceed  0.002  for  normal  shocks 
at  a Mach  number  of  1.14. 

Probable  errors  in  Mach  numbers  indicated  by  angularity 
measurements  of  weak  shocks  in  supersonic  flow  were  about 
0.002.  This  error  corresponds  to  an  estimated  inaccuracy 
of  0.2°  in  the  measurement  of  the  angularity  of  two-dimen- 
sional shocks  from  the  test  section  walls.  The  angularity  of 
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sharply  defined  conical  shocks  could  be  measured  with  an 
inaccuracy  of  only  about  0.1°. 

The  differences  between  Mach  numbers  determined  from 
pressure  measurements  and  those  from  shock-angularity 
measurements  at  supersonic  speeds  coiTesponded  closely  to 
the  estimated  probable  errors  in  determining  the  Mach 
number.  (See  fig.  11.) 

Estimated  possible  errors  in  the  model-surface  pressure 
coefficients  obtained  from  tests  in  the  slotted  test  section 
were  generally  about  0.005  and  did  not  exceed  about  0.010. 

The  sensitivity  of  the  schlieren  optical  system,  when 
properly  adjusted,  was  sufficient  to  permit  the  detection  of 
a conical  shock  whose  strength  corresponded  to  a Mach 
number  change  of  about  0.003. 

The  maximum  possible  error  in  measuring  the  flow  angu- 
larity was  estimated  to  be  about  0.1°.  A like  error  in  meas- 
uring the  model  angularity  introduced  the  possibility  of 
errors  as  great  as  0.2°  in  model  alinement  with  respect  to 
the  flow  direction. 

RESULTS  AND  DISCUSSION 

PRELIMINARY  INVESTIGATIONS 

Inasmuch  as  the  8-foot  transonic  tunnel  was  the  first 
large  slotted  tunnel  constructed  at  the  Langley  Laboratory, 
the  first  task  was  to  stud}7  its  general  characteristics.  Such 
a study  was  facilitated  by  the  large  size  of  the  test  chamber, 
which  permitted  direct  observation  during  tunnel  operation 
from  positions  near  the  slots.  Such  observation  was  limited, 
however,  by  the  noise,  which  became  painful  at  Mach 
numbers  greater  than  about  0.6,  and  by  the  danger  of  a 
sudden  large  pressure  increase  due  to  power  failure  at  large 
Mach  number,  which  might  result  in  physical  injury  to  the 
observer.  The  test  chamber  was  also  uncomfortably  hot 
because  of  the  necessity  of  operating  the  tunnel  with  high 
stagnation  temperature,  up  to  180°  F,  in  order  to  prevent 
condensation  difficulties. 

In  an  investigation  of  the  noise,  the  natural  fundamental 
frequency  of  the  system  of  test  chamber  and  slots  was  roughly 
estimated  at  about  3 cycles  per  second.  Measurements  of 
the  frequency  and  intensity  of  the  sound  in  the  test  chamber 
indicated  a vibration  with  about  this  frequency,  but  the 
greater  part  of  the  energy  was  rather  widely  distributed  in 
general  noise.  This  noise,  which  arose  from  the  tunnel  fan, 
from  the  vorticitv  and  general  turbulence  in  the  slots,  and 
from  the  general  diffuser  flow,  reached  an  intensity  in  excess 
of  130  decibels  at  Mach  numbers  near  unity.  In  addition, 
sections  of  the  test-chamber  floor  vibrated,  apparently  with 
their  natural  frequencies,  but  these  vibrations  were  not  ex- 
cessive. To  minimize  noise  and  vibration,  blunt  diffuser 
entrance  noses  are  believed  to  be  desirable,  because  sharp 
noses  might  be  expected  to  produce  oscillations  when  struck 
by  the  vortices  proceeding  downstream  just  outside  the  slots. 

In  addition  to  the  vibration,  a general  circulatory  move- 
ment of  the  air  in  the  test  chamber  was  observed.  The  scrub- 
bing action  at  the  slots  entrains  air  from  the  test  chamber 
and  carries  it  along  toward  the  diffuser  entrance,  where  it  is 
separated  from  the  tunnel  flow  at  the  diffuser  entrance  noses, 
deflected  out  into  the  surrounding  chamber,  and  circulated 
back  toward  the  upstream  ends  of  the  slots. 


The  first  tests  were  made  with  the  rectangular  slot  shape 
and  with  a panel  divergence  of  45  minutes.  The  indicated 
Mach  number  distributions  at  the  various  orifice  rows  are 
shown  in  figure  6.  In  this  figure  MTC  is  the  Mach  number 
corresponding  to  test  chamber  pressure.  The  total  pressure 
for  these  and  all  other  Mach  number  distributions  presented 
in  this  report  is  that  near  the  center  of  the  tunnel  stream. 

The  Mach  number  distribution  shown  in  figure  6 is  evi- 
dently unsatisfactory  for  model  testing.  As  pointed  out  in 
reference  2,  the  flow  disturbances  in  a circular  tunnel  are 
concentrated  at  the  center;  as  might  be  expected,  the  12- 
sided  tunnel  with  regular  polygonal  cross  section  behaves  in 
a similar  manner,  that  is,  the  Mach  number  oscillations 
shown  in  figure  6 are  considerably  greater  near  the  center  of 
the  tunnel  than  at  the  center  of  a panel.  Special  care  is 
therefore  required  to  obtain  a model  test  region  with  uniform 
Mach  number.  The  solution  to  this  problem  was  deduced 
from  tests  with  various  slot  widths  and  shapes,  from  addi- 
tional tests  which  had  previously  been  carried  out  in  the 
apparatus  of  reference  1,  and  from  a fundamental  conception 
of  the  part  to  be  played  by  the  slots  in  producing  the  super- 
sonic flow.  Previous  tests  had  already  led  to  the  belief  that 
one  of  the  most  important  causes  of  the  Mach  number  oscilla- 
tions was  the  over  expansion  in  the  upstream  part  of  the 
slotted  section,  similar  to  that  which  occurs  when  a super- 
sonic jet  debouches  into  a region  having  a pressure  less  than 
that  at  the  jet  exit.  The  function  of  the  slot  shape  is  con- 
ceived to  be  the  control  of  this  expansion  in  such  a way  that 
the  Mach  number  will  gradually  approach  its  final  test-sec- 
tion value  without  exceeding  this  value  at  any  section.  With 
the  45-minute  divergence  of  the  panels  such  control  was  found 
to  be  impossible,  although  a number  of  different  slot  shapes 
were  tried,  because  the  flow  expansion  produced  by  the 
curvature  and  divergence  of  the  panels  already  exceeded 
that  required. 

The  possibility  existed  of  removing  most  of  this  divergence 
by  turning  end-for-end  the  part  of  the  panels  between  sta- 
tions 0 and  125.6  inches.  This  modification  as  accomplished 
is  shown  in  figure  3 (b).  The  panels  are  straight  for  the  first 
107  inches  with  a 5-minute  slope  continuous  with  that  of 
the  entrance  cone.  The  curved  part  of  the  plates  now  lies 
between  the  107-  and  125.6-inch  stations,  and  curved  liners 
have  been  added  between  the  125.6-  and  141.6-inch  stations 
in  order  to  relieve  the  discontinuity  in  slope  at  that  station 
and  thus  to  prevent  large  flow  disturbances  with  attendant 
shocks  in  this  region. 

The  efficacy  of  changing  the  panel  divergence  from  45  to 
5 minutes  is  shown  in  figure  12.  A considerable  reduction 
in  the  Mach  number  oscillations  has  been  obtained,  par- 
ticularly near  the  center  of  the  tunnel.  The  slot  is  now  ful- 
filling its  function  of  controlling  the  development  of  the 
supersonic  flow,  and  changes  in  slot  shape  might  therefore 
be  utilized  to  improve  the  Mach  number  distribution  at  the 
center  of  the  tunnel. 

INVESTIGATION  OF  SLOT  SHAPES 

The  establishment  of  supersonic  flow  suitably  uniform  for 
model  testing  in  the  slotted  region  of  the  Langley  8-foot 
transonic  tunnel  was  the  primary  purpose  of  the  investiga- 
tion of  slot  shapes,  since  the  production  of  satisfactorily 
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uniform  flow  at  speeds  up  to  and  slightly  exceeding  the 
speed  of  sound  was  easily  achieved  simpty  by  the  installa- 
tion of  rectangular-plan-form  slots.  (See  fig.  13.)  The  per- 
formance of  rectangular  slots,  reported  in  reference  1 for  the 
case  of  a 12-inch-diameter  throat,  was  verified  experimentally 
in  the  88-inch  effective-diameter  throat  of  the  Langley  8-foot 
transonic  tunnel.  A characteristic  feature  of  supersonic  flow 
in  a throat  equipped  with  rectangular  slots  is  a rapid  initial 
expansion  and  a subsequent  compression  of  the  flow  imme- 
diately downstream  of  the  slot  origin.  At  Mach  numbers 
greater  than  about  1.02  disturbances  associated  with  the 
initial  expansion-compression  appear  in  the  slotted-test- 
section  flow,  and  the  magnitude  of  the  disturbances  increases 
with  Mach  number.  This  performance  is  illustrated  in 
figure  13,  which  presents  the  results  of  flow  surveys  in  the 
8-foot  tunnel  with  rectangular  slots  and  with  the  throat 
geometry  of  figure  3 (b).  The  disturbances  shown  in  figure 
13  are  sufficiently  severe  to  preclude  the  use  of  rectangular- 
plan-form  slots  at  supersonic  speeds  in  this  test  section. 

The  use  of  tapered  slots  to  reduce  the  rapidity  of  the 
initial  flow  expansion  and  the  severity  of  the  accompanying 
disturbances,  which  was  originally  reported  in  reference  6, 
was  followed  in  investigating  suitable  slot  shapes  for  the 
Langley  8-foot  transonic  tunnel.  For  this  investigation  the 
tunnel  throat  geometry  of  figure  3 (b)  was  maintained. 
For  some  of  these  tests,  the  curved  liner  shown  in  figure  3 
was  replaced  by  a “boat-tail”  as  indicated  at  the  top  of 
figure  14,  but  this  change  did  not  significantly  affect  the 
flow  in  the  test  section.  The  first  slot  shape  investigated  was 
a straight-taper  design,  somewhat  similar  to  one  for  which 
fairly  good  flow  characteristics  were  reported  in  reference  6. 
This  slot  shape  is  identified  in  figure  5 as  shape  1.  The 
slot  originated  as  a point  at  the  effective  minimum  section  of 
the  tunnel  (station  0)  and  opened  with  an  angle  of  0.77° 
between  the  edge  and  center  line  of  the  slot.  The  tapered 
portion  extended  96  inches  (1.09  jet  diameters)  downstream, 
after  which  the  slot  width  remained  constant.  In  this  re- 
gion of  constant  slot  width,  the  open  portion  of  the  boundary 
comprised  approximately  one-ninth  of  the  total  periphery 
of  the  tunnel  wall.  The  flow  characteristics  of  the  slotted 
section  equipped  with  slot  shape  1 (see  fig.  14)  corresponded 
approximately  to  those  for  the  tapered  slot  reported  in 
reference  6 for  a 12-inch-diameter  tunnel  throat.  The 
supersonic  flow  in  both  tunnels  attained  approximately  the 
same  maximum  and  minimum  Mach  numbers  at  equivalent 
distances  (jet  diameters)  downstream  of  the  slot  origin. 
The  existence  of  the  compression  region  following  the  initial 
expansion  was  sufficient,  however,  to  justify  investigating 
the  control  of  slotted-section  flow  characteristics  by  means 
of  slot-shape  modifications. 

Other  tapered  slots  were  then  investigated  in  an  attempt 
to  reduce  the  initial  flow  overexpansion  and  the  compression 
that  followed.  The  flow  characteristics  for  slot  shapes  4 
and  9,  which  opened  with  only  about  half  the  angle  of  slot 
shape  1 over  the  first  48  inches  downstream  of  the  slot 
origin  (see  fig.  5),  are  shown  in  figures  15  and  16,  respective^7. 
Comparison  of  these  data  with  those  for  slot  shape  1 indi- 
cated that  the  reduction  in  the  initial  rate  of  opening  of  the 
tapered  slot  produced  a corresponding  reduction  in  the  rate 


of  flow  expansion;  also,  the  slight  overexpansion  and  fol- 
lowing compression  of  the  supersonic  flow  produced  by  slot 
shape  1 was  practical^7  eliminated  by  use  of  shape  9.  The 
flow  expansions  produced  b}7  slots  4 and  9 were  almost  identi- 
cal in  spite  of  the  fact  that  slot  shape  4 opens  more  abruptly 
downstream  of  the  48-inch  station.  In  the  test  section  the 
degree  of  flow  uniformity  was  slightly  less  for  shape  4 than 
for  shape  9,  and  it  is  therefore  surmised  that  small  flow- 
uniformity  gains  ma}7  be  expected  by  changing  the  slot 
shape  gradually  over  the  downstream  portion  of  its  taper. 

Slot  shapes  6 and  7 (see  fig.  5)  utilized  over  their  first  12 
inches  of  length  essentially  the  same  initial  taper  angles  as 
were  employed  for  shapes  9 and  1,  respectively;  but  follow- 
ing this  12-inch  straight-taper  region  slots  6 and  7 opened 
with  greater  angles  of  divergence  than  did  shapes  9 and  1 
and  attained  their  full-open  widths  at  76  and  74  inches 
downstream  of  the  slot  origin.  The  results  of  flow  surveys 
for  these  slot  shapes,  presented  in  figures  17  and  18,  revealed 
that  the  supersonic  flow  downstream  of  the  initial  straight- 
taper  region  expanded  more  rapidly  and  compressed  more 
severely  than  did  the  flow  for  slot  shapes  9 and  1.  The  data 
for  slot  shapes  1,  9,  6,  and  7 indicated  that,  for  tapered  slots 
whose  initial  opening  angles  are  no  greater  than  the  0.77- 
degree  half-angle  taper  used  for  shape  1,  the  important  factor 
in  controlling  the  flow  expansion  and  compression  is  the 
proper  shaping  of  the  slot  over  the  long  region  in  which  most 
of  the  opening  to  full  slot  width  takes  place. 

Slot  shape  8,  which  opened  in  a straight  taper  of  1.18° 
half  angle  over  its  first  48  inches  from  the  slot  origin  (see 
fig.  5),  produced  the  Mach  number  distributions  shown  in 
figure  19.  The  supersonic-flow  expansion  occurred  more 
rapidly  for  slot  shape  8 than  for  any  of  the  other  tapered 
shapes  investigated,  as  might  be  expected  from  the  greater 
angle  at  which  it  opened.  At  the  higher  Mach  numbers  the 
distribution  became  saddle-shaped. 

From  the  center-line  Mach  number  distributions  corre- 
sponding to  slot  shapes  1,  4,  6,  7,  8,  and  9,  the  possibility 
now  existed  of  relating  slot-shape  changes  to  the  correspond- 
ing Mach  number  changes  and  thereby  effecting  modifica- 
tions designed  to  improve  the  distribution.  For  the  direc- 
tion and  a qualitative  indication  of  the  magnitude  of  the 
slot-width  changes  required,  the  conception  of  the  function 
of  the  slots  in  producing  the  supersonic  flow  served  as  a 
guide.  Thus,  for  instance,  if  at  some  point  along  the  center 
line  the  flow  has  expanded  to  a Mach  number  in  excess  of 
that  indicated  by  the  test-chamber  pressure,  this  overex- 
pansion can  be  traced  back  along  a Mach  line  to  a region  on 
the  tunnel  boundary;  if  in  this  region  the  pressure  on  the 
panels  is  greater  than  that  in  the  test  chamber,  a decrease 
in  slot  width  is  indicated  in  order  to  reduce  the  flow  expansion 
at  that  section. 

In  selecting  a slot  shape  to  serve  as  a basis  for  the  new 
design,  shape  9 was  chosen  because  it  already  produced  a 
supersonic  flow  of  considerable  uniformity.  In  addition  to 
the  changes  intended  to  improve  the  flow  uniformity,  which 
were  accomplished  by  interpolating  among  the  slot  shapes 
previously  tested  and  by  applying  the  ideas  discussed  in  the 
previous  paragraph,  a further  modification  was  made  in 
order  to  decrease  the  length  required  for  establishment  of 
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the  uniform  flow.  For  this  purpose  the  angle  of  taper  at 
the  upstream  end  was  increased  to  a value  approaching  that 
for  shape  8.  This  increase  in  taper  angle  at  the  upstream 
end  was  consistent  with  a decrease  between  the  55-  and  75- 
inch  stations,  where  such  a decrease  was  believed  to  be  de- 
sirable in  order  to  decrease  the  Mach  number  oscillations  in 
the  test  region.  The  final  slot  shape  is  shown  as  number  11 
in  figure  5. 

The  results  of  the  flow  surveys  with  slot  shape  11,  which 
are  presented  in  figure  20,  show  a slight  improvement  in  flow 
uniformity  at  Mach  numbers  greater  than  1.1.  The  over- 
expansion with  subsequent  compression  is  practically  elimi- 
nated, and,  moreover,  this  uniform  flow  is  reached  in  a 
shorter  distance  than  with  slot  shape  9.  The  length  of  the 
essentially  gradient-free  region  available  for  testing  purposes 
varies  from  about  80  inches  at  a stream  Mach  number  of  1 .07 
to  approximately  40  inches  at  a stream  Mach  number  of 
about  1.13.  Extensive  surveys,  including  static-pressure 
measurements  at  axial  intervals  as  close  as  }i  inch,  in  the 
slotted  section  equipped  with  tapered  slot  shape  11  indicated 
Mach  number  deviations  no  greater  than  those  shown  in 
figure  20.  In  a typical  model-testing  region  approximately 
36  inches  long  and  30  inches  in  diameter,  the  Mach  number 
deviations  increased  with  Mach  number  to  values  not 
exceeding  ±0.006  at  a stream  Mach  number  of  1.13.  This 
degree  of  flow  uniformity  was  considered  satisfactory  for 
model-testing  purposes,  and  slot  shape  11  was  therefore 
chosen  for  the  final  test-section  configuration. 

The  coordinates  for  slot  shape  11  are  given  in  figure  21. 
Also  included  in  this  figure  is  the  approximate  shape  of  the 
slot  edge,  which  was  slightly  over  0.5-inch  thick  and  which 
remained  essentially  the  same  for  all  the  slot  shapes  investi- 
gated. Immediately  outside  the  slot  edges,  the  channel 
between  the  edges  and  the  test  chamber  opened  abruptly  as 
indicated  in  section  C-C  of  figure  1.  If  the  thickness  of 
the  slot  edges  and  the  size  of  the  channel  immediately  out- 
side the  slot  opening  had  been  greatly  different,  the  charac- 
teristics of  the  flow  through  the  slots  might  have  been 
influenced  sufficiently  to  have  resulted  in  a final  slot  shape 
somewhat  different  from  shape  11.  The  large  size  of  the 
channels  results  in  the  maintenance  of  the  pressure  just  out- 
side the  slots  at  a value  very  close  to  that  in  the  test  chamber; 
and  the  thinness  of  the  slot  edges  tends  to  reduce  the  inertia 
effects  due  to  flow  in  the  slots,  which  might  aggravate  the 
oscillation  in  the  test  region.  The  rounding  of  the  slot 
edges  may  not  be  necessary,  but  was  taken  as  a precaution 
against  disturbances  that  might  arise  from  flow  separation 
at  sharp  corners. 

TEST-SECTION  CALIBRATION 

Flow  uniformity. — The  results  of  extensive  pressure  surveys 
in  the  slotted  test  section  using  slot  shape  11  are  presented 
in  figures  22  and  23  in  terms  of  the  local  Mach  number. 
The  stream  total  pressure  used,  in  conjunction  with  local 
static  pressures,  to  determine  the  Mach  number  distributions 
of  figures  22  and  23  was  found  to  be  essentially  constant 
throughout  the  survey  region  near  the  test-section  center  line 
and  was  in  close  agreement  with  values  measured  in  low-speed 
regions  upstream  of  the  slotted  section.  The  Mach  number 


distributions  shown  in  figure  22  are  associated  with  the  flow 
characteristics  soon  after  installation  of  the  slotted  throat 
and  with  a diffuser-entrance  nose  located  142.5  inches  down- 
stream of  the  slot  origin  (nose  A).  Figure  23  presents  wall 
and  center-line  Mach  number  distributions  obtained  from 
surveys  conducted  at  a later  date  and  with  a longer  diffuser- 
entrance  nose  (nose  B,  ref.  3)  located  114.6  inches  downstream 
of  the  slot  origin. 

The  Mach  number  distributions  in  the  slotted  test  section 
with  diffuser-entrance  nose  A (fig.  22)  indicated  that  (1)  the 
flow  in  the  slotted  test  section  was  essentially  free  of  gradients 
(except  in  the  Mach  number  range  from  about  0.90  to  1.08 
where  a slight  positive  Mach  number  gradient  existed), 

(2)  the  length  of  the  uniform-flow  region  available  for  model- 
testing purposes  decreased  with  Mach  number  but  was 
approximately  60  inches  long  at  a Mach  number  of  1.13, 

(3)  the  Mach  numbers  measured  near  the  center  line  of  the 
uniform-flow  region  agreed  reasonably  well  with  those  at  the 
wall,  and  (4)  the  quality  of  the  flow  in  the  slotted  test  section 
with  slot  shape  1 1 was  fully  equal  to  that  in  the  most  care- 
fully designed  two-dimensional  solid  nozzles.  This  result 
is  the  more  remarkable  when  it  is  realized  that  the  slot  shape 
was  reached  without  the  benefit  of  any  such  theory  as  is 
available  for  the  solid  nozzle  design  and  that,  moreover,  this 
uniform-flow  test  region  was  attained  in  a tunnel  of  approxi- 
mately circular  cross  section,  for  which  the  solid  nozzle  design 
is  particularly  critical.  It  seems  reasonable,  therefore,  to 
conclude  that  the  design  is  much  less  critical  for  the  slotted 
nozzle  than  for  the  solid  nozzle.  This  easing  of  the  design 
requirements  is  perhaps  due  to  the  fact  that  the  slots  in  con- 
junction with  the  panels  produce  an  effective  integrated 
damped  elastic  pressure  boundary  in  contrast  to  the  unyield- 
ing solid  boundary  of  the  solid  nozzle.  This  pressure  bound- 
ary is  incapable  of  supporting  the  large  pressure  gradients 
that  can  exist  at  a completely  solid  boundary  and,  therefore, 
all  disturbances  at  the  boundary  tend  to  be  spread  out  into 
shallow  oscillations  instead  of  being  concentrated  into  shocks 
as  may  occur  in  a solid  nozzle. 

In  other  respects  the  flow  in  the  slotted  nozzle  is  similar  to 
that  in  a solid  nozzle.  Thus,  just  as  in  a solid  nozzle,  irregu- 
larities on  the  solid  surfaces  produce  disturbances  extending 
into  the  interior  of  the  flow.  Disturbances  produced  by 
strings  0.010  inch  in  diameter  on  the  top  and  bottom  panels 
at  a Mach  number  of  1.074  are  shown  by  the  schlieren  photo- 
graph inset  in  figure  24.  These  disturbances  are  propagated 
along  lines  at  angles  very  close  to  the  Mach  angle.  This 
behavior  corresponds  with  the  assumption,  involved  in  the 
derivation  of  the  slot  shapes,  that  the  only  part  of  a slot 
effective  at  a point  of  the  flow  is  that  upstream  of  the  inter- 
section of  that  slot  with  the  upstream  Mach  cone  through 
the  point. 

The  results  of  surveys  in  the  slotted  test  section  after  a 
long  period  of  model  testing  and  with  diffuser-entrance  nose 
B (fig.  23)  indicate  that  the  Mach  number  attainable  at 
maximum  tunnel  power  was  increased  slightly  but  the  test 
section  was  shortened  at  its  downstream  end  by  use  of  the 
new  diffuser-entrance-nose  arrangement.  The  Mach  number 
distributions  of  figure  23  also  indicate  a decrease  in  the 
uniformity  of  the  test-section  flow  since  the  time  of  the 
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initial  surveys;  over  a 36-inch-long  region  the  maximum 
deviations  from  the  average  stream  Mach  numbers  indi- 
cated in  figure  23  were  as  much  as  0.010  as  compared  with 
deviations  of  as  much  as  0.006  in  figure  22.  This  deteriora- 
tion of  the  flow  was  assumed  to  be  due  to  the  effect  of  discon- 
tinuities appearing  in  the  wall-panel  surfaces,  as  near  window 
edges,  during  prolonged  periods  of  tunnel  operation  when 
insufficient  attention  was  given  to  maintenance  of  wall- 
panel  smoothness. 

The  deerree  of  test-section  flow  uniformity  indicated  by 
Mach  number  distributions  was  verified  over  a portion  of 
the  test  region  at  supersonic  speeds  by  examining  schlieren 
pictures  for  the  presence  of  stream  disturbances  equal  to  or 
stronger  than  a shock  of  known  strength  introduced  into  the 
flow.  The  results  of  the  flow-uniformity  check  are  illus- 
trated in  figure  25.  A 10°  included-angle  cone  was  alined 
approximately  parallel  to  the  flow  near  the  test-section 
center  line,  and  schlieren  pictures  were  made  of  the  flow 
field  about  and  ahead  of  the  cone  at  stream  Mach  numbers 
of  1.035  and  1.075.  The  schlieren  pictures  were  obtained 
for  only  the  horizontal  plane  (light  path  through  windows  in 
panels  3 and  9)  since  the  largest  wall-surface  discontinuities 
were  known  to  exist  on  wall  panel  12,  and  disturbances  from 
this  panel  were  most  readily  detected  from  horizontal 
schlieren  surveys.  The  attached  conical  shocks  were  the 
only  disturbances  visible  in  the  schlieren  pictures  (fig.  25) 
and,  since  these  shocks  were  three  dimensional  and  therefore 
more  difficult  to  detect  than  two-dimensional  disturbances, 
it  was  concluded  that  no  abrupt  disturbances  of  greater 
strength  than  that  of  the  conical  shock  existed  in  the  flow. 
(Because  the  conical  shocks  shown  in  figure  25  were  weak, 
they  are  not  very  distinct  in  the  schlieren  pictures;  dots  have 
therefore  been  superimposed  on  the  shock  lines  to  emphasize 
their  location.)  The  strength  of  the  attached  conical  shock, 
expressed  in  terms  of  the  Mach  number  decrement  through 
the  shock,  is  no  greater  than  0.004  and  0.003  at  stream  Mach 
numbers  of  1.035  and  1.075,  respectively  (fig.  25).  Mach 
number  decrements  calculated  from  conical-flow  theory 
(ref.  7)  are  in  close  agreement  with  the  two  experimental 
points.  In  determining  these  experimental  points  the  Mach 
number  decrements  across  the  cone  shocks  were  obtained 
by  use  of  oblique-shock  theory  (ref.  8)  with  shock  angles 
measured  directly  from  the  schlieren  pictures.  For  the 
stream  Mach  numbers  and  the  test-section  region  concerned, 
the  experimental  schlieren-survey  data  of  figure  25  appear 
to  be  consistent  with  the  pressure-survey  data  in  indicating 
the  presence  of  no  abrupt  steady-flow  disturbances  of 
significant  strength. 

The  measured  angularity  of  conical  shocks  (fig.  25)  offered 
indications  of  the  value  of  the  supersonic  Mach  number  which 
were  consistent  with  those  indicated  by  pressure  measure- 
ments (figs.  22  and  23)  and  by  the  angularity  of  weak  two- 
dimensional  disturbances  from  wall  panels  (fig.  11). 

Flow  calibration. — The  stream  flow  in  the  slotted  test 
section  was  calibrated  with  respect  to  the  pressure  in  the 
chamber  surrounding  the  slotted  section,  a procedure  em- 
ployed for  smaller  slotted  tunnels  in  the  investigations 
reported  in  references  1 and  6. 


A typical  calibration  curve  with  the  model  removed  from 
the  tunnel  shows  the  variation  with  test-chamber  Mach  num- 
ber of  the  average  Mach  number  over  a region  30  inches  in 
diameter  and  36  inches  long  near  the  test-section  center  line 
(fig.  26).  The  data  for  this  calibration  were  taken  from  the 
distributions  of  figure  22.  An  average  value  of  the  stream 
Mach  number  over  the  30-inch-diameter  region  was  obtained 
by  fairing  through  the  test  points  from  the  ten  different  posi- 
tions of  the  survey  tube.  This  faired  value  for  the  average 
stream  Mach  number  varied  almost  linearly  with,  but  was 
always  smaller  than,  the  indicated  test-chamber  Mach  num- 
ber. The  Mach  numbers  measured  at  the  ten  survey  loca- 
tions did  not  differ  from  the  average  stream  Mach  number 
by  more  than  0.004  and  0.006  up  to  Mach  numbers  of  1.00 
and  1.13,  respectively. 

In  figure  27  a comparison  is  made  of  flow  calibrations  at 
the  test-section  center  line  for  a region  36  inches  long  (from 
68  to  104  inches  downstream  of  the  slot  origin)  with  the  model 
removed  from  the  tunnel.  The  data  of  the  comparison  are 
taken  from  figure  22  (early  surveys  with  diffuser-entrance 
nose  A)  and  from  figure  23  (later  surveys  with  diffuser- 
entrance  nose  B).  The  agreement  between  the  two  surveys 
is  shown  to  be  very  good  for  the  particular  flow  region 
calibrated . 

The  effect  of  a model  on  the  Mach  number  of  the  incoming 
flow  upstream  of  the  model  test  region  was  examined.  The 
use  of  pressure  measurements  at  the  wall  to  verify  the  trend 
of  the  stream  flow  ahead  of  the  model  was  considered  appli- 
cable, particularly  at  supersonic  speeds  where  disturbances 
are  propagated  approximately  along  Mach  lines.  This  sup- 
position was  checked  experimentally  by  comparing  Mach 
number  distributions  along  the  slotted-section  wall  upstream 
of  a wing-fuselage  model  (fig.  10)  with  wall  distributions  for 
the  model-removed  case.  The  results  of  this  comparison  for 
small  lifting  attitudes  of  the  model  (fig.  28)  indicated  close 
agreement  between  model-in  and  model-removed  Mach 
number  distributions  upstream  of  the  model  location.  The 
only  discrepancy  in  the  data  of  figure  28  appears  immediately 
upstream  of  the  model  nose  at  a test-chamber  Mach  number 
of  1.025,  where  the  bow  wave  ahead  of  the  nose  influences  the 
model-in  Mach  number  slightly.  The  evidence  of  figure  28 
was  supported  by  additional  measurements  with  the  same 
model  at  higher  angles  of  attack  (fig.  29).  The  latter  data 
are  presented  to  show  the  variation  with  test-chamber  Mach 
number  of  the  model-in  and  model-removed  Mach  numbers 
at  the  test-section  wall  approximately  10  inches  upstream  of 
the  model-nose  location.  The  data  shown  in  figure  29  were 
obtained  over  a long  period  of  time  and  included  measure- 
ments with  the  wing-fuselage  model  at  angles  of  attack  as 
great  as  20°  and  with  diffuser-entrance  noses  A and  B;  the 
data  from  the  many  separate  runs  were  in  relatively  close 
agreement.  The  combined  data  of  figures  28  and  29  reveal 
generally  that,  for  this  ratio  of  model  size  to  tunnel  size,  the 
pressures  on  the  test-section  wall  ahead  of  the  model  were  not 
greatly  influenced  (and  therefore  the  validity  of  the  model- 
removed  calibration  was  not  much  affected)  by  the  presence 
of  the  model  at  different  lifting  attitudes. 

Although  no  quantitative  comparisons  are  presented,  it  is 
believed  from  past  experience  in  the  calibration  of  high-speed 
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wind  tunnels  that  the  overall  precision  of  calibration  of  a 
slotted  test  section,  when  the  test-chamber  pressure  is  used 
as  a calibration  reference,  is  superior  to  that  of  a conventional 
closed  test  section  for  subsonic  speeds.  In  particular,  the 
use  of  the  pressure  in  the  sealed  chamber  surrounding  the 
slots  as  a reference  pressure  in  calibrating  the  stream  flow  is 
believed  to  avoid  the  inconsistencies  which  may  arise  from 
the  use  of  the  static  pressure  indicated  by  a wall  orifice 
located  upstream  of  the  minimum  section. 

Flow  angularity. — The  mean  angularity  of  the  flow  in  the 
slotted  test  section  was  measured  at  a center-line  station  85 
inches  downstream  of  the  slot  origin.  The  measurements 
were  limited  to  the  vertical  plane  and  employed  the  null- 
pressure-type  instrument  of  figure  8 and  the  methods  out- 
lined earlier.  A 2°  included-angle  wedge  was  first  used  for 
the  flow-inclination  measurements  but  it  proved  inadequate 
because  of  excessive  bending  near  the  leading  edge  and  dam- 
age to  the  leading  edge  caused  by  the  impact  of  foreign  par- 
ticles in  the  airstream.  The  3°  included-angle  cone  was  less 
sensitive  than  the  wedge  but  was  superior  in  its  relative  free- 
dom from  tip  bending  and  damage.  The  flow-inclination 
results  (fig.  30),  obtained  from  average  measurements  with 
the  cone  erect  and  inverted,  indicated  a mean  upflow  angle 
of  approximately  0.1°  which  did  not  appear  to  change  ap- 
preciably with  Mach  number.  The  scatter  in  measurements 
ranged  up  to  about  ±0.1°  from  the  mean  indicated  angu- 
larity. Careful  measurements  of  the  angularity  of  wall 
panels  6 and  12  revealed  that  the  geometric  center  line  be- 
tween these  two  panels  differed  from  the  horizontal  by 
approximately  0.05°  in  the  direction  of  the  indicated  upflow. 

Fluctuations  of  the  stream  angularity  with  time  were 
measured  by  means  of  an  electrical  pressure  pickup  in  the 
3°  included-angle  cone.  The  results  of  these  measurements 
indicated  rapid  variations  of  about  0.4°  from  the  mean  flow 
angle  shown  in  figure  30.  The  fluctuations  were  greatest  at 
frequencies  from  approximately  10  to  85  cycles  per  second 
throughout  the  transonic  speed  range. 

MODEL  TESTING  AND  BOUNDARY  INTERFERENCE 

A preliminary  investigation  of  boundary  interference 
effects  on  pressure-distribution  and  drag  measurements  for  a 
nonlifting  body  of  revolution  (fig.  9)  in  the  slotted  test  sec- 
tion was  conducted  in  order  to  ascertain  the  reliability  of 
typical  model  test  data  obtained  from  the  slotted  test  section 
of  the  Langley  8-foot  transonic  tunnel.  This  investigation 
involved  the  comparison  of  experimental  body  data  from  the 
slotted  test  section  with  essentially  interference-free  data 
from  other  sources  and  the  examination  of  the  slotted-test- 
section  data  for  the  presence  of  solid  blockage  and  boundary- 
reflection  effects.  Experimental  data  from  the  investigation 
were  also  used  in  examining  several  flow  phenomena  of  con- 
cern with  regard  to  transonic  testing  in  the  slotted  test  sec- 
tion. The  stream  Mach  numbers  at  which  body  data  were 
obtained  in  the  slotted  test  section  ranged  from  about  0.6  to 
1.136.  The  test  Reynolds  number,  based  on  model  length, 
ranged  from  approximately  9.5  X 106  to  11.0  X 106. 

Flow  phenomena,  including  shock  reflections,  with  non- 
lifting body  of  revolution  and  wing-body  combination  at 
center  line  of  slotted  test  section. — Some  flow  phenomena 


of  interest  in  connection  with  the  transonic  testing  of  models 
in  the  slotted  test  section  are  illustrated  in  figures  31  and  32. 
These  data  were  obtained  from  tests  of  the  nonlifting  body 
of  revolution  (fig.  9 (c))  and  the  wing-body  combination 
(fig.  10)  at  the  center  line  of  the  slotted  test  section. 

At  very  high  subsonic  speeds  (figs.  31  (a)  to  31  (c))  the 
supersonic-flow  expansions  around  the  maximum- thickness 
region  of  the  body  of  revolution  (and  the  local  shock  forma- 
tions associated  with  model-surface  discontinuities  and  with 
the  compression  region  near  the  base  of  the  body)  did  not 
extend  to  the  test-section  boundary.  The  failure  of  the 
model-field  expansions  to  affect  significantly  the  Mach 
number  distributions  at  the  test-section  wall  at  a stream 
Mach  number  of  0.990  (fig.  31  (c))  offered  evidence  as  to  the 
essential  absence  of  boundary  interference  for  the  model 
size  used  and  also  indicated  an  alleviation  of  choking  in  the 
slotted  test  section  (tests  of  the  body  in  a closed  test  section 
of  the  same  size  would  have  resulted  in  choking  at  a stream 
Mach  number  of  about  0.985). 

At  low  supersonic  speeds  (figs.  31  (d)  to  31  ( l ) and  32  (a)  to 
32  (d))  the  model-field  shocks  and  expansions  are  shown  to 
impinge  upon  the  test-section  boundary  at  axial  locations 
which  permit  the  reflection  of  disturbances  back  to  the  sur- 
face of  the  model.  The  model  nose  shock  (bow  wave)  and 
the  expansions  over  the  upstream  portion  of  the  model  are 
the  disturbances  of  concern  with  regard  to  the  production 
of  boundary  interference  effects  on  model  measurements. 
The  shock-wave  reflections  are  illustrated  (figs.  31  (d)  to 
31  (n)  and  fig.  32)  by  means  of  both  schlieren  pictures  and 
model-surface  and  wall  Mach  number  distributions.  In 
these  figures  the  lines  drawn  to  connect  the  schlieren-field 
shocks  with  shock  locations  (maximum  compression  regions) 
at  the  wall  do  not  necessarily  represent  accurately  the  actual 
shock  curvature  in  either  the  stream  or  the  boundary  layer. 

Effect  of  boundary  interference  on  pressure-distribution 
and  drag  measurements  for  nonlifting  body  of  revolution  at 
center  line  of  slotted  test  section. — The  comparisons  of 
figures  33  to  35  were  employed  to  ascertain  the  reliability 
of  body  pressure-distribution  measurements  in  the  slotted 
test  section  and,  in  particular,  to  obtain  approximate  effects 
of  boundary  interference  on  the  body  pressures  at  supersonic 
speeds.  The  interference-free  model-surface  pressure  dis- 
tributions given  in  figure  33  include  those  obtained  from 
theory  for  the  basic  shape  of  the  body  (fig.  9 (a)),  from  free- 
fall  tests  for  a 120-inch-long  model  (fig.  9 (b)),  and  from 
tests  of  the  wind-tunnel  model  (fig.  9 (c))  in  the  92-inch- 
diameter  axisymmetrical  closed  test  section  of  reference  2. 
The  closed-test-section  data,  which  were  obtained  at  high 
subsonic  speeds,  were  corrected  for  blockage  effects  by  means 
of  relations  described  in  reference  9.  The  free-fall  and 
theoretical  distributions  shown  in  figure  33  were  obtained 
from  reference  4,  which  utilized  linearized  theory"  and 
Prandtl-Glauert  adjustments  for  the  theoretical  distribu- 
tions at  subsonic  stream  Mach  numbers  up  to  0.95  and 
methods  of  reference  10  for  the  distributions  at  Mach  num- 
bers of  and  larger  than  about  1.05.  The  essentially  inter- 
ference-free pressure  distributions  shown  in  figures  34  and 
35  were  obtained  from  tests  of  the  wind-tunnel  model  in  the 
slotted  test  section  of  the  Langley  16-foot  transonic  tunnel. 
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The  wind-tunnel  pressure  coefficients  used  in  figures  33  to  35 
were  averaged  from  coefficients  for  upper  and  lower  surfaces 
in  order  to  reduce  possible  deviations  due  to  model  alinement 
errors  and  surface  irregularities;  coefficients  from  the  Langley 
8-foot  transonic  tunnel  were  also  average  values  from  a 
number  of  different  runs  which  repeated  the  model  pressure 
measurements  closely. 

At  subcritical  speeds  (Mo^0.95)  no  significant  effects  of 
boundary  interference  on  body  pressures  were  expected,  since 
reference  1 reported  essentially  zero  interference  for  a non- 
lifting body  in  a slotted  test  section  with  a ratio  of  body  cross- 
sectional  area  to  tunnel  cross-sectional  area  of  0.123,  and  the 
ratio  was  only  about  0.0014  for  the  body  and  test  section 
used  in  the  present  investigation.  The  close  agreement 
expected  between  the  pressure  distributions  from  the  slotted 
test  section  of  the  Langley  8-foot  transonic  tunnel  and  the 
various  interference-free  distributions  was  realized  (figs.  33 
(a),  34  (a),  34  (b),  and  35),  except  for  discrepancies  in  the 
comparisons  with  free-fall  data  in  the  maximum-thickness 
region  of  the  body  (fig.  33  (a)).  These  descrepancies  cannot 
be  readily  explained  unless  the  free-fall  body,  which  was 
three  times  the  size  of  the  wind-tunnel  model,  differed  slightly 
in  shape  from  the  wind-tunnel  model  and  the  basic  shape  in 
this  region.  Apparent  discrepancies  in  the  comparison  with 
free-fall  and  theoretical  pressure  distributions  near  the  base 
of  the  body  (fig.  33  (a))  are  to  be  expected  since  the  shapes 
of  both  the  basic  body  and  the  free-fall  body  differed  from 
that  of  the  wind-tunnel  model  in  this  region. 

At  supercritical  stream  Mack  numbers  from  about  0.95 
to  1.00  the  agreement  of  the  pressure-distribution  measure- 
ments from  the  slotted  test  section  of  the  Langley  8-foot 
transonic  tunnel  with  those  from  the  Langley  16-foot  tran- 
sonic tunnel  (fig.  34  (b))  and  from  free-fall  tests  (fig.  33  (a)) 
was  consistent  with  the  agreement  at  lower  speeds;  this 
agreement  attested  the  essential  absence  of  boundary- 
interference  effects  on  pressure  measurements  for  the  model 
(cross-sectional  area  of  model  only  0.14  percent  of  tunnel 
cross-sectional  area)  in  the  }£-open  slotted  test  section  at 
stream  Mach  numbers  up  to  1.00. 

At  very  low  supersonic  Mach  numbers  (M0^  1.025)  no 
appreciable  effects  of  boundary-reflected  compression  waves 
on  model-surface  pressures  could  be  detected  (figs.  31  (e), 
33  (b),  34  (c),  and  35)  but  significant  effects  of  reflected 
overexpansions  were  indicated  (figs.  34  (c),  35  (b),  and  35 
(c)).  Pressure  distributions  from  the  Langley  16-foot 
transonic  tunnel,  used  as  a basis  for  reference  in  figures  34 
and  35,  were  not  available  at  Mach  number  intervals  close 
enough  to  define  completely  the  variation  of  the  interference- 
free  pressure  distribution  with  Mach  number,  nor  did  the 
data  appear  to  be  entirely  free  of  interference  effects  at  a 
Mach  number  of  1.019  where  overexpansions  (apparently 
due  to  reflected  boundary  disturbances  similar  to  those 
described  for  the  Langley  8-foot  transonic  tunnel)  were 
indicated  (figs.  34  (c)  and  35  (f)).  The  data  were  sufficient, 
however,  to  provide  approximate  indications  of  boundary 
effects  on  pressure-distribution  measurements  for  the  body 
in  the  slotted  test  section  of  the  Langley  8-foot  transonic 
tunnel. 

At  supersonic  Mach  numbers  slightly  greater  than  1.025) 


the  effects  of  reflected  compression  shocks  on  model-surface 
pressures  became  significant  and  increased  with  Mach  num- 
ber. At  Mach  numbers  of  and  greater  than  about  1.040,  the 
reflected  shocks  were  visible  in  schlieren  pictures  (figs.  31  (g) 
to  31  (n))  and  influenced  the  model-surface  pressures  strongly 
(figs.  33(b),  34(c),  and  35(b)  to  35(f)).  The  model-surface  pres- 
sures downstream  of  the  region  affected  by  the  reflected  com- 
pression wave  were  influenced  by  overexpansions  and  those 
upstream  of  the  compression  region  were  free  of  boundary 
interference.  At  1.120  the  reflected  compression  was 
downstream  of  the  model  base  (fig.  31  (n))  and  no  boundary 
interference  was  apparent  (fig.  33  (b)).  The  agreement  at 
Mach  number  1.2  of  interference-free  pressure  distributions 
from  tests  of  the  model  in  the  92-inch-diameter  axisymmetri- 
cal  closed  test  section  of  reference  2 with  theoretical  and  free- 
fall  distributions  from  reference  4 is  consistent  with  that  of 
the  interference-free  slotted-test-section  data, at  lower  super- 
sonic Mach  numbers  (fig.  33  (b)).  The  close  agreement  of 
interference-free  body-surface  distributions  from  the  slotted 
and  closed  test  sections  of  the  Langley  8-foot  transonic 
tunnel  with  theoretical  distributions  (fig.  33  (b))  constitutes 
an  experimental  verification  of  the  methods  of  reference  10 
for  computing  pressure  distributions  on  a slender  body  of 
revolution  at  supersonic  speeds. 

The  maximum  effects  of  boundary-reflected  disturbances 
on  surface  pressures  for  the  fineness-ratio-12  body  of  revolu- 
tion in  the  Langley  8-foot  transonic  tunnel  at  supersonic 
speeds  (fig.  36)  were  determined  from  maximum  differences 
between  experimental  pressure  coefficients  from  the  Langley 
8-foot  and  16-foot  transonic  tunnels  as  shown  in  figure  35. 
The  expansion  components  of  boundary-reflected  disturb- 
ances for  the  bod}7  tested  in  the  kS-open  slotted  test  section 
of  the  Langley  8-foot  transonic  tunnel  were  shown  to  affect 
body-surface  pressures  more  strongly  than  did. the  compres- 
sion components  at  stream  Mach  numbers  less  than  1.035, 
whereas  the  reverse  was  indicated  at  Mach  numbers  greater 
than  1.035.  The  indications  of  figure  36  are  only  approxi- 
mate, however,  because  of  the  limited  amount  of  data  avail- 
able from  the  Langley  16-foot  transonic  tunnel. 

The  effects  of  boundary-reflected  disturbances  on  pressure 
distributions  for  the  nonlifting  body  of  revolution  at  the 
center  line  of  the  slotted  test  section  of  the  Langley  8-foot 
transonic  tunnel  (figs.  33  to  36)  were  interpreted  in  terms  of 
effects  on  body  drag  coefficients.  In  ascertaining  these 
effects,  the  body  drag  coefficients  obtained  from  pressure- 
distribution  and  force  tests  in  the  slotted  test  section  of  the 
Langley  8-foot  transonic  tunnel  were  compared  with  es- 
sentially interference-free  data  from  free-fall  tests  (ref.  4) 
and  from  pressure-distribution  tests  in  the  Langley  16-foot 
transonic  tunnel  (slight  interference  effects  present  in  the 
latter  data  measured  at  M0=  1.019  were  removed,  approxi- 
mately, before  determining  the  pressure  drag).  (See  fig. 
37.)  The  drag  coefficients  from  pressure-distribution  tests 
were  obtained  by  integrating  measured  model-surface  pres- 
sures and  included  skin-friction  drag  estimates  from  reference 
11.  The  force-test  body  drag  coefficients  shown  in  figure 
37  were  obtained  from  unpublished  experimental  data  for 
the  model  described  in  reference  12  and  were  corrected  for 
sting-support  tares.  Estimated  maximum  inaccuracies  of 
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the  body  drag  coefficients  (based  on  body  frontal  area) 
shown  in  figure  37  were  approximately  ±0.016  for  the  data 
obtained  from  force  tests  in  the  Langley  8-foot  transonic 
tunnel  and  within  ±0.010  for  those  obtained  from  free-fall 
tests. 

Approximate  boundary-interference  effects  on  body  drag 
measurements  for  the  nonlifting  body  of  revolution  at  the 
center  line  of  the  Langley  8-foot  transonic  tunnel  slotted 
test  section  were  taken  as  the  differences  between  these 
drag  measurements  and  the  interference-free  measurements 
(fig.  37).  Correlation  of  these  drag  differences  (fig.  37) 
with  corresponding  body-surface  pressure  distributions  (figs. 
33  to  35)  revealed  the  close  interrelation  of  the  pressure- 
distribution  and  drag  measurements  and  the  dependence  of 
the  drag-coefficient  changes  on  the  effects  of  boundary- 
reflected  disturbances.  The  indicated  body  drag  decrements 
(fig.  37)  at  Mach  numbers  from  1.00  to  1.02  were  apparently 
due  to  the  effect  of  reflected  overexpansions  slightly  upstream 
of  the  maximum-thickness  region  of  the  body,  whereas  drag 
increments  at  Mach  numbers  from  1.02  to  1.07  and  drag 
decrements  at  Mach  numbers  from  1.07  to  about  1.12  were 
due  to  the  passage  over  the  rear  portion  of  the  body  of 
reflected  overexpansions  and  compressions,  respectively. 
At  Mach  numbers  greater  than  about  1.12  the  slight  dis- 
crepancy between  the  free-fall  data  and  those  from  force  and 
pressure-distribution  tests  in  the  Langley  8-foot  transonic 
tunnel  could  be  attributed  to  differences  in  body  shape  or  to 
possible  inadequacies  in  sting-support  tare  corrections,  but 
the  magnitude  of  the  indicated  discrepancy  is  within  esti- 
mated possible  inaccuracies  in  the  experimental  data.  The 
maximum  effects  of  boundary  reflections  on  body  drag 
coefficients  with  the  body  at  the  slotted-test-section  center 
line  did  not  exceed  about  0.04  when  coefficients  were  based 
on  body  frontal  area.  Although  these  maximum  boundary- 
reflection  effects  were  not  much  greater  than  the  errors 
of  measurement  normally  present  when  the  internal  balance 
system  is  used  for  measuring  model  forces,  they  were  con- 
sidered sufficient  to  justify  a brief  experimental  investigation 
of  a possible  means  of  reducing  the  effects. 

Reduction  of  interference  effects  at  supersonic  speeds  by 
testing  model  off  center  line  of  slotted  test  section. — An 
attempt  to  reduce  the  intensity  of  boundary-reflected  dis- 
turbances at  the  model  was  made  by  testing  the  nonlifting 
body  of  revolution  (fig.  9 (c))  at  a distance  of  about  10.3 
inches  off  the  geometric  center  line  of  the  slotted  test  section. 
Body  drag  coefficients  obtained  from  pressure-distribution 
measurements  with  the  body  located  off  the  test-section 
center  line  were  affected  less  by  boundary  interference  than 
were  those  obtained  from  tests  of  the  body  at  the  center  line 
(see  fig.  37).  This  reduction  in  interference  effects  on  body 
drag  can  be  attributed  to  a slight  reduction  in  intensity  (and 
to  distribution  over  a greater  axial  distance)  of  boundary- 
reflected  disturbances  at  the  body  surface,  as  shown  by  the 
comparison  (fig.  38)  of  center-line  and  off-center  body-surface 
Mach  number  distributions  at  a stream  Mach  number  of 
1.050  (this  Mach  number  was  used  for  the  comparisons  in 
order  that  effects  of  both  compression  and  expansion  com- 
ponents of  boundary-reflected  disturbances  might  be  illus- 
trated). The  off-center  location  of  the  model  appears 


advantageous  with  regard  to  the  reduction  in  intensit}^  of 
boundary-reflected  disturbances,  especially  the  expansion 
components  of  such  disturbances,  and  the  attendant  reduc- 
tion in  interference  effects  on  model  drag  and  pressure- 
distribution  measurements.  A disadvantage  of  the  off-center 
location,  however,  lies  in  the  significant  reduction  in  length 
of  the  region  available  for  stricth7  interference-free  supersonic 
testing. 

Model  lengths  for  interference-free  supersonic  testing  at 
center  line  of  slotted  test  section. — It  has  been  shown  that 
at  supersonic  Mach  numbers  the  model-surface  pressures 
upstream  of  the  region  affected  by  the  boundary-reflected 
compression  are  free  of  boundary-interference  effects  (figs. 
33  to  35)  and  that  for  a given  Mach  number  the  length  of 
the  interference-free  region  is  greatest  when  the  model  is 
located  at  the  center  line  of  the  test  section  (fig.  38).  The 
axial  distance  Ls  required  for  the  bow  wave  ahead  of  the 
model  to  reflect  from  the  test-section  boundary  and  strike 
the  surface  of  the  model  at  the  test-section  center  line  is 
shown  in  figure  39.  This  distance,  obtained  from  schlieren 
pictures  and  pressure  measurements  at  stream  Mach  num- 
bers from  1.04  to  1.126  and  from  pressure  measurements  at 
Mach  numbers  as  low  as  1.025,  is  expressed  in  terms  of  the 
distance  LM  required  for  the  reflection  of  Mach  lines  from 
the  tunnel  wall.  The  ratio  LsjLM  increased  from  a value  of 
about  0.35  at  a stream  Mach  number  of  1.025  to  about  0.81 
at  a Mach  number  of  about  1.10,  after  which  the  ratio 
remained  approximately  constant  except  near  a Mach  num- 
ber of  1.109  where  it  tended  to  increase  slightly  and  then 
decrease  as  the  reflected  shock  approached  and  moved  down- 
stream of  the  base  of  the  model.  This  influence  of  the  model 
tail  shock  on  the  progress  of  the  reflected  shock  past  the 
base  of  the  model  is  illustrated  in  figures  31  ( l ) and  31  (m). 
An  Ls/Lm  value  of  0.815  obtained  from  tests  of  a somewhat 
similar  body  at  a stream  Mach  number  of  1.2  in  the  closed 
nozzle  of  reference  2 was  consistent  with  the  ratios  shown  in 
figure  39  for  Mach  numbers  greater  than  about  1.10.  At 
the  low  supersonic  Mach  numbers  of  this  investigation,  the 
Ls/Lm  ratio  was  approximately  the  same  for  both  the  axisym- 
metrieal  fuselage  and  the  sweptback  wing  attached  to  the 
fuselage. 

The  distance  ratios  given  in  figure  39  neglect  the  effect  of 
the  model  boundary  layer,  which  permits  the  compression 
due  to  the  incident  shock  to  be  transmitted  several  inches 
upstream  of  the  shock  location,  and  are  therefore  not  strictly 
representative  of  axial  distances  available  for  interference- 
free  supersonic  testing.  If  the  compression  region  is  as- 
sumed to  extend  about  3 inches  upstream  of  the  shock  loca- 
tion, the  axial  distances  available  for  interference-free 
supersonic  testing  with  the  model  at  the  center  line  of  the 
slotted  test  section  would  range  from  about  4 inches  at  a 
Mach  number  of  1.025  to  approximately  36  inches  at  a 
Mach  number  of  1.14  (fig.  40)  and  would  not  exceed  75 
percent  of  the  axial  distance  required  for  the  reflection  of 
Mach  lines.  At  the  very  low  supersonic  Mach  numbers  the 
length  of  the  interference-free  test  region  is  influenced  to 
some  extent  by  the  location  of  the  detached  shock  wave 
ahead  of  the  model. 

Location  of  detached  shocks  ahead  of  axisymmetrical 
nonlifting  bodies. — Schlieren  and  pressure  data  for  the  body 


1308 


REPORT  1389 — NATIONAL  ADVISORY  COMMITTEE  FOR  AERONAUTICS 


of  revolution  (see  fig.  31)  and  schlieren  pictures  of  shocks 
ahead  of  blunt-nose  (90°  angle)  total-pressure  tubes  (fig.  41) 
tested  in  the  slotted  section  of  the  Langley  8-foot  transonic 
tunnel  provided  experimental  information  concerning  the 
location  of  detached  shock  waves  ahead  of  axisymmetrical 
bodies  at  low-supersonic  speeds.  The  experimental  data 
from  the  Langley  8-foot  transonic  tunnel  are  compared  with 
experimental  data  from  other  sources  (refs.  4 and  13  to  15) 
and  with  approximate  theoiy  (ref.  13)  in  figure  42.  The 
data  used  in  these  comparisons  are  expressed  in  terms  of 
the  ratio  of  shock  distance  ahead  of  the  body  sonic  point  to 
the  body  radius  at  the  sonic  point,  xSB/ySB , a parameter  used 
in  reference  13.  The  sonic  point  for  the  body  of  revolution 
tested  in  the  Langley  8-foot  transonic  tunnel  was  obtained 
from  body-surface  pressure  measurements  (average  values 
from  a large  number  of  runs)  at  each  test  Mach  number; 
the  sonic  point  for  the  90°  body  (total-pressure  tube)  tested 
in  the  Langley  8-foot  transonic  tunnel  was  assumed  to  occur 
at  the  shoulder  of  the  body  for  all  Mach  numbers. 

The  experimental  locations  of  the  bow  waves  ahead  of  the 
body  of  revolution  in  the  slotted  test  section  of  the  Langley 
8-foot  transonic  tunnel  agreed  closely  with  experimental  data 
from  references  4 and  13  to  15;  those  for  the  90°  body  in  the 
Langley  8-foot  transonic  tunnel  agreed  closely  except  at 
stream  Mach  numbers  of  1.015  and  1.036  (fig.  42).  The 
apparent  discrepancies  offered  by  these  two  experimental 
points  are  not  due  to  errors  in  measurement;  they  are  be- 
lieved to  be  due  to  the  two-dimensional  nature  of  the  bow 
wave  ahead  of  the  row  of  total-pressure  tubes.  (Ref.  13 
shows  that  the  ratio  xSb/Vsb  is  much  larger  for  the  two- 
dimensional  case  than  for  the  axisymmetrical  case.)  The 
single  bow  wave  existing  ahead  of  the  row  of  eight  total- 
pressure  tubes  at  the  low-supersonic  Mach  numbers  of  1.015 
and  1.036  changes  to  individual  bow  waves  ahead  of  each 
tube  at  higher  Mach  numbers  (fig.  41). 

The  general  agreement  of  the  experimental  data  with  the- 
oretical approximations  (geometric  and  continuity  methods) 
from  reference  13  is  considered  satisfactory.  The  experi- 
mental data  appear  to  agree  more  closely  with  the  geometric- 
method  approximations  at  very  low  supersonic  Mach  num- 
bers and  with  the  continuity-method  approximations  at 
stream  Mach  numbers  greater  than  approximately  1.10. 

Applicability  of  boundary-reflection  information  from  pres- 
ent investigation  to  tests  of  other  models  in  slotted  test  sec- 
tion.— Although  each  wind-tunnel  test  model  offers  a different 
problem  with  regard  to  the  effects  of  boundary-reflected  dis- 
turbances, the  results  of  the  body-of-revolution  tests  re- 
ported earlier  in  this  paper  should  prove  useful  in  predicting 
disturbance  phenomena  and  evaluating  experimental  data 
for  other  models. 

For  strictly  interference-free  supersonic  testing  the  model 
length  is  dependent  on  the  axial  distance  required  for  model 
disturbances  to  reflect  from  the  test-section  boundar}^  back 
to  the  model  surface;  this  distance  varies  with  Mach  number 
and  is  greatest  when  the  model  is  located  at  the  test-section 
center  line.  The  shock-reflection  distances  shown  in  figure  39 
and  the  interference-free  model  lengths  given  in  figure  40  are 
applicable  only  for  center-line  testing  of  models  of  approxi- 
mately the  size  and  shape  of  the  body  of  revolution  used  in 


this  investigation;  larger  models  of  this  shape  or  bluff  bodies 
of  the  same  maximum  diameter  will  produce  bow  waves 
located  farther  upstream  and  thereby  reduce  the  reflection 
distances  and  model  lengths  shown  in  figures  39  and  40, 
respectively.  The  approximate  interference-free  model 
length  for  a given  axially  symmetric  shape  can  be  estimated 
by  use  of  figures  39  and  42,  together  with  knowledge  of  the 
sonic-point  location  and  the  model  radius  at  the  sonic  point. 
At  very  low  supersonic  Mach  numbers  the  use  of  figure  42  to 
ascertain  detached  shock  locations  ahead  of  axially  symmetric 
bodies  is  limited  to  single  bodies;  several  adjacent  axially 
symmetric  bodies  located  in  the  same  plane  of  measurement 
may  produce  detached  shocks  located  considerably  upstream 
of  the  shock  for  a single  body  (see  figs.  41  and  42). 

For  supersonic  testing  of  models  whose  lengths  permit  the 
impingement  of  boundary-reflected  disturbances,  the  effects 
of  boundary  interference  on  the  free-  air  characteristics  of  the 
models  are  dependent  on  the  model  configurations  and  the 
model  locations  with  respect  to  the  test-section  center  line 
(interference  effects  are  less  for  model  off  center  line  than  for 
one  on  center  line).  The  effects  of  boundary  reflections  on 
pressure  and  drag  measurements  for  the  fineness-ratio-12 
body  of  revolution  used  in  the  present  investigation  are  appli- 
cable only  for  models  of  approximately  the  same  size  and 
shape,  but  the  described  flow  phenomena  with  the  body  of 
revolution  in  the  slotted  test  section  should  be  useful  in 
interpreting  the  direction  of  boundary-reflection  effects  on 
test  data  for  other  models.  The  influence  of  model-attitude 
changes  on  indicated  boundary-reflection  effects  for  the  body 
of  revolution  was  not  included  in  the  present  investigation, 
but  approximate  influences  may  be  inferred  from  experi- 
mental results  given  in  reference  16.  Reference  16  also 
indicates  that  flow  disturbances  capable  of  introducing  drag- 
coefficient  changes  of  approximately  0.002  (drag  coefficient 
based  on  wing  plan-form  area)  may  not  greatly  affect  the 
lift  and  pitching-moment  characteristics  of  a complete  air- 
plane model.  Additional  studies  are  needed  to  verify  and 
supplement  these  preliminary  indications  of  boundary-reflec- 
tion effects  on  models  at  lifting  attitudes  in  the  slotted 
test  section. 

GENERAL  DISCUSSION 

The  theory  of  the  subsonic  operation  of  the  slotted  test 
section  has  been  presented  in  reference  1.  It  is  of  interest 
to  consider  in  a qualitative  manner  some  features  of  the 
supersonic  operation.  As  pointed  out  in  reference  17,  the 
supersonic  flow  in  a tunnel  with  porous  walls  is  established 
by  expansion  through  the  walls.  In  a slotted  tunnel  a 
similar  expansion  must  occur  through  the  slots,  but  this 
expansion  must  be  influenced  by  the  boundary  layer  on  the 
panels.  In  fact,  a general  knowledge  of  the  behavior  of 
boundary  layers  indicates  that  in  the  expansion  the  boundary 
layer  tends  to  run  off  the  panels  into  the  slots.  The  effects 
of  the  slots  must  thus  be  extended  over  the  whole  periphery 
of  the  tunnel.  It  therefore  seems  that  the  slotted  tunnel 
would  behave  more  like  a porous-wall  tunnel  than  might  at 
first  be  supposed.  The  role  of  the  slots  in  controlling  the 
expansion  has  already  been  noted. 

The  development  of  the  supersonic  flow  in  the  slotted 
test  section  will  now  be  considered  in  detail.  At  subsonic 
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speeds  the  pressure  in  the  test  chamber  evidently  must  take 
a value  which  is  some  weighted  average  of  the  pressures  at 
the  slots.  Moreover,  in  accordance  with  the  equation  of 
motion,  as  the  pressures  in  the  diffuser  (including  that  at 
the  diffuser  entrance)  are  decreased,  the  speed  in  the  tunnel 
must  increase  until  a Mach  number  of  1.0  is  reached  at  the 
effective  minimum  section,  section  B-B  in  figure  1.  Consider 
first  the  case  of  a wall  divergence  of  45  minutes.  With  the 
first  attainment  of  a Mach  number  of  1.0  at  the  minimum 
section,  the  Mach  number  in  the  slotted  test  section  has  been 
found  to  be  also  essentially  1.0,  as  is  shown  for  a different 
divergence  angle  in  figure  13;  but  on  the  curved  surfaces  of 
the  panels  (fig.  3 (a))  supersonic  regions  terminated  by 
shocks  resulting  from  the  higher  pressures  in  the  slots  must 
already  have  appeared  in  conformance  with  general  flow 
theon7.  The  flow  within  the  slotted  test  section  is  thus  not 
absolutely  uniform,  but  consists  of  slightly  supersonic  regions 
terminated  by  shocks,  which  are  in  turn  followed  by  slightly 
subsonic  regions.  This  flow  pattern  can  be  repeated  several 
times  because  in  any  subsonic  region  the  pressure  may  be 
greater  than  that  in  the  chamber  surrounding  the  slots. 
Equalization  of  the  pressure  through  the  slots  thus  accelerates 
the  flow,  and  if  the  panel  is  curved  in  that  region  or  if  a 
change  in  shape  occurs,  the  flow  may  again  become  supersonic. 

When  the  pressure  at  the  diffuser  entrance  is  decreased 
(by  increasing  the  rotational  speed  of  the  tunnel  fan)  below 
that  just  necessary  to  produce  a Mach  number  of  1.0  at  the 
throat,  the  pressure  decrease  cannot  be  transmitted  upstream 
through  the  supersonic  regions  in  the  slotted  test  section. 
This  pressure  decrease  is,  however,  transmitted  out  through 
the  slots  in  the  region  just  upstream  of  the  diffuser  entrance. 
The  pressure  in  the  surrounding  chamber  is  thus  decreased 
and,  as  a result  of  the  reaction  through  the  upstream  part 
of  the  slots,  the  flow  in  the  subsonic  regions  is  further 
accelerated,  the  shocks  are  moved  downstream,  and  the 
supersonic  regions  are  expanded. 

This  movement  of  the  shocks  downstream  has  been  noted 
in  schlieren  observations.  If  the  curvature  and  divergence 
of  the  panels  are  small,  only  a small  decrease  of  pressure 
below  that  required  for  the  establishment  of  a Mach  number 
of  1.0  at  the  throat  is  sufficient  to  sweep  the  shocks  out 
of  the  test  section.  In  such  a case  one  shock  only  may  exist. 
With  the  configuration  of  figure  3 (a),  this  shock  is  located 
slightly  downstream  from  the  discontinuity  in  slope  at  the 
125.6-inch  station.  It  is  evidenced  in  figure  6 by  a rather 
sudden  decrease  in  Mach  number  to  values  less  than  1.0, 
which  occurs  between  the  130-  and  140-inch  stations.  At 
this  position  the  shock  extends  across  the  whole  central 
part  of  the  flow.  In  all  of  the  upstream  slotted  test  section 
the  stream  Mach  number  is  then  greater  than  1.0.  At  the 
upstream  end  the  boundary  layer  flows  out,  so  that  the 
stream  is  allowed  to  expand,  as  it  must  do  if  the  Mach  number 
is  to  increase  from  the  value  of  unity  at  the  throat  to  some 
greater  value  somewhat  downstream.  This  outward  flow 
must  evidently  be  balanced  by  an  equivalent  rate  of  mass 
flow  into  the  slots  near  their  downstream  ends.  Perhaps 
because  of  induced  velocities  due  to  flow  through  the  slots, 
the  pressures  (indicated  by  Mach  numbers  in  fig.  6)  near 
the  slot  edges  are  less  than  those  near  the  center  of  a panel, 


and  the  test  chamber  pressure  lies  generally  between  these 
two  extremes. 

Except  for  the  improvement  in  control  of  the  expansions 
obtainable  by  means  of  the  slots,  which  has  already  been 
mentioned,  the  manner  of  operation  of  the  slotted  test 
section  with  5-minute  divergence  is  similar  to  that  with 
45-minute  divergence.  However,  because  with  the  5-minute 
divergence  the  curved  region  of  the  panels  is  located  at  the 
downstream  end,  the  shocks  must  first  form  at  that  end, 
leaving  the  upstream  end  essentially  shock  free,  even  at 
Mach  numbers  near  unit}7.  An  indication  of  this  freedom 
from  shock  disturbances  was  afforded  by  limited  schlieren 
observations  and  is  indicated  in  the  Mach  number  distribu- 
tions (figs.  13  to  20).  With  the  5-minute  divergence  of  the 
panels  the  shock-disturbed  Mach  number  range  near  unity 
is  thus  eliminated,  and  uniform  test  section  Mach  numbers 
continuously  variable  through  1.0  are  possible. 

The  conditions  at  the  downstream  end  of  the  slotted 
section  will  now  be  considered.  In  this  region,  for  the  con- 
figurations discussed  in  this  report,  the  air  flow  which  has 
been  extruded  from  the  upstream  part  of  the  slots  must  be 
taken  back  into  the  tunnel  stream.  Because  of  the  turbulent 
mixing  with  the  air  in  the  chamber  surrounding  the  slots,  this 
extruded  air  has  lost  most  of  its  kinetic  energy;  but  once 
this  air  has  reentered  the  slots,  it  is  again  accelerated  by 
mixing  with  the  main  stream.  This  mixing  process  is  be- 
lieved to  be  accelerated  by  vorticity  generated  by  inflow 
over  the  slot  edges. 

The  mixing  is  known  to  be  an  inefficient  process  and  must 
in  any  case  entail  a power  loss;  but  even  greater  power 
losses  may  occur  if,  because  of  the  intake  of  this  low-energy 
air,  the  diffuser  flow  is  spoiled.  Conditions  are  necessarily 
particularly  critical  near  the  diffuser  entrance,  both  because 
of  the  inflow  of  the  low-energy  air  and  because  in  this  region 
the  kinetic  energy  of  the  main  stream  is  large.  Because  of 
the  mixing  (ejector  principle)  some  diffusion  would  occur  in 
this  region  even  if  the  expansion  angle  of  the  diffuser  were 
zero.  Indeed,  the  mixing  is  so  strong  that,  as  may  be  seen 
from  figures  13  to  20,  the  diffusion  starts  even  slightly 
upstream  of  the  diffuser  entrance  noses. 

Because  of  space  limitations  the  original  expansion  angle 
at  the  upstream  end  of  the  diffuser  was  made  greater  than 
was  considered  desirable,  and  when  the  panels  were  reversed 
this  angle  was  increased  still  more,  to  3°45',  as  shown  in 
figure  3 (b).  In  the  region  of  the  diffuser  entrance  noses  the 
effective  expansion  is  somewhat  less  than  this  value  because 
the  upper  surfaces  of  the  noses  fall  outside  the  panel  surfaces 
(fig.  3).  At  some  sacrifice  of  test-section  length,  nose  shape 
B (fig.  4 (b)),  which  extended  farther  upstream,  furnished  a 
short  region  of  essentially  constant  effective  cross-sectional 
area  at  the  beginning  of  the  diffuser.  Such  a length  of 
essentially  constant  or  only  slightly  varying  diffuser  area  is 
believed  to  be  desirable  in  order  to  provide  a mixing  region 
without  too  great  diffusion,  but  no  investigations  have  been 
conducted  to  determine  the  proper  length  or  divergence  of 
such  a region  for  minimum  power. 

The  need  for  a length  of  diffuser  with  small  or  zero  ex- 
pansion near  the  diffuser  entrance  is  accentuated  by  the 
presence  of  the  shock.  In  reference  2 it  was  shown  that  in 
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such  a region  the  boundary  layer  behind  a shock  terminating 
the  test  region  at  a Mach  number  of  1.2  recovered  rapidly 
without  separation.  In  a diverging  channel,  on  the  other 
hand,  such  a shock  might  easily  lead  to  separation.  The 
shocks  indicated  at  the  diffuser  entrance  in  figures  13  to  20 
appear  to  be  oblique  rather  than  normal  shocks,  since  the 
greater  disturbance  occurs  at  the  center  and  that  at  the  wall 
is  spread  out  and  does  not  decrease  the  indicated  Mach 
number  below  unity.  The  use  of  a region  of  zero  expansion 
at  the  diffuser  entrance  should  spread  these  disturbances 
still  farther  and  may  very  well  effect  their  practical 
elimination. 

The  shock  at  the  diffuser  entrance  is  similar  to  one  which 
might  exist  ahead  of  a nose  inlet.  Because  the  high-speed 
flow  is  limited  to  a jet,  however,  it  should  be  possible  to  draw 
the  shock  down  into  the  diffuser,  but  in  this  case  the  power 
required  would  almost  certainly  be  greater  than  if  the  shock 
were  close  to  the  diffuser  entrance.  The  most  favorable 
configuration,  for  minimum  power,  is  believed  to  be  that  for 
which  the  shock  stands  just  inside  an  essentially  zero- 
divergence  region  at  the  diffuser  entrance  or  has  been 
practically  eliminated  in  the  mixing  region. 

The  minimum  diffuser  entrance  cross-sectional  area  con- 
stitutes, in  effect,  a second  throat.  If  this  second  throat  is 
too  small  the  flow  will  be  choked  and  the  Mach  number 
attainable  will  be  limited.  Because  of  the  thick  boundary 
la}7er  formed  by  the  inflow  through  the  slots,  the  required 
area  of  the  second  throat  is  greater  than  would  be  necessary 
for  a closed  nozzle  with  the  same  size  of  first  minimum. 
With  increase  in  supersonic  Mach  number  the  required  area 
of  the  second  throat  increases  on  account  of  both  the  increase 
in  entropy  through  the  shocks  and  the  increasing  flow 
through  the  slots.  With  the  configuration  of  figure  3 (b),  a 
diffuser  minimum  area  13  percent  greater  than  the  first  throat 
area  was  sufficient  to  permit  the  attainment  of  a Mach 
number  of  1.14.  With  the  reduction  in  slot  area  and  the 
provision  of  an  essentially  constant  area  mixing  region 
provided  by  nose  B,  the  required  area  at  the  second  minimum 
was  reduced  to  a value  9 percent  greater  than  that  at  the  first. 
Because  of  the  thick  boundary  layer,  choking  is  not  sharp  at 
the  second  minimum;  but  after  a Mach  number  of  1.0  has 
been  reached  in  the  main  stream,  the  volume  flow  can  still 
be  increased  by  acceleration  of  the  boundary  layer,  though 
the  cost  in  power  rapidly  becomes  excessive. 

Because  of  the  larger  minimum  diffuser  area  required  for 
the  supersonic  flow,  the  diffuser  entrance  area  is  greater  than 
that  required  for  the  subsonic  flow.  Since  the  flow  attaches 
to  the  diffuser  entrance  noses,  diffusion,  and  consequently 
negative  Mach  number  gradient,  occurs  upstream  from  the 
noses.  This  effect  was  sufficiently  severe  in  the  case  of  nose 
shape  B to  require  the  provision  of  flaps  which,  when  open, 
permitted  the  entrained  flow  to  pass  over  the  noses  and  thus 
prevented  attachment  of  the  main  flow.  Moreover,  inas- 
much as  the  diffuser  entrance  area  affects  the  diffusion,  phys- 
ical considerations  would  suggest  that  the  power  required  is 
also  affected.  Tests  carried  out  in  the  Langley  24-inch 
tunnel  have  shown  this  to  be  the  case.  An  increase  of  the 
diffuser  minimum  cross  section  appreciably  beyond  the  size 
necessary  for  the  required  Mach  number  results  in  an  in- 


crease in  the  power  required.  An  increase  in  noise  and  vibra- 
tion is  also  believed  to  be  likely.  It  is  suggested  that,  in  an}7 
future  slotted  tunnel  installation  similar  to  that  discussed 
herein,  the  effective  diffuser  entrance  area  be  made  adjustable 
by  means  of  radiall}7  adjustable  diffuser  entrance  noses. 

It  was  thought  that  the  heavy  boundar}7  la}7er  due  to  the 
inflow  into  the  slots  might  spoil  the  diffuser,  but  an  extensive 
investigation  by  means  of  tufts  failed  to  reveal  any  separa- 
tion, though  separation  may  have  existed  on  the  diffuser 
entrance  noses.  Because  of  the  large  amount  of  kinetic 
energy  in  that  region,  the  possibility  of  significant  power  loss 
is  greater  near  the  diffuser  entrance  than  farther  downstream. 

An  examination  of  power  data  for  varying  slot  area  showed 
that,  as  might  be  expected,  the  power  required  for  a given 
Mach  number  decreases  as  the  slot  area  decreases.  Power 
consumption  is  therefore  also  less  if  the  diffuser  entrance 
nose  is  as  far  upstream  as  possible.  This  effect  may  be 
expected  to  become  relatively  less  important  as  the  Mach 
number  is  increased,  because  the  increasing  required  outflow 
through  the  upstream  part  of  the  slots  and  the  correspond- 
ing inflow  at  the  downstream  ends  is  only  weakly  dependent 
on  the  slot  area.  It  also  appears  likely  that  with  increasing 
inflow  of  this  low-energy  air  the  essentially  constant-area 
mixing  region  required  for  its  acceleration  might  have  to  be 
increased  in  order  to  avoid  spoiling  the  diffuser  flow.  Econ- 
omy of  power  might  indeed,  at  higher  Mach  numbers,  re- 
quire that  this  low-energy  ah  be  pumped  to  approximately 
stream  total  pressure  by  means  of  a separate  compressor 
rather  than  by  means  of  turbulent  mixing  in  the  diffuser. 
The  use  of  a separate  compressor,  however,  might  affect  the 
use  of  the  tank  pressure  as  a reference  pressure  for  deter- 
mining Mach  number. 

The  power  absorption  per  square  foot  of  throat  area  in 
the  Langley  8-foot  transonic  tunnel  is  shown  in  figure  43. 
These  data  were  taken  from  a number  of  different  runs,  as 
indicated  in  the  figure.  The  power  data  have  been  adjusted 
to  the  same  stagnation  pressure  and  temperatures  through 
the  assumption  that,  for  constant  geometry  and  Mach  num- 
ber, power  is  proportional  to  ptyjTt)  where  pt  is  the  stagna- 
tion pressure  and  Tt  is  the  absolute  value  of  the  stagnation 
temperature.  The  power  for  the  slotted  tunnel  is  compared 
with  that  for  the  Langley  8-foot  transonic  tunnel  with  slots 
closed,  that  for  the  plaster  nozzle  of  reference  2,  and  that 
for  a closed-tunnel  estimate  based  on  reference  18.  The 
reduction  in  power  due  to  the  installation  of  diffuser  entrance 
nose  B (fig.  4 (b))  is  seen  from  a comparison  of  the  power 
for  this  nose  with  that  for  nose  A (fig.  4 (a)).  A more  de- 
tailed investigation  of  the  power  losses  is  given  in  reference  3. 

CONCLUDING  REMARKS 

The  Langley  8-foot  high-speed  tunnel  was  converted  to 
transonic  operation  and  the  characteristics  of  the  transonic 
flow  in  the  slotted  test  section  were  investigated.  The  re- 
sults of  flow  surveys  with  various  slot  shapes,  and  with  and 
without  a typical  model  in  the  slotted  test  section,  warrant 
the  following  conclusions: 

1.  As  a result  of  the  investigation  of  the  flow  character- 
istics of  the  tunnel  with  various  slot  shapes,  a configuration 
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which  produced  nearly  uniform  supersonic  flow  has  been 
devised. 

2.  With  this  configuration  the  Mach  number  was  con- 
tinuously variable  up  to  the  greatest  value,  approximately 
1.14,  permitted  by  the  power  available;  the  quality  of  the 
flow  was  entirely  satisfactory  for  testing  purposes  and  com- 
pared favorably  with  that  in  the  best  two-dimensional 
solid  supersonic  nozzles.  Deviations  from  the  average 
stream  Mach  number  in  a model  test  region  36  inches  long 
and  30  inches  in  diameter  generally  increased  with  Mach 
number  but  did  not  exceed  approximately  0.006  at  stream 
Mach  numbers  up  to  1.13,  provided  the  tunnel  wall  surfaces 
were  kept  sufficiently  smooth. 

3.  The  Mach  number  distribution  was  found  to  be  af- 
fected by  the  detailed  slot  shape  if  the  divergence  angle 
between  the  panels  and  the  center  line  of  the  test  section 
was  sufficiently  small. 

4.  The  power  required  at  a given  Mach  number  was  con- 
siderably in  excess  of  that  necessary  for  a closed  tunnel  at 
the  same  Mach  number. 

5.  The  ratio  of  the  test-chamber  pressure  to  the  stream 
total  pressure  provided  a reliable  index  of  the  test-section 
Mach  number  independent  of  model  configuration  or 
attitude. 

6.  The  direction  of  the  airstream  agreed  within  the  limits 
of  experimental  error  (0.1°)  with  the  geometric  center  line 
of  the  test  section. 

7.  The  use  of  slots  to  reduce  choking  limitations  at  stream 
Mach  numbers  near  1.0,  reported  earlier  for  small  tunnels, 
was  substantiated  by  tests  of  a 3.33-inch-diameter  body  of 
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revolution  in  the  approximately  8 8 -inch-diameter  slotted 
test  section. 

8.  Interference  effects  due  to  boundary-reflected  dis- 
turbances were  present  in  pressure-distribution  and  drag 
measurements  for  a 33.5-inch-long  nonlifting  body  of 
revolution  with  a fineness  ratio  of  12  in  the  slotted  test 
section  at  low1 2 3 4 5 6 7 8 9  supersonic  speeds;  the  effects  were  reduced  by 
testing  the  body  off  the  test-section  center  line  in  order  to 
avoid  focusing  of  the  reflected  disturbance  waves.  No 
boundary  interference  was  present  at  the  higher  supersonic 
speeds  attained. 

9.  The  model  length  for  interference-free  supersonic 
testing  increased  with  Mach  number  but  did  not  exceed 
about  75  percent  of  the  axial  distance  required  for  reflection 
of  Mach  lines. 

10.  Experimental  locations  of  bow  waves  ahead  of  axially 
symmetric  bodies  were  in  satisfactory  agreement  with 
theoretical  locations  predicted  by  the  approximate  methods 
of  NAC  A TNI  921. 

11.  An  experimental  verification  of  the  method  of  NACA 
TN  1768  for  predicting  pressure  distributions  over  slender 
bodies  of  revolution  at  supersonic  speeds  is  afforded  by  the 
close  agreement  of  theoretical  pressure  distributions  for  a 
fineness-ratio-12  body  of  revolution  with  interference-free 
distributions  measured  in  the  Langley  S-foot  transonic 
tunnel. 

Langley  Aeronautical  Laboratory, 

National  Advisory  Committee  for  Aeronautics. 

Langley  Field,  Va.,  July  3,  1958. 
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Figure  1. — Views  of  throat  region  of  Langley  8-foot  transonic  tunnel  showing  slotted  test  section,  cylindrical  survey  tube,  and  support  system. 
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(a)  Original  wall-panel  arrangement  with  45-minute  divergence  in  test  section. 

(b)  Reversed  wall  panels  with  5-minute  divergence  in  test  section. 

Figure  3. — Tunnel  throat  geometry  including  diffuser-entrance  nose  shape  and  wall  divergence 
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Figure  5. — Various  slot  shapes  investigated  in  the  Langley  8-foot  high-speed  tunnel  with  5-minute  wall-panel  divergence  in  test  section. 


Figure  6. — Comparison  of  Mach  number  distributions  measured  axially  along  tunnel  center  line  with  those  measured  along  center  and  edges  of 
wall  panels.  Nose  A ; slot  shape  10  (rectangular) ; 45-minute  divergence  of  wall  panels  in  test  section ; MTC=  1 .092. 
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Figure  7. — Temporary  schlieren  system  used  in  connection  with  slotted-test-section  flow  surveys. 


Circular  cone™ 


A. 


Static-pressure  orifices  (0.010"  diam.)  90°apart 
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/ 


L- 58- 2506 


Figure  8. — Null-pressure-tvpe  instrument  (3°  cone)  used  for  measuring  angularity  of  flow  in  slotted  test  section. 
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(a)  Basic  body  shape. 

(b)  Free-fall  body. 

(c)  Wind-tunnel  model. 

Figure  9. — ’Body  of  revolution  used  for  comparison  of  body-surface  pressure  distributions  obtained  from  wind-tunnel  tests  with  those  from  free-fall 

tests  and  theory. 
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/ 


panels 


Figure  11 — Agreement  of  flow  Mach  numbers  obtained  from  pressure  measurements  at  test-section  center  line  with  those  indicated  by  measured 
angularity  of  weak  shocks  produced  by  0. 010-inch-diameter  strings  fastened  to  wall  panels.  A M is  the  Mach  number  from  pressure  measure- 
ments minus  the  Mach  number  indicated  by  shock  angles. 


Mach  number  at  wall  Mach  number  near  center 
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^ Slot  plan  form 


o 5-minute  divergence  of  wall  panels 
□ 45-  minute  divergence  of  wall  panels 


Distance  from  tunnel  station  0,x,in. 

Figure  12. — Comparison  of  Mach  number  distributions  axially  along  center  line  and  wall  of  the  slotted  throat  with  5-minute  and  45-minute 

divergence  of  test-section  wall  panels.  Slot  shape  10;  Mrc=  1.093. 


Mach  number  at  wall  Mach  number  near  center  X Mach  number  at  waft  Mach  number  near  center 
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o 0.970  a 1.107 

□ 1.051  v l.l  15 


Figure  15. — Mach  number  distributions  axially  along  center  line  and  wall  of  the  slotted  throat  with  5-minute  divergence  of  test-section  wall 


panels.  Slot  shape  4. 


o 0.990  * l.l  12 

o 1.057  ^ |.|24 

o 1.088 


Distance  from  tunnel  station  0,  x , in. 


Figure  16. — Mach  number  distributions  axially  along  center  line  and  wall  of  the  slotted  throat  with  5-minute  divergence  of  test-sectiOD  wall 

panels.  Slot  shape  9. 
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Figure  17. — Mach  number  distributions  axially  along  center  line  and  wall  of  the  slotted  throat  with  5-minute  divergence  of  test-section  wall 

panels.  Slot  shape  6. 


Distance  from  tunnel  station  0,  xjn. 


Figure  18. — Mach  number  distributions  axially  along  center  line  and  wall  of  the  slotted  throat  with  5-minute  divergence  of  test-section  wall 

panels.  Slot  shape  7. 


Axial  distance  downstream  of  slot  origin, x.m 


a Panel 


Panel 


Figure  22. — Continued, 
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(i)  Mtc=  1.08. 
Figure  22. — Continued. 


Diffuser- entrance^ nose  arrangement  for  subsonic  operation 
o Center  line 
□ Wall  panel  5 
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W ‘ Jaqwnu  qoD^ 


Axial  distance  downstream  of  slot  origin, xt in. 

Figure  23.— Mach  number  distributions  measured  axially  along  center  line  and  wall  of  slotted  test  section  with  a diffuser-entrance  nose  arrangement  for  reduction  of  tunnel 
power  requirements  and  attainment  of  higher  Mach  number.  Model  removed;  diffuser-entrance  nose  B;  slot  shape  11. 


Distance  from  center  line,  y,  in. 
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Distance  from  tunnel  station  0 ,x, in. 


95 

70796 


Figure  24. — Schlieren  picture  illustrating  the  propagation  of  weak  disturbances  in  supersonic  flow  in  the  slotted  test  section.  A/„=  1.074. 
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Figure  25. — An  illustration  of  the  degree  of  flow  uniformity  in  a region  of  the  slotted  test  section.  Shock  waves  of  known  strength  (produced 
by  a 10°  included-angle  cone  at  zero  angle)  are  used  as  the  flow-uniformity  criterion.  Diffuser-entrance  nose  A. 
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number  distributions  axially  along  wall  of  slotted  test  section  upstream  of  model  location  with  model  in  and  model  removed. 
Diffuser-entrance  nose  A;  slot  shape  11. 
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oTest  section  empty  (diffuser -entrance  nose  A) 

□ Cylindrical  tube  at  test-section  center  line  .( diffuser-entrance  noses  AandB) 

Model  in  test  section  (fuselage  and  wing) 

Model  angle 
0 0°1 

A 2°r ( diffuser-entrance  nose  A) 


^ 2 q°|(  diffuser- entrance  nose  B) 


Figure  29— Variation  with  test-chamber  Mach  number  of  Mach  numbers  measured  on  tunnel  wall  approximately  10  inches  upstream  of  model 
nose  (model  at  different  angles  of  attack)  and  Mach  numbers  measured  at  the  same  axial  station  with  model  removed.  Slot  shape  11. 
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Figure  30. — Flow  angularity  in  vertical  plane,  indicated-  by  null-pressure  cone-surface  measurements 
at  test-section  center  line  85  inches  downstream  of  slot  origin.  Slot  shape  11. 
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Multiple  shocks  associated  with 


(a)  M„= 0.970. 

Figurk  31. — Shock  formations  and  reflections  at  transonic  speeds  with  body-of-revolntion  model  at  center  line  of  slotted  test  section. 

diffuser-entrance  nose  A;  slot  shape  11. 


Mach  number  at  wall  Mach  number  at  body  surface 
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^Tunnel  wall 


(b)  A/O=0.980. 
Figure  31. — Continued. 
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Figure  31. — Continued. 
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Figure  31. — Continued 
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(e)  M0=  1.025. 
Figure  31. — Continued. 
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(f)  M„=  1.036. 

Figure  31. — Continued. 
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(g)  M„  = 1.042 
Figure  31. — Continued. 
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(h)  M„=  1.056. 
Figure  31. — Continued. 
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(i)  M0=  1.065. 
Figure  31. — Continued 
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(j)  Me=  1.080. 
Figure  31. — Continued. 
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(k)  M0=  1.092. 
Figure  31. — Continued. 


Mach  number  at  wall  Mach  number  at  body  surface 


CHARACTERISTICS  OF  THE  LANGLEY  8-FOOT  TRANSONIC  TUNNEL  WITH  SLOTTED  TEST  SECTION 


1357 


Distance  downstream  of  slot  origin  ,x,in. 


Distance  downstream  of  slot  origin, x, in. 


(0  A/„=  1.105. 
Figure  31. — Continued. 
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Figure  31. — Continued. 
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Distance  downstream  of  slot  origin, x,in. 


(n)  A/0=  1.129. 
Figure  31. — Concluded. 
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Distance  downstream  of  slot  origin, x, in. 


Percent  chord 


-Tunnel  wall 


(a)  Me  =1.009. 

Figure  32. — Shock  formations  and  reflections  at  low-supersonic  speeds  with  wing-body  model  at  center  line  of  slotted  test  section. 
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(b)  A/0=  1.034. 
Figure  32. — Continued, 
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(c)  Af„=  1.079. 
Figure  32. — Continued. 
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(d)  M0=  1.088. 
Figure  32. — -Continued, 
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(e)  M0=  1.110. 
Figure  32. — -Continued. 


CHARACTERISTICS  OF  THE  LANGLEY  8-FOOT  TRANSONIC  TUNNEL  WITH  SLOTTED  TEST  SECTION 


1365 


(f)  M„=  1.126. 
Figure  32. — Concluded. 
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o Slotted-test-section  data;  slot  shape  1 1 
□ Closed  -test-section  data , corrected  for  blockage 
o Free  -fall  data 
— Theory 


Basic  shape 
Wind-tunnel-model  sting 
Free-fall-body  boom 


Percent  body  length 


(a)  Subsonic  and  sonic  speeds. 

Figure  33. — Comparison  of  body-surface  pressure  distributions  obtained  from  tests  of  a body  of  revolution  in  the  slotted  test  section  with  those 
from  closed-test-section  tests,  free-fall-  tests,  and  theory.  Flagged  symbols  indicate  data  obtained  from  faired  curves. 
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o Slotted-test- section  data,  slot  shape  II 
a Closed- test- section  data 
o Free-fall  data 
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Percent  body  length 


(b)  Supersonic  speeds. 
Figure  33. — Concluded. 
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Figure  34.— Comparison  of  body-surface  pressure  distributions  obtained  from  tests  of  a body  of  revolution  at  zero  angle  of  attack  in  the  slotted 

test  sections  of  the  Langley  8-foot  and  16-foot  transonic  tunnels. 
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(b)  Subsonic  speeds  ( M0  from  0.943  to  0.991). 
Figure  34. — Continued. 
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(c)  Supersonic  speeds  (M0  from  1.019  to  1.081). 
Figure  34. — Concluded. 
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Figure  35. — Continued. 
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Figure  35. — Continued. 
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Figure  36. — Maximum  effect  of  reflected  compressions  and  expansions 
on  pressure  coefficients  at  model  surface,  as  indicated  by  differences 
between  measurements  in  the  Langley  8-foot  and  16-foot  transonic 
tunnels. 
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Figure  38. — Comparison  of  bodj-surface  Mach  number  distributions 
obtained  from  tests  of  a body  of  revolution  at  the  center  line  and 
approximately  10.3  inches  off  the  center  line  of  the  slotted  test  sec- 
tion. a=0°;  M0=  1.050  (approximately). 


Figure  37. — Effect  of  boundary-reflected  disturbances  on  body  drag 
coefficients  for  a 33.5-inch-long  nonlifting  body  of  revolution  in  the 
slotted  test  section. 
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Figure  39. — Axial  distance  required 


for  model  bow  wave  to  reflect  from  test-section  wall  and  strike  surface  of  model  near  center  line. 
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Figure  41. — Shock  formations  at  transonic  speeds  with  total-pressure  rake  (0.050-inch-diameter  tubes  projecting  3 inches  ahead  of  1°  included-angle 

wedge)  near  center  line  of  slotted  test  section. 
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Figure  41. — Concluded. 
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stagnation  temperatures  shown  and  to  stagnation  pressure  of  2,120  pounds  per  square  foot. 
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INCOMPRESSIBLE  FLUTTER  CHARACTERISTICS  OF  REPRESENTATIVE  AIRCRAFT  WINGS  1 

By  C.  H.  Wilts 


SUMMARY 

The  'present  report  gives  the  results  of  a detailed  study  of  the 
flutter  characteristics  of  four  representative  aircraft  wings.  This 
study  was  made  using  the  electric-analog  computer  at  the  Cali- 
fornia Institute  of  Technology.  During  the  course  of  this 
investigation  eight  important  parameters  of  each  wing  were 
varied  and , in  addition , the  effects  of  mass,  inertia,  pitching 
spring,  and  location  of  a concentrated  mass  were  investigated 
for  all  four  wings  and  at  several  sweepback  angles. 

The  introduction  of  this  report  discusses  in  general  terms  the 
flutter  characteristics  of  airplanes.  The  second  section  con- 
tains a discussion  of  the  electric-analog  principles  that  made  a 
study  of  this  magnitude  feasible.  The  third  section  contains  a 
discussion  of  the  aerodynamic  and  structural  approximations 
made  for  simplifying  the  flutter  analysis  of  a wing.  The  fourth 
section  gives  information  relating  to  the  errors  introduced  by 
the  finite-difference  approximations  to  continuous  aeroelastic 
systems.  In  addition,  data  are  given  pertaining  to  the  flutter 
characteristics  of  a swept-wing  wind-tunnel  model,  and  the 
results  of  computations  based  on  two  assumptions  regarding 
aerodynamic  forces  on  a swept  wing  are  also  given.  The  fifth 
section  lists  the  physical  characteristics  of  the  four  representa- 
tive aircraft  wings  and  the  sixth  section  contains  the  computed 
flutter  characteristics  of  the  four  wings. 

INTRODUCTION 

Flutter  is  a phenomenon  which  is  observed  in  the  transient 
or  unforced  response  of  an  aerodynamic  system.  Mathe- 
matically speaking,  it  is  observed  in  the  solution  of  the 
homogeneous  differential  equation  describing  the  behavior 
of  an  airplane  in  flight  through  still  non  turbulent  air.  An 
airplane  wing  which  is  considered  to  be  a continuous  beam- 
like  or  platelike  structure  has  an  infinite  number  of  degrees 
of  freedom,  and  the  characteristic  equation  which  describes 
the  transient  response  has  an  infinite  number  of  roots. 
Experience  has  shown  that  only  the  roots  of  lower  magnitude 
(frequency)  exhibit  the  problem  of  instability  or  flutter.  It 
is  this  fact  which  makes  it  possible  to  predict  flutter  using 
an  analog  computer,  which  represents  only  the  lower  fre- 
quency modes  of  the  structure,  or  using  a few  normal  modes 
in  either  digital  or  analog  computation. 

The  exponents  in  the  transient  response  of  a linear  system 
are  the  roots  of  the  characteristic  equation.  Since  the  char- 
acteristic equation  involves  real  parameters,  the  roots  are 
real  or  occur  as  complex  conjugate  pairs.  The  latter  roots 


are  the  ones  of  interest  here.  The  real  part  of  a conjugate 
pair  is  the  reciprocal  of  the  time  constant  in  the  transient 
response  and  the  (positive)  imaginary  part  is  the  frequency 
of  oscillation.  This  is  illustrated  in  figure  1.  Mathematical 
description  of  the  transient  term  is 

y=Ale{a+iu)t+A2e(a~iu)t 
or  in  terms  of  real  functions 

y=Aeat  cos  (u>t+4>) 

If  the  real  part  of  the  pair  of  roots  a is  negative  the  “tran- 
sient” dies  out  and  the  root  is  said  to  be  stable.  If  the  real 
part  is  positive  the  transient  grows  exponentially  until 
limited  by  nonlinearities  or  destruction,  and  the  root  is  said 
to  flutter.  The  terminology  is  not  strictly  correct,  but  it  is 
common  practice  to  refer  to  the  exponents  of  the  transient 
response  as  flutter  roots  since  they  are  numerically  equal  to 
the  roots  of  the  characteristic  equation.  Throughout  this 
report  such  terminology  will  be  used. 

Damping  of  flutter  roots  may  be  measured  by  two  dimen- 
sionless numbers  f and  g,  which  differ  from  each  other  by  a 
factor  of  2.  The  former  is  generally  used  by  control-system 
engineers;  the  latter,  by  flutter  analysts.  They  can  be  de- 
fined by  the  equation  for  the  particular  term  in  the  transient 
response  given  earlier 

y=Aeot  cos  (cot +<(>)=  A e~^nt  cos  [V(l  — £2)o>nt+<t>] 

=Ae  cos  {*\/[l  (</2/4)]  o)nt-\-<j>} 


Figure  1. — Transient  response  corresponding  to  roots  of  characteristic 

equation. 


1 Supersedes  NACA  TN  3780,  “Incompressible  Flutter  Characteristics  of  Representative  Aircralt  Wings"  by  O.  H.  Wilts,  1957. 
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Flutter  computations  are  usually  centered  around  regions 
where  the  value  of  g lies  in  the  range  — 0.2<^<T.2.  In 
such  cases  the  factor  N/  1 — f2  differs  from  unity  by  less  than 
0.5  percent.  For  this  reason  it  is  customary  to  omit  this 
factor  in  the  trigonometric  term  giving  the  following 
approximation : 

y=Ae  2 cos  (c ont+(l>) 

This  practice  will  be  followed  in  this  report.  For  damping 
which  is  small,  an  approximate  rule  of  thumb  is  that  the 
damping  factor  g is  nearly  equal  to  the  per  unit  decrement 
per  cycle  divided  by  tv.  If  percent  decrement  per  cycle  8 is 
used,  there  results  the  convenient  approximation 

8 

0 ~ 100x 

The  flutter  roots  of  an  airplane  are  complex  functions  of 
all  geometrical,  structural,  and  inertial  properties  of  the  air- 
frame as  well  as  of  the  airspeed  and  air  density.  With  all 
other  properties  held  constant,  the  lowest  airspeed  at  which 
the  flutter  root  exhibits  neutral  stability  is  called  the  flutter 
speed.  If  g is  plotted  as  a function  of  velocity,  the  abscissa 
(speed)  at  which  the  curve  first  crosses  the  axis  g— 0 is  the 
flutter  speed.  In  this  study  such  curves  were  used  to  deter- 
mine the  flutter  speed,  but  such  curves  are  used  in  this 
report  only  to  illustrate  the  behavior  of  some  unusual  flutter 
roots.  A tabulation  of  flutter  speeds  does  not  always  give 
a good  picture  of  the  flutter  characteristics.  An  example  is 
shown  in  figure  2,  where  the  damping  of  two  roots  is  shown. 
One  root  becomes  unstable  at  a speed  of  about  300  miles 
per  hour  and  the  other,  at  a speed  of  about  600  miles  per 
hour.  If  a parameter  variation  increases  the  damping  g of 
both  roots  by  0.03,  one  flutter  speed  is  raised  to  350  miles 
per  hour,  a 17-percent  increase;  the  other  is  raised  to  603 
miles  per  hour,  a 0.5-percent  increase.  A further  increase 
in  g of  0.02  will  raise  the  second  flutter  speed  0.4  percent  to 
605  miles  per  hour,  while  the  first  root  will  now  exhibit  no 
flutter.  It  should  be  emphasized  that  even  though  a design 
speed  of,  say,  500  miles  per  hour  has  been  surpassed,  the 
system  may  still  be  regarded  as  unsatisf actor}7.  A system 
so  close  to  flutter  at  a speed  of  360  miles  per  hour  might 
actually  flutter  because  of  weight  (fuel)  variations  or  minor 
differences  in  stiffness  resulting  from  variations  within  the 
manufacturing  tolerances.  From  the  standpoint  of  this  re- 
port all  three  of  the  sets  of  roots  discussed  above  will  be 


regarded  as  having  essentially  the  same  flutter  characteris- 
tics even  though  they  exhibit  radically  different  theoretical 
flutter  speeds.  Emphasis  is  given  to  this  point  because 
remarks  to  be  made  later  in  this  report  may  be  misunder- 
stood without  a clear  conception  of  this  viewpoint. 

This  investigation  was  conducted  at  the  California  Insti- 
tute of  Technolog}7  under  the  sponsorship  and  with  the 
financial  assistance  of  the  National  Advisory  Committee  for 
Aeronautics. 
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hr 
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ir 

fn 
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GJ 


constants 
half  chord 
half  chord  at  root 
half  chord  at  tip 

symbolic  representation  of  circulatory  compo- 
nent of  lift  force  due  to  angle  of  attack 
lift  coefficient 
wing  station  from  root,  in. 

Young’s  modulus  of  elasticity 
equivalent  beam  flexural  rigidity,  (lb)  (sq  in.) 
experimental;  used  as  subscript 
flutter  frequency,  cps 

normal  mode  frequency  of  cantilevered  engine 
and  nacelle,  cps 

flutter  frequency  for  continuous  structure 
shear  modulus 

equivalent  beam  torsional  rigidity,  (lb)  (sq  in.) 


0 

h 

I 

J 

j 

k 

l 


Quint 

damping  factor  of  a damped  sinusoid,  e 2 cos  wt 

vertical  deflection,  positive  down,  in. 

moment  of  inertia  per  unit  length,  lb  sec2 

torsional  stiffness 

increase  in  stiffness,  percent 

radius  of  gyration,  in. 

semispan  of  wing 


M,  Mi,  M2,  Mz,  M5  twisting  moment  about  elastic 

axis  per  unit  length  of  wing, 
positive  nose  up,  lb 
mass  per  unit  length,  lb  sec2/sq  in. 
mass  of  concentrated  mass 
fuselage  mass 
total  wing  mass,  lb  sec2/in. 
total  wing  mass  outside  of  fuselage 
lumped  mass 

P3,  Pi  lift  force  per  unit  length  of  wing,  positive 
nose  down,  lb/in. 

Laplace  transformation  variable 
dynamic  pressure  based  on  normal  component 
of  velocity,  (1/2)  pvn 2,  lb/sq  in. 
time,  sec 

airstream  velocity,  in. /sec 
flutter  velocity  of  airplane  with  bare  wing 
airstream  velocity  at  which  flutter  occurs,  in. /sec 
component  of  airstream  velocity  perpendicular 
to  elastic  axis,  v cos  A,  in. /sec 
reference  velocity,  in. /sec 
flutter  velocity  for  continuous  wing 
distance  measured  along  wing 
distance  from  midchord  aft  to  elastic  axis,  in. 


m 

mc 

mf 

Tflw 

mwf 

m 

P,  Pl,  P 2, 

P 

0n 


Vf 

Vn 


Vo 

Vm 

w 

Xo 
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Xi  distance  from  quarter  chord  aft  to  elastic  axis, 

x0+(b/ 2),  in. 

x2  distance  from  three-fourths  chord  forward  to 

elastic  axis,  b — xu  in. 

x3  distance  from  elastic  axis  aft  to  center  of 

mass,  in. 

y general  variable 

A y cell  size  for  finite-difference  structure 

a absolute  pitch  angle  about  elastic  axis,  positive 

nose  up,  radians 

8 percent  decrement  per  cycle 

f per  unit  critical  damping 

6 slope  of  elastic  axis  or  roll  about  horizontal 

axis  normal  to  elastic  axis,  positive  tip  down, 
radians 

A sweepback  angle  of  elastic  axis,  deg 

p air  density,  lb-sec2/m-4 

r wing  twisting  gradient,  da/dw 

<7  real  part  of  pair  of  roots 

M angular  frequency,  radians/sec 

wn  undamped  natural  frequency,  radians/sec 

(*)>  C)  derivatives  with  respect  to  time 

ELECTRIC-ANALOG  METHODS  OF  FLUTTER  ANALYSIS 

The  use  of  electrical  analogs  for  the  solution  of  aeroelastic 
problems  has  been  discussed  in  detail  in  reference  1.  The 
purpose  of  the  present  section  is  to  summarize  the  principles 
briefly.  For  purposes  of  flutter  analysis  the  structural 
system  is  assumed  to  be  linear,  and  a linear  electrical  network 
is  constructed  whose  electrical  behavior  approximates  the 
dynamic  behavior  of  the  linearized  structure.  For  this 
purpose,  capacitors  are  ordinarily  used  to  represent  con- 
centrated or  lumped  inertia  properties,  inductors  are  used 
to  represent  lumped  flexibility  properties,  and  transformers 
are  used  to  represent  the  geometrical . properties  of  the 
structure  (refs.  1 and  2).  In  such  electrical  analogs  voltages 
throughout  the  network  represent  velocities  in  the  structure 
and  currents  represent  forces.  Electronic  equipment  is  used 
to  produce  currents  which  depend  on  voltages  in  the  elec- 
trical system  in  the  same  manner  in  which  aerodynamic 
forces  depend  upon  the  velocities  of  the  airfoil. 

The  composite  electrical  structure  can  be  regarded  as  an 
electrical  model  of  the  aircraft  in  the  same  manner  that  a 
wind-tunnel  model  would  be  regarded  as  a structural  model. 
The  advantage  of  this  approach  lies  in  the  relative  ease  with 
which  one  can  alter  the  properties  of  the  model,  thus  per- 
forming flutter  computations  with  great  rapidity.  It  should 
be  emphasized  that  the  normal  modes  of  the  structure  are 
not  used  as  tools  or  elements  in  the  analysis.  The  analysis 
consists,  in  fact,  in  observing  the  behavior  of  an  electrical 
model  of  an  aircraft  in  flight. 

That  behavior  which  is  most  readily  observed  is  the  tran- 
sient response  to  a sudden  disturbance.  This  method  is 
therefore  similar  to  the  testing  technique  which  is  ordinarily 
used  for  wind-tunnel  models.  An  advantage  of  the  electrical 
method  is  that  tuned  pulses  may  be  used  so  that  separation 
of  two  or  more  nearly  unstable  or  slightly  unstable  modes  of 
oscillation  is  more  readily  accomplished.  Basic  recorded 
data  consist  of  the  logarithmic  decrement  of  the  response 
and  the  frequenc}r  of  oscillation.  Flutter  speed  and  fre- 


quency for  any  configuration  are  ordinarily  found  by  com- 
puting the  damping  g and  frequenc y f for  specific  values  ol 
velocity  and  interpolating  to  find  the  frequency  and  speed 
at  which  g is  zero. 

APPROXIMATIONS  FOR  SIMPLIFYING  FLUTTER  ANALYSIS 

STRUCTURAL  REPRESENTATION 

For  dynamic  analysis  of  airplane  wings  of  large  aspect 
ratio,  it  is  customary  to  treat  the  wing  as  a beamlike  struc- 
ture in  both  vertical  bending  and  torsion.  It  is  usually 
assumed  for  simplicity  that  an  elastic  axis  exists.  For  an 
unswept  wing  this  is  a straight  line  which  undergoes  no  ver- 
tical displacement  when  the  wing  is  subjected  to  a pure 
torque  parallel  to  this  axis  and  along  which  no  twisting  gra- 
dient exists  when  vertical  loads  are  applied  anywhere  along 
this  line.  For  an  unswept  wing  of  conventional  construction 
this  simplification  is  usually  quite  accurate.  For  a swept 
wing  an  elastic  axis  may  be  defined  as  a straight  line  which 
assumes  a constant  slope  over  its  entire  length  when  a 
twisting  moment  is  applied  parallel  to  this  line  and  which 
lias  no  twisting  gradient  when  vertical  loads  are  applied 
anywhere  along  this  line.  For  aspect  ratios  greater  than  5 
or  6 and  for  conventional  wing  construction,  a line  can  be 
found  on  the  structure  which  satisfies  this  definition  reason- 
ably well  except  near  the  root.  It  is  not  uncommon  to  find 
an  equivalent  elastic  axis  at  about  the  35  - or  40-percent  chord, 
a line  located  aft  of  the  leading  edge  a distance  equal  to  35 
or  40  percent  of  the  local  chord. 

The  assumption  of  an  elastic  axis  involves  the  tacit  assump- 
tion that  chordwise  bending  of  the  wing  is  negligible.  It 
follows,  then,  that  the  motion  of  the  wing  at  any  spanwise 
coordinate  can  be  described  by  two  coordinates,  the  vertical 
displacement  of  some  point  on  the  chord,  and  the  angle  of 
twist  of  the  chord.  If  wing  motion  is  described  in  terms  of 
vertical  motion  of  the  elastic  axis  and  twisting  motion  about 
this  line,  then  these  motions  are  not  coupled  through  the 
action  of  elastic  forces  in  the  wing  except  in  the  root  region 
for  a swept  wing. 

The  rooL  region  of  a swept  wing  is  necessarily  a relatively 
complicated  structure.  However,  for  aeroelastic  problems 
an  equivalent  simple  structure  can  be  found  which  is  com- 
pletely satisfactory  for  wings  of  large  aspect  ratio.  This  can 
be  demonstrated  by  the  following  reasoning.  The  outer 
sections  of  a wing  exhibit  definite  beamlike  properties,  but 
in  the  region  of  the  root  considerable  warping  of  the  wing 
surface  must  take  place.  The  aerodynamic  forces  near  the 
root  of  the  wing  are  therefore  not  adequately  described  by 
strip  theory  (see  discussion  of  strip  theory  under  “Aero- 
dynamic Forces”).  In  addition,  the  inertia  effects  of  this 
section  are  not  readily  computed.  However,  the  effects  of 
the  aerodynamic  forces  on  the  root  section  are  insignificant 
for  ordinary  flutter  computations.  This  has  been  demon- 
strated many  times  with  the  analog  computer  by  removing 
the  aerodynamic  forces  on  the  inboard  cell  of  the  finite- 
difference  structure.  The  inertia  forces  are  also  insignificant 
compared  with  the  elastic  forces  transmitted  by  the  root 
section,  and  it  is  therefore  possible  to  replace  this  section  for 
purposes  of  analysis  by  a set  of  “influence  coefficients” 
relating  transmitted  forces  to  displacement  of  an  outer  sec- 
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tion  of  the  wing  relative  to  the  fuselage.  It  has  been  found 
that  in  some  cases  these  influence  coefficients  resemble  co- 
efficients for  a simple  beam  extending  straight  into  the 
fuselage  and  attaching  there  in  some  simple  way.  The  wing 
structural  axis  then  consists  of  a short  section  which  may  be 
perpendicular  to  the  fuselage  center  line  and  which  is  simply 
attached  to  a swept  back  elastic  axis  which  extends  to  the 
wing  tip. 

Methods  for  determining  the  equivalent  structure  are 
outside  the  scope  of  this  report.  Since  this  structure  varies 


(b) 


(a)  Fighter  A.  (b)  Fighter  B.  (e)  Bomber  A.  (d)  Bomber  B. 
Figure  3. — Plan  forms  and  cell  division  of  basic  airplane. 


greatly  with  the  particular  wing  construction  used,  it  was 
necessary  to  choose  a simple  though  typical  root  structure  for 
this  study.  The  structure  chosen  is  illustrated  in  figure  3 
where  the  elastic  axes  are  shown  by  broken  lines.  The  break 
in  the  elastic  axis  is  assumed  to  be  at  the  edge  of  the  fuselage, 
and  the  axis  inside  the  fuselage  is  assumed  to  be  straight  and 
perpendicular  to  the  airplane  center  line.  The  wing  is 
assumed  to  be  pinned  at  the  side  of  the  fuselage.  Conse- 
quently, all  twisting  moment  is  removed  at  this  point  and 
it  is  not  necessar}'  to  make  any  assumptions  regarding  twist- 
ing rigidity  inside  the  fuselage.  Bending  rigidity  inside  the 
fuselage  is,  however,  important  for  S3>mmetric  motion. 
During  the  past  6 years  extensive  flutter  computations  have 
been  made  with  the  electric-analog  computer  for  commercial 
and  military  aircraft  as  well  as  for  wind-tunnel  models 
including  those  described  in  references  3 and  4.  In  all  cases 
investigated,  it  has  been  found  that  relatively  large  varia- 
tions in  root  conditions  have  a negligible  effect  on  the  flutter 
characteristics  (in  the  sense  described  in  the  Introduction). 
Observed  changes  in  damping  were  usually  in  the  range 
0<|A(?K0.05,  which  has  very  small  effect  on  flutter  speed 
unless  the  curve  of  g against  velocity  is  very  flat,  near  zero 
values  of  g . Needless  to  say,  both  symmetric  and  anti- 
symmetric motion  of  the  airplane  must  be  permitted  since 
the  flutter  characteristics  for  the  two  types  of  motion  may 
be  quite  different. 

Fuselage  stiffness  and  inertia  properties  usually  have 
values  such  that  an  assumption  of  a rigid  fuselage  for  sym- 
metric motion  alters  the  flutter  characteristics  little.  For 
fighter  planes  the  error  introduced  is  negligible.  For  large 
bombers  the  change  in  flutter  speed  may  be  appreciable,  but 
it  does  not  alter  the  trends  to  be  observed  upon  variation  of 
wing  properties.  It  has  therefore  been  assumed  in  this 
study  that  the  airplane  fuselage  is  rigid.  Tail-surface 
flexibility  does  not  significantly  affect  wing  flutter  problems. 
A rigid  tail  surface  with  sufficient  area  to  provide  satisfactory 
static  stability  has  therefore  been  assumed. 

AERODYNAMIC  FORCES 

For  all  the  flutter  computations  given  in  this  report,  the 
aeimtynamic  forces  have  been  simplified  by  two  important 
assumptions: 

(1)  The  air  flow  is  incompressible. 

(2)  If  the  airfoil  is  divided  into  strips  perpendicular  to 
the  elastic  axis,  then  the  forces  on  each  strip  can  be  com- 
puted as  a function  of  the  normal  component  of  the  air- 
stream  velocity  and  the  motion  of  that  strip  can  be  computed 
independently  of  the  motion  of  adjacent  strips. 

The  first  assumption  is  not  required  by  analog  methods  in 
general,  but  its  use  greatly  increases  the  rapidity  with  which 
data  can  be  obtained.  Since  the  purpose  of  the  study  is  not 
to  obtain  specific  accurate  flutter  speeds  but  to  study  trends 
in  flutter  characteristics,  this  assumption  does  not  seem 
unreasonable.  With  regard  to  the  use  of  strip  theory  two 
assumptions  are  often  found  in  the  literature.  In  using  the 
“airstream  method”  the  wind  is  divided  into  strips  parallel 
to  the  airstream,  and  the  forces  and  moments  on  each  strip 
are  computed  as  though  the  wing  were  not  swept  and  the 
air  flow  about  the  section  were  a two-dimensional  incom- 
pressible flow.  The  aerodynamic  coefficients  may  be  taken 
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to  be  the  same  as  those  for  an  unswept  wing  or  may  be  modi- 
fied by  a factor  cos  A.  In  applying  the  “normal-component 
method,”  the  wing  is  divided  into  strips  perpendicular  to 
the  elastic  axis.  The  aerodynamic  forces  and  moments  are 
computed  as  though  the  effective  air  velocity  were  the 
normal  component  v cos  A,  and  the  forces  depend  only  on 
the  motion  of  the  individual  strip  and  not  upon  the  motion 
of  adjacent  strips  (except  that  some  small  terms  may  be 
included  which  are  proportional  to  the  twisting  gradient  and 
therefore  dependent  upon  the  motion  of  the  nearest  strips). 
A critical  discussion  of  the  two  alternatives  is  given  in 
reference  5.  This  reference  recommends  use  of  the  normal- 
component  method. 

j§L  Before  adopting  the  second  assumption,  an  effort  was 
made  to  find  some  correlation  with  experimental  results. 
Reference  3 contains  experimental  flutter  speeds  for  a wind- 
tunnel  model  wing  with  sweepback  angle  equal  to  about  35°. 
This  angle  is  sufficient  to  give  an  appreciable  difference  in 
results  obtained  with  the  various  assumptions  mentioned 
above.  The  section  entitled  “Finite-Difference  Errors”  in 
the  present  report  contains  the  results  of  computations  which 
show  that  the  normal-component  method  gives  results  which 
are  as  satisfactory  as  those  given  by  any  other  method  used. 

Equations  for  determining  the  aerodynamic  forces  by  this 
method  are  given  in  reference  5.  In  the  equations  given 
there,  several  terms  are  found  whose  theoretical  justification 
is  not  well  established.  These  terms  (grouped  in  special 
brackets  on  p.  16  of  ref.  5)  were  found  to  have  negligible 
effect  on  sample  flutter  computations.  It  seems  reasonable, 
therefore,  to  omit  these  terms  from  computations  involved 
in  the  present  trend  study.  With  these  omissions  and  with 
obvious  changes  to  conform  to  the  symbols  and  notation 
used  in  the  present  report,  the  equations  are: 

P~P  l+P2+^3 

Ma — ~h  AL  “k A/3  -\~M 4 

Pl=-2T(q„)(2b)c(^)[^+(a+d  tan  A)+^  (i+0fcan  A)1 

\un/  LVn  “a  _l 

p>~  2'«  © <«> 

Pj~  —7 rpb2(h—X0a) 

l\=-2Tr{q_n)  (26)  [c  (j0  (~  tan  A 

M1=—xlPl 
j\d^2  ~~  X \P  2 

M3=—2ir(qn)  (~)  (<*) 

M4=—  irpb2  |^(^'+:r<’2)  a~ XP\ 

i TT1;  £]  l,‘"1  A 

The  terms  are  grouped  in  the  order  shown  for  convenience  in 
establishing  analog  circuits.  The  last  term  in  Px  is  not 
found  in  the  corresponding  equation  of  reference  5.  This 


term  is  removed  (mathematically)  by  insertion  of  an  equal 
but  opposite  term  in  P4  and  a similar  term  in  Mb. 

It  is  added  to  Px  here  because  the  circuits  which  generate  the 
term  a +6  tan  A also  provide  the  term  (x2/vn)  (a+0  tan  A), 
the  last  part  of  which  is  not  found  in  reference  5.  As  is 
pointed  out  below,  this  term  has  a negligible  effect  so  that 
its  inclusion  is  of  no  importance,  but  it  is  indicated  in  the 
expression  for  Px  for  the  sake  of  completeness.  It  should  be 
emphasized  that  the  dynamic  pressure  qn  is  based  on  vn)  where 
vn  is  the  velocity  component  normal  to  the  elastic  axis.  The 
coordinates  a and  0 are  both  measured  in  elastic-axis  coordi- 
nates. The  symbolism  C(bp/vn)  is  used  to  represent  the 
Theodorsen  or  Wagner  function.  A short  discussion  of  the 
interpretation  of  this  symbolic  representation  can  be  found 
in  reference  6. 

All  terms  found  above  can  be  represented  by  simple 
analog  circuits  with  the  exception  of  P4  and  M5.  Examina- 
tion of  equations  6 and  7 of  reference  5 shows  that  each  term 
in  P4  and  Mh  is  similar  to  (if  not  equal  to)  a term  found  in 
the  special  brackets.  Since  the  latter  terms  have  been 
omitted,  there  seems  to  be  no  logical  reason  for  retaining 
P4  and  M5.  Inasmuch  as  them  inclusion  greatly  complicates 
the  analog  circuits,  these  terms  were  also  omitted. 

In  addition  to  the  finite-difference  approximations  and 
those  contained  in  the  assumptions  of  incompressible  flow 
and  strip  theory,  three  other  aerodynamic  approximations 
should  be  mentioned.  The  first  of  these  is  the  failure  to 
modify  aerodynamic  forces  at  the  wing  tip.  The  delay  in  the 
growth  of  lift  forces,  as  described  by  the  Wagner  or  Theodor- 
sen functions  for  two-dimensional  flow,  cannot  apply  near 
the  tip.  Indeed,  both  the  delay  in  lift  and  the  magnitude 
of  the  lift  must  go  to  zero  at  the  tip.  The  extent  of  the  error 
introduced  depends  upon  the  importance  of  tip  forces  in 
flutter  computations.  Insofar  as  their  location  is  concerned, 
these  forces  are  quite  important,  but,  because  of  wing  taper, 
the  magnitude  of  the  total  force  per  unit  length  diminishes 
near  the  tip.  Since  wings  of  considerable  taper  are  involved 
in  this  investigation,  it  is  to  be  expected  that  the  error  will 
be  relatively  small.  The  second  approximation  is  failure  to 
compute  aerodynamic  forces  properly  at  the  root  of  a swept 
wing.  As  stated  earlier,  the  error  introduced  by  this  approxi- 
mation is  negligible  since  the  aerodynamic  force  for  a large 
section  of  the  wing  root  can  be  omitted  entirely  without  an 
appreciable  change  in  flutter  speed.  The  thud  approxima- 
tion is  introduced  by  the  necessity  of  computing  the  Wagner 
function  (or  the  Theodorsen  function)  electrically.  This 
function  is  computed  using  networks  shown  in  reference  1 
with  an  error  no  greater  than  2 percent  over  the  frequency 
range  or  time  interval  of  interest. 

FINITE-DIFFERENCE  ERRORS 

It  is  the  purpose  of  this  section  to  summarize  work  which 
was  carried  out  at  the  Analysis  Laboratory  of  the  California 
Institute  of  Technolog}'  to  determine  finite-difference  errors 
in  flutter  computations  for  several  specific  structures. 

FINITE-DIFFERENCE  STRUCTURES 

No  practical  methods  have  been  devised  for  representing 
general  continuous  structures  with  continuous  electrical 
systems.  The  electric-analog  computer  utilizes  lumped  elec- 
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fcrical  elements  which  can,  in  principle,  be  used  only  to  con- 
struct analogs  for  lumped  mechanical  systems.  However, 
as  pointed  out  in  references  1 and  2,  it  is  possible  to  repre- 
sent the  dynamic  characteristics  of  beamlike  structures  by 
a lumped  structure  based  upon  finite-difference  approxima- 
tions to  partial  differential  equations.  It  is  convenient  to 
call  this  lumped  system  a finite-difference  structure,  whether 
it  is  a mechanical  model  or  an  electrical  analog.  These 
references  outline  the  process  by  which  inertia  and  stiffness 
properties  and  aerodynamic  forces  are  averaged  or  replaced 
by  single  concentrated  inertias,  springs,  or  forces  in  the 
finite-difference  structure. 

It  should  be  remarked,  at  this  point,  that  the  assumption 
of  a finite-difference  structure  insures  a finite  number  of 
flutter  roots  or  exponential  functions  in  the  transient  re- 
sponse, whereas  the  continuous  structure  has,  in  principle, 
an  infinite  number.  Since  the  higher  frequency  roots  have 
high  damping,  only  the  lower  frequency  roots  are  of  interest. 
Two  or  three  of  these  may,  however,  show  essentially  zero 
damping  simultaneousl}7,  at  a given  velocity,  and  it  is  some- 
times necessary  to  determine  the  characteristics  of  several 
flutter  roots.  There  is  obviously  a lower  limit  to  the  number 
of  cells  that  must  be  used  to  obtain  satisfactory  accuracy, 
since  each  cell  adds  roughly  two  roots  to  the  system. 

There  is  little  information  in  the  literature  which  pertains 
to  the  accuracy  with  which  such  structures  represent  the 
continuous  system.  Reference  7 gives  data  for  static- 
deflection  and  normal-mode  characteristics  of  certain  finite- 
difference  structures  but  no  information  about  accuracy  of 
flutter  computations. 

Using  equations  for  aerodynamic  forces  based  on  two- 
dimensional  strip  theory  and  linear  incompressible  fluid  flow, 
several  “exact  solutions”  have  been  obtained  for  flutter 
problems.  Some  of  these  are  found  in  references  8 and  9. 
These  solutions  are  exact  in  the  sense  that  no  further  physical 
or  mathematical  simplifications  are  involved  and  the  only 
errors  are  introduced  by  round-off  errors  in  evaluating  trans- 
cendental functions  and  infinite  series.  Solution  of  these 
same  problems  by  use  of  finite-difference  approximations  to 
partial  differential  equations  provides  the  most  practical  way 
of  estimating  finite-difference  errors  for  other  configurations 
for  which  exact  solutions  are  not  obtainable.  It  is  true  that, 
in  all  cases  mentioned  above,  the  airfoil  has  been  assumed  to 
have  uniform  spanwise  properties  and  that  in  most  practical 
cases  the  airfoil  has  a significant  taper.  On  the  other  hand, 
reference  7 contains  a study  of  the  finite-difference  errors  in 
the  deflection  characteristics  and  normal-mode  properties  of 
both  uniform  and  tapered  beams.  This  study  showed  no 
unusual  differences  in  these  properties,  and  so  it  is  assumed 
that  the  results  obtained  for  flutter  of  uniform  airfoils  are 
typical  of  results  that  would  be  obtained  for  flutter  of  tapered 
airfoils. 

UNIFORM  AIRFOIL  WITH  PINNED  ENDS 

A uniform  beam  with  pinned  ends  will  support  only  sinu- 
soidal modes  in  both  bending  and  torsion.  Flutter  modes 
are  also  of  sinusoidal  shape  and  it  is  therefore  possible  to 
reduce  the  flutter  problem  to  an  eigenvalue  problem  which 
can  be  solved  with  a high  degree  of  numerical  accuracy. 
The  finite-difference  analogs  for  a pinned-pinned  beam  like- 


TABLE  I.— PHYSICAL  CHARACTERISTICS  OF  A PINNED- 
PINNED  AIRFOIL 


Length,  in 288 

Half  chord,  b,  in 48 

Mass  per  unit  length,  m,  lb  sec2/sq  in._ 0.  01035 

Inertia  per  unit  length,  I,  lb  sec  2 5.  176 

Bending  rigidity,  El,  lb  in.2 1.  412X108 

Torsional  rigidity,  GJ , lb  in.2 6.  87X108 

xlf  in 9.  6 

x3}  in —9.6 

Air  density,  p,  lb  sec2/in.4 0.  0845  X10“6 


wise  will  support  only  sinusoidal  modes.  It  is  possible 
therefore  to  get  exact  solutions  for  the  finite-difference 
approximations  to  the  continuous  airfoil. 

The  aii-foil  chosen  for  this  analysis  is  described  in  table  I. 
For  the  continuous  wing,  the  flutter  speed  and  frequency 
were  found  to  be  ^=692  miles  per  hour  and//— 12.72  cycles 
per  second,  respectively.  Analysis  of  the  finite-difference 
structure  was  carried  out  using  eight-,  four-,  and  two-cell 
divisions  between  the  pinned  ends.  Results  are  given  in 
table  II  and  figure  4.  For  this  particular  case  it  is  necessary 
to  use  more  than  four  cells  if  flutter  speed  is  to  be  obtained 
with  less  than  2-percent  error.  By  use  of  symmetiy  condi- 
tions at  the  center  of  the  beam  it  is  necessary  to  use  only 
half  this  number  of  cells  with  an  electric-analog  computer. 
Thus,  use  of  two  analog  cells  gives  a theoretical  error  of 
about  2.2  percent,  and  use  of  four  analog  cells  gives  an  error 
of  only  0.6  percent. 


O 113  1 

8 4 8 2 


1 

Na  of  cells 


Figure  4. — Finite-difference  flutter-speed  errors  of  pinned-pinned 

beam. 
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TABLE  II.— COMPUTED  FLUTTER  SPEED  AND  FREQUENCY 
OF  FINITE-DIFFERENCE  PINNED-PINNED  AIRFOIL 


Number 
of  cells 

Vf, 

mph 

AVf/Vco 

ft, 

cps 

Aff/fco 

00 

692 

0 

12.  7 

0 

8 

688 

. 006 

12.  6 

. 008 

4 

677 

. 022 

12.  3 

. 032 

2 

644 

. 069 

11.  0 

. 134 

UNIFORM  CANTILEVER  WING  WITH  CONCENTRATED  MASS 

Analytical  determination  of  the  flutter  speed  of  a cantilever 
wing  is  much  more  difficult  than  that  for  a beam  with  pinned 
ends.  However,  other  investigators  have  obtained  accurate 
numerical  solutions  for  a few  configurations.  The  most 
important  of  these  is  described  in  reference  9.  This  case  is 
of  importance  for  two  reasons:  It  involves  several  span  wise 
positions  of  a large  eccentric  concentrated  mass  which  greatly 
affects  the  flutter  speed;  and  for  some  positions  at  least  two 
completely  different  flutter  roots  can  be  found. 

Table  III  presents  the  physical  characteristics  of  the  airfoil 
analyzed  in  reference  9.  In  this  reference,  the  flutter  speed 

TABLE  III— PHYSICAL  CHARACTERISTICS  OF  UNIFORM 
CANTILEVER  WING 


Half  chord,  b,  in 4 

Span,  1,  in 48 

Mass  per  unit  length,  m,  lb  sec2/sq  in 1.  877X10~4 

Pitching  inertia  per  unit  length,  lb  sec  2 8.  00  X 10~4 

Flexural  rigidity,  El , (lb)  (sq  in.) 1.  407  X105 

Torsional  rigidity,  GJ,  (lb)  (sq  in.) 0.  692  X105 

Elastic-axis  position,  xQ)  in —0.  504 

Center-of-mass  position,  xz,  in 0.  156 

Mass  of  concentrated  mass,  mc,  lb  sec2/in 8.  23X10~3 

Pitch  inertia  of  concentrated  mass,  lb  sec2/in 0.  1636 

Center  of  mass  of  concentrated  mass,  (rc3)c,  in —3.  274 

Air  density,  p,  lb  sec2/in.4 1.  155  X 10“ 7 


and  flutter  frequency  were  computed  for  seven  mass  locations, 
data  for  which  are  reproduced  in  table  IV.  Since  the  location 
of  a concentrated  mass  may  be  important  in  flutter  analysis, 
and  since  all  points  on  a finite-difference  beam  are  not 
equally  suitable  as  an  attachment  point  for  a concentrated 
mass,  it  was  believed  that  a comparison  of  the  above  data 
with  finite-difference  solutions  was  quite  important.  Un- 
fortunately, similar  accurate  solutions  for  a finite-difference 
structure  are  not  readily  obtained,  so  it  was  necessary  to  use 
the  electric-analog  computer  to  obtain  these  solutions.  The 
resulting  comparison  therefore  contains  both  finite-difference 
and  analog-computer  errors.  Previous  work  has  indicated 
that  the  latter  are  probably  not  greater  than  1 percent  if  the 
Theodorsen  function  is  represented  accurately. 

In  this  analysis  two  slightly  different  beam  analogs  were 
used.  In  both,  the  beamlike  properties  were  represented  by 
a system  of  levers  (transformers),  but  in  one  group  the  lumped 
forces  were  applied  at  the  junctions  of  the  levers  and  in  the 
second  group  the  forces  were  applied  at  the  midpoints  of  the 
levers.  The  analog  of  the  second  group  was  once  thought 
to  give  a better  approximation  since  it  resembles  the  Russell 
beam  analog  discussed  in  reference  7.  Recent  investigation 
has  shown  that  this  belief  is  without  foundation,  and  the 
second  analog  is  now  preferred  only  as  a matter  of  conven- 
ience for  sweptback  wings  since  it  provides  the  wing  slope 
directl}7  at  the  force  stations  where  it  is  needed  for  computa- 
tion of  aerodynamic  forces.  In  both  cases  the  cantilever 
condition  at  the  root  was  provided  by  a half  cell  at  the  root, 
and  the  forces  nearest  the  tip  were  applied  one-half  cell  from 
the  tip.  Thus  the  first  group  involved  an  integral  number  of 
cells,  and  the  second  group  involved  a half  integral  (integer 
plus  one-half)  number  of  cells.  Five  cases  were  investi- 
gated; 2,  2|,  4,  5|,  and  6 cells.  Since  it  was  shown  in  the 
previous  section  that  less  than  4 cells  was  of  no  interest  for 
present  purposes,  only  the  results  of  4,  5§,  and  6 cells  are 
presented  in  this  report. 


TABLE  IV.— THEORETICAL  AND  EXPERIMENTAL  FLUTTER  CHARAC- 
TERISTICS OF  CANTILEVER  WING  WITH  CONCENTRATED  MASS 


[Data  taken  from  references  9 and  11) 


Mass  lo- 

Calculated 

Experimental 

cation, 

per  unit 

Vf, 

Vf, 

ft, 

Vf, 

Vf, 

If, 

span 

mph 

per  unit 

cps 

mph 

per  unit, 

cps 

(>) 

(a) 

0 

227 

0.  400 

25.  27 

228 

0.  401 

22.  1 

167 

221 

. 388 

19.  1 

. 229 

226 

. 397 

19.  23 

221 

. 388 

17.  4 

. 292 

233 

. 410 

16.  3 

. 333 

256 

. 451 

15.  5 

. 354 

277 

. 488 

28.  04 

260 

. 458 

b 16.  3-26.  8 

625 

c 359 

. 631 

30.  68 

(d) 

. 938 

273 

. 481 

25.  67 

261 

. 459 

(d) 

. 959 

251 

. 442 

24.  87 

251 

. 442 

21.  8 

. 979 

231 

. 407 

21.  6 

1.  000 

205 

. 360 

23.  60 

218 

. 384 

21.  4 

a 1.0  per  unit  velocity  is  104  in  ./sec  or  568  mph. 

b This  experimental  record  seems  to  show  nearly  simultaneous  divergence  and  flutter  at  two  frequencies, 
c Calculated  divergence  speed  is  about  279  mph.  However,  a flutter  speed  can  still  be  calculated  mathematically. 
d Divergence  was  observed  experimentally. 
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In  view  of  the  simplicity  of  the  flutter  curves  shown  in 
reference  9,  it  was  expected  that  data  would  be  taken  at 
only  a few  span  wise  mass  locations.  However,  it  was  soon 
found  that  the  flutter  characteristics  were  much  more  com- 
plicated than  anticipated,  and  data  were  taken  at  24  mass 
locations  in  the  6-cell  case.  The  flutter  characteristics  of 
the  wing  with  variable  location  of  the  concentrated  mass 
are  sketched  in  figure  5 (a).  As  the  concentrated  mass  is 
moved  outward  from  the  root,  the  flutter  speed  drops  slightly. 
At  a distance  about  16  percent  of  the  total  span  from  the 
root  a minimum  is  reached,  and  beyond  the  25-percent  posi- 
tion the  flutter  speed  rises  very  rapidly.  At  the  30-percent 
position  the  flutter  speed  for  this  root  has  become  equal  to 
the  flutter  speed  of  a completely  different  root.  The  flutter 
speed  for  this  second  root  drops  with  increasing  spanwise 
position  of  the  mass  making  it  impossible  to  determine  with 
the  analog  computer  the  speed  for  the  original  root  beyond 
the  30-percent  position.  The  flutter  speed  for  the  second 
root  reaches  a minimum  with  the  mass  at  the  45-percent 
position,  then  rises  to  a very  high  value  as  the  mass  is  moved 
toward  the  75-percent  position.  A flutter  root  which  is 
probably  the  second  is  observed  for  mass  positions  near  the 
tip,  the  lowest  flutter  speed  occurring  with  mass  at  the  tip. 


It  was  also  observed  that  divergence  of  the  wing  occurred 
whenever  the  flutter  speed  exceeded  about  5,000  inches  per 
second.  Because  of  divergence,  it  was  not  possible  to  meas- 
ure with  accurac}7  flutter  speeds  which  exceeded  divergence 
speed  by  more  than  about  50  percent.  As  a result,  flutter 
speeds  with  mass  near  the  7 5 -percent  span  could  not  be 
measured. 

The  flutter  characteristics  for  the  4-,  5§-,  and  6-cell  struc- 
tures are  shown  in  table  V and  figure  5 (b).  Data  for  the 
seven  positions  analyzed  in  reference  9 are  also  plotted  in 
the  figure.  Inspection  of  these  curves  shows  that  many  more 
accurate  numerical  solutions  are  required  to  determine  the 
finite-difference  errors  for  all  mass  positions.  In  spite  of 
the  inadequate  numerical  data,  an  attempt  was  made  to  draw 
a smooth  curve  through  the  known  points  taken  from  refer- 
ence 9.  In  doing  this  the  5|-  and  6-cell  analog  data  were 
used  as  a guide  in  determining  the  shape  of  the  curve.  This 
curve,  shown  in  figure  5(a),  has  already  been  discussed.  It 
is  realized  that  a significant  error  of  as  much  as  2 or  3 per- 
cent may  exist  in  this  curve  for  some  mass  positions,  but  there 
was  no  other  method  for  obtaining  estimated  errors  for  the 
finite-difference  structures.  With  the  understanding  that 
the  comparison  data  may  be  in  error  in  some  regions,  figure  6 


(a)  Theoretical  and  wind-tunnel  flutter  characteristics. 

(b)  Flutter  characteristics  of  finite-difference  analog. 

Figure  5. — Flutter  characteristics  of  uniform  cantilever  wing  with  concentrated  mass. 
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TABLE  V.— FLUTTER  CHARACTERISTICS  OF  FINITE- 
DIFFERENCE  ANALOG  OF  UNIFORM  CANTILEVER 
WING 


Mass  position 
(*) 

v/,  mph 

Vf,  per  unit 
(») 

ft,  cps 

4 cell 

0 

224 

0.  394 

23.  9 

. 125 

212 

. 373 



. 150 

213 

. 374 



. 225 

225 

. 396 

18.  9 

. 250  ‘ 

241 

. 424 

18.  1 

. 275 

275 

. 484 



. 325 

269 

. 473 

27.  7 

. 350 

258 

. 454 

27.  2 

. 375 

245 

. 431 

26.  3 

. 500 

273 

. 480 

27.  6 

. 600 

297 

. 522 

28.  2 

. 625 

303 

. 533 

28.  4 

. 650 

376 

. 661 

31.  4 

. 875 

327 

. 576 

26.  7 

. 950 

237 

. 417 

24.  0 

1.  000 

197 

. 346 

22.  4 

5 Vi  cell 

0 

223 

0.  392 

23.  8 

. 182 

218 

. 383 

20.  3 

. 236 

227 

. 399 

18.  6 

. 254 

236 

. 415 

17.  8 

. 273 

249 

. 439 

17.  3 

. 291 

295 

. 520 

28.  5 

. 309 

289 

. 508 

28.  0 

. 328 

284 

. 500 

28.  3 

. 364 

274 

. 482 

27.  9 

. 454 

244 

. 430 

27.  2 

. 546 

284 

. 500 

28.  3 

. 600 

313 

. 550 

29.  7 

. 636 

333 

. 586 

30.  7 

. 855 

377 

. 664 

29.  4 

. 909 

305 

. 537 

27.  0 

.946 

258 

. 454 

25.  5 

1.  000 

212 

. 373 

23.  9 

6 cell 

0 

228 

0.  401 

23.  7 

. 083 

223 

. 393 

23.  3 

. 167 

219 

. 386 

20.  8 

. 217 

226 

. 398 

18.  7 

. 250 

239 

. 420 

18.  0 

. 267 

255 

. 448 

17.  1 

. 284 

286 

. 504 

16.  7 

. 317 

296 

. 521 

28.  2 

. 367 

270 

. 476 

27.  5 

. 417 

252 

. 443 

26.  8 

. 450 

258 

. 454 

27.  2 

.500 

266 

. 468 

27.  6 

. 550 

277 

. 487 

27.  8 

. 583 

282 

. 496 

28.  2 

. 600 

306 

. 539 

28.  9 

. 616 

334 

. 588 

30.  1 

. 667 

« 477 

840 



. 868 

349 

. 614 

28.  4 

. 883 

319 

. 562 

27.  4 

. 917 

276 

. 486 

26.  3 

. 950 

242 

. 426 

25.  1 

. 965 

226 

. 398 

24.  6 

. 984 

213 

. 375 

24.  2 

1.  000 

201 

. 353 

23.  6 

» Mass  position  is  per  unit  span  measured  from  root 
■ b 1,0  per  unit  velocity=568  mph. 


Figure  6. — Flutter-speed  errors  of  finite-difference  analog  of  uniform 
cantilever  wing  with  concentrated  mass. 

was  prepared  showing  the  percentage  error  in  flutter  speed 
for  the  various  analogs  as  functions  of  the  mass  location. 
For  5|-  and  6-cell  structures  the  average  errors  are  about  2 
percent.  It  can  be  readily  seen  that,  although  a 4-cell 
analog  gives  very  satisfactory  results  for  the  bare  wing  (mass 
position  0),  it  is  necessary  to  use  more  than  4 cells  if  errors 
less  than  5 percent  are  required  at  other  mass  locations.  A 
further  discussion  of  this  investigation  will  be  found  in 
reference  10. 

As  a result  of  this  analysis,  it  was  decided  that  all  flutter 
computations  made  in  this  trend  study  would  be  made  using 
6^  cells  to  represent  one-half  of  the  airplane  wing. 

EXPERIMENTAL  CORRELATION 

Wind-tunnel  tests  have  been  made  of  many  model  struc- 
tures. It  is  difficult,  however,  to  find  unclassified  data  in 
which  the  structure  is  completely  and  accurately  described. 
In  the  course  of  this  investigation,  two  cases  were  found  in 
which  a correlation  between  experimental  and  computed 
characteristics  could  be  attempted.  The  first  of  these  is  the 
uniform  un swept  cantilever  wing  discussed  in  the  preceding 
section.  The  flutter  speed  and  frequency  observed  in  a 
wind  tunnel  are  reported  in  reference  9 and  a companion 
report,  reference  11.  These  data  are  summarized  in  table 
IV,  which  also  contains  the  computed  values  of  reference  9. 
A better  understanding  of  the  correlation  is  obtained  if  the 
experimental  data  are  plotted  with  the  assumed  analytic 
solution.  Figure  5 (a)  shows  such  a comparison.  The  corre- 
lation for  this  case  seems  unusually  good. 
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FLUTTER  SPEED  OF  A SWEPT- WING  MODEL 

The  second  case  for  which  correlation  with  experiment  is 
possible  is  found  in  reference  3.  This  reference  gives  results 
of  wind-tunnel  tests  to  determine  the  flutter  speed  of  a model 
wing  with  sweepback  angle  equal  to  34.5°.  This  wing  had 
two  concentrated  masses  attached  at  approximately  the  30- 
and  80-percent  span  positions.  In  an  effort  to  compare  the 
airstream  and  normal-component  aerodjmamics  for  flutter 
computations,  an  electrical  analog  was  constructed  for  this 
wing.  For  an}7  sweepback  angle  it  is  to  be  expected  that  the 
two  methods  will  give  flutter  speeds  differing  b}7  a factor  of 
approximately  (cos  A)^,  unless  the  aerodynamic  coefficients 
are  modified  by  the  factor  cos  A in  the  airstream  method,  in 
which  case  the  two  methods  should  give  similar  results.  The 
principal  difficulty  encountered  was  determination  of  the 
properties  of  the  concentrated  masses  on  the  wing,  since 
reference  3 does  not  give  complete  information  about  these 
masses  and  their  geometrical  location.  The  best  data  that 
could  be  deduced  from  this  report  are  given  in  table  VI. 
Since  the  masses  are  alined  with  the  airstream  but  are  repre- 
sented in  elastic-axis  coordinates,  a product  of  inertia  be- 
tween roll  and  pitch  exists.  Since  no  such  information  was 
available,  the  product  of  inertia  was  omitted  from  computa- 
tions, and  the  rolling  inertia  about  a chord  line  was  assumed 
to  be  one-half  as  large  as  the  pitching  inertia  about  the 
elastic  axis.  It  is  believed  that  these  approximations  and 
simplifications  will  affect  the  results  by  less  than  1 percent. 

A comparison  of  observed  and  computed  characteristics  is 
given  in  table  VII.  The  first  three  normal-mode  frequencies 
show  satisfactory  agreement,  with  differences  of  1,  5,  and  3 
percent,  respectivel}7.  The  flutter  speed  computed  with 
either  representation  of  aerodynamic  forces  is  lower  than  the 
wind-tunnel  value.  In  the  case  of  the  airstream  method, 
the  discrepancy  is  19  percent,  or,  if  the  aerodynamic  coeffici- 
ents are  modified,  11  percent.  Using  the  normal-component 
method,  the  discrepancy  is  12  percent.  Flutter  frequency  is 
in  error  about  20  percent  in  all  cases.  Although  the  observed 
differences  are  relatively  large  in  all  cases,  it  is  concluded 
that  the  normal-component  method  recommended  in  refer- 
ence 5 is  satisfactory  for  this  model. 

CHARACTERISTICS  OF  FOUR  REPRESENTATIVE  AIRCRAFT 

Plan  forms  and  stiffness  and  inertia  data  were  chosen  after 
surveying  the  various  fighter,  bomber,  and  transport  planes 
developed  in  recent  years.  Four  representative  airplanes 
were  chosen,  two  fighters  and  two  large  bombers.  Smaller 
attack  bombers  and  transports  were  not  included  because 
of  lack  of  time.  The  airplanes  chosen  are  not  similar  in  all 
respects  to  any  particular  set  of  four  airplanes,  but  they  do 
have  stiffness  and  inertia  properties  which  resemble  four 
specific  aircraft.  Plan  form,  sweepback  angle,  elastic-axis 
location,  and  concentrated-mass  locations  were,  however, 
chosen  more  arbitrarily  so  that  this  report  could  remain 
unclassified.  The  four  basic  plan  forms  are  shown  in  figure  3. 
The  basic  fighter  A has  a bare  unswept  wing  with  span  of 
about  500  inches,  taper  ratio  of  2.0,  and  aspect  ratio  6.  The 
basic  fighter  B has  a wing  sweepback  angle  of  30°,  a span 
of  about  400  inches,  and  a taper  ratio  of  2.0.  The  two  basic 
wings  have  the  same  length  measured  along  the  elastic  axis 


TABLE  VI.— PHYSICAL  CHARACTERISTICS  OF  SWEPTBACK 
WING  WITH  CONCENTRATED  MASS 

[Data  taken  from  reference  3;  more  detailed  information  will  be  found  in  this  reference.  Mass 
of  wing  is  for  portion  outboard  of  root  restraint.  Data  for  concentrated  masses  are  not 
given  explicitly  in  reference  3 and  must  be  regarded  as  only  approximate.] 


Wing  characteristics: 

a Span,  in 48.  3 

b Root  half  chord,  br , in 5.  2 

b Tip  half  chord,  bX)  in 2.  36 

Wing  total  mass,  mW)  lb  sec2/in 0.  00784 

Tunnel  fluid  density,  p,  lb  sec2/in.4 3.40X10-7 

Sweepback  angle,  A,  deg 34.  5 

Concentrated-mass  characteristics:  inboard  Outboard 

Mass,  rac,  lb  sec2/in 0.  00806  0.  00452 

Pitch  inertia  about  elastic  axis,  lb  sec2/in._  0.  0712  0.  0192 

Per  unit  spanwise  position  (from  root) 0.  30  0.  78 

Center-of-mass  position,  (x3)Ct  in —1.  74  0.  50 

a Measured  along  elastic  axis. 
b Measured  perpendicular  to  clastic  axis. 


TABLE  VII.— EXPERIMENTAL  AND  COMPUTED  FLUTTER 
CHARACTERISTICS  OF  SWEPTBACK  WING  WITH  CON- 
CENTRATED MASS 


Type  of  frequency 

i 

Normal  mode  frequencies, 
cps,  at — 

Mode  1 

Mode  2 

Mode  3 

Experimental  model  frequency ' 

6.  97 

30.9  . 

37.  9 

Measured  analog  frequency _ 

1 

6.  91 

32.  6 

39.  1 

Flutter  characteristics 

Type  of  result 

Vf , mph 

AVflvfe 

ff,  cps 

Wind-tunnel  results,  vfe  . _ 

193 

0 

20.  1 

Analog  results,  normal-component 
method-  

170 

12 

24.  2 

Analog  results,  airstream  method  a__ 

157 

19 

24.  0 

Analog  results,  airstream  method b__ 

173 

— . 11 

24.  0 

* Lift  coefficient  Cl0= 2tt. 
b Lift  coefficient  <?/,<*= 2x  cos  A. 


and  the  same  chords  measured  perpendicular  to  the  elastic 
axis. 

The  basic  bomber  A has  an  unswept  wing  with  span  of 
about  1,700  inches,  taper  ratio  of  2.5,  and  aspect  ratio  12. 
It  has  a concentrated  mass  representing  an  engine  nacelle 
at  the  0.46-span  position  with  center  of  mass  about  one-half 
chord  forward  of  the  elastic  axis.  The  basic  bomber  B has 
a wing  sweepback  angle  of  30°,  a span  of  about  1,500  inches, 
and  a taper  ratio  of  2.4.  It  also  has  a concentrated  mass 
representing  an  engine  nacelle  at  the  same  relative  position 
as  for  bomber  A.  The  two  basic  wings  have  the  same  length 
measured  along  the  elastic  axis  and  approximately  equal 
chords  when  measured  parallel  to  the  airstream. 

Mass  per  unit  length,  pitch  inertia  per  unit  length,  bend- 
ing rigidity,  and  torsional  rigidity  were  drawn  as  smooth 
curves  approximating  the  characteristics  of  some  typical 
modern  aircraft.  As  described  in  reference  2,  these  data  must 
be  collected  or  lumped  over  distances  corresponding  to  the 
cell  length  of  the  analog  finite-difference  structure.  The 
assumed  curves  and  the  lumped  values  are  shown  in  figure  7. 
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The  lumped  values  are  also  listed  in  tables  VIII  to  XI,  which 
give  all  pertinent  characteristics  of  the  basic  airplanes. 

Eight  important  parameters  of  the  basic  airplane  wings 
were  varied  in  an  effort  to  find  similar  features  in  the  flutter 
characteristics  of  the  various  wings.  The  quantities  varied 
and  the  extent  of  their  variation  are  summarized  as  follows: 


Minimum  Maximum 

Quantity  varied  value  value 

Wing  mass  density,  per  unit  basic 0.  5 2.  0 

Wing  pitch  inertia,  per  unit  basic 0.  5 2.  0 

Bending  rigidity,  per  unit  basic 0.  67  1.  5 

Torsional  rigidit}r,  per  unit  basic 0.  67  1.  5 

Center-of-mass  location,  percent  chord 25  60 

Elastic-axis  location,  percent  chord 30  50 

Chord,  per  unit  basic 0.  67  1.  5 

Sweepback  angle,  deg 0 45 


With  the  exception  of  sweepback  angle,  these  quantities 
were  varied  one  at  a time  from  their  basic  value.  However, 
for  all  four  basic  airplanes,  some  or  all  of  the  parameters 
were  varied  for  two  or  three  values  of  sweepback  angle.  It 
is  realized  that  the  above  variations  do  not  constitute  a 
comprehensive  survey.  However,  to  a considerable  extent 
the  changes  in  flutter  speed  due  to  several  variations  are 
additive  if  the  variations  are  small  and  are  made  simultane- 
ously. Another  limitation  is  that  the  flutter  characteristics 
are  affected  by  the  spanwise  variation  in  the  first  seven 

TABLE  VIII.— CHARACTERISTICS  OF  BASIC  FIGHTER  A 
(a)  Physical  characteristics 


Sweepback  angle,  A,  deg 0 

Semispan  of  wing,8  Z,  in 238 

Cell  size  for  finite-difference  structure,  Ay,  in 34 

Root  chord, b br.  in 106 

Tip  chord, b bx,  in 53 

Taper  ratio 2.  00 

Aspect  ratio 6 

Wing  elastic  axis,  percent  chord 40 

Wing  center  of  mass,  percent  chord 40 

Total  wing  mass  external  of  fuselage,  mWf,  lb  sec2/in 10.  7 

Fuselage  mass.  ?nf,  lb  sec2/in 21 

Fuselage  radius  of  gyration,  pitch,0  in 100 

Fuselage  radius  of  gyration,  roll,  in 25 

Fuselage  center  of  mass  aft  of  elastic  axis,  in 0 

Tail  center  of  pressure  aft  of  elastic  axis,  in 230 

Tail  area,  sq  in 3,000 

Air  density,  p,  lb  sec2/in.4 1.  146 X 10-7 


(b)  Inertia  and  stiffness  values  lumped  for  finite-difference  structure 


Station  

1 

2 

3 

4 

5 

6 

Per  unit  span  8 

0.  214 

0.  357 

0.  500 

0.  643 

0.  786 

0.  928 

Half  chord, b b,  in.  _ 

Lumped  mass,  m , lb 

47.  3 

43.  5 

39.  8 

36.  0 

32.  2 

28.  4 

sec2/in.__  --  _ 

1.  73 

1.  34 

0.  98 

0.  66 

0.  40 

0.  23 

Lumped  pitch  inertia 

695 

568 

405 

253 

126 

53 

no  ">f{dy/EI) 

19.  8 

61.  3 

112 

205 

415 

773 

no  '0f(dy/GJ) 

56.  3 

145 

219 

365 

667 

1,  260 

850 

» Measured  along  elastic  axis. 
b Measured  perpendicular  to  clastic  axis, 
c About  elastic  axis. 

d Stiffness  values  are  lumped  between  mass  stations. 


TABLE  IX.— CHARACTERISTICS  OF  BASIC  FIGHTER  B 


(a)  Physical  characteristics 

Sweepback  angle,  A,  deg 30 

Semispan  of  wing,8  Z,  in 238 

Cell  size  for  finite-difference  structure,  Ay,  in 34 

Root  chord, b br,  in 106 

Tip  chord, b bX)  in 1 53 

Taper  ratio 2.  00 

Wing  elastic  axis,  percent  chord 40 

Wing  center  of  mass,  percent  chord 40 

Total  wing  mass  external  of  fuselage,  mWp  lb  sec2/in. 14.  06 

Fuselage  mass,  m.f,  lb  sec2/in 21 

Fuselage  radius  of  gyration,  pitch,®  in 100 

Fuselage  radius  of  gyration,  roll,  in 25 

Fuselage  center  of  mass  aft  of  elastic  axis,  in 0 

Tail  center  of  pressure  aft  of  elastic  axis,  in 230 

Tail  area,  sq  in 3,  000 

Air  density,  p,  lb  sec2/in.4 1.  146X10*7 


(b)  Inertia  and  stiffness  values  lumped  for  finite-difference  structure 


Station,  _ 

1 

2 

3 

4 

5 

6 

Per  unit  span  a 

0.  214 

0.  357 

0.  500 

0.  643 

0.  786 

0.  928 

Half  chord, b b,  in 

Lumped  mass,  777,  lb 

47.  3 

43.  5 

39.  8 

36.  0 

32.  2 

28.  4 

sec2/in.  _ _ _ _ _ „ _ 

1.  52 

1.  43 

1.  32 

1.  16 

0.  94 

0.  66 

Lumped  pitch  inertia ; 

628 

577 

503 

411 

310 

204 

no  '°f(dy/EI) 

33.  0 

100 

156 

221 

321 

447 

no  "fidy/GJ) 

71.  4 

193 

283 

551 

400 

436 

224 

a Measured  along  elastic  axis. 

b Measured  perpendicular  to  elastic  axis. 

° About  elastic  axis. 

d Stiffness  values  are  lumped  between  mass  stations. 

quantities  listed.  The  four  basic  cases,  two  fighter  and  two 
bomber  airplanes,  can  be  regarded  as  four  cases  in  which 
spanwise  variations  have  been  made.  However,  since  five  or 
six  of  the  quantities  are  varied  in  going  from  one  case  to 
another,  it  is  not  possible  to  determine  the  effect  of  span- 
wise  variation  of  only  one  of  the  parameters.  Other  quanti- 
ties which  were  thought  to  have  second-order  effects  were 
not  considered.  Among  these  are  altitude  (represented  by 
ratio  of  ah  density  to  wing  mass),  fuselage  mass  and  pitching 
inertia,  and  tail  configuration.  This  does  not  imply  that 
flutter  velocity  is  independent  of  altitude,  but  with  ver}^ 
minor  variations  the  flutter  velocity  varies  inversely  as  the 
square  root  of  the  ah  density.  Sea-level  air  density-  was 
used  throughout  this  study. 

It  is  improbable  that  bombers  of  the  plan  form  and  size 
studied  will  be  flown  without  engines  on  the  wing.  Conse- 
quently, the  basic  cases  of  interest  are  those  in  which  a 
concentrated  mass  is  located  there.  On  the  other  hand,  it  is 
of  some  interest  to  compare  the  characteristics  of  the  bare 
wing  as  well  as  those  of  a wing  with  concentrated  mass. 
Both  bombers  A and  B were  studied  with  bare  wing  as  well 
as  with  concentrated  mass  in  the  basic  position  on  the  wing. 

For  purpose  of  reference  it  is  necessary  to  assign  a number 
to  designate  each  particular  case.  The  group  discussed  above 
comprises  175  cases.  The  assignment  of  case  numbers  is 
shown  in  table  XII.  This  table  shows  most  rapidly  the 
various  cases  that  were  studied. 
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TABLE  X.— CHARACTERISTICS  OF  BASIC  BOMBER  A 
(a)  Physical  characteristics 


Sweepback  angle,  A,  deg 0 

Semispan  of  wing,a  l , in 845 

Cell  size  for  finite-difference  structure,  A y,  in 130 

Root  chord, b bT,  in. 200 

Tip  chord, b bx,  in 80 

Taper  ratio 2.  50 

Aspect  ratio 12 

Wing  elastic  axis,  percent  chord 40 

Wing  center  of  mass,  percent  chord 40 

Total  wing  mass  external  of  fuselage,  mwp  lb  sec2/in 39.  7 

Fuselage  mass,  m/,  lb  sec2/in.__ 120 

Fuselage  radius  of  gyration — pitch,0  in 240 

Fuselage  radius  of  gyration — roll,  in 50 

Fuselage  center  of  mass  aft  of  elastic  axis,  in 0 

Tail  center  of  pressure  aft  of  elastic  axis,  in 700 

Tail  area,  sq  in 20,  000 

Air  density,  p,  lb  sec2/in.4 1.146  X 10“7 


(b)  Inertia  and  stiffness  values  lumped  for  finite-difference  structure 


Station^.  

1 

2 

3 

4 

5 

6 

Per  unit  span,8 

Half  chord, b b , in._  _ 
Lumped  mass,  m,  lb 

sec2/in.  

Lumped  pitch  intertia. 

0.  154 
90.  8 

6.  28 
13,  300 

0.  308 
81.  5 

5.  46 
10,  600 

0.  461 
72.  3 

4.  16 
7,  150 

0.  615 
63.  1 

2.  47 
3,  640 

0.  769 
53.  9 

0.  98 

1,  170 

0.  923 
44.  6 

0.  50 
360 

“10  '«f(dy/EI) 

nO'ofidy/GJ).... 

3.  3 
10.  0 

8.  4 
23.  1 

14.  3 
30.  9 

30.  5 
47.  5 

101 

143 

650 

618 

618 

a Measured  along  elastic  axis. 

b Measured  perpendicular  to  elastic  axis. 

c About  elastic  axis. 

d Stiffness  values  are  lumped  between  mass  stations. 

Concentrated  masses  on  fighter  wings  usually  consist  of 
fuel  tanks,  bombs,  or  similar  stores.  It  is  impossible,  there- 
fore, to  select  a single  value  for  mass  and  inertia  which  can 
be  regarded  as  typical.  For  certain  positions  manAr  values 
for  mass  and  inertia  were  chosen,  although  in  most  of  the 
cases  studied  the  number  of  values  was  restricted  by  the 
time  available  for  computations.  For  reference  purposes, 
the  basic  mass  for  fighter  planes  was  arbitrarily  chosen  to 
be  one-quarter  of  the  mass  of  the  entire  wing  (half  of  the  mass 
of  one  side),  the  pitching  radius  of  gyration  was  set  equal  to 
30  inches,  and  the  roll  radius  of  gyration  was  assumed  to  be 
15  inches  or  less.  Specific  data  for  the  two  fighters  are  listed 
in  table  XIII. 

Concentrated  masses  for  bomber  airplanes  are  usually  en- 
gine nacelles,  Avith  a mass  which  can  be  predicted  A\rithin  a 
factor  of  2.  Nevertheless,  it  is  of  some  interest  to  study  the 
effect  of  various  mass  values  in  these  cases  also.  Basic  mass 
value  for  both  bombers  was  assumed  to  be  15  pounds- seconds 
squared  per  inch,  AArhich  corresponds  to  a Aveight  of  nearly 
6,000  pounds.  Pitching  radius  of  gyration  Avas  assumed  to 
be  35  inches.  Basic  mass  position  Avas  assumed  to  be  at  the 
0.46-span  position  and  60  inches  in  front  of  the  elastic  axis. 
These  data  are  also  tabulated  in  table  XIII. 

The  concentrated-mass  characteristics  varied  in  this  study 
arc: 


(1)  Mass 

(2)  Pitching  inertia  about  center  of  mass 

(3)  Spamvise  location 

(4)  ChordAAnse  location 

(5)  Pitching  flexibility 

The  assignment  of  case  numbers  is  more  difficult  for  this 
phase  of  the  study.  Although  specific  spamvise  positions 
Avere  chosen,  it  Avas  not  possible  to  choose  chordAvise  position's 
beforehand.  The  chordwise  positions  Avere  chosen  as  the 
data  were  obtained.  In  some  cases  more  than  20  positions 
were  used  for  a given  spamvise  location.  Consequently,  one 
case  number  Avas  assigned  to  all  chordAvise  variations  at  a 
given  spamAuse  location.  A summary  of  all  variations  Avith 
the  corresponding  case  numbers  is  given  in  table  XIV. 

Pitching  flexibility  of  the  concentrated  mass  Avas  varied 
in  six  cases  involving  both  bombers.  In  all  cases,  the  chord- 
Avise location  of  the  center  of  mass  Avas  basic  (table  XIII). 
In  three  cases  the  mass  Avas  in  basic  spamvise  position  and 

TABLE  XI. — CHARACTERISTICS  OF  BASIC  BOMBER  B 
(a)  Physical  characteristics 


Sweepback  angle,  A,  deg 30 

Semispan  of  wing,a  l,  in 845 

Cell  size  for  finite-difference  structure,  Ay,  in 130 

Root  chord, b br,  in 170 

Tip  chord,  b bx,  in 70 

Taper  ratio 2.  43 

Wing  elastic  axis,  percent  chord 40 

Wing  center  of  mass,  percent  chord _ 40 

Total  wing  mass  external  of  fuselage,  mWf,  lb  sec2/in 48.  7 

Fuselage  mass,  nif,  lb  sec2/in 120 

Fuselage  radius  of  gyration,  pitch,0  in 240 

Fuselage  radius  of  gyration,  roll,  in 50 

Fuselage  center  of  mass  aft  of  elastic  axis,  in • 150 

Tail  center  of  pressure  aft  of  elastic  axis,  in 700 

Tail  area,  sqin 20,  000 

Air  density,  p,  lb  sec2/in.4 1.146  X 10~7 


(b)  Inertia  and  stiffness  values  lumped  for  finite  difference  structure 


Station  

1 

2 

3 

4 

5 

6 

Per  unit  span8., 

Half  chord, b b,  in 

Lumped  mass,  m,  lb 

sec2/in.._  __  

Lumped  pitch  inertia 

0.  154 
77.  3 

6.  28 
3,  940 

0.  308 
69.  6 

5.  23 
3,  080 

0.  461 
61.  9 

4.  26 
2,  200 

0.  615 
54.  2 

3.  35 

1,  560 

0.  769 
46.  5 

2.  74 
910 

0.  923 
38.  8 

2.  47 
390 

d10>°  f(dy/EI) 

<■10  ">f(dy/GJ) 

7.  12 
6.  31 

18.  8 
15.  5 

31.  0 
22.  6 

54.  9 
42.  2 

91.  6 
77.  8 

141.  0 
110.  0 

60 

a Measured  along  elastic  axis. 
b Measured  perpendicular  to  elastic  axis. 

0 About  elastic  axis. 

d Stiffness  values  are  lumped  between  mass  stations. 

in  three  cases  the  mass  was  at  the  tip.  Case  numbers  are 
given  in  table  XIV. 

TRENDS  IN  FLUTTER  CHARACTERISTICS 

REFERENCE  QUANTITIES  AND  GRAPHICAL  PRESENTATION 

Results  of  the  study  of  trends  in  flutter  characteristics 
Avhich  are  listed  in  table  XV  are  given  in  miles  per  hour 


TABLE  XII— ASSIGNMENT  OF  CASE  NUMBERS 
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* M,  concentrated  mass  on  wing;  B,  bare  wing. 

b Center  of  mass  and  elastic  axis  measured  in  percent  chord  from  leading  edge. 
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TABLE  XIII.— CONCENTRATED-MASS  CHARACTERISTICS 
AND  LOCATIONS 

(a)  Characteristics 


Fighter 

Bomber 

Basic  mass,  lb  sec2/in - - 

2.  68 

15.  0 

Pitch  radius  of  gyration,®  in..  . __ 

30 

35 

15 

17.  5 

6 

7 

Roll  radius  of  gyration,  in.  1 

15 

0 

Basic  span  wise  position,15  in.  _ _ 

390 

Basic  chordwise  position,®  in._ 

60 

» About  elastic  axis;  airstream  coordinates, 
t*  Outboard  from  center  line  measured  along  elastic  axis. 
« Forward  of  elastic  axis,  parallel  to  airstream. 


(b)  Location 


Airplane 

Locations  of  concentrated  mass,  per  unit  span,®  at 
station — 

1 

2 

3 

4 

4.5 

5 

' 

5.5 

6 

Tip 

Fighter. 

Bomber. 

0.  214 
. 154 

0.  358 
. 308 

0.  500 
. 461 

0.  643 
. 615 

0.  692 

i 

0.  786 
. 769 

0.  846 

0.  929 
. 923 

1.  00 
1.  00 

* Distances  are  measured  in  per  unit  span  along  elastic  axis. 


and  in  per  unit  values  of  a reference  speed.  The  reference 
velocity  chosen  is 

?;o=104  in./sec=568  mph 

Obviously  a flutter  speed  of  1.5  would  not  represent  a real- 
istic value  since  this  would  correspond  to  supersonic  speed 
with  a Mach  number  of  about  1.1.  However,  such  a number 
still  has  useful  significance  for  two  reasons:  (1)  A major 
purpose  of  this  study  is  to  establish  trends  and  to  determine 
what  configurations  tend  to  be  more  or  less  stable  than 
others,  and  (2)  a change  in  stiffness  is  equivalent  to  a change 
in  velocity,  so  that  a structure  with  one-half  the  stiffness  of 
another,  but  otherwise  unchanged,  would  exhibit  a flutter 
speed  1/V2  times  as  great  as  that  of  the  other,  a value  equal 
to  1.06  or  600  miles  per  hour  in  the  case  given  above. 

All  geometrical,  structural,  and  inertia  quantities  are  given 
in  per  unit  values.  For  example,  distances  are  measured  in 
units  of  the  airplane  semispan,  and  masses  in  terms  of  a basic 
value.  Specific  numerical  values  can  be  obtained  using 
figure  3 which  gives  linear  dimensions  of  the  airplanes,  figure 
7 which  gives  inertia  per  unit  length  and  rigidity  values, 
and  tables  VIII  to  XI  which  list  all  other  pertinent  charac- 
teristics of  the  four  basic  airplanes.  The  density  of  air  at 
sea  level  was  used  throughout  these  computations.  The 
value  chosen  is: 

p=  1.146  X10~7  lb  sec2  in.'4 


In  presenting  results  graphically,  flutter  speeds  have,  in 
general,  been  reduced  to  dimensionless  values  by  using  the 
flutter  speed  of  the  basic  configuration  as  the  velocity  unit. 
For  example,  when  plotting  antisymmetric  flutter  speed  as 
a function  of  wing  mass  density  for  a particular  wing  such 
as  that  of  fighter  B with  A— 45°,  the  flutter  speeds  have 
been  divided  by  the  antisymmetric  flutter  speed  of  fighter 
B,  A=45°,  with  basic  wing  mass.  S}rmmetric  and  antisym- 
metric results  are  both  presented,  rather  than  choosing  the 
one  which  gives  lowest  flutter  speed.  Where  such  results 
are  presented  in  the  same  figure,  symmetric  results  are  gen- 
erally indicated  by  solid  lines,  and  antisymmetric  results, 
by  dotted  lines.  Specific  numerical  values  for  the  flutter 
speeds  and  flutter  frequencies  are  found  in  table  XV. 

MASS  AND  INERTIA  VARIATIONS 

In  most  practical  configurations  the  normal  mode  of  vibra- 
tion with  lowest  frequency  is  predominantly  a bending  mode 
and  is  usually  called  the  first  wing  bending  mode.  In  the 
absence  of  a large  concentrated  mass  on  the  wing,  a pre- 
dominant torsional  motion  is  usually  observed  in  the  third 
or  fourth  mode.  Simple  flutter  can  often  be  predicted  with 
engineering  accuracy  using  only  these  two  modes  as  the 
normal  coordinates  of  the  structure.  When  a large  con- 
centrated mass  is  involved,  the  situation  is  much  more 
complex.  Two  or  more  torsion  modes  as  well  as  two  or 
more  bending  modes  become  important  in  flutter  compu- 
tations, and  several  flutter  roots  may  be  observed  which 
predominantly  involve  various  ones  of  these  modes.  For 
eccentric  masses  it  becomes,  in  fact,  impossible  to  speak  of 
bending  and  torsion  modes  since  many  modes  will  involve 
both  large  bending  and  torsion  displacements. 

In  those  cases  in  which  flutter  involves  a bending  mode 
and  a higher  frequency  torsion  mode,  it  can  be  said  that  a 
structural  change  which  separates  the  frequencies  of  these 
modes  ordinarily  raises  the  flutter  speed,  and  a change 
which  makes  the  frequencies  more  nearly  equal  lowers  the 
flutter  speed.  This  generalization  is  not  always  valid.  A 
change  in  mass  density  without  change  in  pitching  inertia 
has  greatest  effect  on  first  bending  frequency  even  in  cases 
with  large  sweepback.  Consequently,  increase  in  wing 
mass  density  would  be  expected  to  give  an  increase  in  flutter 
speed,  and  a decrease  in  mass  density,  a decrease  in  flutter 
speed.  Changes  in  pitching  inertia  would  normally  be 
expected  to  have  an  opposite  effect.  Such  variations  were 
made  for  three  fighter  configurations,  four  bare-wing  bomber 
configurations,  and  five  bomber  configurations  with  concen- 
trated mass.  The  mass  density  and  pitching  inertia  were 
separately  changed  by  factors  of  2.0  and  0.5,  making  a total 
of  48  configurations  in  addition  to  the  12  basic  cases.  Refer- 
ence case  numbers  are  given  in  table  XII. 

Tabulation  of  flutter  speed  and  frequency  for  each  case 
will  be  found  in  table  XV.  The  results  are  also  shown  in 
figure  8.  As  mentioned  earlier,  the  flutter  speeds  have  been 
reduced  to  dimensionless  values  by  using  as  the  velocity  unit 
the  flutter  speed  of  the  basic  wing  for  each  basic  configuration. 
The  trends  predicted  above  are  found  in  most  cases.  In  the 
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TABLE  XIV. -CASE  NUMBERS  FOR  CONCENTRATED-MASS  VARIATIONS 


m . 

banc 

Station 

Fighter  A,  A = 0°,  with  radius 
gyration,  in.,  of — 

6 

15 

30 

L 

Root 

1 

2 

182 

183 

3 

184 

185 

4 

4.  5 

5 

186 

187 

188 

5.  5 

6 

189 

190 

191 

Tip 

192 

193 

194 

).  50 

1 

2 

3 

4 

5 

! 

1 

5.  5 

6 

Tip 

> 

Tip 

195 

196 

197 

L 

192 

193 

194 

. 50 

198 

199 

200 

. 16 

201 

202 

203 

. 08 

204 

205 

206 

. 037 

207 

208 

209 

. 015 

210 

. 008 

211 

5 

186 

187 

188 

. 50 

. 16 

212 

213 

214 

. 037 

215 

216 

217 

Tip 

a 242 

* 243 

* 244 

gyration,  in.,  of- 


Bomber  A,  Bomber  B,  Bomber  B, 

A = 0°,  with  A = 0°,  with  A = 0°,  with 

radius  of  gyra-  radius  of  gyra-  radius  of  gyra 
tion,  in.,  of — tion,  in.,  of — tion,  in.,  of — 


Case  number  for  fighter  B. 
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Wing  mass  density  Wing  pitching  inertia 


(a)  Fighters  A and  B. 

(b)  Bomber  A. 

(c)  Bomber  B. 

(d)  Bomber  B;  concentrated  mass  on  wing. 
Figure  8. — Effect  of  wing  mass  and  inertia  variations. 


case  of  bare-wing  fighters  the  effect  is  very  systematic.  The 
average  of  all  cases  is  given  as  follows: 

Average  change  in 

Mass  value  Pitch  inertia  value  v/,  percent 

0.5  1.0  — 12 

2.  0 1.0  6 

1.0  .5  8 

1.0  2.0  -9 

The  effect,  though  uniform,  is  quite  small. 

The  results  for  bombers  show  much  less  consistency. 
For  cases  both  with  and  without  concentrated  masses,  the 
effect  of  wing-mass  density  variation  is  unpredictable. 
Nearly  half  of  the  cases  show  trends  which  are  opposite  to 
that  predicted  above.  The  addition  of  a concentrated  mass 
at  the  0.46-span  position  reversed  the  trend  in  several  cases. 
On  the  other  hand,  change  in  wing  pitching  inertia  did  show 
a systematic  trend  for  all  bomber  cases.  On  the  average  a 
change  in  pitching  inertia  by  a factor  of  2 changed  the 
flutter  speed  about  7 percent. 

The  following  conclusions  can  be  drawn: 

(1)  A change  of  wing  pitching  inertia  shows  a systematic 

trend  for  all  wings  although  the  effect  is  small. 

(2)  A change  of  wing  mass  shows  a definite  trend  for 

typical  fighters  although  the  effect  is  small. 

(3)  Change  of  wing  mass  for  typical  large  bombers 

with  or  without  concentrated  masses  shows  no 

systematic  trend. 

STIFFNESS  VARIATIONS 

It  has  been  pointed  out  (e.  g.,  ref.  1,  p.  783)  that  when 
Incompressible  fluid  flow  is  assumed,  a change  of  stiffness  is 
equivalent  to  a change  of  velocity  insofar  as  transient 
response  of  an  airfoil  is  concerned.  Consequently,  it  can  be 
said  that  a uniform  increase  in  stiffness  will  raise  the  flutter 
speed  by  the  square  root  of  the  factor  by  which  stiffness  is 
increased.  In  most  airplanes  it  is  found  that  the  increase 
in  torsional  rigidity  is  primarily  responsible  for  the  increase 
in  flutter  speed  and  that,  in  general,  a change  in  bending 
rigidity  over  rather  wide  limits  does  not  change  the  flutter 
speed  significantly. 

As  shown  in  table  XII,  12  configurations  were  studied  to 
support  this  conclusion.  Since  both  bending  rigidity  and 
torsional  rigidity  were  separately  changed  by  factors  of  0.67 
and  1.50,  there  are  a total  of  48  case  numbers  assigned  to 
this  group.  The  results  of  this  study  are  listed  in  table  XV 
and  presented  graphically  in  figure  9.  For  ease  of  compari- 
son flutter  speeds  are  converted  to  dimensionless  values,  and 
flutter  characteristics  for  changes  in  bending  and  torsional 
rigidity  are  plotted  side  by  side.  In  general,  it  was  found 
that  change  in  torsional  rigidity  by  a factor  of  % or  % increased 
or  decreased  the  flutter  speed  by  20  percent  and  that  a 
similar  change  in  bending  rigidity  had  a negligible  effect 
upon  the  flutter  speed.  Among  the  1 2 configurations  studied, 
the  following  exceptions  to  this  trend  were  noted: 

(1)  Bomber  A,  A=0°:  In  the  antisymmetric  case  both 
bending  and  torsional  rigidity  had  roughly  equal  effect, 
flutter  speed  changing  ±10  percent  for  a rigidity  change  of 
% or  %. 
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TABLE  XV.— FLUTTER  SPEED  AND  FREQUENCY 


Airplane 


1 Fighter  A 

2 

3 

4 

5 

6 

7 

8 
9 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 
21 
22 


23  Fighter  B 

24 

25 

26 

27 

28 

29 

30 

31 

33 

34 

35 

36 

37 

38 

39 

40 

41 

42 

43 

44 

45 

46 

47 

48 

49 

50 

51 

52 

53 

54 

55 

56 

57 


Symmetric 

Antisymmetric 

v /,  mph 

vf,  per 

ft,  cps 

Vf}  mph 

vf,  per 

unit 

unit 

989 

1.  74 

14.  2 

1,  091 

1.  92 

1,  080 

1.  90 

10.  4 

1,  102 

1.  94 

892 

1.  57 

16.  8 

1,  068 

1.  88 

835 

1.  47 

12,  4 

1,  Oil 

1.  78 

1,  102 

1.  94 

15.  0 

1,  142 

2.  01 

972 

1.  71 

14.  8 

1,  085 

1.  91 

1,  000 

1.  76 

13.  7 

1,  119 

1.  97 

1,  222 

2.  15 

16.  8 

1,  369 

2.  41 

795 

1.  40 

12.  0 

886 

1.  56 

813 

1.  43 

14.  0 

989 

1.  74 

710 

1.  25 

13.  9 

{ 636 

1.  12 

\ 892 

1.  57 

619 

1.  09 

12.  9 

| 545 

. 96 

1 778- 

1.  37 

773 

1.  36 

14.  1 

858 

1.  51 

795 

1.  4 

12.  0 

790 

1.  39 

1,  295 

2.  28 

15.  7 

938 

1.  65 

14.  4 

733 

1.  29 

949 

1.  67 

15.  0 

750 

1.  32 

1,028 

1.  81 

15.  7 

881 

1.  55 

1,415 

2.  49 

14.  5 

1,  267 

2.  23 

847 

1.  49 

14.  9 

784 

1.  38 

790 

1.  39 

14.  6 

795 

1.  40 

1,  074 

1.  89 

7.  4 

1,  017 

1.  79 

1,  006 

1.  77 

5.  3 

1,  057 

1.  86 

875  . 

1.  54 

10.  8 

938 

1.  65 

989 

1.  74 

6.  6 

926 

1.  63 

1,  131 

1.  99 

8.  0 

1,  074 

1.  89 

1,  023 

1.  80 

8.  2 

1,  017 

1.  79 

1,  040 

1.  83 

6.  8 

1,  017 

1.  79 

1,  273 

2.  24 

8.  4 

1,  244 

2.  19 

835 

1.  47 

6.  7 

830 

1.  46 

881 

1.  55 

8.  0 

898 

1.  58 

767 

1.  35 

8.  1 

824 

1.  45 

653 

1.  15 

7.  3 

710 

1.  25 

1,  244 

2.  19 

7.  8 

1,  227 

2.  16 

852 

1.  50 

7.  4 

813 

1.  43 

784 

1.  38 

7.  1 

727 

1.  28 

1,  358 

2.  39 

8.  5 

1,  392 

2.  45 

943 

1.  66 

8.  1 

750 

1.  32 

932 

1.  64 

9.  0 

801 

j 1.  41 

983 

1.  73 

9.  2 

1,  023 

1.  80 

1,051 

1.  85 

6.  7 

1,  131 

1.  99 

847 

1.  49 

11.  8 

847 

1.  49 

864  I 

1.  52 

8.  0 

1,  080 

1.  90 

1,  074 

1.  89 

9.  8 

1,  159 

2.  04 

983  : 

1.  73 

10.  2 

983 

1.  73 

960 

1.  69 

8.  7 

1,  074 

1.  89 

1,  176 

2.  07 

11.  7 

1,  313 

2.  31 

801 

1.  41 

8.  3 

801 

1.  41 

2,  171 

3.  82 

11.  5 

2,  057 

3.  62 

1,  188 

2.  09 

8.  8 

1,  142 

2.  01 

898 

1.  58 

9.  3 

1,  017 

1.  79 

835 

1.  47 

8.  9 

1,  307 

2.  30 

756  ; 

1.  33 

8.  4 

989 

1.  74 

1,  347 

2.  37 

10.  2 

1,  250 

2.  20 

784 

1.  38 

8.  0 

949 

1.  67 

fj 


8.  7 

6.  i: 

11.  3 

8.  1 

8.  7 

9.  1 
8.  3 

10.  2 

7.  4 

8.  6 
16.  6 

8.  5 
16.  0 

7.  9 

8.  2 
7.  1 

17.  2 
17.  7 
17.  5 
16.  1 
17.  0 
15.  9 


6.  9 

4.  8 
9.  2 
6.  1 

7.  4 

7.  2 
6.  8 

8.  3 

5.  9 

6.  5 

6.  1 


7.  3 

6.  5 

5.  5 

8.  3 
11.  2 
11.  4 

11.  5 

9.  2 
13.  9 
10.  0 

12.  6 

12.  9 
11.  2 

13.  8 
10.  6 
13.  8 
12.  0 
11.  2 

7.  9 

6.  4 
12.  4 
11.  4 
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TABLE  XV— FLUTTER  SPEED  AND  FREQUENCY— Continued 


Case 

Airplane 

Symmetric 

Antis  ym  metric 

vf)  mph 

v/}  per 
unit 

ft,  cps 

vf,  mph 

vh  per 
unit 

//.  cps 

5S 

Bomber  A 

710 

1.  25 

9.  4 

869 

1.  53 

S.  8 

59 

625 

1.  10 

7.  5 

64S 

1.  14 

7.  0 

60 

943 

1.  66 

• 12.  2 

972 

1.  71 

16.  8 

61 

602 

1.  06 

8.  2 

682 

1.  20 

7.  5 

62 

784 

1.  38 

10.  2 

o 

o 

1.  83 

9.  9 

63 

688 

1.  21 

9.  7 

. 761 

1.  34 

8.  6 

64 

733 

1.  29 

9.  3 

1,000 

1.  76 

12.  6 

65 

898 

1.  5S 

11.  4 

3,  227 

2.  16 

66 

563 

. 99 

7.  9 

619 

1.  09 

7.  0 

68 

625 

1.  10 

8.  8 

676 

1.  19 

8.  0 

69 

585 

1.  03 

8.  4 

563 

. 99 

7.  4 

70 

540 

. 95 

7.  8 

455 

. 80 

6.  7 

71 

534 

. 94 

8.  6 

528 

. 93 

7.  7 

f 699 

1.  23 

9.  6 

72 

1,  085 

1.  91 

17.  9 

1 835 

1.  47 

« 

| 886 

1.  56 

10.  6 

73 

1,  193 

2.  10 

17.  7 

\ 1,011 

1.  78 

18.  9 

74 

784 

1.  38 

8.  6 

653 

1.  15 

7.  5 

75 

1,  165 

2.  05 

20.  9 

903 

1.  59 

20.  1 

f 597 

1.  05 

8.  2 

76 

966 

1.  70 

14.  5 

1 705 

1.  24 

15.  4 

77 

1,  017 

1.  79 

21.  8 

778 

1.  37 

9.  9 

78 

1,  034 

1.  82 

17.  4 

744 

1.  31 

9.  7 

79 

S86 

1.  56 

19.  3 

710 

1.  25 

9.  0 

80 

1,  085 

1.  91 

23.  7 

869 

1.  53 

11.  0 

81 

847 

1.  49 

14.  2 

608 

1.  07 

7.  9 

f 642 

1.  13 

8.  7 

82 

750 

1.  32 

18.  3 

[ 676 

1.  19 

(a) 

I 563 

. 99 

17.  4 

83 

580 

1.  02 

17.  5 

1 

1 608 

1.  07 

8.  0 

84 

818 

1.  44 

9.  4 

886 

1.  56 

9.  9 

85 

864 

1.  52 

7.  8 

767 

1.  35 

8.  7 

86 

761 

1.  34 

11.  4 

983 

1.  73 

9.  6 

87 

676 

1.  19 

8.  0 

864 

1.  52 

7.  1 

88 

909 

1.  60 

10.  8 

852 

1.  50 

12.  0 

89 

790 

1.  39 

9.  6 

9S9 

1.  74 

8.  1 

90 

S30 

1.  46 

9.  6 

773 

1.  36 

10.  1 

91 

1,  017 

1.  79 

11.  8 

949 

1.  67 

12.  5 

92 

648 

1.  14 

7.  8 

S07 

1.  42 

6.  6 

94 

705 

1.  24 

9.  5 

648 

1.  14 

9.  8 

95 

636 

1.  12 

8.  9 

563 

. 99 

10.  5 

96 

540 

. 95 

8.  1 

466 

. 82 

10.  5 

97 

614 

1.  08 

9.  8 

563 

. 99 

10.  7 

98 

Bomber  B 

1,  295 

2.  28 

10.  7 

1,  261 

! 2.  22 

9.  8 

99 

1,  290 

2.  27 

7.  3 

1,  250 

2.  20 

7.  0 

100 

1,  278 

2.  25 

14.  1 

1,  341 

2.  36 

14.  3 

101 

1,  216 

2.  14 

9.  9 

1,  176 

2.  07 

9.  5 

102 

1,  341 

2.  36 

11.  1 

1,  318 

2.  32 

10.  3 

103 

1,  307 

2.  30 

10.  9 

1,  244 

2.  19 

10.  2 

104 

1,  273 

2.  24 

10.  5 

. 1,  278 

2.  25 

10.  6 

105 

1,  563 

2.  75 

12.  9 

1,  568 

2.  76 

13.  0 

106 

1,  068 

1.  88 

8.  9 

1,  017 

1.  79 

8.  3 

107 

1,  148 

2.  02 

10.  1 

1,  108 

1.  95 

9.  4 

10S 

1,  040 

1.  83 

9.  2 

1,  Oil 

1.  78 

8.  9 

109 

89S 

1.  58 

8.  1 

S75 

1.  54 

8.  0 

110 

1,  023 

1.  SO 

9.  3 

1,000 

1.  76 

9.  1 

111 

966 

1.  70 

8.  8 

909 

1.  60 

8.  2 

112 

1,  699 

2.  99 

12.  5 

1,  750 

3.  08 

12.  6 

113 

1,  295 

2.  28 

10.  2 

1,  352 

2.  38 

8.  8 

114 

1,  489 

2.  62 

11.  7 

1,  432 

2.  52 

11.  3 

115 

1,  284 

2.  26 

7.  1 

1,  261 

2.  22 

6.  6 

High  frequency. 
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TABLE  XV.— FLUTTER  SPEED  AND  FREQUENCY— Concluded 


Case 

Airplane 

Symmetric 

Antisymmetric 

vf,  tnph 

vf,  per 
unit 

ft,  cps 

Vf,  mph 

vf,  per 
unit 

ft,  cps 

116 

Bomber  B 

1,  284 

2.  26 

13.  7 

1,  347 

2.  37 

15.  3 

117 

1,  227 

2.  16 

9.  4 

1,  239 

2.  18 

8.  4 

118 

1,  341 

2.  36 

* 10.  8 

1,  477 

2.  60 

f 9.  6 
111  4 

119 

1,  284 

2.  26 

10.  2 

1,  284 

2.  26 

l11,  * 
9.  3 

120 

1,  250 

2.  20 

10.  6 

1,  347 

2.  37 

11.  3 

121 

1,  534 

2.  70 

13.  0 

1,  653 

2.  91 

13.  8 

122 

1,  051 

1.  85 

8.  3 

1,  051 

1.  85 

7.  6 

123 

1,  108 

1.  95 

9.  2 

1,  074 

1.  89 

8.  3 

124 

983 

1.  73 

8.  6 

955 

1.  68 

7.  8 

125 

813 

1.  43 

7.  4 

773 

1.  36 

7.0 

126 

1,  523 

2.  68 

8.  8 

1,  477 

2.  60 

7.  8 j 

127 

1,  472 

2.  59 

15.  5 

1,  409 

2.  48 

14.  8 ! 

128 

1,  392 

2.  45 

10.  4 

1,  335 

2.  35 

10.  5 

129 

1,  557 

2.  74 

12.  2 

1,  500 

2.  64 

12.  0 

130 

1,  528 

2.  69 

11.  5 

1,  477 

2.  60 

11.  0 

131 

1,420 

2.  50 

11.  3 

1,  386 

2.  44 

10.  7 

132 

1,  738 
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Per  unit  torsional  rigidity 


Per  unit  torsionol  rigidity  . 


Per  unit  bending  rigidity 


1.5  .5  l.t 

Per  unit  bending  rigidity 

(a)  Fighters  A and  B.  (c)  Bomber  B;  bare  wing. 

(b)  Bomber  A;  bare  wing  and  concentrated  mass  on  wing.  (d)  Bomber  B;  concentrated  mass  on  wing. 

Figure  9. — Flutter  speed  as  a function  of  wing  rigidity. 
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(2)  Bomber  B,  A=45°:  Symmetric  case  same  as  case  (1) 
above. 

(3)  Bomber  A,  concentrated  mass  at  0.46  span,  A=0°: 
In  the  antisymmetric  case  torsional  rigidity  had  a 50  per- 
cent greater  effect  (± 30-percent  change  in  flutter  speed) 
and  bending  rigidity  had  a negative  effect  (T  10-percent 
change  in  flutter  speed). 

(4)  Bomber  A;  concentrated  mass,  A=30°:  In  the  sym- 
metric case,  the  trend  was  normal  only  for  decrease  in  tor- 
sional rigidity  and  increase  in  bending  rigidity. 

These  exceptions  do  not  constitute  a major  deviation,  and 
the  trend  is  considered  well  established. 

LOCAL  STIFFNESS  VARIATIONS 

It  is  not  to  be  expected  that  the  effect  discussed  in  the 
preceding  section  will  be  observed  if  torsional  rigidity  is 
changed  at  various  stations  along  the  wing.  In  the  absence 
of  a concentrated  tip  mass,  any  effect  on  flutter  speed  must 
vanish  for  stations  near  the  tip,  and  presumably  the  largest 
effect  will  be  observed  for  stations  near  the  fuselage.  Be- 
cause of  the  great  ease  with  which  these  data  could  be 
obtained,  the  effect  of  local  stiffness  variation  was  obtained 
for  several  configurations. 

The  analog  computer  requires  lumping  or  averaging  of 
inertia  and  stiffness  properties.  Consequently,  it  is  possible 
to  determine  readil}7  only  the  effect  of  a stiffness  variation 
which  must  be  assumed  to  extend  over  the  entire  length  of 
a cell  in  the  finite-difference  structure.  The  basic  data 
consist  therefore  of  step  curves.  To  obtain  an  approximate 
value  for  the  per  unit  change  in  flutter  speed  per  unit  change 
in  stiffness  per  unit  length  at  any  point  along  the  wing,  it  is 
necessary  to  draw  a smooth  curve  passing  through  the  step 
curve  such  that  the  areas  under  the  two  curves  are  approxi- 
mately equal.  It  is  believed  more  suitable  to  present  the 
step  curve  and  let  the  reader  do  any  smoothing  his  applica- 
tion requires.  The  configurations  studied  are  listed  below: 

(1)  Fighter  A,  A— 0°,  symmetric  and  antisymmetric, 

case  10 

(2)  Fighter  B,  A=0°;  symmetric  and  antisymmetric, 

case  32 

(3)  Bomber  A,  A=0°,  bare  wing,  symmetric,  case  93 

(4)  Bomber  A,  A=0°,  concentrated  mass  at  0.46  span, 

symmetric,  case  67 

Results  of  this  study  are  presented  in  figure  10.  The 
abscissa  of  a curve  is  the  spanwise  station  at  which  the  bend- 
ing or  torsional  rigidity  variation  is  made.  The  ordinate  is 
the  per  unit  change  in  flutter  speed  per  unit  change  in  stiffness 
per  unit  length  along  the  wing.  If,  for  example,  the  stiffness 
is  increased  j percent  over  a distance  w along  a wing  of 
semispan  l between  the  stations  d—(w/2)  and  d+(w/2),  then 
the  ordinate  of  the  smoothed  curve  at  the  abscissa  djl  when 
multiplied  b will  give  the  approximate  percent  change 
in  flutter  speed. 

Data  for  the  two  fighters  show  great  similarity  both  for 
symmetric  and  antisymmetric  conditions.  The  greatest 
effect  is  obtained  by  changing  torsional  rigidity  near  the 
midspan  position,  slightly  outboard  for  fighter  A and  slightly 
inboard  for  fighter  B.  The  effect  of  a bending-rigidity 
change  was  found  to  be  small  at  all  stations.  In  most  cases 
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(a)  Fighter  A.  (c)  Bomber  A;  bare  wing. 

(b)  Fighter  B.  (d)  Bomber  A;  concentrated  mass  at  0.46  span. 

Figure  10. — Effect  of  local  stiffness  variation  on  flutter  speed. 
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a small  negative  effect  was  observed,  the  flutter  speed  drop- 
ping slightly  as  the  bending  rigidity  was  increased. 

Bomber  A without  concentrated  mass  showed  a similar 
trend  with  the  following  exceptions: 

(1)  Maximum  improvement  was  obtained  by  changing 
torsional  rigidity  near  the  root  of  the  wing  (0.25-span 
position) . 

(2)  Increase  in  bending  rigidity  was  observed  to  decrease 
the  flutter  speed  by  an  amount  which  was  5 to  10  times 
greater  than  that  for  fighter  A. 

Addition  of  a concentrated  mass  at  spanwise  station  0.46 
has  a great  effect  on  this  characteristic.  The  mass  chosen  is 
typical  for  an  airplane  engine  and  is  sufficiently  large  so  that 
the  wing  is,  to  a certain  extent,  pinned  at  this  point  for  the 
particular  flutter  root  involved.  Consequently,  stiffness 
changes  inboard  of  the  engine  have  a negligible  effect,  and 
changes  outboard  have  an  effect  very  similar  to  that  observed 
for  a bare  wing  of  reduced  length. 

It  should  be  remarked  at  this  point  that  the  result  dis- 
cussed above  is  not  to  be  regarded  as  a trend  for  all  con- 
figurations. When  the  flutter  is  primarily  an  outer-wing 
bending-torsion  flutter,  this  result  is  to  be  expected.  Ex- 
perience has  shown,  however,  that  occasionally  an  inner- 
panel  torsion  mode  is  involved  in  flutter,  and  change  in 
* torsional  rigidity  outboard  of  the  nacelle  has  no  significant 
effect.  It  is  unfortunate  that  such  a configuration  was  not 
investigated  for  this  report. 

CENTER-OF-MASS  LOCATION 

The  location  of  the  wing  center  of  mass  has  a great  effect 
upon  flutter  speed  of  an  airplane  wing.  The  general  trend 
is  that  flutter  speed  increases  as  the  center  of  mass  moves 
k forward.  It  is  not  generally  true  that  it  is  at  a constant 
chord  location  at  all  spanwise  stations.  However,  for  pur- 
poses of  stiutying  the  trends,  it  is  necessary  to  assume  some 
basic  position  for  the  center  of  mass.  Past  experience  has 
shown  that  a center-of-mass  location  near  the  elastic  axis 
(usually  slightly  aft)  is  both  realistic  and  typical.  For  this 
reason  the  basic  position  of  the  center  of  mass  was  assumed 
to  be  the  elastic  axis  or  40  percent  chord.  Variation  in 
center-of-mass  location  was  between  the  25-  and  60-percent- 
chord  points.  Thirteen  configurations  were  studied,  the 
various  center-of-mass  locations  comprising  53  cases  listed 
in  table  XII. 

The  results  are  listed  in  table  XV  and  are  shown  graphi- 
cally in  dimensionless  form  in  figure  11.  The  general  trend 
is  that  the  flutter  speed  increases  as  the  center  of  mass  moves 
forward  and  decreases  as  the  center  of  mass  moves  aft, 
except  for  center-of-mass  locations  far  behind  the  elastic 
f axis.  For  positions  near  the  elastic  axis  the  flutter  speed 
changes  about  3 percent  for  a shift  in  center  of  mass  equal 
to  1 percent  of  the  chord.  For  the  extreme  aft  positions 
(60  percent  chord)  most  of  the  curves  become  quite  flat, 
and  in  about  four  cases  the  flutter  speed  has  started  to  rise 
slightly  as  the  center  of  mass  is  moved  farther,  aft.  On  the 
other  hand,  the  curves  become  very  steep  for  center-of-mass 
locations  forward  of  the  elastic  axis.  In  most  cases  the 
increase  in  flutter  speed  was  so  great  that  data  could  not 
be  obtained  for  the  25-  and  32.5-percent-chord  locations 
because  the  flutter  speed  greatly  exceeded  the  divergence 


(a)  Fighters  A and  B.  (b)  Bombers  A and  B. 

Figure  11. — Flutter  speed  as  function  of  center-of-mass  position  in 

percent  chord. 


speed.  The  average  percentage  change  in  flutter  speed  for 
a shift  in  center  of  mass  equal  to  1 percent  of  the  chord 
depends  upon  location  of  the  center  of  mass  as  indicated 
below: 


Center-of-mass  location,  percent  chord 40  50  60 

Change  in  flutter  speed,  percent 3.  1 1.  7 0.  8 


One  unusual  case  was  noted.  The  results  for  fighter  B, 
A=45°,  in  figure  11  (a)  show  an  unusual  behavior  for  aft 
center-of-mass  location  in  the  antisymmetric  case.  A study 
of  the  frequenc}7  of  oscillation  for  each  position  tends  to 
support  the  conclusion  that  two  different  flutter  roots  are 
involved.  In  any  case  the  results  are  anomalous  and  could 
bear  further  investigation. 
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V 

(a)  Fighter  A;  A = 0°;  antisymmetric* 

(b)  Bomber  A ; A = 30° ; concentrated  mass  on  wing ; antisymmetric. 

HF,  high  frequency. 

Figure  12. — Plot  of  damping  factor  g against  velocity  for  some  unu- 
sual flutter  roots. 

Fighter  A,  A=0°,  shows  another  unusual  characteristic  in 
the  antisymmetric  case.  One  flutter  root  disappears  as  the 
center  of  mass  is  moved  forward  of  the  46-percent-chord 
location.  This  result,  shown  in  figure  11  (a),  is  more  easily 
understood  by  referring  to  figure  12  where  the  curves  of  g 
against  v are  plotted  for  this  configuration.  A similar  case 
shown  in  figure  11  (b)  has  two  readily  observable  flutter 
roots,  one  with  low  and  the  other  with  high  flutter  frequency. 
Data  for  both  cases  are  given  in  figure  11  (b).  It  is  true 
that  only  the  one  with  the  lower  flutter  speed  is  of  practical 
interest,  but  for  purposes  of  studying  trends  both  are  equally 
important.  A plot  of  g against  v for  this  case  is  also  shown 
in  figure  12. 

ELASTIC-AXIS  LOCATION 

A main  component  of  the  aerodynamic  pressures  on  an 
airfoil  is  equivalent  to  a force  applied  at  the  quarter  chord. 
Consequently,  the  elastic-axis  location  relative  to  the  quarter 
chord  determines  the  nature  of  the  coupling  between  aero- 
dynamic forces  and  the  structure.  If  elastic-axis  location 
alone  were  changed,  both  center  of  pressure  and  center  of 
mass  would  change  with  respect  to  the  assumed  structural 
axis.  In  order  to  separate  the  effects  due  to  these  two 
changes,  the  center  of  mass  was  moved  with  the  elastic  axis 
in  the  configurations  discussed  here.  Aerodynamic  coupling 
in  which  the  center  of  pressure  (quarter  chord)  is  forward 
of  the  elastic  axis  may  have  a destabilizing  influence  while 
a center  of  pressure  aft  of  the  elastic  axis  generally  has  a 
stabilizing  effect. 

Elastic-axis  locations  between  the  30  and  50  percent  chord 
were  used  in  the  16  cases  listed  in  table  XII.  Results  are 


Figure  13. — Flutter  speed  as  a function  of  elastic-axis  position  in 

percent  chord. 


given  in  table  XV  and  figure  13.  In  all  cases  the  expected 
trend  was  observed.  For  an  elastic  axis  near  the  40  percent 
chord,  the  flutter  speed  changed  3.2  percent  on  the  average 
for  a shift  in  elastic  axis  equal  to  1 percent  of  the  chord. 
This  effect  is  not  linear  over  a wide  range;  however,  the 
flutter  speed  increases  more  rapidly  as  the  quarter  chord  is 
approached  and  decreases  more  slowly  as  the  elastic  axis  is 
moved  aft.  For  an  elastic  axis  at  the  50  percent  chord,  the 
corresponding  change  in  flutter  speed  was  only  1.8  percent. 

CHORD  VARIATIONS 

A change  in  chord  of  a wing  is  usually  accompanied  by 
significant  changes  in  mass,  inertia,  and  stiffness  as  well  as 
changes  in  other  characteristics.  In  an  effort  to  assess  the 
effect  of  aerodynamic  pressures  alone,  variations  were  made 
in  which  mass,  inertia,  and  stiffness  were  held  constant  while 
the  chord  length  was  changed.  Location  of  the  elastic  axis 
was  maintained  at  a constant  per  unit  chord  station  so  that 
the  distance  between  quarter  chord  and  elastic  axis  changed 
in  proportion  to  the  change  in  the  chord  length.  Since  the 
magnitude  of  the  aerodynamic  force  increases  with  chord 
length  and  since  the  predominantly  destabilizing  lag  of  the 
Theodorsen  function  increases  with  chord  length,  it  is  to  be 
expected  that  the  flutter  speed  will  decrease  as  the  chord 
length  is  increased. 


INCOMPRESSIBLE  FLUTTER  CHARACTERISTICS  OF  REPRESENTATIVE  AIRCRAFT  WINGS 


1409 


Figure  14. — Flutter  speed  as  function  of  chord  length. 


Four  configurations  were  studied  in  which  the  chord 
length  was  changed  by  factors  of  0.67  and  1.50.  The  eight 
cases  and  the  configurations  are  listed  in  table  XII.  Flutter 
characteristics  are  given  in  table  XV  and  figure  14.  The 
results  are  remarkably  uniform.  On  the  average,  a 7-percent 
change  in  flutter  speed  results  from  a 10-percent  change  in 
chord,  smaller  chords  giving  a higher  flutter  speed. 


SWEEPBACK 

The  effect  of  sweepback  upon  flutter  speed  depends  upon 
many  factors.  In  conventional  wing  design,  the  root 
structure  varies  greatly  with  sweepback  angle,  and  the 
equivalent  elastic  axis  may  show  considerable  variation  in 
position.  For  wings  of  large  sweepback  angle  and  low 
aspect  ratio,  the  concept  of  an  elastic  axis  may  not  be  useful 
in  describing  structural  properties.  From  another  point  of 
view  the  problem  is  even  more  perplexing  since  there  is  not 
general  agreement  about  the  nature  of  the  aerodynamic 
forces  on  a swept  wing.  In  the  section  of  this  report  entitled 
“Finite-Difference  Errors”  the  results  of  three  methods  of 
computation  were  compared  with  results  of  wind-tunnel 
tests  of  a model  wing  which  was  sweptback  34.5°.  Two 
methods  were  found  to  give  similar  results,  which  were 
significantly  better  than  those  of  the  third.  Although  the 
agreement  was  not  entirely  satisfactory,  it  was  decided  to 
use  the  aerodynamic  forces  recommended  in  reference  5. 
For  the  present  investigation,  the  following  assumptions 
were  therefore  made: 

(1)  Aerodynamic  forces  are  as  discussed  in  the  section 
entitled  “Finite-Difference  Errors.” 

(2)  To  achieve  a sweepback  angle,  the  wing  is  rotated 
about  a vertical  axis  through  the  intersection  of  the  unswept 
elastic  axis  and  the  side  of  the  fuselage.  The  tip  is,  however, 
terminated  parallel  to  the  airstream  so  that  only  the  span 
measured  along  the  elastic  axis  is  unchanged  in  length. 

(3)  Structural  properties  of  the  wing  are  unchanged  by 
sweepback. 


Figure  15. — Flutter  speed  as  function  of  sweepback  angle 

(4)  The  center  of  mass  of  the  fuselage  is  moved  aft  as  the 
sweepback  angle  is  increased  so  that  it  coincides  roughly 
with  the  center  of  pressure  of  the  wing. 

(5)  No  modifications  were  made  for  aerodynamic  forces 
at  the  tip. 

The  five  basic  configurations  are  shown  in  table  XII,  which 
gives  reference  numbers  for  the  17  cases.  The  results  are 
given  in  table  XV  and  figure  15.  Flutter  characteristics  of 
the  two  fighters  show  a reasonable  correlation,  and,  in  general, 
a decrease  in  flutter  speed  for  sweepback  angles  other  than 
zero.  However,  the  bombers  do  not  show  a correlation  with 
the  fighters  or  with  each  other.  It  is  significant  that  a sub- 
stantial change  in  flutter  speed  with  sweepback  angle  was 
observed.  In  one  case,  flutter  speed  increased  more  than 
60  percent  for  a 45°  sweepback,  while  other  cases  showed  a 
30-percent  decrease  for  sweepback  angle  of  about  25°. 

In  addition  to  the  cases  above  it  is  possible  to  crossplot  the 
variation  of  flutter  speed  with  sweepback  angle  for  the  follow- 
ing parameter  variations  of  bomber  B : Wing  mass  density, 
wing  pitching  inertia,  bending  rigidity,  torsional  rigidity, 
and  center-of-mass  location.  Most  of  these  are  plotted  in 
figure  16.  It  is  interesting  to  note  that  the  general  trend 
for  bomber  B is  to  a great  extent  independent  of  these  varia- 
tions. 

CONCENTRATED-MASS  PITCHING  FLEXIBILITY 

The  engines  on  present-day  bombers  are  sometimes 
mounted  in  nacelles  on  pylons  some  distance  below  the  wing. 
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Figure  16. — Effect  of  sweepback  on  various  modifications  of  bomber  B 

Because  of  the  inherent  flexibility  in  such  a structure  and  its 
fastening  to  the  wing,  the  dynamic  characteristics  of  the 
engine  are  altered.  Because  of  the  symmetry  of  the  struc- 
ture, it  is  possible  to  write  two  sets  of  equations  for  the 
nacelle,  one  involving  pitching,  vertical,  and  fore  and  aft 
motion  and  the  other  involving  lateral,  rolling,  and  yawing 
motion.  These  sets  are  uncoupled  except  through  inter- 
actions with  the  wing.  The  characteristics  represented  by 
the  equations  involving  pitch  have  a greater  effect  on  flutter 
characteristics,  or,  stated  in  another  way,  the  assumption  of 
a rigid  pylon  for  lateral  motion  has  not  ordinarily  been  ob- 
served to  introduce  great  differences  in  flutter  characteristics. 
This  assumption  becomes  less  valid  for  wings  with  large 
sweepback.  On  the  other  hand,  a significant  variation  may 
be  observed  as  the  pitching  flexibilities  are  varied.  For 
pitching  motion  it  is  usually  quite  accurate  to  assume  an 
effective  center  of  rotation  at  some  point  in  front  of  and  below 
the  elastic  axis.  Unless  a specific  case  is  to  be  considered, 
however,  it  is  just  as  satisfactory  to  assume  this  center  of 
rotation  at  the  elastic  axis,  since  variation  in  the  location  of 
this  point  has  only  a second-order  effect.  Consequently, 
in  this  study  the  center  of  rotation  for  pitching  motion  was 
established  at  the  elastic  axis  and  the  pylon  was  assumed 
rigid  for  lateral  motion. 

Six  cases  shown  in  table  XII  were  investigated : 

(1)  Bomber  A,  A=0°,  mass  at  0.46  span,  case  176 

(2)  Bomber  A,  A=0°,  mass  at  tip,  case  179 

(3)  Bomber  B,  A=0°,  mass  at  0.46  span,  case  177 


(4)  Bomber  B,  A=0°,  mass  at  tip,  case  180 

(5)  Bomber  B,  A=30°,  mass  at  0.46  span,  case  178 

(6)  Bomber  B,  A=30°,  mass  at  tip,  case  181 

In  all  of  these  cases  the  chordwise  position  of  the  mass  was 
basic,  60  inches  forward  of  the  elastic  axis. 

In  presenting  the  results  an  effort  has  been  made  to  put 
the  data  in  dimensionless  form.  Thus,  the  flutter  speed  is 
given  as  a per  unit  value  of  the  flutter  speed  with  rigid 
connection.  This  basic  flutter  speed  can  be  found  in  table 
XIV.  The  flexibility  is  conveniently  measured  by  the 
normal-mode  vibration  frequency  of  the  nacelle  with  the 
wing  held  rigid  in  pitch.  However,  instead  of  using  the  value 
of  frequency  in  cycles  per  second,  this  frequency  is  measured 
in  per  unit  value  of  the  flutter  frequency  with  rigid  connec- 
tion. Values  for  the  flutter  frequenc}7  with  rigid  connection 
can  also  be  found  hi  table  XIV.  There  are  two  frequencies 
of  the  nacelle  which  might  be  regarded  as  significant.  One 
of  these  is  the  cantilever  frequency  in  which  the  wing  is  held 
rigid  in  both  pitch  and  plunge.  However,  for  large  bombers, 
the  wing  has  such  great  flexibility  in  vertical  bending  that 
greater  significance  might  be  attached  to  the  frequency  when 
pitching  motion  is  constrained  and  vertical  motion  is  com- 
pletely unrestrained.  Because  of  the  location  chosen  for 
the  basic  mass,  the  difference  in  these  frequencies  is  a factor 
of  2,  the  frequency  with  vertical  motion  unrestrained  being 
higher.  For  presentation  of  data  this  higher  value  of  fre- 
quency was  chosen,  because  in  those  cases  where  a “timing” 
effect  was  observed  the  maximum  effect  occurred  when  this 
frequenc}7  was  equal  to  the  flutter  frequency  for  the  basic 
rigid  mass.  One  exception  to  this  is  observed  in  the  discus- 
sion below. 

Results  are  plotted  in  figure  17.  Nine  of  the  twelve  cases 
show  a predominant  decrease  in  flutter  speed  as  the  rigidity 
is  reduced  from  an  infinite  value.  Seven  of  these  cases  show 
a minimum  flutter  speed  when  the  nacelle  frequency  is  nearly 
equal  to  the  rigid  flutter  frequency.  This  decrease  varies 
between  7 and  37  percent  with  an  average  value  of  18  percent. 
Two  cases  show  a decrease  in  flutter  speed  but  no  tuning 
effect.  The  maximum  rate  of  decrease  occurs,  in  fact,  when 
the  nacelle  frequency  is  far  below  the  rigid  flutter  frequency. 
In  both  cases  the  flutter  speed  drops  to  an  asymptotic  value 
about  six-tenths  of  the  basic  value. 

Three  of  the  twelve  cases  show  an  increase  in  flutter  speed 
as  the  rigidity  is  reduced  from  an  infinite  value.  In  two 
cases  increase  takes  place  in  the  region  where  nacelle  fre- 
quency is  roughly  equal  to  the  flutter  frequency,  and  in  both 
cases  the  flutter  speed  increases  more  than  50  percent.  The 
last  anomalous  case  shows  a resonance  or  tuning  effect. 
It  is  anomalous  for  two  reasons:  (1)  The  flutter  speed  rises 
to  a sharp  peak  about  10  percent  above  basic  value,  and 
(2)  this  occurs  when  nacelle  frequency  is  twice  as  great  as 
the  flutter  frequency.  It  should  be  pointed  out  that,  for 
this  rigidity,  the  flutter  frequency  is  equal  to  the  nacelle 
frequency  with  wing  attachment  constrained  in  bending  as 
well  as  pitch. 

EFFECT  OF  A CONCENTRATED  MASS 

Many  aircraft  structures  have  engines,  stores,  or  external 
fuel  tanks  attached  to  the  wing  in  such  a way  that  they  act 
dynamically  as  concentrated  masses.  It  has  long  been 
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(a)  Mass  at  0.46  span. 

(b)  Mass  at  tip. 

Figure  17. — Flutter  speed  as  a function  of  concentrated-mass 
pitching  frequency. 

known  that  the  location  of  such  a mass  has  a significant 
effect  on  flutter.  Unfortunately,  other  aerodynamic  and 
some  structural  problems  do  not  permit  location  of  such  a 
mass  so  that  maximum  flutter  speed  is  obtained.  On  the 
other  hand,  within  the  restrictions  imposed  by  other  con- 
siderations, it  is  often  possible  to  improve  flutter  character- 
istics  significantly  by  proper  choice  of  mass  locations. 

This  investigation  has  included  a detailed  examination  of 
the  effect  of  a concentrated  mass  on  the  flutter  character- 
istics of  several  configurations  of  the  four  basic  airplane 
wings.  Preliminary  study  of  this  effect  showed  such  interest- 
ing and  unusual  effects  that  the  scope  of  the  investigation 
was  expanded  beyond  that  originally  proposed.  The  result- 
ing data  are  so  voluminous  that  it  is  difficult  to  present  them 
effectively.  In  particular,  it  is  impractical  to  construct  a 
table  which  gives  all  of  the  data  obtained,  and  so  graphical 
presentation  is  required.  Two  methods  have  been  adopted 
in  this  report.  For  a given  spanwise  location  of  the  mass, 
the  flutter  speed  can  be  plotted  as  a function  of  the  chordwise 
location.  This  has  been  done  for  all  cases  investigated. 
Since  the  concentrated  mass  is  alined  with  the  airstream,  it 
is  most  convenient  in  cases  with  sweepback  to  move  the  mass 


parallel  to  the  airstream  rather  than  perpendicular  to  the 
elastic  axis.  Where  sufficient  data  are  available,  these  curves 
can  be  summarized  in  a single  diagram  in  which  lines  of 
constant  flutter  speed  are  shown  on  a drawing  of  the  wing 
plan  form.  For  the  concentrated  mass  located  anywhere  on 
such  a contour  line,  the  flutter  speed  will  be  the  same.  The 
result  is  essentially  a topographic  map  of  the  flutter-speed 
surface,  where  each  point  on  the  plan,  form  represents  a 
possible  location  for  the  concentrated  mass. 

Several  difficulties  arise  with  both  methods  of  presentation. 
The  main  source  of  difficulty  lies  in  the  fact  that  several 
important  flutter  roots  exist  for  a wing  with  concentrated 
mass.  For  certain  locations  of  the  mass,  one  root  will  show 
lowest  flutter  speed,  while  for  other  locations  another  root 
will  have  the  lowest  flutter  speed.  Since  the  analog  com- 
puter is  essentially  an  electrical  model,  it  is  usually  impossible 
to  find  one  of  these  flutter  speeds  if  another  root  has  a flutter 
speed  far  below  the  first.  It  is  possible,  therefore,  to  find  with 
certainty  only  those  portions  of  a given  flutter-root  surface 
which  lie  beneath  all  other  flutter-root  surfaces.  For  one 
configuration  studied,  four  such  distinct  surfaces  were  posi- 
tively identified  and  it  was  not  possible  to  establish  that 
surfaces  appearing  at  widely  separated  regions  were  or  were 
not  related.  In  most  cases  the  roots  were  differentiated  by 
obtaining  essentially  marginal  stability  for  two  distinct  roots 
along  the  line  where  the  two  surfaces  intersect.  It  can  be 
readily  appreciated  that  many  points  are  required  to  establish 
the  flutter-speed  contours,  particularly  where  several  inter- 
secting surfaces  are  involved.  It  was,  in  fact,  impossible  in 
the  time  available  to  obtain  sufficient  data  to  establish  all 
interesting  features  about  these  contours.  However,  it  is 
believed  that  all  important  features  are  shown  correctly  in 
the  figures  presented  here. 

The  curves  which  show  flutter  speed  as  a function  of  chord- 
wise  position  at  a fixed  span  frequently  show  intersections 
between  different  flutter  roots.  In  identifying  these  roots, 
it  is  useful  to  know  the  flutter  frequency  associated  with 
each  root.  The  simplest  way  to  present  these  data  is  to  show 
the  value  of  frequency  at  a few  selected  points  along  each 
curve.  Where  roots  intersect  and  both  frequencies  were 
measured,  both  values  are  shown.  In  some  cases  where 
actual  frequencies  were  not  measured,  low,  medium,  or  high 
frequency  is  indicated. 

For  convenience  the  concentrated  mass  was  placed  at  the 
center  of  a finite-difference  cell  except  in  three  cases  where 
additional  information  was  obtained  by  placing  it  halfway 
between  cells.  It  is  convenient  to  identify  these  locations 
by  the  cell  number  as  has  been  done  in  table  XIV,  which 
assigns  a case  number  to  each  configuration.  It  must  be 
remembered,  however,  that  the  cell  divisions  are  slightly 
different  for  bomber  and  fighter  airplanes,  and  therefore  the 
spanwise  station  for.  a given  cell  number  will  be  different. 
The  location  of  these  stations  in  terms  of  unit  span  is  given 
in  table  XIII.  In  the  figures,  the  spanwise  position  is  cor- 
rectly given  as  a fraction  or  per  unit  value  of  the  wing  semi- 
span. 

The  size  of  the  concentrated  mass  and  its  pitching  and 
rolling  inertia  also  affect  the  flutter  speed.  Since  past  experi- 
ence has  shown  that  rolling  inertia  has  a small  effect,  a few 
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cases  were  chosen  for  further  investigation  of  the  magnitude 
of  this  effect.  For  a concentrated  mass  located  in  the  wing 
it  is  reasonable  to  assume  a radius  of  gyration  which  is  a 
small  fraction  of  the  average  half  chord.  For  a mass  sus- 
pended below  the  wing  it  is  unlikely  that  the  distance  will 
exceed  half  of  the  average  half  chord.  Two  radii  of  gyration 
equal  to  0.1  and  0.5  times  the  average  chord  for  the  fighter 
planes  were  chosen.  In  all  cases  considered  there  was  no 
significant  difference  in  flutter  characteristics  when  the  rolling 
inertia  was  varied  from  zero  to  the  maximum  value.  The 
variation  was,  in  fact,  so  insignificant  that  none  of  the  data 
is  presented  in  this  report.  In  what  follows  it  may  be  as- 
sumed that  the  rolling  inertia  of  the  concentrated  mass  has 
any  value  between  the  above  limits.  Since  the  mass  of  the 
concentrated  mass  and  its  pitching  inertia  have  a greater 
effect,  it  is  necessary  to  consider  variations  in  these  quan- 
tities in  several  typical  cases.  The  basic  values  for  mass  and 
pitching  inertia  (or  radius  of  gyration  k)  have  been  discussed 
in  the  section  entitled  “Characteristics  of  Four  Representa- 
tive Aircraft”  and  are  given  in  table  XIII.  The  variations 
of  these  values  are  summarized  in  table  XIV. 

The  most  logical  way  to  give  the  results  is  to  present 
first  the  flutter  characteristics  for  the  basic  mass  on  each 
particular  airplane.  Five  airplanes  were  chosen: 

(1)  Fighter  A,  A=0° 

(2)  Fighter  A,  A=45° 

(3)  Bomber  A,  A=0° 

(4)  Bomber  B,  A=0° 

(5)  Bomber  B,  A=30° 

It  was  difficult  to  choose  a typical  radius  of  gyration  for  a 
mass  on  a fighter  plane.  The  values  used,  6,  15,  and  30 
inches,  are  shown  in  table  XIV.  Figures  18  (a)  and  18  (b) 
show  the  effect  of  chordwise  location  of  the  mass  at  five 
spanwise  positions  for  fighter  A with  A=0°.  Results  for 
all  three  radii  of  gyration  in  pitch  are  plotted  on  the  same 
sheet  using  different  symbols  for  each  value.  Circles  are 
used  for  the  smallest  value,  k =6  inches;  triangles  are  used 
for  k—30  inches;  a solid  line  with  no  symbols  is  used  for 
the  intermediate  value.  Abscissas  for  all  curves  are  chord- 
wise  distance  from  the  elastic  axis  measured  as  per  unit 
value  of  the  wing  semispan.  Similar  data  for  fighter  A, 
A=45°,  are  shown  in  figures  18  (c)  and  18  (d);  six  spanwise 
stations  were  used  in  this  case.  One  surprising  feature  can 
be  noted  in  all  of  these  figures:  The  characteristics  are 
relatively  independent  of  the  pitching  inertia,  even  though 
this  inertia  is  varied  from  a very  large  value  (&— 30  inches) 
to  nearly  zero  (&=-- 6 inches).  This  does  not  mean  that  at 
any  particular  point  the  flutter  speeds  are  identical,  but  the 
overall  shapes  of  the  curves  are  remarkably  similar. 

Although  these  figures  (figs.  18  (a)  to  18  (k))  give  a good 
picture  of  the  flutter  characteristics,  it  is  easier  to  interpret 
the  results  if  all  data  are  combined  to  construct  flutter  con- 
tours as  discussed  earlier.  Such  contours  for  the  minimum 
and  maximum  values  of  k are  shown  in  figures  19  (a)  to 
19  (h).  These  figures  support  the  following  conclusions: 

(1)  A chordwise  position  aft  of  the  elastic  axis  is  almost 
always  undesirable. 

(2)  The  30-  to  50 -percent-span  position  and  the  tip  location 
are  generally  undesirable. 


(3)  A position  forward  of  the  elastic  axis  and  near  the  70- 
to  80-percent-span  position  will,  in  general,  greatly  increase 
the  flutter  speed.  i 

Since  time  did  not  permit  a complete  study  of  the  charac- 
teristics for  fighter  B,  data  were  obtained  only  for  the  cases 
of  0°  and  45°  sweepback  with  mass  at  the  tip.  Comparison 
of  the  results  shown  in  figure  18  (e)  with  the  corresponding 
data  for  fighter  A in  figures  18  (a),  18  (b),  18  (c),  and  18  (d) 
shows  that  for  this  location  there  does  not  seem  to  be  any 
significant  difference  in  characteristics.  Whether  it  is  safe 
to  extrapolate  this  result  to  other  mass  locations  cannot 
be  said  at  this  time. 


(a)  Fighter  A;  A = 0°;  symmetric. 

Figure  18. — Flutter  characteristics  against  chordwise  position  of  con- 
centrated mass.  HF,  high  frequency;  MF,  medium  frequency; 
LF,  low  frequency. 
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Since  the  study  of  fighter  A showed  that  the  pitch  radius 
of  gyration  had  a small  effect  and  since  the  pitch  radius  of 
gyration  of  a bomber  engine  is  relatively  well  defined,  it 
was  decided  to  use  only  one  value  in  the  study  of  bomber 
airplanes.  However,  the  practice  of  using  one  engine  or 
two  engines  on  a single  pylon,  as  well  as  the  different  sizes 
of  engines,  gives  a possible  variation  in  mass  which  might 
well  exceed  a factor  of  2.  All  bomber  data  were  therefore 
obtained  with  both  basic  mass  and  half  basic  mass.  For 
ease  of  comparison,  the  two  sets  of  data  are  plotted  side  by 
side  in  the  figures.  Data  for  bomber  A,  A=0°,  are  contained 
in  figures  18  (f)  and  18  (g).  Results  for  bomber  B,  A=0°, 


(b)  Fighter  A;  A = 0°;  antisymmetric. 
Figure  18. — Continued. 


(c)  Fighter  A;  A — 45°;  symmetric. 
Figure  18. — Continued. 


are  given  in  figures  18  (h)  and  18  (i),  and  the  case  of  bomber 
B,  A=30°,  is  summarized  in  figures  18  (j)  and  18  (k).  Again 
it  is  possible  to  simplify  interpretation  of  these  figures  by 
combining  the  results  into  flutter-speed  contours.  However, 
it  can  be  seen  that  data  for  basic  mass  and  half  basic  mass 
are  very  similar,  and  such  contours  have  been  prepared 
only  for  the  cases  with  basic  mass.  The  flutter-speed  con- 
tours are  shown  in  figures  19  (i)  to  19  (n).  A study  of  these 
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(d)  Fighter  A;  A=45°;  antisymmetric. 
Figure  18.— -Continued. 


figures  shows  some  deviations  from  the  results  for  fighter 
airplanes.  The  following  conclusions  can  be  drawn: 

(1)  A position  aft  of  the  elastic  axis  is  almost  always 
undesirable. 

(2)  The  tip  region  is  generally  undesirable  as  a location 
for  the  mass. 

(3)  With  few  exceptions,  any  position  forward  of  the 
elastic  axis  and  between  the  root  and  the  90-percent-span 
position  will  give  flutter  speed  equal  to  or  greater  than  the 
bare-wing  flutter  speed. 


(4)  There  are,  in  most  cases,  no  practical  locations  which 
give  any  significant  improvement  in  flutter  characteristics. 
Two  cases  will  be  noted  in  which  the  speed  might  be  increased 
40  percent.  The  others  are  restricted  to  a 10-  or  20-percent 
improvement. 

Since  fighter  planes  showed  remarkable  variation  in 
flutter  characteristics  with  mass  position,  it  was  believed 
to  be  necessary  to  examine  the  effect  of  changes  in  the  size 
(mass)  of  the  concentrated  mass.  This  was  first  studied  at 
two  spanwise  positions  for  fighter  A,  A=0°.  The  positions 
are  the  tip  and  station  5 (0.79  span).  Flutter  characteristics 
as  functions  of  chordwise  position  were  measured  for  several 
values  of  mass.  The  three  values  of  radius  of  gyration 
given  in  table  XIII  were  used  for  all  mass  values,  except 
that  for  very  small  values  of  mass  only  the  6-inch  value  was 


(d)  Continued. 

(e)  Fighter  B ; data  taken  at  tip. 
Figure  18. — Continued. 
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(f)  Bomber  A;  A=0°;  symmetric. 
Figure  18. — Continued. 


(g)  Bomber  A;  A = 0°;  antisymmetric. 
Figure  18. — Continued. 
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Mass  = 0.5  basic  mass 


Moss  = 1.0  basic  mass 
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(h)  Bomber  B;  A = 0°;  sjrmmetric. 
Figure  18. — Continued. 
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(i)  Bomber  B;  A = 0°;  antisymmetric. 

Figure  18. — Continued. 
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(j)  Bomber  B;  A = 30°;  symmetric. 
Figure  18. — Continued. 


(k)  Bomber  B;  A— 30°;  antisymmetric. 
Figure  18. — Concluded. 
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(a)  Fighter  A;  A=0°;  symmetric;  radius  of  gyration,  6 inches; 

l.Ov/^rOSO  miles  per  hour. 

(b)  Fighter  A;  A = 0°;  symmetric;  radius  of  gyration,  30  inches; 

1.0v/=989  miles  per  hour. 

(c)  Fighter  A;  A=0°;  antisymmetric;  radius  of  gyration,  6 inches; 
l.Otf/— 1,091  miles  per  hour. 

Figure  19. — Contours  of  constant  flutter  speed  with  concentrated 

mass. 

used.  However,  because  of  the  similarity  of  results,  data 
are  presented  only  for  the  maximum  value  (&=30  inches) 
and  minimum  value  (&=6  inches).  Case  numbers  are  listed 
in  table  XIV. 

The  results  for  tip  location  shown  in  figure  20  (a)  show  a 
very  interesting  progression  in  characteristics  as  the  mass  is 


(d)  Fighter  A;  A = 0°;  antisymmetric;  radius  of  gyration,  30  inches; 

1.0u/=  1,091  miles  per  hour. 

(e)  Fighter  A;  A = 45°;  symmetric;  radius  of  gyration,  6 inches; 

1.0t>/=  1,028  miles  per  hour. 

Figure  19. — Continued. 

reduced  to  zero.  Most  striking  is  the  fact  that  no  significant 
change  takes  place  when  the  mass  is  varied  from  twice  basic 
value  to  half  basic  value.  Even  with  mass  reduced  to  8 per- 
cent of  basic  value,  the  tliree  flutter  roots  for  antisymmetric 
motion  and  the  two  flutter  roots  for  symmetric  motion 
can  still  be  identified  though  their  characteristics  are  by  this 
time  somewhat  altered.  Similar  data  for  the  mass  at  0.79 
span  are  presented  in  figure  20  (b).  Figure  20  (a)  also 
illustrates  graphically  the  danger  in  extrapolating  results. 
For  a mass  at  the  0.10  chord  wise  position  and  symmetric 
motion,  a mass  equal  to  0.008  basic  mass  increases  flutter 
speed  to  1.07.  Doubling  the  mass  increases  it  to  1.16. 
Again  doubling  it  will  increase  the  speed  to  some  unknown 
value  greater  than  1.40.  However,  if  the  mass  is  again 
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(f)  Fighter  A;  A = 45°;  symmetric;  radius  of  gyration,  30  inches; 

l.Ow/—  1,028  miles  per  hour. 

(g)  Fighter  A;  A = 45°;  antisymmetric;  radius  of  gyration,  6 inches; 

1.0t>/=881  miles  per  hour. 

Figure  19. — Continued. 


(h)  Fighter  A;  A = 45°;  antisymmetric;  radius  of  gyration,  30  inche 

1.0v/==8Sl  miles  per  hour. 

(i)  Bomber  A;  symmetric;  1.0u/=818  miles  per  hour. 

(j)  Bomber  A;  antisymmetric;  1.0t;/=886  miles  per  hour. 

Figure  19. — Continued. 
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(k)  Bomber  B;  symmetric;  1.0*7=  1,216  miles  per  hour. 

(l)  Bomber  B;  antisymmetric;  1.0*7=1,216  miles  per  hour. 

(m)  Bomber  B;  symmetric;  1.0*7=1,165  miles  per  hour. 

(n)  Bomber  B;  antisymmetric;  1.0*7=1,244  miles  per  hour. 

Figure  19. — Concluded. 


(a)  Concentrated  mass  at  tip. 

Figure  20. — Effect  of  size  of  concentrated  mass  on  flutter  character- 
istics. Fighter  A;  A = 0°. 


increased  by  a factor  of  about  2.8,  the  flutter  speed  (of 
another  root)  will  have  dropped  to  1.00  again. 

Flutter  characteristics  were  also  measured  for  basic  and 
half  basic  mass  at  the  wing  tip  with  sweepback  angle  of  45°. 
This  case  was  chosen  because  the  antisymmetric  character- 
istic for  a 30-inch  radius  of  gyration  (fig.  18  (d))  showed  a 
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(b)  Concentrated  mass  at  0.79-span  position. 
Figure  20.— Concluded. 


very  unusual  characteristic.  Figure  21  (a)  shows  that  reduc- 
tion of  the  mass  by  a factor  of  2 eliminates  the  anomalous 
behavior,  but  in  all  other  respects  gives  results  which  are 
essentially  the  same  as  the  basic  mass.  Figure  21  (b)  gives 
similar  data  for  the  mass  at  the  0.79  span  position  with  A= 
45°.  Again  the  results  for  basic  mass  and  half  basic  mass  are 
not  significantly  different.  It  is  perhaps  unwise  to  attempt 
any  general  statement,  but  there  is  ever}7  indication  that  the 
essential  features  shown  in  the  flutter-speed  contours  of 
figure  19  would  not  be  profoundly  altered  if  either  mass  or 
pitching  inertia  were  increased  or  decreased  by  a factor  as 
large  as  2.0. 

ACCURACY  AND  PROBABLE  ERRORS 

It  is  believed  that  a discussion  of  the  expected  accuracy 
of  the  results  will  be  more  meaningful  now  that  the  reader  has 
observed  the  nature  and  scope  of  the  data  obtained.  The 
analog  computer  is  not  composed  of  perfect  electrical 
elements.  For  example,  the  inductors  used  in  this  study 
have  loss  characteristics  corresponding  to  a damping  factor 
of  about  <7=0.01.  Transformers  also  have  significant  losses. 
The  electrical  analog  of  the  airplanes  studied  in  this  report 
had  an  electrical  damping  corresponding  to  a structural 
damping  between  0=0.02  and  0=0.03.  This  is  not  greatly 
different  from  the  damping  to  be  found  in  conventional 
aircraft  construction,  so  no  corrections  were  made  for  this 
internal  damping. 

No  general  statement  can  be  made  about  the  effect  of 
random  computer  errors.  Some  give  rise  primarily  to  an 
error  in  the  damping  factor  of  the  roots,  in  which  the  ( g—v ) 
curve  is  shifted  vertically.  Other  errors  give  rise  basically 
to  an  error  in  velocity,  in  which  the  curve  is  primarily 
shifted  horizontally.  Since  the  slope  of  the  curve  of  g 
against  v is  by  no  means  constant,  it  becomes  impossible 
to  give  a specific  figure  for  accuracy  of  flutter  speed.  In 
unusual  cases,  where  roots  are  of  the  type  shown  in  figure  12, 
flutter  may  be  predicted  when  in  fact  it  will  not  occur  for 
these  roots  at  all.  This  distinction,  which  must  be  made 
mathematically,  is  of  no  importance  in  practical  cases.  An 
airplane  which  shows  a flutter  damping  of  0=0.01  and  is 
therefore  theoretically  stable  is  not  to  be  regarded  as  any 
more  satisfactory  or  useful  than  one  which  shows  a damping 


0=— 0.01  and  would  therefore  theoretically  fly  apart. 
Manufacturing  tolerances  and  the  safety  factors  required  in 
aircraft  will  not  permit  use  of  an  aircraft  unless  it  is  moder- 
ately stable  for  a significant  variation  in  all  structural 
parameters.  It  is  believed  that,  exclusive  of  errors  intro- 
duced by  the  finite-difference  structure  and  approximations 
in  the  aerodynamic  theory,  the  results  obtained  in  this  study 
have  a probable  error  in  damping  factor  of  about  g—  ±0.02 
or  a probable  error  in  flutter  speed  of  about  2 percent,  which- 
ever is  applicable  in  the  light  of  the  above  discussion.  How- 
ever, trends  obtained  by  variation  of  structural  parameters 
are  considerably  more  accurate  than  this  would  imply, 
since  any  error  would  persist  with  roughly  the  same  value  in 
all  cases  involving  such  parameter  variations. 

For  cases  1 to  181,  it  is  possible  to  construct  curves  of  g 
against  v although  they  have  not  been  made  a part  of  this 
report.  These  curves  serve  to  show  the  steepness  with  which 
the  roots  pass  through  flutter  and  give  some  indication  of  the 
accuracy  of  the  flutter  speed.  This  situation  does  not  exist 
for  cases  181  to  289.  For  concentrated-mass  variations, 


0 .1  .2  .3  -I  0 .1  .2  .3  .4 

Chordwise  position 


(a)  Basic  mass  and  0.5  basic  mass  at  tip. 

(b)  Basic  mass  and  0.5  basic  mass  at  0.79-span  position. 

Figure  21. — Comparison  of  characteristics  for  basic  mass  and  0.5 
basic  mass.  Fighter  A;  A =45°. 
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computations  were  carried  out  in  such  a way  that  only  flutter 
speeds  and  frequency  were  obtained.  Consequently,  it  is 
not  possible  to  delineate  areas  which  are  “safe”  from  the 
standpoint  of  flutter.  It  is  known,  for  example,  that  where 
a long  pendant  lobe  is  observed,  as  for  case  235  in  figure 
18  (d),  the  system  is  barely  unstable  everywhere  within  this 
lobe.  There  are  similar  regions  where  the  system  is  barety 
unstable  within  an  elliptical-shaped  boundary,  for  example, 
case  212  (fig.  20  (b)).  Similarly,  case  214  is  barely  stable 
in  this  region  and  yet  no  flutter  root  is  even  shown  since 
the  system  does  not  become  actually  unstable  at  any  point. 

These  remarks  are  not  made  to  show  the  flutter  curves 
to  be  valueless,  but  to  caution  the  reader  against  making 
inferences  not  contained  in  the  report  and  not  legitimately 
supported  by  the  data  presented  here. 

SUMMARY  OF  RESULTS 

Certain  trends  in  flutter  characteristics  for  typical  modern 
aircraft  seem  to  be  indicated  by  this  study  of  the  incompres- 
sible flutter  characteristics  of  aircraft  wings.  In  some  cases 
a few  deviations  are  found.  It  is  probable  that  if  more 
extreme  aircraft  designs  were  considered  even  more  would  be 
observed.  Nevertheless,  this  summary  may  serve  as  a 
useful  guide. 

(1)  In  the  following  table  are  listed  the  average  changes  in 
flutter  speed  for  a 1 -percent  change  in  each  parameter,  the 
change  being  made  from  the  basic  value  except  for  center- 
of-mass  and  elastic-axis  location,  in  which  cases  several 
locations  are  assumed. 


Change  in  parameter 

Average  change 
in  flutter  speed, 
percent 

Increase  wing  mass  1 percent  _ _ 

0 

Increase  wing  pitching  inertia  1 percent  _ 

— . 1 

Increase  bending  rigidity  1 percent  _ . _ 

0 

Increase  torsional  rigidity  1 percent 

. 5 

Increase  wing  chord  1 percent  ...  . 

— 7 

Center  of  mass  forward  1 percent  of  chord 

from — 

40-percent  location- _ 

3.  0 

50-percent  location 

1.  7 

60-percent  location  . — 

.8  ' 

Elastic  axis  forward  1 percent  of  chord  from — 

40-percent  location 

3.  2 

50-percent  location.  _ . _ _ 

1.  8 

(2)  Localized  change  in  torsional  rigidity  is  most  effective 
in  changing  flutter  speed  of  a bare-wing  airplane  if  the 
change  is  made  between  midspan  and  root.  For  bombers 
with  large  concentrated  mass  on  the  wing,  torsional  rigidity 
either  inboard  or  outboard  of  the  mass  will  usually  govern 
flutter  speed,  depending  on  the  type  of  flutter  existing. 
Sweepback  was  not  observed  to  have  a systematic  effect. 

Pitching  flexibility  of  the  concentrated-mass  support  has  a 

definite  influence  on  flutter  speed.  In  many  cases  a tuning 

effect  was  observed,  with  a 10-  to  40-percent  decrease  in 

flutter  speed.  This  effect  was  not  always  observed;  in 

some  cases,  the  flutter  speed  was  significantly  increased. 


(3)  Perhaps  the  most  interesting  results  will  be  found  in 
the  effects  of  a concentrated-mass  location.  For  a wide 
range  of  mass  and  radius-of-gyration  values  the  results 
were  very  systematic.  For  fighter-type  planes  it  was  found 
that: 

(a)  Aft  chordwise  positions  are  usually  undesirable. 

(b)  The  30-  to  50-percent-span  and  tip  locations  are 

generally  undesirable. 

(c)  A forward  location  near  the  70-  to  80-percent-span 

position  will,  in  general,  greatly  increase  flutter 
speed. 

For  bomber-type  planes  these  results  are  somewhat  modified: 

(a)  Aft  chordwise  positions  are  usually  undesirable. 

(b)  The  tip  location  is  generally  undesirable. 

(c)  With  few  exceptions  any  location  forward  of  the 

elastic  axis  and  between  root  and  0.90-span  posi- 
tion is  satisfactory,  although  flutter  speed  is 
rarely  greater  than  bare-wing  flutter  speed  by 
any  significant  amount. 

There  is  perhaps  no  need  to  remark  that  these  results  can 
be  altered  by  introduction  of  a flexibility  in  the  concentrated- 
mass  support. 

California  Institute  of  Technology, 

Pasadena,  Calif.,  June  6 , 1955. 
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INVESTIGATION  OF  A NONLINEAR  CONTROL  SYSTEM  1 

By  I.  Fliigge-Lotz,  C.  F.  Taylor,  and  H.  E.  Lindberg 


SUMMARY 

Nonlinear  elements  are  sometimes  added  to  linear  control 
systems  in  order  to  improve  the  response  of  the  system  to  an 
arbitrary  input . This  can  be  done  in  different  ways , one  of 
them  being  the  variation  of  the  coefficients  of  the  differential 
equation  describing  the  system  before  the  nonlinear  elements  are 
added.  This  variation  of  the  coefficients  may  be  done  in  a 
continuous  or  in  a discontinuous  way . In  the  present  paper 
a discontinuous  variation  of  the  coefficients  is  studied  in  detail 
and  investigated  for  practical  use. 

The  nonlinear  feedback  is  applied  to  a second-order  system. 
From  former  analytical  considerations  the  process  of  control  is 
visualized  as  establishing  an  ensemble  of  linear  second-order 
differential  equations  {some  with  stable  and  some  with  unstable 
homogeneous  solutions)  and  sivitching  from  one  equation  to 
another  so  as  to  maintain  small  instantaneous  error  for  rela- 
tively arbitrary  inputs . Physically , this  control  process  is 
realized  with  a linear  second-order  control  system  to  which  have 
been  added  possible  discrete  combinations  of  proportional  and 
derivative  feedback.  The  particular  combination  of  feedback 
employed  at  any  instant  is  determined  by  a feedback  switching 
circuit  which  is  in  turn  operated  by  sensed  binary  information 
obtained  from  the  output , output  derivative , error,  and  error 
derivative  {namely,  the  signs  of  these  variables).  Techniques 
that  are  common  to  the  digital  computer  field  are  used  to  imple- 
ment this  switching  circuit. 

Once  physical  realization  is  completed,  simulation  techniques 
are  used  to  study  and  evaluate  the  performance  of  the  nonlinear 
control  system  and  to  compare  it  with  a linear  system  for  a wide 
variety  of  inputs.  A detailed  quantitative  study  of  the  influence 
of  relay  delays  and  of  a transport  delay  is  also  given.  In 
addition,  the  effects  of  physical  imperfections  that  are  likely  to 
be  encountered  in  any  application  of  the  control  theory  are  con- 
sidered {e.  g.,  velocity  and  acceleration  limits). 

An  analysis  of  the  experimental  results  shows  that  this  type 
of  nonlinear  control  system  performs  better  than  a linear  control 
system  having  a natural  frequency  15  times  greater.  For  this 
comparison,  performance  is  evaluated  in  terms  of  the  average 
value  of  the  magnitude  of  the  instantaneous  error  for  band- 
limited  inputs.  Further,  in  contrast  with  the  linear  system,  the 
nonlinear  system  performance  is  virtually  independent  of  vari- 
ation in  the  damping  factor  of  the  system. 

A preliminary  extension  of  this  type  of  nonlinear  control 
concept  to  higher  order  systems  is  presented.  Experimental 


results  are  given  for  a third-order  system . These  results  show 
that  just  as  in  the  second-order  case  the  nonlinear  system  per- 
formance is  better  than  that  of  a comparable  linear  system. 

INTRODUCTION 

With  the  demand  for  more  exacting  performance,  more 
emphasis  has  been  placed  on  nonlinear  aspects  of  control 
systems.  The  term  “control  systems”  can  be  interpreted 
to  include  active  networks  and  feedback  amplifiers  as  well  as 
servomechanisms.  From  the  standpoint  of  analysis,  un- 
intentional nonlinearities  have  to  be  taken  into  account  to 
explain  performance.  From  the  standpoint  of  synthesis, 
intentional  nonlinearities  have  been  introduced  to  improve 
performance.  However,  up  to  this  date  only  in  special 
cases  have  advancements  been  obtained  in  the  field  of 
nonlinear  control  systems. 

The  designs  of  nonlinear  control  systems  have  inherent 
advantages.  One  advantage  is  that  the  response  of  a non- 
linear system  at  a certain  time  can  be  made  less  dependent 
upon  past  response  than  can  a linear  system  of  comparable 
power-handling  capability.2  This  means  that  the  non- 
linear system  can  be  made  to  follow  more  arbitrary  classes 
of  inputs  with  less  dynamic  error  than  the  comparable  linear 
system.  Another  advantage  is  that  the  mathematical 
difficulties  encountered  may  actually  be  conducive  to  con- 
sideration of  more  realistic  criteria  of  performance.  In  the 
nonlinear  realm  it  is  essentially  as  easy  to  invoke  a criterion 
such  as  the  minimization  of  instantaneous  error  for  non- 
stationary  random  inputs  as  it  is  to  invoke  the  largest 
possible  flat  amplitude  response  for  sinusoidal  inputs. 

In  the  present  paper  a control  system  of  second  order, 
which  was  first  suggested  by  Flligge-Lotz  and  Wunch  on 
the  basis  of  analytical  studies  (ref.  1),  is  investigated.  The 
physical  realization  of  this  system  and  its  performance  are 
studied  in  great  detail  by  Dr.  I.  Flligge-Lotz  and  Dr.  C.  F. 
Taylor.  A detailed  quantitative  study  of  the  influence  of 
relay  delays  and  of  a transport  delay  was  made  by  Dr.  H.  E. 
Lindberg  and  is  given  in  appendix  A. 

This  investigation  was  conducted  at  Stanford  University 
under  the  sponsorship  and  with  the  financial  assistance  of 
the  National  Advisory  Committee  for  Aeronautics.  The 
authors  wish  to  thank  Dr.  A.  M.  Peterson  of  the  Electrical 
Engineering  Department  of  Stanford  University  for  his 
continued  interest  and  his  most  helpful  advice  on  the 


1 Supersedes  NACA  TN  3826,  “Investigation  of  a Nonlinear  Control  System"  by  I.  FlUgge-Lotz  and  C.  F.  Taylor,  1957. 

2 In  linear  theory,  the  impulse  response  or  the  autocorrelation  function  of  the  system  gives  an  indication  of  how  past  response  is  weighed. 
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electronic  problems  which  were  encountered  during  this 
investigation.  They  also  wish  to  thank  Dr.  G.  S.  Bahrs  for 
his  useful  suggestions  for  a special  transistor  switching 
circuit. 
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SYMBOLS 

peak-to-peak  amplitude  of  input 
parameters  defining  a system 
constants  used  in  appendix  B 
parameters  in  differential  equation  for  control 
servo 

viscous  damping  of  motor  and  reflected  load 
referred  to  motor  shaft 
linear  damping  factor 

instantaneous  error,  x—y 
function 

input  and  output  of  Pade  circuit,  respectively 

transfer  function,  l/(ap+l) 

inertia  of  motor  rotor,  gears,  and  reflected  load 

gain  constants 

constant  of  proportionality  between  output 
velocity  and  back  electromotive  force 
constant  depending  on  initial  conditions 
operator,  indicating  differentiation  with  re- 
spect to  independent  variable  : that  is,  d/clt  if 
real  time  variable  is  used  and  d/dr  if  non- 
dimensional  time  variable  is  used 
repetition  rate  or  period 
time 

switching  delay 

maximum  allowable  switching  delay 
input  voltage 
input  into  system 
output  from  system 
approximation  of  output 
symbol  used  to  denote  different  constants 
(y'e)—2P  sgn  (yV) 

smallest  values  of  parameters  giving  good 
nonlinear  system  performance 
positive  constants 
(ye)— 27  Sgn  (ye') 
positive  constant 
small  positive  quantity 
coordinates  introduced  in  appendix  E 
radius  of  curvature 

real  part  of  complex  frequency  variable  c r+ico 
nondimensional  time  variable  normalized  with 
respect  to  co,,  uvt 
nondimensional  frequency,  co/ojp 
frequency 

natural  frequency  of  undamped  linear  system 

time  average 
d{  )/dr 
d\  )/dr 2 

equality  sign  in  equations  which  describe 
operations  (see  eqs.  (2)  and  (3)) 


Subscripts : 

as 

d 

e 

i 

■im 

L 

lin 

m,n= 0, 1,2,3 

max 

min 

nonlin 

o 


at  an  actual  switch  point 
ideal  or  desirable 
error 

initial  or  input 

image 

limit 

linear 

maximum  or  upper  bound 
minimum  or  lower  bound 
nonlinear 
optimum,  output 


REVIEW  OF  LINEAR  CONTROL  THEORY 

It  is  desirable  to  obtain  from  linear  control  theoiy  some 
useful  concepts  that  can  be  generalized  to  the  nonlinear 
case.  These  concepts  are: 

(1)  Operational  notation 

(a)  Transfer  functions 

(b)  Block-diagram  representations 

(2)  Control  criteria 

(3)  Control  through  parameters 

At  the  onset  second-order  systems  are  considered.  How- 
ever, there  is  no  difficulty  in  extending  these  concepts  to 
higher  order  systems. 


OPERATIONAL  NOTATION,  TRANSFER  FUNCTIONS,  AND  BLOCK  DIAGRAMS 

Consider  a physical  process  or  situation  in  which  the 
output  is  described  in  terms  of  the  input  as 

aS+6t+c2/=x(<)  w 


where  a , b,  and  e are  constants,  y=y(t ) is  the  output,  and 
x=x(t)  is  the  input. 

Utilizing  the  operator  p=d/dtJ  equation  (1)  may  be 
written 

(ap2+bp+c)y^=x  (2) 

(Eq.  (2)  reads  “(ap2-\-bp-\-c)  operating  on  y equals  opera- 
tionally x”)  Formal  solution  of  equation  (2)  for  the  ratio 
of  output  over  input  yields  by  definition  the  operational 
transfer  function  for  the  system.  Thus 


x ap2-\-bp-\~c  ^ ' 

The  operational  block  diagram  for  the  system  is  obtained  by 
placing  inside  a box  the  transfer  function,  equation  (3). 
Coming  into  the  box  is  the  input;  going  out  of  the  box  is  the 
output  (see  sketch  a) . 


x 


Input 


Sketch  a 


Output 


Here  transfer  functions  and  block  diagrams  are  utilized 
merely  as  shorthand  operational  notations  for  differential 
equations.  This  is  opposed  to  the  Laplace  transformation 
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viewpoint  where  transfer  functions  (and  thus  block  dia- 
grams) have  the  properties  of  functions  of  the  complex 
frequency  variable,  p=a+icc.  The  reason  for  stressing  this 
interpretation  is  that  shorthand  (operational)  notation  has 
proven  useful  in  the  transition  to  nonlinear  control  whereas 
the  Laplace  transformation  viewpoint  (e.  g.,  synthesis  in 
the  complex  frequency  plane  in  terms  of  poles  and  zeros) 
has  not. 

CONTROL  CRITERIA 

To  gage  the  performance  of  an  actual  S3rstem  an  ideal  or 
desirable  system  is  usuall}7  established  as  a straight  through 
connection  (i.  e.,  yd= x as  denoted  in  sketch  b,  a block  dia- 
gram of  an  ideal  system) . 


From  the  block  diagram  the  differential  equation  for  the 
open-loop  system  may  be  written: 

G&)  f^+G&)  dt=x(t)  (4) 

Similarly,  the  closed-loop  differential  equation  is 


In  either  case  the  differential  equation  is  of  the  form 

*%+-b%,+°y=x{t)  (6) 


X 

Input 

1 

V* 


Output 


Sketch  b 


Comparison  between  the  desired  output  yd  and  actual  out- 
put y is  accomplished  by  utilizing  the  instantaneous  error: 


e=(ya—y)  = {z—y) 

A control  criterion  or  criterion  of  performance  is  defined  as 
the  minimization  of  some  property  of  the  instantaneous 
error  e for  a given  class  of  inputs.  The  minimizing  process 
can  be  exact  (i.  e.,  resulting  from  a variational  formulation 
of  the  problem)  or  approximate. 

CONTROL  THROUGH  PARAMETERS 

In  linear  systems  the  process  of  control  is  usually  physi- 
cally obtained  by  applying  feedback  and/or  compensation 
to  the  system  that  is  to  be  controlled.  A control  criterion 
is  realized  (as  closely  as  possible)  by  adjustment  of  these 
applied  'quantities.  The  concept  of  control  through  param- 
eters is  an  interpretation  of  this  control  process  in  terms 
of  the  differential  equation  describing  the  process.  A simple 
example  illustrates  this  concept. 

Consider  the  position  control  servo  shown  in  figure  1. 
The  uncontrolled  (open-loop)  system  consists  of  an  amplifier, 
armature-controlled  motor,  gear  train,  and  load.  Closed- 
loop  operation  is  obtained  by  utilizing  proportional  and 
derivative  feedback.  The  gain  constants  KY  and  K2  are 
adjustable.  Armature  inductance  has  been  neglected. 


Figure  1. — Block  diagram  of  simple  positional  servo.  J,  inertia  of 
motor  rotor,  gears,  and  reflected  load;  B,  viscous  damping  of  motor 
and  reflected  load  referred  to  motor  shaft;  km,  constant  of  propor- 
tionality between  output  velocity  and  back  electromotive  force  (it 
includes  armature  resistance  and  gear  ratio  from  motor  shaft  to 
load). 


where  a set  of  three  parameters  a , b , and  c completely 
characterizes  the  system.  It  is  possible,  then,  to  view  the 
process  of  control  in  terms  of  these  parameters.  One  starts 
with  a parameter  set  (a,6,c)  defining  the  uncontrolled  system. 
A control  criterion  yields  an  optimum  parameter  set 
(a,b,c)0.  Control  (feedback  and/or  compensation)  is  intro- 
duced ideally  making  it  possible  to  adjust  (a}byc)  to  (atb,c)0. 
In  the  above  example  the  gain  constants  Kx  and  K2  afford 
this  adjustment. 

This  adjustment  of  the  coefficients  may  be  done  in  a con- 
tinuous or  a discontinuous  way.  In  reference  2 Schmidt  and 
Triplett  have  described  an  interesting  and  efficient  way  to 
vary  the  coefficients  of  a basically  linear  system  continuously. 

NONLINEAR  CONTROL 

TRANSITION  TO  NONLINEAR  CONTROL 

In  the  preceding  section  it  has  been  mentioned  that  the 
process  of  linear  control  of  second-order  sj^stems  may  be 
visualized  as  the  adjustment  of  the  parameter  set  (a,b,c)  to 
the  set  (a,6,c)0.  The  term  optimum  was  used  in  the  sense 
that  some  criterion  of  performance  was  approached  as  closely 
as  possible. 

It  still  seems  logical  in  the  transition  to  nonlinear  control  to 
hypothesize  control  through  parameters.  The  transition  is 
obtained  by  allowing  the  parameters  to  become  functions  of 
the  output  y(t)  and  the  input  x(t);  that  is, 

a->a(x,y) 

b-*b(x,y) 

c->c(z,y) 

The  mathematical  description  of  the  system  is  now 

a(*,y)  ^+b(x>y)  jj-+c(x>y)y=x(t)  (7) 

Without  knowing  the  specific  nature  of  the  functions  a(x7y)f 
b(x7y),  and  c(z,y)  it  may  be  seen  that  equation  (7)  is  a non- 
linear, inhomogeneous,  and/or  non  autonomous  differential 
equation.  Mathematically,  little  in  general  can  be  said 
about  the  solution  of  equation  (7)  given  the  function  set 
a(x,y),  b(x,y)}  and  c(x,y).  It  seems,  then,  even  more  hopeless 
to  attempt  a syn thesis  problem  which  involves  both  finding 
the  function  set  [ a(z,y ),  b(z,y ),  c(z,y)]0  for  a specified  control 
criterion  and  then  physically  realizing  the  system  described 
m a thematically. 
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NONUNEAR  CONTROL  THEORY 

One  analytical  attack  on  the  nonlinear  control-system- 
synthesis  problem  has  been  made  by  Fliigge-Lotz  and  Wunch 
(refs.  1 and  3 to  5).  They  suggested  varying  the  coefficients 
a,  b,  and  c,  not  continuously,  but  discontinuously.  That 
means  that  for  U<Ct<it2  there  is  one  set  of  coefficients,  for 
there  is  another  set  of  coefficients,  and  so  on.  The 
different  sets  of  coefficients  are  chosen  in  advance,  but  the 
times  if  for  change  from  one  set  to  another  are  determined 
by  the  value  and  the  decrease  or  increase  of  the  deviation 
(x-y).  In  other  words,  the  system  is  linear  in  any  interval 
ti<^t<C.ti+ 1,  but  is  nonlinear  in  the  whole.  The  transition  at 
any  switching  time  U occurs  with  continuous  values  of  y(t) 
and  dy/dt , but  discontinuous  values  of  ( d2y/dt 2). 


Phase-plane  techniques  were  used  for  studying  appropri- 
ate sets  of  coefficients  and  the  appropriate  dependence  of  the 
switching  times  on  the  deviations.3  The  authors  of  references 
1 and  3 to  5 succeeded  in  finding  a switching  rule  which 
assures  good  performance  in  a multitude  of  cases.  Their 
control  system  is  mathematically  described  in  the  following 
way: 

^ + 2Z*(l+0m)  ^+(1+7 n)y—^(r)  (8) 


e instantaneous  error,  e=(yd—y)  — (x—y) 
( )'=<*(  )/dr 


Actually,  equation  (8)  is  a normalized  form  of  the  control 
equation  derived  by  Fliigge-Lotz  and  Wunch.  However, 
the  notation  has  been  somewhat  changed.  See  appendix  B 
for  a comparison  of  notations  and  the  normalization  involved. 

The  subscript  convention  is 


03— 10  + 20 


73=17  + 27 


ft  =10  20 

01= 10  + 20=  — 02 

00=  10  20=  — 03 


72=17—27 

7i=  i7+27=  72 

7o=  i7  27=  73  ^ 


(9) 


PROPERTIES  OF  EQUATION  (8) 

The  following  properties  of  equation  (8)  are  noteworthy: 

(1)  Equation  (8)  is  a piecewise  linear  but  overall  nonlinear 
differential  equation. 

(2)  The  parameters  and  yn  are  stepwise  switching  func- 
tions of  time  (their  implicit  variable).  This  propert}7  is 
illustrated  in  figure  2. 

(3)  The  time  of  switching  and  the  particular  combination 
of  the  parameters  0m  and  yn  employed  at  any  instant  are 
explicit  functions  of  the  output  y and  the  input  x . Spe- 
cifically, they  are  determined  by  quantized  information 
derived  from  the  output,  output  derivative,  error,  and  error 
derivative,  namely,  the  sign  of  the  products  sgn  ( y'e ),  sgn 
(y'e'),  sgn  {ye),  and  sgn  (ye'). 

(4)  There  are  basically  16  m,n  subscript  combinations  and 
thus  16  pm,yn  parameter  combinations.  However,  a detailed 
study  of  property  (3)  shows  that  only  8 are  allowed.  The 
allowed  combinations  may  be 


or 


m=n=0,  1,  2,  3 
m^n 


where 

x(t)  input 

y(r)  output 

D linear  damping  factor  (when  fim=yn~0) 

t nondimension al  time  variable  normalized  with  re- 

spect to  co„;  that  is,  T—ojvt 

g)„  natural  frequency  of  undamped  linear  system, 

#=0m= 7»=0 

0m=  i0  sgn  (y'e)— 20  sgn  (y'e') 
m= 0,  1,  2,  3 

7 «=  i7  sgn  (ye)—2y  sgn  (ye') 


n=0,  1,  2,  3, 

10,20,17^7  positive  constants 


sgn  C/)  = 


JL_ 

i/r 


{ 


+ 1 for/>0 
-1  for/<0 


» For  details  the  reader  is  referred  to  references  1 and  3 to  5.  Reference  1 contains  the  ideas 
but  is  so  condensed  that  the  inquisitive  reader  will  find  it  useful  to  read  references  3 to  5,  of 
which  reference  5 is  probably  the  most  accessible.  Figure  3,  p.  12,  and  figure  30,  p.  70,  of 
reference  5 will  help  in  getting  acquainted  with  the  phase-plane  trajectory  of  an  output.  Some 
of  the  original  studies  are  described  again  later  in  the  present  paper  when  the  performance 
of  the  system  is  discussed. 


3 

The  reason  for  the  “exclusion  principle”  on  coefficient 
combinations  stems  from  a desire  to  obtain  mirrored-image 
outputs  for  mirrored-image  inputs;  that  is, 

ytm{T)  = —y{r) 

is  desired  when 

•Efm  +)  = x(t) 

(5)  The  control  criterion  that  was  employed  in  obtaining 
the  functional  dependence  of  0m  and  yn  was 

\ya-y \ = \x-y\  = \e\<t 

where  € is  a small  positive  quantity.  This  criterion  of  main- 
tenance of  small  instantaneous  error  between  desired  output 
and  actual  output  enabled  reduction  of  equation  (8)  to  the 
approximate  autonomous  differential  equation  (see  refs.  1 
and  3 to  5) 

y"  + 2D(l  + f3m)y'+yny=(x-y) 

~0  (10) 

Thus  phase-plane  techniques  could  be  employed  to  find  the 
functional  dependence  of  0m  and  yn. 


INVESTIGATION  OF  A NONLINEAR  CONTROL  SYSTEM 


1427 


(6)  Once  the  linear  damping  factor  D is  fixed  the  process 
of  control  is  obtained  by  switching  parameters  and  yn . 
Equation  (8)  consists  of  an  ensemble  of  eight  (see  property 
(4))  linear  differential  equations  with  constant  coefficients. 
The  process  of  control  may  be  visualized  as  the  switching 
from  one  member  of  the  ensemble  to  another.  This  switch- 
ing is  determined  by  quantized  information  derived  from  the 
input  and  output  (see  property  (3)).  From  another  point 
of  view  (consistent  with  the  approximation  described  in 
property  (5)),  the  output  y is  to  be  forced  to  satisfy  two 
conditions  simultaneously,  that  is,  both  sides  of  equation 
(10).  This  is  approximately  possible  by  switching  to 
various  /3m  and  yn  parameter  combinations  and  can  be 
visualized  as  the  process  of  switching  to  various  phase 
trajectories  of  equation  (10)  in  the  phase  plane  of  y'  against  y. 

DISCUSSION  OF  NONLINEAR  CONTROL 

In  the  section  entitled  “Transition  to  Nonlinear  Control” 
a logical  transition  to  nonlinear  control  systems  utilizing  the 
concept  of  control  through  parameters  is  suggested.  How- 
ever, mathematical  difficulty  hampers  the  development  of 
this  approach.  In  the  next  two  sections  a particular  non- 
linear control  theory  is  presented.  This  theory  constitutes 
the  first  step  in  the  synthesis  of  a nonlinear  control  system 
which  obtains  control  through  parameters.  Since  the  func- 
tional dependence  of  the  parameters  has  been  established, 
the  problem  is  reduced  to  finding  a set  of  five  (constant) 
parameters  (Z>, ijft,2/3,i7,27)0.  It  should  be  appreciated,  how- 
ever, that  even  the  optimization  of  this  five-parameter  set 
cannot  in  general  be  accomplished  analytical^  because  of 
the  overall  nonlinear  nature  of  the  problem. 

Aside  from  questions  on  the  analytical  optimization  of 
parameters  in  equation  (8),  there  are  equalty  important 
practical  questions  such  as: 

(1)  Can  a useful  control  system  that  is  described  by  the 

nonlinear  differential  equation  (eq.  (8))  be 
realized? 

(2)  If  the  system  is  realizable,  what  is  its  physical 

nature? 

(3)  If  the  system  is  realizable,  how  does  it  compare  in 

performance  and  complexity  with  a “good” 
second-order  linear  control  system? 

There  are  then  mathematical  difficulties  on  the  one  hand 
and  physical  difficulties  on  the  other.  The  mathematical 
difficulties  could  be  handled  by  numerical  methods  of  inte- 
gration of  the  differential  equation  (e.  g.,  utilizing  a digital 
computer).  However,  this  would  give  little  insight  into  the 
nature  of  a system  that  is  controlled  through  discontinuous 
variation  of  the  parameters  pm  and  yn.  It  has  been  found 
advantageous  to  investigate  the  physical  questions  first  and 
then  to  utilize  simulation  techniques  (analog  computer)  to 
investigate  the  analytical  properties  of  this  type  of  control. 

PHYSICAL  REALIZATION 

PHYSICAL  MODEL 

It  is  desirable  to  study  the  nature  of  a physical  control 
system  that  is  described  by  an  ensemble  of  eight  linear 
differential  equations  with  control  being  accomplished  by 


switching  from  one  member  of  the  ensemble  to  another. 
To  do  this,  equation  (8)  is  rearranged  as  shown  below: 

S+2fl|+S'=*M-(2^.f+w)  (ID 

or  in  operational  notation 

(p2+2Dp+l)y=x—  (2Dpmp+yn)y  (12) 

Forgetting  for  the  time  being  that  the  parameters  and 

yn  are  actually  functions,  one  interpretation  of  this  opera- 
tional equation  and  thus  of  equation  (8)  is  shown  in  figure  3. 


Figure  3. — Block  diagram  of  equation  (8)  assuming  that  (3m  and  yn 
are  constant  (denoted  by  encircling  dotted  line). 

Figure  3 can  be  modified  to  take  into  account  the  fact 
that  (3m  and  yn  are  stepwise  switching  functions  of  time, 
their  implicit  variable  (i.  e.,  pm  and  yn  can  each  take  on  four 
discrete  values).  This  is  shown  symbolically  in  figure  4. 
The  explicit  functional  dependence  of  the  parameters  and 
yn  has  not  yet  been  given  and  is  thus  indicated  as  a switch- 
ing logic  of  undefined  character. 


Figure  4. — Block  diagram  of  equation  (8)  taking  into  account 
stepwise  switching  nature  of  /3m  and  yn. 
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Utilizing  the  block  diagram  of  figure  4,  the  physical  inter- 
pretation of  the  nonlinear  control  system  described  by  equa- 
tion (8)  is  quite  straightforward.  This  system  consists  of: 

(1)  A linear  feedforward  portion.  This  portion  could  be 
a linear  control  system  in  itself  (e.  g.,  the  simple  position 
control  servo  of  figure  1 and  equation  (5)). 

(2)  A feedback  switching  circuit  comprised  of: 

(a)  Four  discrete  values  of  proportional  feedback  yn 
(two  positive  and  two  negative  as  shown  in  fig.  2) 

(b)  Four  discrete  values  of  derivative  feedback  2 Df$m 
(two  positive  and  two  negative  as  shown  in  fig.  2) 

(c)  A switching  logic  which  at  any  instant  determines 
the  particular  combination  of  derivative  and  propor- 
tional feedback  2D(3m,yn  employed. 


SWITCHING  LOGIC 


In  this  section  it  is  shown  that  digital-computer  techniques 
can  be  utilized  to  establish  the  switching  logic  for  the  feed- 
back switching  circuit  mentioned  in  the  previous  section. 

Kecall  that  the  parameters  j3m  and  yn  have  been  defined 
as  functions;  that  is, 


|3m=-i0  sgn  (y'e)—20  sgn  ( y'e ') 
?r=0,1,2,3 

7*=  — iT  sgn  (ye)—2y  sgn  (ye') 
»= 0,1, 2,3 


(13) 


where  the  subscript  convention  has  been  given  by  equations 
(9).  Equations  (13)  determine  the  switching  logic.  Thus, 
for  example,  jS3  is  chosen  when  (y'e)<^ 0 and  (y'e 'X0  and  y0 
is  chosen  when  (ye)^> 0 and  (ye')^> 0,  so  that  the  combination 
/337o  is  chosen  when  (y'e)<( 0,  (t/V)<0,  (ye)> 0,  and  (ye')>0. 
At  this  point  it  appears  necessary  to  form  the  products 
ye , ye',  y'e , and  y'e'  and  then  to  find  the  sign  of  these  prod- 
ucts in  order  to  establish  the  switching  logic.  Physically, 
however,  the  process  of  multiplication  is  to  be  avoided  if 
possible.  That  there  is  a possibility  of  avoiding  multiplica- 
tion may  be  gleaned  by  realizing  that 

sgn  (a&)  = sgn  (a)  sgn  ( b ) 


since 

ab  __  a b_ 

\ab\~\a\  |6| 

Thus  equations  (13).  may  be  rewritten  as 

An=-sgn  (?/)[i/3  sgn  (e)+2/3  sgn  (e')] " 
7n  = 0,l,2,3 

7n=—  sgn  U/)[ lY  Sgn  (e)+2y  sgn  )e')} 
77=0,1,2,3 


(14) 


7o  is  chosen  when 

y> 0,  e>0,  e'>0 

or  when 


t/<0,  £<0,  e'<0 

so  that  the  combination  033,yo)  is  chosen  when 

y> 0,  y'< o,  *>o, 6'>o 

or  when 

‘ y< o,  y'>o,  e<o,  6r<o 


From  this  example  it  can  be  seen  that  it  is  not  necessary  to 
find  the  signs  of  products  but  rather  that  it  is  sufficient  to 
find  separately  the  signs  of  y,  y' , e,  and  e' . 

Since  the  sign  of  a variable  is  quantized  binary  information 
of  the  variable,  it  is  convenient  to  utilize  digital-computer 
techniques  to  further  the  switching  logic.  This  may  be  done 
as  follows: 

Let  the  convention  be  adopted  that  ?/> 0 be  represented 
by  0 (binary  zero),  y<^0  be  represented  by  1 (binary  one), 
and  similarly  for  7/',  e,  and  e'.  If  the  ordered  sequence  is  now 
established  as 

(y,  y\  e,  e') 

four-digit  binary  logic  may  be  employed  to  encode  equation 
(14).  In  particular,  a binary  coded  decimal  may  be  used 
(see  table  1). 

It  was  mentioned  in  property  (4)  of  the  section  “Properties 
of  Equation  (8)”  that  not  all  of  the  16  possible  fim,yn 
parameter  combinations  were  allowed  under  their  definition. 
This  was  termed  an  exclusion  principle  on  the  allowed  coeffi- 
cient combinations.  One  of  the  advantages  of  the  suggested 
binary  coding  scheme  of  table  1 is  that  this  exclusion  principle 
is  built  into  the  code.  To  understand  this,  consider  the 
example  of  the  combination  /5?3y0  given  previously.  In  the 
code  language  /33y0  is  chosen  when  the  binary  number  0100 
or  1011  occurs.  What  is  implied  by  this  example  is  that  a 
binary  number  and  its  complement  must  be  identical  (i.  e., 
0000  = 1111,  0111  = 1000)  as  far  as  the  switching  logic  is 
concerned.  Thus  out  of  the  16  possible  four-digit  binary 
numbers  only  the  first  8 are  unique.  That  is,  in  counting 
from  0 to  7 in  a binary  coded  decimal,  if  complements  are 
included  then  so  are  the  other  8 possibilities,  8 to  15  (see 
table  1). 

The  allowed  pm7yn  parameter  combinations  along  with  the 
encoded  logic  of  table  1 are  summarized  in  matrix  form  in 
table  2.  Examples  are  given  to  illustrate  the  meaning  of 
the  table.  In  general  the  allowed  subscript  combinations 
are 

ra=77=0,  1,  2,  3 
or 

m^n 
737  + 77=3 

REALIZATION  COMPLETED 


Again  the  subscript  convention  is  defined  by  equations  (9). 

Thus,  utilizing  equations  (13),  for  example,  /?3  is  chosen 
when 

7/'>0,  <0,  e'<0 

or  when 

y’< o,  *>o,  *'>o 


Now  that  equation  (14)  has  been  successfully  interpreted 
(encoded)  in  binary-logic  form  (table  2),  the  realization  of  a 
feedback  switching  circuit  utilizing  this  encoded  logic  is  a 
typical  digital-computer  switching-circuit  problem.  As  is 
characteristic  of  any  synthesis  process  there  will,  in  general, 
be  many  ways  to  design  this  feedback  switching  circuit. 


INVESTIGATION  OF  A NONLINEAR.  CONTROL  SYSTEM 


Figure  5. — Block  diagram  showing  complete  physical  interpretation 
of  equation  (8).  CD,  zero-coincidence  detectors. 

The  block  diagram  of  figure  5 shows  one  design  that  com- 
pletes the  physical  interpretation  of  equation  (8)  along  the 
lines  started  in  figures  3 and  4. 

In  figure  5 the  feedback  switching  circuit  consists  of: 

(1)  The  four  discrete  values  of  both  derivative  and  propor- 
tional feedback  2Dfim,yn 

(2)  A relay  switching  circuit  that  connects  the  proper 
feedback  combination 

(3)  Zero-coincidence  detectors  CD  that  drive  the  banks  of 
rela37'S  to  one  position  or  the  other  depending  upon  the  signs 
of  the  sensed  variables 

It  should  be  noted  that,  depending  upon  the  application, 
other  forms  of  sign-sensing  devices  and  other  switching  de- 
vices such  as  diodes,  transistors,  electronic  switches,  and/or 
magnetic  amplifiers  could  be  employed  to  obtain  other  reali- 
zations of  equation  (8).  In  any  case  the  following  properties 
are  basic  to  any  realization: 

(1)  The  signs  of  the  four  variables  y,  y'}  e , and  e'  are 
sensed.  This  may  be  thought  of  as  the  process  of  “reading 
in”  the  four-digit  binary  logic  of  table  1. 

(2)  On  the  basis  of  the  24  possible  binary  decisions  the  re- 
quired feedback  combinations  2 Dpm,yn  as  defined  in  table  2 
are  connected  around  a linear  second-order  member. 

It  is  important  to  stress  that  the  only7  types  of  nonlinear 
operations  required  in  the  realization  of  this  nonlinear  con- 
trol system  are  switching-type  operations.  In  addition,  all 
the  switching  is  to  be  performed  in  feedback  paths,  which 
means  that  the  switching  can  be  done  at  low  electronic 
power  levels.  These  practical  features  are  definite  design 
advantages.  Thus,  in  summary,  it  can  be  said  that  this 
type  of  nonlinear  control  system  is  not  only  physically 
realizable  but  also  practical  from  an  instrumentation  stand- 
point. 

EXPERIMENTAL  VERIFICATION  OF  NONLINEAR  CONTROL 

THEORY 

DISCUSSION  OF  SIMULATION  TECHNIQUES 

Simulation  techniques  were  chosen  as  an  experimental 
mode  of  investigation  of  performance  of  the  nonlinear  con- 
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trol  system  realized  from  equation  (8).  These  techniques 
offer  the  following  advantages : 

(1)  Proximity  to  the  actual  control  system.  This  means 
that  the  same  practical  features  with  regard  to  instrumenta- 
tion (see  the  section  entitled  “Realization  Completed”)  are 
exploited  to  fullest  advantage.  Thus,  just  as  in  the  actual 
system,  the  only  nonlinear  device  required  for  the  simulated 
model  is  a binaiy  logic  feedback  switching  circuit  (see  ap- 
pendix C for  details).  The  linear  portion  of  the  system  is 
simulated  on  an  analog  computer.  Here  the  only  operations 
required  are  summations,  two  integrations,  and  one  dif- 
ferentiation. These  are  all  operations  which  an  analog 
computer  does  well.  It  can  be  said  then  that  the  accuracy 
to  which  the  simulated  model  simulates  equation  (8)  de- 
pends primarily  upon  the  realized  feedback  switching  cir- 
cuit. The  most  essential  type  of  imperfection  to  be  ex- 
pected in  this  switching  circuit  is  time  delay  in  switching. 
Exactly  the  same  type  of  imperfection  will  be  met  in  the 
physical  control  system.  Thus  there  will  be  more  nearly  a 
one-to-one  correspondence  between  the  simulated  model  and 
the  actual  system  than  between  either  and  equation  (8). 

(2)  Convenience  in  experimental  investigation.  In  order 
to  characterize  the  output  y of  the  nonlinear  system  com- 
pletely, a set  of  five  parameters 

(D,  ,0,  20,  ty,  2y) 

and  the  input  x must  be  specified.  In  the  performance 
evaluation  of  the  system  it  is  necessary  to  be  able  to  vary 
these  characterizing  quantities  conveniently.  Simulation 
techniques  allow  this. 

PRESENTATION  OF  EXPERIMENTAL  RESULTS 

Figures  6 to  17  present  experimental  results  obtained  from 
the  simulation  studies  of  equation  (8).  Briefly,  the  results 
are  presented  as  follows: 

Figures  6 to  12  compare  the  responses  (output  y and  error  e) 
of  the  nonlinear  system  with  that  of  a linear  system  for 
various  classes  of  inputs  %.  (In  comparing  the  linear  and 
nonlinear  responses  it  will  be  noted  that  there  is  not  exact 
synchronism  of  events  because,  with  the  available  experi- 
mental facilities,  it  was  necessary  to  obtain  the  two  responses 
separately.)  The  linear  system  utilized  is  that  which  con- 
stitutes the  feedforward  member  of  the  nonlinear  system 
corresponding  to  the  case  where  0m=y„=O.  The  nonlinear 
system  for  figures  6 to  15  is 

03=  — 00  — 2 

02 — ■ 0i =r  0 . 5 
73=— 70=2 
72—  — 7i  = 0.5 

Figure  6 compares  the  system  responses  to  sinusoidal 
inputs  and  figure  7 shows  the  responses  to  triangular-wave 
inputs.  A partially  integrated  square  wave  x(t)  is  defined 
as  the  output  of  a first-order  linear  system  characterized  by 
the  transfer  function  H(p)  = l/(ap-\-l),  when  the  input 
Xi(t)  is  a square  wave.  The  responses  of  linear  and  non- 
linear systems  to  this  type  of  input  are  given  in  figure  8. 
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(a)  Nonlinear  system;  !)  = <*>/ a>„  = 0.1  to  0.4  in  0.1  steps. 

(b)  Linear  system;  12  = 0.1  to  0.4  in  0.1  steps. 

(c)  Nonlinear  system;  12  = w/a>,,=0.5  to  0.8  in  0.1  steps. 

(d)  Linear  system;  Q = co/w„=0.5  to  0.8  in  0.1  steps. 

(e)  Nonlinear  system;  12  = «/co„=  1.0  to  2.0  in  0.2  steps. 

(f)  Linear  system;  12= a>/w,=  1.0  to  2.0  in  0.2  steps. 

Figure  6. — Linear  and  nonlinear  system  responses  for  20-volt  peak-to-peak  sinusoidal  inputs  with  frequency  12  varied.  D=0.G;  2.5  small  divisions 
on  time  scele=l  normalized  time  unit;  tick  marks  at  bottom  of  figures  indicate  when  frequency  wrs  varied. 


INVESTIGATION  OF  A NONLINEAR  CONTROL  SYSTEM 
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(a)  Nonlinear  system;  il  = 2w/T=0. 1 to  0.4  in  0.1  steps. 

(b)  Linear  system;  U = 2tt/T=0.\  to  0.4  in  0.1  steps. 

(c)  Nonlinear  system;  fi  = 2ir/T=0.5  to  0.8  in  0.1  steps. 

(d)  Linear  system;  12  = 2w/T=0.5  to  0.8  in  0.1  steps. 

(e)  Nonlinear  system;  U = 2w/T=\.0  to  2.0  in  0.2  steps. 

(f)  Linear  system;  SI  = 2*/T=  1.0  to  2.0  in  0.2  steps. 

Figure  7. — Linear  and  nonlinear  system  responses  to  20-volt  peak-to-peak  triangular- wave  inputs  with  period  T varied.  D=0.6;  2.5  small  divisions 
on  time  scale=l  normalized  time  unit;  tick  marks  at  bottom  of  figures  indicate  when  periods  were  varied. 


526597—60 92 
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(a)  Nonlinear  system;  a= 4 and  2.  Tick  mark  at  bottom  of  figure  indicates  when  a was  varied. 

(b)  Linear  system;  a = 4 and  2.  Tick  mark  at  bottom  of  figure  indicates  when  a was  varied. 

(c)  Nonlinear  system;  a=l  and  0.5.  Tick  mark  at  bottom  of  figure  indicates  wrhen  a was  varied. 

(d)  Linear  system;  «=1  and  0.5.  Tick  mark  at  bottom  of  figure  indicates  when  a wras  varied. 

(e)  Nonlinear  and  linear  systems;  a = 0.  Tick  mark  at  bottom  of  figure  indicates  demarcation  between  nonlinear  and  linear  systems. 

Figure  8. — Linear  and  nonlinear  system  responses  to  20-volt  peak-to-peak  partially  integrated  square-wave  input.  D=0.6;  2.5  small  divisions 

on  time  scale  =1  normalized  time  unit. 


The  responses  of  the  systems  to  small  sinusoidal  inputs  are 
given  in  figure  9.  Figure  10  gives  the  responses  to  clipped 
sinusoidal  inputs.  Figure  11  shows  the  response  of  the 
nonlinear  system  to  sinusoidal  inputs  that  have  been  dis- 
placed with  a direct-current  component.  Figure  12  shows 
the  responses  of  linear  and  nonlinear  systems  to  a triangular- 
wave  input  whose  periods  and  amplitudes  are  randomly 
modulated. 

Figures  13  to  15  deal  with  the  effects  of  imperfections  that 
are  likely  to  be  encountered  in  the  actual  control  system. 
Figure  13(a)  gives  the  results  and  data  of  an  experimental 
investigation  on  the  effects  of  switching  delays  due  to 


threshold  in  sensing  the  sign  of  the  error,  sgn  ( e ) for  a tri- 
angular-wave input.  The  experimental  results  for  a con- 
stant 9-volt  input  (see  fig.  13(b))  are  given  below: 

Threshold,  mv 14  26  36  44 

Peak-to-peak  error,  mv 44  124  220  290 

Figure  14  show's  the  effects  of  placing  progressively  smaller 
limits  on  the  acceleration  of  the  nonlinear  control  system. 
For  each  value  of  yn  limit  considered,  the  output,  output 
derivative,  output  acceleration,  and  instantaneous  error 
are  shown.  The  effects  of  a velocity  limit  on  performance 
of  the  nonlinear  and  linear  systems  are  compared  in  figure  15. 
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(a)  Nonlinear  system;  12  = W/W„=0.1  to  0.4  in  0.1  steps. 

(b)  Linear  system;  S2  = a>/w,=0.1  to  0.4  in  0.1  steps. 

(c)  Nonlinear  system;  I2  = w/a)„=0.5  to  0.8  in  0.1  steps. 

(d)  Linear  system;  fl  = w/w„=0.5  to  0.8  in  0.1  steps. 

(e)  Nonlinear  system;  I2  = w/«,=  1.0  to  2.0  in  0.2  steps. 

(f)  Linear  system;  12  = w/w,=  1.0  to  2.0  in  0.2  steps. 

Figure  9. — Linear  and  nonlinear  system  responses  to  4-volt  peak-to-peak  sinusoidal  inputs  with  frequency  il  varied.  D= 0.6;  2.5  small  division 
on  time  scale  =1  normalized  time  unit;  tick  marks  at  bottom  of  figures  indicate  when  frequency  was  varied. 


1434 


REPORT  1391 — NATIONAL  ADVISORY  COMMITTEE  FOR  AERONAUTICS 


(a)  Nonlinear  system;  ft  = w/a>„  = 0.1  to  0.4  in  0.1  steps. 

(b)  Linear  system;  ft  = w/w,= 0.1  to  0.4  in  0.1  steps. 

(c)  Nonlinear  system;  ft  = «/<*>„= 0.5  to  0.8  in  0.1  steps. 

(d)  Linear  system;  ft  = u/w,= 0.5  to  0.8  in  0.1  steps. 

(e)  Nonlinear  system;  ft  = w/a>„=1.0  to  2.0  in  0.2  steps. 

(f)  Linear  system;  ft  = w/wr=1.0  to  2.0  in  0.2  steps. 

Figure  10. — Linear  and  nonlinear  system  responses  to  20-volt  peak-to-peak  sinusoidal  inputs  with  frequency  ft  varied  that  are  clipped  symmetri- 
cally at  ±6  volts.  D= 0.6;  2.5  small  divisions  on  time  scale=l  normalized  time  unit;  tick  marks  at  bottom  of  figures  indicate  when  frequency 
was  varied. 
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(a)  SI=<a)/u),=0.  1 to  0.4  in  0.1  steps. 

(b)  U—u/o3P  = 0.o  to  0.8  in  0.1  steps. 

Figure  11. — Nonlinear  system  responses  of  20-volt  peak-to-peak 
sinusoidal  input  with  frequency  Q varied  that  has  been  displaced  by 
— 10  volts  (direct-current  component)  for  obtaining  osculation. 
D = 0.6;  2.5  small  divisions  on  time  scale=l  normalized  time  unit; 
tick  marks  at  bottom  of  figures  indicate  when  frequency  was  varied. 


Figure  16  presents  the  responses  of  some  special  cases 
of  the  nonlinear  system  (special  with  respect  to  the  choice 
of  the  and  yn  parameter  values).  In  this  figure  the 
system  responses  to  a triangular-wave  input  are  given  for 
four  different  parameter  sets.  The  parameters  pertinent 
to  these  results  are  listed  in  table  3 for  easy  reference. 

Figure  17  gives  the  response  of  the  nonlinear  system  pos- 
sessing a low  linear  damping  factor  Z?=0.1.  The  responses 
are  for  a triangular-wave  input  whose  frequency  was  varied 
in  the  same  manner  as  that  of  figures  7(a)  and  7(c). 

Detailed  discussions  of  these  results  are  given  in  the 
section  entitled  “Discussion  of  Results. ” 

DISCUSSION  OF  RESULTS 

PERFORMANCE  EVALUATION  OF  SINUSOIDAL  INPUTS 

To  complete  the  synthesis  of  the  nonlinear  control  system 
that  has  been  derived  from  equation  (8),  it  is  necessary  to 
choose  the  magnitudes  of  the  parameters  that  characterize 
the  system,  that  is,  (Z>, i0, 2/8,17,27)  or  (Z?, ft, ft, 7 3,72).  It  is 
expected  that  the  performance  of  the  system  depends  on 


Figure  12. — Linear  and  nonlinear  system  responses  for  triangular- 
wave  input  whose  period  and  amplitude  are  randomly  modulated. 
D=0.6;  1 small  division  on  time  scale  =1  normalized  time  unit. 


(a)  Nonlinear  system  response  to  triangular-wave  input  with  period 
varied  as  in  figure  7 (a).  /)  = 0.6;  tick  marks  at  bottom  of  figure 

indicate  when  period  was  varied.  Threshold  in  sensing  sgn  e was 
44  millivolts. 

(b)  Constant  input  x(r)  was  9 volts. 

Figure  13. — Effects  of  switching  delays  due  to  threshold  in  sensing 

sgn  e. 
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(a)  Nonlinear  system;  no  y " limit. 

(b)  Nonlinear  system;  ± 12-volt  y"  limit. 

(c)  Nonlinear  system;  ± 9-volt  y"  limit. 

(d)  Nonlinear  system;  ±7J-volt  y"  limit. 

(e)  Nonlinear  system;  ± 6-volt  y " limit. 

(f)  Nonlinear  system;  ±4J-volt  y"  limit. 

Figure  14. — Nonlinear  system  responses  to  20-volt  peak-to-peak  sinusoidal  input  with  varying  acceleration  limits.  Z>=0.6;  ft=w/co,=0.5; 

2.5  small  divisions  on  time  scale=l  normalized  time  unit. 


the  choice  of  these  parameters.  For  studying  their  in- 
fluence, simulation  techniques  proved  to  be  very  convenient. 
Experimental  results  were  given  in  figures  6 to  12  where 
the  response  (output  y and  error  e)  of  the  nonlinear  system 
was  compared  with  the  response  of  a linear  system  for  a 
variety  of  inputs.  This  gives  the  possibility  of  establishing 
the  properties  of  the  nonlinear  system  not  only  by  itself  but 
also  with  respect  to  a linear  standard.  The  linear  system 
employed  for  this  purpose  was  that  which  constitutes  the 
feedforward  member  of  the  nonlinear  system  (i.e.,  pm— y„=0). 


These  experiments  allow  parameter  values  for  good  per- 
formance of  the  nonlinear  system  to  be  found.  Analytical 
and  practical  considerations  that  aid  in  the  optimization  are 
treated  later  in  the  section  entitled  “Choice  of  Parameter 
Values.” 

The  sinusoidal  responses  of  the  nonlinear  and  linear  systems 
are  compared  in  figure  6.  Here,  the  frequency  range  con- 
sidered was  0.1^  12=60/0^  ^ 2.  The  peak-to-peak  input  ampli- 
tude was  20  volts.  These  results  show  that  the  nonlinear 
system  reproduced  the  sinusoidal  inputs  up  to  the  frequency 
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fa)  Nonlinear  system, 
(b)  Linear  system. 


Figure  15. — Linear  and  nonlinear  system  responses  to  20-volt  peak-to-peak  sinusoidal  input  with  ±4i-volt  velocity  limit.  D = 0.6;  H = 2tt /T= 

0.5;  2.5  small  divisions  on  time  scale  =1  normalized  time  unit. 


12=1.4  with  virtually  no  instantaneous  error  when  com- 
pared with  that  of  the  linear  system.  For  higher  frequencies 
the  error  for  the  nonlinear  system  increased  rapidly  to  the 
same  order  of  magnitude  as  that  of  the  linear  system. 

Substantially  the  same  comparative  performance  was 
displayed  by  the  two  systems  when  the  input  was  a smaller 
(4-volt  peak-to-peak)  sinusoid  as  is  shown  in  figure  9. 

Figure  1 1 gives  the  response  of  the  nonlinear  system  to  a 
20-volt  peak-to-peak  osculating  sinusoid  over  the  frequency 
range  0.1  ^12  ^0.8.  This  is  a severe  type  of  input  for  the 
nonlinear  system  since  both  x and  x’  simultaneously  go  to 
zero.  This  implies  that  y and  y'  are  also  small  so  that  in 
equation  (8)  the  discontinuous  variations  of  the  parameters 
Pm,7n  cannot  be  so  effective  in  determining  the  acceleration 
y",  since 

y"=x—  [2D(l+0m)y'  + (l+yn)y]  (15) 

From  the  figures  it  is  seen  that  the  nonlinear  system  did  have 
some  difficulties  near  the  osculating  regions;  further,  the 
peak  error  increased  as  the  frequency  was  increased  (see 
appendix  D).  As  might  be  expected  from  equation  (15) 
this  error  for  small  values  of  y and  y ' can  be  reduced  by 
increasing  the  magnitudes  of  the  parameters  (this  will  be 
discussed  in  more  detail  in  the  section  entitled  “Choice  of 
Parameters”).  At  any  rate,  by  comparison,  the  error  for 
the  present  system  is  always  less  than  that  of  the  linear 
system  of  figure  6.  (In  the  linear  realm,  error  is  independent 
of  a shift  in  the  direct-current  level  of  the  input.) 

Taken  collectively,  the  20-volt,  the  4-volt,  and  the  oscu- 
lating 20-volt  sinusoidal  inputs  tend  to  form  a more  realistic 
appraisal  of  the  nonlinear  system  performance  than  does  a 
single  input  amplitude.  There  is  still  much  that  can  be 
learned  from  a detailed  study  of  these  three  responses,  but 
first  it  is  desirable  to  obtain  some  sort  of  a quantitative  com- 
parison between  the  nonlinear  and  the  linear  system  per- 
formance. One  such  comparison  can  be  made  as  follows: 

(1)  Assume  that  the  input  to  both  systems  x(t)  is,  and 
has  been  for  a long  time,  a 4-volt  peak-to-peak  sinusoid  of 
frequency 

12  = co/a>„  = 0.1 

so  that  as  far  as  the  linear  system  is  concerned  this  is  a 
steady-state  alternating-current  input. 


(2)  Determine  how  much  the  band  width  or  the  natural 
frequency  o>„  of  the  linear  system  must  be  increased  in  order 
that  the  time  average  of  the  magnitude  of  the  instantaneous 
error 

n « r/a  I I / 

|e|=2^Jo  leldT 

for  the  linear  system  be  reduced  to  that  value  given  by  the 
nonlinear  system. 

Here  it  is  easy  to  show  that  for  the  low-frequency  steady- 
state  alternating-current  case 

= 4 D 

Mnn«—  GkU  (16) 

7T 

For  an  input  x=\x\maxeitlT  the  steady-state  error  is  given  by 

.A,— iH»u(i— 1+ifl^_ 


or 

but 


For  small  values  of  12  this  equation  yields 

e*>\z\mJl-(l-iQ2D+  . . .)]*<0r 
«l4««(in2  D)eiQr 

I & | max  ~ 2D  12  { X j max 


therefore 


pi  un=\  r 

T Jo 


jel^sin  Or(/Or=-|«| 


l«U*—  on, 

7 r 


(17) 


For  the  given  system  and  input 


Rh„«0.15 


For  the  nonlinear  system  and  the  same  input  (approximate 
calculation  from  the  much  larger  and  clearer  original  of 
fig.  9 (a)) 


Thus, 


|^|  nonlin  — 0.01 


l in 


Now  from  equation  (17),  since  !2=co/a>„,  it  is  seen  that  in 
order  to  reduce  \e\un  by  this  factor  of  15,  co„  must  be  in- 
creased by  the  same  factor. 
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Figure  16. — Responses  of  nonlinear  system  with  four  different  para- 
meter sets  to  a 20-volt  peak-to-peak  triangular-wave  input  with 
fixed  period  T=10tt.  D = 0.6;  2.5  small  divisions  on  time  scale  = 
1 normalized  time  unit;  tick  marks  at  bottom  of  figures  indicate 
demarcation  between  systems.  For  systems'  numbering  see  table  3 


(a)  Complete  system  1 and  system  with  no  derivative  feedback  2. 
System  1:  03=  — 0o=2;  02=  — 0i  = O.5;  73=—  70=2;  72=— 7i  = 0.5. 
System  2:  03  = — 0o=O;  #2  — — 0i  = O;  73= — yo=2;  72= — 71  = 0.5. 

(b)  System  with  no  e ' sensing  3 and  system  with  no  e sensing  in  deri- 
vative feedback  loop  and  no  e'  sensing  in  proportional  feedback 
loop  4. 

System  3;  03  = — 0o=2;  02=  — 0i  = 2;  73= — yo—  2 ; 72= — 71 = 2. 
System  4:  03=  — 0o=2;  02=  — 0i=  — 2;  73—  — 70=  2;  72=—  71  = 2. 

(c)  Complete  system  5 and  system  with  no  derivative  feedback  6. 
System  5:  /33=  — ^0=  10;  02=-0i=l;  73=— 70=  10;  72=— 7i=l- 
System  6:  03  = — /So— 0;  02  = — 0j  = O;  73= — yu=  10;  72= — 71=  1. 

(d)  System  with  no  e'  sensing  7 and  system  with  no  e sensing  in  deri- 
vative feedback  loop  and  no  e'  sensing  in  proportional  feedback 
loop  8. 

System  7 : 03  = — 0o=  10;  02= — 0i  = 10;  73= — 70=  10;  72= — 71  = 10. 
System  8:  03=  — 0O=  10;  02=  — 0i  = — 10;  73=  —70=  10;  72=  —71=  10. 

Figure  16. — Continued. 


In  the  example  of  the  linear  control  system  of  figure  1 and 
equation  (5)  this  increase  in  by  a factor  of  15  would  mean 
that  the  gain  Kx  must  be  increased  by  the  order  of  magnitude 
of  (15)2  since 


K\km  / \2 

— j-=(cc,)2 

The  gain  Iu  must  be  increased  by  an  order  of  magnitude  of 
15  if  the  value  of  D shall  not  change.  Such  an  increase  in 
the  loop  gains  is  frequently  not  at  all  physically  possible. 


(a)  Q = 2ir/T=0A  to  0.4  in  0.1  st6ps. 

(b)  n=27r/T=0.5  to  0.8  in  0.1  steps. 

Figure  17. — Nonlinear  system  responses  to  20-volt  peak-to-peak 
triangular-wave  input  with  period  T varied.  Z)  = 0.1;  03=  — 0O=  12; 
/S2=  — 0i  = 3;  73=— 7o=2;  72=—  71  — 0.5;  2.5  small  divisions  on  time 
scale=l  normalized  time  unit;  tick  marks  at  bottom  of  figures 
indicate  when  period  was  varied 
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Up  to  this  point  little  attention  has  been  given  to  the 
detailed  nature  of  the  nonlinear  system  response.  Closer 
inspection  of,  for  example,  figures  6 (a)  and  6 (c)  shows  that 
the  output  y is  a function  that  links  serpentine  fashion 
(oscillates)  at  a very  high  rate  about  the  input  x,  but  still 
the  magnitude  of  the  error  is  small.  In  fact,  it  is  necessary 
to  inspect  the  error  at  a scale  20  times  larger  than  that  of 
the  output  even  to  notice  this  phenomenon.  Mathemati- 
calty  this  means  that  the  functions  x and  y approach  one 
another  closely  but  that  their  derivatives  differ  appreciably. 
Physically,  however,  this  is  not  at  all  undesirable  as  long  as 
the  magnitude  of  the  error  is  small.  (Actually  for  mechanical 
systems  this  property  would  be  useful  in  preventing  static 
friction.)  This  fine-grained  oscillating  character  of  y is  the 
very  essence  of  the  nonlinear  control  theory.  Every  time 
the  error  or  error  derivative  goes  through  zero  the  parameter 
set  0m,yn  of  equation  (8)  changes  discretely  as  defined  in 
equations  (13)  or  by  the  binary  logic  of  table  2.  The  discrete 
changes  in  the  parameters  cause  discontinuities  in  the  second 
derivative  y" , which  when  integrated  twice  give  y its  serpen- 
tine character.  To  illustrate  this  point,  the  sketch  of  figure 
18  shows  samples  of  the  superposed  input  and  output  of  the 
nonlinear  system.  The  input  in  this  case  could  be  that  of 
figure  6 (a)  or  9 (a). 


Circle  (a)  in  figure  18  is  a typical  cycle  of  the  oscillating 
character  of  the  output  y . Commencing  at  r0,  the  error 
changes  sign  at  r0,  the  binary  number  0011  is  “read  into” 
the  feedback  switching  circuit  of  figure  5,  and  using  the 
notation  of  table  2 the  parameter  combination  /3373  is  switched 
into  the  circuit.  This  causes  an  immediate  reversal  in  the 
sign  of  the  output  acceleration  y" , so  that  at  time  tx  the 
error  derivative  changes  sign,  the  binary  number  0010  is 
read  in,  and  the  parameter  combination  Am  is  switched  into 
the  circuit;  acceleration  is  still  in  the  same  direction  but 
weaker.  At  time  r2  the  error  again  changes  sign,  the  binary 
number  0000  occurs,  and  the  combination  Am  is  switched 
into  the  circuit;  acceleration  is  in  the  opposite  direction. 
At  time  r3  the  error  derivative  changes  sign,  the  binary 


number  0001  occurs,  and  A71  is  switched  in;  this  reduces 
the  acceleration  until  at  time  t4  the  error  again  changes 
sign,  0011  occurs,  /33y3  is  again  switched  in;  the  cycle  is 
complete.  Although  it  was  not  mentioned  at  the  time, 
figure  2 shows  this  sequence  of  /3m,yn  combinations.  The 
nature  of  the  acceleration  resulting  from  the  switching  can 
be  seen  in  figure  14  (a). 

The  comparable  switching  cycle  for  0 and  ?/'< 0 as 
shown  in  circle  (b)  of  figure  18  is: 

Logic  Parameters  . 

0111  Am 

0110  At2 

0100  ft  to 

0101  & 7i 

0111  A 73 

Similarly,  for  y<C  0 and  y'<i  0 as  shown  in  circle  (c)  of  figure 
18: 

Logic  Parameters 

1100  Am 

1101  Am 

mi  Am 

1110  Am 

1100  Am 

This  is  the  mirror-image  switching  cycle  for  circle  (a)  (see 
propert}r  (4)  in  the  section  “Properties  of  Equation  (8)”  and 
also  the  discussion  in  the  section  “Switching  Logic”). 

Finally,  for  y< 0 and  y'^> 0 as  in  circle  (d)  of  figure  18: 

Logic  Parameters 

1000  Am 

1001  At2 

1011  fty0 

1010  Am 

1000  Am 

This  is  the  mirror-image  switching  cycle  for  circle  (b). 

With  this  insight  into  the  detailed  behavior  of  the  non- 
linear system  more  information  can  be  obtained  from  the 
experimental  sinusoidal  responses  of  figures  6,  9,  and  11  that 
have  up  until  now  been  treated  from  a macroscopic  rather 
than  microscopic  viewpoint.  Along  these  lines,  the  following 
experimentally  observed  facts  are  noteworthy: 

(1)  In  comparing  the  errors  for  the  4-volt  and  the  20-volt 
peak-to-peak  sinusoidal  inputs  in  the  frequency  range  of 
good  reproduction  0.1  ^ 12^  0.8,  it  is  seen  that: 

(a)  The  magnitudes  of  the  errors  are  nearly  the  same  (see 
figs.  6 (a)  and  6 (c)  and  9 (a)  and  9 (c)). 

(b)  The  period  of  the  error  is  generally  smaller  in  the 
larger  amplitude  case.  This  is  even  more  pronounced  if  the 
4-volt  peak-to-peak  case  is  compared  with  figure  11  for  y 
in  the  region  of  —20  volts. 

(2)  Good  reproduction  is  characterized  by  many  e and  e' 
switchings  (see  fig.  18)  per  cycle  of  the  input.  As  input 
frequency  is  increased  and  the  upper  limit  of  small  error  is 
reached  (fig.  6 (e)  and  9 (e))  the  e and  e'  switchings  become 
more  infrequent  until  there  are  finally  only  two  of  each  per 
cycle  of  the  input. 
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The  fact  that  the  period  of  the  error  is  smaller  for  larger 
inputs  can  be  gleaned  from  equation  (8)  when  it  is  rearranged 
as 

y"= -[20(1  +0m)y'  + yny]  + (x-y) 

or  roughly 

y''~-[2D(l+fim)x'+ynz}  (18) 

For  a s}'stem  with  specified  $m,yn  parameter  values,  the  larger 
input  and  input  derivatives  will  give  stronger  discontinuities 
in  yn  as  the  pm)yn  combinations  change.  This  implies  that 
Pm, yn  will  change  more  often  making  the  period  of  the  error 
smaller.  See  figure  14  (a)  for  the  justification  of  the  approxi- 
mations in  equation  (18)  since  y , y',  y ",  and  x are  shown  in 
this  figure.  (The  input  x was  sketched  in  by  hand.) 

In  the  frequency  range  of  good  reproduction  the  reason 
that  the  magnitude  of  the  error  is  virtually  independent  of 
the  input  amplitude  cannot  be  explained  from  equation  (8) 
since  this  fact  is  intimately  tied  in  with  the  imperfections 
in  the  feedback  switching  circuit  (see  section  entitled 
“Effects  of  Switching  Imperfections”  for  details).  As 
measured  from  the  experimental  sinusoidal  responses, 
\e\max  is  of  the  order  of  15  to  20  millivolts.  It  might  be 
noted  that  earlier  in  this  section  the  smaller  4-volt  pcak-to- 
peak  input  sinusoid  was  employed  in  the  comparison  when 
it  was  determined  that  co,  should  be  increased  by  a factor 

of  15  in  order  to  obtain  the  same  \e\ iin.  This  choice  of  the 
smaller  input  was  decidedly  in  favor  of  the  linear  system 
since  the  linear  error  increases  linearty  with  input  amplitude. 
Thus,  if  the  20-volt  peak-to-peak  input  were  used,  an 
increase  in  cop  by  a factor  of  5X15=75  would  be  required 

to  obtain  the  same  \e\ un. 

The  fact  that  there  is  a correlation  between  good  repro- 
duction (small  error)  and  the  existence  of  many  error  and 
error-derivative  switchings  is  very  important  since  it  is  the 
key  to  understanding  the  upper  limits  of  good  performance 
of  the  nonlinear  system.  One  approximate  way  to  investi- 
gate this  matter  is  to  establish  a deficiency  between  the 
output  acceleration  required  for  good  reproduction  (many 
switchings)  and  the  available  output  acceleration.  Equation 
(18)  gives  an  approximation  to  the  output  acceleration  when 
the  system  is  functioning  well.  As  an  example  of  this 
approach  consider  the  input  £ to  be  a sinusoid  of  frequency 
ft  (fig.  6 or  9).  Since 

\x  \%\max 

it  is  to  be  expected  that  the  nonlinear  system  will  have  the 
greatest  difficultv  in  the  vicinity  of  \x\max  where,  from  equation 
(18), 

| y \rnax  ~ \lf n^\rnax 

Thus,  if  in  this  region  the  output  y is  going  to  interweave 
the  input  x (as  is  characteristic  of  good  reproduction),  then 

| V | max 

This  inequality  then  places  an  upper  limit  on  good  perform- 
ance of  the  system  in  response  to  sinusoids 

ft<V|7  n\max  (19) 


or  the  system  used  in  obtaining  the  experimental  results  of 
figures  6 and  9,  \yn\maz=2;  therefore, 

ft<V2 

Inspection  of  both  figures  6 (e)  and  9 (e)  tends  to  substantiate 
the  above  result.  For  example,  in  figure  9 (e)  it  is  seen  for 
ft=1.2  (after  the  transient  caused  by  turning  on  the  input 
has  been  absorbed)  that  as  the  input  goes  through  its  maxi- 
mum, frequent  e and  e'  switchings  stop  and  do  not  occur 
again  as  the  frequency  is  increased. 

PERFORMANCE  EVALUATION  OF  INPUTS  OTHER  THAN  SINUSOIDAL 

In  the  preceding  section  onty  the  sinusoidal  response  of 
the  nonlinear  control  system  was  discussed  in  studying 
performance.  However,  it  is  easy  to  see  that  the  nonlinear 
system  will  cope  with  any  input  in  the  same  manner  as  it 
does  with  sinusoids.  Thus,  as  long  as  the  magnitude  of 
input  acceleration  does  not  continuously  exceed  the  available 
magnitude  of  the  output  acceleration  the  switching  process 
will  commence  and  excellent  reproduction  will  result.  This 
type  includes  inputs  with  discontinuous  derivatives  and 
discontinuous  inputs.  The  experimental  sinusoidal  re- 
sponses of  figures  6,  9,  and  11  themselves  give  some  indica- 
tion of  these  facts.  For  example,  in  figure  6 (a)  there  was 
an  initial  discontinuity  in  the  input  and  there  were  dis- 
continuities in  the  input  derivative  when  the  frequency 
was  changed.  The  results  in  figures  7,  8,  10,  and  12  prove 
further  that  the  nonlinear  system  response  is  not  dependent 
upon  any  specific  type  of  input.  Given  in  these  figures  are 
triangular-wave,  partially  integrated  square-wave  (including 
square-wave),  clipped  sinusoidal,  and  random4  inputs, 
respectively. 

It  should  be  noted  that  in  the  literature  (refs.  1 and  3 to  5) 
a marginal-type  input  that  would  present  a case  of  indecision 
to  the  switching  circuit  of  the  nonlinear  system  is  discussed. 
This  case  has  never  been  encountered  experimentally  even 
when  the  attempt  was  to  produce  this  case.  Thus,  the 
marginal-type  input  is  not  considered  practically  important. 

USE  OF  PHASE-PLANE  METHODS  TO  STUDY  PERFORMANCE 

The  phase-plane  methods  that  were  used  in  the  original 
analytical  development  of  equation  (8)  (refs.  1 and  3 to  5) 
can  also  be  gainfully  employed  in  studying  the  performance 
of  the  nonlinear  control  system  derived  from  equation  (8) 
once  the  pm  and  yn  parameter  values  have  been  specified. 
(In  this  section  it  is  important  to  distinguish  between  /3m 
and  yn  parameter  values,  i.  e.,  fe=2,  ft=l,  etc.,  and  pmyn 
parameter  combinations,  i.  e.,  p3yG,  etc.) 

4 In  the  strict  statistical  sense  the  probability  that  the  inputs  shown  in  figures  12  (a)  and 
12  (b)  are  not  samples  of  random  stationary  time  series  is  admittedly  high  because  of  existing 
experimental  facilities.  These  inputs  were  obtained  by  random  manual  modulation  (both 
frequency  and  amplitude)  of  a triangular-wave  input  of  peak-to-peak  amplitude  A and  period 
T where 

0<!A^20  volts 
0.1^fi=27r/r^0.8 

Random  manual  modulation  means  that  the  operator  varied  by  hand  both  the  frequency 
and  amplitude  controls  of  the  input  generator  as  randomly  as  possible.  In  the  present  in- 
vestigation the  comparative  results  of  the  linear  and  nonlinear  responses  to  what  appear  to 
be  band-limited  random  inputs  are  felt  to  be  more  important  than  the  exact  statistical  prop- 
erties of  the  inputs. 
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If  in  equation  (8)  the  error  e=(x— y)  is  assumed  small, 
then  the  output  y can  be  approximated  by  portions  of 
curves  that  satisfy  the  autonomous  differential  equation 

042Z>(1+|8J^+y.»=O  (20) 

where  D , pmy  and  yn  are  defined  in  the  section  “Nonlinear 
Control  Theory.”  Further,  if  dy/dr^y',  these  approxi- 
mating curves  are  defined  in  the  y'y  phase  plane  by 

(yX2— y,)^=Af(»fX1— (21) 

where  M is  a constant  depending  on  initial  conditions  and 

Xl,2—  — D(l+Pni)  ±yi)2(l+/3m)2— 7n 

Equation  (21)  comes  from  integration  of  the  first-order 
differential  equation 

W 2Z?(l+£m)F— ' ynV 

dy  v\ 

= -2Z>(l+j8m)-7B^  (22) 

Since  the  particular  yn  combination  employed  in  each 
point  of  the  phase  plane  depends  upon  y,  y',  e,  and  e four 
approximating  curves  go  through  each  point  (see  appendix 
E).  The  tangents  to  these  curves  (eq.  (22))  indicate  four 
directions  which  lie  in  an  angular  sector  (see  fig.  19).  This 
angular  sector  is  defined  by  the  two  extreme  directions  which 
apply  if  e and  e'  have  the  same  sign.  The  two  inner  direction 
values  apply  if  e and  e'  have  opposite  signs.  By  superposing 
the  input  x'x  phase  plane  on  this  y'y  plane  it  can  be  stated 
that  at  any  point  the  tangent  to  the  input  phase  curve  must 
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Figure  19. — Phase-plane  angular  sectors  defined  by  equation  (22)  for 
the  given  parameter  values.  jj8  = 1.5;  2j3  = 0.5;  iy= 0.45;  27=0.05; 
2D  = 0.25;  w,=2. 


be  included  within  the  shaded  angular  sector  (discussed 
above)  if  small  error  is  to  be  obtained.  Thus,  equation  (22) 
can  be  used  to  study  performance.  The  width  of  the  angular 
sector  changes  with  the  ratio  y/y'  for  given  pm  and  yn  param- 
eter values.  It  is  largest  (180°)  for  y\-> 0 and  smallest  for 
y= 0 if  (l+ftj  and  yn  have  the  same  sign.  However,  the 
width  for  y'—>0  is  not  significant  since  all  phase  curves 
(including  the  input)  have  infinite  slope  there.  Thus,  along 
the  line  y'  — 0 the  curvature  of  the  input  phase  curve  must  be 
used  to  determine  limits  on  good  performance.  The  radius 
of  curvature  of  the  input  must  be  smaller  than  that  of  the 
flattest  approximating  curve. 

In  order  to  illustrate  the  use  of  these  phase-plane  methods 
in  predicting  limits  of  good  performance  consider  the  example 
of  a sinusoidal  input  sc = sin  fir.  In  this  case  the  input  is 
represented  by  an  ellipse  in  the  phase  plane  and 

d(x') q2  j?L 

dx  “ 41  V 

In  the  superposed  xx'  and  yy'  phase  planes  of  figure  20  are 
shown  three  sinusoidal-input  phase  curves  (i.  e.,  three 
different  frequencies)  and  the  families  of  phase  trajectories 
of  equation  (22)  for  the  f$my  yn  combinations  where  e and  e' 
have  the  same  sign.  (In  order  to  avoid  extensive  computa- 
tions the  parameter  values  indicated  in  fig.  20  are  those 
of  an  earlier  investigation  (see  ref.  1).)  Thus,  the  tangents  to 
two  intersecting  phase  curves  define  the  angular  sector  at  that 
point,  as  has  been  discussed.  By  tracing  the  inputs  with  dif- 
ferent values  of  fi  it  can  be  understood  that  good  performance 
for  the  presented  system  can  be  obtained  only  for  fi<Q0  where 
fi0  is  the  parameter  belonging  to  that  ellipse  which  has  the  same 
radius  of  curvature  as  the  curve  through  (y ,y ')  = (!, 0). 
(Note  that  the  radius  of  curvature  of  the  approximating 
curves  jumps  at  y'  = 0 and  is  smaller  for  i/'< 0.)  In  the 
first  quadrant  (i.  e.,  approaching  y' — 0 from  i/'>0)  this 
radius  of  curvature  is  given  by 

Pmax “ \p\y' *=+Q—yny 

Since  at  this  point  the  ellipse  radius  of  curvature  is  fi2/l* 

G2<7  ny 

Therefore,  for  the  first  quadrant 

o<Vn  (23) 

Here  it  should  be  noted  that  this  is  the  same  result  as  that 
obtained  in  the  section  entitled  “Performance  Evaluation  of 
Sinusoidal  Inputs”  even  though  the  parameter  values  are 
different.  For  the  system  of  figure  20,  y3— 0.5;  thus  fi<V0.5. 

Another  example  is  given  by  the  input  x=l  — e~aT  with 
d{x')/dx— — a.  Since  the  smallest  angular  sector  is  at  ?/  = 0, 
a=2D(l+pmax)  determines  the  limits  on  performance. 
This  means  that  for  tire  system  represented  in  figure  20  good 
control  can  be  expected  for  a value  of  a slightly  smaller  than 
0.75. 

A step  input  is  represented  by  x=l—e~0LT  with  a— . The 
picture  in  the  phase  plane  is  x—l  — (l/a)x'  with  For 

very  large  values  of  a tins  is  a straight  line  which  forms  a 
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Figure  20. — Superposed  input  and  output  phase  planes  showing  avail- 
able angular  sectors  for  sinusoidal  inputs.  j/3=1.5;  ,7  = 0.45;  20= 
0.5;  27  = 0.05;  2D  = 0.25;  «,=2;  |0|max  = 2;  |tUx  = 0.5;  \0\min=l; 

|7|mtn  = 0.4. 


small  angle  with  x'  = 0.  For  oo  the  curve  degenerates  to  a 
point  (x=  1,  x'  = 0).  There  is  no  doubt  that  a perfect  followup 
of  a step  is  not  possible  because  for  practical  reasons  the  line 
for  large  values  of  a does  not  lie  in  the  allowed  angular  sector 
at  any  point  it  is  passing  through. 

Related  to  the  step  input  is  the  square-wave  input.  A por- 
tion of  the  output  phase  trajectory  for  a square-wave  input 
to  the  system  of  figure  8 (e)  is  shown  in  figure  21.  Figure  21 
is  computed  with  the  help  of  the  differential  equation 

dy  _ y' i 

~2D(1  +pm)y\+  (1  +7  n)y-x 


(8),  exact  zero  coincidence  cannot  be  detected  because  of 
threshold  effects,  and  relays  are  subject  to  time  lag  (both 
mechanical  and  electrical),  dead  zone,  and  chatter. 

In  the  present  section  an  attempt  is  made  to  evaluate  the 
effects  that  these  switching  imperfections  had  on  the  experi- 
mental result  in  order  to  obtain  some  practical  design  criteria 
for  specking  switching  requirements  for  good  performance 
in  other  applications  of  this  method  of  nonlinear  control. 

The  experimental  results  of  figures  6,  9,  and  1 1 can  be  used 
to  demonstrate  that  relay  imperfections  were  not  important 
in  the  simulated  model.  Comparison  of  the  sinusoidal  re- 
sponses in  these  figures  has  shown  that  the  period  of  the  error 
became  smaller  as  the  magnitude  of  the  input  amplitude  was 
increased.  (This  was  discussed  in  the  section  “Performance 
Evaluation  of  Sinusoidal  Inputs.”)  From  figure  1 1 (a)  in  the 
region  of  \y\  «20  volts  (the  largest  magnitude  considered  in  all 
the  experimental  studies)  the  period  of  the  error  Te  is 
measured  as 

Te=uvte~  0.2 

There  are  four  parameter  switchings  per  error  cycle  (see  fig. 
18).  Assuming  these  to  be  approximately  uniformly  spaced, 
the  minimum  time  between  parameter  switchings  is  approxi- 
mately Tel 4.  Now  assuming  that  the  relays  must  be  capable 
of  closure  in  at  least  one-fifth  of  this  time,  the  maximum 
allowable  (real  time)  switching  delay  tmd  is 

c^md~7y20=l(T2  (24) 

In  this  simulated  model  co„  = 1 radian  per  second.  Therefore, 


This  equation  is  obtained  from  equation  (8)  by  replacing 
d2y/dr2  by  yn{dy\!dy) . In  this  example  one  cannot  immediately 
use  approximating  curves  for  designing  the  output  because 
the  error  is  too  big  at  the  start  of  the  motion.  The  computed 
diagram  is  in  good  agreement  with  the  test  run  shown  in 
figure  8 (e). 


Figure  21. — Portion  of  output  ph?se  diagram  for  square-wave  input. 

03=—  0o=2;  /32=—  0i=O.5;  73= — 7o=2;  72= — 71  = 0.5 ; = 0.6; 

c •),=  1. 

EFFECTS  OF  SWITCHING  IMPERFECTIONS 

In  equation  (8)  it  is  assumed  that  the  parameters  and  yn 
change  upon  exact  zero  coincidence  of  any  one  or  more  of  the 
variables  y , y',  e,  and  e'  as  defined  in  equation  (13)  or  by  the 
logic  of  table  2.  Physical  imperfections,  however,  preclude 
this  possibility.  Thus,  in  the  simulated  model  of  equation 


tmd  — 10  millisec 

As  given  in  table  4,  the  relays  employed  were  capable  of 
closure  in  3 milliseconds  or  less  so  that  they  were  entirely 
adequate  for  the  experimental  studies. 

(After  the  investigation  reported  here  in  the  main  text  was 
finished,  Dr.  H.  E.  Lindberg  performed  a number  of  experi- 
ments to  study  quantitatively  the  influence  of  time  delays  on 
the  performance  of  this  control  system  (see  appendix  A).  He 
investigated  the  influence  of  switching  delays  in  the  indi- 
vidual relays  and  additionally  that  of  a delay  in  the  output 
line  of  all  relays  (represented  by  an  analog-computer  approxi- 
mation of  e~t<tp).  The  results  indicate  that  for  sinusoidal 
inputs  with  frequencies  up  to  0.8  of  the  natural  frequency  of 
the  undamped  linear  member  o>„  for  example,  the  maximum 
error  can  be  held  within  5 percent  of  the  maximum  value  of 
the  input  with  relay  delays  as  large  as  47/«,  milliseconds. 
For  a natural  frequency  of  10  cps  this  would  be  a delay  of 
0.75  millisecond.  After  this  relay  delay  is  selected,  the  maxi- 
mum error  per  input  cycle  is  considerably  less  for  lower  input 
frequencies.  For  instance,  at  w=0.1co,  the  maximum  error 
per  input  cycle  would  be  slightly  more  than  1 percent.  Also, 
the  average  error  would  be  less  than  this  (see  fig.  31).) 

The  ability  to  disregard  the  relays  in  the  evaluation  of  the 
effects  of  switching  imperfection  on  performance  leaves  only 
threshold  effect  in  sensing  the  sign  of  the  variables  y)  yf , e , 
and  e'  to  be  considered.  As  has  been  observed  and  discussed 
in  the  section  “Performance  Evaluation  of  Sinusoidal  Inputs” 
the  amplitude  of  the  error  for  the  nonlinear  S3rstem  was  rela- 
tively independent  of  the  magnitude  of  the  input  (i.  e.,  when 
the  system  is  operating  in  the  rapid  e to  er  switching  sequence 
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so  that  this  is  the  minimum-error  case).  This  constancy  of 
the  lower  limit  on  the  error  magnitude  is  caused  by  switch- 
ing imperfections  and  thus  threshold  in  sensing  the  signs  of 
variables.  Since  under  a normal  switching  sequence  there 
are  many  more  e and  e'  switchings  than  y or  yf  switchings 
and  since  the  error  is  of  an  order  of  magnitude  less  than  the 
error  derivative,  the  primary  cause  of  the  lower  limit  on 
error  is  localized  as  threshold  in  sensing  the  sign  of  the  error. 
Figure  13  shows  the  results  of  an  investigation  of  this 
threshold  effect.  In  all  system-response  figures  except 
figure  13  the  peak-to-peak  threshold  was  approximately  14 
millivolts.  In  figure  13  (a)  the  peak-to-peak  threshold  was 
44  millivolts  so  that  figures  7 (a)  and  13  give  a good  com- 
parison of  the  effects  of  these  two  threshold  values. 

CHOICE  OF  PARAMETER  VALUES 

Tlie  performance  of  a completely  specified  nonlinear  sys- 
tem has  been  discussed.  The  parameter  values  for  this 
system,  that  is, 

D= 0.6 

03=  — 0o=2 

A=-A=0.5 

73=— 7o=2 

7s=  — 71  = 0.5 

were  initially  chosen  in  the  following  manner:  D was  first 
selected  to  give  good  linear  system  performance;  then  the 
smallest  values  of  the  /3m  and  yn  parameters  giving  good  non- 
linear system  performance  were  chosen  experimentally  from 
a systematic  variation  of  parameters  utilizing  the  simulated 
system.  This  particular  set  of  pm  and  yn  parameter  values 
can  thus  be  denoted  as  (0TO/y n)min  since  they  establish  the 
lower  bound  on  parameter  values  for  good  nonlinear  system 
performance.  The  physical  significance  of  (pmyy n)min  is  that 
loop  gains  and  acceleration  requirements  of  the  linear  mem- 
ber are  minimized  since  and  yn  are  feedback  gain  con- 
stants. 

From  the  discussion  in  the  section  “Performance  Evalua- 
tion of  Sinusoidal  Inputs”  centering  about  equation  (18)  or 
from  the  phase-plane  methods  of  the  preceding  section  it  is 
to  be  expected  that  a general  increase  in  the  parameter 
values  over  (Pm,7n)min  will  result  in  improved  nonlinear  sys- 
tem performance  by  increasing  the  available  acceleration  of 
the  S3rstem  or  increasing  the  angular  sectors  in  the  phase 
plane.  Inspection  of  figures  16  (a),  system  1,  and  16  (c)^ 
system  5,  shows  this  to  be  true.  In  figure  16  (a)  the  param- 
eter values  were  (pmjy n)min  as  given  above,  and  in  figure 
16  (c),  system  5,  they  were 

— ft— 10' 

ft=-A=l 

73=— 7o=10 

72=— 7i  = l 

On  comparing  the  performance  of  these  two  systems  it  is 
noted  that  the  corners  of  the  input  triangular  wave  are  re- 
produced with  less  error  by  the  system  of  figure  16  (c). 
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Thus  far  then  it  would  seem  that  there  is  no  upper  bound 
on  the  parameter  values;  that  is 

(0/rcj77i)ma:c  ^ 00 

Invariably,  however,  there  will  be  upper  bounds  on  the  values 
of  the  parameters  because  of  acceleration  limits  in  the  phys- 
ical system.  Figure  14  shows  the  effects  of  placing  pro- 
gressively smaller  acceleration  limits  on  the  system.  Here 
it  is  seen  that  for  |y"|zi>0.3|y"|moi  performance  is  not  ap- 
preciably affected  but  for  values  less  than  this  good  per- 
formance is  no  longer  obtained  so  that  acceleration  limits 
definitely  tend  to  determine  (0m/y n)max.  In  general,  then, 
there  will  be  a whole  range  of  values  of  pm  and  yn\  that  is, 

(0m;7n)ma2:^>  (0mj7»)  ^ (0ffij7n)ffn‘n 

for  which  good  nonlinear  system  performance  results.  The 
final  choice  must  depend  upon  the  particular  application  and 
can  easily  be  found  experimentally. 

There  are  certain  special  cases  of  the  and  yn  parameter 
values  that  lead  to  simplified  feedback  switching  circuits 
and  thus  lead  to  nonlinear  systems  that  are  simpler  to  realize. 
In  table  3 three  of  these  are  denoted  as  case  (1)  no  derivative 
feedback,  case  (2)  no  e'  sensing,  and  case  (3)  no  e sensing 
in  derivative  feedback  loop  and  no  er  sensing  in  proportional 
feedback  loop. 

By  making  inoperative  the  appropriate  relays  in  figure  5 
the  simplified  switching  circuits  for  these  cases  are  easily 
obtained.  It  is  desirable  then  to  inspect  the  performance 
of  these  special  cases  (in  comparison  with  that  of  the  com- 
plete system)  to  ascertain  whether  or  not  as  good  performance 
can  be  obtained  with  less  complexity.  Figure  16  shows  the 
response  of  these  qases  in  comparison  with  that  of  the  com- 
plete system.  Figures  16  (a)  and  16  (b)  differ  from  figures 
16  (c)  and  16  (d)  in  that  the  general  magnitude  of  the 
parameters  was  increased  in  figures  16  (c)  and  16  (d). 

These  results  show  that  case  (2)  is  not  worthy  of  much 
consideration  since  the  magnitude  of  the  oscillating  error 
is  large.  Cases  (1)  and  (3),  however,  should  be  considered 
for  certain  applications.  For  example,  if  it  were  known 
that  the  amplitude  distribution  of  the  input  was  relatively 
void  near  zero,  then  case  (1)  would  serve  as  well  as  the 
case  of  the  complete  system.  Case  (3)  shows  nearly  constant 
percentage  error  so  that  it  could  be  useful  in  cases  where 
accuracy  was  not  so  important  as  economy  in  components. 

To  this  point  the  parameter  D has  received  little  attention 
mainly  because  its  value  (within  limits)  is  not  particularly 
important.  It  lias  been  observed  experimentally  that  D 
may  be  anywhere  in  the  range  even  for  (pm,yn)min 

and  performance  of  the  nonlinear  system  is  not  affected. 
Inspection  of  the  block  diagram  of  the  nonlinear  system 
(fig.  4 or  5)  shows  that  the  physical  significance  of  the 
variation  of  D for  given  values  of  fim,yn  is  that  the  damping 
factor  of  the  linear  member  and  the  derivative  feedback 
around  the  linear  member  change  simultaneously.  A case 
of  more  practical  importance  such  as  might  arise  in  aero- 
dynamic applications  of  this  type  of  control  system  is  the 
variation  of  D for  given  values  of  Df3m,yn.  That  is,  the 
damping  factor  of  the  linear  member  alone  varies  while  the 
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feedback  values  around  this  member  remain  unaffected. 
Even  in  this  case  it  lias  been  found  that  the  nonlinear  system 
performs  well.  For  example,  figure  17  shows  the  response 
of  the  nonlinear  system 


D=0A 

12 

&=-ft=3 
73=— 70=12 
72=— 7o=0.5 

to  triangular-wave  inputs,  while  figure  7 shows  the  response 
of  the  system 

D=0.G 
&=-ft>=2 
&=-ft  = 0.5 

73=— 71  = 2 
73=— 7o=0.5 

to  the  same  inputs.  Comparing  these  results  it  is  seen  that 
performance  is  nearly  the  same  for  both  systems. 

PRELIMINARY  EXTENSION  TO  HIGHER  ORDER  SYSTEMS 

From  a practical  standpoint,  limitations  in  the  appli- 
cability of  the  nonlinear  control  system  described  by  equation 
(8)  do  not  stem  from  the  inability  to  realize  the  feedback 
switching  circuit  but  rather  from  assuming  the  linear 
member  to  be  of  second  order.  In  many  cases  a more 
realistic  approach  is  to  consider  the  linear  member  to  be  of 
higher  order  but  still  predominantly  second  order.  Figure 
22  shows  the  block  diagram  of  a third-order  system  of  this 
nature.  The  linear  feedforward  member  could  be,  for 
example,  the  servo  of  figure  1 including  the  effects  of  arma- 
ture inductance.  The  same  second-order  feedback  switching 
circuit  was  still  employed.  However,  it  could  not  be 


Figure  22. — Block  diagram  of  third-order  nonlinear  control  system. 


(a)  Nonlinear  system.  03=  — 0o=2;  02=  — 01  = 0.1 ; 73  = — 7o=2;  72  = 

-7!  =-0.5. 

(b)  Linear  system. 

Figure  23. — Linear  and  nonlinear  third-order  system  responses  to  ran- 
dom input.  T=0.1;  7)  = 0.6;  2.5  small  divisions  on  time  scale=l 
normalized  time  unit. 


expected  that  the  Pm,7n  parameter  values  remain  the  same. 
Figure  23  compares  the  response  of  a third-order  linear  and 
nonlinear  system.  Here  it  is  seen  that  the  nonlinear  system 
still  responded  with  much  less  error  than  the  linear  system. 

On  the  basis  of  the  comparative  performance  of  these  two 
systems  it  seems  important  to  further  studies  toward  control 
of  general  higher  order  systems  using  techniques  similar  to 
those  developed  in  this  investigation. 

CONCLUDING  REMARKS 

From  control  equation  (8)  a second-order  nonlinear 
control  system  that  tends  to  maintain  small  instantaneous 
error  for  relatively  arbitrary  inputs  has  been  synthesized 
using  digital-computer  techniques.  The  only  type  of 
nonlinear  operations  required  in  the  realization  are  switching- 
type  operations  (zero-coincidence  detection  and  parameter 
switching).  The  switching  requirements  are  severe  from 
the  aspect  of  detector  sensitivity  and  switching  time  delay 
but  not  impractical  since  all  the  switching  is  done  in  feedback 
paths  at  low  power  levels  and  may  thus  be  performed 
electronically. 

The  system  demands  sensing  of  error  and  error  rate  of 
change.  Since  general  noise  in  a system  of  this  type  has  to 
be  expected,  both  error  and  error  rate  are  smoothed.  The 
influence  of  time  delay  in  the  rela}7s  and  of  a general  transport 
delay  on  the  performance  of  the  system  has  been  investigated 
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and  diagrams  have  been  developed  which  allow  one  to 
estimate  the  maximum  error  due  to  imperfections. 

It  is  a difficult  task  to  compare  the  performance  of  a non- 
linear system  with  that  of  a linear  system  because  no  general 
criterion  for  comparison  is  available.  Since  for  nonlinear 
systems  the  law  of  superposition  does  not  hold,  it  is  not 
adequate  to  choose  the  response  to  a certain  input  (e.  g.,  the 
step  input)  as  a criterion  for  performance  comparisons.  A 
number  of  different  inputs  therefore  have  been  chosen  for 
exhibiting  the  qualities  of  the  nonlinear  system. 


Experimental  results  indicate  that  this  type  of  nonlinear 
control  system  performs  better  than  a linear  control  system 
having  a normalized  frequency  15  times  greater.  Perform- 
ance is  evaluated  in  terms  of  the  average  value  of  the  magni- 
tude of  the  instantaneous  error  for  band-limited  inputs. 
Further,  the  nonlinear  system  performance  is  virtually 
independent  of  variations  in  the  damping  factor  of  the 
system. 

Stanford  University, 

Stanford,  Calif.,  October  18 , 1957. 


APPENDIX  A 

INFLUENCE  OF  TIME  DELAYS 

By  H.  E.  Lindbero 


In  the  experiments  reported  in  the  main  text  of  this  report, 
the  rela37s  were  carefully*  selected  in  order  to  keep  the  bad 
effects  of  finite  closure  time  to  a minimum  and  no  really 
quantitative  study  of  such  closure  delays  was  made  at  that 
time.  Later,  studies  of  this  particular  s}7stem  were  continued 
and  quantitative  information  about  the  influence  of  imper- 
fections on  the  performance  of  the  control  system  is  presented 
here. 

One  numerical  and  two  experimental  methods  of  finding 
response  with  relsbj  delays  are  used.  Plots  of  maximum 
error  incurred  per  input  cycle  are  given  for  sinusoidal  inputs 
of  various  frequencies  and  for  various  relay  delays.  Effects 
of  a transport  time  delay  are  also  discussed. 

Influence  zones  and  types  of  delays. — The  system  de- 
scribed by  equation  (8)  can  be  interpreted  as  describing 
either  of  the  systems  shown  in  figure  24  if  there  are  no 
imperfections  to  be  considered.  However,  there  are  cer- 
tainly relay  imperfections  and  there  may  be  transport 


''Switching  computer 


t 

VS witching  computer 


(a)  Motor-load  system. 

(b)  Simplified  airframe  system. 

Figure  24. — Block  diagrams  of  two  physical  systems  giving  same 
differential  equation  providing  no  imperfections  exist,  m,  point 
transport  delay  is  introduced  into  circuit. 
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delays.  Relay  imperfections  would  affect  directly  those 
parts  of  the  sjrstems  that  are  encircled  by  dotted  lines  in 
figure  24,  that  is,  only  the  discontinuous  feedback  paths. 
If  no  further  imperfections  are  considered,  the  results  of  such 
a study  apply  equally  well  to  both  configurations  shown  in 
figure  24  because  the  switching  computer  sees  the  same 
linear  member  in  either  case.  Other  studies,  however,  can 
conceivably*  be  made  on  these  systems  where  the  difference 
between  the  two  configurations  becomes  significant.  A 
study  of  transport  dela37s  introduced  at  points  m,  for  instance, 
would  certainly  give  different  results  for  figures  24  (a)  and 
24  (b)  because  in  figure  24  (a)  the  output  y is  fed  directly 
through  this  point  while  in  figure  24  (b)  no  such  feedback 
is  present  because  the  equivalent  of  such  a feedback  is  built 
into  the  differential  equation  of  the  mechanism  being 
controlled  (equivalent,  i.  e.,  when  there  are  no  imperfections). 

One  of  the  most  serious  imperfections  to  be  considered  in 
the  design  of  a rela37  servomechanism  is  the  time  lag  between 
the  application  of  a signal  to  the  rela37  and  the  actual  closing 
or  opening  of  the  relay.  Associated  very  closely  with  this 
imperfection  are  other  phenomena,  such  as  signal  threshold, 
rela37  dead  time  (the  period  of  time  in  which  the  relay  arm 
is  in  contact  with  neither  terminal),  and  contact  bounce. 
The  only  imperfection  studied  here  is  relay  time  lag,  because 
in  most  relays  dead  time  is  very  small  as  compared  with  the 
relay  lag  time.  Contact  bounce  is  also  a secondary  effect 
and  is  better  studied  in  an  actual  installation.  By  appro- 
priate interpretation,  the  results  of  this  time-lag  study  can 
be  extended  to  include  the  effect  of  signal  threshold  which  is, 
of  course,  a variable  time  delay. 

Rather  than  increasing  the  natural  frequency  of  the 
system  being  studied  until  the  effect  of  inherent  relay  lag 
became  noticeable,  an  artificial  lag  was  introduced  while 
the  system  was  allowed  to  operate  in  a conveniently  low 
frequency  range.  Two  techniques  were  used  to  provide 
the  time  lag.  The  first  was  a direct  delay  of  each  relay 
signal,  effected  by  providing  an  additional  relay  in  series  with 
each  original  rela3T  and  a resistance-capacitance  delay  circuit 
in  between  (this  will  be  referred  to  as  the  electromechanical 
simulation).  The  second  method  consisted  of  inserting  an 
analog-computer  approximation  of  e~tdV  in  the  total  output 
line  of  all  of  the  rela37s.  The  two  methods  gave  consistent 
results. 

Electromechanical  simulation  of  time  delay. — The  arm- 
ature of  each  logic  relay  in  the  control  system  with  no 
intentional  delays  was  energized  by  the  plate  current  of  a 
zero-coincidence  detector  circuit.  In  the  delayed  system, 
the  plate  current  is  made  to  flow  through  an  added  relay. 
This  relay  energizes  an  adjustable  resistance-capacitance 
time-delay  circuit  which  in  turn  feeds  the  armature  of  the 
logic  relay*.  Two  of  the  four  circuits  are  shown  in  figure  25. 
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The  amount  of  delay  between  activation  of  the  zero-coin- 
cidence circuit  and  the  closing  or  opening  of  the  logic  relay 
was  measured  by  observing  the  coincidence  pulse  and  the 
logic-relay  contact  pulse  with  a long-persistence  oscilloscope 
whose  beam  traversed  the  scope  at  a known  rate  and  was 
triggered  by  the  coincidence  pulse.  The  voltage  supply  in 
the  time-delay  circuit  was  adjusted  so  that  the  closing  and 
opening  delays  were  roughly  equal.  It  is  estimated  that  the 
accuracy  of  time-delay  measurement  was  of  the  order  of  10 
percent.  Delays  of  less  than  25  milliseconds  (t=r  with  the 
analog-computer  wiring  used)  were  difficult  to  measure  by 
this  method,  and,  more  important,  could  not  be  easily  simu- 
lated by  this  particular  circuit  because  of  high  contact  cur- 
rent in  the  added  relay  which  caused  the  contacts  to  weld. 

The  delayed  system  was  operated  using  sinusoidal  inputs 
of  20-volt  peak-to-peak  amplitude  at  frequencies  from  1/10 
the  natural  frequency  of  the  undamped  linear  system  to  the 
full  value  of  the  natural  frequency.  Nondimensional  time 
delays  of  a>„^=0.05, 0.075, 0.100,  and  0.150  were  used.  Know- 
ing that  the  error  caused  by  these  delays  should  vary  linearly 
with  the  applied  voltage  (see  the  section  11  Response  to  sinus- 
oidal inputs”  which  follows),  runs  were  also  made  at  10-  and 
40-volt  peak-to-peak  amplitudes  as  a check  of  the  self- 
consistency  of  the  data. 

Analog-computer  simulation  of  time  delay— An  analog- 
computer  approximation  of  er^v  was  wired  using  a circuit 


suggested  by  Morrill  (ref.  6).  The  circuit  is  based  on  the 
Pade  second-order  approximation  of  e~ldV 


12—6  taV+taY*  , r , td2p2  tdy 

12+6  taV+tfV1  V 2 6 


24 


uy 

144 


+0 1& 


w , 

1,72.8  1 * ' ' 


(Ala) 


which  is  roughly  equivalent  to  the  first  six  terms  of  the  Taylor 
expansion  of  e~^p  about  tdp=0 : 


e tdP=l—tdpi 


tdp 2 

2 


tap*  ■ tdPA 
6 ^ 24  ' 


tdP* 

120 


tdy 

720 ' 


+ 


(Alb) 


The  circuit  is  shown  in  figure  26.  The  element  values  were 
found  by  comparing  the  transfer  functions  of  the  circuit  with 
the  desired  Pade  polynomial  fraction  and  equating  coeffi- 
cients of  powers  of  p . The  transfer  function  of  the  circuit  in 
a nondimensional  form  is: 


ffo_RlO 
9i  Ro 


RlO R4R10 R4R1QC1 

R,  R3R7  R7  P 


R^Rj)  1 

R2R6 


R4R8C2 


R3 


^+(R4R8C1C2)P2 


(A2) 


where  the  resistances  Rn  are  as  shown  in  figure  26. 
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Figure  26. — Analog-computer  circuit  for  Pade  second-order  approxi- 
mation for 


Comparing  this  with  the  Pade  approximation  written 

12  tdp 


~ldP  ~ j . 


1 2 -f- 6 tap  + t/p2 


(A3) 


6 equations  for  the  10  resistors  and  2 capacitors  can  he  mit- 
ten in  terms  of  the  time  delay  td.  The  resulting  six  degrees 
of  freedom  on  the  circuit  parameters  were  used  to  select  the 
convenient  values  shown.  Figure  27  shows  the  location  of 
this  delay  circuit  in  the  overall  simulation  of  the  relay  con- 
trol system. 


Figure  28. — Insertion  of  time-delay  circuit  for  study  of  transport 

delays. 

The  responses  of  the  two  configurations  become  more 
nearly  identical  as  the  magnitude  of  the  time  delay  decreases. 
If  the  basic  controlled  element  is  a motor  load  as  shown  in 
figure  24  (a)  and  if  a transport  delay  were  introduced  at 
point  m,  the  resulting  output  would  differ  somewhat  more 
from  a relay-delaj^ed  output  because  then  both  x and  the 
direct  y path  as  well  as  the  discontinuous  relay  signals  would 
be  delayed.  No  tests  were  run  with  this  configuration. 

Computational  study  of  relay  delays — Response  of  the 
system  with  relay  lag  was  computed  using  the  differential 
equations  directly.  To  simplify  the  amount  of  calculations, 
only  response  to  constant  inputs  Avere  computed.  Calcula- 
tions were  based  on  approximating  the  output  with  a series 
of  parabolic  arcs.  This  is  equivalent  to  assuming  that  yn 
is  constant  during  each  computation  interval,  a reasonable 
assumption  except  for  large  time  delays.  The  input  studied 
was  £=10  and  calculations  were  made  until  the  limit  cycles 
dE 

on  a plot  of  E against  were  approached  within  the  accuracy 


Figure  27. — Insertion  of  time-delay  circuit  of  figure  26  into  control- 

system  analog. 

Since  this  method  was  used  only  as  a check  on  the  electro- 
mechanical method,  the  only  input  studied  was  a constant 
of  10  volts  at  delays  of  Zd=0.025, 0.050, 0.075,  and  0.100  second. 

Simulation  of  a time  delay  by  this  method  allowed  greater 
flexibility  of  the  location  of  the  time  delay.  The  delay  was 
inserted  as  shown  in  figure  28  to  simulate  the  effect  of  a 
transport  time  delay  in  the  system.  The  output  for  this 
configuration  was  essentially  the  same  as  that  found  for  relay 
delays.  This  result  was  to  be  expected  because  the  essential 
difference  between  a transport  delay  and  relay  delay  in  this 
system  is  that  relay  delays  affect  only  the  feedback  terms 
which  go  through  the  relays  while  transport  delays  affect 
the  input  x as  well.  But  for  the  great  majority  of  operation, 
x changes  very  slowly  as  compared  with  the  changes  in  the 
feedback  terms  and  hence,  it  makes  very  little  difference  in 
the  response  whether  the  input  x is  delayed. 


of  computation.  Computations  were  made  such  that  the 
limit  cycles  were  approached  from  the  inside  in  some  cases 
and  from  the  outside  in  others.  Limit  cycles  for  various 
time  delays  are  shown  in  figure  29.  Computation  intervals 
were  such  that  two  parabolic  arcs  were  used  in  each  quadrant. 

The  computation  details  are  as  follows:  With  the  assump- 
tion that  the  output  is  a series  of  parabolic  arcs,  the  equation 
for  the  error  during  the  nth  interval  between  switch  points  is: 

En=EniArEni  TnAr\En" rn2  (A4) 

where  rn=  0 at  the  start  of  any  interval  and  Eni}  Enif , and 
Eni " are  the  initial  error,  error  velocity,  and  error  accelera- 
tion, respectively,  for  the  nth  interval.  Upon  differentiating, 
the  velocity  during  any  interval  becomes : 

Enf  — Enif  + Eni,f  Tn  (A 5) 

Eliminating  the  time  rn  between  these  two  equations,  the 
equation  of  the  phase-plane  trajectories  becomes: 

En—\_Eni~2  ^ glJ  ]=2^7  (En'^  (A6) 

Equations  (A4)  and  (A5)  are  used  to  find  Eas  and  EJ 
at  an  actual  switch  point  by- letting  rn=o)vtd  (the  delay  time) 
and  using  as  initial  conditions  E at  E'=0  or  El  at  E=0 
(the  conditions  at  a theoretical  switch  point).  When  this 
point  is  found,  equation  (A6)  is  used  with  Eni—Eas  and 
Em' =Eag ' and  the  next  theoretical  switch  point  is  computed 
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Figure  29. — Error  limit  cycles  due  to  switching  delays  for  a constant 
input  of  x = 10  volts. 


by  setting  either  En=0  or  En'= 0 depending  on  which  type 
of  switch  point  is  being  approached.  In  all  cases  the  accel- 
eration Eni"  is  found  from  the  differential  equation  of  the 
control  system,  equation  (8).  For  the  special  case  where 
a;=10,  equation  (8)  can  be  rewritten  using  y^E+x  as: 

E"+2D(l+pJE'+(l+yn)E=--10yn  (A7) 

An  effort  was  made  to  determine  some  general  method  for 
predicting  the  limit  cycles  as  an  analytic  function  of  td,  D} 
and  7 n but,  even  with  this  very  simple  input,  the 
limit  cycles  are  approached  in  such  a complicated  way  that 
finding  such  a function  would  be  a formidable  task  at  best. 
However,  a systematic  series  of  calculations  as  shown  here 
could  be  made  and  charts  plotted  to  indicate  the  effect  of 
these  various  parameters. 

Comparison  of  the  three  methods  for  constant  inputs. — 

For  a constant  input  of  x— 10  a good  comparison  of  results 
from  the  three  methods  of  studying  relay  delay  was  made  by 
constructing  a logarithmic  plot  of  error  versus  time  delay. 
Data  from  the  two  experimental  methods  had  to  be  modified 
slightly  to  account  for  actual  relays  delays  and  thresholds 
of  zero  coincidence.  The  modification  consisted  of  measur- 
ing the  system  error  with  no  intentional  delay,  .finding  the 
delay  required  to  produce  this  error  from  the  calculated  plot 
of  error  versus  delay,  and  adding  this  delay  to  each  of  the 
experimental  points.  (The  effective  unintentional  relay 
delay  was  found  to  be  20  milliseconds.  This  is  considerably 


greater  than  the  3-millisecond  delay  specified  by  the  relay 
manufacturer.  The  additional  effective  delay  is  due  to  the 
inherent  thresholds  in  the  switching  circuit  which  can  be 
considered  as  a variable  time  delay.  Also,  the  actual  delay 
of  the  relays  may  have  exceeded  3 milliseconds.) 

After  this  modification,  the  analog-computer  data  were 
indistinguishable  from  the  calculated  data.  Data  from  the 
electromechanical  method  also  agreed  quite  well  but  differed 
from  the  computed  results  by  as  much  as  10  percent  at  a 
time  delay  of  0.12.  (See  fig.  30.) 

Response  to  sinusoidal  inputs. — As  mentioned  before,  the 
error  resulting  from  relay  lags  varies  linearly  with  the  magni- 
tude of  the  input  x.  That  this  is  true  is  easily  seen  by  examin- 
ing equation  (8).  If  x is  replaced  by  Kx  and  y by  Ky  where  K 
is  a constant,  the  differential  equation  remains  unchanged 
and  the  error  e=x~~y  is  now  e*=Kx— Ky=Ke. 

The  reader  should  be  warned  that  although  this  is  a well 
known  property  of  linear  differential  equations,  this  system, 
remains  essentially  nonlinear.  Using  the  definitions  of 
and  7n  given  in  the  text  following  it,  equation  (8)  can  be 
written : 

y" 2D (sgn  y'  — iP  sgn  e— 2/3  sgn  e')\y'\  + 

(sgn  y—a  sgn  e— 2y  sgn  e')\y\=x  (A8) 

With  the  equation  in  this  form,  the  reader  can  easily  verify 
that  if  yx  and  y2  are  solutions  to  equation  (A8)  in  its  homoge- 
neous form  (3=0)  then  yx  +2/2  is  not  necessarily  a solution 


Figure  30. — Comparison  of  methods  of  switching-delay  study  with  a 
constant  input  of  x=10  volts. 
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(c)  a>  = 0.6aj„. 

(d)  co  = wy. 

Figure  31. — Responses  for  inputs  of  various  frequencies  with  relay  delays  of  co„<d  = 0.10. 


because  of  the  nonlinear  character  of  the  absolute  value  and 
signum  functions. 

However,  it  can  be  concluded  from  the  linear  property 
that  if  the  error  encountered  for  any  constant  input  is 
obtained,  the  error  for  any  other  constant  input  can  be  found 
by  a simple  scale  change.  For  very  low  frequency  sinusoidal 
inputs  where  x'  and  xn  are  relatively  small  it  wras  found  that 
the  error  was  governed  almost  entirely  by  this  consideration. 
This  is  demonstrated  by  figure  31  (a)  for  a 40-volt  peak-to- 
peak  input  writh  a>=0.1a>„  and  a delay  of  co„£d=0.100.  Notice 
that  the  envelope  of  the  error  is  very  nearly  a sine  wave  with 
its  peak  value  occurring  at  the  peak  value  of  the  input. 

As  the  input  frequency  is  increased,  the  point  of  greatest 
error  shifts  away  from  the  peak  of  the  input.  In  figure  31  (b) 
for  co=0.4co„  the  greatest  error  occurs  almost  % cycle  after 
the  input  reaches  its  peak  in  either  direction.  This  is  because 
the  (1  +pm)y'  term  becomes  sizable  in  this  frequency  range 
during  the  acceleration  period  (i.  e.,  as  \x'\  increases)  and 
reaches  a maximum  at  % cycle  past  the  input  peak.  This 


large  feedback  term  is  applied  in  an  undesired  direction  for 
0.10  unit  of  nondimensional  time  and  causes  the  large  lag 
error. 

At  still  higher  frequencies  the  y " term  coupled  with  the 
(1+7 n)y  term  both  reach  their  maximum  at  the  peak  value 
of  the  input  and  the  greatest  error  again  occurs  near  this 
time.  An  example  of  this  is  given  in  figure  31  (d)  for  an 
input  frequency  of  co=1.0co„.  For  intermediate  frequencies 
the  peak  shifts  around  depending  on  initial  conditions  as 
shown  for  co=0.6co„  in  figure  31  (c). 

From  an  overall  standpoint  a plot  of  the  greatest  error 
versus  frequency  showed  an  approximately  linear  increase 
of  error  with  frequency  (see  fig.  32).  Similarly,  a plot  of 
greatest  error  versus  time  delay  is  linear  up  to  about 
a>„/d=0.10  for  frequencies  up  to  w=0.8co„  (see  fig.  33).  An 
interesting  comparison  of  these  results  and  the  results  found 
for  the  system  with,  no  intentional  delays  is  shown  in  figure 
34.  Also  plotted  in  this  figure  is  the  maximum  error  for  the 
linear  system  alone  (y" -\-2Dy' -\-y=x). 
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Figure  32. — Maximum  error  occurring  during  each  input  cycle  plotted 
against  input  frequency  with  switching  delay  as  a parameter. 

3 = 10  sin  oil—  10  sin^“^r  volts;  03  = —0O=2; 

02=  —0i  = O.5;  73=— 72=2; 

72=  — 7i=0.o;  £>=0.6;  w„=1.0. 


Specification  of  time-delay  tolerances.* — If  an  actual  sys- 
tem were  to  be  set  up  such  as  that  described  by  equation  (8), 
figure  32  would  provide  an  indication  to  the  designer  of  how 
to  specif}7  relay-delay  tolerances.  Take,  for  example,  a 
system  which  has  an  undamped  natural  frequency  fv— 10  cps. 
If  the  error  of  this  system  is  to  remain  below  5 percent  of  the 
maximum  value  of  the  input  for  frequencies  up  to  co=0.8w„, 
then  the  relay  delays  must  be  held  below  0.75  millisecond. 
This  result  is  found  by  first  finding  that  value  of  uvtd  on  the 
a>— 0.8co„  curve  of  figure  33  at  which  the  maximum  error  is 
5 percent.  This  value  of  o)yid  is  0.047.  The  actual  time  delay 
td  is: 


U 


0.047  _ 0.047 ^0.047 

(jo„  2tJv  20tt 


0.00075  sec 


(A9) 


This  value  of  time  delay  will  not  necessarily  assure  that 
the  error  will  always  remain  within  5 percent  of  the  input 


for  other  types  of  inputs  which  are  band-limited  to  0.8a>, 
because  of  the  nonlinear  nature  of  the  system.  However, 
it  is  known  from  the  special  type  of  inputs  studied  that  if 
the  error  is  to  be  as  specified  the  time  delay  can  be  at  most 
0.75  millisecond. 

For  sinusoidal  inputs  with  co<0.8o>„  the  maximum  error 
will  be  less  than  5 percent  of  the  maximum  value  of  the 
input.  For  example,  at  o)=0.1w>,  the  maximum  error  will 
be  slightly  more  than  1 percent. 


Figure  33. — Maximum  error  occurring  during  each  input  cycle  plotted 
against  switching  delay  with  input  frequency  as  a parameter  (same 
data  as  for  fig.  32). 


Figure  34. — Maximum  error  plotted  against  input  frequency  for 
several  time  delays  and  for  linear  member  only. 


APPENDIX  B 


COMPARISON  OF  EQUATION  (8)  AND  NONLINEAR  CONTROL  EQUATION  OF  REFERENCES  1 AND  3 TO  5 

COMPARISON  OF  NOTATIONS 


In  original  notation  the  nonlinear  control  equation  was 
given  as  (refs.  1 and  3 to  5) 


a+(w+b(ji+cy°=y‘{t) 


(Bl) 


where 


6=6+[n-^sgn  (y.'E)+$  sgn  <*.'#')] 

c=c+[\+^  sgn  (y0E)+^  sgn  (ytE')  J 
E=(y0—yt). 

( y=d(  )/<u 


Vo(t) 

output 

yS) 

input 

Abi,Ab2,Acl,&'-2  constants,  A&i>A62,Aci>Ac9 
a+,b+,c+  constants 
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In  terms  of  the  notation  of  equation  (8)  the  above  equation 
is  written 

®1?F+6+(1+|8m)  ft+c+{l+yn)y=x(t)  (B2) 

where 

0m=-ij8sgii  (y'e)-2t 3sgn  (yV);m=0, 1,2,3 
7n—  — i7  sgn  (y6)-27Sgn  (yef);n= 0,  1,2,3 
e=(x-y ) 

ii3,2j8,i7,27  constants,  iP>2p,  i7>27 


ofyifyc"1'  constants 

The  subscript  convention  is 

Pz=\p-\'iP 

Y3  = iY  + 2Y 

p2  = lP  2 P 

II 

J 

Cl 

<0. 

1 

II 

'a! 

-3 

ll 

1 

Pq—  Pz 

0 

II 

1 

2* 

Evidently,  the  correlation  between  equations  (Bl)  and  (B2) 
is  then 

V==Vo 


In  either  notation  a set  of  seven  (constant)  parameters  is 
needed  to  characterize  the  S37stem.  For  example,  in  equation 
(B2)  the  set  (a+,6+,c’f,1/3,2/3, 17,27)  is  sufficient. 

NORMALIZATION  OF  NONLINEAR  CONTROL  EQUATION 

When  considering  control  sys terns  it  is  possible  to  reduce 
the  number  of  parameters  necessary  to  specify  the  nonlinear 
S37stem.  To  do  this  a form  of  normalization  familiar  to 
linear  theoiy  is  utilized.  First,  it  should  be  realized  that  if 
error  is  to  be  defined  as  e—(x~y)  then  c+=  1.  Thus, 
assuming  c+—  1 equation  (B2)  may  be  written 

Z?  Jfyf+Y n)y=x(t)  (B3) 

where 


0>„ 

Introducing  normalized  time  t=o>„£,  equation  (B3)  be- 
comes 

^+2£>(l+/3m)  (1+y n)y=x(r)  (B4) 


- A61 
ll3~b+’ 


2p: 


x=yt 

A69  A cx  A c2 

W iy=7?’  *y=7? 


Thus,  knowing  the  natural  frequency'  of  the  undamped 
linear  S37stem,  a>„,  the  number  of  parameters  necessary  to 
specify  performance  in  the  nonlinear  case  is  five,  that  is, 


e=-E 


and  a+,  5+,  and  c+  are  the  same. 


or  alternatively 


(D,  lp)  20,  i7,  27) 

(Dy  fa,  ^2,  73?  72) 


APPENDIX  C 

SIMULATION  OF  SECOND-ORDER  NONLINEAR  CONTROL  SYSTEM 


EQUIPMENT 

Experimental  studies  were  carried  out  with  the  following 
equipment : 

(1)  General  equipment: 

(a)  Analog  computer,  Beckman  Ease 

(b)  Low-frequency  function  generator,  hp  202  A 

(input  device) 

(c)  Pen  recorder,  Sanborn  Twin-Viso  (output 

device) 

(d)  Vacuum-tube  voltmeter,  RCA  WV-97A 

(e)  Oscilloscope,  Dumont  304-A 

(2)  Special  equipment : 

(a)  Binary-logic  switching  circuit  employed  in 
conjunction  with  (a),  described  in  detail  in 
section  “Binary-Logic  Relay  Switching 
Circuit.” 

COMPUTER  SETUP 

The  computer  diagram  for  the  differential  equation 

g+2D(l+w|+(l+TB)j,=l(r)  (Cl) 

is  given  in  figure  35.  The  correspondence  between  tills  sim- 
ulated system  and  the  block  diagram  of  figure  4 or  5 is 


straightforward  (see  ref.  7).  Operational  amplifiers  1 to  6 
are  used  in  simulating  the  linear  member  of  the  physical 
nonlinear  system.  Resistor  Ri  provides  adjustment  of  the 
linear  damping  factor  D.  The  input  to  this  simulated  linear 
member  is  x — (2Dpmy' +7^)  where  x is  obtained  from  the 
input  device,  while  the  values  of  feedback  2 Dpmy'  and  7 ny 
are  obtained  with  resistors  R2  through  R9  (see  table  5) 
connected  to  y'  and  y through  a binary-logic  relay  switch- 
ing circuit  derived  in  the  following  section.  Amplifiers  7 
to  10  are  sign  changers.  The  four  variables  y , y',  e , and  ef 
whose  signs  are  to  be  sensed  are  made  available  as  shown  in 
the  lower  right  of  figure  35. 

BINARY-LOGIC  RELAY  SWITCHING  CIRCUIT 

To  complete  the  simulation  of  equation  (8)  it  is  neces- 
sary to  implement  the  binary  logic  of  table  2.  Figure  5 
shows  a relay  switching  circuit  (designed  on  an  “and/or” 
basis)  that  realizes  the  necessary  logic. 

In  order  to  preclude  the  possibility  of  time  delay  in  switch- 
ing, “fast”  rela3rs  have  been  employed.  The  average  prop- 
erties of  the  14  double-pole  single-throw  relays  comprising 
the  switching  circuit  are  given  in  table  4. 

The  necessary  synchronism  in  relays  connected  by  dashed 
lines  (fig.  5)  is  obtained  by  series  connection  of  field  coils. 
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Into  the  four  channels  of  field  coils  thus  formed  is  read  the 
four-digit  binary  logic  of  table  2 where  now 

0=Function^>0  = No  coil  current 

1 = Function  <T==  Coil  current 

This  process  of  reading  in  the  binary  logic  may  be  done  by 
monitoring  the  variable  (y,  yf,  e , ef)  with  four  separate  zero- 
coincidence  detectors  or  amplitude  selectors  (denoted  CD 
in  fig.  5 and  described  in  detail  in  the  following  section). 
The  output  of  these  coincidence  detectors  then  drives  the 
respective  channels  of  relay  coils. 

SENSITIVE  TRANSISTORIZED  ZERO-COINCIDENCE  DETECTOR 

One  of  the  four  identical  amplitude  selectors  designed  for 
use  with  the  switching  circuit  of  figure  5 is  shown  in  figure  36. 
This  circuit  basically  consists  of  a grounded  emitter  PNP 
transistor  stage  Tx  driving  a pentode  pulse  amplifier  T2. 
(It  should  be  possible  to  utilize  a transistor  in  place  of  the 
pentode  if  desired.)  Four  relay  coils  connected  in  series 
form  the  plate  load  of  T2.  Positive  feedback  7?3  has  been 
incorporated  for  regenerative  switching. 


-7.5  t/  B + (210  v regulated) 


The  operation  of  this  circuit  is  as  follows:  When  the  input 
voltage  V becomes  more  negative  than  —50  millivolts, 
current  starts  to  flow  in  the  base-emitter  region  of  Tx. 
This  initiates  collector-emitter  current  which  effectively 
grounds  the  collector  and  thus  the  grid  of  T2.  Plate  cur- 
rent flows  in  T2  so  that  the  relays  which  form  this  plate  load 
are  switched  to  the  up  position  (fig.  5).  Positive  feedback 
7?3  has  been  incorporated  to  make  the  switching  regenera- 
tive. Stages  Tx  and  T2  will  continue  to  conduct  until  V 
goes  positive  b}^  50  millivolts,  at  which  time  current  is  cut 
off  in  Ti  and  thus  T2 ; the  relays  return  to  the  normally 
closed  positions  (down  in  fig.  5). 

Refinements  that  have  been  included  in  this 'circuit  are: 

(1)  Adjustable  positive  feedback  R3.  This  feedback  gives 
control  over  the  zero-sensing  threshold  of  the  detector.  The 
greater  the  positive  feedback  the  greater  the  threshold. 
This  adjustment  is  desirable  for  studying  the  effects  of 
threshold  in  sensing  discussed  in  the  section  “Effects  of 
Switching  Imperfections.”  The  measured  peak-to-peak 
threshold  values  obtainable  with  this  arrangement  were  a 
maximum  of  400  millivolts  and  a minimum  of  60  millivolts. 
(In  the  computer  setup  it  was  necessary  to  amplify  error  e 
that  formed  the  input  to  one  of  these  detectors  five  times  in 
order  to  bring  the  switching  threshold  down  to  15  millivolts, 
peak  to  peak.) 

(2)  Adjustable  bias  for  emitter  of  rI\.  This  is  necessary  to 
compensate  for  the  slight  positive  bias  (approximately 
equal  to  100  millivolts)  given  to  the  base  of  T!  by  the  positive 
feedback  R3. 

(3)  A clamping  or  clipping  diode  Ta  to  protect  the  transis- 
tor Ti  from  excessive  base-emitter  inverse  voltages.  Thus 
it  can  be  seen  that  the  input  impedance  of  this  coincidence 
detector  is  15  kilohms  since  the  base  of  Ti  is  effectively  always 
grounded. 
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APPENDIX  D 


BEHAVIOR  OF  OUTPUT  IF  INPUT  AND  INPUT  DERIVATIVE  ARE  SIMULTANEOUSLY  SMALL 


Assume  that  the  input  is  a curve  which  may  be  approxi- 
mated by 


x=ar2 


for  values  r<5.  Since  x'=2 ar,  both  input  and  input 
derivative  vanish  with  r— M3.  The  input  phase  curve  is 


The  output  depends  on  the  initial  conditions: 

(1)  For  7/(0) =0  and  y'(Q)=0 

r j4 1 ^(i+ftn)  5 , "i 
y=°  LS-*  30  r + • • -J 


_12  1 30 

(2)  For  2/(0) = 0 and  y'(0)  = e1 

y=(i[r—D(i+^m)T‘2+ 


•] 


(3)  For  y(0)  = €2  and  j/'(0)=0 

»=‘*[1+(kr!)'*+  ] 

In  all  cases  reproduction  of  the  input  is  not  perfect  very 
close  to  r= 0;  however,  in  cases  (2)  and  (3)  switch  points 
may  occur  for  rather  small  values  of  r.  In  case  (1)  no 
switch  point  close  to  r=0  can  be  expected.  This  case  will 
rarely  occur;  in  most  cases  neither  y( 0)  nor  2/(0)  will  be 
zero.  Then  the  output  is  a superposition  of  cases  (2)  and 
(3).  In  this  event  the  error  e—x—y  is  given  by 

— €iT  + |^Q!+61Z>(l+^m)’~€2  • • • J T2 

It  is  evident  that  for  small  values  of  and  e2  the  error  grows 
with  a.  This  can  easily  be  seen  in  the  results  of  figure  1 1 . 
The  input  was  x=A(l—  sin  Or);  that  means,  near  :r=0,  the 
input  may  be  approximated  by  a parabola  with  a~  1/2  (ft2) A 
or  the  errors  near  x=0  grow  with  Q2. 


APPENDIX  E 

APPROXIMATING  CURVES 


The  approximating  curves  which  can  be  used  to  trace  the 
output  for  a given  input  form  a network  in  the  phase  plane. 
It  has  proved  practicahto  present  the  network  for  e and  ef 
with  the  same  sign  in  one  sheet  (e.  g.,  see  fig.  20)  and  the 
network  for  e and  e ' with  opposite  signs  on  another  sheet. 
Superposition  of  both  sheets  allows  establishing  of  the 
four  approximating  curves  through  each  point  of  the  phase 
plane. 

The  approximating  phase  curves  are  determined  by 
equation  (21).  Since  the  values  \ and  X2  change  from 
quadrant  to  quadrant  the  curves  are  composed  of  portions 
of  different  analytical  curves  which  are  patched  at  yr  — 0 
and  y= 0. 

The  roots  Xt  and  X2  depend  on  D , f3mt  and  yn;  they  may 
be  complex  or  real.  If  the  roots  are  complex,  the  approxi- 
mating curves  are  curves  of  the  spiral  type  which  wind 
around  the  origin  of  the  phase  plane.  In  the  case  of  real 
roots  the  curves  have  a quite  different  character.  This 
can  easily  be  understood  by  transforming  the  equation  of 
the  approximating  curves  (see  refs.  1 and  3 to  5 and  ch.  V 
of  ref.  8).  For  real  roots  the  new  coordinates  n and  v are 
introduced:  y\-y'=» 

y\2—y'=v 


Then  equation  (21)  yields 

If  Xi  and  X2  are  real  and  of  opposite  sign,  the  curves  in  the 
fiv  plane  have  a hyperbolic  character  with  (n,v)=  (0,0)  as 
saddle  point  (see  fig.  37  (a)).  If  and  X2  are  of  equal 
sign,  the  curves  have  a nodal  point  (see  figs.  37  (b)  and 
37  (c)).  In  figures  38  and  39  phase  curves  with  saddle 
point  and  stable  and  unstable  node  are  shown  in  the  original 
y y'  plane. 

The  approximating  curves  are  composed  of  portions  of 
these  different  types  (see  fig.  40). 

There  is  no  need  of  avoiding  pm,yn  combinations  which 
lead  to  node-type  approximating  curves  because  only  por- 
tions of  these  curves  are  used.  In  the  earlier  publications  it 
appeared  as  if  (in  either  one  of  the  networks  of  approximating 
curves)  one  set  of  curves  had  to  be  formed  by  curves  of 
spiral  character  (complex  roots  X).  However,  this  has 
proved  to  be  an  unnecessary  restriction.  There  might  be 
some  trouble  with  node-type  curves  if  large  delays  in  switch- 
ing should  occur  (e.  g.,  delays  in  yf  — 0 switching  in  fig.  40). 
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TABLE  1. — CODING  SCHEME  FOR  SWITCHING  LOGIC  FROM 
EQUATION  (14) 


[0,  functioned;  1,  function<0] 


Binary  coded  decimal 

Decimal 

y 

yf 

e 

«' 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

1 

0 

0 

1 

0 

2 

0 

0 

1 

1 

3 

0 

1 

0 

0 

4 

0 

1 

0 

1 

5 

0 

1 

1 

0 

6 

0 

1 

1 

1 

7 

1 

0 

0 

0 

8 

1 

0 

0 

1 

9 

1 

0 

1 

0 

10 

1 

0 

1 

1 

11 

1 

1 

0 

0‘ 

12 

1 

1 

0 

1 

13 

1 

1 

1 

0 

14 

1 

1 

1 

1 

15 

TABLE  2.— MATRIX  OF  ALLOWED  pm,  yn  COMBINATIONS 
AS  DETERMINED  BY  ENCODED  SWITCHING  LOGIC 
OBTAINED  FROM  EQUATION  (14)“ 


00 

Pi 

p2 

03 

70 

0000 

0100 

1111 

1011 

71 

0001 

0101 

1110 

1010 

72 

ono 

0010 

1001 

1101 

73 

0111 

0011 

1000 

1100 

a Examples : 

(1)  fizyo  is  chosen  when  0100  occurs,  i.  e.,  (?/> 0,  t/'< 0,  e>0,  e'>0), 

or  when  1011  occurs,  i.  e.,  (?/< 0,  ?/'>0,  e<0,  e'<0); 

(2)  02Yi  is  chosen  when  0101  occurs,  i.  e.,  (?/>0,  ?/'<  0,  e>0,  e'<0), 

or  when  1010  occurs,  i.  e.,  (?/< 0,  ?/'> 0,  e<0,  e'>0); 

(3)  0m  is  not  possible. 


TABLE  3.— PARAMETERS  FOR  FIGURE  16 


Figs.  16(a)  and  16(b) 

Figs.  16(c)  and  16(d) 

Complete  system 

System  1: 

03  = — /5o=  2 73—  70— 2 

02=  — /3i =0.5  72=—  7i  = 0.5 

System  5: 

03=  —00=  10  73=—  70=10 

02  =—01=1  72  =—  71=1 

Case  (1)  No  derivative  feedback 

System  2: 

03=  ~ 00  = 0 73—  — 70=2 
02  = — /3i  = 0 72=  —7i  = 0.5 

System  6: 

03=  — 00  = 0 73=  —70=  10 

02=  —03  = 0 72=  —7!=  1 

Case  (2)  No  e'  sensing 

System  3: 

03  = 0o=2  73=“  70=2 

p2=  — 0i  = 2 72=  —71  = 2 

System  7 : 

03=  —0o=  10  73  = — 70  =1 0 

02=  — 01  = 10  72=—  7!=10 

Case  (3)  No  e sensing  in  derivative  feedback  loop  and  no  e'  sens- 
ing in  proportional  feedback  loop 

System  4: 

03=  —0o=2  73=  —70  = 2 

02=  —0i=  —2  72=  — 7!  = 2 

Sj'stem  8: 

03=  —0o=  10  73=— 70=  10 

02=  — 0i=  — 10  72=— 7j  = 10 

TABLE  4— AVERAGE  PROPERTIES  OF  RELAYS  FOR 
SWITCHING  CIRCUIT  OF  FIGURE  5 

Description:  General  Electric  CR-2791  double-pole  single-throw 

relay  mounted  on  5-prong  Amphenol  base  with  permanent  alu- 
minum dust  cover 

Connections: 


Electrical  Properties 

Values 

Coil  resistance 

2.5  kilohms 

Coil  current  for  positive 

5 to  10  ma 

action 

Pull-in  time 

2 millisec 

Drop-out  time 

3 millisec 

TABLE  5.— CORRESPONDENCE  BETWEEN  ADJUSTABLE 
COMPUTER  ELEMENTS  AND  PARAMETERS  OF  EQUA- 
TION (8) 


Element 

Corresponds 

to 

Units, 

kilohms 

Ri 

( m-' 

100 

r2 

(2D0O)'1 

100 

r3 

(2D0i)~1 

100 

r3 

(2D02)"1  1 

100 

r» 

(2D03)“i  i 

100 

R. 

(To)  1 

100 

R- 

(Tl)-1  | 

100 

Rs 

(To)"1 

100 

R» 

(Ts)-1 

100 
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BORON  AND  ZIRCONIUM  FROM  CRUCIBLE  REFRACTORIES  IN  A COMPLEX 

HEAT-RESISTANT  ALLOY 1 

By  R.  F.  Decker,  John  P.  Rowe,  and  J.  W.  Freeman 


SUMMARY 

In  a laboratory  study  of  the  factors  involved  in  the  influence 
of  induction  vacuum  melting  on  a 55Ni-20Cr-15Co-4Mo-3Ti - 
3AI  heat-resistant  alloy , it  was  found  that  the  major  factor  was 
the  type  of  ceramic  used  as  the  crucible.  Creep-rupture  proper- 
ties at  1,600°  F and  hot-workability  of  the  ingots  were  improved 
in  proportion  to  the  increase  in  trace  amounts  of  zirconium 
derived  from  reaction  of  the  melt  with  zirconia  crucibles.  Boron 
derived  from  the  usual  contamination  of  magnesia,  with  boron 
compounds  was  even  more  effective  for  heats  melted  in  magnesia 
crucibles.  Material  melted  in  alumina  crucibles  with  no  intro- 
duction of  boron  or  zirconium  had  very  low  strength  and  ductility 
in  rupture  tests  and  was  very  prone  to  crack  during  hot-working. 
These  findings  indicate  that  variable  amounts  of  boron  or  zir- 
conium introduced  into  alloys  of  the  type  considered  through 
reaction  with  crucible  ceramics  or  unknowingly  in  the  charge 
have  been  a major  cause  of  variability  in  commercial  production. 
Moreover , it  indicates  that  there  must  be  minimum  amounts  of 
one  or  both  of  these  elements  to  obtain  a practical  alloy.  When 
both  boron  and  zirconium  are  present  in  optimum  amounts , 
better  properties  apparently  result  than  can  be  obtained  from 
either  element  alone.  Too  much  zirconium  plus  boron  reduces 
creep-rupture  properties  and  results  in  poor  hot-workability . 
Excessive  boron  alone  also  reduces  hot-workability.  Good 
metallurgical  practice , therefore , requires  the  addition  of  the 
optimum  amounts. 

A microstructural  investigation  was  conducted  to  establish 
the  mechanism  of  the  pronounced  benefits  of  boron  and  zirconium. 
Materials  with  varying  boron  and  zirconium  content  were  exposed 
to  creep  at  1,600 ° F and  the  microstructures  were  analyzed  by 
optical  and  electron  microscopy,  electron  diffraction,  micro- 
fractography,  and  hardness  measurements. 

The  improvement  in  creep-rupture  properties  was  found  to 
result  from  a pronounced  stabilizing  effect  of  boron  and  zir- 
conium on  the  grain  boundaries  of  the  alloy.  The  alloy  with 
lore  boron  and  zirconium  was  subject  to  rapid  agglomeration  of 
MzzCq  and  y'  in  the  gram  boundaries , followed  by  depletion  of 
yf  and  intergranular  microcracking  at  the  grain  boundaries 
transverse  to  applied  stress.  Brittle  fracture  then  occurred  by 
linking  of  microcracks.  Additions  of  zirconium , boron,  and 
boron  plus  zirconium  decreased  this  tendency  in  that  order.  In 
the  absence  of  these  elements  extensive  microcracking  was  found 


late  in  first-stage  creep  at  relatively  short  time  periods  and  frac- 
ture occurred  prematurely  unth  very  little  deformation.  Proper 
amounts  of  boron  plus  zirconium  delayed  microcracking  until 
after  third-stage  creep  had  started  so  that  creep-rupture  life  teas 
greatly  prolonged  and  ductility  to  fracture  markedly  increased. 

INTRODUCTION 

Although  melting  practice  has  long  been  known  to  influence 
the  properties  of  heat-resistant  alloys,  the  factors  involved 
have  not  been  understood.  Part  of  the  lack  of  understanding 
has  been  due  to  variable  and  often  unpredictable  differences 
in  properties  with  a supposedly  constant  melting  practice. 

The  major  reason  for  initiating  the  present  investigation 
was  to  help  clarify  the  role  of  vacuum  melting  in  the  produc- 
tion of  blade  alk^s  for  the  gas  turbines  of  jet  engines. 
Vacuum  melting  with  resultant  improved  properties  had 
been  adopted  quite  widely  for  the  production  of  such  alloys, 
although  erratic  results  were  being  obtained  by  producers. 
Neither  the  causes  for  the  erratic  properties  nor  those  result- 
ing in  the  improvement  in  properties  attributed  to  vacuum 
melting  were  known. 

During  the  course  of  investigating  the  role  of  melting 
practice  on  the  high- temperature  properties  of  a 55Ni- 
20Cr-15Co-4Mo-3Ti-3Al  alloy,  the  present  authors  dis- 
covered that  trace  amounts  of  boron  or  zirconium  derived 
from  reaction  of  the  melt  with  the  crucible  refractories 
improved  creep-rupture  properties  at  1,600°  F.  Boron 
was  most  effective  and  in  addition  markedly  improved 
ho  t-w  orkability . 

The  work  of  Koffler,  Pennington,  and  Richmond  (ref.  1) 
showed  benefits  to  both  creep-rupture  life  and  ductility  of 
M252,  Udimet  500,  Inconel  700,  Nimonic  9b,  and  Waspaloy 
alloys  from  additions  of  boron  and  zirconium.  The  literature 
cites  numerous  cases  where  beneficial  effects  were  obtained 
by  minute  additions  of  certain  alloying  elements  (ref.  2). 
Deoxidation  with  certain  elements,  including  boron  and 
zirconium,  has  been  reported  to  improve  hot-workability 
and  properties  at  high  temperatures  for  nickel-base  alloys 
(refs.  3,  4,  and  5).  Confirmation  of  effects  of  boron  on 
commercial  nickel-base  alloys  was  presented  by  Darmara 
(ref.  6)  and  Jones  (ref.  7).  The  effects,  however,  are  not 
restricted  to  nickel-base  alloys.  Similar  benefication  of 


i Supersedes  NACA  Technical  Note  4049,  "Influence  of  Crucible  Materials  on  High-Temperature  Properties  of  Vacuum-Melted  Nickel-Chromium-Cobalt  Alloy,”  by  R.  F.  Decker,  John  P.  ^ 
Rowe,  and  J.  W.  Freeman,  1957,  and  NACA  Technical  Note  4286,  "Mechanism  of  Beneficial  Effects  of  Boron  and  Zirconium  on  Creep-Rupture  Properties  of  a Complex  Heat-Resistant  Alloy,” 
by  R.  F.  Decker  and  J.  W.  Freeman,  1958. 
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creep-rupture  properties  of  numerous  other  alloys  had  been 
established  in  the  past.  Variations  in  properties  of  alloys 
at  high  temperatures  from  variations  in  melting  and  deoxida- 
tion practice  has  long  been  known. 

Because  vacuum  melting  excludes  exposure  to  air  during 
melting  and  reduces  oxygen  and  nitrogen  in  alloys  to  lower 
values  than  are  typical  of  air  melting,  the  investigation 
originally  was  intended  to  study  the  influence  of  oxygen  and 
nitrogen  as  a function  of  the  melting  technique.  It  soon 
became  evident  that  the  creep-rupture  properties  were  mainly 
governed  by  some  factor  other  than  oxygen  and  nitrogen. 
Creep-rupture  properties  of  the  experimental  heats,  regardless 
of  the  oxygen  and  nitrogen  level  or  other  melting  technique 
variables,  were  markedly  inferior  to  those  considered  typical 
of  the  comerciallv  produced  alloy.  Because  it  was  known 
that  additions  of  boron  and  zirconium  had  the  ability  to 
improve  properties,  it  was  demonstrated  that  such  additions 
to  the  laboratory  heats  did  result  in  properties  equivalent  to 
the  alloy  as  commercially  produced.  Commercial  pro- 
ducers, however,  insisted  that  the  alloy  could  be  made  with 
high  properties  without  such  additions  and  that  there  must 
be  some  other  factor  in  vacuum  melting  which  had  been 
overlooked  in  the  research.  Continued  modifications  of  the 
melting  technique,  however,  failed  to  improve  the  alloy  to 
the  expected  level. 

The  Utica  Drop  Forge  and  Tool  Co.  (now  the  Utica  Drop 
Forge  and  Tool  Division  of  Kelsey-Haves  Co.)  had  developed 
adequate  methods  of  analysis  for  zirconium,  and  their  co- 
operation in  analyzing  the  experimental  heats  disclosed  that 
the  variations  which  existed  in  properties  correlated  with 
variations  in  trace  amounts  of  zirconium.  The  properties 
increased  regularly  with  increases  in  the  amounts  of  zirco- 
nium. Because  zirconium  was  not  added  to  the  heat  and 
was  not  present  in  the  melting  stock,  it  must  have  been  the 
product  of  reaction  between  the  melt  and  the  crucible  refrac- 
tory. The  highest  strength  heat,  however,  was  no  better 
than  those  on  the  low  side  of  the  range  of  values  for  com- 
mercially produced  material. 

The  fact  that  zirconium  derived  from  zirconia  crucibles  dur- 
ing melting  explained  the  variations  in  properties  prompted 
the  decision  to  investigate  heats  made  in  other  refractories. 
When  heats  were  melted  in  magnesia,  the  refractory  generally 
used  commercially,  a marked  but  variable  improvement  in 
properties  was  found,  with  one  heat  being  comparable  to  the 
best  commercially  produced  material.  Heats  melted  in 
alumina  had  uniformly  very  poor  properties.  Moreover  the 
hot-workability  of  the  material  melted  in  alumina  was  very 
poor  while  it  was  markedly  better  for  the  high-strength  heats 
melted  in  magnesia. 

The  first  thought  was  that  magnesium  derived  from  reac- 
tion between  the  melt  and  the  magnesia  was  responsible  for 
the  improved  properties.  Neither  chemical  analyses  nor 
attempts  to  add  magnesium  to  heats  supported  this  possibil- 
ity. The  Universal-Cyclops  Steel  Corp.  had  presented  a 
report  (ref.  1)  which  showed  marked  improvement  in 
properties  from  boron  and  zirconium  additions  for  a number 
of  nickel-base  titanium  and  aluminum  heat-resistant  alloys. 
Accordingly  their  assistance  in  analyzing  for  boron  was 
obtained.  Practically  no  boron  was  found  in  heats  melted 
in  alumina  or  zirconia.  However,  very  small  bu ^significant 


amounts  of  boron  were  found  in  the  heats  melted  in  magnesia,, 
with  those  heats  containing  the  largest  amounts  of  boron 
having  the  best  properties  and  hot-workability.  Boron 
compounds  normally  present  in  commercial  magnesia  as  an 
impurity  were  the  source  of  the  boron.  The  responsibility 
of  boron  or  zirconium  derived  from  reaction  with  crucible 
refractories  for  the  change  in  properties  was  verified  by 
adding  these  elements  to  heats  melted  in  alumina  crucibles 
with  resultant  properties  equivalent  to  the  heats  melted  in 
magnesia  or  zirconia.  A few  heats  were  also  made  with 
simultaneous  additions  of  both  boron  and  zirconium. 

Because  of  the  previous  difficulties  producers  immediately 
checked  the  first  indication  that  trace  amounts  of  boron 
derived  from  magnesia  were  responsible  for  improved 
properties.  A large  number  of  heats  in  which  boron  or 
zirconium  were  not  knowingly  added  were  quickly  de- 
termined by  the  producers  to  have  properties  correlating 
with  boron  and/or  zirconium  content  either  derived  from 
reaction  with  crucible  refractories  or  unknowingly  added  in 
the  melting  stock.  Accordingly  it  seemed  to  be  useless  to 
make  more  heats  in  the  experimental  furnace  and  this  report 
is  based  on  the  relatively  few  heats  from  which  the  original 
discovery  was  made. 

The  investigation  was  then  broadened  to  study  micro- 
structures to  obtain  information  on  the  mechanism  by  which 
trace  amounts  of  boron  and  zirconium  improved  creep- 
rupture  properties  and  it  seemed  logical  to  study  their  effects 
on  the  structural  characteristics  which  had  previously  been 
shown  to  control  properties.  It  would  increase  knowledge  of 
the  theory  of  alloying  and  give  a more  basic  understanding  of 
alloy  design  to  resist  creep  and  rupture.  In  addition,  it  might 
also  reveal  the  nature  and  cause  of  rupture  in  these  materials. 

Since  it  had  been  established  that  the  source  of  the  boron 
and/or  zirconium  was  not  important,  the  mechanism  study 
was  not  limited  to  heats  in  which  these  elements  had  been 
derived  from  the  crucible  refractory.  Rather,  heats  were 
chosen  which  contained  what  appeared  to  be  optimum 
amounts  of  each  element. 

It  is  generally  accepted  that  the  favorable  high- temper- 
ature properties  of  the  nickel-base  alloys  hardened  with 
titanium  plus  aluminum  result  from  the  precipitation  of  the 
intermetallic  y'  phase  within  the  matrix  of  the  alloy.  The 
yr  phase  has  been  shown  to  have  a face-centered  cubic 
structure  similar  to  that  of  the  Ni3Al  phase  of  the  nickel- 
aluminum  system  with  a lattice  parameter  closely  matched 
to  that  of  the  matrix  of  the  alkys  (refs.  8 and  9).  Composi- 
tional!}7, the  phase  has  been  shown  to  dissolve  titanium  and 
is  frequently  referred  to  as  Ni3(Al,Ti). 

Although  the  creep  resistance  of  these  alloys  has  been 
attributed  to  the  presence  of  y'  in  fine  dispersion  within  the 
matrix  (refs.  8 and  10),  attempts  to  relate  the  distribution  of 
the  y'  particles  with  the  metallurgical  properties  have  been 
only  moderately  successful  to  date.  Frey,  Freeman,  and 
White  (ref.  11)  and  subsequently  Brockway  and  Bigelow 
(ref.  12)  found  that  dispersion  of  the  yf  particles  in  Inconel-X 
alloy  correlated  with  creep-rupture  properties  at  1,200°  F, 
which  was  low  in  the  aging  range  for  this  alloy;  however,  no 
correlation  was  obtained  for  rupture  tests  at  1,500°  F,  which 
was  high  in  the  aging  range.  Betteridge  and  Smith  (ref.  13) 
studied  the  relations  between  structure  and  creep  properties 
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of  several  Nimonic  alloys  when  tested  high  in  the  aging 
range.  Highest  creep-rupture  properties  were  obtained 
with  the  greatest  volume  percent  of  7'.  Baillie  (ref.  14) 
found  that  best  creep  resistance  in  Ni-Cr-Al-Ti  alloys  was 
obtained  with  the  highest  density  of  7'  particles. 

Carbide  reactions  occur  in  the  titanium-  and  aluminum- 
hardened  nickel-base  alloys  and  have  been  related  to  proper- 
ties. Among  the  carbides  identified  are  M23C6  (refs.  12,  15, 
and  16),  M6C  (refs.  15  and  16),  Cr7C3  (ref.  17),  and  TiC  (refs. 
15  and  16).  The  occurrence  of  a type  of  carbide  is  dependent 
both  on  the  alloy  content  and  the  temperature  of  treatment, 
[n  general,  the  carbide  reactions  in  these  alloys  are  poorly 
understood.  Their  probable  importance  in  controlling 
properties  was  indicated  by  Betteridge  and  Franklin  (ref.  17) 
who  established  the  benefits  on  rupture  life  of  obtaining  a 
high-temperature  precipitate  of  Cr7C3  before  creep  exposure 
of  Nimonic  alloys. 

This  investigation  was  conducted  at  the  University  of 
Michigan  Research  Institute  under  the  sponsorship  and 
with  the  financial  assistance  of  the  National  Advisory 
Committee  for  Aeronautics.  The  chemical  analyses  were 
supplied  gratis  by  the  Utica  Drop  Forge  and  Tool  Division 
of  Kelsey-Hayes  Co.  and  the  Uni versal-Cy clops  Steel  Corp. 
Particular  credit  is  due  Dr.  W.  C.  Bigelow  and  Mr.  J.  A. 
Amy  for  the  phase  identifications,  which  were  part  of  a 
program  of  research  in  identification  of  minor  phases  in 
heat-resistant  alloys  sponsored  by  Metallurgy  Research 
Branch,  Aeronautical  Research  Laboratory,  Wright  Air 
Development  Center. 

EXPERIMENTAL  PROCEDURES 

MELTING 

The  experimental  heats  were  induction-melted  in  the 
University  of  Michigan  vacuum-melting  unit  shown  in  figure 
1.  Pressures  before  meltdown  and  after  pouring  were  less 
than  5 microns  as  measured  by  both  Stokes  and  thermo- 
couple gages.  No  gases  were  purposely  added  to  the  chamber 
during  the  melting  cycle.  Melt  temperatures  were  meaured 
with  an  immersion  thermocouple  with  one  platinum  and  one 
platinum  and  rhodium  wire.  Melting  cycles  for  all  the  heats 
are  detailed  in  table  I and  figure  2. 

The  aim  of  the  analysis  for  the  basic  alloy,  in  weight  per- 
cent, for  all  heats  was  as  follows: 

Chromi-  Molyb-  Alumi-  Manga- 

um  Cobalt  denum  Titanium  num  nese  Silicon  Carbon  Nickel 

20.  0 15.  0 4.  0 3.  1 3.  1 0.  12  0.  12  0. 08  Bal- 

to  ance 
0.  15 

Varied  amounts  of  boron  and  zirconium  were  added  to  certain 
heats  for  the  purposes  of  the  investigation. 

Laboratory-grade  electrolytic  nickel,  chromium,  cobalt, 
and  manganese  melting  stocks  were  used.  The  other  ele- 
ments were  added  in  the  form  of  low-carbon  arc-melted 
molybdenum,  Ti-55A  bar  titanium,  99.99-percent-pure  ingot 
aluminum,  99.9-percent-pure  silicon  powder,  sponge  zir- 
conium, nickel-boron  master  alloy,  and  powdered  or  chuck 
graphite. 

The  crucible  refractories  were  alumina,  zirconia,  and 
magnesia.  Pertinent  data  on  these  materials  are  listed  in 


(a)  External  view. 

(b)  Internal  view  showing  crucible,  charge  buckets,  and  ingot  mold. 


Figure  1. — University  of  Michigan  vacuum-melting  furnace. 


Figure  2. — Melting  cycles  used  in  study  of  effect  of  melting  variables 
on  high- temperature  properties  of  experimental  alloy. 
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(a)  As-cast  ingot  9 inches  long  with  2.5-inch  diameter;  weight,  10 

pounds. 

(b)  Section  of  hot  top  showing  isolation  of  pipe  to  hot  top. 

(c)  Macrostructure  of  ingot  section. 

Figure  3. — Typical  as-cast  ingot  from  experimental  heats. 

table  II  with  chemical  compositions  obtained  from  the 
suppliers. 

Ten-pound  heats  were  poured  into  an  open-bottomed 
copper  mold  which  rested  on  a massive  copper  block.  An 
insulating  refractory  ring  mounted  in  the  top  of  the  copper 
mold  served  as  the  hot  top.  An  as-cast  ingot,  a hot-top 
section,  and  the  ingot  structure  are  shown  in  figure  3. 

HOT- WORKING  AND  HEAT  TREATMENT 

Most  of  the  10-pound  ingots  were  processed  as  follows: 

(1)  Homogenized  1 hour  at  2,300°  F,  air-cooled. 

(2)  Surface-ground. 

(3)  Rolled  at  2,150°  F to  %-inch  bar  stock  using  22  passes 
with  21  reheats  of  10  minutes  between  passes.  The  last 
pass  was  a 7-percent  reduction  followed  by  air-cooling. 

Heats  V-20,  V-21,  and  V-24  were  not  homogenized  or 
ground,  and  heats  V-18  and  V-19  were  rolled  at  2,000°  F to 
%-inch  bar  stock  using  36  passes  with  35  reheats. 

All  of  the  stock  was  solution-treated  at  2,150°  F for  2 hours 
and  then  air-cooled.  The  rupture  tests  were  conducted  on 
the  material  in  this  condition.  In  conducting  the  tests  the 
specimens  were  preheated  for  4 hours  at  1,600°  F before  the 
stress  was  applied.  The  2-hour  treatment  at  2,150°  F also 
was  applied  prior  to  aging  experiments. 

The  evaluation  of  hot-workability  was  limited  to  visual 
observations  of  the  type  and  degree  of  cracking  during  rolling 
and  to  comparison  of  the  limitations  during  working  neces- 
sary to  obtain  usable  bar  stock. 


CHEMICAL  ANALYSIS 

Samples  for  chemical  analysis  were  cut  from  the  midpoint 
of  the  as-rolled  bar  stock.  This  metal  was  originally  in  the 
center  of  the  ingot.  Titanium,  aluminum,  molybdenum, 
chromium,  cobalt,  manganese,  magnesium,  copper,  iron,  and 
zirconium  were  determined  spectographicallv  through  the 
courtesy  of  the  Utica  Drop  Forge  and  Tool  Corp.  Carbon, 
sulfur,  and  phosphorus  were  determined  by  chemical  analysis 
of  machined  chips.  Residual  calcium,  iron,  copper,  and 
magnesium  were  checked  spectrographically  on  heats  V-13, 
V-20,  and  V-21.  The  difficult  and  time-consuming  analyses 
for  boron,  provided  gratis  by  the  Uni versal-Cy clops  Steel 
Corp.,  were  made  by  a wet-chemical  method. 

SPECIMENS  FOR  DETERMINING  PROPERTIES  AT  HIGH  TEMPERATURES 

Specimens  having  a 0.250-inch  diameter  by  1-inch  long 
gage  section  were  machined  from  the  heat-treated  bar  stock. 
The  original  %-inch  stock  was  quartered  lengthwise  to  pro- 
vide specimen  blanks  from  each  quarter.  The  high-tempera- 
ture  properties  of  the  experimental  heats  were  evaluated  by 
rupture  tests  on  these  specimens  at  1,600°  F and  25,000  psi. 
In  part  of  the  tests  creep  data  were  taken  on  the  specimens 
using  an  optical  extensometer  having  a sensitivity  of  0.000005 
inch  per  inch  for  strain  measurements. 

MECHANISM  STUDIES 

The  mechanism  studies  were  concentrated  on  the  four 
heats  with  the  largest  differences  in  properties  from  the 
trace-element  effects.  Heat  V-15  (see  table  III)  was  selected 
as  representative  of  material  with  very  low  boron  and 
zirconium.  A relatively  high  zirconium  content  for  the  series 
of  heats  available  was  represented  by  heat  V-6.  Heat  V-12 
was  representative  of  a fairly  high  boron  content  and  heat 
V— 14  had  significant  amounts  of  both  boron  and  zirconium. 

Samples  from  these  heats  were  subjected  to  extensive 
microstructural  studies  using  both  optical  and  electron 
microscopic  techniques.  Phase  identifications  were  carried 
out  using  electron  diffraction  on  extraction  replicas.  To 
define  the  influence  of  boron  and  zirconium  it  was  found 
necessary  to  age  samples  with  and  without  stress.  The 
samples  aged  under  stress  were  obtained  by  interrupting 
creep-rupture  tests.  Several  features  of  the  microstructure 
had  to  be  evaluated  by  counting  techniques.  The  details 
of  the  procedures  are  presented  in  the  following  sections. 

Procedures  with  aged  specimens. — Small  samples  were 
heated  in  a muffle  furnace  for  time  periods  up  to  500  hours 
at  1,600°  F to  provide  specimens  with  structural  changes 
characteristic  of  those  produced  in  the  absence  of  stress. 
These  samples  were  subjected  to  hardness  tests  as  well  as  to 
microstructural  examination.  Diamond  pyramid  hardness 
(DPH)  was  measured  with  a 50-kilogram  load.  Three 
impressions  were  made  on  each  sample.  Analysis  of  testing 
variability  established  that  in  the  range  of  200  to  340  DPH 
a difference  of  7 DPH  was  significant  while  in  the  range  of 
340  to  400  DPH  a difference  of  9 DPH  was  required  to 
be  significant. 

Specimens  aged  under  stress  were  obtained  by  starting 
tests  at  1,600°  F in  the  same  manner  as  for  rupture  tests. 
The  objective  was  to  obtain  specimens  showing  the  micro- 
structural  changes  occurring  during  the  course  of  the  creep- 
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rupture  tests.  When  the  required  time  had  elapsed,  the  load 
was  released  and  the  specimen  was  immediately  removed 
from  the  furnace  to  cool  in  air.  Creep  data  were  taken 
during  these  aging  treatments  so  that  the  structural  changes 
could  be  expressed  as  a function  of  deformation  as  well  as 
of  time.  Fractured  rupture  specimens  were  also  examined. 
In  one  series,  the  stresses  were  adjusted  to  give  approximately 
equal  creep  rates  in  all  four  heats. 

All  specimens  were  sectioned  lengthwise  to  present  surfaces 
for  examination  which  were  parallel  to  both  the  direction 
of  rolling  and  the  direction  of  the  stress  for  specimens 
subjected  to  creep. 

Light  microscopy. — Metallographic  samples  were  mechan- 
ically polished  through  wet  papers  to  600  grit  and  then  the 
majority  were  polished  on  wet  cloths  with  Linde  A and 
Linde  B powders.  A few,  as  noted  in  the  figures,  were 
electropolished  after  600  grit  paper  in  a solution  of  10  parts  of 
70-percent  perchloric  acid  and  90  parts  of  glacial  acetic  acid 
at  50  volts  with  a current  density  of  2 amperes  per  square 
inch.  Cyclic  polishing  of  5 seconds  on  and  5 seconds  off  was 
employed  for  a total  period  of  electrolysis  of  30  seconds. 

The  procedure  and  etchant  developed  by  Bigelow,  Amy, 
and  Brockway  (ref.  18)  was  used  to  reveal  best  the  precipitat- 
ing phases  at  100,  1,000  and  2,000  diameters.  This  involved 
etching  electrolytically  at  6 volts  and  a current  density  of 
0.8  ampere  per  square  inch  for  periods  of  5 to  7 seconds, 
depending  upon  the  sample  condition.  The  etchant  compo- 
sition was  12  parts  of  85-percent  phosphoric  acid,  47  parts 
of  96-percent  sulfuric  acid,  and  41  parts  of  70-percent 
nitric  acid. 

Electron  microscopy. — Metallographic  samples  were  me- 
chanically polished  through  wet  papers  to  600  grit.  This 
polishing  was  followed  by  electropolishing  using  the  pro- 
cedure described  in  the  previous  section  on  fight  microscopy. 

Etching  for  examination  with  the  electron  microscope 
was  accomplished  with  the  etchant  described  under  fight 
microscopy  with  the  etching  time  reduced  to  periods  of 
1 second  to  5 seconds. 

After  etching,  collodion  replicas  of  the  metallic  surface 
were  made.  These  were  shadowed  with  palladium  to  increase 
contrast  and  reveal  surface  contours.  Polystyrene  latex 
spheres  approximately  3,400  angstrom  units  in  diameter 
were  placed  on  the  replicas  prior  to  shadowing  to  indicate 
the  angle  and  direction  of  shadowing  and  to  provide  an 
internal  standard  for  measurement  of  magnification.  The 
micrographs  reproduced  in  this  report  are  copies  of  direct 
prints  from  the  original  negatives;  consequently,  the  poly- 
styrene spheres  appear  black  and  the  “shadows”  formed 
by  the  palladium  appear  white. 

Quantitative  stiuctural  evaluations  and  techniques. — Dur- 
ing the  course  of  the  structural  studies  it  became  evident 
that  certain  features  were  related  to  properties.  The  most 
significant  were  microcracks  formed  in  the  grain  boundaries, 
depletion  of  the  7'  phase  from  the  matrix  adjacent  to  the 
grain  boundaries,  “nodules”  of  precipitates  which  formed 
within  the  grains,  the  dispersion  of  7'  particles  in  the  matrix, 
and  cracks  originating  at  the  surface. 

In  order  to  make  the  trends  and  comparisons  quantita- 
tive, counts  were  made  of  the  number  of  depleted  grain 
boundaries,  microcracks,  and  nodules  in  an  0.008-square-inch 


area  using  a magnification  of  Xl,000  on  mechanically  polished 
and  etched  specimens.  An  area  of  0.008  square  inch  was 
surveyed  as  eight  strips,  each  0.2  by  0.005  inch.  In  the  case 
of  interrupted  creep  tests,  the  strips  were  longitudinal  to 
the  specimen  axis  at  the  center  of  the  specimen  and  at  the 
minimum  cross  section.  In  ruptured  samples,  the  strips 
were  again  longitudinal,  starting  in  the  grains  at  the  fracture 
surface  and  progressing  away  from  the  fracture. 

A depleted  grain  boundary  was  counted  when  a clear, 
white  strip  of  matrix  free  of  7'  particles  was  clearly  seen  along 
a grain  boundary. 

Microcracks  w^ere  easily  distinguishable  by  their  blackness 
which  was  in  complete  contrast  with  all  other  intragranular 
and  intergranular  features  of  the  samples.  Early  doubts 
about  the  identity  of  microcracks  were  eliminated  when 
electropolishing  enlarged  and  accentuated  these  black  voids 
and  when  fins  on  electron-microscope  replicas  were  found 
where  these  had  filled  the  microcracks.  Each  distinct 
microcrack  was  counted.  A crack  had  to  be  1 micron  in 
length  to  be  counted  because  shorter  microcracks  were  not 
distinguishable  from  carbide-matrix  interfaces.  Counting  of 
nodules  was  arbitrarily  limited  to  those  more  than  5 microns 
in  diameter. 

Intergranular  surface  cracks  were  counted  on  mechanically 
polished  specimens  by  traversing  longitudinal  section  sur- 
faces at  500  diameters.  This  cracking  was  found  to  be  quite 
uniform  over  the  reduced  section  of  the  specimens.  In  the 
case  of  interrupted  creep  specimens  the  cracks  were  counted 
over  the  center  0.75  inch,  while  in  ruptured  samples  counts 
w^ere  made  for  0.50  inch  starting  at  the  fracture.  Inter- 
granular cracks  penetrating  less  than  0.003-inch  deep  were 
not  counted. 

A rough  measure  of  7'  dispersion  was  obtained  by  the 
surface  density  of  7'  particles  in  electron  micrographs.  An 
area  large  enough  to  contain  at  least  100  particles  was  sur- 
veyed at  12,000  diameters. 

The  above  techniques  allovr  quantitative  comparison  of 
the  tendency  of  the  four  heats  to  undergo  structural  changes. 
It  is  recognized  that  percent  of  gmin-boundary  area  cracked, 
percent  of  grain-boundary  area  depleted,  volume  percent  of 
nodules,  and  volume  percent  and  interparticle  distance  of  7' 
vrould  be  fundamentally  more  sound  quantities  for  correla- 
tion. However,  these  more  refined  and  time-consuming 
techniques  would  not  alter  the  conclusions  of  this  paper  and, 
therefore,  were  not  considered  necessary. 

Phase  identification. — The  extraction-replica  technique 
of  Fisher  (ref.  19)  was  used  to  identify  precipitated  phases  by 
electron  diffraction.  In  this  procedure  a replica  is  placed 
on  the  surface  of  the  sample  and  the  metal  surface  then 
selectively  etched  so  that  the  precipitate  of  interest  is  left 
adhering  to  the  surface  of  the  replica. 

For  extraction  of  intragranular  7',  the  initial  specimen 
preparation  was  identical  to  the  electropolishing  and  etching 
used  for  electron  metallography.  The  specimen  preparation 
for  extraction  of  intragranular  precipitates  consisted  of 
electropolishing  and  then  electrolytically  etching  for  15 
minutes  in  1 part  85-percent  phosphoric  acid  to  4 parts 
water  in  order  to  remove  the  7'  particles. 

For  extraction  of  intergranular  particles,  the  microfracto- 
graphic  techniques  of  Plateau,  Henry,  and  Crussard  (ref.  20) 
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proved  adequate.  Specimens  were  cooled  in  liquid  nitrogen 
and  then  fractured  using  a hammer  and  chisel,  the  fracture 
being  intercrystalline.  The  fracture  surface  was  then  etched 
with  the  same  procedure  described  above  for  electron 
microscopy. 

Carbon  replica  films  were  deposited  on  the  prepared 
surfaces  by  the  method  of  Bradley  (ref.  21)  and  were  backed 
by  thicker  supporting  films  of  collodion.  The  surfaces  were 
then  etched  electrolytically  in  a solution  of  1 part  85-percent 
phosphoric  acid  to  4 parts  water  until  the  compound  replica 
films  separated  from  the  surface.  The  films  were  transferred 
to  the  surface  of  clean  distilled  water  and  allowed  to  wash 
by  diffusion,  picked  up  on  nickel  screens,  washed  again, 
and  the  collodion  backing  films  dissolved  from  the  carbon 
films  with  amyl  acetate  by  the  method  of  Fullam  (ref.  22). 
The  replicas  were  then  shadowed  with  aluminum  to  provide 
an  internal  standard  for  interplanar  distances.  Electron- 
diffraction  patterns  were  obtained  from  the  particles  by 
selected  area  electron-diffraction  techniques  on  the  micro- 
scope. Electron  micrographs  were  obtained  from  the 
replicas  in  an  electron  microscope  to  show  the  phases 
subjected  to  electron  diffraction. 

RESULTS 

The  data  obtained  gave  two  main  results:  (1)  The  estab- 
lishment of  the  marked  improvement  of  creep-rupture 
properties  and  hot-workability  from  zirconium  or  boron 
derived  from  reaction  between  the  melt  and  crucible  refrac- 
tories; and  (2)  the  delineation  of  the  mechanisms  by  which 
boron  and/or  zirconium  improved  the  creep-rupture 
properties. 

INFLUENCE  OF  CRUCIBLE  REFRACTORY 

The  poorest  hot-workability  and  the  lowest  rupture  life 
and  ductility  were  found  for  heats  melted  in  alumina 
crucibles.  Better  properties  were  found  for  heats  melted 
in  zirconia  and  still  better  for  those  melted  in  magnesia. 
In  presenting  the  results,  the  chemical  composition  of  the 
melted  heats  will  be  discussed  first  because  the  cause  for 
the  observed  property  effects  was  found  through  the  chemical 
analyses.  The  hot- workability  of  the  heats  will  be  presented 
second  and  the  creep-rupture  properties  third. 

Chemical  composition. — The  composition  variables  of 
primary  interest  in  this  investigation  proved  to  be  boron 
and  zirconium.  The  levels  investigated  varied  depending 
on  the  type  of  crucible  employed  for  the  melting  and  whether 
deliberate  trace-element  additions  were  made  to  the  heats. 
The  results  of  chemical  analyses  on  heats  melted  with  no 
deliberate  additions  of  boron  or  zirconium  (see  table  III) 
indicate  the  following  ranges  of  analysis  for  these  elements: 


Type  of  crucible 

Range  in  analysis,  weight  percent 

B 

Zr 

Alumina 

0.0002  to  0.0003 
.0004  to  0.0005 
.0004  to  0.0017 

<0.01 

<0.03  to  0.19 
<0.01 

Zirconia  - 

Magnesia  __  - - 

In  order  to  verify  that  the  boron  and/or  zirconium  were 
the  controlling  variables  independent  of  their  source  and  to 
extend  the  study  to  higher  levels  than  were  obtainable  bv 
reaction  with  the  crucibles,  additional  heats  were  made  in 
all  three  types  of  crucibles  with  deliberate  additions  of  boron 
and/or  zirconium  during  melting.  This  increased  the  range 
of  boron  up  to  0.0089  percent  and  gave  heats  melted  in 
alumina  for  which  essentially  none  of  the  boron  and/or 
zirconium  was  derived  from  reaction  with  the  crucible. 

The  lower  limit  of  sensitivity  for  zirconium  during  the 
analysis  of  heats  V-l  through  V-10  was  0.03  percent.  The 
sensitivity  had  improved  to  0.01  percent  for  heats  V-ll 
through  V-24. 

Although  the  majority  of  the  heats  had  carbon  contents 
in  the  range  of  0.05  to  0.12  percent,  several  heats  contained 
carbon  levels  above  this  range.  Titanium  and  aluminum 
also  varied  because  of  the  wide  range  of  melting  techniques 
used.  In  addition,  the  degree  of  reliability  of  analyses 
for  magnesium,  calcium,  and  copper  is  uncertain.  The 
results  obtained,  however,  did  not  disclose  significant 
variations  for  these  elements. 

Hot-workability. — Working  conditions  for  the  alloy  were 
found  to  be  limited  in  temperature  range,  amount  of  reduc- 
tion per  pass,  and  the  reheat  time  between  passes  because  of 
the  tendency  for  cracking  to  occur.  The  most  successful 
practice  found  for  the  heats  with  less  than  0.01  percent 
zirconium  and  less  than  0.001  percent  boron  was  to  roll 
from  2,150°  F using  approximately  7-percent  reductions  per 
pass  wfith  a 10-minute  reheat  at  2,150°  F between  passes. 
Therefore,  this  practice  was  adopted  for  all  rolling  except 
for  heats  V-18  and  V-l 9,  which  were  rolled  from  2,000°  F 
with  smaller  reductions  to  avoid  the  hot-shortness  at  tem- 
peratures above  2,000°  F which  was  related  to  combined 
content  of  boron  and  zirconium. 

Observation  of  hot- working  revealed  that  two  distinctly 
different  types  of  cracking  occurred.  The  first  type  was  a 
severe  internal  rupturing  of  the  stock.  The  appearance  of 
one  of  these  ruptures  is  shown  in  figure  4.  The  second 


(a)  Ingot  after  three  passes  at  2,150°  F. 

(b)  %-inch  bar  stock  rolled  from  cracked  section  of  ingot  shown 
in  (a).  Large  cracks  could  not  be  ground  out. 

Figure  4. — Internal  rupture  in  heat  V-l 4 with  0.0088  percent  boron 
and  0.01  percent  zirconium  and  resultant  bar  stock  after  continued 
hot-rolling. 
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(a)  Heat  V-13  with  0.0003  percent  boron  and  less  than  0.01  percent 

zirconium. 

(b)  Heat  V-l  with  0.09  percent  zirconium  with  no  boron  addition. 

(c)  Heat  V-6  with  0.19  percent  zirconium  and  0.0004  percent  boron. 

(d)  Heat  V— 11  with  0.0017  percent  boron  and  less  than  0.01  percent 

zirconium. 

(e)  Heat  V-12  with  0.0089  percent  boron  and  less  than  0.01  percent 

zirconium. 

Figure  5. — Effect  of  boron  or  zirconium  content  on  corner  cracking  of 
experimental  heats  w hen  rolled  to  %-inch-square  bars  at  2,150°  F. 

type  was  corner  cracking  (fig.  5)  which  occurred  after  the 
round  ingot  had  been  broken  down  to  square  bar  stock  in 
the  rolling  mill.  It  was  found  that  both  types  of  cracking 
were  related  to  trace  element  content. 

The  2,300°  F treatment  included  in  the  standard  rolling 
practices  was  first  adopted  using  heats  with  no  boron  in  the 
belief  that  it  would  minimize  corner-cracking  problems 
iluring  rolling  by  homogenizing  the  as-cast  ingot.  It  is 
possible  that  this  treatment  magnified  the  internal-rupture 
problem  in  heats  to  which  boron  was  added.  The  introduc- 
tion of  the  2,300°  F treatment  was  based  on  experience  with 
one  of  the  higher  zirconium  heats  and  it  is  now  considered 
that  the  zirconium  and  not  the  heat  treatment  was  respon- 
sible for  the  improved  hot-workability. 

The  cracking  characteristics  are  presented  in  terms  of  the 
boron  and/or  zirconium  contents  alone.  The  relationship  of 
these  elements  to  crucible  refractories  will  be  discussed  in 
detail  in  the  subsequent  section  on  rupture  properties. 

Internal  cracking  during  rolling:  The  relationships  govern- 
ing internal  rupturing  during  ingot  breakdown  were: 

(1)  The  base  alloy  as  melted  in  alumina  was  not  subject 
o internal  rupturing. 

(2)  Zirconium  content  of  the  heats  melted  in  zirconia  or 
ilumina  without  boron  additions  apparently  did  not  in- 
troduce internal  rupturing.  The  relation  held  up  to  a zir- 
conium content  of  0.19  percent  (heat  V-6). 

(3)  Increasing  boron  content  in  the  presence  of  less  than 
).01  percent  zirconium  did  introduce  internal  rupturing. 
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This  was  first  noticed  in  the  finished  bar  stock  of  heat  V-12 
(0.0089  percent  B)  which  exhibited  some  small  voids  along 
the  center  line  resulting  from  internal  rupture  during  ingot 
breakdown. 

(4)  The  presence  of  both  boron  and  zirconium  in  the 
amounts  investigated  markedly  increased  internal  rupturing 
during  ingot  breakdown.  Figure  4 illustrates  the  severity 
of  this  in  heat  V-14  which  contained  0.0088  percent  boron 
and  0.01  percent  zirconium.  Thus,  the  small  increase  in 
zirconium  content  from  less  than  0.01  percent  (the  lower  limit 
of  analysis)  in  heat  V-12  to  a definite  0.01  percent  in  heat 
V-14  in  the  presence  of  a boron  content  of  near  0.009  percent 
was  enough  to  intensify  internal  rupturing.  In  general, 
the  severity  of  the  internal  rupturing  in  the  heats  containing 
0.0069  to  0.0090  percent  of  boron  (heats  V-12,  V-14,  V-17, 
V-18,  and  V-19)  increased  with  zirconium  content  in  the 
range  from  less  than  0.01  to  0.09  percent  of  zirconium. 
Heats  V-18  (0.0069  percent  B and  0.09  percent  Zr)  and 
V-19  (0.0090  percent  B and  0.04  percent  Zr)  were  very  hot- 
short  during  the  first  passes  in  the  standard  rolling  schedule. 

(5)  The  time  of  internal  rupturing  in  the  rolling  cycle  was 
a function  of  the  boron  and  zirconium  levels.  In  heat  V-14 
(0.0088  percent  B and  0.01  percent  Zr),  internal  rupturing 
was  limited  to  the  first  three  passes  at  2,150°  F where  it  oc- 
curred along  the  as-cast  grain  boundaries.  Once  the  original 
as-cast  structure  was  recrystallized,  internal  rupturing 
ceased  and  the  stock  was  reduced  to  %-inch  bar  stock  suc- 
cessfully with  the  standard  rolling  procedure.  However,  in 
heat  V-18  (0.0069  percent  B and  0.09  percent  Zr)  and  heat 
V-19  (0.0090  percent  B and  0.04  percent  Zr),  internal  ruptur- 
ing persisted  after  recrystallization  of  the  as-cast-  grains. 
In  order  to  minimize  this  rupturing  throughout  the  rolling 
cycle,  the  rolling  temperature  was  lowered  to  2,000°  F and 
the  reductions  per  pass  to  3 percent.  With  this  procedure 
it  was  possible  to  obtain  some  useful  stock  for  rupture- 
testing. 

Corner  cracking  during  rolling:  After  the  round  ingots 

had  been  broken  down  to  l^6-inch  squares  in  the  rolling  mill, 
shallow  corner  cracking  occurred  in  some  of  the  experimental 
heats.  These  cracks  could  be  ground  out  between  passes 
rather  easily  but  reoccurred  during  subsequent  passes.  The 
severity  of  this  cracking  was  variable;  some  of  the  heats 
were  very  malleable  with  no  corner  cracking  while  others 
underwent  cracking  with  each  pass. 

As  seen  in  figure  5,  the  relationships  governing  corner 
cracking  during  rolling  of  the  bar  stock  were: 

(1)  In  heats  melted  in  alumina  or  zirconia  crucibles  with 
no  boron  additions,  cracking  decreased  with  increasing 
zirconium  content  (figs.  5(a)  and  5(b)). 

(2)  In  heats  with  less  than  0.01  percent  zironium  (melted 
in  alumina  or  magnesia  crucibles),  cracking  decreased  with 
increasing  boron  content  (figs.  5(d)  and  5(e)). 

(3)  Corner  cracking  was  not  a problem  in  the  heats  con- 
taining moderate  amounts  of  both  boron  and  zirconium 
(fig.  5(c)). 

Stress-rupture  properties. — The  evaluation  of  the  in- 
fluence of  boron  and/or  zirconium  was  based  on  creep- 
rupture  tests  at  1,600°  F and  25,000  psi.  (See  table  IV  and 
figs.  6 through  12.)  The  data  obtained  showed  that  rupture 
time  and  ductility  increased  with  zirconium  content  and 
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that  boron  was  more  effective  than  zirconium.  The  presence 
of  certain  amounts  of  both  boron  and  zirconium  gave  even 
higher  strength,  although  the  properties  fell  off  when  zir- 
conium increased  above  0.01  percent  in  the  presence  of 
0.0069  to  0.0090  percent  of  boron.  A major  result  of  the 
experiments  was  the  demonstration  that  properties  corre- 
lated with  boron  and  zirconium  contents  whether  these  were 
derived  from  reaction  with  the  crucible  refractory  or  deliber- 
ately added  to  the  heats. 

Zirconium  from  zirconia  crucibles:  The  rupture  properties 
of  heats  V-l  to  V-10  correlated  with  the  amount  of  zirconium 
in  the  heats  (figs.  6 and  7),  and  the  rupture  life  increased 
regularly  with  increased  zirconium  up  to  0.19  percent.  The 
rupture  life,  however,  seemed  to  be  dependent  on  the  amount 
of  titanium  plus  aluminum  in  the  heats,  as  is  indicated  in 
figure  6 by  the  arbitrary  grouping  of  the  data  for  heats  with 
less  than  or  more  than  6.5  percent  of  titanium  plus  aluminum. 
Elongation  and  reduction-of-area  values  increased  when  the 
heat  contained  up  to  about  0.10  percent  zirconium  inde- 
pendent of  the  titanium-plus-aluminum  content,  except  in 
the  cases  of  the  high  values  for  the  high-carbon  heats  V-8, 
V-9,  and  V-10  where  the  high  carbon  contents  appear  to 
increase  ductility  of  the  alio}7  in  rupture  tests. 

Heats  V-l  through  V-10  were  all  melted  in  zirconia  crucible 
with  no  zirconium  added.  The  zirconium  contents  repre- 
sented the  variable  amounts  introduced  into  the  heats  as 
a result  of  reaction  between  the  melts  and  the  crucible  re- 
fractories. The  variable  amounts  of  zirconium  presumably 
were  due  to  the  wide  ranges  in  refining  practice,  deoxidation 
practice,  superheat  temperature,  pouring  temperature,  and 
time  of  melting  used  in  making  the  heats.  These  variables 
represented  widely  varying  conditions  for  reaction  between 
the  melt  and  the  zirconia.  The  amount  of  zirconium  derived 
from  the  crucible  was,  however,  a more  complicated  factor 
than  these  melting  variables  inasmuch  as  no  relations  to  the 
melting  technique  could  be  discerned  in  the  data. 

The  important  result  of  these  tests  was  the  determination 
that  the  zirconium  content  was  the  overwhelming  variable 
and  wide  variations  in  melting  technique  had,  at  most, 
minor  effects.  The  heats  melted  in  alumina  had  still  lower 
properties  than  the  poorest  heat  melted  in  zirconia.  Ana- 
lytical procedures  were  not  sufficiently  sensitive  to  detect 
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Figure  6. — Effect  of  zirconium  content  on  rupture  life  at  1,600°  F and 
25,000  psi  of  experimental  heats  melted  in  zirconia  or  alumina  with 
very  low  boron. 
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Figure  7. — Effect  of  zirconium  content  on  ductility  in  rupture  tests  at 
1,600°  F and  25,000  psi  of  experimental  heats  melted  in  zirconia  or 
alumina  with  very  low  boron. 

the  difference  in  zirconium  contents  of  the  heats  melted  in 
alumina  and  the  lowest  zirconium  heats  melted  in  zirconia. 
Presumably  there  were  slight  benefits  from  zirconium  for 
amounts  less  than  0.03  percent,  the  lower  limit  of  anatytical 
sensitivity  when  heats  V-l  through  V-10  were  analyzed. 
Confirmation  of  the  controlling  effect  of  zirconium  inde- 
pendent of  the  other  variables  was  obtained  with  heat  V-l 6 
b}r  adding  zirconium  to  a heat  melted  in  alumina.  The 
rupture  times  and  ductilities  (figs.  6 and  7)  agreed  with  those 
expected  on  the  basis  of  zirconium  content  within  the  limits 
of  the  experimental  variables. 

Boron  from  magnesia  crucibles:  The  determination  that 
zirconium  derived  from  the  zirconia  crucibles  was  the  con- 
trolling factor  in  the  creep-rupture  properties  suggested  that 
other  refractories  should  be  investigated  as  crucible  mate- 
rials. Accordingly,  heats  V-ll,  V-20,  and  V-21  were  melted 
in  magnesia  crucibles.  Heats  V-ll  and  V-20  had  rupture 
times  of  about  200  hours  (fig.  8)  in  comparison  with  heat 
V-21  at  about  100  hours.  The  ductility  of  all  three  heats 
(fig.  9)  was  in  the  range  of  3 to  5 percent.  The  100  hours  for 
rupture  for  heat  V-21  was  equivalent  to  that  for  material 
with  up  to  0.10  percent  zirconium  based  on  the  results  for 
heats  melted  in  zirconia  (fig.  6).  Heats  V-ll  and  V-20  had 


Boron,  weight  percent 

Figure  8. — -Effect  of  boron  content  on  rupture  life  at  1,600°  F and 
25,000  psi  of  experimental  healts  melted  in  alumina  or  magnesia 
with  less  than  0.01  percent  zirconium. 
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Figure  9. — Effect  of  boron  content  on  ductility  in  rupture  tests  at 

1,600°  F and  25,000  psi  of  experimental  heats  melted  in  alumina 

or  magnesia  crucibles  with  less  than  0.01  percent  zirconium. 

higher  rupture  strength  than  any  of  the  heats  melted  in 
zirconia. 

Analysis  of  the  heats  indicated  that  the  boron  contents  of 
heats  melted  in  magnesia  were  0.0004  percent  in  heat  V-21, 
0.0010  percent  in  heat  V-20,  and  0.0017  percent  in  heat 
V-ll.  In  view  of  the  known  powerful  improving  effect  of 
boron  on  the  properties  of  the  alloy . this  suggested  that  the 
boron  was  the  controlling  factor.  This  was  confirmed  by 
adding  boron  to  heat  V-24  melted  in  alumina  (see  figs.  8 
and  9).  Heat  V-17,  also  melted  in  alumina,  contained  con- 
siderably more  boron  than  was  derived  from  crucible  reac- 
tion in  other  heats  as  a result  of  a boron  addition.  This  con- 
firmed the  marked  improvement  from  boron  for  heats 
melted  in  alumina.  Furthermore,  it  seemed  to  correlate 
with  the  expected  effect  of  boron  based  on  the  results  from 
heat  V-12  in  which  boron  had  been  added  while  melting  in 
magnesia. 

The  boron  in  the  heats  melted  in  magnesia  apparently 
came  from  the  boron  compounds  which  were  present  in  the 
crucible.  When  the  presence  of  boron  in  the  heats  melted  in 
magnesia  was  first  established,  a check  of  the  literature  in- 
dicated that  commercial  magnesia  is  normally  contaminated 
with  boron  compounds.  The  producer  of  the  crucibles 
furnished  the  analysis  shown  in  table  II.  The  highest 
boron  heat  was  the  first  one  made  in  a fresh  crucible.  The 
amount  of  boron  derived  from  the  crucible  decreased  with 
succeeding  heats.  (Compare  heats  V-20  and  Y-21.) 

The  general  agreement  in  properties  for  heats  melted  in 
alumina  with  those  for  heats  melted  in  magnesia  for  the  same 
boron  content  indicated  that  magnesia  was  contributing 
very  little  to  improved  characteristics  other  than  by  adding 
boron.  It  was  first  thought  that  magnesium  might  be  in- 
volved since  this  element  is  often  used  as  a deoxidizer  with 
beneficial  effects;  however,  there  was  practically  no  indica- 
tion that  magnesium  was  having  much  effect  in  the  heats. 
Attempts  to  add  magnesium  during  vacuum-melting  proved 
inconclusive  because  of  the  very  rapid  evolution  of  magne- 
sium as  a vapor. 

Alumina  cru cibles : Alumina  crucibles  were  introduced 
into  the  program  to  check  further  the  role  of  refractories. 
Any  increase  in  aluminum  content  as  a result  of  reaction 


between  the  crucible  and  the  melt  would  be  negligible  in 
view  of  the  large  aluminum  content  of  the  heats.  Two  of 
the  heats  melted  in  alumina  (V-13  and  V-15)  had  the  lowest 
strengths  and  ductilities  of  all  the  heats  melted  as  was  to  be 
expected  from  the  very  low  amounts  or  absence  of  zirconium 
and  boron.  For  this  reason  the  properties  of  heats  V-13  and 
V-15  have  been  used  in  figures  6 through  9 to  show  the 
effects  of  very  low  amounts  of  these  trace  elements.  As 
previously  discussed,  adding  zirconium  or  boron  to  heats 
melted  in  alumina  resulted  in  properties  to  be  expected  from 
the  zirconium  or  boron  contents. 

So  far  as  is  known  the  alumina  crucible  did  not  contain 
sufficient  boron  or  zirconium  (table  II)  to  expect  a measur- 
able addition  of  these  elements  to  the  heats.  This  seems 
verified  by  the  analyzed  compositions  of  the  heats.  The 
silicon  dioxide  in  the  alumina  ma}7  have  resulted  in  a very 
slight  increase  in  silicon  content  of  the  heats. 

Boron-plus-zirconium  effects:  In  view  of  the  pronounced 
improvement  in  properties  obtained  from  boron  derived 
from  magnesia  crucibles  or  by  addition  of  boron  to  heats 
melted  in  magnesia,  boron  was  added  to  a heat  melted  in 
zirconia  (heat  V-14).  This  heat  had  the  highest  rupture 
strength  (646  hours)  and  ductility  (14-percent  elongation) 
of  any  of  the  heats  made.  However,  heats  V-18  and  V-19, 
made  in  alumina  with  boron  and  zirconium  additions,  did 
not  have  as  higli  properties  as  did  heat  V-14.  The  analyzed 
borons  for  the  three  heats  ranged  from  0.0069  to  0.0090 
percent.  The  zirconium  content  of  heat  V-14  was  only 
0.01  percent  while  it  was  0.04  and  0.09  percent  for  heats 
V-19  and  V-18.  When  the  rupture  times  and  ductilities 
were  plotted  as  a function  of  zirconium  content  for  heats 
with  boron  contents  of  0.0069  to  0.0090  percent  (fig.  10), 
an  apparent  optimum  amount  of  zirconium  of  approxi- 
mately 0.01  percent  is  indicated. 

It  should  be  noted,  as  was  remarked  earlier,  that  heats 
V-18  and  V-19  had  to  be  rolled  from  2,000°  F rather  than 
from  2,150°  F because  of  hot-shortness.  In  addition,  it  is 
possible  that  use  of  the  2,300°  F homogenizing  treatment 
before  rolling  had  an  adverse  effect  when  the  boron  and 
zirconium  level  was  comparatively  high.  Therefore,  any 
conclusions  drawn  from  figure  10  should  be  qualified  by 
recognizing  that  the  differences  in  hot-working  tempera- 
tures and  the  use  of  the  2,300°  F treatment  could  have 
influenced  the  properties. 

Comparison  with  commercial  material:  The  basic  alloy 
studied  for  the  investigation  was  based  on  the  commercial 
alloy  Udimet  500  developed  b}7  the  Utica  Drop  Forge  and 
Tool  Corp.  Figure  11  shows  a band  which  would  encom- 
pass the  curves  of  stress  against  rupture  time  at  1,600°  F 
as  reported  for  the  alloy  by  the  manufacturer.  The  rupture 
time  for  heat  V-13  is  shown  in  figure  11  to  indicate  the  low 
strength  of  the  experimental  heats  made  in  alumina  cru- 
cibles with  resultant  very  low  zirconium  and  boron.  The 
best  heat  made  in  zirconia  (heat  V-6  with  0.19  percent 
zirconium)  had  strength  near  the  lower  side  of  the  band  for 
commercial  heats.  Heat  V-ll,  the  highest  boron  heat 
melted  in  magnesia,  was  just  within  the  band.  When  boron 
was  added  to  a heat  melted  in  magnesia  (heat  V-12)  to 
bring  the  boron  up  to  0.0089  percent,  properties  near  the 
upper  side  of  the  band  were  obtained.  The  strongest  heat 
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Figure  10. — Effect  of  zirconium  content  on  rupture  life  and  ductility 
at  1,600°  F and  25,000  psi  in  presence  of  boron  contents  of  0.0069 
to  0.0090  percent. 


made  (heat  V-14)  with  0.0088  percent  boron  and  0.01  per- 
cent zirconium  was  slightly  stronger  than  the  commercial 
material. 

In  connection  with  the  mechanism  studies  a few  rupture 
tests  were  conducted  at  stresses  other  than  25,000  psi.  The 
data  obtained  are  given  in  table  V and  the  points  are  shown 
graphically  in  figure  11.  While  the  data  are  too  sparse  to 
permit  drawing  curves  of  stress  against  rupture  time,  there 


is  a suggestion  of  steeper  curves  in  two  cases  than  is  typical 
for  the  curves  for  Udimet  500. 

Creep  characteristics : Typical  creep  curves  from  the 
rupture  tests  at  1,600°  F at  stresses  of  25,000  and  20,000  psi 
are  shown  in  figure  12.  These  curves  are  limited  to  material 
melted  in  alumina  (heat  V-15)  with  low  boron  and  zirco- 
nium, heat  V-6  with  0.19  percent  zirconium  resulting  from 
reaction  with  the  zirconia  crucible,  heat  V-12  with  0.0089 
percent  boron,  and  heat  V-14  with  0.0088  percent  boron 
and  0.01  percent  zirconium.  Other  heats  had  intermediate 
curves  in  accordance  with  their  rupture  strengths. 

The  effect  of  boron  and  zirconium  on  creep  characteristics 
for  the  conditions  considered  can  be  summarized  as  follows: 

(1)  Neither  boron  nor  zirconium  had  much  effect  on  pri- 
mary creep. 

(2)  Secondary  creep  rates  decreased  (i.  e.,  creep  strength 
increased)  with  zirconium.  Boron  reduced  creep  rates  still 
more  and  boron  plus  zirconium  in  the  amounts  in  heat  V-14 
resulted  in  the  lowest  second-stage  creep  rates  (see  fig.  13). 
In  fact,  the  boron  heat  and  the  boron-plus-zirconium  heat 
decreased  in  length  during  tests  at  20,000  psi  (fig.  12  (b)). 
Boron  also  prolonged  second-stage  creep  (fig.  12  (a)). 

(3)  Both  zirconium  and  boron  prolonged  third-stage 
creep  and  increased  the  amount  of  third-stage  creep  before 
fracture  occurred  (fig.  12  (a)).  The  amount  of  boron  plus 
zirconium  in  heat  V-14  was  most  effective  in  this  respect. 
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Figure  11. — Effect  of  stress  on  rupture  life  at  1,600°  F.  Data  plotted 
as  dashed  rupture  band  were  from  two  heats  of  commercial  Udimet 
500  alloy  as  reported  by  Utica  Drop  Forge  and  Tool  Div.  of  Kelsev- 
Hayes  Co.  Heat  treatment  for  commercial  alloy  was  2 hours  at 
2,150°  F,  air-cooled,  plus  4 hours  at  1,975°  F,  air-cooled,  plus  24 
hours  at  1,550°  F,  air-cooled  plus  16  hours  at  1,400°  F,  air-cooled. 
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(a)  Stress,  25,000  psi. 

(b)  Stress,  20,000  psi. 

Figure  12. — Comparative  creep  curves  at  1,600°  F. 
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Figure  13. — Influence  of  stress  on  second-stage  creep  rate  at 
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Discussion. — The  properties  of  the  experimental  alloy 
were  influenced  to  a marked  extent  by  the  t}rpe  of  ceramic 
used  for  induction  melting  in  vacuum.  The  chemical 
analyses  indicate  that,  if  boron  or  zirconium  were  not  intro- 
duced into  the  melt  by  reaction  with  the  crucible,  rather 
inferior  properties  resulted.  There  seems  to  be  little  doubt 
that  the  effects  of  the  reaction  with  crucibles  can  be  a major 
factor  in  the  variation  in  strength  and  ductility  at  high 
temperatures  and  in  hot-workability  of  vacuum-melted  heat- 
resistant  alloys  containing  titanium  and  aluminum. 

Most  commercial  induction  vacuum  melting  uses  magnesia 
or  high-magnesia-content  refractories  for  crucibles.  Varia- 
tion in  the  amount  of  reaction  with  the  crucible  could  be, 
and  probably  is,  a source  of  variable  properties.  Less 
effect  in  the  second  than  in  the  first  heat  from  a magnesia 
crucible  suggests  that  the  effect  varies  between  successive 
heats  from  one  crucible.  The  use  of  patching  between  heats 
and  other  possibilities  of  erratically  providing  fresh  ceramic 
surfaces  with  increased  reactivity  to  melts  could  be  invoiced. 
Consideration  of  the  possibility  of  other  sources  of  boron 
compounds,  such  as  ceramic  binders,  should  be  recognized. 

Boron  compounds  are  usually  associated  with  magnesia 
as  a contaminant;  therefore,  the  derivation  of  boron  from 
the  crucible  appears  to  be  readily  explainable.  However, 
it  is  probable  that  recoveries  of  boron  vary  with  a number  of 
factors  including  the  temperature  and  time  of  contact  of  the 
melt  with  the  crucible,  the  ratio  of  crucible  surface  to  melt 
volume,  the  number  of  heats,  the  variation  in  boron  content 
of  the  magnesia  crucible,  and  probably  the  compositional 
variations  of  the  alio}7. 

The  stability  of  the  crucible  materials  may  differ  with 
melting  atmosphere  and  pressure.  Although  considerable 
melt-crucible  reaction  occurred  in  vacuum  melting,  such 
crucible  reactions  may  be  limited  in  air  melting  by  the  higher 
pressure  and  the  presence  of  slag  and  skull  on  the  crucible 
walls. 

The  results  also  serve  to  suggest  that  the  inadvertent 
introduction  of  even  minute  amounts  of  boron  with  the 
charge  could  be  responsible  for  considerable  variation  in 
properties.  The  chances  are  that  this  occurs  frequently, 
even  though  it  may  be  unrecognized. 

The  data  indicate  that  there  are  optimum  amounts  of 
boron  when  other  trace  elements,  such  as  zirconium,  are 


present.  It  seems  probable  that  this  has  operated  to  give 
confusing  results  when  elements  such  as  boron  and  zirco- 
nium were  knowingly  or  unknowingly  added  to  heats  simul- 
taneously\  There  is  a good  chance  that  alloying  elements 
other  than  boron  and  zirconium  which  are  not  yet  recog- 
nized could  exert  a profound  effect. 

The  relationship  of  the  analyzed  boron  and  zirconium 
contents  to  properties  should  not  be  accepted  as  complete 
establishment  of  compositional  effects  without  further  proof. 
There  may  be  efficiency  effects  depending  on  their  reaction 
with  other  elements  not  present  in  the  heats  studied  so  that 
total  boron  or  zirconium  content  may  not  be  directly  re- 
lated to  properties.  Furthermore,  there  is  a possibility 
that  heat  and  ingot  size  along  with  hot- working  conditions 
were  influencing  results.  It  is  also  important  to  realize 
that  analysis  methods  for  boron  and  zirconium  are  subject 
to  variation  and  that  different  laboratories  might  differ  in 
the  amounts  reported. 

The  rupture  tests  were  carried  out  on  material  heat- 
treated  at  2,150°  F and  air-cooled.  This  differs  from  the 
usual  heat  treatment  of  4 hours  at  1,975°  F plus  24  hours 
at  1,550°  F plus  16  hours  at  1,400°  F.  Other  research  in 
progress  indicates  that  the  treatment  at  2,150°  F minimizes 
variation  in  properties  due  to  the  influence  of  hot-working 
conditions.  In  particular,  it  appears  to  prevent  abnormally 
low  strength  sometimes  encountered  when  a 1,975°  F treat- 
ment is  applied  to  as-hot-workeu  material.  A subsequent 
treatment  at  1,975°  F after  a 2,150°  F treatment  usually 
gives  the  same  properties  as  a single  treatment  at  2,150°  F. 
Very  little  difference  in  rupture  strength  and  ductility  has 
been  observed  for  inclusion  or  omission  of  the  aging  treat- 
ments. Possibly  the  4 hours  used  to  equalize  temperatures 
before  testing  cause  the  inclusion  or  omission  of  prior  aging 
to  have  little  influence.  All  experiences  to  date  indicate 
the  test  results  reported  for  a simple  solution  treatment  at 
2,150°  F to  be  generally  characteristic  of  the  alloy  when 
treated  at  1,975°  F except  for  the  elimination  of  occasional 
low  strength  values. 

Carbon  content  of  the  alloys  varied  more  than  was  desired. 
The  major  reason  for  the  variability  of  carbon  content  was 
the  wide  range  of -melting  conditions  employed  with  the 
consequent  difficulty  of  controlling  carbon  recovery.  This 
may  be  an  additional  factor  in  the  variation  of  properties. 

The  data  on  the  influence  of  titanium  and  aluminum  con- 
tent are  not  so  complete  as  would  be  desirable.  More 
variation  than  was  intended  occurred  in  the  heats.  As 
noted  previously,  there  apparently  was  longer  rupture  life 
with  a given  zirconium  content  when  titanium-plus-aluminum 
content  was  high.  This  probably  resulted  from  the  higher 
titanium-plus-aluminum  level  providing  a larger  percent  by 
volume  of  Ni3(Al,Ti)  during  stress-rupture  testing. 

The  relationships  between  crucible  ceramics  and  properties 
were  developed  for  induction  vacuum  melting.  The  amount 
of  such  effects  under  other  conditions  of  melting  is  not  clear 
at  this  point.  It  is  interesting  to  note  that  the  ductility  in 
rupture  tests  was  low  when  the  alloy  was  made  in  alumina 
crucibles.  Low-zirconium  heats  made  in  zirconia  crucibles 
and  a low  boron  heat  made  in  magnesia  also  had  low  ductilit}7. 
This  suggests  that  a part  of  the  usual  increase  in  ductility 
attributed  to  vacuum  melting  may  be  due  to  the  opportunity 
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offered  by  vacuum  melting  to  introduce  effective  trace  ele- 
ments from  crucibles.  Also,  addition  of  trace  elements  other 
than  boron  and  zirconium  by  other  melting  procedures  may 
alter  the  effectiveness  of  a given  boron  and  zirconium  level. 

The  crucible-reaction  effects  were  discovered  as  a result  of 
inability  to  define  the  effects  of  variable- melting  practices 
and  the  role  of  oxygen  and  nitrogen,  the  original  objectives  of 
the  investigation.  The  crucible  reactions  must  be  controlled 
before  the  influence  of  the  melting  variables  can  be  defined. 
Because  of  the  sensitivity  of  properties  to  reactions  with 
magnesia  along  with  interrelated  effects  from  such  factors  as 
hot-workability,  very  careful  research  will  be  necessary  to 
define  the  effects  clearly.  While  the  data  of  this  report  sug- 
gest that  many  melting  variables  are  secondary  to  the  in- 
troduction of  boron  or  zirconium  from  the  crucibles,  there 
may  be  extenuating  circumstances  which  mask  the  effects. 
The  subject  is  of  sufficient  complexity  that  probably  the  only 
way  it  can  be  cleared  is  by  clarification  of  the  mechanism  by 
which  as  little  as  15  parts  per  million  of  boron  can  increase 
rupture  life  5 times. 

In  spite  of  the  limitations  on  the  generality  of  the  results 
it  is  believed  that  the  data  reported  reflect  production  experi- 
ence quite  well.  Many  of  the  variations  in  properties  in  the 
experimental  investigation  and  in  commercially  produced 
alloys  of  the  type  investigated  seem  to  be  explainable  in 
terms  of  the  results  of  the  investigation. 

MECHANISM  OF  BENEFICIAL  EFFECTS  OF  BORON  AND  ZIRCONIUM 

Marked  differences  in  microstructures  after  exposure  to 
creep  at  1,600°  F were  found  in  the  four  heats  which  showed 
extremes  in  properties  as  a function  of  boron  and  zirconium. 
In  terms  of  properties,  the  most  significant  effects  were  found 
at  those  grain  boundaries  approximately  normal  to  the 
applied  stress  during  creep.  In  the  low-boron-and-zirconium 
heat  V-15,  a process  of  agglomeration  of  M23C6  type  carbide 
was  accompanied  by  depletion  of  the  yf  precipitate  from  the 
adjacent  matrix  and  finally  microcracking  leading  to  early 
brittle  fracture.  This  process  was  found  to  be  retarded  by 
the  zirconium  in  heat  V-6.  Boron  in  heat  V-12  retarded  the 
process  even  more  while  the  boron  plus  zirconium  in  heat 
V-14  was  most  effective.  This  increasingly  effective  re- 
tardation of  eventual  microcracking  appeared  to  be  mainly 
responsible  for  improved  properties.  Other  less  effective 
structural  differences  were  observed  between  the  heats. 

Few,  if  any,  significant  differences  in  microstructure  as  a 
function  of  composition  were  present  in  specimens  aged  at 
1,600°  F without  stress.  Specimens  which  were  fractured 
in  rupture  tests  also  showed  few  significant  differences.  The 
structures  of  specimens  after  varying  amounts  of  creep  pro- 
vided the  most  useful  information.  The  exposure  conditions 
for  the  specimens  of  the  four  heats  studied  are  summarized 
in  table  V.  The  conditions  of  exposure  were  selected  to 
show  structures  after  rupture  under  25,000  psi  and  after 
varying  amounts  of  creep  under  20,000  psi.  Stresses  were 


also  adjusted  so  that  a series  of  specimens  representative  of 
all  four  heats  could  be  examined  after  undergoing  approxi- 
mately the  same  amount  bf  creep  in  the  same  time  periods. 

The  microstructural  features  were  found  to  be  best  ex- 
pressed on  a “quantitative”  basis.  Accordingly,  the  observa- 
tions for  the  samples  aged  under  stress  are  summarized  in 
table  VI  and  for  those  aged  without  stress,  in  table  VII. 
The  significant  features  are  discussed  in  the  following  sec- 
tions. 

Microstructures  in  initial  condition. — After  the  initial 
homogenizing  treatment  of  2 hours  at  2,150°  F and  air- 
cooling  the  experimental  heats  were  similar  in  grain  size, 
inclusion  count,  and  distribution  (figs.  14  (a)  to  14  (d)),  and 
in  grain-boundary  precipitate  (figs.  14  and  15).  During  the 
air-cooling  after  the  2,150°  F treatment  7'  precipitated. 
Some  slight  differences  in  dispersion  of  intragranular  7 ' 
existed  but  these  were  not  found  to  be  significant  (as  dis- 
cussed later).  Hardnesses  (figs.  14  (a)  to  14  (d))  did  not 
differ  significantly  in  this  condition. 

Agglomeration  in  grain  boundaries. — A network  of  car- 
bides enveloped  by  y'  accumulated  in  the  grain  boundaries 
of  all  samples  during  exposure  at  1,600°  F.  In  heat  V-15 
the  rate  of  accumulation  was  comparatively  rapid,  the  car- 
bide phase  being  extensive  and  blocky  and  the  7'  layer  thick 
after  165-hour  exposure  with  1.2-percent  creep  deformation 
(figs.  16  and  17).  The  amount  of  agglomeration  under  these 
conditions  was  somewhat  lower  in  the  presence  of  zirconium 
(heat  V-6)  and  much  lower  when  boron  (heat  V-12)  or  boron 
plus  zirconium  (heat  V-14)  were  present  (figs.  16  (e)  to  16  (li) 
and  17). 

The  agglomerated  7'  was  easily  identified  by  etching  char- 
acteristics. The  agglomerate  reacted  to  etching  in  the  same 
manner  as  did  the  intragranular  7'  in  all  the  experimental 
work  carried  out.  It  always  was  in  the  same  relief  and  had 
the  same  appearance  as  did  the  intragranular  7'. 

Microfractographic  techniques  were  used  to  identify  the 
carbide  phase  and  obtain  more  information  on  its  form. 
Samples  from  heats  V-15  and  V-12  after  1.2-percent  creep 
deformation  at  1,600°  F in  165  to  188  hours  were  cooled  in 
liquid  nitrogen  and  then  fractured.  Extraction  replication 
from  the  fractured  surface  removed  the-  grain-boundary 
carbide  and  retained  it  in  the  replica.  Electron  micrographs 
showing  the  size  and  distribution  of  carbides  in  the  grain 
boundaries  are  shown  in  figure  18.  The  extracted  particles 
from  the  heat  free  from  boron  or  zirconium  (V-15)  were 
larger,  more  extensive  and  thicker  than  those  from  the  heat 
with  boron  (V-12).  The  electron  diffraction  spots  obtained 
on  the  replicas  of  the  two  samples  indexed  for  M23C6. 

Depletion  of  yf  at  grain  boundary. — Subsequent  to  the 
agglomeration  of  M23C6  in  the  grain  boundaries,  strips  of 
matrix  were  depleted  of  7'  particles  along  transverse  grain 
boundaries  of  the  specimens  aged  under  stress  (fig.  19). 
This  occurred  most  often  adjacent  to  M23C6  particles.  This 
was  in  contrast  with  samples  aged  without  stress,  where  the 
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intergranular  M23C6  was  always  enveloped  by  7'  and  where 
the  fine  7'  particles  extended  up  to  the  grain  boundary  (figs. 
20  and  21). 

In  figure  19  the  amount  of  this  depletion  is  related  to 
creep  deformation  for  the  experimental  heats  exposed  to 
give  equal  strain  at  equal  time  at  1,600°  F.  It  is  evident 


that  boron  and  zirconium  are  effective  in  reducing  the 
amount  of  this  depletion  with  a given  strain  at  1,600°  F. 
Since  the  samples  were  stressed  to  give  comparable  strain 
rates,  it  follows  that  depletion  in  a given  time  at  1,600°  F 
was  reduced.  Despite  this  retarding  influence,  however, 
the  amounts  of  depletion  at  fracture  became  comparable  in 


(a)  Heat  V-15;  diamond  pyramid  hardness,  354;  XI 00. 

(b)  Heat  V-6;  diamond  pyramid  hardness,  353;  X100. 

(c)  Heat  V-12;  diamond  pyramid  hardness,  345;  XI 00. 

(d)  Heat  V-14;  diamond  pyramid  hardness,  348;  XI 00. 

Figure  14. — Microstructures  of  specimens  treated  2 hours  at  2,150°  F,  then  air-cooled.  Optical  micrographs;  X100  and  XI, 000. 
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(e)  Heat  V-15;  XI, 000. 

(f)  Heat  V-6;  XI, 000. 

(g)  Heat  V-12;  XI, 000. 

(h)  Heat  V-14;  XI, 000. 


Figure  14. — Concluded. 
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(a)  Heat  V-15. 

(b)  Heat  V-6. 

(c)  Heat  V-12. 

(d)  Heat  V-14. 

Figure  15. — Microstructures  of  specimens  treated  2 hours  at  2,150°  F,  then  air-cooled.  Electron  micrographs;  Xl 2,000. 
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(a)  Heat  V-15;  XI, 000. 

(b)  Heat  V-6;  XI, 000. 

(c)  Heat  V-12;  Xl,000. 

(d)  Heat  V-14;  XI, 000. 

Figure  16. — Microstructures  of  specimens  after  1.2-percent  deformation  by  creep  at  1,600°  F in  165  to  214  hours.  Optical  micrographs;  X100  and 
XI, 000.  1,  intergranular  Mj3C8;  2,  depleted  grain  boundary;  3,  microcrack;  4,  intragranular  carbide;  5,  nodule. 
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(e)  Heat  V-I5;  electropolished;  X100. 

(f)  Heat  V-6;  electropolished;  XI 00. 

(g)  Heat  V-12;  electropolished;  X100. 

(h)  Heat  V-14;  electropolished;  XI 00. 


Figure  16. — Concluded. 
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(a)  Heat  V— 15 ; typical  grain  boundaries. 

(b)  Heat  V-6;  depleted  and  cracked  grain  boundary  at  typical  M23C®  precipitate. 

(c)  Heat  V-12;  typical  grain  boundary. 

(d)  Heat  V-12;  intragranular  carbides  and  alinement  of  7'. 

Figure  17. — Microstructures  of  specimens  after  1.2-percent  deformation  by  creep  at  1,600°  F in  165  to  214  hours.  Electron  micrographs;  Xl2,000. 
1,  intergranular  M23C0;  2,  depleted  grain  boundary;  3,  microcrack;  4,  intragranular  carbide;  6,  7';  7,  Ti(C,N). 
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(e)  Heat  V-14;  typical  grain  be 

(f)  Heat  V-14;  intragranular  c£ 

Figure  17. 

the  heats  with  zirconium,  boron,  or  boron  plus  zirconium. 
Presumably  the  increased  strain  to  fracture  was  responsible. 

In  samples  ruptured  at  1,600°  F and  25,000  psi  (fig.  22) 
the  depletion  was  extensive.  Often,  layers  of  precipitate- 
free  matrix  as  thick  as  5 to  10  microns  were  found.  In  this 
case  comparison  of  retardation  was  limited  by  the  unequal 
exposure  times  and  strains,  although  the  effectiveness  of 
zirconium,  boron,  and  boron  plus  zirconium  was  very  evident. 

After  165  hours  at  1,600°  F at  an  equal  stress  of  20,000 
psi,  the  retarding  effect  of  boron  and  zirconium  was  even 
more  evident.  While  264  depleted  boundaries  were  found 
in  heat  V-15,  only  72  were  found  in  the  heat  V-6  with  zir- 
conium, 16  in  heat  V-12  with  boron,  and  none  in  heat  V-14 
with  boron  plus  zirconium  (table  VI). 

Microcracks. — Following  agglomeration  of  M23C6  and 
depletion  of  y'  in  the  grain  boundaries,  microcracks  appeared. 
These  appeared  as  dark  areas  in  mechanically  polished 
samples  (figs.  16(a)  to  16(d)).  Confirming  evidence  of 
cracks  was  found  in  electron  microscopy  where  the  replicas 
contained  fins  where  the  collodion  had  filled  microcracks  and 
then  had  been  extracted  during  stripping  of  the  replica  from 
the  metal  surface.  The  fins  appeared  black  in  the  electron 
micrographs  (fig.  17)  with  white  shadows  from  palladium. 
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ndary  and  alinement  of  y'. 
oictes  surrounding  Ti(C,N). 

Concluded. 

The  microcracks  were  associated  with  M23C6  particles  in 
the  grain  boundaries  transverse  or  nearly  transverse  to  the 
applied  stress,  usually  being  at  an  M23C6  matrix  interface 
or  between  tips  of  M23C6  particles,  in  both  cases  wdiere  deple- 
tion of  y'  had  occurred.  Often,  several  separate  micro- 
cracks  were  detected  in  one  grain  boundary  writh  no  prefer- 
ence being  shown  for  triple  points.  These  separate  cracks 
seemed  to  link  together  with  further  creep  exposure,  consti- 
tuting the  mode  of  fracture  in  heat  V-15  (no  boron  or  zir- 
conium). 

Figure  23  relates  microcracking  to  creep  deformation  for 
exposure  to  equal  strain  in  equal  time  at  1,600°  F.  The 
number  of  cracks  for  a given  creep  strain  or  exposure  time 
diminished  with  zirconium  (heat  V-6),  boron  (heat  V-12), 
and  boron  plus  zirconium  content  (heat  V-14)  in  that  order 
from  the  boron-and-zirconium-free  material  (heat  V-15). 
Five  microcracks  were  detected  in  heat  V-15  at  the  end  of 
first-stage  creep  when  only  15  percent  of  the  rupture  life  was 
expended.  When  boron  plus  zirconium  was  present  (heat 
V-14),  only  2 microcracks  were  found  at  80  percent  of  the 
rupture  life  when  tertiary  creep  had  already  commenced. 
The  amount  of  microcracking  at  fracture  also  diminished  in 
the  heats  in  the  following  order:  heat  V-15,  heat  V-6,  heat 
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(a)  Extraction  replica  of  carbide  from  intergranular  fracture  surface  of  heat  V-15  after  1.2-percent  creep  deformation  in  165  hours  at  1,600°  F. 

All  selected-area  electron-diffraction  spots  indexed  as  M23C6.  X8,000. 

(b)  Extraction  replica  of  carbide  from  intergranular  fracture  surface  of  heat  V-12  after  1.2-percent  creep  deformation  in  188  hours  at  1,600°  F. 

All  selected-area  electron-diffraction  spots  indexed  as  M23C6.  X8,000. 

(c)  Extraction  replica  of  intragranular  y'  from  heat  V-6  after  aging  10  hours  at  1,600°  F.  All  selected-area  electron-diffraction  spots  indexed  as  y'. 

X36,000. 

(d)  Extraction  replica  of  intragranular  carbide  from  heat  V-12  after  1.2-percent  creep  deformation  in  188  hours  at  1,600°  F.  Most  selected-area 

electron-diffraction  spots  indexed  as  MflC;  a few,  as  M23Ce.  X8,000. 

Figure  18. — Electron  micrographs  of  phases  produced  by  extraction  replica  technique.  Extracted  particles  of  phases  appear  black. 


Depleted  grain  boundaries,  per  0.008  square  in. 
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X2 ,000 

Light  micrograph 
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XI2,000 

Electron  micrograph 


0 2 4 6 8 10  12 

Deformation  by  creep,  percent 


Figure  19. — Effect  of  creep  deformation  at  1,600°  F on  depletion  of  y'  adjacent  to  grain  boundaries.  Specimens  were  stressed  to  give  comparable 
strain  rates.  Micrographs  of  typical  depleted  grain  boundaries  are  shown  for  electropolished  specimen. 
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(a)  Heat  V-15.  Diamond  pyramid  hardness,  338. 

(b)  Heat  V-6.  Diamond  pyramid  hardness,  342. 

(c)  Heat  V-12.  Diamond  pyramid  hardness,  340. 

(d)  Heat  V-14.  Diamond  pyramid  hardness,  353. 
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Figure  20. — Microstructures  of  specimens  after  aging  without  stress  for  188  hours  at  1,600°  F.  Optical  micrographs;  X 1,000.  4,  intragranular 

carbide;  5,  nodule. 
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(a)  Heat  V-15. 

(b)  HeatV-6. 

(c)  Heat  V-12.  , 

(d)  Heat  V-14. 

Figure  21. — Microstructures  of  specimens  after  aging  without  stress  for  188  hours  at  1,600°  F.  Electron  micrographs;  X 12,000. 

1,  intergranular  M23Ca;  6,  y'. 


1480 


REPORT  1392 — NATIONAL  ADVISORY  COMMITTEE  FOR  AERONAUT'! CS 


% 


N 


.. 


- 


• A' 


£ 


C-47581 

(a)  Heat  V-15. 

(b)  Heat  V-6. 

(c)  Heat  V-12. 

(d)  Heat  V-14. 

Figure  22. — Microstructures  of  specimens  after  rupture  at  1,600°  F and  25,000  psi.  Optical  micrographs;  XI, 000.  1,  intergranular  M23C8 

2,  depleted  grain  boundary;  3,  microcrack;  4,  intragranular  carbide;  5,  nodule;  6,  alinement  of  y'. 


Microcracks,  per  0.008  square  in. 
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XI, 000 

Light  micrograph 


C- 47589 

X 1 2,000 


Electron  micrograph 


Figure  23. — Effect  of  creep  deformation  at  1,600°  F on  microcracking  of  specimens  stressed  to  give  comparable  strain  rates.  Micrographs  of 

of  typical  microcracks  are  shown.  Tension  axis  was  horizontal  to  electron  micrograph. 
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(a)  Heat  V-15;  ruptured  in  52  hours  at  1,600°  F and  25,000  psi;  13 

surface  cracks  and  376  microcracks. 

(b)  Heat  V-12;  ruptured  in  296  hours  at  1,600°  F and  28,000  psi;  160 

surface  cracks  and  243  microcracks. 

(c)  Heat  V-14;  ruptured  in  266  hours  at  1,600°  F and  30,000  psi; 

300  surface  cracks  and  198  microcracks. 

Figure  24. — Change  in  mode  of  cracking.  Surface  cracks  are  number 
penetrating  more  than  0.003  inch  per  inch  of  specimen.  Microcracks 
are  number  in  0.008  square  inch.  X32;  3,  microcrack;  8,  surface 
cracks. 

V-12,  and  heat  V-14.  When  the  four  heats  were  exposed 
165  hours  at  1,600°  F and  20,000  psi,  the  difference  in  micro- 
cracking was  even  more  pronounced.  The  counts  showed 
314  microcracks  in  the  boron-and-zirconium-free  heat  V-15 


while  only  9 were  present  in  the  zirconium-bearing  heat  V-6 
and  none  in  the  heats  with  boron  or  boron  plus  zirconium. 

It  was  evident  from  the  specimens  tested  at  1,600°  F and 
25,000  psi  that,  although  the  microcracking  was  retarded, 
it  was  not  prevented  by  boron  and  zirconium  (table  VI). 

Intergranular  surface  cracks. — In  addition  to  microcracks 
within  the  specimens,  the  heats  were  subject  to  intergranular 
cracking  from  the  specimen  surface  during  creep-rupture 
tests.  Initiation  of  these  cracks  was  definitely  from  the 
specimen  surface  with  a gradual  increase  in  number  and 
depth  during  creep  exposure.  Some  of  these  cracks  are 
illustrated  in  figure  24  which  lias  quantitative  data  on 
amounts  listed.  This  figure  demonstrates  that  the  specimen 
from  the  boron-and-zirconium-free  heat  V-15  tested  at 
1,600°  F and  25,000  psi  showed  negligible  surface  cracking 
at  the  time  of  rupture,  52  hours.  The  mode  of  fracture  by 
linking  of  the  interior  microcracks  is  also  shown  in  this  figure. 
However,  in  the  boron-bearing  heat  V-12  tested  at  1,600°  F 
and  28,000  psi,  the  amount  of  microcracking  was  diminished 
but  surface  cracking  had  occurred.  The  importance  of  these 
surface  cracks  in  fracture  is  indicated  by  the  sample  from 
the  heat  with  boron  plus  zirconium  (V-14)  tested  at  1,600°  F 
and  30,000  psi,  where  some  of  the  surface  cracks  penetrated 
more  than  }{  of  the  specimen  radius. 

The  quantitative  data  for  surface  cracks  seem  to  indicate 
that  the  trace-element  additions  modified  the  mode  of  frac- 
ture. Surface  cracking  increasingly  competed  with  micro- 
cracking  as  a source  of  fracture  when  the  tendency  for  micro- 
cracking  was  reduced  by  zirconium  and/or  boron. 

Intragranular  precipitation  of  carbide. — In  addition  to  a 
decreased  tendency  for  the  precipitation  of  intergranular 
M23C6-type  carbides,  boron  caused  carbides  to  precipitate 
intragranidarly  during  exposure  at  1,600°  F (fig.  17). 

The  form  of  this  phase  was  stress  dependent.  Short 
platelike  carbides  formed  in  samples  aged  without  stress. 
In  the  samples  aged  under  stress  these  were  more  elongated 
in  form  (cf.  figs.  16  and  20)  and  had  a tendency  to  precipitate 
on  preferred  matrix  planes.  As  shown  in  figure  18  when 
these  precipitates  were  extracted  from  the  boron  heat  (V-12) 
after  1. 2-percent  creep  strain  in  188  hours  at  1,600°  F,  the 
majority  of  spots  in  the  electron-diffraction  pattern  indexed 
for  M6C  with  some  spots  corresponding  to  M23C6.  There- 
fore, it  seemed  that  some  of  the  intragranular  carbide  phase, 
if  not  all,  was  M6C  rather  than  M23C6. 

The  intragranular  carbide  was  distributed  fairly  uniformly 
throughout  the  grains  in  the  heats  with  boron  (V-12  and 
V-14)  with  some  concentration  near  the  Ti(C,N)  particles. 

There  was  some  evidence  that  intragranular  carbides 
diminished  and  carbides  in  the  grain  boundaries  increased 
during  long  time  exposure,  which  indicates  that  carbon  was 
diffusing  to  the  grain  boundaries. 

Intragranular  7'. — The  intragranular  precipitates  of  7' 
grew  and  agglomerated  during  aging  at  1,600°  F.  As 
measured  by  the  surface  density  of  7'  particles  in  electron 
micrographs  there  was  no  significant  effect  of  boron,  zir- 
conium, or  stress  on  this  reaction  (fig.  25).  Therefore,  the 
differences  in  surface  density  of  7'  existing  after  the  original 
heat  treatment  of  air-cooling  from  2,150°  F were  not  lasting 
and  appeared  to  be  unimportant. 
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Figure  25. — Effect  of  aging  time  at  1,600°  F with  or  without  stress 
on  y'  particle  density. 


As  a further  means  of  evaluating  effects  of  trace  elements 
on  aging  of  7'  at  1,600°  F,  the  change  of  hardness  with  aging 
time  at  1,600°  F was  measured  (fig.  26  and  table  VII).  The 
hardness  changes  for  the  four  experimental  heats  were  very 
similar  except  that  the  heat  with  boron  plus  zirconium  (V-14) 
aged  to  a higher  hardness  up  to  500  hours.  All  heats 
reached  maximum  hardness  at  1,600°  F at  about  1 hour  and 
then  overaged  at  longer  times.  Electron  micrographs 
typical  of  the  alloy  showing  7'  density  are  included  in 
figure  26. 

Although  creep  strain  did  not  affect  the  density  of  7' 
particles,  it  did  modify  the  distribution  of  particles.  Creep 
strains  within  the  grains  resulted  in  some  preferential 
agglomeration  of  7'  on  the  slip  planes,  as  evidenced  by  an 
alinement  of  7'.  This  was  especially  noticeable  after  high 
creep  strain  (fig.  22). 

Nodular  precipitate. — All  the  heats  exhibited  nodules  of  a 
precipitate  to  some  extent  after  aging  at  1,600°  F (fig.  27  and 
tables  VI  and  VII).  The  nodules,  which  often  were  seen 
to  envelop  or  abut  on  carbon-rich  Ti(C,N)  particles,  appeared 
to  be  of  mixed  carbide  and  7'.  Their  occurrence  was 
definitely  accelerated  by  strain,  especially  in  the  heat  free 
from  boron  or  zirconium  (V-15).  Likewise,  they  were 
trace-element  controlled  in  that  their  formation  was  retarded 
by  boron  and  zirconium. 

Check  of  boron  content  after  creep  exposure. — A specimen 
from  the  heat  with  boron  (V-12)  was  analyzed  for  boron 
content  after  rupture  in  428  hours  at  1,600°  F and  25,000 
psi.  The  cross  section  of  the  specimen  showed  0.0090  per- 
cent boron.  A surface  layer  of  approximately  0.010-inch 
thickness  contained  0.0079  percent  boron.  These  analyses 
compared  well  with  the  analysis  of  0.0089  percent  boron 
obtained  in  the  as-rolled  bar  stock. 

Discussion. — The  microstructural  studies  revealed  the  role 
of  boron  and  zirconium  in  increasing  creep-rupture  life  and 
ductility  of  the  55Ni-20Cr-15Co-4Mo-3Ti-3Al  alloy. 

In  the  absence  of  boron  and  zirconium,  M23C6  and  7' 
particles  rapidly  formed  a network  in  the  grain  boundaries 


of  the  alloy  during  creep  at  1,600°  F.  This  was  followed  by 
depletion  of  7'  precipitates  in  the  metal  adjacent  to  the 
transverse  grain  boundaries  and  early  intergranular  micro- 
cracking at  the  M23C6-depleted  zone  interfaces.  The  micro- 
cracks  grew,  linked,  and  initiated  early  fracture  in  a brittle 
manner.  Boron  and  zirconium  retarded  this  grain  boundary 
process,  thereby  allowing  longer  creep  exposure  and  higher 
creep  deformation  before  the  fracture  mechanism  operated. 

Additional  experimental  support  for  the  mechanism  is 
obtained  by  relating  creep-rupture  life  and  ductility  (fig.  28) 
at  1,600°  F and  25,000  psi  to  the  tendency  of  the  experi- 
mental heats  to  undergo  depletion  of  grain  boundaries  and 
microcracking  during  1. 2-percent  creep  deformation  in  165 
to  214  hours  at  1,600°  F. 

It  is  evident  from  the  data  that  the  increase  in  creep- 
rupture  life  and  ductility  from  the  trace-element  addition 
results  from  retardation,  but  not  prevention,  of  the  grain- 
boundary mechanism  of  carbide  formation,  grain-boundary 
depletion,  and  microcracking.  The  specimens  from  all  the 
experimental  heats  were  similar  in  these  respects  after  rup- 
ture at  1,600°  F and  25,000  psi.  However,  both  the  time 
and  deformation  at  which  the  grain-boundary  effects 
occurred  and  initiated  fracture  were  increased  by  boron  and 
zirconium. 

The  finding  that  boron  and  zirconium  retards  the  micro- 
cracking  process  does  not  imply  that  their  beneficial  effects 
are  only  temporary  in  nickel-base  alloys.  All  available  data 
indicate  that  the  heats  containing  boron  and  zirconium  are 
superior  to  those  free  of  boron  and  zirconium  even  at  low 
stresses  and  long  time  exposure. 

The  chemical  analyses  on  heat  V-12  after  rupture-testing 
indicated  that  loss  of  boron  from  the  sample  during  testing 
did  not  occur  except  possibly  at  the  surface.  Deboroniza- 
tion  does  not  appear  to  be  the  cause  of  the  eventual  appear- 
ance of  the  grain-boundary  changes  in  boron-bearing  ma- 
terials. 

Interpretation  of  other  microstructural  changes:  Appar- 
ently the  occurrence  of  intragranular  carbide  in  the  heats 
with  boron  was  related  to  retardation  of  M23C6  agglomera- 
tion in  the  grain  boundaries.  In  a sense,  a redistribution  of 
carbide  was  effected  by  boron.  While  zirconium  addition 
suppressed  the  grain-boundary  agglomeration,  it  did  not 
cause  formation  of  intragranular  carbides. 

The  intragranular  carbide  in  the  boron  heats  may  have 
had  a direct  effect  on  properties  in  addition  to  tying  up 
carbon  to  retard  M23C6  agglomeration  in  grain  boundaries. 
The  form  of  the  precipitate  after  creep  indicates  that  it  is 
strain-induced  and  may  lower  creep  rate  in  a manner  pro- 
posed by  Cottrell  (ref.  23).  According  to  Cottrell,  resist- 
ance to  creep  is  obtained  by  nucleation  and  growth  of  pre- 
cipitates in  dislocations,  which  prevent  further  movement 
of  the  dislocations  through  the  lattice.  The  reaction  would 
resemble  strain-aging,  although  the  resulting  precipitate 
would  be  more  advanced  in  growth  than  that  usually  as- 
sociated with  strain-aging. 

The  negative  creep  and  slight  serrated  effect  in  the  creep 
curves  of  the  boron  heats  at  1,600°  F and  20,000  psi  appear 
to  be  additional  evidence  of  strain-induced  precipitation. 
These  phenomena  have  been  observed  in  unpublished  work 
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Figure  26. — Effect  of  aging  at  1,600°  F without  stress  on  hardness  and  y'  dispersion.  Typical  electron  micrographs  at  X12,000  show  y'  dispersion. 
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Figure  27. — Effect  of  aging  time  at  l,f>00°  F on  nodule  density.  Micrographs  of  typical  nodules  are  shown. 
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Microcracks,  per  0.008  square  in. 
Depleted  grain  boundaries,  per  0.008  square  in. 


Microcracks,  per  0.008  square  in. 


(a)  Rupture  life. 

(b)  Elongation. 

Figure  28. — Relation  of  rupture  life  and  elongation  at  1,600°  F and 
25,000  psi  to  microcracking  and  y'  depletion  tendencies  at  grain 
boundaries  measured  after  1.2-percent  deformation  in  165  to  214 
hours. 

in  this  laboratory  in  other  nickel-base  alloys  containing 
boron.  The  presence  of  strain-aging- type  reactions  in 
nickel-base  alloys  is  not  totally  unexpected  in  that  Wache 
(ref.  24)  has  detected  serrated  stress-strain  curves  for  80Ni- 
20Cr  alloys  at  temperatures  up  to  1,292°  F.  Although  the 
above  evidence  indicates  that  a strain-induced  carbide  pre- 
cipitate might  have  lowered  creep  rate,  the  proof  was  not 
considered  positive. 

The  depletion  of  y'  definitely  required  stress.  No  evi- 
dence of  its  occurrence  was  observed  in  any  case  of  exposure 
to  1,600°  F without  stress.  In  addition,  depletion  was  more 


prevalent  in  the  transverse  grain  boundaries.  The  absence 
of  yf  depletion  when  the  alloy  was  aged  at  1,600°  F without 
stress  indicates  that  the  reaction  was  not  due  to  simple 
depletion  of  elements  forming  y'  from  the  adjoining  matrix 
by  the  grain-boundary  precipitates.  It  seems  probable 
that  localized  strain  concentration  at  the  grain  boundaries 
during  creep  induced  yf  agglomeration. 

The  information  obtained  on  surface  cracking  was  not 
sufficiently  extensive  for  one  to  be  sure  of  its  role.  The 
indications  were  that  when  boron  or  zirconium  retarded 
microcracking  to  allow  longer  creep  exposures  or  more 
highly  stressed  creep  exposures,  fracture  was  at  least  in  part 
initiated  by  surface  cracks. 

It  was  initially  thought  that  boron  and  zirconium  might 
operate  through  some  influence  on  the  size,  distribution,  or 
stability  of  the  intragranular  yf  reaction.  Since  Baillie 
(ref.  14)  succeeded  in  correlating  creep-rupture  properties 
with  the  surface  density  of  y ' particles  as  measured  in  elec- 
tron micrographs,  surface  density  was  used  to  detect  possible 
effects  of  boron  and  zirconium  on  the  7'  which  would  in- 
crease rupture  life.  No  significant  effect  was  found.  In 
fact,  these  elements  had  so  little  effect  on  any  aspect  of  7 ' 
(other  than  in  suppressing  agglomeration  and  depletion  of 
yr  at  grain  boundaries)  that  it  seems  certain  that  the  boron- 
zirconium  effect  did  not  operate  in  this  manner. 

In  the  absence  of  an}^  observable  effect  of  boron  or  zir- 
conium on  the  7'  precipitates  the  reason  for  the  higher  hard- 
ness of  the  heat  with  boron  plus  zirconium  (V-14)  is  uncertain. 
It  was  noted  that  the  hardness  values  were  in  the  same  order 
as  the  total  titanium  plus  aluminum  in  the  heats.  The 
slightly  higher  titanium-plus-aluminum  content  may  account 
for  the  higher  hardness  of  heat  V-14. 

The  distribution  of  the  y'  after  creep  exposure  was  found 
to  be  a good  indicator  of  the  mode  and  location  of  creep 
deformation.  Alinement  of  7'  seemed  to  indicate  that  creep 
deformation  had  been  accommodated  within  the  grains  as 
coarse  slip.  This  alinement  had  previously  been  shown  by 
Bueckle  and  Poulignier  (ref.  25)  to  indicate  the  mode  of 
deformation  in  nickel-base  alloys. 

The  role  of  the  nodules  of  mixed  carbide  and  yf  was  not 
clear.  No  evidence  was  found  to  indicate  that  cracking  was 
initiated  by  their  presence.  It  is  possible  that  the  nodules 
contributed  to  the  depletion  of  7'  from  the  matrix  adjacent 
to  the  grain  boundaries  by  acting  as  a final  location  for  the  7'. 
This  hypothesis  is  somewhat  supported  by  the  accelerating 
effect  of  stress  on  nodule  formation  at  1,600°  F,  particularly 
when  yf  depletion  occiu*red. 

Relation  of  mechanism  to  published  information:  The 
accumulation  of  M23C6  carbide  in  grain  boundaries  has 
striking  parallels  to  sensitization  of  stainless  steels.  Simp- 
kinson  (ref.  26)  and  Bungardt  and  Lennartz  (ref.  27)  have 
identified  Cr23C6  as  the  grain-boundary  phase  leading  to 
stress  corrosion  of  18-8  stainless  steels.  In  addition,  Plateau, 
Henry,  and  Crussard  (ref.  20)  foimd  the  size,  shape,  and 
distribution  of  Cr23C6  in  18-8  stainless  steels  to  be  similar  to 
that  of  M23C6  found  in  this  study. 

The  agglomeration  at  grain  boundaries  during  creep  of 
nickel-base  alloys  hardened  with  titanium  and  aluminum 
has  been  noted  by  Baillie  and  Poulignier  (ref.  28)  and  Mathieu 
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(ref.  29).  Mathieu  hypothesized  that  the  precipitate  was  y' 
and  chromium  compounds.  Although  it  was  stated  that  this 
agglomeration  was  probably  important  in  determining  rup- 
ture life,  further  details  on  the  mechanism  were  not  given. 

In  accordance  with  the  theories  of  Chang  and  Grant  (ref. 
30),  depletion  of  precipitates  in  layers  of  matrix  adjacent  to 
grain  boundaries  would  promote  microcracking  and  fracture 
by  concentrating  deformation  at  these  weak  grain  boundaries. 
It  is  possible  that  this  mechanism  operates  in  many  high- 
temperature  alloys  to  give  brittle  fractures  when  the  creep 
resistance  of  the  material  remains  high.  Such  an  explanation 
was  offered  by  Wever  and  Schrader  (ref.  31)  for  brittle 
fracture  of  Cr-Ni-Mo  steels  in  long-time  service  at  500°  C. 
They  found  that  localized  precipitation  of  Mo2C  from  the 
matrix  adjacent  to  the  grain  boundaries  left  a condition  of 
strong  grains  and  depleted  grain  boundaries.  Further 
confirmation  is  obtained  from  work  on  the  effect  of  cellular 
precipitation  (refs.  32  and  33)  where  this  resulted  in  depleted 
regions  in  the  grain  boundaries  and  led  to  premature  and 
brittle  rupture  by  creep. 

The  location  of  microcracks  at  the  M23C6  precipitate 
matrix  interface  was  interesting  in  light  of  the  work  of  Res- 
nick  and  Seigle  (ref.  34),  who  established  that  zinc  oxide 
particles  were  heterogeneous  nuclei  for  microcracks  in  a- 
brass.  As  shown  by  Machlin  (ref.  35),  particle-matrix  bond- 
ing is  important  in  nucleation  of  microcracks.  In  general,  the 
presence  of  second-phase  particles  makes  nucleation  more 
probable,  especially  when  bonding  is  poor.  Considering  these 
effects,  it  seems  probable  that  the  M23C6  particles  acted  as 
nuclei  for  microcracks,  possibly  because  of  poor  bonding. 

The  mechanism  of  nucleation  and  growth  of  micro  cracks 
is  not  clear.  Several  authors  (refs.  34,  35,  36,  37,  and  38) 
have  proposed  condensation  of  vacancies  formed  during 
creep  by  dislocation  movements;  others  (refs.  30,  39,  and  40) 
emphasized  local  stress  concentrations  as  the  cause.  Grain- 
boundary sliding  is  usually  considered  to  set  up  the  local 
stress  concentrations  at  the  transverse  boundaries  to  cause 
loss  of  cohesion.  Chang  and  Grant  (ref.  30)  hypothesize  that 
the  rate  of  growth  of  microcracks  in  grain  boundaries  depends 
upon  the  stress  pattern  at  the  boundaries.  Propagation  of 
microcracking  is  caused  primarily  by  the  normal  stress  at 
the  grain  boundary  and  the  inability  of  the  material  to 
relieve  this  stress.  The  overall  rate  of  growth  depends  upon 
the  ability  of  the  grains  to  accommodate  the  normal  stresses 
by  deformation  within  the  grain.  From  this  it  can  be  inferred 
that  microcracking  increases  as  the  severity  of  localization  of 
deformation  at  grain  boundaries  increases.  Therefore, 
change  of  the  mode  of  deformation  from  intragranular  slip 
to  grain-boundary  creep  can  be  expected  to  increase  grain- 
boundary microcracking  by  redistribution  of  stresses.  In 
fact,  in  a-brass  the  occurrence  of  microcracking  is  coincident 
with  the  change  from  coarse  slip  to  grain-boundary  sliding 
(ref.  36).  The  evidence  of  increased  intragranular  slip  and 
decreased  microcracking  in  the  heats  with  boron  and  zir- 
conium is  in  full  agreement  with  the  above  theories.  It 
appears  feasible  that  the  elements  have  changed  the  mode  of 
deformation  by  maintaining  the  grain-boundary  strength. 

The  discrepancies  in  the  literature  on  the  time  of  micro- 
crack nucleation  are  not  surprising,  considering  the  effect 
of  trace  elements  in  this  stud}7.  While  several  instances 


have  been  found  of  microcracking  early  in  second-stage 
creep  (refs.  37,  41,  and  42),  other  cases  exist  where  none 
was  found  until  tertiary  creep  (refs.  36,  43,  and  44).  In  the 
present  study,  the  case  exists  where,  on  one  alloy,  nucleation 
of  microcracks  was  delayed  from  late  in  first-stage  creep  to 
third-stage  creep  by  trace  elements. 

Regarding  the  effect  of  micro  cracks  on  properties,  the 
Russian  theorists  (refs.  38,  42,  and  45)  attribute  tertiary 
creep  and  rupture  to  a gradual  destruction  of  the  metal  by 
micro  cracking.  This  implies  that  microcracking  raises 

creep  rate  and  lowers  life  and  ductility.  In  addition, 
the  normal  break  in  the  stress-rupture  curve  of  commercial 
alloys  associated  with  a change  from  transgranular  to  inter- 
granular fracture  is  an  important  consideration.  This 
change  in  fracture  mechanism,  which  is  essentially  an  in- 
crease in  intergranular  micro  cracking,  results  in  lower  life 
and  ductility  than  predicted  from  higher  stress  data  where 
micro  era  eking  was  less  predominant. 

Causes  of  effect  of  boron  and  zirconium  on  grain-boundary 
stability:  The  experimental  evidence  established  that  trace 
amounts  of  boron  and  zirconium  retard  agglomeration  at 
grain  boundaries  and  thereby  retard  the  micro  cracking 
mechanism.  Several  causes  of  this  retardation  of  ag- 
glomeration might  be  proposed. 

A possibility  would  be  that  the  trace  elements  promote 
stabilization  of  carbon  indirectly  by  promoting  the  nucleation 
and  growth  of  one  carbide  at  the  expense  of  another.  This 
might  result  from  solid  solution  of  boron  or  zirconium  in  the 
complex  carbides  of  the  M6C  or  M23Ce  type.  Indeed  the 
detection  of  intragranular  carbides,  apparently  of  the  M6C 
type,  when  boron  was  present  is  compatible  with  this  hypoth- 
esis. However,  lack  of  promotion  of  additional  carbides  by 
zirconium  additions  does  not  support  this  hypothesis. 

An  alternative  reason  might  be  found  in  equilibrium  segre- 
gation. Calm  (ref.  46)  has  reviewed  the  relationships  of  grain 
boundaries  to  impurity  distribution.  When  elements  of  odd 
atomic  size  exist  in  alloys,  they  are  subject  to  inhomogeneous 
distribution.  Because  the}7  do  not  fit  well  in  the  crystal 
lattice  where  high  regularity  exists,  the  odd-sized  atoms 
segregate  to  regions  of  lower  regularity  where  larger  vacancies 
exist.  Grain  boundaries  are  a prune  region  of  concentration 
because  of  their  inherent  irregularity.  Experimental  con- 
firmation for  this  was  obtained  by  Thomas  and  Chalmers 
(ref.  47)  who  found  that  polonium  segregates  to  grain 
boundaries  in  lead-bismuth  alloys. 

The  segregating  tendencies  of  two  competing  odd-sized 
elements  can  be  related  to  their  degree  of  misfit  in  that  the 
most  odd-sized  atoms  will  seek  the  grain  boundary  most 
rapidly.  Thus,  small  amounts  of  one  very  odd-sized  element 
can  be  utilized  to  heal  the  grain  boundary,  thereby  retarding 
the  segregation  of  a less  odd-sized  element  by  decreasing  the 
available  flaws  in  the  grain  boundary.  The  possibility  exists 
that  boron  and  zirconium  are  retarding  carbon  segregation 
by  this  mechanism. 

Study  of  the  atomic  diameters  of  carbon,  boron,  and 
zirconium  might  reveal  the  feasibility  of  this.  Speiser, 
Spretnak,  and  Taylor  (ref.  48)  have  shown  that  the  effective 
diameter  of  carbon  y-Fe  is  1.36  angstrom  units,  while  the}7 
postulate  that  boron  has  an  effective  diameter  equivalent  to 
or  greater  than  1.85  to  1.90  angstrom  units.  Goldschmidt’s 
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metallic  diameter  (for  coordination  number  of  12)  for 
zirconium  is  3.20  angstrom  units.  The  available  lattice 
spaces  in  the  55Ni-20Cr-15Co-4Mo-3Ti-3Al  alloy  can  be 
calculated  from  the  lattice  parameter  of  3.58  angstrom  units 
established  in  unpublished  work  at  this  laboratory.  The 
vacant  interstitial  space  in  solid  solution  is  1.05  angstrom 
units  in  diameter.  Using  the  data  on  atomic  diameters,  the 
carbon  atom  is  30  percent  larger,  boron  is  78  percent  larger, 
and  zirconium  is  200  percent  larger  than  the  available  space. 
In  the  case  of  substitutional  solution,  the  boron  atom  is 
approximately  26  percent  smaller,  and  zirconium  26  percent 
larger  than  the  substitutional  space  with  a 2.53-angstrom- 
unit  diameter.  Therefore,  it  appears  that  carbon  fits  moder- 
ately well  interstitially  but  that  boron  and  zirconium  fit 
poorly  both  as  interstitials  and  in  substitution.  Then  it 
seems  feasible  that  boron  and  zirconium  are  segregating  pref- 
erentially to  grain  boundaries,  healing  them  and  retarding 
carbon  segregation. 

Other  aspects  of  the  data  lend  support  to  the  theory  of 
equilibrium  segregation.  Decreased  tendency  for  7'  agglom- 
eration at  the  grain  boundaries  in  the  boron  and  zirconium 
heats  could  result  from  the  boron  and  zirconium  healing  the 
grain  boundaries.  The  promotion  of  intragranular  carbide 
by  boron  might  be  the  indirect  result  of  this.  The  decreased 
segregation  would  leave  a higher  carbon  content  within  the 
grains,  making  precipitation  of  intragranular  carbides  more 
probable. 

Additional  support  for  the  theory  of  equilibrium  segrega- 
tion is  in  the  literature.  Brown  (ref.  49)  proposed  that  boron 
additions  beneficiated  iron-base  alloys  by  this  mechanism. 
Strauss  (ref.  2)  emphasized  that  marked  beneficiation  of  prop- 
erties by  trace-element  additions  usually  occurs  with  elements 
with  characteristics  which  would  lead  to  segregation  to  grain 
boundaries. 

Role  of  carbon:  The  apparent  harmful  effect  of  M^Ce  in 
the  grain  boundaries  of  the  alloy  and  the  possible  helpful  ef- 
fect of  the  intragranular  carbide  promoted  by  boron  make  the 
role  of  carbon  in  nickel-base  alloys  of  great  interest. 

One  might  conclude  from  the  results  that  a relatively 
carbon-free  alloy  would  be  free  of  the  grain-boundary  carbide 
agglomeration  and,  therefore,  have  properties  equivalent  to 
the  heat  with  boron  plus  zirconium  (V-14).  This,  however, 
is  not  the  case.  It  has  been  shown  in  unpublished  work  at 
this  laboratory  that  both  rupture  life  and  ductility  increase 
as  carbon  is  increased  from  less  than  0.01  to  0.04  percent  in 
the  boron-  and  zirconium-free  alloy.  Therefore,  it  seems  that 
carbon  can  also  have  a beneficial  role  in  the  alloy.  The  reason 
for  this  effect  is  not  at  all  clear  at  this  time  but  it  could  be  one 
of  several  mechanisms  including  improved  degassing,  solid- 
solution  strengthening,  or  prevention  of  other  embrittling 
grain-boundary  reactions. 

Generality  of  results:  The  beneficial  effects  of  boron  and 
zirconium  in  nickel-base  titanium-plus-aluminum  refractory 
alloys  is  common  knowledge.  Therefore,  it  follows  that  prop- 
erties of  such  alloys  in  the  absence  of  these  elements  will 
generally  be  inferior  to  their  properties  when  the  proper 
amounts  are  present.  The  particular  alloy  used  to  study  the 


boron-zirconium  mechanism  is  certainly  not  unusual  in  this 
respect.  The  results  presented  do  in  fact  increase  the  confi- 
dence which  can  be  placed  in  the  alloy  studied  through  clari- 
fication of  the  mechanism  involved. 

It  is  confidently  expected  that  the  basic  mechanism  estab- 
lished for  the  influence  of  trace  amounts  of  boron  and  zir- 
conium will  be  generally  applicable.  However,  there  will  be 
variants  in  individual  alloys  and  within  a specific  alloy 
depending  on  prior  history,  heat  treatment,  and  testing 
conditions.  With  this  in  mind,  the  limitations  of  the  present 
results  should  be  clearly  recognized.  Only  one  alloy  with 
one  heat  treatment  was  studied.  The  test  conditions  were 
limited  to  1,600°  F on  material  made  in  a small  vacuum 
furnace  and  hot-worked  under  idealized  laboratory  con- 
ditions. 

In  the  type  of  alloy  considered  it  is  expected  that  boron 
and  zirconium  will  generally  be  found  to  suppress  the  forma- 
tion of  noncoherent  phases  in  grain  boundaries  and  the  weak- 
ening of  the  adjacent  matrix  material  through  depletion  of  7'. 
Both  the  details  of  the  mechanism  and  the  effectiveness  can 
be  expected  to  vary  depending  on  the  major  alloying  ele- 
ments in  specific  alloys  and  the  variations  of  other  elements 
in  trace  amounts.  Because  such  factors  as  grain  size,  carbide 
composition  and  distribution,  and  cold-work  are  prior-history 
sensitive,  the  effectiveness  of  the  boron  and  zirconium  can  be 
expected  to  vary  with  the  basic  microstructure  of  the  alloy. 
It  should  be  recognized  that  the  boron  and  zirconium  must 
be  present  in  an  effective  form.  For  instance,  they  must  be 
added  under  conditions  in  which  their  effectiveness  is  not 
nullified  by  reaction  with  oxygen  or  nitrogen. 

The  mechanism  of  creep  can  be  expected  to  vary  with 
test  temperatures  and  stress.  Conditions  which  favor  creep 
within  the  grains  (temperatures  on  the  low  side  of  the  creep 
range  and  high  stresses)  apparently  would  reduce  the  effec- 
tiveness of  boron  and  zirconium  under  the  mechanism  ob- 
served. Variations  in  the  conditions  of  formation  of  7'  or 
in  the  amounts  through  variation  in  titanium  and  aluminum 
would  also  be  involved.  It  is  becoming  evident  through 
the  research  efforts  of  others  that  the  type  of  carbide  formed 
can  be  temperature  and  time  dependent.  Again  this  would 
alter  the  effectiveness  of  the  boron-zirconium  reaction. 

It  was  shown  by  figure  10  that  there  can  be  sharp  opti- 
mums in  the  properties  depending  on  the  amounts  of  boron 
plus  zirconium.  This  aspect  of  the  mechanism  has  not  yet 
been  established  although  it  is  expected  that  it  will  arise 
from  some  modification  of  the  observed  mechanism.  It  was 
also  shown  that  boron  and  zirconium  up  to  limiting  amounts 
were  very  effective  in  reducing  cracking  during  hot-working. 
This  demonstrates  that  they  are  effective  at  temperatures 
much  higher  than  1,600°  F.  It  is  not  certain  if  the  same 
mechanism  as  that  observed  at  1,600°  F is  involved. 

Boron,  at  least,  is  effective  in  raising  creep-rupture  proper- 
ties of  alloys  other  than  the  nickel-base  alloys  containing 
titanium  plus  aluminum.  The  results  of  this  investigation 
suggest  that  it  may  operate  in  these  cases  through  modifica- 
tion of  carbide  reactions.  The  further  possibility  also  exists 
that  boron,  by  itself  or  through  modification  of  carbon- 
nitrogen  reactions,  introduces  strain -aging- type  reactions. 
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CONCLUSIONS 

The  following  conclusions  can  be  drawn  from  the  present 
investigation  of  the  effects  of  trace  elements  in  a complex 
heat-resistant  alloy: 

1.  The  type  of  ceramic  crucible  used  was  an  important 
variable  in  induction  vacuum  melting  of  a 55Ni-20Cr-15Co- 
4Mo-3Ti-3Al  heat-resistant  alloy.  Properties  at  high  tem- 
perature and  hot-workability  were  found  to  be  markedly 
improved  when  10  to  20  parts  per  million  of  boron  were  in- 
troduced into  the  heats  as  a result  of  reaction  between  the 
melt  and  magnesia  crucibles  due  to  the  usual  contamination 
of  magnesia  with  boron  compounds.  Zirconium  derived  from 
reaction  with  zirconia  also  improved  properties  but  to  a lesser 
extent  than  boron.  Heats  melted  in  alumina  had  poor 
properties  and  hot-workability  because  neither  boron  nor 
zirconium  were  introduced  into  the  heats. 

2.  The  finding  that  trace  amounts  of  boron  or  zirconium 
derived  from  reaction  between  the  melt  and  crucible  refrac- 
tories were  so  influential  on  properties  appears  to  explain 
many  of  the  variabilities  encountered  in  producing  alloys  by 
induction  vacuum  melting.  The  experience  in  the  laboratory 
indicates  that  the  amounts  introduced  by  reaction  with 
refractories  can  vary  from  practically  none  to  amounts  im- 
proving properties  to  a substantial  degree.  The  conditions 
of  melting  which  control  the  pickup  of  boron  and  zirconium 
are  not  understood. 

3.  Apparently  trace  amounts  o±  uoron  or  zirconium  are 
necessary  for  usable  properties  and  hot-workability.  Boron 
and/or  zirconium  have  had  to  be  present  in  the  alloy  studied 
to  attain  the  properties  considered  characteristic  of  the 
alloy.  When  good  properties  were  obtained  without  know- 
ingly adding  these  elements,  they  were  introduced  unknow- 
ingly by  crucible  reaction  or  in  the  charge.  Therefore,  good 
metallurgical  practice  appears  to  require  that  the  optimum 
amounts  be  specifically  added. 

4.  Deliberate  simultaneous  additions  of  boron  and  zir- 
conium indicate  that  there  are  interaction  effects  leading  to 
optimum  amounts  for  best  properties  and  hot-workability. 
Better  properties  were  obtained  by  simultaneous  additions 
of  certain  amounts  of  the  two  elements  than  by  adding  either 
singly.  Excessive  amounts  led  to  poor  hot-workability  and 
reduced  properties. 

5.  The  improvement  in  creep-rupture  properties  was  found 
to  be  due  to  the  ability  of  zirconium,  boron,  and  optimum 
amounts  of  boron  plus  zirconium,  in  that  order  of  effective- 
ness, to  retard  structural  deterioration  at  the  grain  bound- 
aries. In  the  absence  of  boron  or  zirconium,  creep  at  1,600° 
F caused  agglomeration  of  M23C6  type  carbides  at  the  grain 
boundaries  normal  to  the  applied  stress.  The  adjacent 
matrix  became  depleted  of  the  y'  precipitate  which  provides 
the  basic  strength  of  the  alloy.  Microcracks  formed  at  the 
interface  of  the  M23C6  particles  and  the  matrix  weakened  by 
the  depletion  of  y'  grew  and  linked  together  to  cause  early 
brittle  fracture. 

6.  Zirconium  retarded  this  process.  Boron  was  more 
effective  and  the  optimum  amount  of  boron  plus  zirconium 
was  most  effective.  The  rupture  life  was  improved  through 
decreased  rate  and  increased  duration  of  secondary  creep, 
as  well  as  by  a marked  increase  in  the  amout  of  tertiary 


creep  before  fracture.  The  appearance  of  microcracks  was 
shifted  from  late  in  primary  creep  for  material  without  boron 
or  zirconium  until  well  into  tertiary-stage  creep  for  material 
with  optimum  boron  plus  zirconium.  Boron  appeared  to 
be  most  effective  because  it  shifted  the  initial  carbide  preci- 
pitation from  the  grain  boundaries  to  within  the  grains  in  the 
form  of  M6C  rather  than  M23C6  compounds. 

University  of  Michigan, 

Ann  Arbor,  Mich.,  August  5,  1958. 
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TABLE  I 

MELTING  PRACTICE  FOR  EXPERIMENTAL  HEATS 


Heat 

Crucible 

Heat  in 
crucible 

Refining 

time, 

min 

Refining 

temper- 

ature, 

° F 

Deoxidant 

Superheat 

temper- 

ature, 

° F 

Pouring 

temper- 

ature, 

° F 

Addition, 

percent 

v-i 

Zirconia.  _ _ _ _ 

1 

0 

C in  charge-  __  - 

3,  050 

3,  000 

V-2 

Zirconia _ _ _ _ _ . 

2 

0 

C in  charge-  - _ . 

3,  050 

3,  000 

v-3 

Zirconia__  . _ . 

1 

20 

2,  700 

C in  charge  plus  chunk  C - 

3,  000 

Z,  000 

Y-4 

Zirconia _ _ 

1 

20 

2,  700 

Chunk  C 

2,  900 

2,  900 

« V-o 

Zirconia - 

2 

20 

2,  700 

Chunk  C - 

2'  950 

2,  950 

V-6 

Zirconia . 

3 

20 

2,  700 

A1 

3|  100 

3,  000 

V-7 

Zirconia_  _ . _ . . 

4 

20 

2,  700 

Si 

2,  975 

2,  975 

V-8 

Zirconia  - . . 

1 

20 

2,  700 

A1 

2 \ 975 

2,  750 

V-9 

Zirconia-  - - _ . 

2 

20 

2}  700 

A1 

2,  750 

2,  750 

Y-10 

Zirconia  _ _ _ 

3 

20 

2,  900 

A1 

3,  100 

3,  000 

V-ll 

Magnesia _ . _ _ 

1 

0 

C in  charge  - - 

3,  000 

| 3,  000 

V-12 

Magnesia - - 

2 

0 

C in  charge  - - . 

3,  000 

3,  000 

0.  01B 

V-13 

Alumina - _ - 

1 

0 

C in  charge 

3,  000 

3,  000 

V-14 

Zirconia  - - 

1 

0 

C in  charge 

3,  000 

3,  000 

. 01B 

Y-lo 

Alumina  _ - _ . 

1 

0 

C in  charge.. 

3,  000 

3,  000 

V-10 

Alumina  . . - - _ . - 

2 

0 

C in  charge- 

3,  000 

3,  000 

. i5Zr 

V-17 

Alumina  _ . 

3 

0 

C in  charge.  - 

3,  000 

3,  000 

. 01B 

Y-18 

Alumina - _ 

4 

0 

C in  charge. - 

3,  000 

3,  000 

. 01 B,  0 lOZr 

Y— 19 

Alumina 

5 

0 

C in  charge - - 

3,  000 

3,  000 

. 01B,  0.  lOZr 

V-20 

Magnesia - - 

1 

0 

C in  charge. - - 

3,  000 

3,  000 

* V-2 1 

Magnesia - _ . 

2 

0 

C in  charge - 

3,  000 

3,  000 

V-24 

Alumina - 

6 

0 

C in  charge 

3,  000 

3,  000 

. 0025B 

° Cast  in  tapered  mold  (other  heats  cast  in  straight  mold). 

6 Melt-down  time,  2 hr  (other  heats,  1 hr) . 

TABLE  II 


CRUCIBLE  MATERIALS 


Material 

Brand  name 

Supplier 

Chemical  composition,  weight  percent 

AI2O3 

Zr02 

MgO 

Si02 

CaO 

Fe203 

TiOs 

B2O3 

Alkalies 

Alumina. . 

Taycor 

The  Charles  Tay- 
lor’s Sons  Co. 

87.  6 

— 

0.  04 

11.  4 

0.  03 

0.  21 

0.  07 

Not  detected. 

0.  41 

Zirconia 

Stabilized 

zirconia 

Titanium  Alloy 
Mfg.  Div.,  Na- 
tional Lead  Co. 

.02 

93.  8 

. 05 

. 5 

4. 0 

. 02 

. 63 

Not  detected  . 

<.01 

Magnesia  _ 

Magnorite.. 

Norton  Co. 

— 

— 

97.  0 

1.  5 to  2.  0 

1.  3 to  1.  5 

0.  1 to  0.  2 

— 

0.1  to  0.2 

— 

TABLE  III 

RESULTS  OF  CHEMICAL  ANALYSIS  OF  HEATS 
[Balance  is  nickel] 


Heat 

Crucible 

Elements  present,  w 

eight  p 

ercent 

..  _ 

Cr 

Co 

Mo 

Ti 

' A1 

Si 

Mn 

C 

S 

P 

Zr 

B 

Ca 

Mg 

Fe 

Cu 

V-l 

Zirconia 

21.  2 

14.  9 

4.  00 

2.  82 

3.  30 

0.  12 

0.  13 

0.  05 

0.  003 

0.  09 

<0.  01 

<0.  20 

<0.  10 

V-2 

Zirconia 

21.  7 

14.  6 

4.  00 

3.  17 

3.  45 

. 14 

< 10 

. 04 



. 004 

. 08 

<.01 

<.  20 

<.  10 

V-3 

Zirconia 

20.  7 

14.  8 

4.  00 

3.  22 

3.  35 

. 11 

. 16 

. 06 

. 005 

. 04 

0.  0004 

<.  01 

<•  20 

<.  10 

V-4 

Zirconia 

18.  1 

15.  2 

4.  10 

2.  98 

3. 10 

. 10 

. 10 

. 05 



. 006 

. 06 

. 0005 

<.  01 

<•  30 

<.  10 

V-5 

Zirconia 

18.  2 

15.  1 

4.  20 

3.  18 

3.  15 

. 10 

. 10 

. 09 

. 008 

. 09 

<.  01 

<.  30 

<.  10 

V-6 

Zirconia 

18.  8 

15.  1 

4.  15 

3.  14 

3.  14 

. 10 

<.  10 

. 08 

0.  008 

. 003 

. 19 

. 0004 

<.  30 

V-7 

Zirconia 

19.  4 

15.  0 

4.  10 

3.  30 

3.  35 

. 14 

. 15 

. 08 



. 006 

<.  03 

<.  30 

V-8 

Zirconia 

19.  2 

14.  5 

4.  20 

2.  98 

3.  00 

. 22 

. 15 

. 20 

. 007 

<.  03 

<.  01 

<.  10 

V-8 

Zirconia 

19.  8 

14.  5 

4.  10 

2.  98 

2.  85 

. 23 

. 13 

. 19 

. 004 

<.  03 

. 0004 

<.  01 

<.  10 

V-10 

Zirconia 

19.  8 

15.  2 

4.  10 

3.  05 

3.  15 

. 12 

. 10 

. 13 

. 005 

. 06 

<.  01 

<.  30 

<.  10 

V-ll 

Magnesia. 

20.  0 

16.  2 

4.  20 

3.  25 

3.  58 

. 18 

. 10 

. 05 



. 004 

<.01 

. 0017 

<.01 

<.  30 

<.  10 

V-12 

Magnesia. 

20.  9 

14.  8 

4.  20 

3.  15 

3.  25 

. 20 

<.  10 

. 10 



. 004 

<.01 

. 0089 

<.  01 

<.  30 

<.  10 

V-13 

Alumina 

20.  4 

14.  8 

4.  20 

3.  25 

3.  37 

.25 

. 12 

. 05 



. 007 

<.01 

. 0003 

<0.01 

<.  001 

<.  01 

<.  01 

V-14 

Zirconia 

20.  8 

14.  8 

4.  20 

3.  20 

3.  30 

. 19 

. 11 

. 09 

. 007 

. 01 

. 0088 

<.01 

<.  30 

<.  10 

V-15 

Alumina 

19.  7 

15.  0 

3.  90 

3.  08 

3.  35 

. 17 

. 13 

. 08 

.”607 

. 006 

<.01 

. 0002 

<.  01 

<.  30 

<.  10 

V-16 

Alumina 

20.  0 

16.  0 

3.  90 

3.  12 

3.  39 

. 17 

. 10 

. 06 

. 006 

. 13 

. 0009 

<.01 

<.  30 

<.  10 

V-17 

Alumina 

19.  4 

16.  5 

3.  75 

3.  02 

3.  26 

. 16 

. 12 

. 07 

. 008 

<.  01 

. 0074 

<.  01 

<.  30 

<.  10 

V-l  8 

Alumina..- 

19.  8 

15.  7 

3.  70 

3.  10 

3.  26 

. 12 

. 13 

. 07 

. 006 

. 09 

. 0069 

<.01 

<.  30 

<.  10 

V-l  9 

Alumina 

20.  8 

16.  0 

3.  90 

3.  17 

3.  38 

. 13 

. 12 

.08 



. 006 

. 04 

. 0090 

<.  01 

<.  30 

<.  10 

V-20 

Magnesia  . 















. 12 



. 007 



. 0010 

<.01 

<.  001 

<.01 

<.01 

V-21 

Magnesia. 















. 15 



. 007 

. 0004 

<•01 

<.  001 

<.01 

<.01 

V-2  4 

Alumina... 

19.  8 

15.  9 

4.  05 

2.  92 

3.  06 

. 16 

<• 10 

. 13 

— 

— 

<.01 

. 0012 

<.  10 

<.01 

<.  30 
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TABLE  IV 

STRESS  RUPTURE  DATA  AT  1,600°  F AND  25,000  PSI 

[As-rolled  bar  stock  was  heat-treated  2 hoars  at  2,150°  F and  air-cooled  unless  otherwise  noted;  specimens  were  preheated  4 hours  at  test  tempera- 
ture before  loading] 


Heat 

Crucible  material 

Rupture 
time,  hr 

Elonga- 
tion, per- 
cent 

Reduc- 
tion of 
area,  per- 
cent 

Compositional  variable,  percent 

C 

Zr 

B 

Ti+Al 

y_i 

Zirconia  _ 

a82.  3 

5 

0.  05 

0.  09 

6.  12 

96.  6 

5 

6 

V-2 

Zirconia  _ __  __ 

117.  7 

8 

3 

. 04 

. 08 

6.  62 

143.  5 

5 

6 

V-3 

Zirconia.  

90.  7 

4 

4 

. 06 

. 04 

0.  0004 

6.  57 

126.  0 

5 

4 

V-4 

Zirconia. _ _ _ _ _ — 

a99.  5 

6 

4 

. 05 

.06 

.0005 

. 6.08 

106.  3 

4 

5 

V— 5 

Zirconia 

a87.  1 

6 

6 

. 09 

. 09 

6.  33 

91.  2 

5 

6 

V— 6 

Zirconia.  . ... 

147.  4 

5 

5 

.08 

. 19 

.0004 

6.  28 

133.  7 

6 

8 

V-7 

Zirconia  _ _ 

75.  5 

4 

3 

. 08 

<.  03 

6.  65 

103.  1 

5 

5 

V-8 

Zirconia  

81.  2 

8 

12 

. 20 

<.  03 

5.  98 

66.  3 

11 

9 

V-9 

Zirconia  _ — 

50.  8 

8 

12 

. 19 

<.03 

. 0004 

5.  78 

54.  6 

6 

8 

V-10 

Zirconia 

85.  5 

9 

9 

. 13 

. 06 

6.  20 

86.  5 

8 

10 

79.  9 

6 

6 

102.  8 

8 

9 

V-ll 

Magnesia. - _ 

185.  2 

3 

2 

.05 

<•  01 

. 0017 

6.  83 

229.  9 

5 

5 

V-12 

Magnesia.  - — - -- 

428.  8 

10 

11 

. 10 

<•  01 

. 0089 

6.40 

393.  5 

7 

8 

V-13 

Alumina.  _ - 

56.  9 

2 

2 

. 05 

<.01 

.0003 

6.  62 

47.  5 ! 

1 

1 

V-14 

Zirconia..  

666.  3 

17 

16 

.09 

.01 

. 0088 

6.  50 

626.  8 

12 

13 

V-15 

Alumina  

44.  6 

2 

1 

.08 

<.01 

.0002 

6.  43 

52.  0 

2 

1 

V— 16 

Alumina..  . 

144.  0 

4 

4 

. 06 

. 13 

.0009 

6.  51 

118.  9 

4 

4 

V-17 

Alumina  

400.  4 

7 

6 

. 07 

<•  01 

. 0074 

6.  28 

346.  0 

‘ 7 

5 

V-18 

Alumina  _ _ . . . 

243.  8 I 

7 

6 

. 07 

.09 

.0069 

6.  36 

304.  5 

10 

10 

V— 19 

Alumina  

546.  6 

11 

12 

.08 

.04 

. 0090 

6.  55 

V-20 

Magnesia,  first  heat 

225.  2 

5 

4 

. 12 

<.  01 

. 0010 

206.  9 

4 

3 

V— 21 

Magnesia,  second  heat 

103.  4 

4 

2 

. 15 

< 01 

. 0004 

106.  0 

3 

2 

V-24- 

Alumina  

170.  0 

5 

3 

<.01 

.0012 

5.  98 

“Heat-treated  1 hr  at  2,150°  F,  air-cooled. 
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TABLE  V 

CREEP-RUPTURE  DATA  AT  1,600°  F 


[Initial  condition:  2 hr  at  2,150°  F 

, air-cooled,  plus  4-hr  preheat  at  1,600°  F before  loading] 

Minimum  second- 

Rupture 

Interruption 

Heat 

Stress,  psi 

stage  creep  rate, 
percent/hr 

Time,  hr 

Elongation, 

percent 

Reduction 
of  area, 
percent 

Time,  hr 

Total  de- 
formation, 
percent 

V-15 

25,  000 

0.  0160 

45 

2 

1 

.0060 

52 

2 

1 

20,  000 

0.  0070 

158 

3 

2 

.0040 

165 

1.  23 

. 0058 

117 

1.  00 

. 0046 

85 

. 76 

. 0052 

85 

. 76 

. 0084 

47 

. 55 

. 0058 

23 

. 29 

V-6 

25,  000 

0.  0036 

147 

5 

5 

. 0095 

134 

6 

8 

22,  500 

0.  0032 

208 

5 

4 

. 0036 

172 

1.  25 

20,  000 

0.  0027 

165 

0.  63 

V-12 

28,  000 

0.  0025 

296 

10 

14 

. 0040 

214 

3.  45 

188 

1.  21 

. 0046 

68 

. 56 

25,  000 

0.  0018 

429 

10 

11 

on  a 

8 

20,  000 

Negative 

165 

0.  15 

- V-14 

30,  000 

0.  0021 

266 

8 

9 

214 

1.  18 

25,  000 

0.  0004 

666 

17 

16 

. 0003 

627 

12 

13 

20,  000 

Negative 

165 

0.  04 
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TABLE  VI 

MICROSTRUCTURAL  FEATURES  OF  SPECIMENS  AFTER  AGING  UNDER  STRESS  AT  1,600°  F 


Heat  V-15 

Heat  V-6 

Heat  V-12 

Heat  V-14 

Condition 

y 

Deplet- 

yf 

Deplet- 

V 

Deplet- 

y 

Deplet- 

Nod- 

den- 

ed  grain 

Micro- 

Nod- 

den- 

ed  grain 

Micro- 

Nod- 

den- 

ed  grain 

Micro- 

Nod- 

den- 

ed  grain 

Micro- 

ules 

.sitv 

bound- 

cracks 

ules 

sity 

bound- 

cracks 

ules 

sity 

bound- 

cracks 

ules 

sity 

bound- 

cracks 

aries 

aries 

aries 

aries 

(a) 

(b) 

(C) 

(d) 

(a) 

(b) 

(c) 

(d) 

(a) 

(b) 

(C) 

(d) 

(a) 

(b) 

(C) 

(d) 

Approximately  equal-strain-rate  study 

0.3  percent  creep  de- 

formation. 

239 



49 

5 

— 

— 

— 

— 

— 

— 

— 

— 

— 

— 

— 

0.6  percent  creep  de- 

formation 

301 



76 

17 









5 

— 

2 

2 

— 

— 

— 

— 

0.8  percent  creep  de- 

332 



184 

34 

— 

— 

— 

— 

— 

— 

— 

— 

— 

— 

— 

formation 

288 



173 

31 











— 

— 

— 

— 

— 

— 

— 

1.0  percent  creep  de- 

formation 

334 

. _ _ 

151 

118 



— 



— 

— 

— 

— 

— 

— 

— 

— 

1.2  percent  creep  de- 

formation  _ 

41S 

134 

264 

314 

175 

137 

127 

78 

63 

157 

60 

30 

20 

117 

23 

2 

3.5  percent  creep  de- 

formation 











79 



165 

77 







— 

Ruptured . 

532 

--- 

764 

958 

228 

--- 

568 

532 

176 

— 

676 

243 

S6 

— 

538 

198 

Equal-stress  study 

165  hr  at  20,000  psi. 

418 

134 

264 

314 

129 

151 

72 

9 

25 

158 

16 

None 

0 

125 

None 

None 

detected 

detected 

detected 

Ruptured  at  25,000 

psi_. 

225 

256 

192 

374 

254 

109 

916 

145 

145 

67 

442 

166 

86 

51 

661 

402 

218 

--- 

211 

378 

— 

— 

--- 

— 

— 

— 

— 

— 

90 

— 

530 

330 

a Mixed  carbide  and  y'  nodule  with  greater  than  5-micron  diam.,  number  in  0.008  sq  in. 
b Number  of  y'  particles  per  sq  in.  at  12,000  diam.  \ 

c Grain  boundaries  where  depletion  was  detected  at  1,000  diam.,  number  in  0.008  sq  in. 
d Microcracks  detected  at  1,000  diam.,  number  in  0.008  sq  in. 

TABLE  VII 

MICROSTRUCTURAL  FEATURES  OF  SPECIMENS  AGED  WITHOUT  STRESS  AT  1,600°  F 


Heat  V-15 

Heat  V-6 

Heat  V-12 

Heat  V-14 

Aging  time, 
hr 

DPH 

Nodules 

(aj 

yf 

density 

(bj 

DPH 

Nodules 

(a) 

y 

density 

(b) 

DPH 

Nodules 

(a) 

yf 

density 

(b) 

DPH 

Nodules 

(a) 

y 

density 

(b) 

0.  5 

359 

354 

357 

373 

1 

364 

362 





362 





380 





4 

359 

353 



357 





366 





10 

355 

45 

588 

348 

32 

544 

348 

16 

768 

362 

0 

584 

100 

345 

180 

134 

346 

57 

147 

346 

33 

168 

355 

19 

137 

188 

338 

107 

342 

116 

340 

101 

353 



103 

500 

335 

300  ! 

65 

344 

139 

67 

339 

149 

68 

344 

25 

64 

a Nodules  with  greater  than  5-micron  diam.,  number  in  0.008  sq  in. 
b Number  of  y'  particles  per  sq  in.  at  12,000  diam. 
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